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Abstract)

In the exponential smoothing approach to forecasting, restrictions&
are often imposed on the smoothing parameters which ensure thaté&
certainécomponents aredexponentially&weighted&averages. In&this pa-&
per, a new general restriction is derived on the basis that the one-step&
ahead{prediction errorécandbeddecomposed&mtodpermanentdand tran-&
sient&omponents. [t&s found&hat thiségeneral restriction&educes&o&
the common restrictions used for simple, trend and seasonal exponen-&
tialémoothing. Asdsuch, thedpredictionderror argument provides&thed&s
rationale for these restrictions.&
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1 Introduction)

The exponential smoothing approach to forecasting relies on smoothing pa-&
rameters,&hedsizes&of&which&reflect&hedeffectfoféstructuraléchange. & When&
the&moothing&parameterséaredchosendsodthat thedmvertibility&onditionséof&s
equivalent ARIMA models are satisfied, it has been shown that exponential&
smoothingédiscountsé&shedmmportance oféolderéquantities in associated calcu-&
lations (Brenner, 1968; McClain and Thomas, 1973, Sweet, 1983).&However,&
these conditions differ markedly from much tighter restrictions (Gardner,&
1985)&commonly&used&mpractice.&lt&has&been&found&Hyndman,&Koehler,&
Snyder&and&Grose,&2002)&hat tighter restrictionsécandtranslatedmto&betterds
forecasts, a point that supports current practice. The practical restrictions,&
however,&are&somewhatlarbitrary.&They&havedneverdbeendproperly&ustified&
with&espect&todan&underlying&principle.& The&purposedofthis&paperdisétods
identify and apply the missing principle.&

2 Multiple)Sourceof)Error State)Space)Model)
(MSOE)

State space models and exponential smoothing are known to be closely linked&
(Harrison, and Stevens, 1971; Harvey, 1990).& he state space framework that&
serves the purpose of this paper best is:&

yg :< Extj—i—(utj (1&)&
zyy =( Frioy +Gu.B (1b)&

Equation&{la)&is&the&aneasurement- equation.&lt&shows&howdthedobservable&
series&valuedy is&related&oda randomdg—vectordr,; called&ehedstate- vector,
andda randomd&yariableds,; called&thedmeasurement- disturbance. &Thedu,j are&
normally and independently distributed with mean 0(and a common variance&
o2 &Eachdu,; measures&emporary- unanticipated- change, that is stochastic&
change&hat&mpactséondonly&hedperiod&méwhich&téoccurs. The&k-vector&a
is fixed.&

The state vector z;jsummarisesé&he history of&he process. Its evolution&
through time is governed by the first-order recurrence relationship (1b) where&
F is a fixed€&  kpmatrixé&called the&dransition- matriz,- GGis also a fixed&
kE  Ekpmatrix, and&w,;isda randoméé-vectordoféwhatdare called&thedsystem-
disturbances. The v;jare normally and independently distributed with mean&
0(and&variance&matrix&r?Q)(where&)(isda symmetric,&positivedsemi-definiteds
matrix.&'he purpose of v;is to model the effect of structural-change, that is&
unanticipated change that persists through time.&
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The covariance betweendw,; and&u,;is given by&o?wfwherebw/is a fixed&
k-vector.&u,; and&w,; are§independent&ordallédistinct&periodsds fand&t.&Thek
model (1) is invariant-because the vectors h, wAnd matrices F, G/And Q(are&
independent of time.&

The elements of w@nd Q(are usually unknown.&n the quest for parsimony&
the following additional assumptions are often made:&

1. Thedelements&oféo;; are&mutually&mdependent; hencedthedoff-diagonal&
elements of §2(are zero.&

2.&u5and vijare independent; hence wfB= 0.&

The effect of these assumptions is to reduce the number of€&anknownd&:
parameters in (and wArom k*'4 (kAo k.&

3 Single)Source)of)Error)State)Space)Models)
(SSOE)

If Equation (1b) is substituted into Equation (1a) the equation yf=(h b;_, +(
g vij+(u;isdobtained&whereds 3=(h F and&gB=(h G. The&termdh b, is&he&
one-step&ahead&prediction&oflyF& The&remainderde;; =(g vyj+(uy; iséthedone-&
step ahead prediction error.&tts composition reflects that fact that prediction&
errors can possess two sources oféerror: thederror g vijinduced by structural&
change and the transient error u;.&

Andalternative&odthedindependencedassumptions,&odachieveda parsimo-&
nious&representation, is&todassumedthatéa,; anddo,; aredperfectlydeorrelated.&
Then wu;;and vijare perfectly correlated with e;;so that vyj=(aeand ugj=(dey;
where @(is a non-negative fixed k-vector and d[ds a non-negative scalar.&lhe&
state space model can then be rewritten as&

v =( ha +e (2a)&
zy =( Fxi_, +Gae;. (2b)&

In effect, the number of parameters is again reduced from k*'+ (ko k. The&
scalar& Gs&ignored&becauseditédoesénotédirectly &appeardmdéthisésingledgourceds
of&erroré&specification. & At&first&sight&it&might&be&thought&that&ehis&perfect&
correlation assumption is likely to be very restrictive.&However, the examplesé&
considered in Sections 4-6 indicate that this need not be the case.&
An&important&byproductéof this specification&is&thatde;; =(g ae;j+(0er,&
something that must be true for all non-zero values of ¢;. It follows that the&



parameter&vector&n, as&well8asébeing&non-negative,&mustésatisfy&thedltineards
restriction&
gaX 1.p (3)&

It&suggests&that thedelementslofayeffectivelydallocate&the&predictionderrords
amongst the&unobserved&componentséof&thedmodel.&dndeffect &wedhavedused&
what might be termed a one-step ahead-prediction-error-decomposition-prin-
ciple-to derive&he&restriction&(3). Thedeestriction&will®bedeeferred todasthe&
prediction-condition.&

Anéequivalent&variation&of thed&specification&of the thedsingledsource of&
error state space model is&

v =( h e, +ley (4a)&
ryy =( Faioy +(oe. (4b)&

where af=(Ga. It&s thefmore&raditional&form of&hedsingle sourcedoféerror&
state space model (Ord, Koehler and Snyder, 1997). Equivalent restrictions&
on the k-vector a/tan be derived from the prediction condition on @. If G[3s&
non-singular, the restrictions take the formé&

G af >x0( (5a)&
haB <x1.3 (5b)&

In some applications G/inay be singular, in which case it is simplest to elu-&
cidate the restrictions on a case by case basis.&
The recurrence relationship&

ry=Dxi—; +oyB (6)&

where D3=(F — ah ,nay be derived by eliminating the error from (4). The&
solution to this relationship is&

o

Zﬂtj:(Dt%ﬁ‘(Z D ay; (M&

=01
It&shows&that&thedstatedvectorddependséondpast&yvalueséofbadseries. &Indtheds
presence of structural change, it&would be expected&that the state&vectorés
is€mfluenced&ess&bydolderdseries&yalues&than&moredrecent&ones.&Structuralé&
change implies that&oshould take&walues that ensure that&aDf — X0(as&
jB— oo0.&Unlesséoyf= 0, the case of no structural change, this condition&
holds&vhend&thedeigenvaluesof&D fliedwithin&thedunitéeircle.& Thiséteads&to&
additional&restrictionséon&thedvectordoy, fherein&referred &odas&thedstructural-
change&conditions.&It&was&shownd&mé8Snyder,&Ord&and &K oehler&2001)&hat&
theseéeonditionséaredequivalent to&he&mvertibility &onditions&fordequivalent&
ARIMA models.&

4&



4) Local)Level)Model)

One of the simplest state space models involves a local level Ajthat follows&
a randomdéwalkéover time.&Theéseries&valuesdaredrandomlydscattered&aboutds
the local levels.&Vore specifically&

v =( ap+(uy (8a)&
aj =( ap—y +@e.8 (8b)&

The correlation between u,;and vy;is designated by p.&
Equation (8b) may be substituted into Equation (8a) to give&

Y= (as—s +@it(uy

The term a;_ is the one-step ahead prediction, while e;j=(v; i+ (u¢;is the one-&
step ahead prediction error. The prediction error has two components: one&
permanent-(v;) and the other temporary-(u;). In demand forecasting appli-&
cations, the permanent component might reflect the effect of new customersé&:
or the impact of new suppliers (competitors) in a market.&
Applying&hedrestrictionépf= 1(instead&of&thedimdependencedrestriction,&
the permanent and temporary disturbances must also correlate perfectly withé&
the one-step ahead prediction error e;; in other words v/3;=(cesjand ugj=(dey;
wheredo(hnd & are&non-negative&parameters. The&localfevelémodel&8)&an&

then be rewritten as&

y =( arr +ley (9a)&
ar; =( ar— +(0ey; (9b)&

It&s&hedsingledsourcedoféerrordversionéoféhellocal&evelémodel&Ordéet. al.,&
1997). &0t &s&thedstatistical&model&anderlyingdsimpledexponential é&&moothing&
(Brown, 1959).&'he associated prediction condition is&

0<ax 1.5 (10)&

The size of the parameterdofis a measure of the impact of structural&
change&mda timedseries.&Whenda 5= 0, successivedlevelsaredequal: thedcase&s
of no structural change. When «a3= 1, the model reduces to a random walk,&
a case at the other extreme where a time series has no parametric structure&
(except the variance parameter).&

A recurrence relationship corresponding to the general relationship (6) is&

aj=0ar—, +y.0 (11)&



It describes the evolution of the level over time.&Note that §5= 1(— a. Under&
the&condition&10),&hellevelécandbedviewed fasbadweightedfaverage. &Indtra-&
ditional&expositionséoféexponentialé&moothing&Brown,&959),&heéeondition&
(10)&s&mposed&odpermit this&émterpretation. As&has&beendseendhere,here&
is a more fundamental reason for it.&t was derived from the prediction erroré&
decomposition principle.&

The structuraléhange condition requires that «df— 0(as jB— oo. This&
occurs if —1(< X 1. The equivalent condition, in terms of «, is&

0(< a <2.8 (12)&

Advocates of the broader condition (12) argue that it provides greater flex-&
ibility.&Indeed&maximumdlikelihood&estimateséoféaobtained&under thisére-&
striction often exceed one on typical economic time series.&Proponents of the&
narroweré&condition&10),&however,&arguedthat thefadded&lexibility&sécoun-&
terproductive.& AndoAndexcesséoféonediséseendasdevidencelofdthedexistenceds
ofépatternsémda timedseriesésuchdaséa trend&hatéarednotéeovereddbyda local&s

level&model. &It &is&mterpreted8asdadsignal &shat&thedtocal&tevel &model &isénot &
appropriate for the data and is likely to yield inferior forecasts.&

5) Local)Trend)Model)

A local level may be supplemented by a time dependent growth rate b,;which&
follows a random walk b,;=(b;— -+ (varjwhere vy;is another disturbance. The&
resulting local trend model is&

v =( at(uy (13a)&
a; =( @ +F) (b +2)( (13b)&
byj =( b, +<U2tj (13c)&

Unlike the usual local trend model (Harvey, 1991), the equation for the cur-&
rent level contains two disturbances.& his local trend model is a special case&
of the general framework (1).&

The equationdyfj =(a;— +(bi— + G+ (Varj+(uyjis obtained&whenda,; is&
eliminated from Equation (13a). Given that a;— +(0;— is now the one-step&
ahead&prediction,&hedpredictionderrordisénowdgivendbyde,; =(v 3+ (varj+(ur.&
Thedprediction&error&has&threedcomponents, &twodoféthem&permanent.& As&
before,&onedoféthedpermanentédisturbancesésdassociatedéwith thedchangedmés
the underlying level.&'he other is the permanent change in the rate of growth.&
It is assumed that the three disturbances are potentially correlated.&
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When it is assumed that the three disturbances are perfectly correlated,&
they&aredalsodperfectlyécorrelated&with thedone-step&aheadd&predictionéerror,&
so that vi;=(a e;,&q,;=(0erjand&u,j=(0 Ee,;wheredniy,iséa parameter. The&
resulting single source of error model is&

vyl =( am +bi—r +(esj (14a)&
agj =( ar— +b— +(AB+@2) 1y (14b)&
by =( b +(@aey; (14c)&

It can be rewritten as&

v =( ar +bi—r +(ey (152)&
atj =( a— +0bis +lo ey (15b)&
bij =( i +lvaey (15¢)&

where af =(af+ a@fnd ag=(arThis is the more traditional form of the local&
linear trend model found in Hyndman et. al. (2002).&t may be established&
that the region for the parameters then becomes a3> 0, ag1> 0, @ <A (and&
an< aff&

Yet another way of writing the model is&

v =( ar— +brr +ley (16)&
w = (1 a)(ar +ar ) +ow (17
bij = (1) beer +( b= bes )( (18)&

wheredof=(af and& =(as/af&Ité&iséobtained&bydsolving&(15b)&orde;; and&
substituting&he&result&mtodEquation&fl5c). It&s&shedmodeléanderlyingdthe&e
original&forméof&trendécorrected&exponentialésmoothing&Holt,&2002).&The&
above feasible region for the parameters can be re-expressed as 0(< /X 1(and&
0(< <1, conditions&hat have&been&raditionallyéadvocated&Makridakis,&
Wheelwright&and&yndman,& 998)&or trendécorrectedéexponentialésmooth-&
ing.&A&contributionéoféthisépaperdhas&beendtodshowthat&hesedconditionsés
can be derived from the prediction error decomposition principle, instead of&
being imposed by assumption as has been the tradition.&

The invertibility conditions for the equivalent ARIMA(0,2,2) process are&
aB> 0, a;> 0(and 28+ a9 < 4. This region is larger than the one derived&
from structural considerations.&



6) Local)Seasonal)Model)

An extension involving a seasonal factor c;;is&

g/g =( agjt(cyt(ugy (19a)&
i =( a— +bir +B+ 02 (19b)&
i = b + oy (19¢)&
5 = 3.8 (19d)&

where&m Aséthe&number&oféseasonsdperdyear.&SubstitutingdEquations&19b)&
and (19d)&nto Equation (19a)&ields&y =(ai— +(bi— +(Ct—m;+(er; where&
erj=(v3 7+ War+ s+ Adapting the perfect correlation argument above to&
include vz, =(@se;, the equivalent single source of error model is&

yg =( ar- +bi- +Cr-mjtley (20a)&
i =( a— +0bis +(AB+@2) €y (20b)&
i =( b—y +(@aey; (20¢)&
tj =( Cromyt+(@sey (20d)&

where&af > 0,&0p; > 0,831 >>X0(and&ai5 + (a1 + (@31 < X1.& Andequivalent&
representation is&

yg =( arm b +tmmtlesy (21a)&
i =( e+l + ey (21b)&
i =( by +(aey; (21c)&
i =( Ct_mjt(Qze; (21d)&

where 0(< af< 1, 0(< an< aff az;> 0(and af+ a3;< 1. Another equivalent&
formd&thatécorresponds&todthedtraditionaléexpressionéof&the&Winters&(1960)&
additive method is&

v =( ar—r +0r—r +Cr—mjte (22a)&
agj = ( — a)(ar—r +bir )y (22b)&
by = (1(=x) b +( agj— ar—r )( (22c)&
e = (1= 7)C—mi+0Byy— ar) (22d)&

wheredaf=(a5& =(as/af and&yf=(as/ (1(— af).&Thedparametersée,& and&
yPmustéall lie in&hedanit interval&f0, 1], conditionséadvocated&by Winters
todensuredindpart that thed&seasonaldeffectsécan&bedinterpreteddasdweighted
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averages.& Again,&thisépaperdprovides€admore&fundamental&reason&forétheds
same restrictions.&Extensive calculations indicate that the region defined by&
these restrictions is smaller than the region associated with the invertibility&
conditions ! (Hyndman, Akram and Archibald, 2003).&

7) Conclusions)

The one-step ahead prediction error decomposition principle was introduced&
in&thedpaperdand&used&todobtaindrestrictionséonéthedsmoothingdparameters.&
Whend&applied&odthe&models€underpinning&thedsimple, trend&andé&seasonal&
exponentialé&moothingdmethods,&thedrestrictions&implyéthat thedsmoothingés
parameters are effectively allocation parameters in the sense that they allo-&
cate the one-step ahead prediction error between the model components.&dté&:
was established that the restrictions on the smoothing parameters are equiv-&
alent to&thosedcommonly&used&mdépractice. It&wasdalsodshownéthat theydare&
tighter than restrictions obtained with the traditional invertibility principle.&
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