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Abstract

In the paper we check if the four core theorems of trade, the Heckscher-Olin (HO)
theorem, the Stopler-Samuelson theorem, the Rybczynski theorem, and factor
equalization theorem, hold in a general equilibrium analysis with endogenous prices
of goods and factors and if they hold when all trade patterns outside the
diversification cone and discontinuous jumps of general equilibrium between
different trade patterns are considered. Also, comparative advantage in technology
between countries is added to comparative advantage in endowments to accommodate
empirical evidences that are incompatible with the core theorems. The HO theorem
can stand the test though it needs o be refined when technical comparative advantage
is introduced. The other core theorems cannot stand the test.

Keywords: HO theorem, factor equalization theorem, Stolper-Samuelson theorem,
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1. Introduction

This paper concerns with the four core theorems in trade theory, namely, the
Heckscher-Olin (HO) theorem, Stolper-Samuelson (SS) theorem, and Rybczynski
(RY) theorem'.

The four core theorems are derived from the traditional 2x2x2 HO model.
The model has some standard neoclassical assumptions (such as perfect competition
and constant return to scale) and several somewhat restrictive assumptions (which will
be discussed later). Given its assumptions, the theorems do not require specific
functional forms; yet, they are able to identify several regularities in general
equilibrium comparative statics.

Because of its generality and its ability to derive unambiguous comparative
static resuits, the traditional HO model has dominated the trade theory in the past few
decades. However, the predictions generated by the model appear to be at odds with a
well-known theorem in general equilibrium theory, which states that in the absence of
explicit model specifications, we can say nothing about the properties of the
equilibrium comparative statics except that Walras’ law holds, and that the excess
demand function is homogenous of degree zero (See Sonnenschein,' 1973, Mantel,
1974, and Debreu, 1974). In view of the theorem, the four core theorems of trade
theory seem too good to be true.

How can the traditional HO model in its general forms lead to unambiguous
comparative statics results, while, as a rule, no definite regularities can be found in
general equilibrium comparative statics? We believe that the answer is closely related
to three restrictive assumptions of the traditional HO model, namely, (1) that output or
factor prices are exogenous if trading countries are small; (2) that each country is
assumed to produce both goods when the core theorems are proved; and (3) that
trading countries share identical technologies. The main purpose of this paper is to
examine whether the four core theorems in trade theory remain valid if these
restrictive assumptions are relaxed. But first we explain the reasons for and the

implication of relaxing these assumptions.

! The background of the §S theorem and related core trade theorems, their extensions, empirical tests,
reflections about them, and a comprehensive annotated bibliography can be found in Deardorff and
Stern (1994).




(1) Output or factor prices are exogenous if trading countries are small

The traditional HO model assumes that the trading countries are smail, thus
each country is a price taker, and the equilibrium prices of goods can be treated as
exogenous when the SS and RY theorems are proved or the equilibrium prices of
factors can be treated as exogenous when the HO theorem is proved. Since exogenous
product or factor prices exclude from the analysis the interactions between prices and
other parameters (such as endowment), the general equilibrium comparative statics
become less unambiguous. However, it is unjustified, in our opinion, to infer
exogenous prices of goods or factors from the small country assumption for the same
reason that perfect competition (price taking behavior) cannot be used to justify
exogenous equilibrium prices in a general equilibium model. In other words, we
believe that prices of goods and factors in the HO model should be endogenously
determined even if all trading nations are smaijl. Witk endogenous prices, the core
theorems of trade theory may or may not hold; certainly they cannot be derived in the
same way as in the traditional way for the following reasons.

a. Because factor prices are endogenous in a general equilibrium model, it is
appealing to criticism to assume exogenous factor prices when some trade
economists prove the HO theorem (see Jones, 1965 and Dixit and Norman, 1980).

b. Because both product prices and factor prices are endogenous, a change in factor
prices must be explained by changes in parameters rather than by changes of
product prices. Hence, the SS theorem can no longer be a comparative statics
result.

c. Because product price is endogenous, it cannot be held constant in general
equilibrium when a parameter (e.g. endowment) changes. Hence the RY theorem
which describes how equilibrium outputs change as an endowment changes

holding product price constant, has to be refined.

(2) Specialization is incomplete at trade equilibrium
The traditional HO model assumes that specialization between the trading
countries is incomplete, that is, both countries produce both goods at the trade

equilibrium. This assumption significantly narrows down the scope of analysis by
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excluding other possible patterns of specialization and trade. And it is not surprising
that less ambiguous results are obtained within 2 narrowed scope of analysis.

As depicted in Figure 1, there are 8 possible trade structures in the HO model.
Only the first 2 structures involve incomplete specialization for both countries. The
last 6 structures involve complete specialisation in at least one country. We can refer
to the first 2 structures as interior structures since the output choices of each goods for
both countries are strictly positive, ie, they are based on interior solutions. And the
last 6 structures can be referred to as comer structures as at least one country chooses
zero value of output leve] of one good, ie, comer solutions are involved.

To find the general equilibrium of the model, we need to know which of the 8
structures (or trade patterns) occurs within which parameter subspace and also the
prices and quantities in that structure. Correspondingly, the comparative statics
analysis of general equilibrium should investigate not only marginal changes of
quantities and prices in response to parameter changes within each structure, but also
inframarginal changes (discontinuous jumps) of trade pattems across structures as
parameters reach some critical values (or as parameter values shift between parameter
subspaces that demarcate the structures). The comparative statics that relate to
changes within a given structure are referred to as marginal comparative statics and
those related to changes between structures are referred to as inframarginal
comparative statics.

For some purposes, inframarginal comparative statics are more important than
marginal comparative statics since the latter involve only marginal changes in
quantities and prices within a trade structure, while the former involve discontinuous
jumps of all endogenous variables inciuding prices and quantities as well as changes
of trade structure. For instance, mframargmal comparative statics can be used to
explore the implications of parameter changes (including changes in policy
parameters, such as tariff rates, and regional free trade arrangements and WTO
arrangements) for the equilibrium size and pattern of the trade network.

The four core theorems in trade theory are derived under the assumption of
incomplete specialization, the comparative statics are restricted to the interior
structure and are of the marginal type (see Jones, 1965 and Dixit and Norman, 1980).
To test whether the core theorems hold when the assumption of incomplete

specialization is relaxed, we need to use inframaginal comparative statics, that is, we
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need find out if the theorems remain valid when each trade pattemn is considered and
when parameter values shift from a parameter subspace to another leading to
discontinuous jumps of general equilibrium from a structure to another.

The work to partition the parameter space into subspaces within each of which
a particular trade pattern is general equilibrium is important for working out
comparative statics of general equilibrium. The parameter subspace within which an
| unambiguous negative sign of the derivative of the equilibrium wvalue of an
endogenous variable with respect to a parameter occurs may have no intersection set
with the parameter subspace within which the trade pattern concemed is the general
equilibrium. This implies that identifying the sign of the derivative is not enough and
the partition of the parameter space is essential for working out the comparative
statics of general equilibrium. But the implications of the partition of the parameter

space did not receive deserved attention when the four core theorems were proved.

(3) Trading countries share identical technologies

This assumption is obviously inconsistent with empirical observation, and it
has contributed to the poor empirical performance of the HO theorem. According to
Trefler (1995), the HO theorem is consistent with empirical findings 6nly 50% of the
time. Despite the unsatisféctory performance, the HO theorem has retained its

dominance in international economics simply because economists have not found

anything that performs better (Bowen et. al., 1987). In a recent attempt to improve
the performance of the HO theorem, Trefler (1995) demonstrated empirically that a
modification is desirable that allows for consumption bias and technology difference
between countries.
To complement Trefler’s work, we introduce technology differences between
countries to the traditional HO model. We shall show that if the trading countries
differ in both productivity and factor endowments, the equilibrium trade pattern may
be opposite to what the traditional HO theorem predicts; and we shall propose a

refined HO theorem.
The main findings of this paper are: (1) the HO theorem continues to hoid

when prices of goods and factors are endogenized and inframargianl comparative

statics of general equilibrium are considered, though it needs to be refined when

o
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differences in technology are introduced; (2) the SS theorem remains valid within the
diversification cone if the changes in prices are due to a change in taste or
endowment, but no longer holds if the changes in prices are due to changes in
production parameters (this is true even if technical difference is absent: a surprising
result that invalidates the SS theorem within the original HO model); and the S§
theorem does not always hold outside the diversification cone {a well known result);
(3) the part of the RY theorem which states that an increase in a factor endowment
leads to an expansion of the sector that uses the factor intensively remains valid, but
the other part which states that such an increase leads to a contraction of the other
sector is no longer true; (4) the factor price equalization theorem does not hold outside
the diversification cone (a well established result). It does not always hold within the
diversification cone if differences in technology is introduced (a new finding).

We hope the findings will alert economists and policy makers to treat the core
theorems with extreme caution. For instance, the SS theorem has been often used to
analyse the impact of trade on domestic income distribution. Our results show that
the SS theorem does not always hold, and indeed that all four of the core theorems are
only true under certain conditions since the comparative statics of general equilibrium
are model structure specific, functional form specific, and for a given épeciﬁc model
they are parameter value specific.

The rest of the paper is organized as follows. Section 2 presents the HO model
that incorporates technology differences and checks the validity of the HO theorem.
Section 3 discusses the concept of the diversification cone and analyzes the conditions
for factor price equalization in our model. Sections 4 and 5 check the Stolper-
Samuelson theorem and the Rybczynski theorem, respectively. Section 6 concludes
the paper.

2. The HO model with differences in technology

In this section, we develop an HO model with two countries differing in
production technology. The assumptions are similar to those in a standard 2x2x2 HO
" model, namely, that perfect competition prevails in both goods and factor markets;
that factors are mobile within a country but immobile between countries; that factors
are fully employed; and that the production technology exhibits constant retumns to

scale. In our model, prices of goods and factors are endogenized.
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We start by finding the autarky product price in each country as reference, and
then proceed to solve for the trade equilibrium.

2.1 Autarky
Assume that country i (i =1, 2} is endowed with labor L; and capital X;, which

can be used to produce two consumer goods X and Y. In autarky, the decision

problem of a representative consumer in country i is

max U, =x,%y,"
xi ¥ (1)
st.px;+y, =wl +rK
where p is the price of good X in terms of good Y; w; and r; are wage rate and rental
of capital, respectively.
Assume that the production functions for X and Y in country i are:

x=a,L, K, Yi = ab*L:)’ﬁKfyl-ﬁ . 2

(4

where a, (i =1,2;j=x,y)is the total factor productivity coefficient. Since g is

country specific, it captures the productivity difference between the two countries.
Constrained by the production technology, the representative firm producmg X in
country / maximizes its profit, i.e.,

Eﬁltx z,=px, ~w, L, ~-rK, =PaerLf.raKul-a -w;L, -nkK,. 3)

The decision problem for a firm producing Y is similar to (3).

From the first order conditions of the firms’ decisions problems, we obtain:

K, 1-

~= - (p, —(—)“( 2ypye-t

L, -5 @
Ky _ “(1‘/3) K

L, fl-a)L,

XK. K
It is easy to see that f’— > L—iy (that is, the X industry is capital intensive and the Y
ix iy

industry is labor intensive) if and only if @ <. Without loss of generality, we
assume that the X industry is capital intensive, ie., a < .
Using (4) and the market clearing conditions for factors and goods in each

country, we obtain the autarky price in country { (p;):




P = ai[i'i_ (1‘‘5’5)‘5"1'(1---,€5')(1—9)]ﬁ_‘z pBa-p* “
' a, K.' ag+ ﬂ(l - 9) o’ (1 _ a)l—a .
! i
Clearly, pi<ps if and only if (22yFe =Ly (Z2ype¢ ~2 nder our
Gy L 2y L,

assumption that @ <. Suppose also that there is no comparative advantage in

a a
production technology in the two country, (ie., = aﬁ ), then py<p; if and only if
1y 2y

“]I%I > f—z . In other words, if country 1 is capital abundant, it will have comparative
advantage in the capital intensive good X. This is the content of the HO theorem.
However, if there is a comparative technological difference between the two
countries, which country has comparative advantage in what good depends on both
relative factor endowments and relative technological difference. In this case the
traditional HO theorem may give the wrong prediction about comparative advantage.
Autarky price differences provide a clue for the direction of trade flows
between the 2 countries, but to examine the exact trade pattern, we need to look at the

trade equilibrium.

2.2 Trade equilibrium

With intemnational trade, the nature of the decisions for consumers and firms is
similar to that with autarky except that there is a single relative price of good X in
terms of Y, p, in the world market.

Using the first order conditions for the decisions problems of two types of
firms (producing X or producing Y) in each country and the market clearing
conditions for factors in each country, we can solve for factor prices and relative
factor allocation as functions of product price (p). We then use the world market
clearing condition for goods to solve for the equilibrium value of p.

The general equilibrium is summarized as follows:

xi = Aaaslay) “C(BK;-(1-B)LAay/ax) " hul(yn)(B-a0), (63)
yi= Baylayaw) PO (1-a)(L; yp)-oKiaw/ay) "E P yn)PH(B-o),
Ly = [o/(B-))[BKAai/ay) ®Oyu-(1-B)L}, (6b)

Ly = [BAB-0))[(1-0)Lr-oKd@ulay) ' ® Pyp).




K =(1-a) Lpwirc, Ky =(1-B)LywirB.

p = (riw)®®Bay/a,A, riw; = yu(ay/ay) (6¢)
where 4 =a%(1-0)", B=pA(1-B)"®, p = [(B-c)0+1-BY[B-6(B-a)]>0,
al';a W f-a) a;;“ (g-a)
) ()

2x

a f W(p-a) 2 ; U(f-a) )
X X
e Kl + e Kl

L, and L, can be greater or equal to zero. Correspondingly, there are 8

possible trade structures as depicted in Figure 1.

pre @0 @20 0

XY),(XY), XY)Y X(XY)
Y
=3y =) -
Y(XY) XY)X X
XY),(XY), |

Figure 1: Possible Trade Structures

where (XY )(XY)y denotes that each country produces two goods, country 1 exports
good X and country 2 exports good Y. XY denotes that each country produces only
one good and country 1 exports X and imports Y. Other notations for structures in Fig.
1 have similar meaning.

Let relevant variables in (6b), which are functions of eleven parameters, be
greater than or equal to 0, we can partition the eleven dimension space of parameters
B, a, 8, Ki, L, ay , ax into subspaces. There may be a parameter subspace within
which a particular structure is the general equilibrium structure. For instance, let L, ,
Ly > 0 for i=1,2, we can identify the parameter subspace for the interior structure,
which is associated with the diversification cone, to be the general equilibrium
structure, and let Ly, L1, > 0 and Ly, = 0, we can identify the parameter subspace for
structure (XY)X to be the general equilibrium structure.

Throughout the paper, we assume




Gy K 50 Ky -
4y L, 2y L,
which implies that the autarky price of X in terms of Y is lower in country 1 than in
country 2. Under this assumption, we can show that the parameter subspace for
structure (XY)X to be general equilibrium is empty. In structure (XY)X, Ly, L), >0
and Ly, < 0 which requires that ype(vay, vix) where vi, = (1-a)(a) ,!alx)”(ﬂ'“’LllaK 1 and
var 2(1-a)(a2,/a2:) "® P Ly/0K;. Parameter subspace (v, Vix) is empty if va>viy, ot if
our assumption (7) holds. Similarly, we can show that the parameter subspaces for
structures Y(XY) and YX to be general equilibrium are empty. In addition, we can
rule out structure (XY),(XY), because under assumption (7), it can be shown that
country 1’s demand for Y is greater than its production of Y.

For the remaining structures, we can identify their corresponding parameter
subspaces within which each structure is the general equilibrium structure. This is

summarized in Table 1.

Table 1: General Equilibrium and Its Inframarginal Comparative Statics

Parameter | [(1-c0)B/o(1-B))(@x/an,) CPKy/ L, | [(1-0)Bla(1-B)l(axlar) " ®Ky/L,
subspace | > (ay./a;,)"* Ki/L1. <(aifan)"®? Ki/L1.

TME (Viys VZy) (Vs Vin) M v2x) | (M, Vix) | (Vi V2y) (v, Vax)

Equilibrium | XYY, YX; XY, | X; XY | XYY X;Y> X XY>
structure

where y and p are given in (6), viy<vyy, V1s<Va, V2>V2y, Viy<Vix if (7) holds, v, = (1-
aXay/ar)  FPLiok,, va =(1-)(@ylan) FPLyjaks , vip= (1-B) (ar/an) "®PLi/BK,,
vay = (1-B)an/az) " EPLIBK,.

Table | indicates that under our assumption (7), four different trade patterns
can occur in equilibrium depending on parameter values. All the trade patterns
feature country 1 exporting good X. (It can be shown that if we reverse our
assumption (7), the other four trade patterns will occur in equilibrium each featuring
country 1 exporting good Y.)

Our assumption (7) holds if we assume that country 1 is capital abundant

(Ki/Li>K>/L;) and X is capital intensive (B>a) and that country 1 has no comparative
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technological disadvantage in producing X, (ai/ay 2 a2/a,,). Hence, the results in
Table 1 are consistent with the traditional HO theorem, that is, country 1 exports the
good (X) that uses its abundant factor (K) intensively, if ai./a1, 2 a2./a,,. However, if
country 1 has comparative technological disadvantage in producing X (ie, a1 /a), <
ax/a, ), then whether the traditional HO theorem holds depends on whether country
I’s comparative endowment advantage dominates the comparative technological
disadvantage in producing X.

Hence, our model shows that the HO theorem can stand the test of the
endogenization of prices of goods and factors as welil as the test of inframarginal
comparative statics analysis of general equilibrium. However, it needs to be refined if
there are comparative differences in production technology. The refined HO theorem

can take the following form.

Proposition 1: A capital abundant country exports capital intensive good if it has no
comparative technological disadvantage in producing this good or if the
technological disadvantage is outweighed by its comparative endowment advantage.

Otherwise the country exports labor intensive good.

3. The Factor Price Equalization Theorem

The factor price equalization theorem predicts that international trade will
equalize factor prices in the trading countries even though the factors are immobile
across countries (Samuelson, 1948, 1953). This prediction has been mostly
inconsistent with empirical evidence. There are various explanations for the
inconsistence. We look at two here. The first explanation is the well-recognized
result that if the general equilibrium occurs outside the diversification cone, the factor
price equalization theorem does not hold. The second was that international
productivity differences account for much of the differences in factor prices (Leontief,
1956 and Trefler, 1993). We analyze the two explanations in turn.

The concept of the diversification cone was developed in the 1950s (see
Lemer, 1952, and McKenzie, 1956). It is defined as the range of factor endowments
within which a country produces both goods for given prices. The focus of the
concept on factor endowments is probably due to that factor endowments are the only

exogenous variables besides commodity prices in those early trade models. In our
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model, however, the diversification cone should be understood as the parameter
subspace within which both countries produce both goods in equilibrium. The
parameters include relative consumer preference, technology and endowments.
Specifically, the diversification cone in our model is defined by the following system
of inequalities:

L,>0,L,>0; L, >0,L,,>0.

I 1
a,. 7 K a, — K
Under our assumption (7), ie., (a"' yoe =L (_a_zx_) f-a % ' the above inequalities

Iy L 2y L,
imply (refer to Table 1)
[(1-e)B/a(1-B) )@zl azy) "CPKA Lo> (a1 /ar,) O KL (8a)
and  yue(vy, vio)- (8b)

where vy, = (1-B)(@2/a2) O PLy/BKs, v = (1-a)(an/ar,) "EPL /oK, are given under
Table 1, p = [(B-01)8+1-B)/[B-6(-0)] and

1=a \ V{(F-a)} 1= 1(B-a)
r Tl Bpws 2
alx aZx

o7 W(f-a) ., ; 1 f-a)
"::_x K, + _a: K,

[(1-c)/a)/[(1-BYB) > 1 iff B>c (iff good X is capital intensive). [(1-c)/o}/[(1-B)/B]

can be interpreted as labor intensity in the Y sector relative to the X sector, or the

are given in (6). Note that in condition (8a),

14

capital intensity in the X sector relative to the Y sector. We may measure
technological comparative advantage by a.a;/a;,a,. and comparative endowment
advantage between the two countries by KjL,/L;K;. Condition (8a) implies each
country’s comparative advantage in producing the good that is intensive of the factor
which is abundant in this country is not too great and/or the capital intensity of good
X relative to good Y is great. (8b) implies that relative taste for two goods is in
balance with relative population size and relative productivity between the two
countries. If the comparative advantage is too great and/or the relative intensity is too
small, equilibrium will be structure XY which is outside the diversification cone and
involves complete specialization of each country. If the relative taste is not in balance
with relative population size and relative productivity, one country will be completely
specialized in structure X(XY) or (XY)Y. This condition in terms of a parameter

subspace for the diversification cone is much more accurate than the conventional




-

12

condition in terms of prices. It, together with (7), indicates that the parameter
subspace for the diversification cone is very small. This subspace requires
comparative advantage in technology and in endowment is nether too great nor too
small.

Outside the diversification cone, the factor price equalization theorem does not
hold. For instance, in structure XY, factor prices in country 1 are,

wi = a pai (KL)%, r1 = (1-0) par(Kit L),
where p = Oazszl'BLzﬂ;’(I-e)alx Ky""*L;® is the equilibrium price of good X in terms of
good Y.

Factor prices in country 2 are:

w2 = Bar(Ko/La)'?, ra= (1-Blan( K/ L2)®.
Clearly, wy # wy, ry # ra, except for trivial razor edge cases.

Even within the diversification cone, the factor prices are still not equalized.
The factor prices in country I and country 2 in structure (XY (XY)y are:

wi = o pardKi/L1) 7, 1 = (1-0) par Ko/ L)%, (9a)

w2 = o pan(Kio/ L) (@1:ap/ aza, ) V6,

r2=(1-0) pan(Ki/Lis)® (@1cap/anea, 0 | (9b)
where p is given in (6). A comparison between (92) and (9b) shows

wi S wy iff (ardan) Payda) * 2 1 (9c)

ri 2 niff (@dau)Pay/ay)*2 1 (9d)

(9¢) and (9d) implies that the country that has comparative technological advantage in
the capital intensive good is likely to have higher rental rate and lower wage rate than
the other country. This is consistent with Leontief’s (1956) view that the difference
between factor prices can be explained by productivity differences.

The analysis in this section is summarized in the following proposition.

Proposition 2 The general equilibrium occurs within the diversification cone if each
country’s comparative advantage is not too great, the relative intensity of capital to
labor in X sector is sufficiently greater than in Y sector, and relative taste is in
balance with the two country’s relative population size and relative productivity. If
comparative advantage is sufficiently great and/or the relative factor intensity is

sufficiently small, the general equilibrium entails complete specialization of each
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country. If relative taste is not in balance with relative population size and relative
productivity, one country completely specializes and the other produces both goods in
equilibrium.

Within the diversification cone, the factor price equalization theorem holds
only if there are no productivity difference between the trading countries or the
relative productivity between two countries in producing two goods is in balance
according to equalities in (9c, d). If a country has comparative technological
advantage in the capital (labor} intensive good, its rental (wage) is likely to be higher

and its wage (rental) lower than the other country.

4. The Stolper-Samuelson Theorem

The SS theorem states that if the price of the capital-intensive (or labor-
intensive) good rises, the price of capital (or labor) rises, and in greater proportion to
the commodity price increase; the price of labor falls, but necessarily in greater
proportion to the commeodity price increase (Stolper and Sammuelson, 1941). Since
with the opening-up of intemational trade, the price of a country’s comparative
advantage good rises, a corollary of the SS theorem is that intemnational trade benefits
a country’s abundant factor and hurts its scarce factor or a tariff benefits a country’s
scarce factor, 2

We check the validity of the SS theorem in our model in 3 steps: we examine
whether it holds (1) within the diversification cone; (2) outside the diversification
cone; and (3) when the general equilibrium jumps from one structure to another.
(1) Does the SS theorem hold within the diversification cone?

First, consider an increase in total factor productivity of X in country 1 due to
a neutral technological progress (ie., an increase in a),). Differentiation of (6¢) with
respect to q), yields

dp/da;, <0  always holds (10a)

d(ri/wi)/da. > O iff [y/a\(B-c)]H{dy/ a1)>0. (10b)
It can be shown that (10} and the condition for general equilibrium to occur within the

diversification cone {condition 8a and 8b) can hold simultaneously if

% Grossman ard Levinsohn (1989) show that the specific factors model captures reality more closely
than the 8S theorem for many U.S. industries.
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}wtx{(alyl'u/alxl'B)”(B'GJLIKI"‘

(aP1ay, ) EI(1-B)arar) OO LK HBaz/ a2) "L K 1}

< (1o Xa/ar) L [(a e, 8D K+ (anPlar®) 2K, P lok) (D
(11) holds for a value of « that is sufficiently close to 0, since p and the left hand side
has are limited positive values while the right hand side of (11) tends to infinity as &
tends to 0. This means that there exists a parameter subspace within the diversification
cone, defined by (11), such that an increase in a;; leads to an increase in the price of
capital intensive good (X), but a decrease in the rental for capital. This result is
clearly inconsistent with the SS theorem. Similarly, we can prove that there exist
parameter subspaces such that other non-neutral technical changes may generate
changes in prices that are inconsistent with the SS theorem.

Next, consider a non-neutral technical change that raises the relative
productivity of capital to labor in producing X (ie., an increase in o). To show the SS
theorem may not hold within the diversification cone even in the original HO model
with no technical difference between the countries, we assume a; = 1. The
differentiation of (6¢) with respect to o yields

dp/da: > 0 iff -In[o/(1-c))[B-8(B-c))[(B-o)8+1-B]>64 . (12a)

d(riw)/de < 0 always holds. (12b)
It is easy to see that (12a) holds if « is sufficiently close to 0. We can also show that
(12) and the condition for the general equilibrium to occur within the diversification
cone hold simultaneously if

-In[o/(1-0)]1B-B(B-0)][(B-c)8+1-B]>al(L1+L2) Ki(K) +K2) L (13)
Inequality (13) holds if « is sufficiently close to 0. Hence, for a sufficiently small a,
an increase in o raises the price of the capital intensive good and at the same time
reduce the rental for capital within the diversification cone.

This result is intuitive. A change in « indirectly affects r/w through
interdependence between r/w and p (a change in a affects p which in tumn affects »/w),
given in the first expression in (6¢). This effect is counted by the SS theorem.
However, the change in @ has a direct effect on r/w toe, as shown in the second
expression in (6¢), which is not counted by the SS theorem. If the direct and indirect
effect have the same sign, then the SS theorem holds. But if the two effects are

opposite, then the SS theorem does not hold when the direct effect dominates the
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indirect one. In other words, the SS theorem ignores some interdependencies and
feedback loops between factor and commodity markets, between consumption and
production, between prices and quantities, and between different agents’ self-
interested behaviors. The ignorance is due to the assumption of exogenous commodity
prices in the SS theorem.

We now consider a change in taste (8) or endowments (L;. Kj, i=1,2). From
(6¢), it is clear that the inter-relationship between p and r/w is independent of changes
in taste or endowments, and that a change in taste or endowment affects p and »/w in
the same direction. In other words, the SS theorem holds.

Summarizing the above analysis, we have

Proposition 3 Within the diversification cone, price movements are consistent with
the SS theorem if changes in prices are due to changes in taste or endowment; price
movements may be inconsistent with the SS theorem if the changes in prices are due to
changes in production parameters. This is true even if technological difference is

absent.

(2) Does the SS theorem hold outside the diversification cone?

The well known answer to this question is negative. We need to solve for the
local equilibrium in each structure to formalize the answer. The approach is similar to
the one we used to solve for the local equilibrium in the interior structure (the solution
presented in (6)). The equilibrium in autarky and in structures XYY, X;Y5, X; XY,
are summarized as follows:

Autarky:  pi=(afan)(rdw)PCBI4,  riwi=Lu/kK; (14)

x; = ay ABp-1+BLAK " B-d, 1= ay b(1-o-aw)LPK; P/(B-op

Kix = (1-o)(Bp-1+B)Kif(B-ou, Ky = (1-B)(1-0-ap) Ki(B-c)u

Ly = oK, riw(l-a), Ly = BKyy, riiw{(1-B).

Structure XY: p = 0axLP K" fay,L K2 (1-6), (15)

riwy = (1-a)Ly/aky, wi=abaylPKs"P /L (1-8),

ratwy = (1-B)Lo/BKa, w2 = Baz, (Ko/L2)'*,

x=a, L%k, yr=anlPK"P,

Structure {XY)Y: p is given by
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F= (ayB)® Ki(audp)® - (1)@, B OLi(a1,4p)® 0

-{6(B-ax)/[B-8(B-0)]} LKy P = 0 (16a)
riwy = (aAplay,B) Y8, w = aiAp(a\Bla,Ap)VED, (16b)
rafwa = (1-B)Lo/ KB, w2 = ayB [BKy/L(1-8)]'P. (16¢)

Structure X(XY): Symmetric to structure XY Y5,

First consider structure XY. Differentiation of prices in structure XY with
respect to different parameters yields

d(ri/w;)/d8 = 0 and dp/d6 > 0.

d(ri/wy)/day = 0, dp/day, # 0, and dp/da), # 0;

d(r/wy)/da <0 and dp/da > 0 if K\>Ly;

d(riwi)/d L, > 0 and dp/dL; <0.
None of the above relationships between r/w and p is consistent with the SS theorem.

Next consider structures (XY)Y and X(XY). Because of the symmetry
between the two structures, we can focus on structure (XY)Y. Let’s first look at
country 1. (16b) indicates that the relationship between r1/w; and p is independent of
the taste or endowment parameter. Hence, any change in taste or endowment
parameter will affect the prices of goods and the prices of factors in the same
direction, that is, the SS theorem holds.

From (16a), we have

OF/op > 0, 8F/98 > 0, OF/0a\; > 0, 8F/day, < 0, OF/0a,, < 0
And the application of the implicit function theorem to the above yields

dp/de = -(OF/08)/(0F/dp) < 0, dp/day, = -(OF/0a1,)/(OF/dp) <0, (17a)

dp/day, = -(OF/0ay,)/(OF/0p) > 0, dp/day, = -(OF/0ay, )/(8F/0p) > 0.
Similarly, we can prove

dp/dK; <0,dp/dL;> 0 fori=1, 2. (17b)
Following the method to prove proposition 3, we can prove that there exist parameter
subspaces such that changes in ayy, ayy, o, or 3 will generate changes in prices that are
inconsistent with the SS theorem.

For country 2, we have
d(r2/w2)/d0 = 0, <:l(r'2fw;)/dalch =0, d(ra/w2)/day, = 0, d(ro/wa)/day, = 0 (18)
d{rafwr)/dLy = 0, d(ra/war)/dL; > 0, d(ry/wr)/dK| = 0, d(ro/wn)/dKz < 0
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(17) and (18) indicate that the changes in prices caused by changes in parameters of
tastes, production technology, and endowments may be inconsistent with the SS
theorem.

Summarising the above, we have

Proposition 4 In the structure where both countries completely specialize, price
movements are inconsistent with the SS theorem. In the structure where only one
country completely specializes, price movements are inconsistent with the SS theorem
Jor the country that completely specializes. For the country which produces both
goods, price movements are inconsistent with the SS theorem if the price changes are
due to production parameter changes, but consistent if the price changes are due to

taste or endowment changes.

The implications of this proposition are more important if deserved attention is paid to
the fact that the parameter subspace for the general equilibrium to occur within the
diversification cone is much smaller than the subspace within which the general

equilibrium occurs outside the diversification cene.

(3) Does the SS theorem hold when the general equilibrium jumps from one structure
to another?

Let us first consider the case that a sufficiently large decrease in tariff causes
the general equilibrium to jump from the local equilibrium in autarky to the corner
equilibrium in structure XY where both countries completely specialize.

A direct comparison between the prices in autarky, given in (14), and the
comer equilibrium prices in structure XY, given in (15), indicates that the capital
rental relative to wage in structure XY are higher than in autarky, but the price of
capital intensive good relative to labor intensive good is lower in XY than in autarky
if .

nCOp/A > 8y, (Lo/L P (K Ky) Play, (1-0) (19)
It is easy to show that (19) holds if € is sufficiently close to 0. Since (19) and the
condition for structure XY to be the general equilibrium (shown in Table 1) hold

simultaneously if
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(1-B)Lx(ar/a2) " UByK: > Bar Lo/ L1)P(Ko/Ky) Play, (1-6) and

n PR (LI KUK B4 > 8ap[(1-0)BKaLi/of1-B)L K 1P~ My, (1-6),
the two inequalities hold too if € 1s sufficiently close to 0.

A comparison between the interior equilibrium in the diversification cone,
given in (6) and autarky, given in (14), shows that as trade opens up, the price of the
capital intensive good (X) increases in country 1, so does the rental to capital.

It should be noted that if there is no transaction cost, autarky cannot be the
general equilibrium (or the parameter subspace for autarky to be equilibrium is
empty). If we introduce transaction costs for international trade or a sufficiently large
differential in transaction cost between domestic and international trade into the
model, then the jumps from autarky to other structures can be endogenized.

Suppose a tariff significantly increases transaction costs for international trade
- compared to domestic trade, then the general equilibrium will jump from structure XY
or (XY)(XY)y to autarky. A comparison between per capita real incomes in autarky
and in the two structures indicates that this will reduce per capita real incomes of all
individuals, though it may increase marginally the returns to a factor compared to
another factor.

Now consider the case when general equilibrium jumps 'from structure
(XY)(XY), where both coﬁntries produce both goods, to structure XY where both
countries completely specialize.

Comparing the local equilibrium in structure (XY )(XY)y with that in structure
XY, we find that for country 1, the ratio of capital rental to wage rate is higher in
structure XY than in the interior structure with trade iff

py < (l-a)Ll(al}lau)”(ﬁ'“)/K;a (20)
Also, the price of capital intensive good is lower in the former than in the latter iff
uy > 464y, LP K, PIL K ey, (1-0)B. 1)

(20) and (21) hold simultaneously if
(1-0)ay, P> 0, POy PGP KL
This means that there exists a parameter subspace such that the ratio of capital rental

to wage is higher and the price of capital intensive good is lower in structure XY than

in structure (XY)(XY)y .
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It can be shown that within an appropriate interval of parameter values, an
increase in @, in Ky/L, or in ayaz/aya;,, a decrease in B or in K>/L; will make the
general equilibrium discontinuously jump from structure (XY ((XY)y to structure XY.
If parameter values are within the subspace that is defined by (20) and (21), then the
changes in prices caused by the jump are inconsistent with the SS theorem.,

The above analysis is summarized in the following propositions.

Proposition 5: The SS theorem may not hold when equilibrium jumps from autarky to
structure XY with specialization of each country, but the SS theorem always holds
when equilibrium jumps from autarky to the interior structure with partial
international division of labor. An increase in tariff may reduce all individuals’ per
capita real income though it marginally increases the returns to a factor compared to
another factor.

And

Proposition 6: A change in parameters that causes a jump of general equilibrium
Jrom the structure with incomplete specialization for both countries to one with
complete specialization of each country may generate price changes that are

inconsistent with the SS theorem.

Our analysis in this section suggests that the SS theorem cannot stand the test
of the endogenization of commodity prices nor survive the inframarginal comparative
statics analysis. The SS theorem holds only within the diversification cone when
changes in prices are caused by changes in taste or endowment parameters. It is
important to note that as shown in (8), the interior structure (XY),(XY)y is the general
equilibrium only within a small parameter subspace where technology and endowment
comparative advantage is not too great, capital intensity in the X sector is significantly
greater than in the Y sector, and relative taste is in balance with relative population
size and relative productivity of the two country. For the larger part of parameter

space, general equilibrium involves complete spectalization in at least one country.

5. The Rybczynski Theorem
The Rybczynski theorem states that ar given commodity price, if the

endowment of some resources increases, the industry that uses that resource most
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intensively will increase its output, while the other industry reduces its output
{Rybczynski, 1955). We examine whether this theorem remains valid in our model
where the commodity price is endogenous.

Consider the autarky structure. Without loss of generality, suppose the capital
endowment in country i (X;) increases. If the content of the Rybczynski theorem
holds true, then the capital-intensive X industry would expand, (i.e., 8x/8K; > 0), and
the labor-intensive Y industry would shrink (i.e., dy/0K; < 0). The differentiation of
(8) with respect to X; yields 8x/0K; > 0 and 8y/0K; > 0. This implies that part of the
RY theorem does not hold when commodity price is endogenized.

Now look at structure XY. From (15), we have ox;/0L, > 0, x)/0L; = 0,
ox /0Ky > 0, 0x/0K3 = 0, 8y2/0L, = 0, 0/0K: = 0, Oy2/OLy > 0, 0y2/0K; > 0. These are
clearly inconsistent with the RY theorem. It can also be shown that there exists
parameter subspace such that ox)/0L; > 0, and 0x)/8K; > 0 in the structure
XY W(XY)y. It is not difficult to find an example that a change in an endowment
parameter causes a shift of general equilibrium from a structure to another and
generates changes in outputs that are inconsistent with the RY theorem. Hence, we

conclude:

Proposition 7 The RY theorem cannot survive the test of endogenization of
commodity prices. With endogenous commodity price, the output of both industries
can increase in response to an increase in the endowment of some resource. The RY

theorem cannot survive the test of inframarginal comparative statics analysis either.

6. Conclusion

In this paper, we have developed a HO model with endogenous prices of
goods and factors and conducted an inframarginal comparative statics analysis of
general equilibrium to check four core theorems in trade theory: the HO theorem,
factor equalization theorem, the SS theorem, and the RY theorem. The result is not
that positive. Except for the HO theorem, other theorems do not always hold.
Specifically, the HO theorem holds in all trade structures, but it needs to be refined to
accommodate comparative technological advantage. The SS theorem holds only

within the diversification cone when changes in prices are caused by changes in taste




21

or endowment parameters. It may not hold if the changes are caused by production
parameters, even if technical difference between countries is absent. It holds if the
general equilibrium jumps from autarky to the interior structure with trade but does
not hold if it jumps to the comer equilibrium with complete specialization of each
country. It may not hold for other jumps of general equilibrium between structures.
The RY theorem does not always hold either.

This somewhat “unpleasant” result may have 2 lot to do with an important
difference between the HO model and other general equilibrium models. In most
general equilibrium models, there is a dichotomy between pure consumers and
producers (firms). Each consumer does not produce and therefore has to buy all
goods that he consumes from the market. Hence, with the assumption of strictly
convex preferences and convex production sets (or production sets can be
convexified), comer solution is exceptional. In contrast, in the HO model, each
country is a consumer as well as a producer. It can be completely self-sufficient
without international trade, or it can choose the range of its production activities and
rely on international trade. In other words, a country can choose its size and pattem of
network of transactions. This implies that there are many possible corner solutions, all
of which should be considered in a general equilibrium analysis. |

Our exercise has highlighted the limitations of two types of partial equilibrium
analysis. Type I of partial equilibrium analysis is to assume exogenous prices of goods
(or factors), then investigate changes in prices of factors {or output) in response to
changes in prices of goods {or endowment parameters). This is a partial equilibrium
analysis since in general equilibriem all prices are endogenized. Such a partial
equilibrium analysis could be misleading since the model is not closed and some
interdependencies and feedback loops between prices and quantities, between
consumption and production, between the markets for goods and factors, and between
different agents’ self-interested behaviors are ignored. Type II of partial equilibrium
analysis is confined within the interior structure, ignoring comer structures. It does not
partition the parameter space into subspaces within each of which a particular interior
or corner equilibrium is the general equilibrium; and it totally ignores the implications
of the partition of the parameter space for comparative statics. Type Il of partiai
equilibrium analysis also ignores discontinuous jumps of general equilibrium between

different trade pattemns.
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The two types of partial equilibrium analyses differ from Marshallian partial
equilibrium analysis which focuses on only one market. The two types of partial
equilibrium analyses consider all markets and some (but not all) interactions between
the markets. Possibly because in many cases the two types of partial equilibrium
analyses provide a fuller picture than the Marshallian partial equilibrium analysis,
their limitations have not received much attention, while the shortcomings of the
Marshallian analysis is well-known.

We are cautious about implications of our results for policy purposes since our
results are obtained from a specific model. If we change the functional forms, the
results may change too. However, the value of our exercise lies that it has
demonstrated that obsession with very general results can have high costs. As
indicated in everything possible theorem (Sonnenschein, 1973, Mantel, 1974, and
Debreu, 1974), the comparative statics of general equilibrium that are as general as the
compensated demand law (comparative statics of decisions) are impossible to obtain
in the absence of explicit specification of models. The comparative statics of general
equilibrium, which are the main sources of the explaining power of economics, are
model structure specific, functional form specific, and parameter value specific. Thus
there is good reason to doubt the validity of some very general co:ﬁparative statics
results of general equilibrium in the absence of explicit specification of models. We
should be very cautious when we make policy recommendations on the basis of some
comparative statics of general equilibrium, which are valid oply for a specific model
structure, for specific functional forms, and for-a specific subspace of parameter
values.

In the current model with no transaction costs, autarky never occurs at general
equilibrium. Hence, a jump of equilibrium from autarky to another structure is ad
hoc. An extension of our model can explicitly incorporate transaction costs. With
transaction costs incorporated, 2 jump from the interior equilibrium in autarky to a
structure with trade can be endogenized.  Further research can also infroduce
increasing returns, which no doubt will enrich the implications of the model, but

which is likely to make the model more difficult to manage.

S
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