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Abstract

This thesis aims to investigate Bayesian sampling techniques for estimating parameters of

three nonlinear models with different levels of endogeneity and sample selection. These

models include a bivariate probit model with an endogenous dummy regressor, an or-

dered probit model with sample selection, and an ordered probit model with double

hurdles of sample selection. We developed Bayesian sampling algorithms to sample pa-

rameters in each of these models, and the resulting posterior estimates of parameters

were compared with those obtained through a few classical estimation methods such as

maximum likelihood estimate (MLE) and a two-step method. Monte Carlo simulations

were conducted to check the performance of different estimators for each model.

In the bivariate probit model with an endogenous dummy regressor, we discussed the

identification conditions especially the effect of exclusion restrictions. The Monte Carlo

study reveals that exclusion restrictions are not essential for model identification. How-

ever, the existence of exclusion restrictions will make the estimation much easier for

all estimators. Moreover, model identification can be improved by increasing the varia-

tion of explanatory variables and the number of exogenous regressors. In terms of the

performance of the three estimators, MLE is often accurate and efficient except for oc-

casional convergence failures. The Bayesian method can always produce an estimate for

each simulated sample and is most efficient. However, it shows same small bias when

the correlation coefficient between errors is large. The inconsistent two-step method has

less convergence problems than MLE, but has quite large biases when the correlation

coefficient between errors is large.

In terms of the ordered probit model with binary selection, we used a reparameteriza-

tion to derive a Gibbs sampler, such that conditional posteriors can be obtained. We also
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propose a likelihood-based two-step method in a way similar to the derivation of the

concentrated likelihood function. The two proposed methods were compared with the

full information maximum likelihood (FIML) method and another established two-step

method. Monte Carlo results show that the Bayesian method and the likelihood-based

two-step method can be alternative methods to FIML, while the other two-step method

is not acceptable in models with large error correlation. The absence of exclusion re-

strictions does not cause big problems for the model estimation. With the FIML and the

Bayesian methods, we used the ordered probit model with binary selectivity to model the

effect of mental illness on employment and job categories, where exclusion restrictions

do not exist.

The ordered probit model with double-hurdle selection is an extension of the above

model with one additional level of sample selection. We found that FIML has encoun-

tered severe convergence-failure problems as the model becomes more complicated. As

such, the proposed Bayesian sampling method is of great value because it always pro-

duces an estimate of the parameter vector. We propose two Bayesian samplers, one ob-

tained through a standard process currently available in the literature, while the other

involved reparameterization. In the Monte Carlo study, we found that both samplers and

the FIML provide unbiased and efficient estimates. However, FIML fails to converge for

more than half of the simulated samples, while Bayesian samplers can always produce es-

timates for each simulated sample. The reparameterization-based sampler shows better

convergence than the other sampler. We applied the three estimators to the estimation of

the double-hurdle ordered probit model investigating the effect of mental illness on labor

market outcomes. We found that reparameterization-based sampler is the only estima-

tor that did not encounter convergence problems. The resulting estimates of parameters

were used for analyzing marginal effects of mental health variables.
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Chapter 1

Introduction

1.1 Motivation

Econometric models where the sample is non-randomly selected or where certain regres-

sors are endogenous have been widely discussed in microeconometrics. Most models

are the extensions of two classical models. One is the initial sample selection model

(Heckman 1976) in which a linear model is partly observed after selection via a binary

indicator. The other is the model with endogenous treatment effects (Heckman 1978)

where we are interested in the treatment effects captured by a binary variable and the

dummy is an endogenous explanatory variable in a linear equation. In both cases, the

main equations of interest contain continuous outcomes, while either selectivity or en-

dogeneity arises because the latent variable driving the binary outcomes is correlated

with the variable producing the continuous outcomes of interest. The two models are

applied a great deal in practice to various circumstances, with some variations from the

original model specifications. As a result, an increasing number of studies have extended

the initial models to more complicated models with nonlinear forms, especially to multi-

variate models with probit or ordered probit main equations under situations of sample

selection or endogeneity.

Among those nonlinear models, our main interests in this thesis are three types of mod-

els, a bivariate probit model with an endogenous dummy regressor, a sample selection

model with ordered probit outcomes, and a double-hurdle model with ordered outputs
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determined by a partly observed selection equation. Some research has already been

done on the bivariate probit model with an endogenous dummy regressor. There are

controversial arguments about the effects of exclusion restrictions on the identification

conditions of endogenous models. Most empirical researchers believe that exclusion re-

strictions are necessary components to guarantee model identification, while others ar-

gue that models without exclusion restrictions can be identified by the nonlinearity of

the conditional mean function (Greene 2002). Thus, we intend to use different estima-

tors and to test whether exclusion restrictions are important. In addition, an ordered

variable with sample selection can be frequently encountered in empirical work. Simi-

larly, a double-hurdle model, which also fits certain specifications in empirical research,

can be treated as an extension of the ordered model with selectivity. Available estima-

tion methods may have no problem estimating a two-equation system, but some are not

appropriate for estimating multivariate models especially with sample selection. This

motivates our pursuit in this thesis of some alternative estimation methods for multivari-

ate models.

There are well established techniques that can correct for sample selection bias or incon-

sistency caused by endogenous variables. The two-step method proposed by Heckman

(1979) is the most commonly used estimation method to correct for sample selection bias

and is consistent for standard linear models. Another consistent estimator is the full

information maximum likelihood (FIML) estimator contributed by Greene (2006). For

those nonlinear models in which main equations have probit or ordered probit forms,

however, the two-step method is no longer consistent and may lead to misleading es-

timations, while FIML has some convergence problems, a problem that gets worse as

the number of equations increases. In this thesis, we will develop estimators for such

bivariate and trivariate nonlinear models with sample selection and endogeneity in the

Bayesian framework, in the hope these can deal with some of the problems with two-step

and FIML estimators.

Bayesian analysis has become popular in recent years. It was first criticized for its com-

putational complexity, but is booming due to the increase of the computational capacity

of computers and software. The Bayesian method is quite different from classic estima-

tion methods in how it provides a way to estimate the potential latent variables, so one

2
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may have a clearer understanding of the model structure. Basically, Markov chain Monte

Carlo (MCMC) algorithms are applied to mimic the joint posterior distributions of model

parameters and all latent variables. Furthermore, the convergent draws of the model

parameters from the posterior distributions can be used to evaluate other useful distri-

butions like marginal effects, which cannot be conducted by classic methods. The other

issue that Bayesian estimation can address is the frequent failure of FIML algorithms to

converge to valid estimates. So there are several reasons for using the Bayesian method in

this thesis, with derivation of the Bayesian samplers and comparison to classical methods

for each specific model.

1.2 Outline of the Thesis

Chapter 2 reviews some relevant literature the development of models with sample selec-

tion and endogeneity, together with some estimation methods. Both the classic sample

selection model and the endogenous treatment effect model contain a continuous main

equation, with a binary indicator deciding the mechanism of sample selection or endo-

geneity. Both models have similar properties and share the same estimation methods

like the two-step method and FIML estimator. The continuous main equation is then re-

placed by different types of nonlinear equations such as a binary choice equation and an

ordered probit equation, to form more complex models matching various empirical spec-

ifications. Moreover, a two-equation system can be easily extended to a trivariate case by

adding one more equation which can either be simultaneous to other equations or con-

tain one more level of sample selection to form the double-hurdle models. Applications

of all those models have been discussed in detail in this chapter.

Chapter 3 considers the identification conditions (with or without exclusion restrictions)

around estimating bivariate probit models with an endogenous dummy regressor. In

those models, a regressand with binary outcomes becomes one of the regressors in the la-

tent equation which determines the other binary choice equation. Exclusion restrictions

are often included to make sure models are identified for empirical analysis. However,

counterparts show that identification problems arise from experimental design (Leung &

3
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Yu 1996), not from the absence of exclusion restrictions. As a result, Monte Carlo experi-

ments are applied in different circumstances to check whether exclusion restrictions are

essential for model identification, and to compare three methods including maximum

likelihood estimation (MLE), the two-step method, and the Bayesian method. Some

basic theories about Bayesian analysis have been introduced in this chapter including

sampling algorithms like Gibbs and Metropolis-Hastings (MH) algorithms, and the sim-

ulation inefficient factor (SIF) which is used to evaluate the convergence of the Bayesian

methods. The Bayesian sampler for this particular type of model is a simpler case of Chib

& Greenberg (1998)’s multivariate example, but our derivation is somehow different by

decomposing the joint posterior distribution into one-dimensional conditional posterior

densities. What we are also interested in is whether the inconsistency of the two-step

estimator creates major finite sample problems, and whether the Bayesian sampler has

better performance than MLE. The Monte Carlo results reveal that each estimator has its

own benefits in estimating the model. Exclusion restrictions can help improving perfor-

mance of all estimators, but they are not that essential to identifying the model. We also

discuss a few ways to improve model identification when exclusion restrictions are not

available.

In Chapter 4, we model an ordered variable with sample selection. More specifically, the

ordered outcomes are only observed when a binary indicator returns the value one. An

efficient Gibbs sampler is proposed to estimate this model with the idea of data augmen-

tation and reparameterization, so conjugate conditional posteriors can be obtained with

certain prior design. We also propose a likelihood-based two-step method which is based

on the form of the concentrated likelihood function. Then a Monte Carlo study compares

the two methods with FIML and a two-step method extended from the classic two-step

method. Results indicate that both the Bayesian method and the likelihood-based two-

step method perform as well as FIML. Moreover, the Bayesian credible intervals can be

used for interval estimation and a way to describe the distributions of model parameters,

while the likelihood-based two-step method has less convergence problem than FIML.

The extension of the classic two-step method does not perform well with strong error

correlation due to the inconsistency. Effects of exclusion restrictions are also detected in

the simulation study. Once again, results show exclusion restrictions are not essential
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in determining identification for this model, although they can reduce the difficulties of

estimation for all methods. Finally, the model is applied to empirical data studying the

effects of mental illness on occupational skill categories and labour force employment.

Marginal effects of mental illness are derived based on the estimates of FIML and the

Bayesian method. The Bayesian method displays the superiorities in evaluating the dis-

tributions of marginal effects.

The double-hurdle model in Chapter 5 is designed to better describe the three levels of

labour market outcomes including participation, employment and occupational skill cat-

egories. It can be treated as an extension of the model in Chapter 4 by adding one extra

level of sample selection about participation. As the two-step method cannot guarantee

accurate estimation in the two-equation system, we focus on comparison of FIML and

the Bayesian method for this trivariate model. Two Gibbs samplers are proposed here.

One is derived in a more standard procedure, while the other uses the same ideas of data

reparameterization in Chapter 4 to construct conditional posterior distributions. Both

samplers can offer accurate and efficient estimation in a Monte Carlo study, when FIML

fails to converge for half the samples but gives reliable estimation for the remaining sam-

ples. In addition, an empirical application to mental health and labour market outcomes

is analyzed on this double-hurdle model estimated by the three estimators. Although the

Monte Carlo experiments do not show much difference in convergence between the two

Bayesian samplers, the sampler using reparameterization provides much better conver-

gence in the empirical study. Meanwhile, FIML cannot give reliable estimation for this

empirical data. That is why the analysis of model estimation and correspondingmarginal

effects is concentrated on one valid Bayesian sampler.

Chapter 6 concludes the thesis. It summarizes the main findings of the whole thesis, and

includes a few limitations and some potential extensions.
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Chapter 2

Literature Review

2.1 Introduction

This chapter systematically reviews the literature related to the thesis, which is mainly

about different types of models with endogeneity and non-random selection, as well

as some existing estimation methods. We will first review relevant models with non-

random selection in Section 2.2, including the traditional sample selection model with a

continuous main equation and extended models with nonlinear main equations, such as

binary choice models, ordered probit models, and models with double hurdles. Then we

review some literature focused on models with endogeneity in Section 2.3. We start from

the endogenous treatment model as it is a linear regression model with an endogenous

dummy regressor, followed by a discussion of bivariate probit models with endogenous

regressors and some extensions to multivariate cases with endogeneity. Applications of

such models are introduced as some of the commonly used estimation methods. Section

2.4 concludes.

2.2 Models with Non-random Selection

Selection bias usually arises because of non-random samples. While part of the reason for

selection into the sample is observed, the problem of bias arises when the non-observable

part is correlated with factors determining outcomes. Mathematically, sample selection
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occurs as the data is only observed when a binary indicator takes the value one for the

relevant outcome. Firstly, we will introduce a traditional sample selection model with

continuous data observed after selection, as well as available estimation methods used

to estimate this model. Secondly, the development of nonlinear models with selection is

outlined, because the models that will be discussed in Chapter 4 and 5 are sample selec-

tion models with non-linear forms. Thirdly, models with at least two levels of sample

selection are discussed, since Chapter 5 models a specific double-hurdle model for labor

market outcomes. This review introduces the main essential estimation methods applied

in the literature to estimate the models of interest in Chapter 4 and 5, methods that will

later be compared to our proposed Bayesian samplers.

2.2.1 Conventional Sample Selection Models

Most current models of sample selection are based on the brilliant work of Heckman

(1976). He introduces the standard structure of models of sample selection, motivated

by the discussion of Gronau (1974) about the truncation problem of the wage offer and

labour force participation. The model is built for a continuous variable zi2 which is only

observed when an associated variable zi1 is positive.

 zi1 = x′i1β1 + ϵi1

zi2 = x′i2β2 + ϵi2 1 ≤ i ≤ n

The disturbances ϵi1 and ϵi2 are assumed to have a bivariate normal distribution with

zero means, variance 1 and σ2, and the crucial coefficient of correlation ρ. The observable

outcomes are displayed by

 yi1 = I(zi1 > 0)

yi2 = zi2 if yi1 = 1, and missing otherwise.

Because

E(yi2|xi1,xi2, yi1) = x′i2β2 + ρE(ϵi2|xi1,xi2, yi1),

selection bias can be interpreted the same as omitted variable bias with the omitted vari-

able being E(ϵi2|xi1,xi2, yi1). The bias will only occur when ρ , 0.
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Heckman proposes an estimator sometimes called Heckit (Wooldridge 2002, p.564) by

adding an estimated value for the omitted variable as a regressor to remove the selection

bias. Section 4.4.2 contains more specific formulations of the two-step method. This

simple estimator is easy to implement and is used by Heckman to estimate a model of fe-

male labour supply and wages. The consistency properties of the two stage least squares

(2SLS) method is confirmed and Heckman (1979) shows how to adjust standard errors to

take account of the two-step estimation approach. This method is the most widely used

method to estimate models with non-random selection.

Based on Heckman’s model, Vella (1998) derives the bias caused by the sample selection

and some estimation methods including parametric and semi-nonparametric methods in

a likelihood framework. With the assumption that disturbances ϵi1 and ϵi2 are bivariate

normally distributed, the likelihood function can be expressed as

L =
n∏
i=1

{[∫∞
−x′i1β1

ϕ(yi2 − x′i2β2,ϵi2)dϵi2
]yi1
×
[∫ −x′i1β1
−∞

∫∞
−∞ϕ(ϵi1,ϵi2)dϵi1dϵi2

](1−yi1)}
,

where ϕ denotes the probability density function for the bivariate normal distribution.

Vella shows the formulation of various parametric and semi-parametric two-step meth-

ods, together with some other models which have alternative censoring rules.

Other estimation methods for estimating Heckman’s model include Bayesian analysis de-

veloped by Omori (2007) who tries to accelerate the convergence of MCMC algorithms

in sampling the corresponding posterior distribution. His Gibbs sampler has improved

estimation efficiency and reduces the sample autocorrelations, in comparison with a stan-

dard Gibbs sampler. However, this method may still be computational burdensome in

some ways.

Winship & Mare (1992) provides an early survey of models for sample selection bias. In

addition, Manski (1989) derives two kinds of prior restrictions to identify the param-

eters in a sample selection regression model. One weak restriction is a bound on the

conditional expectation, while the other type is a separability restriction derived from

latent variable models. Lee (1982) suggests a way of transforming random variables with

certain non-normal distributions of the error terms to a bivariate normal distribution,

so the two stage method can be applied without the normality assumption of the error
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terms. Further, the Tobit model proposed by Tobin (1958) is usually considered as a spe-

cial case of the sample selection model with a specific censoring rule. It can be estimated

by MLE, the two-step method, and a Bayesian method proposed by Chib (1992).

2.2.2 Probit Models with Sample Selection

Heckman’s approach is designed for models where the dependent variable is continuous

and there is non-random selection. However, it is common to be modeling discrete data

in various model specifications, such as probit and ordered probit models with selection.

The following analysis will focus on bivariate probit models with sample selection.

Different levels of partial observability are investigated in bivariate probit models with

sample selection. For example, Meng & Schmidt (1985) have presented bivariate probit

models with different levels of observability, in order to measure the loss of asymptotic

efficiency of the parameter estimates in comparison with full observability. Poirier (1980)

develops a particular bivariate probit model in which only one of the four possible out-

comes is observed. He points out that MLE will be inefficient compared to those cases in

which fully observed choices are obtained. Identification issues are discussed, and he also

mentions that it is essential to identify the model with sufficient variation of exogenous

variables over the sample. Besides that, the most commonly discussed case is the one

where binary outcomes are censored only when the dependent variable in the selection

equation takes the value zero.

Various empirical studies have been done on the bivariate probit model with sample

selection. We give just a few examples here to illustrate diversity of applications. For

instance, Van de Ven & Van Praag (1981) have analyzed the choice of a health insurance,

with a sample which is censored because of questionnaire design. They have estimated

their model with Heckman’s two-step method. Boyes et al. (1989) apply a bivariate ‘cen-

sored probit’ model to investigate the bank credit scoring problem. They combine a

choice-based estimator with partial observability to estimate the relationship between

credit card lending and the loan earnings process. Standard Heckman procedure is no

longer applicable, so a ‘weighted’ likelihood function is maximized to obtain estimates of

the model. The same credit scoring model for loan approvals is also derived by Greene

9



Bayesian Analysis of Non-linear Multivariate Econometric Models

(1992) to incorporate the loan default probability with expected profit. Sartori (2003)

applies this model in interpreting political phenomena about judicial dependence in

electoral democracies, and provides a new maximum-likelihood estimator. In health

economics, Belkar et al. (2006) use this model to analyze the relationship between aware-

ness of Pap tests and the choice to screen for cervical cancer. Holm & Jæger (2008) have

studied educational transition models, with the first transition from elementary school

to high school and the second transition from high school to tertiary study. Selection

bias has been discussed in the context of this specification of the bivariate probit model.

This model is applied on empirical data to illustrate how sample selection influences

the effect of family background on the probability of making educational transitions. A

Monte Carlo study is utilized by Belkar & Fiebig (2008) to compare the censoring bivari-

ate probit model with single-equation probit models, and to highlight the necessaries to

consider censoring in modeling choices.

Here we will focus on different estimation methods which are commonly applied to

estimate bivariate probit models with partial observability. In the literature, many re-

searchers have tried to extend Heckman’s approach to estimate such nonlinear models

with sample selection. Nicoletti & Peracchi (2001) aim to estimate the bias of two-step

estimators with some Monte Carlo experiments. They have shown that two-step estima-

tors approximate the true parameter well, and the accuracy is closely related to the size

of the correlation of the errors. Dubin & Rivers (1989) also discuss both the two-step

method and a maximum likelihood estimator in the context that Heckman’s framework

is extended to probit models. However, Greene (2001) criticizes the two-step method

as inappropriate for a probit model with sample selection. Greene (2006) points out

that three problems will show up in any nonlinear model, so one cannot generalize the

two-step method by dropping the inverse Mills ratio into the model. He provides a gen-

eral maximum likelihood approach to incorporate sample selection in nonlinear models.

These two classical methods will be used in estimating the models of interest in this

thesis.
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2.2.3 Ordered Probit Models with Sample Selection

In addition to binary responses, an ordered multinomial response is commonly found in

empirical literature. Given a latent variable y∗ which is determined by

y∗i = x
′
iβ + εi εi ∼N (0,1),

the ordered probit model for y can be expressed as

yi =



0 if y∗i ≤ γ1

1 if γ1 ≤ y∗i ≤ γ2
...

J if y∗i ≥ γJ ,

in which the threshold parameters are constrained by γ1 ≤ γ2 ≤ · · · ≤ γJ (Wooldridge

2002, p.505). One can use MLE to estimate the single equation model, or use OLS by

treating the ordered outcomes as continuous data.

Daykin &Moffatt (2002) emphasis that the ordered probit model is an appropriate frame-

work for statistical analysis especially when survey responses are ordinal. They apply

this model in an empirical example about the extent of pain regarded by physiothera-

pists. Hausman et al. (1992) also use this model to analyze trade-to-trade price change

in discrete increments. MLE is used to estimate the model in order to measure several

transaction-related quantities.

The ordered probit model can be extended to bivariate or multivariate equation systems

together with probit or continuous equations, according to the specific model implied

by the empirical example. Those more complicated models are sometimes estimated by

Bayesian methods. For instance, Chib & Hamilton (2000) make the treatment variable or-

dinal to model the effect of clustered data with non-random selection. In their example,

a cluster is defined by a hospital after an individual needs treatment. The observed treat-

ment in a cluster is determined by an ordinal probit model. Munkin & Trivedi (2008)

also use the Bayesian method to analyze an ordered probit model with endogenous se-

lection. They are especially interested in the effect of endogenous multinomial choice
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indicators on an ordinal outcome variable which indicates the degrees of medical service

utilization.

2.2.4 Double-hurdle Models

The notion of double-hurdle is first proposed by Cragg (1971) when certain positive val-

ues can only be observed after two hurdles. His model is quite like a sample selection

model but with one more additional adjustment. His model requires that each individual

has to satisfy two conditions to be observed in the sample, thus two levels of censoring

should be considered in his model. Since then, the use of double-hurdle models have

been widely used in cross-sectional studies, especially when censoring is determined by

more than one level of sample selection.

The p-tobit model is proposed by Deaton & Irish (1984) to investigate expenditures in

household budgets. The model is constructed as a standard tobit specification with the

operation of a binary censoring process. Because the tobit model is usually treated as a

sample selection model with specific censoring rule, the binary censoring process can be

treated as an additional hurdle. Therefore, the p-tobit model can be counted as a special

case of a double-hurdle model. The same idea is adopted by Butler & Moffitt (1982) to

understand factors contributing to married women’s labour supply, such as household

demand for clothing.

Jones (1989) has discussed a double-hurdle model in the study of cigarette consumption,

and treats starting and quitting smoking as separate participation decisions which both

have sample selection effects on consumption. Although he derives the likelihood func-

tion to estimate a trivariate model, the assumption that the three equation errors are

independent is critical, and is very unlikely to be true. The zero correlation assumption

was made due to the lack of computational software which can accurately conduct nu-

merical optimization at that time. This idea of double-hurdle model is also applied by

Labeaga (1999) to estimate the demand for tobacco with panel data, and by Yen (2005)

to detect gender differences in cigarette consumption.

Most zero-inflated models have similar structures as double-hurdle models, as the zero

observations are usually from two different resources. The hurdles in the double-hurdle
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models are mostly independent, while the two errors in zero-inflated models are corre-

lated. For instance, Blundell et al. (1987) are interested in the possibility that zero hours

of work represent both unemployment and non-participation. Another example is the

zero-inflated ordered probit model proposed by Harris & Zhao (2007) with an ordered

probit model censoring in a split probit rule. The model is applied to modeling tobacco

consumption, when zero consumption are caused by those who do not participate and

those who participate but do not consume.

2.3 Models with Endogeneity

An endogenous variable is one which is correlated with the error term. Endogeneity can

arise as a result of measurement error, simultaneity, omitted variables, and sample selec-

tion. Models with sample selection are closely related to models with endogeneity, as the

latent variable of the binary selection equation is correlated with the error term in the

main equation. In early literature, it was normally assumed that errors are uncorrelated

between the sample selection equation and main equation. Since such an assumption is

unrealistic in most empirical work, correlation between the equations has been consid-

ered in most models with selection. The correlation between the equations in sample

selection models is a special form of endogeneity. Vella (1998) shows that it is possible to

view the sample selection model as a model with a censored endogenous regressor where

the parameters are the same for each subsample. Both types of models have quite similar

properties, share similar restrictions for identification and can be estimated by the same

estimators most of the time. The effects of a binary endogenous variable are of particular

interest and it is generally viewed as a mean shift parameter in the equation.

2.3.1 Endogenous Treatment Models

Historically, endogeneity has mostly been discussed in the context of a linear regression

model with a binary endogenous regressor, which is often employed as a ‘treatment

effects’ model. It has the following form,
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 di = I(x′i1β1 +ui > 0) 1 ≤ i ≤ n

yi = x′i2β2 +αdi + vi 1 ≤ i ≤ n
,

in which the random terms ui and vi are assumed to be normal distributed with zero

means and covariance matrix

Σd =

 1 σρ

σρ σ

 ,
for potential endogeneity of di . Heckman (1978) first presents this so-called ‘classical

simultaneous equations model with structural shift’ and shows certain restrictions im-

posed on the model in order to generate a sensible statistical structure. He applies maxi-

mum likelihood estimation and proposes a two-stage least squares estimator to evaluate

the structural parameters.

2.3.2 Bivariate Probit Models with Endogeneity

The above model can be easily extended to bivariate probit models with endogeneity,

when yi cannot be observed directly but is treated as propensity deciding an indicator

function. Chapter 3 is mainly about estimation of bivariate probit models with an en-

dogenous regressor, in which the probit model contains an endogenous binary regressor.

One can refer to Section 3.2.1 for model specifications in detail.

Estimation techniques for endogenous treatment models in Section 2.3.1 can also be uti-

lized in evaluating bivariate probit models with an endogenous regressor. As an example,

Wooldridge (2002, p478) attempts to use some ‘seemingly obvious’ two-step procedure

by mimicking two-stage least squares, but finds out it does not produce consistent esti-

mators because of the nonlinearity. Burnett (1997) uses the two-step method discussed

by Rivers & Vuong (1988), in order to estimate recursive simultaneous probit models of

performance in gender-related economics courses as well as women’s studies programs

in the undergraduate, liberal arts curriculum. The same model and data are then re-

estimated using full information maximum likelihood technique by Greene (1998), as

he argues that the two-step procedure has several shortcomings including lack of consis-

tency and inefficient estimation. As other examples, the MLE approach is also employed
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to study the effectiveness of attending a Catholic high school on the possibilities of attend-

ing college by Evans & Schwab (1995), to describe the effect of supplemental insurance

ownership on health demand in Switzerland (Holly et al. 1998), and to investigate the

relationship between offenders and victimization (Deadman & MacDonald 2004).

2.3.3 Multivariate Models with Endogeneity

The bivariate probit model with endogeneity can be considered as a special case of mul-

tivariate models with endogeneity. As we have mentioned, non-random selection may

be treated as a type of endogenous regressor, so we may find some similar properties of

multivariate models with endogeneity to the trivariate model with two hurdles of sample

selection which will be discussed in Chapter 5.

In amultivariate model with endogeneity, themultiple equationsmay have various forms

such as probit, ordered probit and logit. Notice that equations can have different forms in

one model, especially in a number of empirical studies. For example, Li & Tobias (2007)

study a trivariate simultaneous model with endogeneity. The treatment decision which is

shown by a binary indicator has effects on two ordered probit equations, while the three

disturbances in potential latent variables are assumed to be correlated. Maddala & Lee

(1976) have also discussed recursive models with qualitative endogenous variables under

a logit framework.

Some common estimation methods are used to estimate those models. Arendt & Holm

(2006) introduce a least-squares approximation in a two-step procedure in the bivariate

case and then extend it to a trivariate model to study the effect of trust on voting behav-

ior. They also apply such models and estimation methods on another empirical study

about the impact of physician advice on physical activity (Arendt & Holm 2007). To

demonstrate the limitations of a two-step procedure, Bhattacharya et al. (2006) conduct

a Monte Carlo exercise to compare the performance of two types of two-step estimators

and FIML, and also give an empirical example examining the effect of private and pub-

lic insurance coverage on the mortality of HIV patients. In addition, Kim (2006) use

a simple two-step method to estimate a simultaneous equations model with a common

endogenous dummy variable under a selection framework. As an alternative, Bayesian
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analysis is applied by Li & Tobias (2007) to estimate the treatment effects of a binary

indicator in a model with two simultaneous ordered outcomes.

Such models and estimation methods are used in a wide range of applications. For in-

stance, Angrist (2001) discusses issues of identifying causal effects with empirical work

on the effect of childbearing on employment status and hours of work. Bryson et al.

(2004) have done some research on an extension of the recursive ordered probit model

studying the effect of union membership on job satisfaction in labor markets. Zhang et al.

(2009) give an application of multivariate probit models with endogeneity, in examining

the effect of some chronic diseases on the probability of labour force participation.

2.4 Conclusion

This chapter provides a selected survey of the development of models with sample selec-

tion and endogeneity, while some estimation methods are briefly introduced. We initially

examine the sample selection model and the two-step method proposed by Heckman,

followed by some nonlinear models with selection and double hurdle models. Then, the

endogenous treatment model is shown with a few estimation methods. Lastly, we have a

discussion about bivariate probit models and multivariate models with endogeneity.

We are particularly interested in some properties of bivariate probit models with an en-

dogenous regressor as discussed in Section 2.3.2. There are a number of unresolved is-

sues like the effects of exclusion restrictions on estimator performance. Even though the

model can be identified without exclusion restrictions, most empirical studies impose re-

strictions as they are seen as important for reliable estimation. This issue will be explored

further in Chapter 3.

The model examined in Chapter 4 is about an ordered variable, which is observed when

a binary indicator returns the value 1. Such a specification can be treated as an extension

of the models in Section 2.2. Two types of estimation methods, MLE and the two-step

method, are most commonly used to estimate models with selection and endogeneity.

The two methods are easy to implement and can be reliable for some simple models like

the traditional sample selection model and the endogenous treatment model, but they

may have different problems in estimating nonlinear models with sample selection and
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endogeneity. MLE sometimes fails to converge, while the two-step method is no longer

consistent for those nonlinear models. The Bayesian method applied to similar models in

Section 2.2.3 can also be applied to the ordered probit model with non-random selection.

Therefore, the performance of different estimation methods will be discussed in Chapter

4.

The above model with an additional hurdle of sample selection, which will be estimated

in Chapter 5, becomes an example of double-hurdle models discussed in Section 2.2.4.

This type of model fits well in some empirical specifications. However, they are not

investigated much in the literature, so efficient estimation methods are quite poorly un-

derstood. MLE and the two-step method have some problems in estimating the model in

Chapter 4. It is even more difficult for these two methods to estimate more complicated

models like the double hurdle model in Chapter 5. That is why we will introduce the

Bayesian method to estimate those models of interest. Monte Carlo experiments will be

used to compare MLE and the Bayesian method, and to examine the performance of the

inconsistent two-step method.
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Chapter 3

Estimating Bivariate Probit Models

with an Endogenous Dummy Regres-

sor

3.1 Introduction

The probit model is the most commonly used discrete choice model with underlying la-

tent variables that manifest binary outcomes through a threshold specification. It can be

naturally extended to bivariate or multivariate probit models with correlated error terms

for latent variables. Sometimes, the regressand of one equation can be part of the set of

regressors in another equation. A model of this form is termed a recursive probit model

with discrete endogenous variables and it can be named as a bivariate probit model with

an endogenous dummy regressor.

In multiple-equation structural models, exclusion restrictions are often imposed in the

literature to guarantee model identification. However, some researchers point out that

exclusion restrictions are not theoretically necessary in nonlinear models like the probit.

It is important to resolve whether the model parameters can be reliably estimated when

exclusion restrictions are not imposed. We will examine this question in this chapter.

In addition, we are also trying to identify other factors which may improve parameter
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precision, including degree of variation in explanatory variables and different types of

explanatory variables. More specifically, this chapter will examine the bivariate probit

model with an endogenous dummy regressor utilizing Monte Carlo simulations on three

estimation methods to check whether exclusion restrictions are important in providing

reliable parameter estimates. Further, results will be produced that examine how differ-

ent types of explanatory variables affect estimator performance in cases with or without

exclusion restrictions.

A second aim of the chapter is to compare three methods to check which one will per-

form best in certain circumstances. Those estimation methods include two commonly

used classical methods, maximum likelihood estimation (MLE) and a two-step method,

and a Bayesianmethod. It is widely believed thatMLE always gives quite good estimation

and it is usually treated as some kind of benchmark, but in multivariate models, there are

occasionally convergence problems. That is why the two other methods are considered.

On one hand, the two-step method is especially preferred by some applied econometri-

cians for simpler implementation thanMLE, but there is no consistent two-step estimator

for this particular model. So comparison between these two methods will indicate how

this inconsistent estimator performs. On the other hand, Bayesian analysis provides an-

other framework to estimate models. The Bayesian sampler provided in this chapter is

similar to Chib & Greenberg (1998)’s sampler on multivariate probit models but it is a

simpler bivariate case here. Bayesian inference in this chapter is implemented by first

substituting an error term with a transformation function of another error term. The

main difference between the sampler proposed here and the Chib & Greenberg’s method

is that here some complex conditional posterior densities are decomposed into densities

with lower dimensions. For example, latent variables are all sampled from univariate

truncated normal distributions. The sampler is utilized on a bivariate probit model with

an endogenous dummy variable to check whether it is a better approach than MLE with

respect to different exclusion restrictions and types of exogenous variables.

This chapter is organized as follows. Section 3.2 describes the bivariate probit model with

an endogenous dummy regressor in detail as well as discussing the effects of exclusion

restrictions. Section 3.3 introduces the two classical estimation methods, while Section
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3.4 shows how the Bayesian method works including some basic theory, sampling algo-

rithms, the specific sampler of this model and the index for convergence diagnosis. After

some general Monte Carlo design is described in Section 3.5, Section 3.6 analyzes the

Monte Carlo results, while Section 3.7 and 3.8 present results for partial structural equa-

tion estimation with or without exclusion restrictions respectively. Section 3.9 concludes

the chapter.

3.2 The Model and Exclusion Restrictions

3.2.1 The Model

The relevant model formulation has been proposed by Maddala & Lee (1976), where we

have n pairs of latent variables expressed as,

 zi1 = x′i1β1 +ui 1 ≤ i ≤ n

zi2 = x′i2β2 +αyi1 + vi 1 ≤ i ≤ n
(3.2.1)

in which E(ui) = E(vi) = 0, V ar(ui) = V ar(vi) = 1 and Cov(ui ,vi) = ρ. β1 ∈ Rk1 and β2 ∈

Rk2 are unknown parameters, while xi1 and xi2 are exogenous variables including one

constant respectively. Let β′ = (β′1,β
′
2) ∈ Rk , k = k1 + k2. Here, zi1 and zi2 are latent

variables which determine the observed binary outcomes of yi1 and yi2 such that

 yi1 = I(zi1 > 0)

yi2 = I(zi2 > 0).
(3.2.2)

Note that in this setup zi2 is a function of yi1, the chosen binary outcome, not zi1, the

propensity. Error terms must have zero mean and unit variance for identification reasons.

Take the single equation probit model as an example. Suppose yi1 = I(zi1 > 0) has a

latent variable with mean µ and variance σ2. This equation is identical to the model

yi1 = I((x′i1β1 −µ)/σ > 0) in which latent variable has zero mean and unit variance. Thus,

non-zero mean becomes part of the constant, while the probit model cannot distinguish

β1 and σ , but obtain β1/σ instead.
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A transformation is used by assuming vi = ρui +
√
1− ρ2ηi in which E(ηi) = 0, V ar(ηi) = 1

and Cov(ui ,ηi) = 0. Hence the bivariate probit model can be expressed as

 zi1 = x′i1β1 +ui

zi2 = x′i2β2 +αyi1 + ρ(zi1 − x
′
i1β1) +

√
1− ρ2ηi .

(3.2.3)

This transformation is mainly utilized to improve the Bayesian analysis discussed in de-

tail in Section 3.4.1.

This model is similar to a ‘treatment effects’ model as the endogenous binary regressor

yi1 indicates the presence or absence of some treatment. In a traditional treatment effects

model, the dummy variable yi1 is also included as part of the explanatory regressors of

zi2, but zi2 is directly observed instead of yi2. The treatment effect for this endogenous

bivariate probit model can be estimated as E[yi2|yi1 = 1,xi1,xi2] − E[yi2|yi1 = 0,xi1,xi2],

and Angrist (2001) shows the estimation of causal effects presents no special challenges

whether yi2 is binary or continuously distributed.

3.2.2 Exclusion Restrictions and the Identification Problem

The jargon of exclusion restrictions first arises in simultaneous equations models. To

show the general idea, assume latent variables zi1 and zi2 can be directly observed and

the binary variable yi1 is replaced by zi1, then equations (3.2.3) become a linear system.

The system can be shown as

 zi1 = x′i1β1 +ui

zi2 = x′i2β2 +αzi1 + vi 1 ≤ i ≤ n

Apparently, β1 can always be identified by the first equation. When xi1 = xi2, the second

equation becomes

zi2 = x
′
i1β2 +α(x

′
i1β1 +ui) + vi = x

′
i1(β2 +αβ1) +αui + vi .

The sum β2+αβ1 can be estimated through this equation, but β2 and α cannot be isolated.

Thus, this linear system cannot be identified.

21



Bayesian Analysis of Non-linear Multivariate Econometric Models

As a result, exclusion restrictions are always required by allowing at least one exogenous

variable in xi1 which does not appear in xi2. For example, let xi1 = [xi2,ω] with respective

coefficients β1 = [βx,βω]. Then the linear system becomes

 zi1 = x′i2βx +ω
′βω +ui

zi2 = x′i2(β2 +αβx) +ω
′(αβω) +αui + vi .

βx and βω can still be estimated by the first equation, while β2 + αβx and αβω can be

estimated by the second equation. α is available once βω and αβω are obtained. Then,

β2 can be calculated from β2 +αβx when α and βx are known. Thus, the linear system is

successfully identified with exclusion restrictions.

Now consider the case we are interested in here, where zi1 and zi2 are not observed, and

yi1 and yi2 are observed as nonlinear functions of zi1 and zi2. Maddala (1983, p123)

especially analyzes a case in which the only explanatory variables are constants and con-

cludes that the parameters are not identified for all recursive models if disturbances are

correlated and xi2 includes all the variables in xi1. According to Maddala’s analysis, a

contingency table of probabilities can be obtained if the occurrence of yi2 is a precondi-

tion for yi1. The entry for yi1 = 1, yi2 = 0 will be identically zero, while the other three

probabilities will be available. But three probabilities will not be enough for identify-

ing four parameters including two constants, the coefficient of the endogenous dummy

variable and the cross-equation error correlation.

On the other hand, Wilde (2000) argues that Maddala’s statement is only valid in his

special case when xi1 and xi2 are constants, and the classic identification problem does

not exist in general models with more than four parameters when there is sufficient vari-

ation in exogenous regressors. He especially considers a simple case of one exogenous

regressor with only two different values and concludes that there is sufficient variation

in the data to identify the six parameters. Moreover, Greene (2002, p.E21-115) mentions

that the conventional rules for identification in simultaneous equations models do not

apply in ‘treatment effects’ models. Because of the nonlinearity of the conditional mean
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function, it is not necessary for there to be variables excluded from either equation. How-

ever, exclusion restrictions might help in making the estimation results more robust to

distributional mis-specification (Monfardini & Radice 2008).

From a practical point of view, some researchers believe that it is essential to estimate

the models with exclusion restrictions, although these are not always available in prac-

tice. Meanwhile, other researchers point out that it is actually not necessary to include

exclusion restrictions in these nonlinear models. In this chapter, a Monte Carlo simula-

tion study has been done to examine the effect of exclusion restrictions on estimation of

bivariate probit models with an endogenous dummy regressor.

3.3 Classical Estimation Methods

3.3.1 Maximum Likelihood Estimation

Greene (2003, p715) argues that the endogenous nature of the variables on the right-hand

side of the equation can surprisingly be ignored in formulating the log-likelihood. He ex-

plains this fact using P r(yi1 = 1, yi2 = 1) = P r(yi2 = 1|yi1 = 1)P r(yi1 = 1) which enters the

log-likelihood. Since the marginal probability is just Φ(x′i1β1) and the conditional prob-

ability is Φ2(· · · )/Φ(x′i1β1), the product returns Φ2(· · · ), where Φ and Φ2 are respectively

the univariate and bivariate cumulative normal distribution functions. Therefore, the

likelihood function obtained according to the formulation in Section 3.2.1 is almost the

same as that for the reduced form bivariate probit model. Since the probability function

of (y1, y2) can be written as



P11 = P r(yi1 = 1, yi2 = 1|xi1,xi2) = Φ2(x′i1β1,x
′
i2β2 +α,ρ)

P10 = P r(yi1 = 1, yi2 = 0|xi1,xi2) = Φ2(x′i1β1,−x
′
i2β2 −α,−ρ)

P01 = P r(yi1 = 0, yi2 = 1|xi1,xi2) = Φ2(−x′i1β1,x
′
i2β2,−ρ)

P00 = P r(yi1 = 0, yi2 = 0|xi1,xi2) = Φ2(−x′i1β1,−x
′
i2β2,ρ),

the log-likelihood function to be maximized becomes

ln L =
n∑
i=1

[yi1yi2ln(P11) + yi1(1− yi2)ln(P10)
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+(1− yi1)yi2ln(P01) + (1− yi1)(1− yi2)ln(P00)] .

On maximizing this function, maximum likelihood estimates are obtained.

3.3.2 Two-step Method

Besides MLE, the two-step method is another method frequently used in estimating treat-

ment effects models. It would give consistent estimates and appropriate asymptotic stan-

dard errors if yi2 was a continuous variable but not when it is a dummy outcome. How-

ever, Wooldridge (2002, p478) tries to mimic a two-stage least squares estimator on a

bivariate probit model with an endogenous regressor using P (yi2 = 1|xi2) = E(yi2|xi2) =

E(I
[
x′i2β2 +αyi1 + vi > 0

]
). But he finds that the expected value cannot be passed through,

since the indicator function is nonlinear. So it is no longer appropriate to insert the pre-

dicted values of the sample estimates of E[yi1|xi1] in the second equation for the dummy

outcome.

As a result, Greene (1998) recommends MLE techniques because nonlinear least squares

is inefficient in estimating the model, although two-stage least squares is relatively easy

to conduct. In addition, he summarizes several drawbacks of two-step procedure and

points out that it is potentially inefficient as it does not account for the possible correla-

tion between the disturbances in the two equations.

Nevertheless, some applied econometricians prefer the two-step method for its compu-

tational simplicity. All of this suggests a two-step MLE procedure based on the pioneer

work of Heckman (1978). First, β1 can be estimated with the maximum likelihood tech-

nique on the single equation probit model using

L1 =
n∏
i=1

[
Φ(x′i1β1)

yi1 ×Φ(−x′i1β1)
(1−yi1)

]
.

At the second step, Arendt & Holm (2006) suggest approximating E(yi2|xi2) by E(zi2|xi2)

which are based on the following conditional expectations:

E(zi2|xi2, yi1 = 1) = x′i2β2 +αyi1 + ρ
ϕ(x′i1β1)
Φ(x′i1β1)
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E(zi2|xi2, yi1 = 0) = x′i2β2 +αyi1 − ρ
ϕ(x′i1β1)

1−Φ(x′i1β1)
,

where zi1 and zi2 are defined below:

 zi1 = x′i1β1 +ui 1 ≤ i ≤ n

zi2 = x′i2β2 +αyi1 + vi 1 ≤ i ≤ n.

The second step can be conducted by maximizing

L2 =
n∏
i=1

{
Φ

[
x′i2β2 +αyi1 + ρ

ϕ(x′i1β1)
Φ(x′i1β1)

]yi1yi2
×

Φ

[
−x′i2β2 −αyi1 − ρ

ϕ(x′i1β1)
Φ(x′i1β1)

]yi1(1−yi2)
×

Φ

[
x′i2β2 +αyi1 − ρ

ϕ(x′i1β1)
1−Φ(x′i1β1)

](1−yi1)yi2
×

Φ

[
−x′i2β2 −αyi1 + ρ

ϕ(x′i1β1)
1−Φ(x′i1β1)

](1−yi1)(1−yi2) .
Because E(yi2|xi2) , E(zi2|xi2), this two-step estimator does not provide consistent esti-

mates. However, the approximation will be good when ρ is close to zero.

3.4 Bayesian Method

3.4.1 Bayesian Analysis with Data Augmentation

Bayesian econometrics is originally derived from Bayes’ rule by treating the parameter

vector θ as a random variable. Given the data vector Y,

p(θ|Y ) =
p(θ)L(Y |θ)

p(Y )
.

As θ is the parameter of interest, p(Y ) is ignored since it contains no θ. p(Y |θ) is equiva-

lent to the likelihood function L(Y |θ), while p(θ) is referred to as a prior. Then the former

formulae can be written as

p(θ|Y ) ∝ p(θ)L(Y |θ), (3.4.1)

where p(θ|Y ) is denoted as the posterior distribution for θ given the data.
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A brief general discussion of such notation has been provided by Koop (2003). The prior

p(θ) contains non-data information about θ before seeing the data. The likelihood func-

tion L(Y |θ) is the distribution of the data conditional on the parameters of the model,

which is closely related to the data generation process. The posterior, p(θ|Y ), summa-

rizes all the information about θ after seeing the data.

From the likelihood function in Section 3.3.1, evaluation of the bivariate probit model

involves conducting double normal integration. However, the idea of augmentation has

provided another strategy to evaluate the bivariate probit model by reducing one inte-

gration. In stead of the posterior density of all parameters, a joint posterior distribution

of the parameters and latent variables (Z) is considered. From Bayes’ theorem,

p(θ,Z |Y ) ∝ p(θ,Z)L(Y |Z,θ) = p(θ)p(Z |θ)L(Y |Z,θ), (3.4.2)

where p(θ) is the prior and p(Z |θ) is a function about multivariate normal density func-

tion, while it is assumed that L(Y |Z,θ) is straightforward to analyze. Based on the

joint posterior distribution p(θ,Z |Y ), an iterative algorithm has been derived to calcu-

late p(θ|Y ) under a data augmentation scheme in which multiple integration is avoided

by sampling the latent variables. This algorithm will be discussed later in the following

subsection.

According to equation (3.2.3), Y = {(yi1, yi2) : i = 1, · · · ,n} contains all the binary out-

comes and θ = (β′1,β
′
2,α,ρ) includes all the model parameters. Let Z = (Z1,Z2)

where Z1 = {zi1 : i = 1, · · · ,n} and Z2 = {zi2 : i = 1, · · · ,n} . Substitute equation p(Z |θ) =

p(Z1|θ)p(Z2|Z1,θ) into equation (3.4.2) to obtain

p(θ,Z |Y ) ∝ p(θ)p(Z1|θ)p(Z2|Z1,θ)L(Y |Z,θ), (3.4.3)

where

p(Z1|θ) =
(

1
√
2π

)n
exp

−12
n∑
i=1

(zi1 − x′i1β1)
2

 ,
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p(Z2|Z1,θ) =

 1√
2π(1− ρ2)

n exp
− 1

2(1− ρ2)

n∑
i=1

(zi2 − x′i2β2 −αyi1 − ρzi1 + ρx
′
i1β1)

2

 ,

L(Y |Z,θ) =
n∏
i=1

{I(zi1 > 0)I(yi1 = 1) + I(zi1 ≤ 0)I(yi1 = 0)} ∗

{I(zi2 > 0)I(yi2 = 1) + I(zi2 ≤ 0)I(yi2 = 0)} .

Usually prior independence is assumed between β1, β2, α and ρ. Once the posterior

density is available, Markov chain Monte Carlo (MCMC) algorithms can be used to make

point estimates of parameters or any transformation of parameters, such as treatment

effects.

3.4.2 Markov Chain Monte Carlo Methods

In this subsection, we will first show how to use the posterior distribution for point esti-

mation of parameters. Secondly, the Gibbs sampling process is explained, including the

use of data augmentation. Thirdly, the Metropolis-Hastings (MH) algorithm is discussed

as an supplementary algorithm.

Substantial computation is involved in evaluating posterior densities p(θ|Y ). As an ex-

ample, suppose the mean of the posterior is used as a point estimator of θ. A integral of

θ on the posterior distribution is calculated as

E(θ|Y ) =
∫
θp(θ|Y )dθ.

Monte Carlo integration is usually applied to obtain the integral no matter how complex

the formula is. More specifically, a random sample θ(i) for i = 1, · · · ,M is drawn from the

posterior p(θ|Y ), and the average

θ̂ =
1
M

M∑
i=1

θ(i) (3.4.4)
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converges to E(θ|Y ) asM goes to infinity from the weak law of large numbers. In general,

let f (θ) be the function which is of fundamental interest. Then

f̂ =
1
M

M∑
i=1

f (θ(i))

can be used as the approximation of the expectation of f (θ) with respect to the posterior.

From the above analysis, sampling from the posterior function is an essential part in

the Bayesian method. In practice, the posterior distribution can have a complicated form

which may make the sampling process difficult. As a result, applications of MCMCmeth-

ods have been widespread in Bayesian inference. In particular, sampling based methods

such as Gibbs sampling, data augmentation and MH algorithm will be discussed as they

are the main methods applicable in the whole thesis.

Gibbs sampling is one of the most popular MCMC methods. The basic idea is to break

p(θ|Y ) into some lower dimensional conditional distributions which have standard forms

such as the normal, beta, gamma or inverse-gamma. Let θ = (θ1,θ2, · · · ,θk). From

the Hammersley-Clifford theorem discussed by Besag (1974), the joint density p(θ|Y ) is

completely determined by the conditional posterior distributions p(θ1|θ2,θ3, · · · ,θk ,Y ),

p(θ2|θ1,θ3, · · · ,θk ,Y ), · · · , and p(θk |θ1,θ2, · · · ,θk−1,Y ). Since such conditional distribu-

tions can be directly sampled from standard distributions, the Gibbs sampler is imple-

mented in the following way. Given an arbitrary initial values of (θ(0)
2 ,θ

(0)
3 , · · · ,θ(0)

k ), for

the ith iteration:

1. Draw θ
(i)
1 from p(θ1|θ

(i−1)
2 ,θ

(i−1)
3 , · · · ,θ(i−1)

k ,Y );

2. Draw θ
(i)
j from p(θj |θ

(i)
1 , · · · ,θ

(i)
j−1,θ

(i−1)
j+1 , · · · ,θ(i−1)

k ,Y ) for j = 2, · · · , k − 1;

3. Draw θ
(i)
k from p(θk |θ

(i)
1 ,θ

(i)
2 , · · · ,θ

(i)
k−1,Y ).

The Markov chain will be simulated after repeating the three steps several times. Once

the Markov chain settles to a stationary distribution, whose states are positive recurrent,

the sampler converges to the posterior p(θ|Y ).

According to data augmentation, the joint posterior p(θ,Z |Y ) is obtained while p(θ|Y )

is the distribution one is interested in. Based on the above Gibbs sampling algorithm,
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p(θ,Z |Y ) is decomposed into two conditional posterior distributions. Then, the pair (θ,Z)

can be generated in two steps:

1. Draw θ from p(θ|Z,Y );

2. Draw Z from p(Z |θ,Y ).

The amazing part is that this mechanism automatically provides a chain of values of θ

drawn from its marginal distribution p(θ|Y ).

In many applications, a closed form expression is not available for some conditional

posterior distributions. As a result, alternative algorithms have been devised to sample

from distributions without an analytic form. Metropolis et al. (1953) first proposed the

Metropolis algorithm, while Hastings (1970) provides a generalization. This generalized

algorithm is referred to as the Metropolis-Hastings algorithm, and has become the most

commonly used alternative to the Gibbs sampler.

Suppose one of the conditional posterior π(θj ) = p(θj |θ1, · · · ,θj−1,θj+1, · · · ,θk ,Y ) has no

closed form, a Gibbs sampler step will be replaced by the following two stage procedure

of MH algorithm in the ith iteration:

1. Draw θ
(i)
j from the proposal density q(θ(i)

j |θ
(i−1)
j );

2. Accept θ(i)
j with probability α(θ(i)

j ,θ
(i−1)
j ),

where

α(θ(i)
j ,θ

(i−1)
j ) =min

(
π(θ(i)

j )q(θ(i−1)
j |θ(i)

j )

π(θ(i−1)
j )q(θ(i)

j |θ
(i−1)
j )

,1
)
.

For simplicity, the proposal density may follow a random walk process, θ(i)
j = θ(i−1)

j + ε,

where ε is usually generated from a symmetric density, like the standard normal distri-

bution or uniform distribution. Therefore, the random-walk MH algorithm becomes:

1. Draw θ
(i)
j from θ

(i)
j = θ(i−1)

j + ε;

2. Accept θ(i)
j with probability α(θ(i)

j ,θ
(i−1)
j ),

where

α(θ(i)
j ,θ

(i−1)
j ) =min

(
π(θ(i)

j )

π(θ(i−1)
j )

,1
)
.
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Gibbs sampling is a special case of MH algorithm where the proposal density is just

the posterior distribution and the acceptance probability is always one. That is why

Metropolis-Hastings and Gibbs can be mixed together to generate samples from the joint

posterior distribution.

3.4.3 Sampler for the Endogenous Bivariate Probit Model

With that general introduction to the key Bayesian sampling techniques, we now turn to

the model of interest in this chapter. First, the conditional posteriors of zi1 and zi2 are

considered. From the joint posterior function,

p(zi1|β,ρ,zi2, yi1) ∝ exp
{
− 1
2(1−ρ2)

[
zi1 − (x′i1β1 + ρzi2 − ρx

′
i2β2 − ραyi1)

]2}
∗

{I(zi1 > 0)I(yi1 = 1) + I(zi1 ≤ 0)I(yi1 = 0)}

which is a univariate normal distribution with mean x′i1β1 + ρzi2 − ρ(x
′
i2β2 + αyi1) and

variance 1 − ρ2 truncated to the region Bi1 where Bi1 is the interval (0,∞) if yi1 = 1 and

the interval (−∞,0] if yi1 = 0.

p(zi2|β,ρ,zi1, yi2) ∝ exp
{
− 1
2(1−ρ2) (zi2 − x

′
i2β2 −αyi1 − ρ(zi1 − x

′
i1β1))

2
}
∗

{I(zi2 > 0)I(yi2 = 1) + I(zi2 ≤ 0)I(yi2 = 0)}

which is also a univariate normal distribution with mean x′i2β2 +αyi1 +ρ(zi1 − x
′
i1β1) and

variance 1 − ρ2 truncated to the region Bi2 where Bi2 is the interval (0,∞) if yi2 = 1 and

the interval (−∞,0] if yi2 = 0.

In order to draw a parameter from a univariate truncated normal distribution, Geweke

(1991) has discussed the classical c.d.f. inversion technique as follows. Suppose that x is a

truncated normal (TN) random variable with location µ, scale σ and truncation a < x < b.

Then we have x−µ
σ ∼ TN (a−µσ , b−µσ ). To draw x, we need to draw u ∼ U [Φ(a−µσ ),Φ(b−µσ )]

which is a uniform distribution. As a result, we use the following three steps to obtain a

random number from the truncated normal distribution.

1. Draw U from a uniform (0,1) random variable.

2. Calculate u = Φ
(
a−µ
σ

)
+U

(
Φ

(
b−µ
σ

)
−Φ

(
a−µ
σ

))
.

3. Calculate x = µ+ σΦ−1(u).
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However, Robert (1995) suggests this c.d.f. inversion technique may be quite inefficient

when a−µ is large and he also gives an exponential accept-reject algorithm. Here we only

introduce one-sided truncation assuming without loss of generality that µ = 0 and σ2 = 1.

When a > 0, the optimal exponential accept-reject algorithm is given by

1. Calculate the optimal scale factor λ = a+
√
a2+4
2 ;

2. Draw z ∼ Exp(λ,a) which is the translated exponential distribution with density f (z) =

λexp(−λ(z − a))Iz≤a, where I is an indicator function;

3. Compute r = exp
{
−(z −λ)2

}
;

4. Draw u from a uniform (0,1) random variable.

5. Take x = z if u ≤ r; otherwise go back to step 2.

When a ≤ 0, we use normal rejection sampling, in which x is drawn from N(0,1) and

accepted if x > a. In our case, we need to generate z ∼ N (µ,σ2)Iz≤0 when y = 1. Here we

draw x ∼ N (0,1)Ix≤− µσ first according to the algorithms mentioned above and get z from

z = µ+ σ ∗ x. When y = 0, we first draw x ∼N (0,1)Ix≤ µσ , then return z from z = µ− σ ∗ x.

Second, given independent priors p(β1) ∼ N (β0,B
−1
0 ) and p((β′2,α)

′) ∼ N (β∗,B−1∗ ), condi-

tional posteriors of β1, β2 and α are obtained as follows:

f (β1|β2,ρ,Z) ∝ exp
{
−12 (β1 − β0)

′B0(β1 − β0)
}
∗ exp

{
−12

∑n
i=1(x

′
i1β1 − zi1)

2
}
∗

exp
{
− 1
2(1−ρ2)

∑n
i=1(zi2 − x

′
i2β2 −αyi1 − ρzi1 + ρx

′
i1β1))

2
}
,

f (β2,α|β1,ρ,Z) ∝ exp
{
−12 ((β

′
2,α)

′ − β∗)′B∗((β′2,α)′ − β∗)
}
∗

exp
{
− 1
2(1−ρ2)

∑n
i=1(zi2 − x

′
i2β2 −αyi1 − ρ(zi1 − x

′
i1β1))

2
}
.

These are Gaussian densities with

β1|β2,ρ,Z ∼N (β̂1,B
−1
1 )

where β̂1 = B−11

[
B0β0 +

1
1−ρ2

∑n
i=1 xi1(zi1 + ρx

′
i2β2 + ραyi1 − ρzi2)

]
and B1 = B0 +

1
1−ρ2

∑n
i=1 xi1x

′
i1;

β2,α|β1,ρ,Z ∼N (β̂2,B
−1
2 )
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in which β̂2 = B−12

[
B∗β∗ +

1
1−ρ2

∑n
i=1(x

′
i2, yi1)

′(zi2 + ρx′i1β1 − ρzi1)
]

and B2 = B∗ +

1
1−ρ2

∑n
i=1(x

′
i2, yi1)

′(x′i2, yi1).

Finally, the conditional posterior of ρ is analyzed given the prior π(ρ),

f (ρ|β,Z,Y ) ∝ π(ρ)(1− ρ2)−
n
2 exp

− 1
2(1− ρ2)

n∑
i=1

[
ρ(zi1 − x′i1β1) + x

′
i2β2 +αyi1 − zi2

]2
where ρ ∈ (−1,1). A transformation is used here by letting ρ∗ = ln

(1+ρ
1−ρ

)
and ρ∗ ∈ (−∞,∞).

Thus, ρ = exp(ρ∗)−1
exp(ρ∗)+1 and the Jacobian term is (1 − ρ2). Then unconstrained ρ∗ is sampled

instead of ρ from the posterior

f (ρ∗|β,Z,Y ) ∝ (1− ρ2)1−
n
2π(ρ)exp

{
− 1
2(1−ρ2)

∑n
i=1

[
ρ(zi1 − x′i1β1) + x

′
i2β2 +αyi1 − zi2

]2}
=

{
4exp(ρ∗)

[exp(ρ∗)+1]2

}1− n2
∗π

[
exp(ρ∗)−1
exp(ρ∗)+1

]
∗

exp

{
− [exp(ρ

∗)+1]2

8exp(ρ∗)
∑n
i=1

[
( exp(ρ

∗)−1
exp(ρ∗)+1 )(zi1 − x

′
i1β1) + x

′
i2β2 +αyi1 − zi2

]2}
.

Because this density is not standard, random walk MH algorithm is applied in sampling

ρ∗ which will then be transformed back to ρ.

3.4.4 Simulation Inefficiency Factor

For estimation to work well, it is necessary that both the Markov chain and the MCMC

algorithm converge. Since most Markov chains produced by the MCMC method should

converge geometrically to the stationary posterior distribution (Roberts 1996), the con-

vergence performance of our MCMC algorithm will be considered here.

The sequence sampled from the posterior p(θ|Y ) is denoted by
{
θi : i = 1,2, · · · ,M

}
. The

point estimation of parameters θ̂ is the ergodic average calculated in equation (3.4.4).

The central limit theorem of ergodic averages shows:

√
M

(
θ̂ −E(θ|Y )

)
→N (0,σ2

f )

for some positive constant σf , asM →∞. However, algorithms can also be inefficient, if

σf is too large comparing to the variance of θ under posterior density.
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Roberts (1996) summarizes a well-known batch mean method to measure the efficiency

of the Markov chain for estimating targeted distribution. The idea of batch mean is also

applied in another statistic named simulation inefficiency factors(SIF) which provides

another way to evaluate the convergence of the Markov Chain and Gibbs sampler, intro-

duced by Kim et al. (1998). This index

SIF =
σ2
f

var(θ)

is used to measure the efficiency of the Markov chain for estimating E [θ|Y ]. Here var(θ)

is the variance of the sample mean with independent draws from the posterior, using the

formula

var(θ) =
1

M − 1
ΣMi=1

[
θi − θ̂

]2
.

In order to estimate σ2
f , Roberts(1996) discusses a batch mean method as follows. Let

θk =
1
n
Σkni=(k−1)n+1θ

i

for k = 1,2, · · · ,m. Therefore σ2
f can be estimated by (Tse et al. 2004)

σ̂2
f =

n
m− 1

Σmk=1(θk −θ)
2.

This estimator should perform well for sufficiently large n, whereM =m∗n. This SIF will

be used as an important index to evaluate the convergence rate of the MCMC algorithm.

A smaller value of SIF usually indicates better convergence.

Notice that none of the available methods can guarantee 100% that the Gibbs sampler

under study has converged for all applications (Tsay 2005), so one must take care in a real

application to ensure that there is no obvious violation of the convergence requirement.

The most straightforward way to check if the chain is stationary is to view the sampled

path as well as its auto correlation function(ACF). This is a very useful approach for

single cases, but too burdensome for simulation work with large amount of iterations.

As a result, SIF is the main index to evaluate the convergence rate in this thesis.
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3.5 General Monte Carlo Design

A Monte Carlo experiment is reported here whose aim is to test the effects of exclusion

restrictions on bivariate probit models with an endogenous dummy regressor estimating

the parameters via structural and partial structural systems in different circumstances.

Structural equations are derived from economic theory and each equation purports to de-

scribe a particular aspect of the economy or individual behaviors (Greene 2003). We will

use the term structural model to refer to the case in which xi1 does not include the same

set of variables as xi2. MLE applied on this system is usually named full information

maximum likelihood (FIML) estimation. In the Monte Carlo design, xi2 has a constant

and one explanatory variable. In the full structural system, we set up the equations with

the same number of variables by including a different variable in the first equation, so

xi1 , xi2.

When the equation for y1 is not our main concern, it is common to estimate a reduced

form equation for y1. In this case, all variables in xi2 are also included in xi1. This system

is called a partial structural system, as it includes a structural equation for y2 and a

reduced form equation for y1. If xi1 has at least one extra variable not in xi2, it becomes

a reduced form equation with exclusion restrictions. Section 3.6 reports the Monte Carlo

results with a structural equation system, while Sections 3.7 and 3.8 discuss the results

for partial structural models.

In any given sample there is some possibility that optimization methods fail to find the

maximum of the likelihood function and this possibility may be quite large especially

when exclusion restrictions are not available. Although this probability becomes small

as sample size becomes arbitrarily large (Heckman 1978, p950), there are various circum-

stances where sample size is limited. Thus, a moderate sample size 1,000 is adopted in

all the following experiments as it is not small and also not large enough to eliminate

certain finite sample properties.

For simplicity, each independent variable xi1 and xi2 contains one constant and no more

than two variables. Hence, β1 and β2 are 2 × 1 or 3 × 1 vectors. In empirical work, ex-

planatory variables can be continuous or discrete, and dummy variables are especially
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in common use. For this reason, some simulations contain only continuous random vari-

ables in xi1 and xi2, some with only Bernoulli distributions and some with a mixture of

continuous and discrete dummy variables. The disturbances ui and vi are generated from

standard bivariate normal distributions with correlation ρ which is chosen to be 0, 0.5

and 0.8 respectively.

Once true values of parameters are chosen, 1,000 samples are generated based on each

specific model. Three estimation methods are used to estimate each sample. For each

method, statistics for different sets of samples are summarized and then compared across

methods in order to see which method provides the best estimates. MLE is applied here

to estimate the model since it is the most frequently used estimation method. And two

alternative approaches, the Bayesian method and two-step method, will also be included

to allow comparison with MLE.

Optimization in both MLE and two-step methods is obtained using the CML package

in GAUSS 8.0. Most starting values are set to zero for all three methods. Occasionally

other starting values are used to check whether estimator is sensitive to different starting

points. After that, BFGS (Broyden, Fletcher, Goldfarb, Shanno) method is selected as op-

timization method, but DFP (Davidon, Fletcher, Powell), NEWTON (Newton-Raphson)

and BHHH (Berndt, Hall, Hall, Hausman) methods are applied as alternative algorithms

where the function cannot be evaluated at initial parameter values. At the same time, the

inverse of the Hessian is calculated to compute covariance matrix of parameter estimates.

The code for Bayesian estimation is programmed using GAUSS 8.0 according to the

MCMC samplers specified in Section 3.4.3, with the zero vector as starting values. Based

on the MCMC algorithms, ρ is sampled using the random-walk MH algorithm and the

acceptance rate is always controlled to be between 0.2 and 0.3. 1,000 samples are dis-

carded as burn-in period and 10,000 replications are recorded after the burn-in period.

The mean values of the 10,000 replications are then treated as the point estimates of the

model parameters.

While three methods are available to estimate the parameters for the 1,000 samples, not

all methods produce estimates for each sample. According to MLE process, it is most
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likely that the estimation is no longer accurate when Hessian matrix fails to invert in pro-

gram execution. The number of occurrences of inaccurate estimation has been recorded

together with the cases that MLE fails to converge and results in the programme termi-

nating directly. To make for valid comparisons of accuracy of the three methods, results

of the estimation using MCMC method and two-step method are also summarized with

only those samples which can be estimated by MLE. Such results of partial samples are

respectively represented by MCMC* and TS* in each table. The MCMC approach never

fails to produce estimates, even when MLE fails in estimating certain data sets. So sum-

mary statistics for the MCMC method are also calculated based on all samples. Very oc-

casionally, the Hessian matrix fails to invert in a single equation probit estimation. Thus,

results of successful estimation of the two-step method are summarized and denoted by

TS**.

3.6 Structural Equation Estimation

To start with, we generate data with xi1 , xi2, namely, explanatory variables in both xi1

and xi2 are totally different. In this case, even the linear system described in Section 3.2.2

can be totally identified. As a result, experiments are all designed without identification

problems in this section. Since estimation may vary depending on the types of explana-

tory variables, different data generation process are considered including generation of

continuous random numbers and binary variables which are the most frequently used

discrete variables. Continuous explanatory variables are generated from standard nor-

mal distributions in Table 3.1, 3.2 and 3.3 with different ρ values, while binary variables

are generated from Bernoulli densities with success probability 0.7 in Table 3.4, 3.5 and

3.6. Only one explanatory variable is considered in each equation for computational sim-

plicity. Thus, six parameters are to be estimated, namely β1 = (β11,β12), β2 = (β21,β22), α

and ρ.

We will first contrast results for different types of data generation processes with con-

tinuous data in Table 3.1 and with discrete data in Table 3.4, both without correlation

between errors. Mean values suggest very limited bias exists in all estimators, but stan-

dard deviations in Table 3.4 are a little larger than those in Table 3.1. Because mean
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square errors are the sum of variance and square of bias, larger standard deviations will

result in bigger mean square errors in Table 3.4 when biases are similar. In terms of

mean absolute errors (MAEs), they are also relatively larger in Table 3.4 than in Table

3.1. In addition, Table 3.4 contains less extreme values of β1 but more extreme values

of β2, α and ρ. These results are consistent with the mixing performance of the MCMC

method: SIF values of β1 are smaller and SIF values of β2, α and ρ are larger in Table 3.4.

Similar patterns can be found in the other four tables when comparing across types of X

data with the same ρ values. These small differences may be caused by the difference in

degree of variation in the explanatory variables. To confirm this, other experiments have

been done with continuous explanatory variables generated from normal distribution

with variance 0.21 which is also the variance of the Bernoulli distribution we use here.

Tables of such experiments are not shown in the thesis to avoid too many tables. The re-

sults indicate that all estimators perform a little worse with variance 0.21 than those with

unit variance, which is in our expectation as smaller variance means less information in

X variables. The bottom line is that the difference in results whether the explanatory vari-

ables are continuous or dummy is relatively small, when comparing both specifications

with the same variance 0.21. Thus, the following discussion will focus on the continuous

cases in Table 3.1, 3.2 and 3.3.

Now consider the issue around when estimators fail to converge. MLE fails to converge in

some cases and it is more likely to fail when there is less correlation between error terms,

as 823, 905 and 935 are the number of samples with converged estimations in 1,000 iter-

ations with ρ = 0,0.5,0.8 respectively. If comparing MLE and the MCMC method, each

based on different samples (e.g. 823 and 1000 when ρ = 0), differences in performance

may be due to the fact that they use different samples. To overcome this problem, MCMC

is applied to just the same 823 samples as MLE, with results indicated by MCMC* in Ta-

ble 3.1. Note that results for MCMC* vs MCMC are virtually the same in each table, so

the difference between MLE and MCMC approaches is not due to their use of different

samples. For the same reason, TS* is the notation of estimation of the two-step method

with same samples as MLE. Because two step method also fails in some cases which may

be different from those when MLE fails, TS** means the estimation of the samples when

it does not fail. The two step method tends to fail much less often than MLE because it
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is a combination of estimation of two univariate probit models. For instance, it only fails

56 times in Table 3.1 and never fails in Table 3.2 and 3.3. Once again, results of TS* vs

TS** look almost the same, although they are a little different for some specific measures.

Now differences in results as ρ varies will be discussed. We will start with bias and

precision analysis by comparing mean values across three methods. Mean values from

MLE estimation are quite accurate for all values of ρ with tiny bias and small standard

deviations. TheMCMCmethod also provides precise estimation although there is a small

bias compared to MLE, especially in estimating ρ. Estimation of ρ is more difficult than

estimation of other parameters, as shown by the mean SIF value for ρ, which is much

larger than for other parameters in each table. The mean absolute errors (MAEs) and

mean squared errors (MSEs) of the two estimators are very close in each table. At the

same time, estimates using the two-step estimator are almost the same compared to other

methods when there is no correlation. When ρ = 0.5, the performance of the two-step

method is still acceptable, although mean values of β2, α and ρ show more bias and

standard deviations of such parameters are a little larger than other methods. Some

maximum values are relatively extreme, e.g. the maximum ρ value is 0.927 comparing to

0.834 obtained by MLE. As a result, the two-step method tends to have larger MAEs and

MSEs than other methods. When ρ increases to 0.8, bigger problems appear using this

inconsistent estimator. More specifically, estimates of β2, α and ρ are too big, with biases

of at least 0.1 in the second step. Furthermore, larger standard deviations reveal that

this method is quite inefficient with quite large MAEs and MSEs. Take ρ as an example.

The mean of estimates of ρ using TS* shows bias of 0.107 when the true value is 0.8,

with standard deviation 0.096 which is larger than 0.064 for the MLE estimator. The

maximum and minimum values are also a little more extreme than others, and the mean

absolute error is twice as big as MLE while mean square error is five times that of MLE.

This bigger MAEs and MSEs are due mostly to bias, as there is little difference between

the standard deviations. But note the two-step method always converges for ρ = 0.8,

while MLE has a 6.5% failure rate.

As well as standard deviation, the mean absolute error and mean square error are treated

as measures of efficiency, while minimum and maximum values are used as measures

of robustness. Overall, the values of standard deviation, mean absolute error and mean
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square error are decreasing as ρ increases. When ρ = 0, standard deviations of β21, α and

ρ are relatively larger than that of other parameters. When ρ = 0.8, such differences are

not as obvious as standard deviations of β21, α and ρ fall dramatically while these for the

other parameters drop a little. In the mean time, MAEs and MSEs of β21, α and ρ are also

bigger than that of other parameters. Based on maximum and minimum values, extreme

values are not obvious, because the most extreme ones can easily result in failed inversion

of the Hessian matrix and then cannot be counted in the successful estimations. When

correlation is stronger, mixing performance of the MCMC algorithm becomes worse as

the SIF values get bigger and bigger.

We summarize by focusing on difference between methods. The difference between the

precision of MLE and MCMC method is quite small no matter how large ρ is. Although

MLE occasionally fails to converge, it provides slightly better precision in estimation

with relatively less computation comparing to MCMC. Considering its computational

complexity, MCMC method can be used as the alternative estimation when MLE cannot

estimate certain data sets. The two-step method should only be an alternative choice

when error correlation in the model is not too strong.

3.7 Partial Structural Equation Estimation with Exclusion Re-

strictions

Moving on from the structural equation system, partial structural equation systems with

xi2 ⊂ xi1 will be considered in this section. In other words, we estimate the y1 equation

in reduced form, where exclusion restrictions will be present when xi1 contains vari-

ables which are not included in xi2. As in the previous section, explanatory variables

are generated from both continuous and discrete densities. Once again, Table 3.7, 3.8

and 3.9 present results with continuous exogenous variables while Table 3.10, 3.11 and

3.12 include binary exogenous variables only. For simplicity, only a constant and one

other variable are included in xi2. Because of exclusion restrictions, one more variable is

included in xi1, so one more parameter β13 is estimated in the six tables.
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For the same ρ value, the results suggest that parameters are more difficult to estimate

when regressors are binary rather than continuous. This may be caused by smaller vari-

ance of dummy independent variables. Take Table 3.7 and 3.10 as examples. Obviously,

Table 3.10 has relatively larger standard deviations, MAEs and MSEs than Table 3.7. It

also has much bigger mean SIF values of β2, α and ρ but smaller mean SIF values of β1.

Once again, the relative performance of three estimators does not vary with the type of

explanatory variables. So the following discuss will focus on the tables with continuous

explanatory variables.

There are few differences when statistics are summarized according to the different num-

ber of samples for both MCMC and the two-step method. For example, in Table 3.7,

reliable estimates can be obtained by MLE for 785 samples. Statistics for these 785 sam-

ples represented by MCMC* reveal minor differences to statistics for all 1000 samples

by MCMC. Except α, mean MCMC values are a little less biased than mean MCMC* val-

ues, while MCMC standard deviations are all a bit smaller than that of MCMC*. So the

MAEs and MSEs of MCMC will be smaller than that of MCMC*. Note the differences

are very small. According to results of the two-step method, the 943 reliable two-step

estimates produce less bias and smaller standard deviations than the estimates of 785

samples in Table 3.7. However, such differences in results between samples are elimi-

nated as ρ increases. Although mean and standard deviations for different sample sizes

are not identical, MAEs and MSEs are quite similar in Table 3.8, while Table 3.9 shows

only tiny differences between statistics with different samples.

We now compare the performance of three estimation methods as ρ changes. In Table 3.7,

MLE is always accurate and reasonably efficient except for convergence problems with

certain samples. Nevertheless, the Bayesian method has slightly more accurate estimates

than MLE as shown by smaller standard deviations, while the two-step method gives

similar outputs to MLE. The Bayesian method is able to provide reliable estimation on

all samples, while the two-step method has some convergence problems as results can be

obtained for 943 samples. When ρ = 0.5, mean values of MCMC show a larger bias than

MLE but has it similar standard deviations. At the same time, the two-step method has

greater bias than the others, larger MAEs and larger MSEs for β2, α and ρ. When ρ is 0.8,

mean values of MCMC show more biased than MLE, with similar variation. The mean
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absolute errors and mean square errors reveal the Bayesian method is as efficient as MLE

except for estimating ρ, while the two-step method is not as efficient in estimating β2, α

and ρ.

In summary, all three methods perform well in estimating the partial structural equation

model when exclusion restrictions exist. MLE usually returns unbiased and efficient

estimates. In contrast, the Bayesian approach can offer quite good results even whenMLE

fails to converge. In addition, MCMC provides more efficient estimation than MLE when

the error correlation is small, but cannot give good estimation of ρ when the correlation

is strong. While the two-step method fails to converge much less frequently than MLE,

and is as efficient as MLE when ρ = 0, it becomes very unreliable for larger ρ values.

3.8 Partial Structural Equation Estimation without Exclusion

Restrictions

Now, we consider the partial equation system with xi1 = xi2, in other words, in a model

with no exclusion restrictions. Even though exclusion restrictions are not required in

theory, it is likely to make estimation more difficult. When there are no exclusion restric-

tions, it turns out that estimators perform somewhat differently according to whether

the explanatory variables are continuous or dummy and how large their variance is. So

the model with one exogenous variable in each equation has been designed in the next

three subsections, with three further subsections discussing a model with two explana-

tory variables in each equation. More specifically, Table 3.13, 3.14 and 3.15, discussed

in Section 3.8.1, show estimation results with explanatory variables generated from stan-

dard normal densities. Such tables are then compared with Table 3.1, 3.2 and 3.3 to

show the effect of exclusion restrictions on models with continuous explanatory vari-

ables. Next, Section 3.8.2 gives examples of one dummy variable in each equation which

are indicated in Table 3.16, 3.17, 3.18, 3.19, 3.20 and 3.21. Results for models with one

continuous variable sampled from normal distribution with variance 0.21 are given in

Section 3.8.3. Estimation results for such models are displayed in Table 3.22, 3.23 and

3.24 and are compared with results from Section 3.8.2. A model with two binary ex-

ogenous variables in each equation is discussed in Table 3.25, 3.26, 3.27, 3.28, 3.29 and
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3.30 to check if an increase in the number of explanatory variables will affect identifica-

tion conditions. More complicated models with combinations of continuous and dummy

variables are considered in Section 3.8.5 and Section 3.8.6.

3.8.1 Models with One Continuous Explanatory Variable (Unit Variance)

In this subsection, Table 3.13, 3.14 and 3.15 are compared with Table 3.1, 3.2 and 3.3

because they have exactly the same number of parameters and all explanatory variables

are generated from standard normal distributions. The only difference is that the first

Table 3.1, 3.2 and 3.3 are obtained when xi1 , xi2, while Table 3.13, 3.14 and 3.15 are

with xi1 = xi2.

Firstly, the tables are compared across parameters. Estimation of β1 remain almost the

same with or without exclusion restrictions for all three methods, when mean values of

β1 are close to true values and standard deviations are all controlled to be less than 0.1.

However, without exclusion restrictions, it becomes much more difficult to estimate β2,

α and ρ with all three estimators. Extreme values appear frequently, which results in

standard deviations that are double those previously, as well as larger MAEs and MSEs.

For instance, α values estimated by MLE vary from -2.324 to -0.081 with standard devi-

ation 0.406 in Table 3.13, comparing to smaller range from -1.713 to -0.721 with smaller

standard deviation 0.155 in Table 3.1. Meanwhile, the mean absolute error of α increases

from 0.125 to 0.335 while the mean square error jumps from 0.024 to 0.165.

Similar patterns can also be found in the mixing performance of MCMC algorithms

which is significantly different between the models with and without exclusion restric-

tions. Mean SIF values for β1 remain quite small, always less than 50 even when the true

ρ value is large. However, mean SIF values of β2, α and ρ have increased dramatically in

the model without exclusion restrictions. For example, when ρ = 0, mean SIF values of

β2 and α in Table 3.13 are at least double those in Table 3.1, while the mean SIF value

of ρ has also doubled in Table 3.13. Such slow mixing performance is most likely caused

by the weak identification that exists when the model is estimated without exclusion

restrictions.
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Next, we will check the impact of exclusion restrictions with continuous independent

variables, comparing across methods. MLE tends to fail a little more frequently, when

the numbers of available estimates are less than 800 (742, 759, 779 respectively) out of

1000, and much smaller than the cases with xi1 , xi2. But MLE still gives the smallest

biases, regardless of the strength of error correlation. Although mean values of β21, α

and ρ estimated by the MCMC approach in Table 3.13, 3.14 and 3.15 are biased from

true values more than the two other methods, biases are still quite small. Meanwhile,

standard deviations obtained byMCMC are somehow smaller than that obtained byMLE

and the two-step method in Table 3.13 and 3.14, so are the mean absolute error andmean

square error. When ρ = 0.8, standard deviations obtained by MCMC are a little bit bigger

than MLE but smaller than two-step method, while the mean absolute errors and mean

squared errors are relatively larger than for the other two methods except that of β22.

The two-step method performs quite well in the model without exclusion restrictions.

Firstly, it fails to converge much less often than MLE with 944, 989 and 998 available

estimations for the three ρ values respectively. Secondly, it provides quite small biases

even when ρ = 0.8, although standard deviations, MAEs and MSEs of β2, α and ρ are

relatively larger than the other methods. However, maximum and minimum values are

more extreme especially for ρ, so the two-stepmethod can give quite unrealistic estimates

occasionally.

To summarize, one continuous variable in each equation of the bivariate endogenous pro-

bit model will be enough for identification even if xi1 = xi2, although the identification is

somehow weaker than the case with exclusion restrictions. MLE can obtain reliable esti-

mation except that it often fails to converge. Bayesian method is the most efficient when

the correlation is not high and it is also able to estimate all samples. In addition, the

two-step method has less convergence issues than MLE and is quite good choice with low

correlation. Both Bayesian and two-step methods are not quite reliable when the correla-

tion is strong. But more frequent failure of convergence of MLE and much slower mixing

performance of MCMC reveal that exclusion restrictions can be important to improve

estimator performance.
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3.8.2 Models with One Binary Explanatory Variable

When it comes to models in which xi1 and xi2 are binary and exclusion restrictions are

not imposed, MLE and two-step approaches have quite serious convergence problems

and become very sensitive to starting values. Therefore, models are estimated with two

different sets of starting values. Table 3.16, 3.17 and 3.18 are estimated results with zero

starting values for all parameters using the three methods. Then in Table 3.19, 3.20 and

3.21, starting values of β1, β2 and α are (0.892, -1.452, 0.738, -0.943, -1.166) chosen from

the estimation of a univariate probit model for one specific sample, while 0 is the starting

value for ρ as it is constrained between -1 and 1.

Results of MLE and two-step methods are discussed with different starting values. When

starting values are zero, less than two thirds of samples can be estimated by MLE. Only

497, 465 and 610 samples can be obtained by MLE. Furthermore, both MLE and the two-

step method cannot provide accurate estimation of β2, α and ρ at all no matter what

value ρ takes, although estimation of β1 is still fine. Mean values are biased a lot from

true values with huge standard deviations, MAEs and MSEs. When starting values are

close to the true values, MLE does not show much bias, although standard deviations

are relatively large compared to the ones in Table 3.13, 3.14, and 3.15 with continuous

variables. Both MLE and the two-step method are less likely to fail to converge when

improved starting values are used. In Table 3.19, 3.20 and 3.21, numbers of available

samples are limited to 541, 649 and 769 for MLE which is fewer than with continuous

explanatory variables. At the same time, two-step method converges only 590, 734 and

875 times, still smaller than continuous cases. It gives unbiased estimation when ρ = 0

but mean values indicate bias when ρ = 0.5 and 0.8. This method always has larger stan-

dard deviations, more extreme values, bigger MAEs and MSEs of β2, α and ρ comparing

to MLE.

The MCMC approach is hardly influenced by starting values when the burn-in period is

long enough. The mixing performance of the Bayesian method is worse than continuous

cases as shown by the large SIF values of β2, α and ρ. When there is no correlation in the

model, MCMC can provide relatively accurate estimation, see Table 3.16 and 3.19. But it

cannot give unbiased estimation at all with different starting values when ρ = 0.5 or 0.8.
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The kind of results reported here may be caused by a relatively flat or multimodal likeli-

hood function or very small variance of independent variables. For a flat or multimodal

likelihood, on one hand, MLEmay converge to one of the points with local maximum like-

lihood value which varies depending on the starting values. On the other hand, MCMC

walks along all the possible points of the likelihood, so the average of the sampling path

will be somewhere between the points. Sivia & Skilling (2006) give an example of a bi-

modal posterior distribution p(X) with modes around X = 10 and X = −10. The problem

is that the expectation of the posterior distribution of X is around 0, a value which the

posterior indicates is very improbable. Another possible explanation for the poor perfor-

mance is with the lack of variability in explanatory variables. Notice that the dummy

explanatory variables are generated from Bernoulli distribution with success possibility

0.7, so its variance is 0.21 which is rather small comparing to the variance of standard

normal distribution used in the continuous case. Consequently, information contained

in explanatory variables is much weaker here when they are dummy variables, compared

to the continuous case that was used in Section 3.8.1.

3.8.3 Models with One Continuous Explanatory Variable (Variance 0.21)

It may be argued that the difference in previous two subsections is mainly a result of

different amount of signal in the explanatory variables and not related to whether the

variables are discrete or continuous. More variation in explanatory variables indicates

more information about the relationship between the regressand and regressors, which

will result in more precise estimation. Similar comments about effects of variation in

explanatory variables have been discussed in Section 3.6 when comparing Table 3.1 and

Table 3.4. To deal with this issue, three other experiments are designed with continuous

explanatory variables which are generated from normal distributions with variance 0.21.

This variance is exactly the same variance used in generating the dummy regressors in

Section 3.8.2. Results estimated with zero starting values are shown in Table 3.22, 3.23

and 3.24.

Comparing those tables with the ones in Section 3.8.1, it it clear that smaller variance

in the explanatory variables will lead to less precise and less efficient estimation of most
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parameters except sometimes in estimating β11 or β12. Take Table 3.15 and 3.24 as exam-

ples. On one hand, estimated mean values of β1 estimates in 3.15 are similar to the ones

in Table 3.24. But mean values of other parameters are closer to true values in Table 3.15

than in Table 3.24. On the other hand, standard deviations, mean values of absolute error

and mean values of square error of all parameters except β11 are smaller in Table 3.15

than that in Table 3.24 for all estimation methods. In addition, the number of successful

estimations of MLE is at least 10% more in Table 3.15 than in Table 3.24, so MLE has

more trouble in convergence when the explanatory variable has less information.

Next, we will compare the models of one continuous independent variable in each equa-

tion with the models of one binary independent variable in each equation, when such

variables have variance 0.21. Above all, zero starting values no longer cause too many

troubles in estimations when explanatory variables are continuous in comparison with

dummy regressors. Thus, we will ignore those results with zero starting values in Table

3.16-3.18, and compare Table 3.19, 3.20 and 3.21 with Table 3.22, 3.23 and 3.24. When

comparing Table 3.19 with Table 3.22 with ρ = 0, mean values are all close to true values,

although standard deviations of β12, β21, in Table 3.19 are smaller than in Table 3.22.

The differences are relatively small, especially when Table 3.20 and 3.21 are compared

with Table 3.23 and 3.24. Investigating the six tables across methods, MLE and two-step

methods can provide quite good estimation, while results of MCMC are much less biased

with a continuous independent variable than with a dummy variable. More specifically,

mean values of MLE and two-step methods are all around the true values in the six ta-

bles. Estimated mean values of MCMC show some bias when error correlation is strong

in Table 3.23 and 3.24, but such bias is not as serious as the one in Table 3.20 and 3.21.

When ρ = 0 or 0.5, two-stepmethod provides the greatest standard deviations, MAEs and

MSEs. Meanwhile, MCMC is the most efficient estimator as it has the smallest standard

deviations, MAEs and MSEs. When ρ = 0.8, two-step method has the largest standard

deviations, but MCMC gets biggest MAEs and MSEs among the three methods.

In this setting, small variance in explanatory variables is not the only reason causing

identification problems, when larger variance will enhance estimation precision and effi-

ciency in some ways. Moreover, continuous regressors are less likely to lead estimation

difficulties than discrete explanatory variables.
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3.8.4 Models with Two Binary Explanatory Variables

Section 3.8.2 reveals that it can be difficult to estimate precisely the parameters of a bi-

variate probit model with endogeneity, when the model has a single binary explanatory

variable. In this section, two binary explanatory variables are introduced into each equa-

tion to check how changing the number of dummy variables affects the estimators. Once

again, three tables are created with zero starting values, while three other tables show

results with starting points close to true values which are also MLE estimates on univari-

ate probit models assuming no cross equation correlation. Statistics of estimation of β1

values are always similar according to all three methods, so the following analysis will

concentrate on other parameters.

We will start with Table 3.25 and compare across methods when there is no error corre-

lation. Mean values of β21, β22 and α estimated by MLE are quite biased from the true

values while their standard deviations, MAEs and MSEs are relatively large. Especially

for α, the estimated mean is -0.782 with standard deviation 0.703 when the true value

is -1.2. This parameter can tend to have quite extreme estimates varying from -2.617 to

0.819. The Bayesian method indicates some good results without improvement in mixing

performance and with mean values close to true values, although estimates of β21 and β22

are a little biased. Standard deviations of MCMC are smallest among the three methods,

and it also has the smallest mean absolute errors and mean square errors. Using the two-

step method, mean values are acceptable but there is some bias in estimating β21 and α.

Standard deviations of the two parameters are extremely large in comparison to other

standard deviations. Then it is not surprising to find that quite extreme maximum and

minimum values appear in two-step method with largest MAEs and MSEs.

Now look at Table 3.26 and 3.27, when error correlation exists. Table 3.26 indicates that

bias and variation of MLE and two-step methods don’t improve much, while MAEs and

MSEs of the two methods are relatively smaller in contrast to that in Table 3.25. The two-

step method still has the highest mean absolute errors and mean square errors among

three methods. Meanwhile, Bayesian estimations cannot give unbiased estimates when

ρ = 0.5 although vary less than other methods. When ρ increases to 0.8 in Table 3.27, it

seems correlation is strong enough forMLE to identify themodel. Thus, results estimated
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by MLE are unbiased with relatively small variance, MAEs and MSEs. However, the

Bayesian method has some problems in dealing with this data. Mean values of β21 and

α have significant bias with quite large standard deviations, which also results in big

MAEs and MSEs. At the same time, two-step method works fine but not better than MLE

because of some obvious bias and large variance.

With starting points close to true values, results in Table 3.28, 3.29 and 3.30 are discussed

across methods as follows. Both precision and efficiency have been improved a lot with

new starting values for MLE at each level of error correlation. The Bayesian method is

less reliable when ρ = 0.5 or 0.8, although it is unbiased and efficient without correlation

in the error terms. Estimation of two-step method is no longer influenced by starting

values, as statistics in these tables are almost the same as the ones in Table 3.25, 3.26 and

3.27. It suggests the two-step method produces moderately biased results with relatively

large variance and errors.

In summary, increasing the number of variables in the model may improve estimator

performance a little. MLE is still sensitive to starting values when error correlation is not

strong, but it performs quite well when ρ = 0.8. MCMC approach works fine when ρ = 0,

but cannot be relied on with strong error correlation. Results show the two-step method

is generally acceptable, although it is biased and has some loss of efficiency.

3.8.5 Explanatory Variables are Continuous (Unit Variance) and Binary

The identification condition is much stronger with one continuous and one binary ex-

planatory variables in each equation than with two dummy variables. And the circum-

stance looks similar to the cases with only one continuous variable in Table 3.31, 3.32 and

3.33. Only zero starting values are discussed here, because MLE and two-step method

work fine even when starting points are far from true values. Numbers of successful esti-

mations are 765, 830 and 764 for MLE, while two-step method is applicable 953, 973 and

984 times respectively. According to SIF values, the mixing performance of MCMC al-

gorithms has improved in comparison to models with two binary independent variables,

but does not change much in comparison to the case with one continuous explanatory

variable.
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First, we discuss the performance of the three estimators shown in Table 3.31. Available

estimates for MLE indicate that mean values are quite close to true values, but vary too

much for β21, α and ρ. In particular, the standard deviation of α estimates is larger than

that for other parameters, since for MLE, several extreme estimates of α occur. Once

again, the Bayesian method performs best when ρ = 0, with accurate mean values, small

variance, least extreme values, smallest MAEs and smallest MSEs of β2, α and ρ among

three methods. Furthermore, statistics for the two-step method are quite similar to the

ones for MLE. This method has the largest maximum values of β2, α and ρ, and smallest

minimum values of β21, β22, α and ρ.

We now discuss the performance of each method when ρ = 0.5 shown in Table 3.32.

We see relatively large standard deviations for MLE estimates of β21 and α, while other

statistics show this method is quite reliable. Although the MCMC method shows a little

bias in estimation of β21 and ρ, its estimates of β2, α and ρ have smaller variance than

MLE, which results in the least MAEs and MSEs of such parameters among the three

methods. The two-step method has estimated mean values quite close to the true values,

except the mean of β23 which shows bias of more than 0.1, but with quite small variance

of this parameter. Overall, the two-step method is not as efficient as the other methods,

because its MAEs and MSEs of most parameters are largest.

Table 3.33 shows estimation results when ρ = 0.8 and such results are compared across

methods. It indicates that MLE performs best among all methods. Even though its mean

values of estimates of β2, α and ρ reveal a small bias, the estimates do not vary as much as

the Bayesian and two-stepmethods. MLE also gains themost efficiency as shown by quite

small mean of absolute and square errors. The performance of Bayesian and two-step

methods is almost the same, although neither of them produce accurate estimation of

certain parameters. MCMCworks especially badly in estimating α, with large bias, MAEs

andMSEs. Meanwhile, the two-stepmethod gives relatively large errors in estimating β22

and β23.

To sum up, there are fewer near identification problems by introducing one continuous

variable with unit variance and one binary variable in each equation. Starting points are
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no longer an issue for MLE and two-step methods and all three methods can produce

acceptable estimates.

3.8.6 Explanatory Variables are Continuous (Variance 0.21) and Binary

The previous subsections have shown that systems including one continuous variable

with unit variance and one binary variable in each equation can be estimated reasonably

well, while models with two dummy variables in each equation perform worse. What

will happen if the continuous variable has a small variance, to make a fairer comparison

with the binary regressor case? Table 3.34, 3.35 and 3.36 are the results of the model

which includes one continuous variable with variance 0.21 and one binary variable in

each equation, when starting values are zeros. It seems estimator performance in this

case is better in some ways and worse in other ways than the case with two dummy

variables in each equation. Comparison will be made based only on estimates that use

zero starting values.

Firstly, we start by comparing Table 3.34 and 3.25 with ρ = 0 according to different esti-

mators. Generally speaking, MLE fails much less often as it successfully estimates 691

samples in Table 3.34 on contrast with 539 samples in the other Table. It also gives a

little less biased estimates and slightly smaller standard deviations except for β13. At

the same time, statistics of MCMC in both cases are very similar, which means MCMC

always performs best when ρ = 0 since it is unbiased and is most efficient among three

estimators. For the two-step method, results are much less biased and more efficient in

Table 3.34 than in Table 3.25. As a result, for ρ = 0, all three methods perform better

with a continuous explanatory variable rather than with just binary variables, even when

their variance is the same.

Next, Table 3.35 is compared with Table 3.26 where ρ increases to 0.5. MLE can estimate

644 samples in the former table and 590 samples in the other one. It provides better

estimation of some parameters but worse estimation of others, but there are no big differ-

ences in results between the two tables. For MCMC, mean values show less bias in Table

3.26 except for estimating α. Meanwhile, some standard deviations are smaller in this

table, but the difference is quite small, so one can hardly tell which model MCMC works
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better on. When it comes to the two-step method, results in Table 3.35 look much bet-

ter than the ones in Table 3.26. Most parameters have much less bias as well as smaller

standard deviations in Table 3.35, although MAEs and MSEs give some inconsistent in-

formation. For instance, the MAE and MSE of estimates of β12 is slightly more in Table

3.35. In all, the MLE and MCMC estimators show similar performance in both cases,

while the two-step method works better with one continuous variable.

In contrast with Table 3.27, Table 3.36 reveals that the three methods all lose accuracy

and precision when ρ = 0.8. Even though MLE performs better than the other methods,

mean values of estimates of β21 and β23 are far away from true values and standard devia-

tions are all larger in Table 3.36 than in Table 3.27, except for estimates of β11. Estimation

using MCMC is much worse in Table 3.36, although both tables contain very large SIF

values for some parameters. The two-step method produces very biased estimation of

β21, β23 and α and is less accurate in Table 3.36.

In summary, a model with one continuous variable can be well estimated when ρ = 0, but

has some identification problems when ρ = 0.8. Considering the good behavior when the

continuous variable has unit variance in Section 3.8.5, it seems such problems are mainly

caused by small variance of independent variable. Therefore, information in explana-

tory variables as represented by variance of X, can play an important role in identifying

models.

3.9 Conclusions

This chapter has estimated a bivariate probit model with an endogenous binary variable

using MLE, Bayesian and two-step methods. Some Monte Carlo experiments are used to

study model estimation problems related to the use of exclusion restrictions. The main

finding are summarized as follows.

All three estimators work very well when the model is totally structural or a partial struc-

tural system with exclusion restrictions. A structural model includes xi1 , xi2, while a

partial structural model with exclusion restrictions are characterized by xi2 ⊂ xi1. MLE

is quite accurate and efficient except for some convergence failures that occur across a
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range of ρ values. The Bayesian method is even more efficient when there is no error cor-

relation or with moderate error correlation when a partial structural system is estimated.

Although there is a little bias when ρ is large, the Bayesian method can work for every

sample. A two-step method can be an alternative choice when correlation is low, but

much less reliable when ρ is closer to 1.

When the model does not impose exclusion restrictions in partial equation estimation,

all three estimators perform much worse especially when explanatory variables are all

binary. One specification of only one binary independent variable in each equation in sec-

tion 3.8.2 is equivalent to Wilde (2000)’s example where the explanatory variable takes

just two different values. Although he shows this model can be identified in theory, re-

sults in section 3.8.4 reveal that estimator performance is quite poor. When the number

of binary exogenous variables increases to two in Section 3.8.4, the identification condi-

tions have been improved.

Wilde’s comments about sufficient variation which will avoid identification problems

are confirmed in the model with at least one continuous variable, as shown in Section

3.8.1 and 3.8.5. With at least one continuous independent variable, the estimators can

perform well without imposing exclusion restrictions in most cases. All three methods

can show small bias and precise estimates. The simulation study also reveals that the

model is much more difficult to estimate than the cases with exclusion restrictions: when

no exclusion restrictions are imposed, we see much frequent failure of MLE and the two-

step method, and slower mixing of MCMC algorithms.

The relative performances of different estimationmethods in different contexts have been

discussed in this chapter. Each one is superior in some ways but has flaws in other ways.

The benchmark method, MLE, is always accurate and efficient when it can produce esti-

mates. The only drawback is that it often fails to converge especially in models without

exclusion restrictions. MCMC is the only method which can estimate each sample. It nor-

mally perform best when there is very small error correlation, but tends to give biased

estimation when ρ is large. The two-step method is the least time consuming among the

three methods and has much less convergence failure than MLE. However, it usually has

large standard deviations and is biased when ρ is large.

52



Bayesian Analysis of Non-linear Multivariate Econometric Models

In conclusion, exclusion restrictions are not essential for accurate estimation of bivariate

probit models with endogenous dummy variables. However, introduction of exclusion

restrictions is the most easy way to reduce the difficulties in estimating our model. When

exclusion restrictions are not available in certain economic contexts, the ways to reinforce

model identification include increasing both the number of independent variables, and

finding variables with plenty of variation.
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Estimator Performance in Structural Models
Table 3.1: ρ=0, Continuous Explanatory Variables, xi1 , xi2

β11 β12 β21 β22 α ρ
True Values 1.000 -1.500 0.800 -1.000 -1.200 0.000
Mean
MLE* 1.001 -1.501 0.806 -1.001 -1.209 0.004
MCMC 1.004 -1.503 0.810 -1.003 -1.213 0.006
MCMC* 1.003 -1.504 0.809 -1.003 -1.213 0.007
TS** 1.002 -1.500 0.810 -1.004 -1.212 0.002
TS* 1.001 -1.501 0.808 -1.004 -1.212 0.003
Standard Deviation
MLE* 0.069 0.092 0.122 0.063 0.155 0.122
MCMC 0.068 0.092 0.120 0.062 0.153 0.112
MCMC* 0.070 0.093 0.119 0.063 0.152 0.115
TS** 0.068 0.092 0.123 0.062 0.158 0.123
TS* 0.069 0.092 0.122 0.063 0.156 0.123
Maximum Values
MLE* 1.347 -1.246 1.178 -0.824 -0.721 0.374
MCMC 1.345 -1.249 1.174 -0.827 -0.562 0.361
MCMC* 1.345 -1.249 1.174 -0.827 -0.740 0.361
TS** 1.349 -1.247 1.171 -0.826 -0.574 0.382
TS* 1.349 -1.247 1.170 -0.826 -0.734 0.382
Minimum Values
MLE* 0.824 -1.893 0.452 -1.277 -1.713 -0.388
MCMC 0.823 -1.890 0.352 -1.285 -1.688 -0.384
MCMC* 0.823 -1.890 0.486 -1.285 -1.688 -0.384
TS** 0.825 -1.897 0.361 -1.281 -1.688 -0.418
TS* 0.825 -1.897 0.452 -1.281 -1.688 -0.418
Mean Absolute Error
MLE* 0.055 0.074 0.098 0.049 0.125 0.101
MCMC 0.054 0.074 0.096 0.049 0.122 0.090
MCMC* 0.055 0.074 0.096 0.049 0.122 0.095
TS** 0.053 0.073 0.098 0.049 0.126 0.101
TS* 0.055 0.074 0.098 0.049 0.125 0.101
Mean Squared Error
MLE* 0.005 0.009 0.015 0.004 0.024 0.015
MCMC 0.005 0.009 0.014 0.004 0.024 0.013
MCMC* 0.005 0.009 0.014 0.004 0.023 0.013
TS** 0.005 0.008 0.015 0.004 0.025 0.015
TS* 0.005 0.009 0.015 0.004 0.024 0.015
SIF for all MCMC outputs
Mean 14 19 34 8 40 75
Standard Deviation 3 4 7 2 8 11

* 823 samples included; ** 944 samples included; 1000 samples included in MCMC
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Estimator Performance in Structural Models
Table 3.2: ρ=0.5, Continuous Explanatory Variables, xi1 , xi2

β11 β12 β21 β22 α ρ
True Values 1.000 -1.500 0.800 -1.000 -1.200 0.500
Mean
MLE* 1.003 -1.501 0.805 -1.002 -1.206 0.505
MCMC 1.005 -1.506 0.791 -1.006 -1.186 0.480
MCMC* 1.006 -1.507 0.792 -1.006 -1.188 0.480
TS** 1.002 -1.500 0.845 -1.049 -1.262 0.527
TS* 1.003 -1.501 0.847 -1.050 -1.264 0.528
Standard Deviation
MLE* 0.067 0.091 0.107 0.062 0.138 0.103
MCMC 0.067 0.091 0.106 0.063 0.135 0.100
MCMC* 0.068 0.092 0.107 0.063 0.137 0.100
TS** 0.068 0.092 0.127 0.065 0.164 0.124
TS* 0.068 0.092 0.127 0.065 0.166 0.124
Maximum Values
MLE* 1.319 -1.247 1.178 -0.821 -0.711 0.834
MCMC 1.320 -1.250 1.165 -0.822 -0.676 0.816
MCMC* 1.320 -1.250 1.165 -0.822 -0.676 0.816
TS** 1.349 -1.247 1.316 -0.869 -0.694 0.927
TS* 1.349 -1.247 1.316 -0.869 -0.694 0.927
Minimum Values
MLE* 0.829 -1.850 0.440 -1.245 -1.721 0.175
MCMC 0.830 -1.854 0.414 -1.246 -1.703 0.124
MCMC* 0.830 -1.854 0.414 -1.246 -1.703 0.160
TS** 0.825 -1.897 0.427 -1.279 -1.907 0.128
TS* 0.825 -1.897 0.427 -1.265 -1.907 0.160
Mean Absolute Error
MLE* 0.053 0.073 0.086 0.050 0.110 0.082
MCMC 0.053 0.073 0.085 0.050 0.108 0.080
MCMC* 0.053 0.073 0.085 0.050 0.109 0.079
TS** 0.053 0.073 0.107 0.065 0.141 0.101
TS* 0.054 0.073 0.107 0.065 0.143 0.102
Mean Squared Error
MLE* 0.005 0.008 0.012 0.004 0.019 0.011
MCMC 0.005 0.008 0.011 0.004 0.018 0.010
MCMC* 0.005 0.008 0.011 0.004 0.019 0.010
TS** 0.005 0.008 0.018 0.007 0.031 0.016
TS* 0.005 0.008 0.018 0.007 0.032 0.016
SIF for all MCMC outputs
Mean 17 26 38 13 46 99
Standard Deviation 5 7 9 4 10 17

* 905 samples included; ** 1000 samples included; 1000 samples included in MCMC
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Estimator Performance in Structural Models
Table 3.3: ρ=0.8, Continuous Explanatory Variables, xi1 , xi2

β11 β12 β21 β22 α ρ
True Values 1.000 -1.500 0.800 -1.000 -1.200 0.800
Mean
MLE* 1.001 -1.499 0.805 -1.003 -1.206 0.804
MCMC 1.007 -1.512 0.787 -1.011 -1.180 0.773
MCMC* 1.006 -1.511 0.787 -1.011 -1.182 0.774
TS** 1.002 -1.500 0.907 -1.131 -1.351 0.906
TS* 1.001 -1.500 0.908 -1.132 -1.353 0.907
Standard Deviation
MLE* 0.066 0.089 0.091 0.061 0.109 0.064
MCMC 0.066 0.090 0.091 0.062 0.110 0.066
MCMC* 0.066 0.090 0.092 0.062 0.110 0.066
TS** 0.068 0.092 0.118 0.067 0.147 0.096
TS* 0.068 0.091 0.118 0.067 0.147 0.096
Maximum Values
MLE* 1.309 -1.252 1.085 -0.854 -0.864 0.977
MCMC 1.309 -1.270 1.116 -0.835 -0.829 0.948
MCMC* 1.309 -1.270 1.116 -0.860 -0.829 0.948
TS** 1.349 -1.247 1.293 -0.927 -0.917 1.000
TS* 1.349 -1.247 1.268 -0.971 -0.917 1.000
Minimum Values
MLE* 0.831 -1.849 0.502 -1.232 -1.574 0.573
MCMC 0.830 -1.845 0.473 -1.242 -1.596 0.553
MCMC* 0.830 -1.845 0.473 -1.242 -1.596 0.553
TS** 0.825 -1.897 0.523 -1.400 -1.814 0.546
TS* 0.825 -1.897 0.523 -1.400 -1.814 0.546
Mean Absolute Error
MLE* 0.051 0.072 0.072 0.049 0.086 0.050
MCMC 0.052 0.073 0.073 0.050 0.088 0.055
MCMC* 0.052 0.072 0.073 0.050 0.089 0.055
TS** 0.053 0.073 0.131 0.132 0.176 0.125
TS* 0.053 0.073 0.131 0.132 0.177 0.126
Mean Squared Error
MLE* 0.004 0.008 0.008 0.004 0.012 0.004
MCMC 0.004 0.008 0.008 0.004 0.013 0.005
MCMC* 0.004 0.008 0.009 0.004 0.013 0.005
TS** 0.005 0.008 0.025 0.022 0.044 0.021
TS* 0.005 0.008 0.026 0.022 0.045 0.021
SIF for all MCMC outputs
Mean 30 49 42 27 53 141
Standard Deviation 9 14 11 10 13 17

* 935 samples included; ** 1000 samples included; 1000 samples included in MCMC
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Estimator Performance in Structural Models
Table 3.4: ρ=0, Binary Explanatory Variables, xi1 , xi2

β11 β12 β21 β22 α ρ
True Values 1.000 -1.500 0.800 -1.000 -1.200 0.000
Mean
MLE* 1.001 -1.501 0.805 -1.002 -1.202 0.006
MCMC 1.001 -1.500 0.806 -1.001 -1.207 0.008
MCMC* 1.000 -1.497 0.806 -1.001 -1.206 0.010
TS** 1.003 -1.504 0.808 -1.008 -1.206 0.003
TS* 1.001 -1.501 0.807 -1.008 -1.205 0.004
Standard Deviation
MLE* 0.087 0.100 0.127 0.095 0.204 0.139
MCMC 0.089 0.102 0.117 0.095 0.179 0.118
MCMC* 0.088 0.101 0.123 0.095 0.193 0.129
TS** 0.088 0.101 0.127 0.095 0.202 0.138
TS* 0.087 0.100 0.128 0.095 0.207 0.141
Maximum Values
MLE* 1.308 -1.140 1.177 -0.727 -0.642 0.551
MCMC 1.307 -1.135 1.168 -0.650 -0.644 0.473
MCMC* 1.307 -1.135 1.168 -0.727 -0.644 0.473
TS** 1.309 -1.141 1.260 -0.729 -0.631 0.525
TS* 1.309 -1.141 1.260 -0.729 -0.631 0.525
Minimum Values
MLE* 0.766 -1.871 0.389 -1.278 -1.860 -0.380
MCMC 0.762 -1.873 0.414 -1.278 -1.834 -0.351
MCMC* 0.762 -1.873 0.414 -1.278 -1.834 -0.351
TS** 0.767 -1.871 0.396 -1.286 -1.986 -0.424
TS* 0.767 -1.871 0.396 -1.286 -1.986 -0.424
Mean Absolute Error
MLE* 0.068 0.080 0.102 0.076 0.165 0.115
MCMC 0.070 0.081 0.094 0.076 0.141 0.093
MCMC* 0.069 0.081 0.099 0.076 0.156 0.107
TS** 0.070 0.081 0.103 0.077 0.161 0.114
TS* 0.068 0.080 0.103 0.077 0.167 0.117
Mean Squared Error
MLE* 0.008 0.010 0.016 0.009 0.041 0.019
MCMC 0.008 0.010 0.014 0.009 0.032 0.014
MCMC* 0.008 0.010 0.015 0.009 0.037 0.017
TS** 0.008 0.010 0.016 0.009 0.041 0.019
TS* 0.008 0.010 0.016 0.009 0.043 0.020
SIF for all MCMC outputs
Mean 4 4 35 4 64 82
Standard Deviation 1 1 8 1 11 13

* 799 samples included; ** 853 samples included; 1000 samples included in MCMC
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Estimator Performance in Structural Models
Table 3.5: ρ=0.5, Binary Explanatory Variables, xi1 , xi2

β11 β12 β21 β22 α ρ
True Values 1.000 -1.500 0.800 -1.000 -1.200 0.500
Mean
MLE* 1.003 -1.503 0.803 -1.002 -1.200 0.502
MCMC 1.006 -1.506 0.789 -1.007 -1.166 0.473
MCMC* 1.006 -1.506 0.789 -1.007 -1.167 0.473
TS** 1.003 -1.503 0.862 -1.081 -1.279 0.527
TS* 1.003 -1.503 0.862 -1.081 -1.280 0.528
Standard Deviation
MLE* 0.088 0.101 0.101 0.094 0.155 0.112
MCMC 0.088 0.101 0.100 0.094 0.151 0.107
MCMC* 0.088 0.101 0.100 0.094 0.150 0.107
TS** 0.088 0.101 0.128 0.098 0.203 0.136
TS* 0.088 0.101 0.128 0.098 0.203 0.135
Maximum Values
MLE* 1.308 -1.146 1.142 -0.657 -0.738 0.849
MCMC 1.313 -1.152 1.134 -0.660 -0.702 0.785
MCMC* 1.313 -1.152 1.134 -0.660 -0.702 0.785
TS** 1.309 -1.141 1.275 -0.725 -0.741 0.961
TS* 1.309 -1.141 1.275 -0.725 -0.741 0.961
Minimum Values
MLE* 0.772 -1.873 0.478 -1.294 -1.661 0.098
MCMC 0.776 -1.868 0.465 -1.297 -1.630 0.054
MCMC* 0.776 -1.868 0.465 -1.297 -1.630 0.092
TS** 0.767 -1.871 0.483 -1.392 -2.027 0.049
TS* 0.767 -1.871 0.483 -1.392 -2.027 0.090
Mean Absolute Error
MLE* 0.070 0.081 0.080 0.075 0.124 0.090
MCMC 0.070 0.080 0.079 0.076 0.123 0.087
MCMC* 0.070 0.080 0.079 0.076 0.123 0.087
TS** 0.070 0.081 0.114 0.103 0.173 0.110
TS* 0.070 0.081 0.114 0.103 0.173 0.110
Mean Squared Error
MLE* 0.008 0.010 0.010 0.009 0.024 0.013
MCMC 0.008 0.010 0.010 0.009 0.024 0.012
MCMC* 0.008 0.010 0.010 0.009 0.024 0.012
TS** 0.008 0.010 0.020 0.016 0.047 0.019
TS* 0.008 0.010 0.020 0.016 0.048 0.019
SIF for all MCMC outputs
Mean 8 10 31 13 75 106
Standard Deviation 4 5 8 7 14 19

* 991 samples included; ** 1000 samples included; 1000 samples included in MCMC
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Table 3.6: ρ=0.8, Binary Explanatory Variables, xi1 , xi2

β11 β12 β21 β22 α ρ
True Values 1.000 -1.500 0.800 -1.000 -1.200 0.800
Mean
MLE* 1.004 -1.503 0.801 -1.002 -1.197 0.799
MCMC 1.013 -1.517 0.787 -1.021 -1.153 0.761
MCMC* 1.014 -1.518 0.787 -1.021 -1.152 0.761
TS** 1.003 -1.503 0.965 -1.241 -1.388 0.907
TS* 1.004 -1.504 0.965 -1.240 -1.387 0.907
Standard Deviation
MLE* 0.088 0.101 0.078 0.090 0.117 0.076
MCMC 0.088 0.101 0.080 0.090 0.120 0.078
MCMC* 0.088 0.101 0.080 0.090 0.120 0.078
TS** 0.088 0.101 0.112 0.094 0.169 0.107
TS* 0.088 0.101 0.113 0.094 0.169 0.107
Maximum Values
MLE* 1.291 -1.162 1.031 -0.759 -0.714 0.999
MCMC 1.312 -1.185 1.022 -0.769 -0.671 0.944
MCMC* 1.312 -1.185 1.022 -0.769 -0.671 0.944
TS** 1.309 -1.141 1.279 -0.986 -0.757 1.000
TS* 1.309 -1.141 1.279 -0.986 -0.757 1.000
Minimum Values
MLE* 0.776 -1.868 0.531 -1.294 -1.511 0.517
MCMC 0.781 -1.883 0.511 -1.299 -1.467 0.488
MCMC* 0.781 -1.883 0.511 -1.299 -1.467 0.488
TS** 0.767 -1.871 0.581 -1.514 -1.763 0.516
TS* 0.767 -1.871 0.581 -1.514 -1.763 0.516
Mean Absolute Error
MLE* 0.070 0.081 0.062 0.073 0.093 0.060
MCMC 0.070 0.081 0.064 0.074 0.101 0.067
MCMC* 0.070 0.081 0.064 0.074 0.101 0.067
TS** 0.070 0.081 0.173 0.241 0.220 0.135
TS* 0.070 0.081 0.173 0.240 0.219 0.135
Mean Squared Error
MLE* 0.008 0.010 0.006 0.008 0.014 0.006
MCMC 0.008 0.010 0.006 0.009 0.017 0.008
MCMC* 0.008 0.010 0.006 0.008 0.017 0.008
TS** 0.008 0.010 0.040 0.067 0.064 0.023
TS* 0.008 0.010 0.040 0.067 0.064 0.023
SIF for all MCMC outputs
Mean 18 23 22 35 89 146
Standard Deviation 7 9 9 14 16 18

* 987 samples included; ** 1000 samples included; 1000 samples included in MCMC
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Table 3.7: ρ=0, Continuous Explanatory Variables, xi2 ⊂ xi1

β11 β12 β13 β21 β22 α ρ
True Values 1.000 -1.500 -1.000 0.800 -1.000 -1.200 0.000
Mean
MLE* 1.010 -1.515 -1.006 0.794 -1.003 -1.194 -0.004
MCMC 1.011 -1.517 -1.006 0.796 -1.005 -1.197 0.000
MCMC* 1.014 -1.522 -1.008 0.798 -1.006 -1.200 0.001
TS** 1.008 -1.511 -1.004 0.791 -1.005 -1.191 -0.009
TS* 1.010 -1.515 -1.006 0.795 -1.006 -1.197 -0.007
Standard Deviation
MLE* 0.074 0.102 0.077 0.151 0.080 0.205 0.148
MCMC 0.073 0.100 0.077 0.141 0.078 0.192 0.131
MCMC* 0.074 0.103 0.078 0.144 0.079 0.195 0.137
TS** 0.072 0.099 0.076 0.151 0.081 0.206 0.147
TS* 0.074 0.102 0.077 0.152 0.081 0.207 0.149
Maximum Values
MLE* 1.301 -1.203 -0.776 1.284 -0.754 -0.672 0.504
MCMC 1.315 -1.207 -0.778 1.269 -0.763 -0.689 0.479
MCMC* 1.315 -1.207 -0.778 1.269 -0.763 -0.689 0.479
TS** 1.298 -1.206 -0.777 1.321 -0.762 -0.647 0.489
TS* 1.298 -1.206 -0.777 1.321 -0.762 -0.705 0.489
Minimum Values
MLE* 0.819 -1.913 -1.303 0.380 -1.276 -1.943 -0.380
MCMC 0.822 -1.920 -1.312 0.392 -1.277 -1.922 -0.364
MCMC* 0.822 -1.920 -1.312 0.392 -1.261 -1.922 -0.364
TS** 0.821 -1.904 -1.306 0.358 -1.298 -2.010 -0.383
TS* 0.821 -1.904 -1.306 0.402 -1.277 -2.010 -0.381
Mean Absolute Error
MLE* 0.057 0.082 0.061 0.120 0.065 0.163 0.121
MCMC 0.058 0.080 0.061 0.112 0.062 0.152 0.104
MCMC* 0.058 0.083 0.062 0.115 0.063 0.155 0.111
TS** 0.056 0.079 0.060 0.120 0.064 0.163 0.120
TS* 0.057 0.082 0.062 0.121 0.065 0.164 0.122
Mean Squared Error
MLE* 0.006 0.011 0.006 0.023 0.006 0.042 0.022
MCMC 0.006 0.010 0.006 0.020 0.006 0.037 0.017
MCMC* 0.006 0.011 0.006 0.021 0.006 0.038 0.019
TS** 0.005 0.010 0.006 0.023 0.007 0.042 0.022
TS* 0.006 0.011 0.006 0.023 0.007 0.043 0.022
SIF for all MCMC outputs
Mean 18 24 19 55 31 60 93
Standard Deviation 5 6 5 11 7 11 13

* 785 samples included; ** 943 samples included; 1000 samples included in MCMC
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Table 3.8: ρ=0.5, Continuous Explanatory Variables, xi2 ⊂ xi1

β11 β12 β13 β21 β22 α ρ
True Values 1.000 -1.500 -1.000 0.800 -1.000 -1.200 0.500
Mean
MLE* 1.005 -1.509 -1.002 0.793 -1.003 -1.195 0.494
MCMC 1.012 -1.518 -1.010 0.768 -0.995 -1.158 0.459
MCMC* 1.010 -1.517 -1.007 0.771 -0.997 -1.163 0.462
TS** 1.008 -1.511 -1.004 0.826 -1.039 -1.254 0.508
TS* 1.006 -1.509 -1.002 0.829 -1.042 -1.259 0.511
Standard Deviation
MLE* 0.072 0.097 0.076 0.122 0.066 0.159 0.117
MCMC 0.072 0.098 0.076 0.121 0.066 0.157 0.112
MCMC* 0.072 0.097 0.076 0.120 0.066 0.155 0.111
TS** 0.073 0.099 0.076 0.146 0.079 0.198 0.139
TS* 0.073 0.099 0.076 0.146 0.079 0.197 0.139
Maximum Values
MLE* 1.285 -1.205 -0.774 1.136 -0.806 -0.628 0.839
MCMC 1.299 -1.211 -0.781 1.125 -0.807 -0.610 0.783
MCMC* 1.299 -1.211 -0.781 1.125 -0.807 -0.610 0.783
TS** 1.298 -1.206 -0.777 1.304 -0.805 -0.618 0.985
TS* 1.298 -1.206 -0.777 1.304 -0.805 -0.618 0.985
Minimum Values
MLE* 0.810 -1.890 -1.304 0.402 -1.200 -1.621 0.044
MCMC 0.809 -1.916 -1.301 0.392 -1.195 -1.604 0.047
MCMC* 0.809 -1.916 -1.301 0.392 -1.195 -1.604 0.047
TS** 0.821 -1.904 -1.306 0.398 -1.319 -1.951 0.044
TS* 0.821 -1.904 -1.306 0.398 -1.319 -1.951 0.044
Mean Absolute Error
MLE* 0.056 0.077 0.060 0.098 0.052 0.126 0.092
MCMC 0.057 0.078 0.060 0.099 0.052 0.129 0.094
MCMC* 0.057 0.077 0.060 0.098 0.052 0.127 0.092
TS** 0.057 0.079 0.061 0.117 0.070 0.162 0.109
TS* 0.057 0.079 0.060 0.118 0.071 0.163 0.109
Mean Squared Error
MLE* 0.005 0.009 0.006 0.015 0.004 0.025 0.014
MCMC 0.005 0.010 0.006 0.016 0.004 0.026 0.014
MCMC* 0.005 0.010 0.006 0.015 0.004 0.025 0.014
TS** 0.005 0.010 0.006 0.022 0.008 0.042 0.019
TS* 0.005 0.010 0.006 0.022 0.008 0.042 0.019
SIF for all MCMC outputs
Mean 22 29 27 60 24 65 112
Standard Deviation 6 8 8 12 6 12 17

* 860 samples included; ** 1000 samples included; 1000 samples included in MCMC
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Table 3.9: ρ=0.8, Continuous Explanatory Variables, xi2 ⊂ xi1

β11 β12 β13 β21 β22 α ρ
True Values 1.000 -1.500 -1.000 0.800 -1.000 -1.200 0.800
Mean
MLE* 1.007 -1.510 -1.004 0.803 -1.004 -1.205 0.801
MCMC 1.015 -1.523 -1.018 0.770 -0.997 -1.162 0.761
MCMC* 1.015 -1.523 -1.018 0.773 -0.999 -1.167 0.763
TS** 1.008 -1.511 -1.004 0.899 -1.113 -1.389 0.909
TS* 1.008 -1.510 -1.004 0.902 -1.115 -1.395 0.911
Standard Deviation
MLE* 0.070 0.094 0.076 0.104 0.056 0.129 0.073
MCMC 0.072 0.096 0.075 0.104 0.057 0.130 0.074
MCMC* 0.071 0.095 0.075 0.103 0.057 0.129 0.073
TS** 0.073 0.099 0.076 0.128 0.072 0.168 0.102
TS* 0.071 0.098 0.076 0.129 0.072 0.168 0.102
Maximum Values
MLE* 1.281 -1.208 -0.778 1.192 -0.821 -0.711 0.982
MCMC 1.314 -1.214 -0.783 1.167 -0.813 -0.697 0.934
MCMC* 1.314 -1.214 -0.783 1.167 -0.813 -0.697 0.934
TS** 1.298 -1.206 -0.777 1.335 -0.903 -0.789 1.000
TS* 1.298 -1.206 -0.777 1.335 -0.903 -0.789 1.000
Minimum Values
MLE* 0.813 -1.821 -1.311 0.433 -1.196 -1.697 0.544
MCMC 0.820 -1.828 -1.317 0.422 -1.195 -1.664 0.479
MCMC* 0.820 -1.828 -1.317 0.422 -1.195 -1.664 0.479
TS** 0.821 -1.904 -1.306 0.478 -1.325 -1.956 0.548
TS* 0.821 -1.904 -1.306 0.478 -1.325 -1.956 0.548
Mean Absolute Error
MLE* 0.054 0.075 0.060 0.082 0.045 0.102 0.058
MCMC 0.058 0.077 0.061 0.084 0.046 0.106 0.065
MCMC* 0.056 0.077 0.061 0.083 0.045 0.104 0.063
TS** 0.057 0.079 0.061 0.136 0.116 0.217 0.133
TS* 0.056 0.079 0.061 0.138 0.118 0.221 0.135
Mean Squared Error
MLE* 0.005 0.009 0.006 0.011 0.003 0.017 0.005
MCMC 0.005 0.010 0.006 0.012 0.003 0.018 0.007
MCMC* 0.005 0.010 0.006 0.011 0.003 0.018 0.007
TS** 0.005 0.010 0.006 0.026 0.018 0.064 0.022
TS* 0.005 0.010 0.006 0.027 0.018 0.066 0.023
SIF for all MCMC outputs
Mean 37 47 51 65 18 69 146
Standard Deviation 11 13 15 15 6 15 17

* 882 samples included; ** 1000 samples included; 1000 samples included in MCMC
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Table 3.10: ρ=0, Binary Explanatory Variables, xi2 ⊂ xi1

β11 β12 β13 β21 β22 α ρ
True Values 1.000 -1.500 -1.000 0.800 -1.000 -1.200 0.000
Mean
MLE* 1.001 -1.504 -1.001 0.791 -0.992 -1.187 0.000
MCMC 1.003 -1.508 -1.000 0.803 -1.001 -1.205 0.010
MCMC* 0.999 -1.506 -0.997 0.799 -0.998 -1.199 0.009
TS** 1.006 -1.506 -1.005 0.818 -1.019 -1.225 0.008
TS* 1.001 -1.503 -1.002 0.812 -1.014 -1.217 0.005
Standard Deviation
MLE* 0.109 0.106 0.104 0.243 0.202 0.369 0.225
MCMC 0.110 0.107 0.105 0.199 0.172 0.294 0.172
MCMC* 0.109 0.106 0.104 0.209 0.178 0.312 0.187
TS** 0.109 0.107 0.104 0.235 0.197 0.356 0.216
TS* 0.109 0.106 0.103 0.240 0.199 0.367 0.224
Maximum Values
MLE* 1.323 -1.136 -0.691 1.515 0.002 0.462 0.574
MCMC 1.378 -1.139 -0.684 1.511 -0.433 -0.128 0.538
MCMC* 1.323 -1.139 -0.684 1.511 -0.433 -0.232 0.538
TS** 1.378 -1.135 -0.688 1.587 -0.495 -0.264 0.611
TS* 1.322 -1.135 -0.688 1.587 -0.507 -0.264 0.611
Minimum Values
MLE* 0.682 -1.907 -1.307 -0.388 -1.594 -2.111 -0.860
MCMC 0.677 -1.912 -1.304 0.076 -1.591 -2.056 -0.542
MCMC* 0.677 -1.912 -1.304 0.076 -1.591 -2.056 -0.542
TS** 0.684 -1.907 -1.309 0.185 -1.666 -2.343 -0.612
TS* 0.684 -1.907 -1.309 0.185 -1.666 -2.343 -0.612
Mean Absolute Error
MLE* 0.086 0.085 0.082 0.200 0.164 0.308 0.189
MCMC 0.088 0.085 0.083 0.160 0.137 0.237 0.138
MCMC* 0.087 0.085 0.082 0.172 0.144 0.260 0.158
TS** 0.087 0.085 0.083 0.194 0.161 0.295 0.179
TS* 0.086 0.084 0.081 0.198 0.163 0.307 0.188
Mean Squared Error
MLE* 0.012 0.011 0.011 0.059 0.041 0.136 0.050
MCMC 0.012 0.011 0.011 0.040 0.029 0.086 0.030
MCMC* 0.012 0.011 0.011 0.044 0.031 0.097 0.035
TS** 0.012 0.011 0.011 0.055 0.039 0.127 0.047
TS* 0.012 0.011 0.011 0.058 0.040 0.135 0.050
SIF for all MCMC outputs
Mean 5 4 6 92 74 110 129
Standard Deviation 2 1 3 18 19 17 16

* 755 samples included; ** 871 samples included; 1000 samples included in MCMC
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Table 3.11: ρ=0.5, Binary Explanatory Variables, xi2 ⊂ xi1

β11 β12 β13 β21 β22 α ρ
True Values 1.000 -1.500 -1.000 0.800 -1.000 -1.200 0.500
Mean
MLE* 1.007 -1.506 -1.007 0.795 -0.999 -1.188 0.496
MCMC 1.009 -1.509 -1.008 0.748 -0.965 -1.110 0.439
MCMC* 1.011 -1.510 -1.010 0.749 -0.966 -1.110 0.439
TS** 1.006 -1.505 -1.005 0.896 -1.096 -1.342 0.551
TS* 1.007 -1.506 -1.007 0.896 -1.097 -1.341 0.551
Standard Deviation
MLE* 0.109 0.106 0.104 0.146 0.127 0.219 0.147
MCMC 0.109 0.106 0.103 0.147 0.128 0.217 0.142
MCMC* 0.109 0.106 0.103 0.142 0.125 0.210 0.137
TS** 0.109 0.106 0.104 0.211 0.181 0.324 0.192
TS* 0.109 0.106 0.104 0.204 0.175 0.313 0.186
Maximum Values
MLE* 1.372 -1.126 -0.680 1.185 -0.506 -0.330 0.870
MCMC 1.372 -1.126 -0.698 1.189 -0.548 -0.351 0.874
MCMC* 1.372 -1.126 -0.698 1.189 -0.552 -0.351 0.859
TS** 1.378 -1.135 -0.688 1.496 -0.571 -0.366 1.000
TS* 1.378 -1.135 -0.688 1.496 -0.612 -0.366 1.000
Minimum Values
MLE* 0.685 -1.889 -1.306 0.274 -1.368 -1.687 -0.083
MCMC 0.685 -1.899 -1.309 0.266 -1.340 -1.681 -0.058
MCMC* 0.685 -1.899 -1.309 0.266 -1.340 -1.598 -0.058
TS** 0.684 -1.907 -1.309 0.276 -1.625 -2.194 -0.046
TS* 0.684 -1.907 -1.309 0.276 -1.625 -2.131 -0.046
Mean Absolute Error
MLE* 0.088 0.084 0.082 0.117 0.100 0.175 0.119
MCMC 0.087 0.085 0.081 0.123 0.105 0.185 0.122
MCMC* 0.087 0.085 0.082 0.120 0.102 0.181 0.118
TS** 0.087 0.084 0.082 0.185 0.163 0.282 0.161
TS* 0.088 0.084 0.082 0.181 0.159 0.276 0.157
Mean Squared Error
MLE* 0.012 0.011 0.011 0.021 0.016 0.048 0.022
MCMC 0.012 0.011 0.011 0.024 0.018 0.055 0.024
MCMC* 0.012 0.011 0.011 0.023 0.017 0.052 0.022
TS** 0.012 0.011 0.011 0.053 0.042 0.125 0.040
TS* 0.012 0.011 0.011 0.051 0.040 0.118 0.037
SIF for all MCMC outputs
Mean 8 5 13 81 55 107 135
Standard Deviation 5 2 9 17 16 16 18

* 955 samples included; ** 1000 samples included; 1000 samples included in MCMC
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Table 3.12: ρ=0.8, Binary Explanatory Variables, xi2 ⊂ xi1

β11 β12 β13 β21 β22 α ρ
True Values 1.000 -1.500 -1.000 0.800 -1.000 -1.200 0.800
Mean
MLE* 1.014 -1.501 -1.021 0.783 -0.987 -1.169 0.783
MCMC 1.021 -1.510 -1.026 0.758 -0.973 -1.119 0.742
MCMC* 1.029 -1.507 -1.040 0.744 -0.960 -1.101 0.731
TS** 1.006 -1.505 -1.005 1.016 -1.206 -1.516 0.952
TS* 1.014 -1.503 -1.021 1.003 -1.193 -1.500 0.946
Standard Deviation
MLE* 0.108 0.105 0.096 0.100 0.096 0.142 0.089
MCMC 0.107 0.105 0.100 0.110 0.105 0.156 0.096
MCMC* 0.107 0.106 0.094 0.105 0.099 0.152 0.094
TS** 0.109 0.106 0.104 0.134 0.131 0.175 0.091
TS* 0.109 0.107 0.097 0.132 0.128 0.176 0.094
Maximum Values
MLE* 1.357 -1.140 -0.741 1.065 -0.611 -0.616 1.000
MCMC 1.364 -1.139 -0.717 1.106 -0.572 -0.511 0.942
MCMC* 1.364 -1.139 -0.725 1.057 -0.572 -0.511 0.942
TS** 1.378 -1.135 -0.688 1.395 -0.659 -0.699 1.000
TS* 1.378 -1.135 -0.740 1.357 -0.659 -0.699 1.000
Minimum Values
MLE* 0.701 -1.894 -1.307 0.359 -1.327 -1.545 0.468
MCMC 0.731 -1.913 -1.327 0.301 -1.300 -1.489 0.411
MCMC* 0.731 -1.913 -1.327 0.301 -1.289 -1.482 0.411
TS** 0.684 -1.907 -1.309 0.407 -1.624 -1.915 0.526
TS* 0.684 -1.907 -1.303 0.407 -1.624 -1.915 0.526
Mean Absolute Error
MLE* 0.088 0.084 0.077 0.080 0.077 0.115 0.072
MCMC 0.088 0.084 0.081 0.094 0.086 0.138 0.087
MCMC* 0.089 0.085 0.081 0.094 0.084 0.144 0.091
TS** 0.087 0.084 0.082 0.225 0.213 0.332 0.167
TS* 0.088 0.085 0.078 0.213 0.201 0.318 0.163
Mean Squared Error
MLE* 0.012 0.011 0.010 0.010 0.009 0.021 0.008
MCMC 0.012 0.011 0.011 0.014 0.012 0.031 0.013
MCMC* 0.012 0.011 0.010 0.014 0.011 0.033 0.014
TS** 0.012 0.011 0.011 0.065 0.060 0.130 0.031
TS* 0.012 0.011 0.010 0.058 0.054 0.121 0.030
SIF for all MCMC outputs
Mean 20 8 35 62 36 104 154
Standard Deviation 10 4 16 18 14 18 17

* 823 samples included; ** 1000 samples included; 1000 samples included in MCMC
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Table 3.13: ρ=0, Continuous Explanatory Variables, xi1 = xi2

β11 β12 β21 β22 α ρ
True Values 1.000 -1.500 0.800 -1.000 -1.200 0.000
Mean
MLE* 1.008 -1.510 0.813 -1.003 -1.213 0.023
MCMC 1.005 -1.508 0.844 -1.015 -1.254 0.054
MCMC* 1.008 -1.511 0.845 -1.016 -1.255 0.056
TS** 1.005 -1.507 0.801 -1.005 -1.202 -0.001
TS* 1.008 -1.510 0.797 -1.003 -1.197 -0.004
Standard Deviation
MLE* 0.067 0.088 0.301 0.134 0.406 0.262
MCMC 0.069 0.092 0.250 0.117 0.335 0.212
MCMC* 0.068 0.088 0.258 0.118 0.346 0.220
TS** 0.069 0.092 0.304 0.138 0.414 0.261
TS* 0.067 0.088 0.309 0.139 0.420 0.265
Maximum Values
MLE* 1.241 -1.251 1.663 -0.615 -0.081 0.814
MCMC 1.352 -1.236 1.632 -0.622 -0.171 0.828
MCMC* 1.239 -1.253 1.632 -0.622 -0.171 0.828
TS** 1.349 -1.237 1.782 -0.632 0.161 0.759
TS* 1.240 -1.253 1.782 -0.619 0.161 0.759
Minimum Values
MLE* 0.820 -1.844 -0.039 -1.376 -2.324 -0.588
MCMC 0.820 -1.901 0.026 -1.367 -2.233 -0.535
MCMC* 0.820 -1.851 0.026 -1.366 -2.233 -0.535
TS** 0.818 -1.897 -0.230 -1.464 -2.402 -0.885
TS* 0.818 -1.844 -0.230 -1.411 -2.402 -0.885
Mean Absolute Error
MLE* 0.054 0.071 0.248 0.109 0.335 0.216
MCMC 0.055 0.073 0.206 0.096 0.277 0.175
MCMC* 0.054 0.071 0.214 0.097 0.288 0.184
TS** 0.054 0.073 0.249 0.112 0.339 0.214
TS* 0.054 0.071 0.253 0.112 0.344 0.218
Mean Squared Error
MLE* 0.005 0.008 0.091 0.018 0.165 0.069
MCMC 0.005 0.009 0.065 0.014 0.115 0.048
MCMC* 0.005 0.008 0.069 0.014 0.122 0.052
TS** 0.005 0.008 0.092 0.019 0.171 0.068
TS* 0.005 0.008 0.096 0.019 0.177 0.070
SIF for all MCMC outputs
Mean 16 21 128 102 130 151
Standard Deviation 5 6 18 17 18 17

* 742 samples included; ** 944 samples included; 1000 samples included in MCMC
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Table 3.14: ρ=0.5, Continuous Explanatory Variables, xi1 = xi2

β11 β12 β21 β22 α ρ
True Values 1.000 -1.500 0.800 -1.000 -1.200 0.500
Mean
MLE* 1.005 -1.508 0.790 -0.993 -1.180 0.494
MCMC 1.008 -1.513 0.694 -0.960 -1.056 0.406
MCMC* 1.009 -1.514 0.696 -0.960 -1.059 0.408
TS** 1.005 -1.506 0.776 -1.017 -1.193 0.470
TS* 1.006 -1.508 0.776 -1.017 -1.192 0.470
Standard Deviation
MLE* 0.067 0.090 0.274 0.108 0.348 0.235
MCMC 0.068 0.091 0.227 0.096 0.291 0.186
MCMC* 0.067 0.090 0.221 0.095 0.284 0.181
TS** 0.069 0.092 0.283 0.130 0.384 0.231
TS* 0.067 0.091 0.288 0.132 0.391 0.236
Maximum Values
MLE* 1.240 -1.258 1.373 -0.676 -0.097 0.999
MCMC 1.349 -1.233 1.328 -0.679 -0.020 0.911
MCMC* 1.243 -1.266 1.296 -0.679 -0.074 0.850
TS** 1.349 -1.237 1.606 -0.705 -0.045 1.000
TS* 1.240 -1.253 1.528 -0.680 -0.045 1.000
Minimum Values
MLE* 0.816 -1.843 -0.020 -1.296 -1.890 -0.255
MCMC 0.819 -1.907 -0.071 -1.219 -1.833 -0.276
MCMC* 0.819 -1.842 -0.035 -1.219 -1.753 -0.264
TS** 0.818 -1.897 -0.062 -1.426 -2.267 -0.306
TS* 0.818 -1.844 -0.062 -1.426 -2.266 -0.294
Mean Absolute Error
MLE* 0.053 0.073 0.226 0.087 0.285 0.194
MCMC 0.054 0.073 0.197 0.083 0.254 0.165
MCMC* 0.054 0.073 0.192 0.082 0.247 0.160
TS** 0.055 0.073 0.229 0.105 0.307 0.188
TS* 0.053 0.073 0.233 0.106 0.314 0.191
Mean Squared Error
MLE* 0.004 0.008 0.075 0.012 0.121 0.055
MCMC 0.005 0.008 0.063 0.011 0.106 0.043
MCMC* 0.005 0.008 0.060 0.011 0.101 0.041
TS** 0.005 0.008 0.080 0.017 0.148 0.054
TS* 0.004 0.008 0.083 0.018 0.153 0.057
SIF for all MCMC outputs
Mean 20 26 135 97 136 158
Standard Deviation 7 9 18 18 17 17

* 759 samples included; ** 989 samples included; 1000 samples included in MCMC
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Table 3.15: ρ=0.8, Continuous Explanatory Variables, xi1 = xi2

β11 β12 β21 β22 α ρ
True Values 1.000 -1.500 0.800 -1.000 -1.200 0.800
Mean
MLE* 1.006 -1.507 0.779 -0.992 -1.173 0.781
MCMC 1.017 -1.524 0.619 -0.948 -0.981 0.661
MCMC* 1.018 -1.524 0.623 -0.947 -0.987 0.663
TS** 1.005 -1.506 0.733 -1.057 -1.209 0.809
TS* 1.006 -1.506 0.738 -1.058 -1.217 0.813
Standard Deviation
MLE* 0.068 0.088 0.203 0.078 0.238 0.138
MCMC 0.067 0.089 0.209 0.082 0.251 0.144
MCMC* 0.068 0.088 0.203 0.080 0.244 0.141
TS** 0.068 0.091 0.233 0.110 0.313 0.182
TS* 0.068 0.090 0.229 0.108 0.308 0.181
Maximum Values
MLE* 1.348 -1.247 1.182 -0.639 -0.175 0.992
MCMC 1.358 -1.227 1.139 -0.619 0.025 0.994
MCMC* 1.358 -1.227 1.139 -0.619 -0.274 0.977
TS** 1.349 -1.237 1.211 -0.646 0.044 1.000
TS* 1.349 -1.237 1.211 -0.646 -0.281 1.000
Minimum Values
MLE* 0.816 -1.903 0.063 -1.205 -1.626 0.155
MCMC 0.832 -1.916 -0.158 -1.206 -1.570 0.088
MCMC* 0.832 -1.916 0.053 -1.178 -1.570 0.173
TS** 0.818 -1.897 -0.173 -1.335 -1.799 0.075
TS* 0.818 -1.897 0.073 -1.335 -1.799 0.222
Mean Absolute Error
MLE* 0.054 0.070 0.159 0.062 0.186 0.107
MCMC 0.055 0.073 0.221 0.078 0.263 0.159
MCMC* 0.055 0.072 0.214 0.076 0.255 0.156
TS** 0.054 0.073 0.190 0.102 0.259 0.154
TS* 0.054 0.071 0.186 0.102 0.255 0.154
Mean Squared Error
MLE* 0.005 0.008 0.042 0.006 0.058 0.019
MCMC 0.005 0.009 0.076 0.009 0.111 0.040
MCMC* 0.005 0.008 0.073 0.009 0.105 0.039
TS** 0.005 0.008 0.059 0.015 0.098 0.033
TS* 0.005 0.008 0.056 0.015 0.095 0.033
SIF for all MCMC outputs
Mean 29 37 138 82 137 167
Standard Deviation 13 16 18 21 18 14

* 779 samples included; ** 998 samples included; 1000 samples included in MCMC
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Table 3.16: ρ=0, Binary Explanatory Variables, xi1 = xi2

β11 β12 β21 β22 α ρ
True Values 1.000 -1.500 0.800 -1.000 -1.200 0.000
Mean
MLE* 1.003 -1.507 0.206 -0.576 -0.492 -0.352
MCMC 1.005 -1.506 0.737 -0.924 -1.124 0.010
MCMC* 1.004 -1.509 0.751 -0.934 -1.140 0.020
TS** 1.006 -1.507 0.199 -0.620 -0.484 -0.421
TS* 1.002 -1.506 0.117 -0.569 -0.385 -0.480
Standard Deviation
MLE* 0.083 0.097 0.440 0.295 0.488 0.324
MCMC 0.086 0.098 0.373 0.267 0.424 0.244
MCMC* 0.082 0.096 0.375 0.270 0.429 0.247
TS** 0.088 0.101 0.804 0.524 0.951 0.563
TS* 0.082 0.096 0.645 0.426 0.762 0.454
Maximum Values
MLE* 1.306 -1.215 2.149 0.677 1.043 0.990
MCMC 1.300 -1.209 1.721 0.300 0.767 0.894
MCMC* 1.300 -1.214 1.721 0.300 0.767 0.801
TS** 1.306 -1.213 2.729 0.207 0.735 1.000
TS* 1.306 -1.213 2.556 0.207 0.657 1.000
Minimum Values
MLE* 0.779 -1.786 -1.152 -1.925 -2.528 -0.994
MCMC 0.758 -1.805 -0.845 -1.560 -2.399 -0.869
MCMC* 0.780 -1.781 -0.845 -1.555 -2.399 -0.869
TS** 0.775 -1.805 -0.938 -2.353 -3.234 -1.000
TS* 0.779 -1.786 -0.919 -2.353 -3.164 -1.000
Mean Absolute Error
MLE* 0.066 0.078 0.714 0.492 0.834 0.454
MCMC 0.069 0.079 0.293 0.213 0.333 0.188
MCMC* 0.065 0.078 0.290 0.211 0.332 0.191
TS** 0.071 0.082 0.951 0.606 1.130 0.666
TS* 0.065 0.077 0.897 0.572 1.069 0.631
Mean Squared Error
MLE* 0.007 0.009 0.546 0.266 0.740 0.228
MCMC 0.007 0.010 0.143 0.077 0.185 0.059
MCMC* 0.007 0.009 0.143 0.077 0.187 0.061
TS** 0.008 0.010 1.008 0.418 1.415 0.494
TS* 0.007 0.009 0.882 0.367 1.243 0.436
SIF for all MCMC outputs
Mean 5 4 175 163 179 185
Standard Deviation 3 2 13 20 12 10

* 497 samples included; ** 551 samples included; 1000 samples included in MCMC
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Table 3.17: ρ=0.5, Binary Explanatory Variables, xi1 = xi2

β11 β12 β21 β22 α ρ
True Values 1.000 -1.500 0.800 -1.000 -1.200 0.500
Mean
MLE* 1.005 -1.504 0.080 -0.567 -0.359 -0.014
MCMC 1.005 -1.506 0.167 -0.604 -0.456 0.053
MCMC* 1.007 -1.506 0.139 -0.582 -0.429 0.034
TS** 1.007 -1.507 0.236 -0.688 -0.543 0.080
TS* 1.005 -1.503 0.100 -0.596 -0.393 -0.012
Standard Deviation
MLE* 0.085 0.097 0.436 0.256 0.480 0.333
MCMC 0.086 0.098 0.390 0.264 0.442 0.264
MCMC* 0.085 0.097 0.405 0.275 0.457 0.269
TS** 0.085 0.097 0.756 0.483 0.896 0.531
TS* 0.085 0.097 0.625 0.404 0.742 0.441
Maximum Values
MLE* 1.233 -1.206 1.531 0.003 0.607 0.997
MCMC 1.308 -1.202 1.482 0.685 1.398 0.958
MCMC* 1.234 -1.202 1.212 0.685 1.398 0.809
TS** 1.306 -1.206 1.931 0.498 1.462 1.000
TS* 1.231 -1.206 1.815 0.454 1.483 1.000
Minimum Values
MLE* 0.755 -1.776 -0.742 -1.461 -1.846 -0.608
MCMC 0.752 -1.804 -1.482 -1.376 -1.786 -0.951
MCMC* 0.752 -1.779 -1.482 -1.217 -1.607 -0.951
TS** 0.756 -1.786 -1.509 -1.829 -2.490 -1.000
TS* 0.756 -1.776 -1.509 -1.829 -2.294 -1.000
Mean Absolute Error
MLE* 0.070 0.079 0.817 0.479 0.937 0.598
MCMC 0.069 0.079 0.651 0.408 0.760 0.461
MCMC* 0.070 0.079 0.673 0.426 0.781 0.475
TS** 0.068 0.078 0.894 0.541 1.057 0.642
TS* 0.070 0.079 0.898 0.543 1.050 0.646
Mean Squared Error
MLE* 0.007 0.009 0.707 0.253 0.938 0.375
MCMC 0.007 0.010 0.553 0.227 0.749 0.269
MCMC* 0.007 0.009 0.600 0.250 0.803 0.290
TS** 0.007 0.009 0.887 0.330 1.233 0.457
TS* 0.007 0.009 0.880 0.325 1.200 0.456
SIF for all MCMC outputs
Mean 5 5 176 166 180 185
Standard Deviation 3 3 13 19 11 9

* 465 samples included; ** 560 samples included; 1000 samples included in MCMC
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Table 3.18: ρ=0.8, Binary Explanatory Variables, xi1 = xi2

β11 β12 β21 β22 α ρ
True Values 1.000 -1.500 0.800 -1.000 -1.200 0.800
Mean
MLE* 1.010 -1.512 0.420 -0.797 -0.781 0.549
MCMC 1.007 -1.509 -0.102 -0.495 -0.190 0.180
MCMC* 1.013 -1.516 -0.090 -0.500 -0.213 0.197
TS** 1.005 -1.504 0.371 -0.844 -0.782 0.525
TS* 1.009 -1.511 0.213 -0.743 -0.604 0.423
Standard Deviation
MLE* 0.085 0.097 0.528 0.273 0.570 0.362
MCMC 0.087 0.098 0.475 0.304 0.534 0.319
MCMC* 0.086 0.098 0.453 0.291 0.507 0.306
TS** 0.085 0.094 0.645 0.414 0.758 0.447
TS* 0.085 0.097 0.577 0.369 0.680 0.405
Maximum Values
MLE* 1.268 -1.207 1.177 0.052 0.882 0.993
MCMC 1.307 -1.204 1.087 0.657 1.675 0.951
MCMC* 1.284 -1.204 1.057 0.657 1.675 0.920
TS** 1.306 -1.260 1.427 0.511 2.000 1.000
TS* 1.268 -1.206 1.418 -0.005 0.592 1.000
Minimum Values
MLE* 0.757 -1.805 -0.986 -1.260 -1.507 -0.381
MCMC 0.754 -1.820 -1.718 -1.165 -1.484 -0.948
MCMC* 0.754 -1.820 -1.718 -1.128 -1.381 -0.948
TS** 0.779 -1.805 -1.925 -1.625 -1.957 -1.000
TS* 0.756 -1.805 -0.933 -1.562 -1.896 -0.316
Mean Absolute Error
MLE* 0.069 0.080 0.501 0.263 0.531 0.336
MCMC 0.070 0.079 0.909 0.511 1.016 0.624
MCMC* 0.070 0.081 0.894 0.503 0.990 0.606
TS** 0.068 0.076 0.655 0.401 0.761 0.453
TS* 0.069 0.080 0.732 0.417 0.825 0.499
Mean Squared Error
MLE* 0.007 0.010 0.423 0.115 0.500 0.193
MCMC 0.008 0.010 1.039 0.348 1.305 0.487
MCMC* 0.008 0.010 0.997 0.335 1.231 0.457
TS** 0.007 0.009 0.600 0.195 0.749 0.275
TS* 0.007 0.010 0.677 0.202 0.817 0.306
SIF for all MCMC outputs
Mean 6 5 178 166 182 187
Standard Deviation 4 3 15 24 13 9

* 610 samples included; ** 602 samples included; 1000 samples included in MCMC
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Table 3.19: ρ=0, Binary Explanatory Variables, xi1 = xi2

Starting values are (0.892, -1.452, 0.738, -0.943, -1.166, 0)
β11 β12 β21 β22 α ρ

True Values 1.000 -1.500 0.800 -1.000 -1.200 0.000
Mean
MLE* 1.005 -1.504 0.804 -0.983 -1.195 0.041
MCMC 1.005 -1.506 0.739 -0.925 -1.126 0.011
MCMC* 1.005 -1.504 0.746 -0.931 -1.130 0.013
TS** 1.005 -1.504 0.757 -0.978 -1.148 -0.033
TS* 1.002 -1.501 0.753 -0.975 -1.139 -0.037
Standard Deviation
MLE* 0.089 0.098 0.446 0.279 0.519 0.374
MCMC 0.087 0.098 0.371 0.264 0.420 0.241
MCMC* 0.089 0.099 0.374 0.266 0.423 0.243
TS** 0.083 0.096 0.852 0.550 1.010 0.606
TS* 0.088 0.098 0.710 0.460 0.842 0.505
Maximum Values
MLE* 1.266 -1.237 1.947 0.101 0.466 0.991
MCMC 1.300 -1.210 1.710 0.136 0.412 0.838
MCMC* 1.260 -1.239 1.710 -0.025 0.209 0.768
TS** 1.306 -1.213 2.729 0.252 0.735 1.000
TS* 1.260 -1.237 2.729 0.149 0.735 1.000
Minimum Values
MLE* 0.775 -1.800 -0.702 -1.760 -2.477 -0.722
MCMC 0.759 -1.805 -0.616 -1.583 -2.244 -0.758
MCMC* 0.775 -1.788 -0.467 -1.583 -2.140 -0.601
TS** 0.757 -1.805 -0.921 -2.286 -3.234 -1.000
TS* 0.775 -1.779 -0.887 -2.286 -3.234 -1.000
Mean Absolute Error
MLE* 0.071 0.080 0.307 0.204 0.354 0.239
MCMC 0.070 0.080 0.297 0.215 0.338 0.190
MCMC* 0.071 0.081 0.303 0.220 0.344 0.194
TS** 0.066 0.077 0.603 0.396 0.716 0.429
TS* 0.071 0.080 0.468 0.314 0.554 0.332
Mean Squared Error
MLE* 0.008 0.010 0.198 0.078 0.269 0.141
MCMC 0.008 0.010 0.141 0.075 0.182 0.058
MCMC* 0.008 0.010 0.142 0.076 0.184 0.059
TS** 0.007 0.009 0.727 0.303 1.021 0.367
TS* 0.008 0.010 0.505 0.212 0.712 0.256
SIF for all MCMC outputs
Mean 5 4 175 163 178 185
Standard Deviation 2 2 13 20 12 9

* 541 samples included; ** 590 samples included; 1000 samples included in MCMC
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Table 3.20: ρ=0.5, Binary Explanatory Variables, xi1 = xi2

Starting values are (0.892, -1.452, 0.738, -0.943, -1.166, 0)
β11 β12 β21 β22 α ρ

True Values 1.000 -1.500 0.800 -1.000 -1.200 0.500
Mean
MLE* 1.004 -1.505 0.833 -1.001 -1.219 0.549
MCMC 1.004 -1.506 0.164 -0.602 -0.452 0.051
MCMC* 1.005 -1.506 0.194 -0.620 -0.489 0.076
TS** 1.002 -1.504 0.936 -1.132 -1.381 0.575
TS* 1.003 -1.504 0.994 -1.168 -1.454 0.620
Standard Deviation
MLE* 0.085 0.096 0.436 0.246 0.482 0.338
MCMC 0.087 0.098 0.387 0.258 0.438 0.261
MCMC* 0.086 0.097 0.381 0.254 0.431 0.258
TS** 0.086 0.098 0.835 0.537 0.989 0.583
TS* 0.085 0.096 0.732 0.472 0.867 0.513
Maximum Values
MLE* 1.244 -1.213 1.531 0.009 0.730 0.997
MCMC 1.301 -1.202 1.482 0.576 1.398 0.958
MCMC* 1.250 -1.212 1.322 0.215 1.119 0.958
TS** 1.306 -1.213 1.931 0.500 1.493 1.000
TS* 1.246 -1.213 1.861 0.493 1.493 1.000
Minimum Values
MLE* 0.757 -1.783 -0.763 -1.450 -1.874 -0.591
MCMC 0.752 -1.800 -1.396 -1.371 -1.786 -0.951
MCMC* 0.761 -1.791 -1.087 -1.354 -1.691 -0.761
TS** 0.757 -1.805 -1.509 -1.886 -2.490 -1.000
TS* 0.757 -1.779 -1.484 -1.886 -2.334 -1.000
Mean Absolute Error
MLE* 0.069 0.078 0.378 0.202 0.414 0.302
MCMC 0.070 0.079 0.654 0.409 0.764 0.463
MCMC* 0.069 0.079 0.622 0.390 0.727 0.438
TS** 0.069 0.079 0.724 0.475 0.868 0.506
TS* 0.069 0.078 0.658 0.435 0.791 0.460
Mean Squared Error
MLE* 0.007 0.009 0.191 0.060 0.233 0.116
MCMC 0.008 0.010 0.554 0.225 0.752 0.270
MCMC* 0.007 0.009 0.512 0.209 0.691 0.246
TS** 0.007 0.010 0.715 0.305 1.009 0.345
TS* 0.007 0.009 0.573 0.251 0.814 0.277
SIF for all MCMC outputs
Mean 5 5 177 167 180 185
Standard Deviation 3 3 13 17 11 9

* 649 samples included; ** 734 samples included; 1000 samples included in MCMC
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Table 3.21: ρ=0.8, Binary Explanatory Variables, xi1 = xi2

Starting values are (0.892, -1.452, 0.738, -0.943, -1.166, 0)
β11 β12 β21 β22 α ρ

True Values 1.000 -1.500 0.800 -1.000 -1.200 0.800
Mean
MLE* 1.006 -1.507 0.733 -0.964 -1.124 0.757
MCMC 1.007 -1.509 -0.117 -0.484 -0.173 0.169
MCMC* 1.009 -1.512 -0.102 -0.493 -0.195 0.181
TS** 1.001 -1.501 0.922 -1.194 -1.441 0.914
TS* 1.006 -1.507 0.916 -1.191 -1.437 0.911
Standard Deviation
MLE* 0.084 0.095 0.317 0.175 0.327 0.206
MCMC 0.087 0.098 0.480 0.309 0.542 0.325
MCMC* 0.084 0.096 0.462 0.300 0.524 0.315
TS** 0.086 0.098 0.412 0.276 0.478 0.278
TS* 0.084 0.095 0.385 0.257 0.445 0.259
Maximum Values
MLE* 1.268 -1.213 1.240 0.138 1.013 0.975
MCMC 1.307 -1.210 1.184 0.657 1.675 0.946
MCMC* 1.277 -1.216 0.954 0.649 1.641 0.897
TS** 1.268 -1.206 1.427 0.590 1.978 1.000
TS* 1.268 -1.213 1.418 0.585 1.978 1.000
Minimum Values
MLE* 0.779 -1.805 -1.151 -1.278 -1.548 -0.459
MCMC 0.757 -1.813 -1.718 -1.237 -1.484 -0.941
MCMC* 0.782 -1.813 -1.627 -1.176 -1.324 -0.910
TS** 0.756 -1.805 -1.937 -1.625 -1.957 -1.000
TS* 0.779 -1.805 -1.937 -1.562 -1.896 -1.000
Mean Absolute Error
MLE* 0.067 0.077 0.220 0.125 0.215 0.140
MCMC 0.070 0.079 0.924 0.521 1.033 0.634
MCMC* 0.069 0.078 0.904 0.510 1.006 0.620
TS** 0.069 0.079 0.301 0.282 0.428 0.232
TS* 0.067 0.077 0.294 0.272 0.419 0.227
Mean Squared Error
MLE* 0.007 0.009 0.105 0.032 0.112 0.044
MCMC 0.008 0.010 1.071 0.362 1.349 0.504
MCMC* 0.007 0.009 1.026 0.347 1.284 0.482
TS** 0.007 0.010 0.184 0.114 0.286 0.090
TS* 0.007 0.009 0.161 0.102 0.254 0.079
SIF for all MCMC outputs
Mean 6 5 179 166 182 187
Standard Deviation 4 3 14 22 12 9

* 769 samples included; ** 875 samples included; 1000 samples included in MCMC
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Table 3.22: ρ=0, Continuous Explanatory Variables (Variances 0.21), xi1 = xi2

β11 β12 β21 β22 α ρ
True Values 1.000 -1.500 0.800 -1.000 -1.200 0.000
Mean
MLE* 1.003 -1.504 0.775 -0.971 -1.163 0.017
MCMC 1.003 -1.501 0.838 -1.000 -1.241 0.057
MCMC* 1.004 -1.504 0.847 -1.004 -1.254 0.067
TS** 1.003 -1.505 0.820 -1.009 -1.225 0.012
TS* 1.003 -1.504 0.775 -0.992 -1.170 -0.019
Standard Deviation
MLE* 0.054 0.125 0.502 0.227 0.624 0.395
MCMC 0.054 0.125 0.337 0.174 0.419 0.252
MCMC* 0.054 0.126 0.347 0.174 0.431 0.262
TS** 0.053 0.122 0.558 0.259 0.703 0.414
TS* 0.054 0.125 0.584 0.262 0.735 0.436
Maximum Values
MLE* 1.185 -1.156 1.874 -0.268 0.296 0.985
MCMC 1.194 -1.150 1.869 -0.349 0.072 0.937
MCMC* 1.194 -1.150 1.869 -0.349 0.035 0.937
TS** 1.193 -1.153 2.423 -0.264 0.612 1.000
TS* 1.193 -1.153 2.282 -0.264 0.576 1.000
Minimum Values
MLE* 0.839 -1.949 -0.425 -1.568 -2.491 -0.733
MCMC 0.839 -1.944 -0.229 -1.625 -2.518 -0.742
MCMC* 0.839 -1.944 -0.206 -1.625 -2.518 -0.577
TS** 0.835 -1.925 -0.645 -1.812 -3.086 -1.000
TS* 0.835 -1.948 -0.645 -1.812 -3.059 -1.000
Mean Absolute Error
MLE* 0.043 0.100 0.420 0.187 0.524 0.324
MCMC 0.042 0.100 0.272 0.138 0.339 0.207
MCMC* 0.043 0.100 0.284 0.138 0.356 0.221
TS** 0.042 0.098 0.450 0.207 0.567 0.338
TS* 0.043 0.100 0.479 0.212 0.604 0.360
Mean Squared Error
MLE* 0.003 0.016 0.252 0.052 0.390 0.156
MCMC 0.003 0.016 0.115 0.030 0.177 0.067
MCMC* 0.003 0.016 0.122 0.030 0.188 0.073
TS** 0.003 0.015 0.311 0.067 0.495 0.171
TS* 0.003 0.016 0.341 0.069 0.541 0.190
SIF for all MCMC outputs
Mean 8 9 156 113 158 170
Standard Deviation 3 4 14 20 14 13

* 658 samples included; ** 872 samples included; 1000 samples included in MCMC
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Table 3.23: ρ=0.5, Continuous Explanatory Variables (Variances 0.21), xi1 = xi2

β11 β12 β21 β22 α ρ
True Values 1.000 -1.500 0.800 -1.000 -1.200 0.500
Mean
MLE* 1.006 -1.500 0.766 -0.972 -1.145 0.481
MCMC 1.005 -1.507 0.555 -0.899 -0.894 0.321
MCMC* 1.008 -1.504 0.584 -0.909 -0.928 0.341
TS** 1.003 -1.502 0.810 -1.042 -1.234 0.501
TS* 1.005 -1.498 0.817 -1.043 -1.242 0.505
Standard Deviation
MLE* 0.054 0.123 0.429 0.172 0.510 0.318
MCMC 0.054 0.124 0.321 0.149 0.387 0.233
MCMC* 0.054 0.123 0.309 0.143 0.370 0.221
TS** 0.054 0.124 0.478 0.220 0.600 0.345
TS* 0.054 0.123 0.480 0.220 0.599 0.344
Maximum Values
MLE* 1.190 -1.187 1.508 -0.330 0.725 0.999
MCMC 1.196 -1.152 1.356 -0.409 0.543 0.904
MCMC* 1.196 -1.184 1.334 -0.409 0.462 0.904
TS** 1.193 -1.153 1.811 -0.350 0.819 1.000
TS* 1.193 -1.186 1.811 -0.350 0.740 1.000
Minimum Values
MLE* 0.839 -1.925 -0.772 -1.402 -1.966 -0.512
MCMC 0.839 -1.935 -0.609 -1.351 -1.795 -0.374
MCMC* 0.839 -1.930 -0.565 -1.351 -1.778 -0.374
TS** 0.835 -1.948 -0.839 -1.651 -2.445 -0.609
TS* 0.835 -1.925 -0.749 -1.651 -2.445 -0.609
Mean Absolute Error
MLE* 0.042 0.097 0.347 0.133 0.409 0.258
MCMC 0.043 0.099 0.318 0.141 0.386 0.233
MCMC* 0.043 0.097 0.289 0.132 0.350 0.212
TS** 0.042 0.100 0.384 0.179 0.484 0.278
TS* 0.042 0.098 0.389 0.181 0.488 0.278
Mean Squared Error
MLE* 0.003 0.015 0.185 0.030 0.262 0.101
MCMC 0.003 0.015 0.163 0.032 0.244 0.086
MCMC* 0.003 0.015 0.142 0.029 0.210 0.074
TS** 0.003 0.015 0.229 0.050 0.361 0.119
TS* 0.003 0.015 0.231 0.050 0.360 0.118
SIF for all MCMC outputs
Mean 9 10 158 103 159 170
Standard Deviation 4 4 15 24 14 13

* 639 samples included; ** 995 samples included; 1000 samples included in MCMC
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Table 3.24: ρ=0.8, Continuous Explanatory Variables (Variances 0.21), xi1 = xi2

β11 β12 β21 β22 α ρ
True Values 1.000 -1.500 0.800 -1.000 -1.200 0.800
Mean
MLE* 1.007 -1.511 0.675 -0.958 -1.058 0.724
MCMC 1.010 -1.521 0.409 -0.884 -0.752 0.551
MCMC* 1.012 -1.523 0.398 -0.878 -0.743 0.548
TS** 1.003 -1.501 0.737 -1.102 -1.222 0.845
TS* 1.006 -1.504 0.701 -1.084 -1.179 0.824
Standard Deviation
MLE* 0.054 0.123 0.337 0.125 0.375 0.201
MCMC 0.053 0.122 0.319 0.130 0.367 0.198
MCMC* 0.054 0.121 0.306 0.121 0.350 0.189
TS** 0.053 0.125 0.320 0.163 0.398 0.227
TS* 0.054 0.124 0.339 0.163 0.419 0.238
Maximum Values
MLE* 1.176 -1.201 1.220 -0.475 0.380 0.992
MCMC 1.190 -1.143 1.222 -0.366 0.514 0.972
MCMC* 1.181 -1.194 1.160 -0.366 0.491 0.972
TS** 1.193 -1.153 1.218 -0.429 0.646 1.000
TS* 1.173 -1.186 1.198 -0.429 0.646 1.000
Minimum Values
MLE* 0.858 -1.947 -0.591 -1.350 -1.668 -0.133
MCMC 0.855 -1.962 -0.672 -1.264 -1.688 -0.187
MCMC* 0.862 -1.962 -0.672 -1.227 -1.547 -0.187
TS** 0.835 -1.948 -0.776 -1.509 -1.808 -0.238
TS* 0.857 -1.948 -0.776 -1.439 -1.766 -0.238
Mean Absolute Error
MLE* 0.043 0.097 0.263 0.100 0.288 0.153
MCMC 0.043 0.098 0.414 0.140 0.471 0.261
MCMC* 0.043 0.097 0.418 0.139 0.474 0.261
TS** 0.042 0.100 0.231 0.162 0.311 0.194
TS* 0.043 0.098 0.252 0.154 0.328 0.202
Mean Squared Error
MLE* 0.003 0.015 0.129 0.017 0.160 0.046
MCMC 0.003 0.015 0.255 0.030 0.335 0.101
MCMC* 0.003 0.015 0.255 0.030 0.331 0.099
TS** 0.003 0.016 0.106 0.037 0.159 0.053
TS* 0.003 0.015 0.125 0.033 0.176 0.057
SIF for all MCMC outputs
Mean 12 13 163 88 163 175
Standard Deviation 7 7 14 28 14 11

* 655 samples included; ** 960 samples included; 1000 samples included in MCMC
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Table 3.25: ρ=0, Two More Binary Explanatory Variables, xi1 = xi2

β11 β12 β13 β21 β22 β23 α ρ
True Values 1.000 -1.500 -1.000 0.800 -1.000 1.500 -1.200 0.000
Mean
MLE* 1.006 -1.510 -1.008 0.445 -0.739 1.535 -0.782 -0.197
MCMC 1.008 -1.509 -1.006 0.697 -0.908 1.483 -1.087 -0.041
MCMC* 1.008 -1.513 -1.010 0.741 -0.937 1.466 -1.138 -0.013
TS** 1.004 -1.508 -1.004 1.027 -1.153 1.445 -1.477 0.148
TS* 1.005 -1.510 -1.007 0.994 -1.134 1.451 -1.438 0.126
Standard Deviation
MLE* 0.100 0.105 0.104 0.599 0.377 0.238 0.703 0.399
MCMC 0.098 0.103 0.103 0.375 0.266 0.146 0.434 0.218
MCMC* 0.099 0.105 0.103 0.384 0.266 0.155 0.443 0.230
TS** 0.095 0.105 0.101 0.951 0.603 0.321 1.143 0.628
TS* 0.099 0.105 0.102 0.934 0.591 0.318 1.120 0.617
Maximum Values
MLE* 1.319 -1.237 -0.667 2.113 0.420 2.007 0.819 0.824
MCMC 1.333 -1.240 -0.673 2.078 0.169 1.924 0.666 0.720
MCMC* 1.333 -1.240 -0.679 2.078 0.169 1.888 0.666 0.720
TS** 1.329 -1.240 -0.657 2.904 0.277 2.293 0.830 1.000
TS* 1.329 -1.240 -0.679 2.760 0.134 2.268 0.830 1.000
Minimum Values
MLE* 0.689 -1.808 -1.341 -0.897 -1.792 0.722 -2.617 -0.961
MCMC 0.699 -1.832 -1.340 -0.761 -1.895 0.864 -2.552 -0.792
MCMC* 0.699 -1.814 -1.340 -0.761 -1.822 0.864 -2.552 -0.792
TS** 0.696 -1.811 -1.301 -0.987 -2.717 0.779 -3.626 -1.000
TS* 0.696 -1.811 -1.328 -0.944 -2.423 0.779 -3.528 -1.000
Mean Absolute Error
MLE* 0.079 0.083 0.082 0.657 0.423 0.201 0.774 0.418
MCMC 0.079 0.083 0.081 0.313 0.225 0.116 0.360 0.178
MCMC* 0.079 0.084 0.081 0.314 0.217 0.124 0.359 0.186
TS** 0.077 0.084 0.080 0.837 0.526 0.278 1.008 0.555
TS* 0.079 0.083 0.081 0.813 0.510 0.273 0.977 0.537
Mean Squared Error
MLE* 0.010 0.011 0.011 0.484 0.210 0.058 0.668 0.198
MCMC 0.010 0.011 0.011 0.151 0.079 0.022 0.201 0.049
MCMC* 0.010 0.011 0.011 0.151 0.074 0.025 0.199 0.053
TS** 0.009 0.011 0.010 0.955 0.386 0.106 1.381 0.416
TS* 0.010 0.011 0.011 0.909 0.367 0.103 1.308 0.396
SIF for all MCMC outputs
Mean 5 5 5 163 148 110 169 178
Standard Deviation 2 2 2 16 24 30 14 11

* 539 samples included; ** 739 samples included; 1000 samples included in MCMC
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Table 3.26: ρ=0.5, Two More Binary Explanatory Variables, xi1 = xi2

β11 β12 β13 β21 β22 β23 α ρ
True Values 1.000 -1.500 -1.000 0.800 -1.000 1.500 -1.200 0.500
Mean
MLE* 1.007 -1.508 -1.009 0.566 -0.863 1.586 -0.916 0.332
MCMC 1.008 -1.510 -1.006 0.322 -0.733 1.698 -0.622 0.166
MCMC* 1.009 -1.512 -1.011 0.412 -0.777 1.651 -0.726 0.220
TS** 1.004 -1.503 -1.006 1.067 -1.233 1.543 -1.517 0.670
TS* 1.005 -1.506 -1.008 1.028 -1.207 1.549 -1.472 0.643
Standard Deviation
MLE* 0.096 0.104 0.101 0.528 0.280 0.306 0.635 0.364
MCMC 0.098 0.103 0.103 0.432 0.268 0.206 0.509 0.274
MCMC* 0.096 0.104 0.101 0.437 0.271 0.206 0.510 0.276
TS** 0.097 0.104 0.103 0.698 0.436 0.265 0.828 0.459
TS* 0.095 0.104 0.100 0.698 0.433 0.266 0.824 0.463
Maximum Values
MLE* 1.318 -1.240 -0.674 1.652 0.665 2.176 1.484 0.984
MCMC 1.329 -1.242 -0.662 1.625 0.240 2.202 1.232 0.951
MCMC* 1.329 -1.242 -0.689 1.625 0.240 2.113 1.232 0.951
TS** 1.329 -1.240 -0.679 2.183 0.426 2.613 1.645 1.000
TS* 1.329 -1.240 -0.679 2.183 0.008 2.454 1.144 1.000
Minimum Values
MLE* 0.692 -1.811 -1.330 -1.578 -1.532 0.890 -2.420 -0.958
MCMC 0.706 -1.817 -1.335 -1.233 -1.558 1.006 -2.328 -0.824
MCMC* 0.706 -1.816 -1.335 -1.233 -1.558 1.015 -2.328 -0.824
TS** 0.696 -1.819 -1.326 -1.589 -1.954 1.042 -2.606 -1.000
TS* 0.696 -1.819 -1.328 -1.205 -1.947 1.042 -2.606 -1.000
Mean Absolute Error
MLE* 0.077 0.082 0.080 0.475 0.250 0.274 0.572 0.329
MCMC 0.079 0.083 0.082 0.534 0.306 0.243 0.638 0.361
MCMC* 0.077 0.083 0.080 0.466 0.274 0.214 0.557 0.317
TS** 0.078 0.083 0.082 0.690 0.450 0.207 0.825 0.457
TS* 0.077 0.082 0.080 0.697 0.443 0.220 0.830 0.466
Mean Squared Error
MLE* 0.009 0.011 0.010 0.333 0.097 0.101 0.483 0.161
MCMC 0.010 0.011 0.011 0.415 0.143 0.081 0.593 0.187
MCMC* 0.009 0.011 0.010 0.341 0.123 0.065 0.484 0.155
TS** 0.009 0.011 0.011 0.558 0.244 0.072 0.785 0.240
TS* 0.009 0.011 0.010 0.538 0.230 0.073 0.752 0.234
SIF for all MCMC outputs
Mean 5 6 5 162 138 129 169 180
Standard Deviation 2 2 2 20 36 26 17 11

* 590 samples included; ** 774 samples included; 1000 samples included in MCMC
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Table 3.27: ρ=0.8, Two More Binary Explanatory Variables, xi1 = xi2

β11 β12 β13 β21 β22 β23 α ρ
True Values 1.000 -1.500 -1.000 0.800 -1.000 1.500 -1.200 0.800
Mean
MLE* 1.007 -1.512 -1.005 0.733 -0.980 1.549 -1.119 0.756
MCMC 1.009 -1.515 -1.009 0.383 -0.835 1.776 -0.697 0.524
MCMC* 1.012 -1.520 -1.011 0.367 -0.828 1.783 -0.680 0.514
TS** 1.004 -1.507 -1.002 0.890 -1.275 1.835 -1.331 0.921
TS* 1.007 -1.510 -1.005 0.836 -1.241 1.847 -1.265 0.884
Standard Deviation
MLE* 0.095 0.101 0.100 0.308 0.156 0.242 0.354 0.174
MCMC 0.097 0.103 0.103 0.479 0.252 0.283 0.559 0.293
MCMC* 0.096 0.102 0.101 0.448 0.242 0.262 0.523 0.273
TS** 0.097 0.102 0.102 0.353 0.235 0.179 0.409 0.216
TS* 0.096 0.101 0.100 0.398 0.259 0.185 0.474 0.253
Maximum Values
MLE* 1.311 -1.246 -0.686 1.454 0.387 2.389 1.594 0.993
MCMC 1.320 -1.232 -0.656 1.383 0.682 2.582 1.905 0.985
MCMC* 1.320 -1.251 -0.693 1.383 0.628 2.554 1.905 0.956
TS** 1.329 -1.240 -0.679 1.710 -0.515 2.441 0.164 1.000
TS* 1.329 -1.241 -0.679 1.659 -0.270 2.608 0.634 1.000
Minimum Values
MLE* 0.707 -1.807 -1.321 -1.637 -1.399 1.028 -1.755 -0.837
MCMC 0.705 -1.817 -1.332 -1.986 -1.388 1.060 -1.667 -0.907
MCMC* 0.705 -1.817 -1.332 -1.916 -1.388 1.092 -1.631 -0.907
TS** 0.696 -1.819 -1.328 -0.358 -1.842 1.317 -2.011 0.054
TS* 0.696 -1.819 -1.328 -0.853 -1.808 1.317 -1.895 -0.150
Mean Absolute Error
MLE* 0.077 0.081 0.079 0.214 0.118 0.181 0.237 0.104
MCMC 0.078 0.083 0.082 0.467 0.217 0.317 0.555 0.292
MCMC* 0.077 0.082 0.080 0.467 0.216 0.314 0.556 0.294
TS** 0.078 0.081 0.081 0.284 0.328 0.337 0.349 0.229
TS* 0.077 0.081 0.079 0.313 0.318 0.348 0.386 0.243
Mean Squared Error
MLE* 0.009 0.010 0.010 0.099 0.025 0.061 0.132 0.032
MCMC 0.010 0.011 0.011 0.403 0.090 0.156 0.565 0.162
MCMC* 0.009 0.011 0.010 0.387 0.088 0.148 0.544 0.157
TS** 0.009 0.010 0.010 0.133 0.130 0.144 0.185 0.061
TS* 0.009 0.010 0.010 0.159 0.125 0.155 0.229 0.071
SIF for all MCMC outputs
Mean 7 9 8 151 103 139 161 183
Standard Deviation 4 5 5 32 53 25 26 11

* 784 samples included; ** 920 samples included; 1000 samples included in MCMC
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Table 3.28: ρ=0, Two More Binary Explanatory Variables, xi1 = xi2

Starting values are (0.835,-1.419,-0.820,0.816,-0.959,1.374,-1.158,0)
β11 β12 β13 β21 β22 β23 α ρ

True Values 1.000 -1.500 -1.000 0.800 -1.000 1.500 -1.200 0.000
Mean
MLE* 1.008 -1.506 -1.007 0.949 -1.068 1.404 -1.389 0.128
MCMC 1.008 -1.509 -1.006 0.701 -0.912 1.484 -1.091 -0.039
MCMC* 1.010 -1.509 -1.008 0.754 -0.944 1.464 -1.154 -0.003
TS** 1.004 -1.507 -1.003 1.014 -1.145 1.450 -1.461 0.136
TS* 1.007 -1.505 -1.006 1.074 -1.183 1.430 -1.534 0.181
Standard Deviation
MLE* 0.097 0.100 0.100 0.521 0.326 0.228 0.630 0.361
MCMC 0.098 0.103 0.103 0.362 0.255 0.145 0.419 0.211
MCMC* 0.097 0.100 0.100 0.379 0.262 0.149 0.444 0.227
TS** 0.098 0.101 0.102 0.956 0.605 0.322 1.153 0.639
TS* 0.097 0.100 0.099 0.908 0.575 0.307 1.096 0.603
Maximum Values
MLE* 1.320 -1.241 -0.683 2.242 0.419 1.910 0.819 0.955
MCMC 1.333 -1.239 -0.673 1.975 -0.161 1.924 0.071 0.734
MCMC* 1.333 -1.239 -0.679 1.975 -0.161 1.834 0.068 0.734
TS** 1.329 -1.240 -0.679 2.904 0.277 2.293 0.830 1.000
TS* 1.329 -1.240 -0.679 2.904 0.277 2.293 0.792 1.000
Minimum Values
MLE* 0.704 -1.803 -1.327 -0.896 -2.086 0.765 -2.857 -0.961
MCMC 0.699 -1.832 -1.346 -0.333 -1.801 0.954 -2.509 -0.602
MCMC* 0.699 -1.806 -1.327 -0.333 -1.801 0.954 -2.509 -0.574
TS** 0.696 -1.819 -1.328 -0.987 -2.717 0.779 -3.626 -1.000
TS* 0.696 -1.804 -1.328 -0.919 -2.717 0.779 -3.626 -1.000
Mean Absolute Error
MLE* 0.078 0.080 0.079 0.423 0.261 0.191 0.515 0.297
MCMC 0.079 0.083 0.081 0.304 0.219 0.115 0.349 0.173
MCMC* 0.079 0.080 0.079 0.309 0.216 0.121 0.361 0.183
TS** 0.080 0.081 0.080 0.797 0.505 0.271 0.967 0.537
TS* 0.078 0.080 0.079 0.752 0.478 0.259 0.911 0.501
Mean Squared Error
MLE* 0.010 0.010 0.010 0.293 0.111 0.061 0.432 0.146
MCMC 0.010 0.011 0.011 0.141 0.073 0.021 0.187 0.046
MCMC* 0.010 0.010 0.010 0.145 0.072 0.024 0.199 0.051
TS** 0.010 0.010 0.010 0.958 0.387 0.106 1.396 0.426
TS* 0.009 0.010 0.010 0.899 0.364 0.099 1.311 0.396
SIF for all MCMC outputs
Mean 5 5 5 163 148 111 169 178
Standard Deviation 2 2 2 16 24 29 14 11

* 636 samples included; ** 720 samples included; 1000 samples included in MCMC
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Table 3.29: ρ=0.5, Two More Binary Explanatory Variables, xi1 = xi2

Starting values are (0.835,-1.419,-0.820,0.816,-0.959,1.374,-1.158,0)
β11 β12 β13 β21 β22 β23 α ρ

True Values 1.000 -1.500 -1.000 0.800 -1.000 1.500 -1.200 0.500
Mean
MLE* 1.006 -1.507 -1.005 0.834 -1.007 1.463 -1.244 0.521
MCMC 1.008 -1.510 -1.006 0.332 -0.739 1.694 -0.634 0.172
MCMC* 1.008 -1.510 -1.007 0.401 -0.776 1.662 -0.716 0.217
TS** 1.005 -1.507 -1.003 1.154 -1.287 1.514 -1.630 0.737
TS* 1.005 -1.506 -1.004 1.209 -1.320 1.493 -1.695 0.773
Standard Deviation
MLE* 0.099 0.103 0.105 0.335 0.192 0.223 0.395 0.214
MCMC 0.098 0.103 0.103 0.432 0.272 0.206 0.507 0.273
MCMC* 0.099 0.103 0.105 0.416 0.264 0.202 0.487 0.263
TS** 0.098 0.103 0.104 0.613 0.386 0.237 0.731 0.405
TS* 0.098 0.103 0.105 0.530 0.341 0.209 0.634 0.350
Maximum Values
MLE* 1.318 -1.237 -0.657 1.703 0.017 2.156 0.764 0.984
MCMC 1.327 -1.241 -0.655 1.586 0.459 2.202 1.268 0.940
MCMC* 1.327 -1.241 -0.655 1.586 0.459 2.202 1.268 0.940
TS** 1.329 -1.241 -0.657 2.183 0.426 2.613 1.645 1.000
TS* 1.329 -1.240 -0.657 2.183 0.374 2.549 1.645 1.000
Minimum Values
MLE* 0.705 -1.813 -1.330 -0.813 -1.543 0.890 -2.420 -0.616
MCMC 0.698 -1.820 -1.335 -1.301 -1.534 0.976 -2.269 -0.888
MCMC* 0.698 -1.820 -1.335 -1.301 -1.534 0.976 -2.269 -0.888
TS** 0.696 -1.819 -1.328 -1.589 -1.954 1.042 -2.606 -1.000
TS* 0.696 -1.819 -1.328 -1.567 -1.954 1.042 -2.606 -1.000
Mean Absolute Error
MLE* 0.080 0.082 0.084 0.263 0.146 0.182 0.310 0.169
MCMC 0.079 0.083 0.081 0.526 0.302 0.241 0.627 0.355
MCMC* 0.080 0.083 0.084 0.467 0.272 0.218 0.556 0.315
TS** 0.080 0.082 0.083 0.618 0.419 0.174 0.746 0.415
TS* 0.079 0.082 0.083 0.597 0.412 0.159 0.722 0.403
Mean Squared Error
MLE* 0.010 0.011 0.011 0.113 0.037 0.051 0.158 0.046
MCMC 0.010 0.011 0.011 0.406 0.142 0.080 0.578 0.182
MCMC* 0.010 0.011 0.011 0.332 0.120 0.067 0.471 0.149
TS** 0.010 0.011 0.011 0.501 0.232 0.056 0.719 0.220
TS* 0.010 0.011 0.011 0.448 0.219 0.044 0.647 0.197
SIF for all MCMC outputs
Mean 5 6 5 161 137 129 169 179
Standard Deviation 2 2 2 21 36 26 17 12

* 844 samples included; ** 887 samples included; 1000 samples included in MCMC
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Table 3.30: ρ=0.8, Two More Binary Explanatory Variables, xi1 = xi2

Starting values are (0.835,-1.419,-0.820,0.816,-0.959,1.374,-1.158,0)
β11 β12 β13 β21 β22 β23 α ρ

True Values 1.000 -1.500 -1.000 0.800 -1.000 1.500 -1.200 0.800
Mean
MLE* 1.002 -1.507 -1.001 0.795 -1.003 1.509 -1.192 0.796
MCMC 1.009 -1.514 -1.009 0.396 -0.842 1.770 -0.712 0.532
MCMC* 1.007 -1.515 -1.007 0.398 -0.840 1.767 -0.717 0.535
TS** 1.005 -1.506 -1.003 0.963 -1.318 1.810 -1.418 0.973
TS* 1.004 -1.506 -1.002 0.967 -1.317 1.805 -1.426 0.978
Standard Deviation
MLE* 0.096 0.104 0.103 0.229 0.133 0.201 0.252 0.109
MCMC 0.097 0.103 0.103 0.467 0.244 0.282 0.549 0.289
MCMC* 0.097 0.104 0.103 0.453 0.239 0.274 0.535 0.281
TS** 0.097 0.103 0.102 0.254 0.184 0.158 0.269 0.126
TS* 0.097 0.104 0.103 0.227 0.172 0.151 0.232 0.096
Maximum Values
MLE* 1.311 -1.214 -0.660 1.454 -0.510 2.194 -0.072 1.000
MCMC 1.321 -1.232 -0.659 1.317 0.564 2.605 1.755 0.965
MCMC* 1.321 -1.232 -0.659 1.317 0.564 2.605 1.755 0.965
TS** 1.329 -1.240 -0.657 1.711 -0.233 2.577 0.897 1.000
TS* 1.329 -1.240 -0.657 1.711 -0.438 2.435 0.201 1.000
Minimum Values
MLE* 0.707 -1.805 -1.322 -0.187 -1.399 0.962 -1.759 0.207
MCMC 0.709 -1.816 -1.329 -1.666 -1.327 1.088 -1.626 -0.924
MCMC* 0.709 -1.816 -1.329 -1.666 -1.327 1.088 -1.626 -0.924
TS** 0.696 -1.819 -1.328 -0.899 -1.843 1.317 -2.011 -0.308
TS* 0.696 -1.819 -1.328 -0.440 -1.843 1.317 -2.011 0.116
Mean Absolute Error
MLE* 0.077 0.083 0.082 0.180 0.106 0.159 0.198 0.083
MCMC 0.078 0.083 0.082 0.456 0.209 0.312 0.542 0.285
MCMC* 0.078 0.084 0.082 0.448 0.207 0.307 0.534 0.281
TS** 0.078 0.082 0.081 0.236 0.333 0.311 0.287 0.203
TS* 0.078 0.083 0.081 0.228 0.326 0.307 0.279 0.198
Mean Squared Error
MLE* 0.009 0.011 0.011 0.052 0.018 0.040 0.064 0.012
MCMC 0.009 0.011 0.011 0.382 0.085 0.153 0.539 0.155
MCMC* 0.009 0.011 0.011 0.367 0.083 0.146 0.519 0.149
TS** 0.009 0.011 0.010 0.091 0.135 0.121 0.120 0.046
TS* 0.009 0.011 0.011 0.079 0.130 0.116 0.105 0.041
SIF for all MCMC outputs
Mean 8 9 8 150 101 138 160 182
Standard Deviation 5 6 5 32 53 25 26 11

* 919 samples included; ** 983 samples included; 1000 samples included in MCMC
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Table 3.31: ρ=0, Continuous and Binary Explanatory Variables (A), xi1 = xi2

β11 β12 β13 β21 β22 β23 α ρ
True Values 1.000 -1.500 -1.000 0.800 -1.000 1.500 -1.200 0.000
Mean
MLE* 1.004 -1.514 -1.000 0.779 -0.987 1.484 -1.167 -0.016
MCMC 1.007 -1.514 -1.004 0.819 -1.007 1.478 -1.223 0.014
MCMC* 1.006 -1.518 -1.002 0.823 -1.010 1.478 -1.229 0.015
TS** 1.006 -1.512 -1.004 0.805 -1.011 1.514 -1.208 -0.006
TS* 1.004 -1.515 -1.000 0.811 -1.015 1.513 -1.217 -0.003
Standard Deviation
MLE* 0.109 0.090 0.127 0.393 0.186 0.173 0.533 0.326
MCMC 0.108 0.088 0.125 0.280 0.137 0.148 0.367 0.215
MCMC* 0.109 0.090 0.126 0.288 0.141 0.149 0.380 0.224
TS** 0.107 0.088 0.124 0.386 0.180 0.173 0.517 0.321
TS* 0.108 0.090 0.126 0.396 0.185 0.174 0.533 0.330
Maximum Values
MLE* 1.382 -1.293 -0.605 1.963 -0.457 1.996 0.242 0.889
MCMC 1.388 -1.301 -0.617 1.673 -0.511 1.951 0.002 0.690
MCMC* 1.388 -1.301 -0.617 1.673 -0.511 1.951 0.002 0.690
TS** 1.387 -1.303 -0.616 2.057 -0.499 2.114 0.546 0.986
TS* 1.387 -1.303 -0.616 2.057 -0.499 2.114 0.546 0.986
Minimum Values
MLE* 0.707 -1.851 -1.457 -0.326 -1.500 0.920 -2.753 -0.770
MCMC 0.679 -1.857 -1.464 -0.230 -1.431 0.988 -2.369 -0.684
MCMC* 0.679 -1.857 -1.464 -0.230 -1.431 0.988 -2.369 -0.684
TS** 0.683 -1.849 -1.470 -0.432 -1.632 0.963 -2.784 -1.000
TS* 0.683 -1.849 -1.470 -0.432 -1.632 0.963 -2.689 -1.000
Mean Absolute Error
MLE* 0.089 0.072 0.101 0.327 0.152 0.135 0.442 0.274
MCMC 0.087 0.071 0.100 0.225 0.110 0.119 0.295 0.174
MCMC* 0.089 0.073 0.101 0.233 0.114 0.119 0.309 0.183
TS** 0.087 0.070 0.099 0.312 0.143 0.136 0.417 0.263
TS* 0.088 0.072 0.100 0.322 0.148 0.135 0.433 0.272
Mean Squared Error
MLE* 0.012 0.008 0.016 0.154 0.035 0.030 0.284 0.106
MCMC 0.012 0.008 0.016 0.079 0.019 0.022 0.135 0.047
MCMC* 0.012 0.008 0.016 0.083 0.020 0.023 0.145 0.050
TS** 0.012 0.008 0.015 0.149 0.033 0.030 0.267 0.103
TS* 0.012 0.008 0.016 0.157 0.035 0.030 0.284 0.109
SIF for all MCMC outputs
Mean 9 17 8 122 99 66 130 154
Standard Deviation 3 5 2 19 20 31 18 15

* 765 samples included; ** 953 samples included; 1000 samples included in MCMC
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Table 3.32: ρ=0.5, Continuous and Binary Explanatory Variables (A), xi1 = xi2

β11 β12 β13 β21 β22 β23 α ρ
True Values 1.000 -1.500 -1.000 0.800 -1.000 1.500 -1.200 0.500
Mean
MLE* 1.008 -1.511 -1.005 0.770 -0.986 1.501 -1.154 0.471
MCMC 1.011 -1.519 -1.008 0.633 -0.947 1.595 -0.977 0.354
MCMC* 1.012 -1.518 -1.010 0.647 -0.951 1.586 -0.993 0.365
TS** 1.006 -1.511 -1.004 0.807 -1.054 1.623 -1.235 0.519
TS* 1.007 -1.510 -1.005 0.804 -1.052 1.623 -1.229 0.516
Standard Deviation
MLE* 0.107 0.087 0.123 0.343 0.132 0.237 0.437 0.261
MCMC 0.107 0.088 0.124 0.277 0.116 0.195 0.352 0.206
MCMC* 0.107 0.087 0.124 0.273 0.114 0.192 0.344 0.200
TS** 0.107 0.088 0.125 0.356 0.166 0.174 0.472 0.289
TS* 0.108 0.087 0.124 0.363 0.166 0.174 0.479 0.292
Maximum Values
MLE* 1.372 -1.309 -0.644 1.535 -0.509 2.160 0.624 0.932
MCMC 1.384 -1.309 -0.626 1.387 -0.573 2.190 0.369 0.863
MCMC* 1.384 -1.312 -0.633 1.387 -0.573 2.190 0.369 0.863
TS** 1.387 -1.303 -0.616 1.744 -0.614 2.276 0.562 1.000
TS* 1.387 -1.304 -0.630 1.744 -0.600 2.192 0.562 1.000
Minimum Values
MLE* 0.681 -1.856 -1.447 -0.602 -1.348 0.781 -2.067 -0.650
MCMC 0.687 -1.851 -1.463 -0.431 -1.313 0.932 -1.892 -0.400
MCMC* 0.687 -1.851 -1.463 -0.431 -1.313 0.932 -1.892 -0.400
TS** 0.683 -1.849 -1.470 -0.522 -1.537 1.091 -2.284 -0.450
TS* 0.683 -1.849 -1.470 -0.522 -1.537 1.091 -2.284 -0.450
Mean Absolute Error
MLE* 0.087 0.070 0.099 0.267 0.102 0.190 0.338 0.198
MCMC 0.087 0.071 0.100 0.257 0.101 0.175 0.326 0.196
MCMC* 0.087 0.071 0.100 0.248 0.098 0.169 0.313 0.188
TS** 0.087 0.070 0.100 0.291 0.141 0.169 0.386 0.236
TS* 0.087 0.070 0.100 0.295 0.140 0.169 0.390 0.237
Mean Squared Error
MLE* 0.011 0.008 0.015 0.118 0.018 0.056 0.193 0.069
MCMC 0.012 0.008 0.016 0.105 0.016 0.047 0.174 0.063
MCMC* 0.012 0.008 0.015 0.098 0.015 0.044 0.161 0.058
TS** 0.012 0.008 0.016 0.126 0.030 0.045 0.224 0.084
TS* 0.012 0.008 0.015 0.132 0.030 0.045 0.230 0.085
SIF for all MCMC outputs
Mean 10 20 9 126 83 101 133 160
Standard Deviation 3 6 3 19 24 25 18 14

* 830 samples included; ** 973 samples included; 1000 samples included in MCMC
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Table 3.33: ρ=0.8, Continuous and Binary Explanatory Variables (A), xi1 = xi2

β11 β12 β13 β21 β22 β23 α ρ
True Values 1.000 -1.500 -1.000 0.800 -1.000 1.500 -1.200 0.800
Mean
MLE* 1.008 -1.519 -1.008 0.719 -0.989 1.574 -1.105 0.752
MCMC 1.013 -1.525 -1.013 0.548 -0.957 1.724 -0.891 0.628
MCMC* 1.016 -1.531 -1.018 0.537 -0.955 1.732 -0.881 0.622
TS** 1.004 -1.512 -1.002 0.613 -1.084 1.935 -1.049 0.770
TS* 1.007 -1.516 -1.007 0.611 -1.082 1.932 -1.048 0.768
Standard Deviation
MLE* 0.104 0.085 0.120 0.297 0.095 0.265 0.355 0.168
MCMC 0.106 0.087 0.124 0.303 0.105 0.251 0.373 0.187
MCMC* 0.104 0.086 0.121 0.283 0.098 0.244 0.345 0.169
TS** 0.107 0.087 0.125 0.322 0.146 0.179 0.420 0.239
TS* 0.106 0.087 0.122 0.322 0.144 0.180 0.419 0.237
Maximum Values
MLE* 1.340 -1.301 -0.637 1.363 -0.543 2.705 0.663 0.980
MCMC 1.392 -1.310 -0.638 1.324 -0.298 2.751 1.194 0.979
MCMC* 1.392 -1.310 -0.638 1.137 -0.529 2.751 0.598 0.968
TS** 1.387 -1.303 -0.616 1.282 -0.463 2.525 0.865 1.000
TS* 1.387 -1.303 -0.616 1.282 -0.531 2.795 0.470 1.000
Minimum Values
MLE* 0.662 -1.867 -1.427 -0.496 -1.278 0.988 -1.872 -0.330
MCMC 0.674 -1.889 -1.479 -0.768 -1.236 1.069 -1.789 -0.628
MCMC* 0.674 -1.889 -1.479 -0.560 -1.229 1.069 -1.694 -0.287
TS** 0.683 -1.849 -1.470 -0.801 -1.424 1.441 -1.802 -0.254
TS* 0.683 -1.849 -1.470 -0.454 -1.424 1.441 -1.802 -0.194
Mean Absolute Error
MLE* 0.083 0.069 0.096 0.221 0.074 0.207 0.259 0.116
MCMC 0.086 0.072 0.099 0.301 0.088 0.268 0.366 0.190
MCMC* 0.084 0.072 0.097 0.300 0.085 0.271 0.364 0.190
TS** 0.087 0.070 0.100 0.280 0.138 0.435 0.340 0.193
TS* 0.085 0.070 0.097 0.283 0.135 0.432 0.342 0.194
Mean Squared Error
MLE* 0.011 0.008 0.015 0.094 0.009 0.076 0.135 0.030
MCMC 0.011 0.008 0.016 0.155 0.013 0.113 0.234 0.064
MCMC* 0.011 0.008 0.015 0.149 0.012 0.113 0.221 0.060
TS** 0.012 0.008 0.016 0.138 0.028 0.221 0.199 0.058
TS* 0.011 0.008 0.015 0.139 0.027 0.219 0.198 0.057
SIF for all MCMC outputs
Mean 16 31 14 131 65 123 137 174
Standard Deviation 8 14 8 24 28 22 2 12

* 764 samples included; ** 984 samples included; 1000 samples included in MCMC
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Table 3.34: ρ=0, Continuous and Binary Explanatory Variables (B), xi1 = xi2

β11 β12 β13 β21 β22 β23 α ρ
True Values 1.000 -1.500 -1.000 0.800 -1.000 1.500 -1.200 0.000
Mean
MLE* 0.996 -1.500 -0.993 0.547 -0.854 1.522 -0.878 -0.161
MCMC 1.003 -1.504 -1.000 0.837 -1.009 1.435 -1.239 0.037
MCMC* 1.000 -1.505 -0.996 0.829 -1.010 1.442 -1.232 0.033
TS** 1.001 -1.503 -0.998 0.882 -1.051 1.482 -1.299 0.051
TS* 0.998 -1.503 -0.994 0.823 -1.025 1.506 -1.229 0.009
Standard Deviation
MLE* 0.093 0.110 0.106 0.519 0.291 0.236 0.651 0.380
MCMC 0.092 0.114 0.105 0.342 0.216 0.175 0.411 0.231
MCMC* 0.093 0.111 0.106 0.339 0.218 0.172 0.409 0.230
TS** 0.093 0.114 0.105 0.689 0.384 0.280 0.861 0.510
TS* 0.093 0.111 0.106 0.684 0.382 0.277 0.859 0.511
Maximum Values
MLE* 1.339 -1.067 -0.721 2.025 -0.140 2.018 0.524 0.935
MCMC 1.339 -1.065 -0.718 1.804 -0.287 1.945 0.123 0.793
MCMC* 1.339 -1.065 -0.718 1.804 -0.287 1.945 0.097 0.793
TS** 1.335 -1.068 -0.725 2.517 -0.007 2.248 0.810 1.000
TS* 1.335 -1.068 -0.706 2.517 -0.007 2.248 0.769 1.000
Minimum Values
MLE* 0.769 -1.835 -1.303 -0.663 -1.634 0.502 -2.596 -0.888
MCMC 0.766 -1.854 -1.308 -0.347 -1.589 0.562 -2.347 -0.669
MCMC* 0.766 -1.854 -1.308 -0.347 -1.589 0.734 -2.347 -0.669
TS** 0.766 -1.854 -1.308 -0.969 -1.985 0.738 -3.208 -1.000
TS* 0.767 -1.854 -1.308 -0.969 -1.963 0.838 -3.208 -1.000
Mean Absolute Error
MLE* 0.074 0.087 0.085 0.509 0.279 0.186 0.639 0.360
MCMC 0.074 0.090 0.084 0.274 0.173 0.144 0.327 0.184
MCMC* 0.074 0.088 0.084 0.272 0.176 0.141 0.326 0.185
TS** 0.074 0.090 0.084 0.569 0.317 0.229 0.710 0.423
TS* 0.074 0.088 0.084 0.563 0.315 0.226 0.705 0.420
Mean Squared Error
MLE* 0.009 0.012 0.011 0.333 0.106 0.056 0.527 0.170
MCMC 0.009 0.013 0.011 0.118 0.047 0.035 0.170 0.054
MCMC* 0.009 0.012 0.011 0.116 0.047 0.033 0.168 0.054
TS** 0.009 0.013 0.011 0.480 0.150 0.079 0.750 0.262
TS* 0.009 0.012 0.011 0.468 0.146 0.076 0.737 0.261
SIF for all MCMC outputs
Mean 6 6 5 155 119 115 160 173
Standard Deviation 2 2 2 17 23 37 15 12

* 691 samples included; ** 892 samples included ; 1000 samples included in MCMC
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Table 3.35: ρ=0.5, Continuous and Binary Explanatory Variables (B), xi1 = xi2

β11 β12 β13 β21 β22 β23 α ρ
True Values 1.000 -1.500 -1.000 0.800 -1.000 1.500 -1.200 0.500
Mean
MLE* 1.008 -1.507 -1.005 0.516 -0.866 1.625 -0.846 0.294
MCMC 1.005 -1.508 -1.002 0.401 -0.817 1.707 -0.706 0.204
MCMC* 1.009 -1.511 -1.007 0.429 -0.833 1.689 -0.741 0.228
TS** 1.001 -1.504 -0.999 0.771 -1.040 1.664 -1.187 0.489
TS* 1.004 -1.504 -1.002 0.778 -1.051 1.661 -1.196 0.498
Standard Deviation
MLE* 0.091 0.114 0.105 0.536 0.260 0.346 0.642 0.380
MCMC 0.093 0.114 0.106 0.354 0.205 0.218 0.422 0.239
MCMC* 0.092 0.115 0.105 0.360 0.202 0.226 0.426 0.240
TS** 0.092 0.114 0.104 0.619 0.337 0.269 0.765 0.456
TS* 0.091 0.115 0.104 0.641 0.343 0.281 0.791 0.469
Maximum Values
MLE* 1.353 -1.156 -0.731 1.533 0.030 2.467 1.087 0.915
MCMC 1.348 -1.077 -0.705 1.471 0.041 2.441 1.034 0.933
MCMC* 1.348 -1.161 -0.728 1.471 -0.091 2.441 0.799 0.811
TS** 1.335 -1.068 -0.725 1.774 0.241 2.756 1.569 1.000
TS* 1.335 -1.154 -0.735 1.774 0.241 2.756 1.569 1.000
Minimum Values
MLE* 0.758 -1.834 -1.305 -1.075 -1.468 0.731 -2.031 -0.833
MCMC 0.774 -1.861 -1.311 -0.964 -1.422 0.947 -2.077 -0.717
MCMC* 0.775 -1.861 -1.311 -0.924 -1.422 0.947 -1.991 -0.562
TS** 0.766 -1.854 -1.308 -1.559 -1.886 1.058 -2.358 -1.000
TS* 0.766 -1.854 -1.308 -1.559 -1.743 1.058 -2.358 -1.000
Mean Absolute Error
MLE* 0.073 0.092 0.083 0.487 0.228 0.311 0.587 0.342
MCMC 0.074 0.090 0.084 0.441 0.222 0.252 0.539 0.317
MCMC* 0.074 0.092 0.084 0.423 0.210 0.243 0.514 0.297
TS** 0.074 0.090 0.083 0.500 0.278 0.236 0.620 0.369
TS* 0.073 0.092 0.083 0.515 0.285 0.235 0.640 0.379
Mean Squared Error
MLE* 0.008 0.013 0.011 0.367 0.086 0.135 0.538 0.187
MCMC 0.009 0.013 0.011 0.285 0.075 0.090 0.422 0.145
MCMC* 0.008 0.013 0.011 0.267 0.068 0.087 0.392 0.132
TS** 0.008 0.013 0.011 0.384 0.115 0.099 0.585 0.208
TS* 0.008 0.013 0.011 0.411 0.120 0.105 0.624 0.219
SIF for all MCMC outputs
Mean 6 6 5 158 110 133 163 175
Standard Deviation 2 2 2 16 27 30 15 12

* 644 samples included; ** 920 samples included ; 1000 samples included in MCMC
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Table 3.36: ρ=0.8, Continuous and Binary Explanatory Variables (B), xi1 = xi2

β11 β12 β13 β21 β22 β23 α ρ
True Values 1.000 -1.500 -1.000 0.800 -1.000 1.500 -1.200 0.800
Mean
MLE* 1.005 -1.512 -1.001 0.509 -0.909 1.739 -0.869 0.630
MCMC 1.005 -1.513 -1.004 0.072 -0.783 2.092 -0.351 0.361
MCMC* 1.005 -1.516 -1.003 0.094 -0.787 2.077 -0.382 0.378
TS** 0.999 -1.502 -0.997 0.347 -1.008 2.175 -0.740 0.628
TS* 1.000 -1.504 -0.997 0.350 -1.002 2.172 -0.748 0.631
Standard Deviation
MLE* 0.090 0.111 0.104 0.539 0.210 0.459 0.627 0.317
MCMC 0.092 0.113 0.105 0.449 0.207 0.342 0.523 0.267
MCMC* 0.091 0.112 0.105 0.443 0.199 0.339 0.517 0.261
TS** 0.093 0.114 0.106 0.582 0.309 0.279 0.720 0.415
TS* 0.091 0.112 0.104 0.575 0.304 0.275 0.715 0.413
Maximum Values
MLE* 1.306 -1.182 -0.727 1.422 0.160 2.852 1.789 0.982
MCMC 1.331 -1.077 -0.703 1.284 -0.071 2.880 1.369 0.956
MCMC* 1.331 -1.168 -0.730 1.152 -0.123 2.880 1.369 0.949
TS** 1.335 -1.068 -0.706 1.258 0.204 3.223 2.188 1.000
TS* 1.335 -1.154 -0.725 1.252 0.204 3.223 2.188 1.000
Minimum Values
MLE* 0.766 -1.858 -1.312 -1.564 -1.350 0.770 -1.862 –0.856
MCMC 0.767 -1.869 -1.311 -1.270 -1.320 1.089 -1.731 -0.544
MCMC* 0.767 -1.869 -1.311 -1.270 -1.320 1.089 -1.605 -0.544
TS** 0.766 -1.830 -1.308 -1.911 -1.660 1.523 -1.774 -1.000
TS* 0.767 -1.854 -1.308 -1.911 -1.660 1.596 -1.774 -1.000
Mean Absolute Error
MLE* 0.073 0.088 0.084 0.444 0.169 0.405 0.504 0.238
MCMC 0.074 0.090 0.084 0.744 0.248 0.611 0.864 0.444
MCMC* 0.073 0.089 0.084 0.720 0.241 0.595 0.831 0.427
TS** 0.075 0.091 0.085 0.525 0.246 0.675 0.604 0.336
TS* 0.073 0.089 0.084 0.522 0.244 0.672 0.602 0.337
Mean Squared Error
MLE* 0.008 0.013 0.011 0.375 0.052 0.268 0.502 0.129
MCMC 0.009 0.013 0.011 0.731 0.090 0.467 0.994 0.263
MCMC* 0.008 0.013 0.011 0.694 0.085 0.448 0.936 0.246
TS** 0.009 0.013 0.011 0.543 0.095 0.533 0.730 0.202
TS* 0.008 0.013 0.011 0.532 0.093 0.527 0.714 0.199
SIF for all MCMC outputs
Mean 8 8 7 166 100 149 170 182
Standard Deviation 4 4 4 17 33 28 15 10

* 764 samples included; ** 984 samples included; 1000 samples included in MCMC
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Chapter 4

Modeling an Ordered Variable with

Sample Selection

4.1 Introduction

This chapter develops a Bayesian estimationmethod for a specific sample selectionmodel

with endogeneity. This sample selectionmodel is a two-equation system inwhich the first

equation has a binary choice form deciding the sample selection mechanism, while the

categorical data outcome variable is observed in the second equation only for censored

selected observations. In this model, endogeneity is represented by the correlation be-

tween the unobservables driving selection and those explaining the categorical outcome.

This correlation is captured in a latent variable structure.

Even though this model is not particularly complex, classical estimation via maximum

likelihood is not easy, with estimates often not converging. This motivates introduction

of a Bayesian method. In broad terms, data augmentation is utilized with the latent

variable structure of the model to construct posterior distributions and avoid the dou-

ble integration required in FIML. After reparameterization and designing special priors,

an efficient Gibbs sampler is set up that uses conjugate conditional posteriors. Then a

numerical study is conducted to evaluate the performance of MCMC estimates.
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The Monte Carlo experiment compares the Bayesian method with three other applicable

methods including FIML, a two-stepmethod derived fromHeckman (1979)’s two-step es-

timation and a likelihood-based two-step method based on the form of the concentrated

likelihood function. The effects of exclusion restrictions on estimator performance are ex-

plored during the comparison. It is found that our Gibbs sampler provides accurate and

efficient estimates, while the likelihood-based two-step method appears a little superior

to FIML.

An application to mental illness and labor market indicates that the Bayesian method

can work well. In this application, we are interested in the relationship between mental

illness and occupational skill levels which are categories only observed when people are

employed. Potential selection bias arises when unobservable factors affect both possibil-

ities of employment (and hence selection into the sample) and occupational skill level.

The Gibbs sampler is used to estimate both the parameters of the model and marginal

effects.

The chapter is organized as follows. Section 4.2 presents the latent variables structure

of this sample selection model. Section 4.3 shows Bayesian analysis including how to

reparameterize the model and how to set priors to get conjugate conditional posterior

distributions, as well as a simulation example with convergence diagnosis. In section 4.4,

three other estimation methods are described in detail and a numerical study indicates

performance of the four methods in models that include with exclusion restrictions and

models that do not. The estimation technique is applied to the analysis of mental illness

and labor market outcomes in section 4.5. Finally, we conclude in section 4.6.

4.2 The Model

Our model is an extension of Heckman (1979)’s sample selection model with a two-

equation system containing endogenous variables. The first variable yi1 is a 0/1 binary

choice response, which determines sample selection. The second variable, however, in-

stead of the continuous variable in the main equation of Heckman’s model, is discrete

and ordinal with yi2 ∈ (1,2, . . . , J). To fully describe the features of each response, we
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assume yi1 and yi2 are generated from the following latent variable forms respectively:

 zi1 = x′i1β1 + ϵi1

zi2 = x′i2β2 + ϵi2 1 ≤ i ≤ n
(4.2.1)

where xi1 and xi2 are sets of explanatory variables while β1 and β2 are the final parame-

ters we are interested in.

To allow for selection on unobservables in this model, ϵi1 and ϵi2 are assumed to be

correlated with each other. Together with the normality assumption, the error terms are

described as follows:

 ϵi1ϵi2
 ∼N


 0

0

 ,
 1 ρ

ρ 1


 .

As with the bivariate probit model, unit variance of error terms is assumed in order to

guarantee identification.

Selection into the sample on which the second equation is estimated is decided by the

binary choice indicator yi1 related to the latent variable zi1. At the same time, the latent

variable zi2 is assumed to determine ordered outcomes of yi2 which are only observed

when yi1 = 1, while xi2 are always observed. Otherwise, yi2 is missing when yi1 = 0, so

this null is represented by a zero value. Our observed dependent variables are defined

by:

 yi1 = I(zi1 > 0)

yi2 = j × yi1 if γj−1 ≤ zi2 ≤ γj 1 ≤ j ≤ J
(4.2.2)

where I(.) denotes the indicator function.
{
γ0,γ1,γ2, · · · ,γJ

}
are threshold parameters,

mapping latent variables zi2 into categories. For identification, and without loss of gen-

erality, let γ0 = −∞, γ1 = 0, γJ = +∞. To show that setting γ1 = 0 imposes no effective

restriction, suppose γ1 , 0. Then the second equation can be written as yi2 = j × yi1 if

γj−1 −γ1 ≤ zi2 −γ1 ≤ γj −γ1 (1 ≤ j ≤ J) and zi2 −γ1 = x′i2β2 −γ1 +ϵi2. Let the coefficient of

the constant term in the vector β2 be β20. Thus, β20 −γ1 is estimated instead of β20. That

is why γ1 can be fixed at 0 without loss of generality as it simply locates the intercept
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parameter β20. In addition, we separate the largest threshold parameter to be estimated,

γJ−1, from γ = (γ2, · · · ,γJ−2)′ for reasons to do with how the Gibbs sampler is performed.

Specifically, γJ−1 is not directly sampled in the upcoming Bayesian analysis, but is used

to reparameterize the model.

4.3 Bayesian Analysis

4.3.1 Introduction

For Bayesian analysis, we first describe a joint posterior function involving the latent

variables. This procedure is also adapted from Chib & Greenberg (1998), who esti-

mate multivariate probit models, and builds on the approach taken in Chapter 3. Let

θ = (β′1,β
′
2,γ
′ ,γJ−1,ρ)′ and Z = {(zi1, zi2) : i = 1,2, · · · ,n}. Given the prior p(θ), we get the

posterior distribution of the model parameters and latent variables from Bayes Theorem:

p(θ,Z |Y ) ∝ p(θ)p(Z |θ)L(Y |θ,Z)

= p(θ)
n∏
i=1

p(zi1, zi2|θ)L(yi1|θ,zi1, zi2)L(yi2|yi1,θ,zi1, zi2). (4.3.1)

From equations (4.2.1) and (4.2.2), it is obvious that

p(zi1, zi2|θ) = ϕ2


 zi1zi2

 ;
 x
′
i1β1

x′i2β2

 ,
 1 ρ

ρ 1


 ,

where ϕ2 denotes the bivariate normal distribution. Let Σ =

 1 ρ

ρ 1

. From equation

(4.2.2), we obtain

L(yi1|θ,zi1, zi2) = I(zi1 > 0)I(yi1 = 1) + I(zi1 ≤ 0)I(yi1 = 0).

Since yi2 = j × yi1, we get

L(yi2|yi1 = 1,θ,zi1, zi2) = Σ
J
j=1I(yi2 = j)I(γj−1 < zi2 < γj )

L(yi2|yi1 = 0,θ,zi1, zi2) = I(yi2 = 0).
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Therefore, equation (4.3.1) can be fully displayed as follows:

p(θ,Z |Y ) ∝ p(θ)
n∏
i=1

ϕ2


 zi1zi2

 ;
 x
′
i1β1

x′i2β2

 ,
 1 ρ

ρ 1




×
[
I(zi1 > 0)I(yi1 = 1)ΣJj=1I(yi2 = j)I(γj−1 < zi2 < γj )

+ I(zi1 ≤ 0)I(yi1 = 0)I(yi2 = 0)] . (4.3.2)

4.3.2 Reparameterization

A reparameterization process is introduced before posterior computation to deal with the

problem of a slow mixing Gibbs sampler. In research on the ordered probit one-equation

model, Cowles (1996) finds that such slow mixing is caused by high correlation between

the estimated threshold and latent data. Nandram & Chen (1996) put forward a strategy

of reparameterization to solve this problem. Then, Li & Tobias (2006) apply this strategy

in an ordered probit two-equation system, which greatly improves the performance of

posterior simulation. In addition, Li & Tobias (2007) summarize in detail three benefits

and one drawback of such reparameterization.

In order to speed up the convergence rate of our Gibbs algorithm, we also use reparame-

terization in our selectivity modeling. However, our strategy is somewhat different from

that used by Li & Tobias (2006). In their model, reparameterization can be adopted in

both equations because both are ordinal. Then the conditional posterior of parameters

in the covariance matrix is specifically designed to be Inverse-Wishart Density. However,

only one equation is ordinal in our model, which results in one diagonal element in the

covariance matrix being fixed at one after such reparameterization. Therefore, Li & To-

bias (2006)’s method cannot be used to produce a standard form for the whole covariance

matrix.

To use as efficient an algorithm as possible for the Gibbs sampling, we adopt the pa-

rameterization utilized by McCulloch et al. (2000), whose covariance matrix has one as

diagonal elements. As a result, we are aiming to transform the covariance matrix into the
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form in McCulloch et al. (2000) by letting

β∗2 = β2/γJ−1, z
∗
i2 = zi2/γJ−1, ϵ

∗
i2 = ϵi2/γJ−1,

γ∗ = γ/γJ−1, λ = ρ/γJ−1, ψ = (1− ρ2)/γ2
J−1.

These transformations benefit posterior computation a great deal, an issue we will dis-

cuss further in the next section. Using these transformations, equations (4.2.1) and (4.2.2)

are transformed into the following system:

 zi1 = x′i1β1 + ϵi1 1 ≤ i ≤ n

z∗i2 = x
′
i2β
∗
2 + ϵ

∗
i2 1 ≤ i ≤ n,

 ϵi1ϵ∗i2
 ∼N


 0

0

 ,
 1 λ

λ ψ +λ2


 ,

 yi1 = I(zi1 > 0)

yi2 = j × yi1 if γ∗j−1 ≤ z
∗
i2 ≤ γ

∗
j 1 ≤ j ≤ J.

After those transformations, the error terms (ϵi1,ϵ∗i2) have exactly the same form as in

McCulloch et al. (2000). But notice that we are primarily interested in the initial model

specified by equations (4.2.1) and (4.2.2). That is why we have to add a Jacobian term into

the posterior function for the new parameters to complete our algorithm. After calculat-

ing posteriors for the new parameters, we then solve back for initial model parameters.

4.3.3 Prior Specification

To produce a standard Gibbs sampler, we specially design priors for our model parame-

ters in the following forms:

β1 ∼Nk1(0,B1) (4.3.3)

β2|γJ−1 ∼Nk2(0,γ
2
J−1B2) (4.3.4)
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p(γ2,γ3, · · · ,γJ−2)|γJ−1 ∝ γ
J−3
J−1 I[0 < γ2 < γ3 < · · · < γJ−2 < γJ−1] (4.3.5)

γ2
J−1|ρ ∼ IG(−

n0
2

+3,
C0ρ

2

2
) (4.3.6)

(1− ρ2)|γJ−1 ∼ IG(
n0
2
,
D0γ

2
J−1

2
), |ρ| < 1 (4.3.7)

where I is an indicator function and IG denotes an Inverse Gamma distribution. Priors

from (4.3.3) to (4.3.7) have similar structures to those proposed by Li & Tobias (2006).

Priors (4.3.6) and (4.3.7) are created to ensure that conjugate posteriors exist for λ and ψ.

From the transformation

zi2 =
z∗i2√
ψ+λ2

,β2 =
β∗2√
ψ+λ2

,γ = γ∗√
ψ+λ2

,γJ−1 =
1√
ψ+λ2

and ρ = λ√
ψ+λ2

,

we can show that the Jacobian of the transformation from (z2,β′2,γ
′ ,γJ−1,ρ) to (z∗2, β

∗′
2 , γ

∗′,

λ,ψ) is 0.5(ψ +λ2)−
1
2 (n+k2+J+1), where k2 is the dimension of β2.

Let θ∗ = [β′ ,ψ,λ,γ∗′]′, β = (β′1,β
∗′
2 )
′ and

Σ∗ =

 1 λ

λ ψ +λ2

 .
Using the change of variables and equation (4.3.2), the posterior of the new parameters

can be fully displayed as follows:

p(θ∗, z1, z
∗
2|Y ) ∝ p(θ

∗)
n∏
i=1

ϕ2


 zi1z∗i2

 ;
 x
′
i1β1

x′i2β
∗
2

 ,
 1 λ

λ ψ +λ2




×
[
I(zi1 > 0)I(yi1 = 1)ΣJj=1I(yi2 = j)I(γ

∗
j−1 < z

∗
i2 < γ

∗
j )

+ I(zi1 ≤ 0)I(yi1 = 0)I(yi2 = 0)] (4.3.8)

and ϕ2 = 1
2π
√
ψ
exp

{
−ψ+λ

2

2ψ

[
(zi1 − x′i1β1)

2 + (z∗i2−x
′
i2β
∗
2)

2

ψ+λ2 − 2ψ(zi1 − x′i1β1)(z
∗
i2 − x

′
i2β
∗
2)
]}

where

the priors in π(θ∗) are assumed to be independent of each other with forms as follows:

β ∼Nk(0,B−10 ) (4.3.9)

p(γ∗2,γ
∗
3, · · · ,γ

∗
J−2) ∝ I[0 < γ

∗
2 < γ

∗
3 < · · · < γ

∗
J−2 < 1] (4.3.10)

λ ∼N (0,C−10 ) (4.3.11)
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ψ ∼ IG(n0
2
,
D0

2
) (4.3.12)

and B−10 =

 B1 00 B2

. The above derivation shows that priors of original parameters in

equations (4.3.3) to (4.3.7) are equivalent to the priors of transformed parameters in equa-

tions (4.3.9) to (4.3.12).

4.3.4 Conditional Posteriors

From the joint posterior (4.3.8) with special priors (4.3.9)-(4.3.12), we now infer condi-

tional posteriors and implement the Gibbs sampler . We start with sampling the condi-

tional posterior of zi1 from

p(zi1, z
∗
i2|θ

∗, yi1, yi2) ∝ ϕ2


 zi1z∗i2

 ;
 x
′
i1β1

x′i2β
∗
2

 ,
 1 λ

λ ψ +λ2




×
[
I(zi1 > 0)I(yi1 = 1)ΣJj=1I(yi2 = j)I(γ

∗
j−1 < z

∗
i2 < γ

∗
j )

+ I(zi1 ≤ 0)I(yi1 = 0)I(yi2 = 0)] .

This gives,

zi1|θ∗, z∗i2, yi1, yi2 ∼

 TN (µzi1,σ
2
zi1)|(0,+∞), if yi1 = 1

TN (µzi1,σ
2
zi1)|(−∞,0], if yi1 = 0

(4.3.13)

where TN denotes a univariate truncated normal distribution with µzi1 = x′i1β1 +λ(z
∗
i2 −

x′i2β
∗
2) and σ

2
zi1 = ψ/(ψ + λ2). When yi1 = 1, it is truncated into (0,+∞). Otherwise, it is

truncated into (−∞,0].

In a similar way to posterior inference on zi1, we can get a result for z∗i2 when yi1 =

1 and yi2 = j, which is also a univariate normal distribution truncated to the region

(γj−1,γj ). When yi1 = 0 and yi2 = 0, however, there is no constraint for z∗i2, so it can be

drawn directly from a normal distribution. As a result, z∗i2 has the following conditional

posterior distribution:

z∗i2|θ
∗, zi1, yi1, yi2 ∼

 TN (µzi2,σ
2
zi2)|(γj−1,γj ), if yi1 = 1 and yi2 = j

N (µzi2,σ
2
zi2), otherwise

(4.3.14)
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where µzi2 = x′i2β
∗
2 +λ(zi1 − x

′
i1β1) and σ

2
zi2 = ψ.

To sample β, we use the prior p(β) = ϕk(β|β0,B−10 ), and let Xi = (x′i1 0, 0 x
′
i2), Zi = (zi1, z∗i2)

′

and Z∗ =
{
(zi1, z∗i2)

′ : i = 1, · · · ,n
}
. We get the conditional posterior function of β which is a

Gaussian density,

β|Z∗,Σ∗ ∼Nk(β̂,B−1), (4.3.15)

where β̂ = B−1(B0β0 +Σni=1X
′
iΣ
∗−1Zi) and B = B0 +Σni=1X

′
iΣ
∗−1Xi . Thus we can simulate β

in a straight forward manner.

Given prior p(λ) ∼ N (λ0,C
−1
0 ), we then sample λ from p(λ|Z∗,β,ψ) ∝ p(λ)p(Z∗|β,Σ∗),

where

p(Z∗|β,Σ∗) = |Σ∗|−n/2exp
{
−1
2
Σni=1(Zi −Xiβ)

′Σ∗−1(Zi −Xiβ)
}
.

This conditional posterior function of λ is a Gaussian density

λ|Z∗,β,ψ ∼N (λ̂,C−1) (4.3.16)

where λ̂ = C−1
[
1
ψ

∑n
i=1(zi1 − x

′
i1β1)(z

∗
i2 − x

′
i2β
∗
2)
]
and C = C0 +

1
ψ

∑n
i=1(zi1 − x

′
i1β1)

2.

After that, given prior p(ψ) ∼ IG(n02 ,
D0
2 ), ψ is drawn from a conjugate conditional poste-

rior:

p(ψ|Z∗,β,λ) ∝ p(ψ)p(Z∗|β,Σ∗)

∝ (
1
ψ
)
n0
2 +1exp(−D0

2ψ
)(
1
ψ
)
n
2 exp

{
− 1
2ψ

Σni=1

[
λ(zi1 − x′i1β1)− (z

∗
i2 − x

′
i2β
∗
2)
]2}

.

This conditional posterior function of ψ is an Inverse-Gamma density

ψ|Z∗,β,λ ∼ IG(n1
2
,
D
2
) (4.3.17)

where n1 = n0 +n and D =D0 +Σni=1

[
λ(zi1 − x′i1β1)− (z

∗
i2 − x

′
i2β
∗
2)
]2
.
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Finally, we sample the threshold parameters
{
γ∗j

}J−2
j=2

from its conditional posterior distri-

bution marginalized over all z∗i2:

p(
{
γ∗j

}J−2
j=2
|β,Σ∗,Z) ∝

n∏
i=1

{
Φ

[
(γ∗yi2 −µγ )/

√
ψ
]
−Φ

[
(γ∗yi2−1 −µγ )/

√
ψ
]}

(4.3.18)

where µγ = x′i2β
∗
2+λ(zi1−x

′
i1β1). In order to draw this particular conditional distribution,

the Metropolis-Hasting algorithm is utilized here with a Dirichlet proposal density. This

technique is described in detail by Nandram & Chen (1996) and Li & Tobias (2006).

4.3.5 A Simulation Example with MCMC Convergence Diagnostics

We illustrate our proposed Gibbs sampler using a simple simulation study that allows

us to focus on convergence diagnosis. As shown in the previous chapter, the SIF is a

very useful index with which to examine the convergence rate of algorithms. However,

Tsay (2005) mentions that none of the available methods can guarantee 100% that the

Gibbs sampler under study has converged for all applications. So SIF may also fail to

indicate the true convergence in certain circumstances. That is why we will also use

visual inspection by sample path and autocorrelation function (ACF) values, to check

whether the MCMC algorithm has converged in this particular case.

The sample size is set to 1,000 and true values are set as β1 = (β11,β12)′ = (0.8,−1)′, β2 =

(β21,β22)′ = (1.5,2)′, γ2 = 2 and ρ = 0.5. Both xi1 and xi2 are 2× 1 vectors with their first

rows fixed at one to make constant terms for each equation. The two other rows in xi1 and

xi2 are independently generated from standard normal distributions. ϵi1 and ϵi2 are then

generated from bivariate normal density with zero mean and variance-covariance matrix

(1 0.5 , 0.5 1). Latent variables are calculated based on equation (4.2.1) and about half

the data is censored after selection. With two threshold values 0 and 2, the uncensored

part is cut into three categories as follows:

yi2 =


1 if zi2 < 0

2 if 0 < zi2 < 2

3 if 2 < zi2.
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After we generate a series of explanatory variables and discrete outcomes yi1 and yi2

with true parameters, scalars for priors are set in advance in order to conduct the Gibbs

sampler for sampling each parameter for this specific dataset. We set B−10 = 1000Ik ,

C−10 = 1000, n0 = 2 and D0 = 0.01 in our MCMC simulation procedure to obtain draws

from the posterior. These priors are flat enough not to dominate the posterior, and also

strong enough not to cause a slow convergence problem. After that, we follow the condi-

tional posterior sampling process to estimate the parameters. In this MCMC simulation,

3,000 initial draws are discarded as the burn-in period, and the next 10,000 iterations

are recorded.

Because results of the MCMC simulation in obtaining draws from the posterior can only

be accepted when the algorithm is convergent, we will focus on convergence diagnosis

of this MCMC simulation result and we do this by analyzing the convergence proper-

ties through examining sample paths and autocorrelation functions. 10,000 iterations

of each parameter are plotted in Figure 4.1, while their autocorrelation functions are

shown in Figure 4.2. From Figure 4.1, all sample paths seem to have no obvious pat-

terns, although that for ρ tends to contain small cyclical fluctuations. As a result, all the

paths are believed to be stationary in an acceptable range. Figure 4.2 indicates that each

Markov Chain mixes quite well, as autocorrelations of all parameters decay fast in 80

lags although small bumps occasionally appear after that. Estimation of the threshold

parameter is mixing especially well with other parameters which proves reparameteri-

zation greatly reduces the correlation between threshold parameter and latent variables.

However, it is not surprising to find that the autocorrelation status of the sample path

for ρ is much worse than that for β1, β2 and γ2, as estimation of ρ is usually the most

difficult in sample selection models and in simultaneous equation models. One possible

reason is that the effect of correlation between error terms in two equations can be par-

tially eliminated by the explanatory variables generation process. Therefore, some of the

effect of ρ is included in that of β1 and β2 during estimation, making ρ more difficult to

estimate.

Summary statistics on the 10,000 iterations are shown in Table 4.1, including SIF values.

Means of all conditional posterior densities provide quite accurate point estimates of

the true values while standard deviations are quite small, indicating accurate estimation.
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Figure 4.1: Sample Paths

(The x-axis represents iterations;
The y-axis represents the recorded value of a parameter.)
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Notice that standard deviations of β11 and β12 are smaller than that of other parameters,

which indicates that β11 and β12 vary in a relatively smaller range. Figure 4.2 also pro-

vides evidence of this conclusion, because β11 and β12 have relatively faster convergence

rates than all other parameters since their autocorrelation functions decay more rapidly.
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Figure 4.2: Sample Autocorrelation Functions

(The x-axis represents lags;
The y-axis represents the autocorrelation coefficient.)
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(f) ACF of sampled path for ρ

A Bayesian credible interval can be used for interval estimation, a great benefit of the

Bayesian framework. All true parameter values are contained in the respective 95% cred-

ible intervals, which once again supports the view that our estimation is accurate. The

SIF values in Table 4.1 are consistent with the convergence rates revealed in Figure 4.2.

β11 and β12 have the smallest two SIFs while the largest SIF value 44.7 for ρ confirms that

convergence of ρ is much slower than other parameters.
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Table 4.1: Bayesian Estimation Results (One sample only)

Posterior Density
True Mean St. Dev. 95% Credible Interval SIF

β11 0.8 0.892 0.058 (0.781, 1.009) 8.9
β12 -1 -1.040 0.070 (-1.183, -0.907) 13.4

β21 1.5 1.460 0.119 (1.234, 1.703) 27.5
β22 2 2.090 0.111 (1.876, 2.311) 11.2

γ2 2 2.022 0.126 (1.779, 2.276) 23.4

ρ 0.5 0.429 0.127 (0.160, 0.662) 44.7

4.4 Monte Carlo Experiments Comparing Estimation Methods

Even though we have a sample selection problem, our model is quite like a simultaneous-

equations model with reduced form specification, where the relevant equations are for

binary and ordered categorical endogenous variables. As discussed in earlier chapters,

the structural form model is automatically identified even when xi1 = xi2 due to the non-

linearity of the models. Sample selection effects can be represented in the same ways as

endogenous treatment effects because they have quite similar properties. As we have

discussed in Chapter 3, such models cannot be identified when both xi1 and xi2 are

constants, but has no serious identification problem when there are more explanatory

variables with sufficient variation. Having said that, while exclusion restrictions are not

essential to identify the model, they can be helpful in estimating parameters. To examine

these issues further, the Monte Carlo simulation is divided into two categories, cases with

and without exclusion restrictions. Three other estimation methods are provided in this

section to compare with the Bayesian method.

4.4.1 Full Information Maximum Likelihood Estimation

One natural way to estimate the model is full information maximum likelihood (FIML)

estimation. Vella (1998) mentions that maximum likelihood estimation is a benchmark

against which to examine the efficiency loss of alternative estimators. Since it is often the

case that the selection decision has an effect on yi2 through correlation of unobserved ϵi2
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with ϵi1, the full likelihood function is obtained from the joint density of both censored

and uncensored data.

First when yi1 equals one, the observed yi2 is discrete data from 1 to J. For j ∈ (1,2, · · · , J),

we seek P r(yi1 = 1, yi2 = j |xi1,xi2). Under the bivariate normal assumption for the errors,

it follows:



P r(yi1 = 1, yi2 = 1|xi1,xi2) = Φ2(x′i1β1,−x
′
i2β2,−ρ)

P r(yi1 = 1, yi2 = j |xi1,xi2) = Φ2(x′i1β1,γj − x
′
i2β2,−ρ)−

Φ2(x′i1β1,γj−1 − x
′
i2β2,−ρ)

(j = 2, · · · , J − 1)

P r(yi1 = 1, yi2 = J |xi1,xi2) = Φ2(x′i1β1,x
′
i2β2 −γJ−1,ρ)

(4.4.1)

where Φ2(a,b;ρ) is the cumulative distribution function of the standardized bivariate

normal density with correlation coefficient ρ. When yi1 equals zero, P r(yi1, yi2|xi1,xi2) is

just P r(yi1 = 0|xi1) because yi2 cannot be observed. Therefore,

P r(yi1 = 0|xi1) = Φ(−x′i1β1),

where Φ is the cumulative distribution function of univariate standard normal distribu-

tion.

Thus, it is simple to estimate the model parameters by maximizing the following likeli-

hood function:

L =
n∏
i=1


 J∑
j=1

I(yi2 = j)P r(yi1 = 1, yi2 = j |xi1,xi2)


yi1

[P r(yi1 = 0|xi1)](1−yi1)
 (4.4.2)

In this chapter, the CML package in GAUSS is used to obtain FIML estimates.

4.4.2 Two-step Method

A common alternative to FIML is some kind of two-step procedure. The traditional sam-

ple selection model discussed by Heckman (1976) arose from interest in modeling female

wage income, taking account of the selection decision via a labor supply equation. His
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model has the following form,

 yi1 = I(x′i1β1 + ϵi1 > 0)

yi2 = yi1 × (x′i2β2 + ϵi2) 1 ≤ i ≤ n.

The first equation models whether a woman is employed or not, while the second equa-

tion models market wages for working women.

Heckman (1979) provides a consistent two-step method to estimate his model. This

method works from

E(yi2|xi2, yi1 = 1) = x′i2β2 +E(ϵi2|yi1 = 1)

= x′i2β2 +E(ϵi2|ϵi1 > −x
′
i1β1)

= x′i2β2 + ρ × h(x
′
i1β1),

in which ρ is still the correlation between the error terms while ϵi1 can have a non-unit

variance. The inverse Mills ratio h(x′i1β1)) = ϕ(x
′
i1β1)/Φ(x′i1β1) enters the equation for yi2

as an additional regressor, so the equation can be estimated by ordinary least squares,

with an estimated h based on a first step estimates.

Since our selection equation is probit like Heckman’s model, probit maximum likelihood

estimation can be used for consistent estimation of the first step. Heckman’s two-step

method obtains estimation for the second step from the OLS regression on the selected

sample with the addition of the inverse Mills ratio. However, our second equation is

an ordered probit equation, not the continuous equation specified in Heckman’s original

model. One possible way to reduce computational burden is using single integration in

the second step under certain rules. The basic idea is to create a variable which reflects

the effect of the selection equation and plug it into the second equation.

In the first step, MLE is applied, so the parameter vector β1 is estimated by maximizing

the likelihood function L1 which can be expressed as

L1 =
n∏
i=1

[
Φ(x′i1β1)

yi1 ×Φ(−x′i1β1)
(1−yi1)

]
. (4.4.3)
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In the second step, we are trying to treat the second equation of latent variables as a

continuous equation as in Heckman’s model and introduce the inverse Mills ratio h(x′i1β1)

in the second step. But notice that an expression for E(ϵi2|ϵi1 > −x′i1β1) cannot be found,

as our equation is an non-linear equation. As a result, a two-step procedure will be

inconsistent. Despite this, the two-step procedure will be simple to implement, so we

include it in the analysis for comparison purposes. To describe the estimation procedure,

we write the second function of latent variables as

zi2 = x
′
i2β2 + ρ

∗h(x′i1β1),

where ρ∗ is one parameter evaluating the effects of selectivity but not quite equivalent to

the correlation coefficient ρ. The selected sample still follows the ordered probit struc-

ture,

yi2 = j if γj−1 ≤ zi2 ≤ γj 1 ≤ j ≤ J.

After substituting the consistent estimator of β1 from the first step into the inverse Mills

ratio, we simply compute each response probability:



P r(yi2 = 1) = Φ
[
−x′i2β2 − ρ

∗h(x′i1β1))
]

P r(yi2 = j) = Φ
[
γj − x′i2β2 − ρ

∗h(x′i1β1))
]
−Φ

[
γj−1 − x′i2β2 − ρ

∗h(x′i1β1))
]

(j = 2, · · · , J − 1)

P r(yi2 = J) = Φ
[
x′i2β2 + ρ

∗h(x′i1β1))−γJ−1
]

Thus, the model parameters β2, γ and ρ∗ are estimated by maximizing the following

likelihood function:

L2 =
n∏
i=1

 J∑
j=1

I(yi2 = j)P r(yi2 = j)

 (4.4.4)

The problem with this two-step method is that the ML estimation of y2 on x2 including

inverse Mills ratio generally leads to inconsistent estimation of β2. This is because the

inverse Mills ratio is not the proper form to evaluate the effect of ρ, so ρ∗ is estimated
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instead. However, it may still provide quite accurate estimation of the parameters of

interest. Its accuracy will be explored in the Monte Carlo experiments.

4.4.3 Likelihood-based Two-step Method

The likelihood-based two-step method is supported by the idea of a concentrated likeli-

hood function. The parameter vector θ can be partitioned into two parts as θ = (β′1,α
′)′

in which α = (β′2,γ
′ ,ρ)′, so the likelihood function in Section 4.4.1 can be referred as

L = L(β1,α). Define

L∗ = L(β̂1(α),α),

where β̂1(α) is a root of
∂lnL
∂β1

∣∣∣∣∣
β̂1

= 0,

and define α̂ as a root of
∂lnL∗

∂α

∣∣∣∣∣
α̂
= 0.

L∗(α) is called the concentrated likelihood function of α and it is sometimes easier to

maximize L in two steps than to maximize L simultaneously. This two-step likelihood

estimator is proved to be consistent by Amemiya (1985) under certain conditions.

However, the analytic form of ∂lnL/∂β1 will definitely include α, so we cannot obtain the

root β̂1(α) directly from this function. Thus we replace β̂1(α) with an approximation, β̂1

which is estimated by maximizing the likelihood

L1 =
n∏
i=1

[
Φ(x′i1β1)

yi1 ×Φ(−x′i1β1)
(1−yi1)

]
.

In other words, the first step here is identical to the first step in Section 4.4.2. Secondly,

we maximize L∗ with respect to α after insert β̂1 into L. This likelihood-based two-step

procedure may be a little less computationally complex than FIML.
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4.4.4 General Monte Carlo Design

Monte Carlo experiments are performed to compare the Bayesian method with three

other estimators of the sample selection model with ordered outcomes. 1,000 sets of data

are generated and parameters are estimated with the four estimation methods.

Each sample of data is generated from the original model in a similar way to that outlined

in Section 4.3.5. In order to simplify the Monte Carlo process, two explanatory variables

are included in each equation, plus a constant. The 3× 1 vectors, xi1 and xi2 contain one

as the first element, a continuous variable and a binary variable. The continuous random

variable is sampled from the standard normal distribution, while the last element is a

binary variable generated from Bernoulli distributions with success probability 0.7. True

values of parameters are set to β1 = (β11,β12,β13)′ = (1,−1.5,−1)′, β2 = (β21,β22,β23)′ =

(−0.8,−1,1.5)′ and γ2 = 1.2. The sample size is 1,000. Error terms ϵi1 and ϵi2 are then

generated from a standard bivariate normal density with correlation ρ. ρ takes three

values, 0, 0.5 and 0.8. After latent variables are calculated from equation (4.2.1), yi1 and

yi2 are determined according to equation (4.2.2).

All estimation methods are applied in each case using starting values of zero for param-

eters, except for γ2. Because γ2 is assumed to be larger than zero, its starting value is set

at one. The MCMC estimator is obtained as the mean of the posterior density based on

10,000 draws after discarding 1,000 initial draws. The Monte Carlo process is repeated

1,000 times, giving 1,000 estimates for each estimation method.

Maximum likelihood optimization methods may fail to converge while the Bayesian

method gives estimates in all 1,000 cases. To eliminate the possible effects of different

samples on relative estimator performance, statistics for the four methods are summa-

rized with respect to the samples which FIML can successfully estimate. In each result

table, FIML* represents the statistics of available estimates obtained by FIML after re-

moving those where the Hessian matrix fails to invert. Meanwhile, MCMC*, TS* and

LBTS* are denoted as the three other estimators with exactly the same set of samples as

FIML*. The Hessian matrix may also fail to invert when applying the two-step method

and likelihood-based two-step method. TS** denotes the results for the two-step estima-

tor in the cases where it converges. Meanwhile, LBTS*** reveals the results when the
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likelihood-based two-step method can get reliable estimates. MCMC in the tables repre-

sents summary statistics from the Bayesian method with all 1,000 samples.

4.4.5 Results when xi1 , xi2

Table 4.2, 4.3 and 4.4 present the results for all four estimation methods as ρ = 0, 0.5

and 0.8 respectively. No identification problem arises in those tables as xi1 , xi2. It is

quite similar to the structural equations we have discussed in Chapter 3, which can be

identified even if the system was linear.

We start with analyzing the number of times each method is able to provide valid esti-

mates, considering convergence of the three optimization methods and the SIF values for

the MCMC method. Firstly, FIML can estimate 804, 873 and 899 samples in the three

tables respectively. In other words, 10%-20% of samples cannot be estimated due to

numerical issues such as the covariance matrix failing to invert, although this situation

may be improved by changing starting values. Secondly, the two-step method only fails

to converge 27 times when ρ = 0 and can estimate all 1000 samples when ρ = 0.5 or

0.8. Thirdly, the likelihood-based two-step method tends to converge more frequently

than FIML but less often than the two-step method, as it can estimate 866, 915 and 940

samples in these tables. The convergence rate of the MCMC algorithm is quite good espe-

cially when error correlation is weak, but it becomes more and more difficult to estimate

ρ when the actual ρ value is large. The mean SIF value of ρ is only 37 when the true ρ

value is 0, but jumps to 70 when true ρ value is 0.8. The mean SIF values of other param-

eters are all less than 50. The convergence rate of the MCMC algorithm is generally fast

when xi1 , xi2 in comparison with the cases we discuss in the next section.

Next we compare across methods, referring first to Table 4.2, where ρ = 0. Statistics for

different samples reveal only small differences, so wewill concentrate on the ones derived

from 804 samples. All four methods can give unbiased estimates with small variance and

estimation errors. The Bayesian method is a little less biased in estimating β22, β23 and

ρ, but a little more biased in estimating other parameters than the other methods. The

four methods have almost the same efficiency, as standard deviations, mean of absolute

errors and mean of squared errors are close across methods for each parameter. Outlier
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Table 4.2: Estimator Performance when ρ=0 and xi1 , xi2

β11 β12 β13 β21 β22 β23 γ ρ
True Values 1.000 -1.500 -1.000 -0.800 -1.000 1.500 1.200 0.000
Mean
FIML* 1.007 -1.507 -1.006 -0.809 -1.008 1.509 1.200 -0.002
MCMC 1.012 -1.514 -1.010 -0.815 -0.999 1.497 1.167 0.000
MCMC* 1.013 -1.512 -1.010 -0.817 -1.000 1.498 1.165 0.000
TS** 1.005 -1.508 -1.005 -0.809 -1.010 1.512 1.205 -0.002
TS* 1.006 -1.507 -1.005 -0.811 -1.011 1.513 1.204 -0.002
LBTS*** 1.008 -1.507 -1.010 -0.806 -1.006 1.506 1.201 -0.001
LBTS* 1.006 -1.507 -1.005 -0.809 -1.008 1.509 1.200 -0.001
Standard Deviation
FIML* 0.111 0.087 0.128 0.125 0.067 0.137 0.081 0.134
MCMC 0.111 0.089 0.128 0.126 0.067 0.137 0.083 0.126
MCMC* 0.111 0.088 0.128 0.124 0.067 0.136 0.081 0.128
TS** 0.110 0.088 0.127 0.126 0.069 0.138 0.083 0.133
TS* 0.110 0.087 0.127 0.125 0.068 0.137 0.081 0.134
LBTS*** 0.108 0.090 0.125 0.127 0.068 0.139 0.082 0.132
LBTS* 0.110 0.087 0.127 0.125 0.067 0.137 0.081 0.134
Maximum Values
FIML* 1.370 -1.251 -0.582 -0.405 -0.786 1.935 1.452 0.508
MCMC 1.390 -1.257 -0.582 -0.403 -0.778 1.923 1.415 0.478
MCMC* 1.377 -1.257 -0.582 -0.415 -0.778 1.923 1.415 0.478
TS** 1.379 -1.250 -0.590 -0.403 -0.786 1.937 1.452 0.406
TS* 1.374 -1.250 -0.590 -0.403 -0.786 1.937 1.452 0.406
LBTS*** 1.379 -1.250 -0.654 -0.405 -0.841 1.936 1.435 0.502
LBTS* 1.374 -1.250 -0.590 -0.405 -0.786 1.936 1.452 0.502
Minimum Values
FIML* 0.631 -1.900 -1.420 -1.283 -1.223 1.123 0.946 -0.473
MCMC 0.632 -1.909 -1.450 -1.292 -1.227 1.108 0.912 -0.447
MCMC* 0.632 -1.909 -1.433 -1.292 -1.212 1.113 0.912 -0.447
TS** 0.637 -1.903 -1.440 -1.292 -1.240 1.122 0.948 -0.444
TS* 0.637 -1.903 -1.415 -1.292 -1.233 1.129 0.948 -0.444
LBTS*** 0.690 -1.903 -1.440 -1.282 -1.238 1.118 0.969 -0.472
LBTS* 0.637 -1.903 -1.415 -1.282 -1.223 1.123 0.946 -0.472
Mean Absolute Error
FIML* 0.087 0.068 0.099 0.100 0.054 0.108 0.065 0.111
MCMC 0.087 0.071 0.099 0.101 0.054 0.108 0.072 0.101
MCMC* 0.088 0.069 0.100 0.100 0.054 0.107 0.071 0.106
TS** 0.087 0.069 0.099 0.101 0.055 0.110 0.067 0.108
TS* 0.087 0.068 0.099 0.100 0.054 0.109 0.065 0.111
LBTS*** 0.086 0.071 0.097 0.101 0.054 0.110 0.066 0.108
LBTS* 0.087 0.068 0.099 0.100 0.054 0.108 0.065 0.110
Mean Squared Error
FIML* 0.012 0.008 0.016 0.016 0.005 0.019 0.007 0.018
MCMC 0.012 0.008 0.016 0.016 0.005 0.019 0.008 0.016
MCMC* 0.013 0.008 0.017 0.016 0.004 0.018 0.008 0.016
TS** 0.012 0.008 0.016 0.016 0.005 0.019 0.007 0.018
TS* 0.012 0.008 0.016 0.016 0.005 0.019 0.007 0.018
LBTS*** 0.012 0.008 0.016 0.016 0.005 0.019 0.007 0.017
LBTS* 0.012 0.008 0.016 0.016 0.005 0.019 0.007 0.018
SIF for all MCMC outputs
Mean 7 15 8 16 6 6 25 37
Standard Deviation 2 4 2 4 1 1 5 7

* 804 samples included; ** 973 samples included; *** 866 samples included; 1000 samples included in
MCMC
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Table 4.3: Estimator Performance when ρ=0.5 and xi1 , xi2

β11 β12 β13 β21 β22 β23 γ ρ
True Values 1.000 -1.500 -1.000 -0.800 -1.000 1.500 1.200 0.500
Mean
FIML* 1.008 -1.509 -1.007 -0.807 -1.009 1.511 1.208 0.503
MCMC 1.013 -1.515 -1.011 -0.810 -1.005 1.505 1.180 0.480
MCMC* 1.015 -1.517 -1.013 -0.810 -1.005 1.505 1.180 0.483
TS** 1.006 -1.508 -1.006 -0.845 -1.058 1.584 1.266 0.527
TS* 1.008 -1.510 -1.008 -0.846 -1.059 1.585 1.267 0.531
LBTS*** 1.005 -1.509 -1.005 -0.806 -1.009 1.511 1.208 0.499
LBTS* 1.008 -1.510 -1.008 -0.806 -1.010 1.511 1.208 0.502
Standard Deviation
FIML* 0.108 0.087 0.125 0.114 0.070 0.137 0.086 0.110
MCMC 0.109 0.089 0.126 0.113 0.069 0.135 0.084 0.106
MCMC* 0.109 0.088 0.126 0.114 0.069 0.136 0.085 0.106
TS** 0.110 0.088 0.127 0.127 0.072 0.143 0.088 0.136
TS* 0.110 0.087 0.127 0.129 0.072 0.143 0.089 0.137
LBTS*** 0.110 0.089 0.127 0.113 0.069 0.137 0.084 0.109
LBTS* 0.110 0.087 0.127 0.114 0.070 0.137 0.086 0.109
Maximum Values
FIML* 1.382 -1.251 -0.566 -0.469 -0.792 1.946 1.518 0.783
MCMC 1.394 -1.258 -0.570 -0.485 -0.786 1.933 1.480 0.770
MCMC* 1.394 -1.258 -0.570 -0.485 -0.786 1.933 1.480 0.760
TS** 1.379 -1.250 -0.590 -0.499 -0.842 2.092 1.554 0.931
TS* 1.379 -1.250 -0.590 -0.499 -0.842 2.092 1.554 0.931
LBTS*** 1.379 -1.250 -0.590 -0.486 -0.819 1.946 1.518 0.797
LBTS* 1.379 -1.250 -0.590 -0.467 -0.790 1.946 1.518 0.783
Minimum Values
FIML* 0.621 -1.910 -1.439 -1.214 -1.212 1.124 0.966 0.181
MCMC 0.624 -1.919 -1.449 -1.220 -1.204 1.127 0.938 0.164
MCMC* 0.624 -1.919 -1.449 -1.220 -1.204 1.127 0.938 0.164
TS** 0.637 -1.903 -1.440 -1.304 -1.279 1.212 1.023 0.173
TS* 0.637 -1.903 -1.440 -1.304 -1.279 1.212 1.023 0.173
LBTS*** 0.637 -1.903 -1.440 -1.214 -1.212 1.124 0.966 0.181
LBTS* 0.637 -1.903 -1.440 -1.214 -1.212 1.124 0.966 0.181
Mean Absolute Error
FIML* 0.086 0.068 0.098 0.090 0.057 0.109 0.069 0.088
MCMC 0.087 0.070 0.098 0.090 0.056 0.107 0.070 0.086
MCMC* 0.087 0.070 0.099 0.091 0.057 0.108 0.071 0.086
TS** 0.087 0.070 0.099 0.106 0.076 0.131 0.089 0.112
TS* 0.087 0.069 0.099 0.107 0.076 0.131 0.089 0.113
LBTS*** 0.087 0.070 0.098 0.090 0.056 0.109 0.067 0.088
LBTS* 0.087 0.069 0.099 0.090 0.057 0.108 0.069 0.088
Mean Squared Error
FIML* 0.012 0.008 0.016 0.013 0.005 0.019 0.007 0.012
MCMC 0.012 0.008 0.016 0.013 0.005 0.018 0.008 0.012
MCMC* 0.012 0.008 0.016 0.013 0.005 0.019 0.008 0.012
TS** 0.012 0.008 0.016 0.018 0.009 0.027 0.012 0.019
TS* 0.012 0.008 0.016 0.019 0.009 0.028 0.012 0.020
LBTS*** 0.012 0.008 0.016 0.013 0.005 0.019 0.007 0.012
LBTS* 0.012 0.008 0.016 0.013 0.005 0.019 0.007 0.012
SIF for all MCMC outputs
Mean 10 20 11 18 8 7 30 48
Standard Deviation 3 5 3 4 2 2 7 11

* 873 samples included; ** 1000 samples included; *** 915 samples included; 1000 samples included in
MCMC
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Table 4.4: Estimator Performance when ρ=0.8 and xi1 , xi2

β11 β12 β13 β21 β22 β23 γ ρ
True Values 1.000 -1.500 -1.000 -0.800 -1.000 1.500 1.200 0.800
Mean
FIML* 1.003 -1.507 -1.004 -0.806 -1.009 1.512 1.208 0.803
MCMC 1.016 -1.523 -1.017 -0.807 -1.015 1.521 1.199 0.766
MCMC* 1.014 -1.522 -1.015 -0.807 -1.015 1.521 1.197 0.767
TS** 1.006 -1.508 -1.006 -0.909 -1.143 1.712 1.370 0.910
TS* 1.003 -1.508 -1.004 -0.909 -1.144 1.713 1.369 0.911
LBTS*** 1.006 -1.507 -1.006 -0.806 -1.009 1.513 1.210 0.800
LBTS* 1.003 -1.508 -1.004 -0.805 -1.010 1.512 1.209 0.800
Standard Deviation
FIML* 0.104 0.086 0.120 0.102 0.069 0.127 0.085 0.070
MCMC 0.106 0.087 0.121 0.103 0.068 0.125 0.083 0.064
MCMC* 0.106 0.086 0.121 0.103 0.069 0.127 0.083 0.064
TS** 0.110 0.088 0.127 0.123 0.076 0.141 0.094 0.104
TS* 0.110 0.088 0.127 0.123 0.077 0.143 0.095 0.103
LBTS*** 0.110 0.088 0.127 0.102 0.069 0.125 0.085 0.069
LBTS* 0.110 0.088 0.127 0.102 0.070 0.127 0.085 0.070
Maximum Values
FIML* 1.351 -1.219 -0.554 -0.477 -0.812 2.006 1.506 0.978
MCMC 1.367 -1.238 -0.562 -0.489 -0.817 2.011 1.499 0.896
MCMC* 1.367 -1.238 -0.562 -0.489 -0.817 2.011 1.499 0.896
TS** 1.379 -1.250 -0.590 -0.552 -0.919 2.172 1.685 1.000
TS* 1.379 -1.250 -0.590 -0.552 -0.919 2.172 1.685 1.000
LBTS*** 1.379 -1.250 -0.590 -0.471 -0.813 2.005 1.515 0.971
LBTS* 1.379 -1.250 -0.590 -0.471 -0.813 2.005 1.515 0.971
Minimum Values
FIML* 0.611 -1.908 -1.438 -1.214 -1.231 1.176 0.968 0.543
MCMC 0.616 -1.920 -1.457 -1.219 -1.231 1.202 0.962 0.517
MCMC* 0.616 -1.920 -1.457 -1.219 -1.231 1.202 0.962 0.517
TS** 0.637 -1.903 -1.440 -1.289 -1.358 1.340 1.118 0.543
TS* 0.637 -1.903 -1.440 -1.289 -1.358 1.340 1.118 0.543
LBTS*** 0.637 -1.903 -1.440 -1.213 -1.233 1.180 0.969 0.536
LBTS* 0.637 -1.903 -1.440 -1.213 -1.233 1.180 0.969 0.536
Mean Absolute Error
FIML* 0.083 0.068 0.093 0.082 0.057 0.100 0.068 0.056
MCMC 0.085 0.070 0.095 0.082 0.056 0.100 0.067 0.055
MCMC* 0.085 0.069 0.095 0.082 0.057 0.101 0.067 0.055
TS** 0.087 0.070 0.099 0.133 0.145 0.220 0.172 0.135
TS* 0.087 0.069 0.099 0.134 0.145 0.220 0.171 0.136
LBTS*** 0.087 0.069 0.099 0.082 0.056 0.099 0.068 0.055
LBTS* 0.087 0.069 0.099 0.082 0.057 0.101 0.068 0.055
Mean Squared Error
FIML* 0.011 0.007 0.014 0.010 0.005 0.016 0.007 0.005
MCMC 0.011 0.008 0.015 0.011 0.005 0.016 0.007 0.005
MCMC* 0.011 0.008 0.015 0.011 0.005 0.016 0.007 0.005
TS** 0.012 0.008 0.016 0.027 0.026 0.065 0.038 0.023
TS* 0.012 0.008 0.016 0.027 0.027 0.065 0.037 0.023
LBTS*** 0.012 0.008 0.016 0.010 0.005 0.016 0.007 0.005
LBTS* 0.012 0.008 0.016 0.010 0.005 0.016 0.007 0.005
SIF for all MCMC outputs
Mean 17 36 18 26 15 13 45 70
Standard Deviation 5 10 6 7 4 4 11 13

* 899 samples included; ** 1000 samples included; *** 940 samples included; 1000 samples included in
MCMC
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estimates are somewhat different (as seen by comparing the maximum and minimum

values across methods) but have no big effect on overall estimation.

Table 4.3 when ρ = 0.5, shows that FIML, the Bayesian method and likelihood-based

two-step method can provide good estimators, although the two-step method performs

a bit worse in some dimensions. FIML is reliable with unbiased mean values and small

standard deviations and estimation errors. In contrast, the MCMC method also offers

good estimation with slightly smaller standard deviations than FIML for some param-

eters and larger standard deviations for other parameters. There is little difference be-

tween methods in mean of absolute errors and mean of squared errors. When comparing

the likelihood-based two-step method with FIML, results indicate no big difference be-

tween the methods, no matter according to bias, variance or estimation errors. For the

two-step method, mean values can show bias for certain parameters such as β22, β3 and

γ , where the bias is more than 0.05. It also has the largest standard deviations and esti-

mation errors in comparison with other methods, however, differences are still small.

When ρ = 0.8, there is virtually difference in performance of FIML, the Bayesian method

and the likelihood-based two-step method, while the two-step method performs worst

among the four estimators. Mean values of FIML and the likelihood-based two-step

method are very close to the true values. The difference of mean values between the

two methods are smaller than 0.003. Most mean values estimated by the MCMCmethod

show a little more bias than those estimated by FIML except for γ . However, the bias of

each parameter is normally less than 0.04 which is a very small amount. Difference in

standard deviations and estimation errors are quite small among the three methods. For

the two-step method, bias of β2, γ and ρ is much more obvious as ρ increases. Standard

deviation of such parameters are also a little larger than those of other methods, while

mean of absolute errors and mean of squared errors of β2, γ and ρ are as twice big as

those estimated by other methods. As mentioned in Section 4.4.2, ρ is replaced by ρ∗ and

they are not identical for the two-step method, so it has some difficulty in estimating ρ

accurately when true ρ value is large. That is why the two-step method gives a little more

biased and inefficient estimation in the second step.
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In all, the Bayesian method and likelihood-based two-step method can provide as accu-

rate and efficient estimation as FIML when xi1 , xi2, while the two-step method performs

a little worse with large error correlation. FIML is quite reliable except for some conver-

gence problems. The Bayesian method needs more computation than other methods, but

can produce reliable estimates for each sample. The likelihood-based two-step method is

less likely to fail to converge than FIML, while the two-step method fails less frequently

than the likelihood-based two-step method.

4.4.6 Comparison when xi1 = xi2

We are interested in the effects of exclusion restrictions, when the model has sample

selection issues. We would expect the sample selection model to have similar properties

as models with endogenous treatment effects, where exclusion restrictions can influence

the precision of estimators.

Therefore, tables of results with exclusion restrictions are compared to tables without

exclusion restrictions based on the same error correlation. Let us compare Table 4.2 with

Table 4.5 first. Althoughmean values appear slightly different, the estimates for all meth-

ods are still unbiased in Table 4.5. The standard deviations of β1 remain in the same level,

but those of β21, β23 and γ are a little larger while those of β22 and ρ have doubled in

Table 4.5 in comparison with standard deviations in Table 4.2. Mean of absolute errors

and mean of squared error of β22 and ρ are also much larger in Table 4.5 than those in Ta-

ble 4.2. Meanwhile, maximum and minimum values are much more extreme, when the

model is without exclusion restrictions. FIML, the two-step and likelihood-based two-

step methods also fail more frequently. Mean SIF values of β1 are still quite small, but

those of other parameters jump a lot especially for ρ whose mean SIF value has increased

from 37 in Table 4.2 to 120 in Table 4.5. Similar patterns can be found when compar-

ing Table 4.3 and Table 4.6. When ρ = 0.8, however, differences in standard deviations

and estimation errors between Table 4.4 and Table 4.7 are not as obvious as differences

when ρ is smaller. What we conclude is that, although models without exclusion restric-

tions can still be identified, they are more difficult to estimate than those with exclusion

restrictions.
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Table 4.5: Estimator Performance when ρ=0 and xi1 = xi2

β11 β12 β13 β21 β22 β23 γ ρ
True Values 1.000 -1.500 -1.000 -0.800 -1.000 1.500 1.200 0.000
Mean
FIML* 1.008 -1.511 -1.005 -0.805 -1.006 1.481 1.187 0.019
MCMC 1.008 -1.515 -1.005 -0.816 -1.004 1.461 1.151 0.034
MCMC* 1.011 -1.515 -1.007 -0.818 -1.007 1.457 1.150 0.040
TS** 1.007 -1.512 -1.005 -0.812 -1.014 1.505 1.205 0.008
TS* 1.008 -1.511 -1.005 -0.816 -1.020 1.500 1.206 0.019
LBTS*** 1.008 -1.513 -1.006 -0.805 -1.004 1.485 1.188 0.018
LBTS* 1.008 -1.511 -1.005 -0.808 -1.009 1.479 1.187 0.025
Standard Deviation
FIML* 0.107 0.088 0.125 0.167 0.155 0.146 0.085 0.278
MCMC 0.108 0.088 0.125 0.144 0.129 0.133 0.083 0.208
MCMC* 0.107 0.088 0.125 0.146 0.131 0.134 0.081 0.213
TS** 0.107 0.088 0.124 0.173 0.164 0.146 0.084 0.292
TS* 0.106 0.088 0.124 0.173 0.163 0.147 0.083 0.292
LBTS*** 0.108 0.088 0.124 0.163 0.153 0.146 0.087 0.272
LBTS* 0.106 0.088 0.124 0.167 0.155 0.146 0.085 0.277
Maximum Values
FIML* 1.392 -1.304 -0.632 -0.290 -0.486 1.941 1.442 0.867
MCMC 1.395 -1.302 -0.603 -0.251 -0.574 1.887 1.451 0.586
MCMC* 1.395 -1.302 -0.632 -0.379 -0.574 1.887 1.399 0.582
TS** 1.387 -1.303 -0.616 -0.132 -0.505 1.964 1.484 0.975
TS* 1.387 -1.303 -0.630 -0.259 -0.532 1.964 1.461 0.975
LBTS*** 1.387 -1.303 -0.630 -0.188 -0.499 1.941 1.504 0.859
LBTS* 1.387 -1.303 -0.630 -0.283 -0.499 1.941 1.460 0.859
Minimum Values
FIML* 0.738 -1.849 -1.478 -1.355 -1.465 0.891 0.934 -0.751
MCMC 0.695 -1.847 -1.479 -1.306 -1.377 0.995 0.909 -0.614
MCMC* 0.737 -1.847 -1.479 -1.306 -1.377 0.995 0.909 -0.614
TS** 0.683 -1.849 -1.470 -1.315 -1.603 1.047 0.954 -1.000
TS* 0.736 -1.849 -1.470 -1.305 -1.603 1.047 0.954 -1.000
LBTS*** 0.683 -1.849 -1.470 -1.354 -1.470 0.903 0.934 -0.750
LBTS* 0.736 -1.849 -1.470 -1.354 -1.470 0.903 0.934 -0.750
Mean Absolute Error
FIML* 0.087 0.070 0.100 0.133 0.125 0.114 0.068 0.226
MCMC 0.088 0.071 0.100 0.114 0.103 0.109 0.077 0.168
MCMC* 0.087 0.071 0.101 0.116 0.106 0.109 0.076 0.177
TS** 0.087 0.071 0.099 0.137 0.130 0.115 0.067 0.234
TS* 0.086 0.070 0.100 0.137 0.130 0.115 0.066 0.234
LBTS*** 0.087 0.070 0.100 0.129 0.122 0.115 0.070 0.221
LBTS* 0.086 0.070 0.100 0.132 0.125 0.115 0.068 0.225
Mean Squared Error
FIML* 0.011 0.008 0.016 0.028 0.024 0.022 0.007 0.078
MCMC 0.012 0.008 0.016 0.021 0.017 0.019 0.009 0.044
MCMC* 0.012 0.008 0.016 0.022 0.017 0.020 0.009 0.047
TS** 0.012 0.008 0.015 0.030 0.027 0.021 0.007 0.085
TS* 0.011 0.008 0.015 0.030 0.027 0.021 0.007 0.086
LBTS*** 0.012 0.008 0.016 0.027 0.023 0.022 0.008 0.074
LBTS* 0.011 0.008 0.015 0.028 0.024 0.022 0.007 0.077
SIF for all MCMC outputs
Mean 8 17 10 79 97 58 37 120
Standard Deviation 2 4 3 17 18 22 13 18

* 720 samples included; ** 952 samples included; *** 830 samples included; 1000 samples included in
MCMC
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Table 4.6: Estimator Performance when ρ=0.5 and xi1 = xi2

β11 β12 β13 β21 β22 β23 γ ρ
True Values 1.000 -1.500 -1.000 -0.800 -1.000 1.500 1.200 0.500
Mean
FIML* 1.006 -1.512 -1.003 -0.800 -0.994 1.502 1.192 0.488
MCMC 1.014 -1.522 -1.011 -0.763 -0.949 1.543 1.185 0.382
MCMC* 1.015 -1.523 -1.011 -0.771 -0.954 1.540 1.183 0.392
TS** 1.005 -1.511 -1.003 -0.838 -1.044 1.586 1.274 0.519
TS* 1.006 -1.512 -1.002 -0.847 -1.049 1.584 1.274 0.531
LBTS*** 1.006 -1.512 -1.005 -0.795 -0.992 1.500 1.192 0.485
LBTS* 1.006 -1.512 -1.002 -0.800 -0.994 1.503 1.193 0.488
Standard Deviation
FIML* 0.107 0.087 0.125 0.128 0.109 0.167 0.096 0.209
MCMC 0.108 0.087 0.125 0.121 0.106 0.139 0.084 0.169
MCMC* 0.108 0.087 0.126 0.121 0.101 0.140 0.083 0.165
TS** 0.107 0.087 0.124 0.162 0.156 0.143 0.086 0.267
TS* 0.107 0.088 0.125 0.161 0.151 0.145 0.085 0.263
LBTS*** 0.107 0.088 0.123 0.127 0.112 0.165 0.095 0.207
LBTS* 0.107 0.088 0.125 0.128 0.109 0.166 0.096 0.207
Maximum Values
FIML* 1.327 -1.293 -0.616 -0.132 -0.408 2.044 1.548 0.893
MCMC 1.411 -1.307 -0.618 -0.245 -0.528 2.009 1.488 0.718
MCMC* 1.328 -1.310 -0.618 -0.245 -0.528 2.009 1.488 0.718
TS** 1.387 -1.303 -0.616 -0.286 -0.593 2.046 1.549 1.000
TS* 1.327 -1.304 -0.616 -0.286 -0.593 2.046 1.549 1.000
LBTS*** 1.327 -1.303 -0.616 -0.138 -0.412 2.044 1.549 0.884
LBTS* 1.327 -1.304 -0.616 -0.138 -0.412 2.044 1.549 0.884
Minimum Values
FIML* 0.717 -1.846 -1.396 -1.255 -1.281 0.902 0.937 -0.647
MCMC 0.683 -1.848 -1.506 -1.199 -1.401 0.982 0.935 -0.436
MCMC* 0.723 -1.848 -1.397 -1.199 -1.242 0.982 0.935 -0.436
TS** 0.683 -1.849 -1.470 -1.371 -1.571 1.045 1.016 -0.373
TS* 0.708 -1.849 -1.383 -1.371 -1.420 1.045 1.016 -0.373
LBTS*** 0.683 -1.849 -1.383 -1.249 -1.445 0.899 0.935 -0.639
LBTS* 0.708 -1.849 -1.383 -1.249 -1.282 0.899 0.935 -0.639
Mean Absolute Error
FIML* 0.086 0.070 0.100 0.100 0.084 0.131 0.077 0.161
MCMC 0.088 0.071 0.101 0.101 0.091 0.113 0.069 0.155
MCMC* 0.088 0.072 0.102 0.098 0.086 0.114 0.068 0.147
TS** 0.087 0.070 0.099 0.134 0.129 0.132 0.092 0.217
TS* 0.087 0.070 0.101 0.134 0.127 0.132 0.091 0.214
LBTS*** 0.087 0.071 0.098 0.099 0.087 0.129 0.076 0.161
LBTS* 0.087 0.070 0.101 0.100 0.083 0.131 0.077 0.160
Mean Squared Error
FIML* 0.011 0.008 0.016 0.016 0.012 0.028 0.009 0.044
MCMC 0.012 0.008 0.016 0.016 0.014 0.021 0.007 0.043
MCMC* 0.012 0.008 0.016 0.015 0.012 0.021 0.007 0.039
TS** 0.012 0.008 0.015 0.028 0.026 0.028 0.013 0.072
TS* 0.012 0.008 0.016 0.028 0.025 0.028 0.013 0.070
LBTS*** 0.012 0.008 0.015 0.016 0.013 0.027 0.009 0.043
LBTS* 0.012 0.008 0.016 0.016 0.012 0.027 0.009 0.043
SIF for all MCMC outputs
Mean 9 20 12 65 84 70 50 113
Standard Deviation 3 5 3 19 22 16 14 18

* 803 samples included; ** 992 samples included; *** 872 samples included; 1000 samples included in
MCMC
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Table 4.7: Estimator Performance when ρ=0.8 and xi1 = xi2

β11 β12 β13 β21 β22 β23 γ ρ
True Values 1.000 -1.500 -1.000 -0.800 -1.000 1.500 1.200 0.800
Mean
FIML* 1.006 -1.511 -1.003 -0.804 -1.002 1.510 1.200 0.797
MCMC 1.032 -1.538 -1.033 -0.753 -0.946 1.642 1.262 0.643
MCMC* 1.031 -1.537 -1.033 -0.755 -0.948 1.645 1.264 0.644
TS** 1.005 -1.511 -1.003 -0.869 -1.086 1.762 1.419 0.849
TS* 1.004 -1.510 -1.002 -0.872 -1.088 1.766 1.421 0.851
LBTS*** 1.003 -1.510 -1.000 -0.801 -0.999 1.510 1.201 0.794
LBTS* 1.004 -1.510 -1.002 -0.803 -1.001 1.512 1.201 0.795
Standard Deviation
FIML* 0.106 0.084 0.124 0.102 0.079 0.159 0.112 0.098
MCMC 0.108 0.086 0.125 0.103 0.084 0.140 0.093 0.097
MCMC* 0.109 0.085 0.126 0.101 0.083 0.142 0.093 0.096
TS** 0.107 0.087 0.124 0.140 0.131 0.145 0.099 0.195
TS* 0.108 0.086 0.126 0.140 0.130 0.147 0.099 0.195
LBTS*** 0.107 0.086 0.125 0.103 0.079 0.158 0.112 0.100
LBTS* 0.108 0.086 0.126 0.102 0.079 0.159 0.111 0.099
Maximum Values
FIML* 1.395 -1.289 -0.638 -0.338 -0.574 2.094 1.633 0.959
MCMC 1.433 -1.317 -0.661 -0.362 -0.580 2.134 1.612 0.803
MCMC* 1.433 -1.317 -0.661 -0.362 -0.583 2.134 1.612 0.803
TS** 1.387 -1.303 -0.616 -0.365 -0.593 2.265 1.776 1.000
TS* 1.387 -1.304 -0.616 -0.365 -0.615 2.265 1.776 1.000
LBTS*** 1.387 -1.303 -0.616 -0.337 -0.573 2.093 1.634 0.958
LBTS* 1.387 -1.304 -0.616 -0.337 -0.573 2.093 1.634 0.958
Minimum Values
FIML* 0.680 -1.840 -1.490 -1.220 -1.231 1.099 0.902 -0.137
MCMC 0.704 -1.856 -1.534 -1.170 -1.241 1.260 1.027 -0.088
MCMC* 0.704 -1.856 -1.534 -1.170 -1.177 1.260 1.027 -0.088
TS** 0.683 -1.849 -1.470 -1.425 -1.438 1.353 1.119 -0.051
TS* 0.683 -1.849 -1.470 -1.425 -1.438 1.353 1.119 -0.051
LBTS*** 0.683 -1.773 -1.470 -1.219 -1.225 1.100 0.910 -0.141
LBTS* 0.683 -1.849 -1.470 -1.219 -1.225 1.100 0.924 -0.141
Mean Absolute Error
FIML* 0.086 0.067 0.100 0.080 0.063 0.125 0.088 0.072
MCMC 0.090 0.075 0.103 0.090 0.079 0.163 0.087 0.157
MCMC* 0.091 0.074 0.104 0.089 0.077 0.166 0.087 0.156
TS** 0.087 0.070 0.100 0.128 0.132 0.266 0.219 0.174
TS* 0.087 0.069 0.101 0.128 0.132 0.270 0.221 0.174
LBTS*** 0.086 0.069 0.100 0.080 0.063 0.124 0.088 0.073
LBTS* 0.087 0.069 0.101 0.080 0.063 0.125 0.087 0.073
Mean Squared Error
FIML* 0.011 0.007 0.015 0.010 0.006 0.025 0.012 0.010
MCMC 0.013 0.009 0.017 0.013 0.010 0.040 0.013 0.034
MCMC* 0.013 0.009 0.017 0.012 0.010 0.041 0.013 0.033
TS** 0.012 0.008 0.015 0.024 0.025 0.090 0.058 0.041
TS* 0.012 0.008 0.016 0.025 0.024 0.092 0.059 0.040
LBTS*** 0.011 0.008 0.016 0.011 0.006 0.025 0.013 0.010
LBTS* 0.012 0.008 0.016 0.010 0.006 0.025 0.012 0.010
SIF for all MCMC outputs
Mean 13 27 17 49 62 63 62 98
Standard Deviation 4 7 5 15 21 15 13 20

* 871 samples included; ** 1000 samples included; *** 934 samples included; 1000 samples included in
MCMC

117



Bayesian Analysis of Non-linear Multivariate Econometric Models

We are also interested in how different methods perform when they are used to estimate

sample selection models without exclusion restrictions. Thus, each table is analyzed

across methods again. In Table 4.5, all mean values suggest very small biases. The largest

bias appears in the mean value of γ estimated by the MCMC method which is biased

by around 0.05 from the true value. Mean values of β23 and γ estimated by the two-

step method are closer to the true values than those of the other three methods. The

MCMC method tends to work more efficiently as most values of standard deviations,

mean of absolute error and mean of squared error are smaller than those estimated by

other methods. In contrast, the two-step method has the largest standard deviations

and estimation errors of β21, β22 and ρ. Statistics are quite close across FIML and the

likelihood-based two-step method. Overall, the differences in summary statistics are

very small across methods in this table. Thus, all four estimators work fine when ρ = 0.

Next, we consider how the four estimators perform when ρ = 0.5. Table 4.6 reveals that

most mean values suggest the estimators are still unbiased. However, the mean value

of the estimator of ρ estimated by the MCMC method is biased by more than 0.1, while

mean values of β23 and γ evaluated by the two-step method are biased by around 0.08.

Standard deviations of each parameter in β1 are close across all methods. Standard de-

viations of estimates of β2, γ and ρ estimated by the MCMC method are the smallest in

comparison to those estimated by other methods, while standard deviations of β21, β22

and ρ estimated by the two-step method are largest. According to estimation errors, the

two-step method shows more extreme values of β21, β22, γ and ρ while other statistics

are close across methods. In short, all four methods perform reasonably well, except a

little bias for the MCMC method and the two-step method.

Table 4.7 presents summary statistics with ρ = 0.8 and we will focus on the difference

across methods. Mean values of β23 and ρ estimated by the MCMC method are biased

from the true values by around 0.15, while estimates of β23 and γ from the two-step

method are biased bymore than 0.2. Standard deviations of estimates of β1 are almost the

same for all methods. According to standard deviations of other parameters, the MCMC

method can provide relatively more precise estimates of β23 and γ , while the two-step

method is more inaccurate in estimating β21, β22 and ρ. The mean absolute error and

mean squared error from FIML and the likelihood-based two-step method are almost
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the same, while those from the MCMC method are slightly larger. However, estimation

errors for estimates of β2, γ and ρ from the two-step method are the largest among all

methods. Maximum and minimum values are a little different for the different methods,

but such differences are not big.

In summary, FIML has small bias and is efficient, but has more than one tenth conver-

gence failure rate. The Bayesian method can estimate all samples, but has small bias

on certain parameters when ρ is large while the rest of the parameters are estimated effi-

ciently and with small bias. The two-step method only fails to converge a few times when

ρ = 0. However, some bias and inefficiency arise with strong error correlation. Finally,

estimation based on a two-step maximum likelihood method is always close to that of

FIML, but fails to converge much less often than FIML.

4.5 An Application to Mental Illness and Labor Market Employ-

ment

It is widely acknowledged that mental health is an important factor in determining labor

market outcomes. Mental illness can not only affect people’s chances of finding employ-

ment, but also influence people’s capacity to work, the occupational skill levels at which

they work, and their earnings. Nationwide mental health surveys provide us with the

opportunity to examine the relationship between mental health factors and labor market

outcomes. In this empirical application we look at the relationship between mental ill-

ness and an individual’s chances of being employed, and for the employed, the impact of

mental illness on a person’s occupational skill level. It might be suggested that mental

illness would hinder the chances of finding employment, and might also mean people

work in lower skilled jobs than they would otherwise have if they did not suffer from an

illness. This application will look at whether there is empirical support for these effects,

using the Australian National Survey of Mental Health andWellbeing of Adults for 1997.

Substantial research suggests that the unemployment or employment in lower-level jobs

can cause mental health problems. For example, Flatau et al. (2000) show that there are

negative associations between mental health and unemployment. Artazcoz et al. (2004)

believe that the financial strain of unemployment can cause poor mental health, while
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unemployment can also be associated with poor mental health as a result of the absence

of nonfinancial benefits provided by one’s job, such as social status, self-esteem, physical

and mental activity, and use of one’s skills. Some research explores the endogeneity of

the relationship between mental health and employment. For example, Hamilton et al.

(1997) apply a simultaneous equation generalized probit model to estimate jointly the

determinants of an individual’s latent index of employability and their mental health,

and find that employability leads to improved mental health and that stronger mental

health improves employability.

The relationship between occupational levels and mental health is not clear. It is possible

that some poor mental health among the employed may be due to a recent proliferation

of low-skill jobs, to the take-up of jobs not matched to the skill background of the indi-

vidual, or to job insecurity (Flatau et al. 2000). Employment in lower-level jobs usually

involves high demand and a lack of control over decision making, thus may cause an

accumulation of stress and can result in anxiety, depression and psychosomatic illness as

well as physical disorders (Dockery 2006). However, some argue that high-stress senior

management jobs can lead to increased incidence of mental health conditions, especially

depression and anxiety (Cornwell et al. 2009).

This example will investigate the effects of mental health on the relationship between

employment and occupational skill levels. Sample selection exists in this case because

we can only observe occupational levels for people who are employed. The data set we

use here is the same as that used by Cornwell et al. (2009). They seek to explain labor

market outcomes by mental health states, but if there is causality in the other direction,

the mental health variable will be endogenous, and biased estimates will result. So they

deal with endogeneity by use of temporal information in the data tomake sure themental

illness cannot have been caused by the unemployment experience. It is revealed that

there is a strongly significant effect of mental illness on employment and clear evidence

of reduced occupational skill level.

The estimation method used by Cornwell et al. (2009) is the two-step method discussed

in Section 4.4.2. However, their model has a three-equation system, so the two-step

method is applied twice. After the first equation is estimated as a probit model, an
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estimated inverse Mills ratio is plugged into the second equation as a regressor. Then

parameters in the second equation are estimated and the estimates are used to form a

second correction factor to add into the third equation. As we have commented before,

this two-step method is inconsistent when the second equation is non-linear, so FIML

and the Bayesian method will be utilized to estimate the parameters in this empirical

example.

4.5.1 Features of the Data

The data we use for the model are from the 1997 National Survey of Mental Health and

Wellbeing of Adults (NSMHWB) in Australia. This survey collects information about

normal demographic factors and various mental health indicators, involving a total of

more than 10,000 participants. Since effects of participation in labor market are not

particularly considered in this section, a sample of 6,928 observations is used to estimate

our model after removal of respondents who do not participate in the labor market.

The probability of employment can be driven by a number of socioeconomic factors like

gender, age, education levels and geographic factors. Health concerns including mental

and physical conditions are also considered in the equation to capture the influence of

health status on the labor market. Since all factors which determine employment can

possibly also affect the choice of occupations, the explanatory variables are the same in

both binary choice and ordered probit equations.

Table 4.8: Summary Statistics of Number of Mental Health Disorders (A)

(with less than 12 months)
Number of Mental Health Disorders Frequency Percent

with less than 12 months
0 6,805 98.2
1 114 1.7
2 8 0.1
3 1 0.0

Total 6,928 100.0

Table 4.8 and Table 4.9 describe some summary statistics about number of mental health

disorders. Table 4.8 shows that a small proportion of respondents (1.78%) have short

term mental health disorders whose onset was less than 12 months ago, while most of

them have only one disorder. Table 4.9, however, shows that 17.93% of respondents
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Table 4.9: Summary statistics of Number of Mental Health Disorders (B)

(with more than 12 months)
Number of Mental Health Disorders Frequency Percent

with more than 12 months
0 5,686 82.1
1 608 8.8
2 299 4.3
3 171 2.5
4 101 1.5
5 43 0.6
6 10 0.1
7 4 0.1
8 3 0.0
9 3 0.0

Total 6,928 100.0

suffer long termmental health problems while 4.84% suffer more than twomental health

disorders. 17.93% is not a small percentage, but is not surprising because people tend to

have more and more pressure in modern society, especially when they are living in a fast

life style.

4.5.2 Estimates

This specific model has almost the same latent structure of Equation (4.2.1),

 zi1 = x′i1β1 + ϵi1

zi2 = x′i1β2 + ϵi2 1 ≤ i ≤ n.

Notice that exclusion restrictions are not imposed here, so independent variables are

exactly the same in the two equations, namely xi1 = xi2. The regressors include individual

characteristics that are generally seen to impact labour market outcomes - gender, age,

level of education and indices indicating a person’s socio-economic status. In addition,

two mental health indicators and one physical health indicator are also included in the

set of regressors to test their effects. All remaining effects are assumed to be contained

in error terms. If the errors across the two equations are correlated, then the equation

for yi2 cannot be estimated without taking account of the sample selection given by the

equation for yi1. The correlation introduces a selection bias in the occupational skill
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category equation. Therefore, ϵi1 and ϵi2 are defined in the same way as in Equation

(4.2.1) with correlation ρ.

The individual is employed if zi1 > 0, so yi1 = 1. Otherwise, zi1 < 0, so yi1 = 0. Occu-

pational skill levels are shown as yi2 which are categorical data. Although respondents

answer the question about most recent occupation even when they are not employed, we

believe that long term unemployment will cause possible bias in evaluating their true

occupational levels. As a result, occupational skill categories are assumed missing when

respondents are not employed, which makes this data set consistent with our model. The

missing cases are given a zero value, so the occupational equation can be written as

yi2 =



0 missing if yi1 = 0

1 if yi1 = 1 and zi2 < 0

2 if yi1 = 1 and 0 < zi2 < γ2

3 if yi1 = 1 and γ2 < zi2 < γ3

4 if yi1 = 1 and γ3 < zi2 < γ4

5 if yi1 = 1 and γ4 < zi2.

More specifically, yi2 = 0 if the individual is not employed. yi2 = 1 if the individual is

employed as elementary clerical, sales and service workers, laborers and related workers.

yi2 = 2 represents employment as intermediate clerical, sales, service, production and

transport workers. yi2 = 3 if one is employed as trades persons and related workers,

advanced clerical and service workers. yi2 = 4 represents associate professionals, while

yi2 = 5 means managers, administrators and professionals.

Two estimation methods, FIML and the Bayesian method are applied on this empirical

data. In order to get reliable FIML estimates, the data is estimated by two programs. The

CML package in GAUSS fails to invert the covariance matrix of the parameter estimates,

no matter what the starting values are, so such outputs cannot be relied on. Therefore,

we use another commercial software NLOGIT 4.0, which also applies FIML to estimate

parameters for this particular type of model (Greene 2002). We find that values of param-

eters estimated by both software packages are very similar even with different starting
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values, except for ρ. The ρ value estimated by GAUSS can be very sensitive to starting

values while that obtained by NLOGIT is not significant.

Table 4.10: Parameter Estimation Using FIML

Variable Coefficient St.Er. P [|Z | > z] Mean of X
Employment Equation
Constant 1.159 0.072 0.000
Male -0.063 0.050 0.207 0.512
Age 25-44 0.359 0.064 0.000 0.557
Age 45-64 0.425 0.073 0.000 0.295
Secondary School 0.249 0.057 0.000 0.500
Higher Education 0.481 0.088 0.000 0.195
Vocational Education 0.249 0.094 0.008 0.113
Rural Area -0.148 0.068 0.028 0.136
Regional Center 0.098 0.067 0.145 0.182
Number of Mental Health Disorders -0.370 0.133 -2.784 0.019
with less than 12 months
Number of Mental Health Disorders -0.161 0.020 -8.020 0.358
with more than 12 months
Has Physical Illness -0.018 0.055 0.741 0.289
Skill Equation
Constant 0.139 0.120 0.245
Male 0.210 0.032 0.000 0.512
Age 25-44 0.393 0.046 0.000 0.557
Age 45-64 0.456 0.051 0.000 0.295
Secondary School 0.208 0.036 0.000 0.500
Higher Education 1.549 0.043 0.000 0.195
Vocational Education 0.771 0.045 0.000 0.113
Rural Area -0.099 0.044 0.025 0.136
Regional Center 0.225 0.035 0.000 0.182
Number of Mental Health Disorders -0.196 0.103 0.056 0.019
with less than 12 months
Number of Mental Health Disorders -0.054 0.026 0.039 0.358
with more than 12 months
Has Physical Illness -0.026 0.030 0.395 0.289
γ2 0.802 0.047 0.000
γ3 1.328 0.067 0.000
γ4 1.730 0.078 0.000
ρ 0.404 0.476 0.397

Table 4.10 presents FIML results estimated by NLOGIT, including estimated coefficients,

standard error, p-value and mean of X. We discuss various factors. If 5% is chosen as the

significance level, gender does not seem to have an effect on employment as its p-value

is 0.207, but can impact on occupational skill levels. Age groups and education play

quite important roles in determining both employment and occupational skill levels, as
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corresponding dummy variables are all significant in both equations. The dummy vari-

able about whether the one is from regional center is not significant in the employment

equation but significant in the other equation. Having a physical illness is not signifi-

cant in either equation, as the p-values are extremely large. P-values of the number of

mental disorders with less than 12 months is slightly above 5%, which suggest mental

disorders whose onset was less than 12 months age do not have much effect on occupa-

tional outcomes. The effects of this variable may be too difficult to detect as only 1.78 %

respondents have short term mental illness. The estimate of ρ is not significant, thus no

correlation exists between the two equations.

Table 4.11: Parameter Estimation Using the MCMC Method

Mean St. Dev BM St. Dev SIF 95% Credible Interval
Employment Equation
Constant 1.182 0.112 0.012 12 ( 0.968 , 1.408 )
Male -0.032 0.070 0.010 21 ( -0.167 , 0.107 )
Age 25-44 0.263 0.082 0.013 24 ( 0.104 , 0.426 )
Age 45-64 0.361 0.085 0.014 27 ( 0.198 , 0.532 )
Secondary School 0.242 0.091 0.014 25 ( 0.070 , 0.428 )
Higher Education 0.520 0.136 0.032 57 ( 0.283 , 0.812 )
Vocational Education 0.282 0.122 0.020 28 ( 0.060 , 0.539 )
Rural Area -0.145 0.085 0.011 17 ( -0.313 , 0.022 )
Regional Center 0.184 0.083 0.013 26 ( 0.026 , 0.352 )
Mental Health Disorders -0.360 0.173 0.021 15 ( -0.687 , -0.004 )
with less than 12 months
Mental Health Disorders -0.145 0.029 0.004 18 ( -0.204 , -0.088 )
with more than 12 months
Has Physical Illness 0.007 0.061 0.008 17 ( -0.114 , 0.127 )
Skill Equation
Constant 0.396 0.042 0.004 9 ( 0.314 , 0.476 )
Male 0.209 0.021 0.001 4 ( 0.169 , 0.250 )
Age 25-44 0.260 0.027 0.004 22 ( 0.208 , 0.315 )
Age 45-64 0.311 0.027 0.004 26 ( 0.259 , 0.364 )
Secondary School 0.140 0.025 0.002 8 ( 0.092 , 0.188 )
Higher Education 1.448 0.037 0.006 28 ( 1.376 , 1.520 )
Vocational Education 0.689 0.031 0.004 13 ( 0.630 , 0.751 )
Rural Area -0.047 0.027 0.002 5 ( -0.100 , 0.005 )
Regional Center 0.201 0.024 0.001 4 ( 0.155 , 0.248 )
Mental Health Disorders -0.061 0.065 0.005 7 ( -0.189 , 0.065 )
with less than 12 months
Mental Health Disorders 0.004 0.012 0.001 11 ( -0.019 , 0.027 )
with more than 12 months
Has Physical Illness -0.017 0.019 0.001 5 ( -0.054 , 0.020 )
γ2 0.836 0.015 0.003 51 ( 0.807 , 0.864 )
γ3 1.170 0.020 0.005 51 ( 1.129 , 1.210 )
γ4 1.671 0.029 0.007 51 ( 1.613 , 1.728 )
ρ -0.805 0.044 0.021 215 ( -0.878 , -0.704 )

125



Bayesian Analysis of Non-linear Multivariate Econometric Models

When it comes to theMCMCprocedure, the priors are set in the sameway in Section 4.3.5

and an arbitrary set of starting values are used. β1, β2 and ρ start with zeros and three

threshold parameters are given values, 1, 2 and 3. A long burn-in period is necessary

because the sample size is quite large and many variables are included in the model. As

a result, we discard the first 20,000 iterations and record the following 50,000 iterations

to evaluate statistics needed for the output. Table 4.11 shows some estimated coefficients

and summary statistics applying the Bayesian method, including mean, standard devi-

ation, batch mean standard deviation (BM St. Dev), simulation inefficient factors (SIF)

and 95% Bayesian credible interval.

Figure 4.3: Convergence of ρ
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Once estimates are obtained, MCMC convergence diagnosis is necessary using SIF values.

As shown in Table 4.11, most SIF values vary from 4 to 50 which is an acceptable range,

except the SIF value for the coefficient of correlation ρ. Considering the simulation re-

sults in Section 4.4.6, ρ also has the largest SIF values because it is the most difficult

parameter to estimate in this model. Besides that, the ACF in Figure 4.3 indicates that ρ

is slowly convergent after long lags. As a result, we still treat 215 as a convergent result

although it is a quite large number. One should notice that the estimated ρ value, -0.805,

is totally different from the one from FIML which is 0.404 but not significant. It is a

puzzle that the two methods give such different estimates of ρ. The Monte Carlo experi-

ments in Section 4.4.6 show that estimating ρ is relatively difficult than estimating other

variables. The difficulty with estimating ρ in this application suggests the likelihood is

126



Bayesian Analysis of Non-linear Multivariate Econometric Models

probably bimodal in this case and it is hard to knowwhere the true parameter lies. Mean-

while, negative error correlation is not common in empirical studies. But still possible.

For instance, an individual who due to specific circumstances is especially keen to be

employed may also be willing to accept a job for which they are over-qualified. In that

case they may have a positive error in the employment equation, and a negative error in

the skill category equation. At the other extreme, an individual who has enough savings

and decides to only take on a position that matches his skills closely, may have a lower

chance of employment and a higher skill level propensity.

A 5% significance level is applied in the Bayesian credible interval which is used to test

significance in Table 4.11. Gender is not significant in determining employment status

while males still dominate higher occupational levels. Obviously, age and education can

influence both employment and occupational skill categories. The significance remain

the same for gender, age and education variables, although the coefficients of those vari-

ables are somehow different across methods. The remaining coefficients have quite differ-

ent significance across methods, while their magnitudes are similar for the two methods.

With geographic factors, the variable indicating a person lives in a rural area is not sig-

nificant in both equations. It may be caused by the fact that certain proportion of people

who live in rural area travel to work in city or regional areas, so the effect of rural area

variable is eliminated in some aspects. According to mental health variables, it seems

both short term and long term mental disorders can determine employment, but have

no effect on occupations because zero values are contained in the 95% credible intervals.

Moreover, physical conditions have no affect on both equations. It is possible that phys-

ical conditions can only determine people’s decision to participate. Therefore, physical

conditions cannot help much in explaining labor market once people participate in labor

market.

4.5.3 Marginal Effects

Marginal effects are useful in interpreting the model. If a variable is continuous,

marginal effects can be obtained from ∂P r [y|x] /∂x, in which P r [y|x] can be any prob-

ability of interest, such as expectation of y. This expression is evaluated at the sample

means of the data. Greene (2003) suggests an appropriate marginal effect for a binary
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independent variable, say d, would be

Marginal Effect = P r(y|xd ,d = 1)− P r(y|xd ,d = 0), (4.5.1)

where xd denotes the means of all the other variables in the model. Notice that all vari-

ables are binary in this empirical work, except mental health variables.

We are particularly interested in the marginal effects on the probabilities for an individ-

ual to join certain occupational categories after being employed. Such probabilities can

be written as

P r(yi2 = 1|yi1 = 1) = P r(yi1 = 1, yi2 = 1|xi1,xi2)/P r(yi1 = 1) (4.5.2)

P r(yi2 = 2|yi1 = 1) = P r(yi1 = 1, yi2 = 2|xi1,xi2)/P r(yi1 = 1) (4.5.3)

P r(yi2 = 3|yi1 = 1) = P r(yi1 = 1, yi2 = 3|xi1,xi2)/P r(yi1 = 1) (4.5.4)

P r(yi2 = 4|yi1 = 1) = P r(yi1 = 1, yi2 = 4|xi1,xi2)/P r(yi1 = 1) (4.5.5)

P r(yi2 = 5|yi1 = 1) = P r(yi1 = 1, yi2 = 5|xi1,xi2)/P r(yi1 = 1) (4.5.6)

in which the joint probabilities are defined in equation (4.4.1) and P r(yi1 = 1) = Φ(x′i1β1).

Table 4.12: Marginal Effects Using FIML

Variable Elementary Intermediate Advanced Associate Professionals
Skill Skill Skill Professionals

Male -0.046 -0.037 -0.002 0.014 0.071
Age 25-44 -0.076 -0.063 -0.004 0.023 0.121
Age 45-64 -0.078 -0.077 -0.014 0.020 0.150
Secondary School -0.038 -0.034 -0.003 0.011 0.064
Higher Education -0.188 -0.241 -0.114 -0.010 0.553
Vocational Education -0.109 -0.138 -0.050 0.013 0.283
Rural Area 0.018 0.015 0.001 -0.005 -0.029
Regional Center -0.042 -0.040 -0.006 0.011 0.076
Number of Mental Health Disorders 0.033 0.030 0.004 -0.010 -0.057
with less than 12 months
Number of Mental Health Disorders 0.008 0.008 0.001 -0.002 -0.015
with more than 12 months
Has Physical Illness 0.005 0.004 0.000 -0.002 -0.008

After substituting the point estimates from FIML into the joint probabilities of five occu-

pational categories, marginal effects of the number of mental health disorders are calcu-

lated by taking derivatives and marginal effects of other variables are evaluated by equa-

tion (4.5.1). As shown in Table 4.12, males are more likely to be employed in higher skill
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occupations than females, as are older people. Higher education increases the possibili-

ties of entering the professional occupational category by 55 percentage points. People

living in rural area are less likely to be employed as associate professionals or profession-

als, which may be due to less professional jobs available in such area. Short term mental

illness reduces the chances of entering the higher occupational levels. Meanwhile, an in-

dividual with long term disorders or physical problems are no more or less likely to enter

any skill categories, because marginal effects of the number of mental health disorders

with more than 12 months and physical condition are all quite small.

The 50,000 draws from the Bayesian method can form the distributions of the model

parameters, while mean values of such draws are used for the point estimates of the

Bayesian method in Table 4.11. After substituting each draw into equations (4.5.3)-

(4.5.6), marginal effects can be obtained in the same way we get those from FIML esti-

mates. Thus, 50,000 marginal effects will be available for each parameter, then they can

be used to construct the distribution of the marginal effect for that parameter. The mean

value of 50,000 marginal effects is used as the point estimate of marginal effect for each

parameter and a 95% credible interval is shown as an interval estimation in Table 4.13.

Figure 4.4: Distributions of the Coefficients of

Number of Mental Health Disorders with less than 12 months
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The effects of mental illness are what we are mainly interested in. The mean marginal ef-

fects of the number of mental disorders with more than 12 months are all less than 1 per-

centage points. Therefore, having a long term mental disorder does not lead to a sizeable

increase or decline in the possibility of joining any of the occupational categories. This
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Figure 4.5: Distributions of the Marginal Effects of

Number of Mental Health Disorders with less than 12 months
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ME4: Marginal effect on P r(yi2 = 4|yi1 = 1)
ME5: Marginal effect on P r(yi2 = 5|yi1 = 1)

finding is quite consistent with the results shown by FIML. The mean marginal effects
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of the five categories are 0.017, 0.022, 0.006, 0.002 and -0.048 respectively, which sug-

gests that short term mental illnesses slightly increase the possibility of being employed

in lower skill occupations and decrease the chances to be in the professional category.

However, the 95% credible intervals reveal that effects of mental disorders with less than

12 months are not quite significant except the one for the advanced skill category. Fig-

ure 4.4 indicates the distributions of coefficients of mental disorders with less than 12

months in both equations, and Figure 4.5 contains five marginal effects densities. The co-

efficient densities looks quite close to normally distributed with mean -0.360 and -0.061.

All marginal effect distributions tend to have very slight skewness.
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4.6 Conclusion

This chapter has provided a Bayesian approach for a specific model with binary selection

and ordered outcome observations. In this approach, a reparameterization is introduced

to improve algorithm convergence rate, while other computational techniques are com-

bined with reparameterization to refine the Gibbs sampler. In particular, special priors

are set in advance to obtain conjugate conditional posteriors. After that, a numerical

study is designed to illustrate Gibbs sampling results including MCMC convergence di-

agnostic analysis.

The Monte Carlo study compares the Bayesian approach with three other estimation

methods including FIML, the two-step method and likelihood-based two-step method.

It also discusses how the four estimators react under the effect of exclusion restrictions.

The study shows that exclusion restrictions are not necessary in obtaining valid estimates

of this particular model, but these restrictions do reduce the difficulty in estimation. Al-

though the results do not show that the MCMC method is better than FIML in this case,

it can be treated as an alternative method to FIML. On the other hand, it gives some

benefits, such as Bayesian credible intervals which can be used for interval estimation.

Besides that, it provides distributions of all parameters or other quantities of interest like

marginal effects, so potentially provides more information from estimation results. The

results show that the two-step method can give estimates for each sample, but has some

bias and inefficiency when error correlation is strong. The likelihood-based two-step

method works as accurately and efficiently as FIML. Moreover, it has less convergence

problems than FIML.

In the application section, the Bayesian method is applied to data on mental health and

labor market from a nationwide survey in Australia. Within the spirit of posterior dis-

tributions, it is not surprising that Bayesian methods can provide some efficient way to

estimate parameters as well as marginal effects. In particular, the Bayesianmethod shows

a more complete picture of the distributions of quantities of interest like marginal effects,

compared to FIML.
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Chapter 5

A Bayesian Approach to Estimating

Double-hurdle Models

5.1 Introduction

In models of labor market outcomes, individuals must pass two separate hurdles before

their labour income or occupational level is observed. Specifically, individuals have to

choose to participate in the market before they can be employed, and then they have to

be successful in finding employment. Generally, models of labour income are of most

interest. However, in some cases other variables of interest might be the focus of mod-

eling. Another example with two hurdles is about medical trials. In the first hurdle,

people make their decision to apply to participate in a trial. They are selected after some

pre-testing of applicant in the second hurdle. Then, the selected persons take the trial,

with outcomes being some measure of the effect of the trials which is perhaps a binary

outcome, or a continuous measure, or an ordered outcome like severity.

The two-stage sample selection motivates the use of the term “double-hurdle”, which

is first proposed by Cragg (1971). Some double-hurdle models involve two simultane-

ous hurdles. In other words, one hurdle does not influence the other. For instance,

Jones (1989) has suggested a trivariate model of cigarette which is consumed by both
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current smokers and ex-smokers. He believes it is not possible to estimate the full trivari-

ate model. What we are interested in are two hurdles in which one can result in non-

random selection of the other. Although the model specification of interest is different

from Jones’, our estimation techniques for trivariate models can still be applied to those

similar situations.

Since selection equations have discrete outcomes, auxiliary information evaluated by la-

tent variables is used to construct the double-hurdle model, and also for facilitating es-

timation of the trivariate model, with two stages of sample selection and a third equa-

tion that could be continuous, binary or ordered. In this chapter, we are particularly

interested in a double-hurdle model where a third equation has ordered outcomes. This

double-hurdle model can be viewed as an extension of the model in the previous chapter

by adding one extra stage of sample selection.

Classical MLE method is preferred by a lot of empirical researchers. However, conver-

gence problems always exist even with one stage of sample selection, as has been dis-

cussed in the previous chapter. Multiple equations and non-linear forms may result

in more serious convergence problems. For this double-hurdle model, the full likeli-

hood function can be obtained through the normality assumption of error terms, when

there are correlations between the three equations. Although computation of cumulative

trivariate normal distributions is available nowadays, numerical optimization can still

fail if the process is too complicated.

Therefore, we apply a Bayesian method to estimate the parameters of this trivariate

model. Two Gibbs samplers are proposed in this chapter. One is mainly based on stan-

dard Bayesian inference to get posterior distributions. And the other develops the idea

of reparameterization, so a Dirichlet proposal density can be applied to estimate thresh-

old parameters, while two coefficients of error correlation can be drawn from standard

distributions.

A Monte Carlo study is performed to compare FIML and the two Bayesian samplers.

FIML fails to offer valid estimates more than half the time, although in the remaining

cases, estimates are quite accurate. Meanwhile, both Gibbs samplers can give estimates

for each sample and their overall performance is quite accurate and efficient. Moreover,
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the sampler using reparameterization manages to give more accurate estimation on the

coefficients of error correlation than the standard sampler, especially when there is a

strong correlation between the error terms. Simulation results also show that reparame-

terization can greatly speed up the convergence rate for several parameters, although the

convergence rate is still poor in estimating one particular coefficient of correlation.

Later in this chapter, the three estimators are applied on an empirical study about men-

tal health and its effects on labor market outcomes such as participation, employment

and occupational skill categories. In the previous chapter, we only discussed the rela-

tionship between employment and occupational skill categories. Sample selection bias

could arise without considering the impact of participation, as people must decide to

participate in the job market before they can be employed. The empirical data and the

double-hurdle model have been applied by Cornwell et al. (2009), but they use a two-

step method twice to estimate the model. As we have discussed in the previous chapter,

the two-step method is not consistent when the main equation is non-linear. That is why

we are providing a more accurate and efficient estimation methodology like the Bayesian

method to estimate the double-hurdle model.

This chapter is structured as follows. The double-hurdle model is built with latent vari-

ables in Section 5.2. Section 5.3 presents one Gibbs sampler derived from a standard way,

while Section 5.4 analyzes another sampler constructed with the idea of reparameteriza-

tion. After the full information likelihood estimator is derived, Section 5.5 presents a

brief Monte Carlo study to compare FIML and the two Bayesian samplers. Section 5.6

applies those methods on an empirical study of the labor market. The final section con-

cludes.

5.2 The Model

This model can be treated as an extension of the model specification in Chapter 4 with

an additional hurdle of sample selection. The first equation is presented by a probit
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equation,

 zi1 = x′i1β1 + ϵi1 1 ≤ i ≤ n

yi1 = I(zi1 > 0).
(5.2.1)

The indicator function gives 1 as the outcome when the individual i participates in the

labor market and 0 otherwise.

The second hurdle of sample selection is also decided by a probit equation but condi-

tional on the outcome of the first equation,

 zi2 = x′i2β2 + ϵi2 1 ≤ i ≤ n

yi2 = I(zi2 > 0)× yi1.
(5.2.2)

When an individual does not go through the first hurdle, his or her status is missing and

given a zero value. Otherwise, the individual is selected with yi2 = 1 when zi2 > 0, and

with yi2 = 0 when zi2 < 0.

Non-random selection also arises when the third level can be observed after the two

hurdles of sample selection. The third equation has ordered outcomes conditional on the

output of the second equation,

 zi3 = x′i3β3 + ϵi3 1 ≤ i ≤ n

yi3 = j × yi2 if γj−1 ≤ zi3 ≤ γj and 1 ≤ j ≤ J.
(5.2.3)

The ordered outcomes can only be observed when an individual passes the second hurdle,

and are missing otherwise. The threshold parameters
{
γ0,γ1,γ2, · · · ,γJ

}
divide the latent

variable zi3 into categories, with γ0 = −∞, γ1 = 0, and γJ = +∞ for identification. The

largest threshold parameter γJ−1 will be used for reparameterization, so it is separated

from the other threshold parameters γ = (γ2, · · · ,γJ−2)′.

The properties of probit models and ordered probit models determine that the variance

of error term in each equation must be one for identification reasons. In addition, the

errors of the three stages may be correlated. In a labour market example, unobservables

may drive decision to participate and likelihood of finding employment, or people tar-

geting professional jobs may be less likely to be employed due to small job supply, a
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correlation which is represented in error terms. Thus, we assume (ϵi1,ϵi2,ϵi3) ∼ N (0,Σ)

and

Σ =


1 ρ1 ρ2

ρ1 1 ρ3

ρ2 ρ3 1

 .

Exclusion restrictions can be imposed in the explanatory variables xi1, xi2 and xi3, by

allowing at least one regressor in each equation to be different from the regressors in

other equations. However, exclusion restrictions are often not available in specific empir-

ical specifications. As was discussed in Chapter 4, the lack of exclusion restrictions may

increase the difficulty of estimation for all methods. But exclusion restrictions are not

100% necessary for model estimation.

5.3 A Standard Gibbs Sampler (Sampler A)

5.3.1 The Joint Posterior with Latent Variables and Parameters

Bayesian analysis in this chapter involves the joint posterior distributions of parame-

ters and all latent variables in the model. Let θ = (β′1,β
′
2,β
′
3,γ
′ ,γJ−1,ρ1,ρ2,ρ3)′ and

Z = {(zi1, zi2, zi3) : i = 1,2, · · · ,n}. Given the prior p(θ), the joint posterior function follows

p(θ,Z |Y ) ∝ p(θ)p(Z |θ)L(Y |θ,Z),

where

p(Z |θ) =
n∏
i=1

p(Zi |θ),

L(Y |θ,Z) =
n∏
i=1

L(yi1|θ,zi1, zi2, zi3)L(yi2|yi1,θ,zi1, zi2, zi3)L(yi3|yi1, yi2,θ,zi1, zi2, zi3)

for this double-hurdle model.

From the normality assumption of error terms, we can get

p(Zi |θ) = ϕ3 [Zi ;µi ,Σ] ,
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where ϕ3 denotes the probability density function of a multivariate normal distribution

of a three-dimensional random vector Zi withmean µi and covariance matrixΣ by letting

Zi =


zi1

zi2

zi3

 , µi =

x′i1β1

x′i2β2

x′i3β3

 .

From equation (5.2.1), we obtain

L(yi1|θ,zi1, zi2, zi3) = I(zi1 > 0)I(yi1 = 1) + I(zi1 ≤ 0)I(yi1 = 0).

Since yi2 = I(zi2 > 0)× yi1, we get

L(yi2|yi1 = 1,θ,zi1, zi2, zi3) = I(zi2 > 0)I(yi2 = 1) + I(zi2 ≤ 0)I(yi2 = 0)

L(yi2|yi1 = 0,θ,zi1, zi2, zi3) = I(yi2 = 0).

Since yi3 = j × yi2 = j × I(zi2 > 0)× yi1, the conditional likelihood function becomes

L(yi3|yi1 = 1, yi2 = 1,θ,zi1, zi2, zi3) = Σ
J
j=1I(yi3 = j)I(γj−1 < zi3 < γj )

L(yi3|yi1, yi2 = 0,θ,zi1, zi2, zi3) = I(yi3 = 0).

Therefore, the joint probability function of the parameters and latent variables can be

fully displayed as follows:

p(θ,Z |Y ) ∝ p(θ)
n∏
i=1

ϕ3 [Zi ;µi ,Σ]×

{I(zi1 ≤ 0)I(yi1 = 0)I(yi2 = 0)I(yi3 = 0)+

I(zi1 > 0)I(yi1 = 1)I(zi2 ≤ 0)I(yi2 = 0)I(yi3 = 0)+ (5.3.1)

I(zi1 > 0)I(yi1 = 1)I(zi2 > 0)I(yi2 = 1)ΣJj=1I(yi3 = j)I(γj−1 < zi3 < γj )
}
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5.3.2 Conditional Posteriors of Latent Variables

We start with sampling the conditional posterior of latent variable Zi from

p(zi1, zi2, zi3|θ,Yi) ∝ ϕ3 [Zi ;µi ,Σ]×

[I(zi1 ≤ 0)I(yi1 = 0)I(yi2 = 0)I(yi3 = 0)+

I(zi1 > 0)I(yi1 = 1)I(zi2 ≤ 0)I(yi2 = 0)I(yi3 = 0)+

I(zi1 > 0)I(yi1 = 1)I(zi2 > 0)I(yi2 = 1)ΣJj=1I(yi3 = j)I(γj−1 < zi3 < γj )
]
, (5.3.2)

which is a truncated multivariate normal distribution. It involves samples from a trivari-

ate normal distribution subject to linear inequality restrictions,

Zi ∼N (µi ,Σ),A ≤ Zi ≤ B (5.3.3)

where

A =


−∞

−∞

−∞

 ,B =


0

+∞

+∞

 if


yi1

yi2

yi3

 =

0

0

0

 ;

A =


0

−∞

−∞

 ,B =


+∞

0

+∞

 if


yi1

yi2

yi3

 =

1

0

0

 ;

A =


0

0

γj−1

 ,B =


+∞

+∞

γj

 if


yi1

yi2

yi3

 =

1

1

j

 .

Geweke (1991) states that the distribution of each element of Zi , conditional on all of the

other elements of Zi , is still truncated normal. Thus, a Gibbs sampling process applied

by Hajivassiliou & McFadden (1998) will be used here to sample truncated multivariate
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normal distribution. The algorithm of general multivariate cases has been discussed by

Robert (1995). More specifically, the conditional posteriors of the three components can

be derived from the following distributions.

The first component zi1 conditional on zi2 and zi3 follows,

zi1|zi2, zi3 ∼

 TN (µzi1,σ
2
zi1)|(0,+∞), if yi1 = 1

TN (µzi1,σ
2
zi1)|(−∞,0], if yi1 = 0

which is a truncated univariate normal distribution with

µzi1 = x
′
i1β1 +

ρ1 − ρ2ρ3
1− ρ23

(zi2 − x′i2β2) +
ρ2 − ρ1ρ3
1− ρ23

(zi3 − x′i3β3)

and

σ2
zi1 =

1− ρ21 − ρ
2
2 − ρ

2
3 +2ρ1ρ2ρ3

1− ρ23
.

The second component is represented by

zi2|zi1, zi3 ∼


TN (µzi2,σ

2
zi2)|(0,+∞), if yi1 = 1 and yi2 = 1

TN (µzi2,σ
2
zi2)|(−∞,0], if yi1 = 1 and yi2 = 0

N (µzi2,σ
2
zi2), if yi1 = 0

which is a normal distribution when yi1 = 0 and a truncated univariate normal distribu-

tion otherwise with

µzi2 = x
′
i2β2 +

ρ1 − ρ2ρ3
1− ρ22

(zi1 − x′i1β1) +
ρ3 − ρ1ρ2
1− ρ22

(zi3 − x′i3β3)

and

σ2
zi2 =

1− ρ21 − ρ
2
2 − ρ

2
3 +2ρ1ρ2ρ3

1− ρ22
.

The third component follows

zi3|zi1, zi2 ∼

 TN (µzi3,σ
2
zi3)|(γj−1,γj ), if yi3 = j and 1 ≤ j ≤ J

N (µzi3,σ
2
zi3), if yi3 = 0
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which is a truncated univariate normal distribution when yi3 , 0 and a normal density

otherwise with

µzi3 = x
′
i3β3 +

ρ2 − ρ1ρ3
1− ρ21

(zi1 − x′i1β1) +
ρ3 − ρ1ρ2
1− ρ21

(zi2 − x′i2β2)

and

σ2
zi3 =

1− ρ21 − ρ
2
2 − ρ

2
3 +2ρ1ρ2ρ3

1− ρ21
.

One can draw the three components repeatedly until their paths become stationary. Any

Zi vector in stationary paths can be considered as a random draw from the density given

in Equation (5.3.2). Then, such a random draw can join the Gibbs sampler of the joint

posterior distribution in Equation (5.3.1). Alternatively, the Gibbs sampling of each con-

ditional univariate distribution for latent variables can become part of whole Gibbs algo-

rithm of the joint posterior distribution in the Equation (5.3.1). One draw for each com-

ponent, together with one draw for each of the other parameters, is treated as a chain

of the whole algorithm. Once the chains become stationary, the random draws can be

recorded to get the Bayesian estimates. In this chapter, the latter procedure is used to get

the final results.

5.3.3 Conditional Posteriors of Parameters

Given the prior p(β) = ϕk(β|β0,B−10 ), let β = (β′1,β
′
2,β
′
3)
′ and

Xi =


x′i1 0 0

0 x′i2 0

0 0 x′i3

 .

We can directly sample β from the conditional posterior function which is a Gaussian

density,

β|Z,Σ ∼Nk(β̂,B−1), (5.3.4)

where β̂ = B−1(B0β0 +Σni=1X
′
iΣ
−1Zi) and B = B0 +Σni=1X

′
iΣ
−1Xi .
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The conditional density of threshold parameters is given by

n∏
i=1

[
I(yi3 = j)I(γj−1 < zi3 < γj ) + I(yi3 = j +1)I(γj < zi3 < γj+1)

]
, (5.3.5)

which is a uniform distribution on the interval

[
max

{
max {zi3 : yi3 = j} ,γj−1

}
,min

{
min {zi3 : yi3 = j +1} ,γj+1

}]
.

Albert & Chib (1993) provide an example of this for a single equation with ordered out-

comes. In the next subsection, it is shown that sampling from uniform distribution is not

quite efficient, as the convergence rate is quite poor in sampling the threshold parame-

ters.

Finally, given prior p(ρ) = ϕ3(ρ|ρ0,C−10 ), the conditional posterior density of (ρ1,ρ2,ρ3)′

is given by

p(ρ)
n∏
i=1

ϕ3 [Zi ;µi ,Σ] .

And ρ = (ρ1,ρ2,ρ3) should be constrained as 1− ρ21 − ρ
2
2 − ρ

3
3 > 0 to support |Σ| > 0. Since

this conditional distribution has no closed form with respect to the error correlation pa-

rameters, Metropolis-Hastings (MH) algorithm is utilized here to sample these three pa-

rameters.

5.3.4 A Simulation Example with MCMC Convergence Diagnostics

The standard Gibbs sampler is illustrated by a simulation study on one sample with

MCMC convergence diagnostics. The sample size is set to be 1,000 and the true val-

ues of parameters are set as β1 = (β11, β12)′ = (0.6, −1.2)′, β2 = (β21, β22, β23)′ =

(1, −1.5, −1)′, β3 = (β31, β32)′ = (−0.4, 1.5)′, γ = (γ2, γ3)′ = (0.8, 1.6)′ and ρ =(ρ1, ρ2,

ρ3)′=(0.25, 0.25, 0.5)′. xi1 and xi3 are designed to be 2 × 1 vectors, while xi2 is a 3 × 1

vector. As has been shown in Section 4.4 of Chapter 4, it is more difficult to estimate a

model with all methods when independent variables are the same for both equations. So

exclusion restrictions are imposed here to make estimation easier. Since each equation

has an intercept, the first components of vectors xi1, xi2 and xi3 are set to be one. The
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second components of xi1 and xi2 are randomly generated from independent standard

normal distributions. Meanwhile, the third component of xi2 and the second component

of xi3 are independently generated from Bernoulli distributions with success probability

0.7. Then error terms are generated from standard trivariate normal distributions with

zero mean and covariance matrix (1 0.25 0.25, 0.25 1 0.5, 0.25 0.5 1). Latent variables

are then calculated and used to obtain observations yi1, yi2 and yi3 based on Equations

(5.2.1)-(5.2.3). More than 1/3 of the data is censored at the first level of sample selec-

tion, and another 1/3 of the data is censored after the second hurdle. After that, the

uncensored data is divided into four categories with

yi3 =



1 if zi3 < 0

2 if 0 < zi3 < 0.8

3 if 0.8 < zi3 < 1.6

4 if 1.6 < zi3.

Scalars for the priors of the Gibbs sampler are set as B−10 = 1000I7 and C0 = I3, while β0

and ρ0 are zero vectors. Tuning parameters for MH algorithm are set as (0.2, 0.2, 0.2) to

make sure that the acceptance rates of the algorithm are around 30%. One cycle of the

MCMC algorithm is completed by simulating each conditional distribution one by one.

This process is first repeated 2,000 times and these are discarded as the burn-in period,

and then continuously repeated 10,000 times to form the full samples of the posterior

distributions.

Those 10,000 iterations of each parameter are plotted in Figure 5.1, while the correspond-

ing autocorrelation functions are presented in Figure 5.2. Figure 5.1 shows the sample

paths of β parameters have no obvious pattern. However, it indicates a pattern of up-

and-down swings for the sample paths of γ and ρ parameters, although there is no clear

trend in the graph. Figure 5.2 reveals that paths of autocorrelation function values for β

parameters decay quite quickly, but those for γ and ρ decay very slowly. In other words,

the convergence rate of γ and ρ is quite slow according to this sampler.

Table 5.1 displays summary statistics of the 10,000 iterations: mean, standard deviation,

95% credible interval and simulation inefficient factor (SIF). Estimated mean value of β21
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Figure 5.1: Sample Paths for Sampler A
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Figure 5.2: Sample Autocorrelation Functions for Sampler A

0 20 40 60 80 100

0.
0

0.
4

0.
8

ACF of sampled path for β11

0 20 40 60 80 100

0.
0

0.
4

0.
8

ACF of sampled path for β12

0 20 40 60 80 100

0.
0

0.
4

0.
8

ACF of sampled path for β21

0 20 40 60 80 100

0.
0

0.
4

0.
8

ACF of sampled path for β22

0 20 40 60 80 100

0.
0

0.
4

0.
8

ACF of sampled path for β23

0 20 40 60 80 100

0.
0

0.
4

0.
8

ACF of sampled path for β31

0 20 40 60 80 100

0.
0

0.
4

0.
8

ACF of sampled path for β32

0 20 40 60 80 100

0.
0

0.
4

0.
8

ACF of sampled path for γ2

0 20 40 60 80 100

0.
0

0.
4

0.
8

ACF of sampled path for γ3

0 20 40 60 80 100

0.
0

0.
4

0.
8

ACF of sampled path for ρ1

0 20 40 60 80 100

0.
0

0.
4

0.
8

ACF of sampled path for ρ2

0 20 40 60 80 100

0.
0

0.
4

0.
8

ACF of sampled path for ρ3

146



Bayesian Analysis of Non-linear Multivariate Econometric Models

Table 5.1: One Sample Estimation Results (Sampler A)

Posterior Density
True Mean St. Dev. 95% Credible Interval SIF

β11 0.600 0.623 0.053 ( 0.562 , 0.684 ) 7
β12 -1.200 -1.135 0.071 ( -1.217 , -1.053 ) 13

β21 1.000 0.793 0.131 ( 0.640 , 0.947 ) 39
β22 -1.500 -1.461 0.106 ( -1.586 , -1.339 ) 24
β23 -1.000 -0.798 0.133 ( -0.950 , -0.645 ) 8

β31 -0.400 -0.626 0.118 ( -0.762 , -0.488 ) 46
β32 1.500 1.572 0.132 ( 1.421 , 1.725 ) 39

γ2 0.800 0.757 0.069 ( 0.678 , 0.837 ) 142
γ3 1.600 1.635 0.090 ( 1.529 , 1.737 ) 159

ρ1 0.250 0.152 0.140 ( -0.026 , 0.315 ) 139
ρ2 0.250 0.355 0.163 ( 0.184 , 0.538 ) 150
ρ3 0.500 0.599 0.095 ( 0.478 , 0.701 ) 119

is 0.27 less than the true value, while β23 are overestimated by 0.22. At the same time,

mean values of ρ1 and ρ2 are underestimated by about 0.1 from the true values. The

standard deviations of those four parameters are also quite large, especially for ρ1 and ρ2

considering their magnitudes which are constrained in (−1,1). The 95% credible interval

for ρ1 contains zero, which demonstrates this coefficient is not quite significant. The

SIF values for β values are quite small, which illustrates that simulations of β converge

quickly. Meanwhile, the SIF values for γ and ρ parameters are around 150, and the poor

convergence is consistent with their autocorrelation functions in Figure 5.2.

5.4 A Sampler with Reparameterization (Sampler B)

5.4.1 Reparameterization

The techniques of reparameterization implemented in Chapter 4 provide a way to get

conjugate conditional posterior distributions, which may accelerate the convergence of

MCMC algorithms. They are based on an approach discussed by Li & Tobias (2006)

who divide each equation of multivariate ordered probit models by the largest threshold

parameter to form the new models. Then the new threshold parameters are drawn by
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the MH algorithm with a Dirichlet proposal density. Such techniques are used in our

double-hurdle model, since the third equation is an ordered equation whose correspond-

ing latent equation can be also divided by the largest threshold parameter. Let

β∗3 = β3/γJ−1, z
∗
i3 = zi3/γJ−1,ϵ

∗
i3 = ϵi3/γJ−1.

The latent variables can be written as
zi1 = x′i1β1 + ϵi1

zi2 = x′i2β2 + ϵi2 1 ≤ i ≤ n

z∗i3 = x
′
i3β
∗
3 + ϵ

∗
i3

(5.4.1)

where

(ϵi1,ϵi2,ϵ
∗
i3) ∼N (0,Σ∗)

and

Σ∗ =


1 ρ1 ρ2/γJ−1

ρ1 1 ρ3/γJ−1

ρ2/γJ−1 ρ3/γJ−1 1/γ2
J−1

 .
The model becomes 

yi1 = I(zi1 > 0)

yi2 = I(zi2 > 0)× yi1

yi3 = j × yi2 if γ∗j−1 ≤ z
∗
i3 ≤ γ

∗
j 1 ≤ j ≤ J,

(5.4.2)

where γ∗ = γ/γJ−1 = (γ∗2, · · · ,γ
∗
J−2)

′.

Further, a new parameter which is identical to the determinant of covariance matrix,

ψ = |Σ∗| = (1− ρ21 − ρ
2
2 − ρ

2
3 +2ρ1ρ2ρ3)/γ

2
J−1,

is introduced to reparameterize Σ∗, generalizing McCulloch et al. (2000)’s approach in

the two equation system. The other new variables are transferred from the old ones by:

λ1 = ρ1,λ2 = ρ2/γJ−1,λ3 = ρ3/γJ−1.
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Thus, the new covariance matrix has the following form,

Σ∗ =


1 λ1 λ2

λ1 1 λ3

λ2 λ3 (ψ +λ22 +λ
2
3 − 2λ1λ2λ3)/(1−λ

2
1)


Let β∗ = (β′1,β

′
2,β
∗′
3 )
′, θ∗ = (β∗′ ,γ∗′ ,ψ,λ1,λ2,λ3)′,

Z∗i =


zi1

zi2

z∗i3

 and µ∗i =


x′i1β1

x′i2β2

x′i3β
∗
3

 .

Given prior p(θ∗), the posterior distribution of the new latent variables and new model

parameters follows,

p(θ∗,Z∗|Y ) ∝

p(θ∗)
n∏
i=1

ϕ3(Z
∗
i ;µ
∗
i ,Σ
∗) [I(zi1 ≤ 0)I(yi1 = 0)I(yi2 = 0)I(yi3 = 0)+ (5.4.3)

I(zi1 > 0)I(yi1 = 1)I(zi2 ≤ 0)I(yi2 = 0)I(yi3 = 0)+

I(zi1 > 0)I(yi1 = 1)I(zi2 > 0)I(yi2 = 1)ΣJj=1I(yi3 = j)I(γ
∗
j−1 < z

∗
i3 < γ

∗
j )
]

where

ϕ3(Z
∗
i ;µ
∗
i ,Σ
∗) ∝ ψ−

1
2 exp

{
−1
2
(Z∗i −µ

∗
i )
′Σ∗−1(Z∗i −µ

∗
i )
}
.

5.4.2 Conditional Posteriors of Latent Variables

The conditional posteriors of new latent variables are derived in a similar way to the

process in Section 5.3.2 from

p(Z∗i |θ
∗,Yi) ∝ ϕ3

[
Z∗i ;µ

∗
i ,Σ
∗
]
×

[I(zi1 ≤ 0)I(yi1 = 0)I(yi2 = 0)I(yi3 = 0)+

I(zi1 > 0)I(yi1 = 1)I(zi2 ≤ 0)I(yi2 = 0)I(yi3 = 0)+
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I(zi1 > 0)I(yi1 = 1)I(zi2 > 0)I(yi2 = 1)ΣJj=1I(yi3 = j)I(γ
∗
j−1 < z

∗
i3 < γ

∗
j )
]
,

which is a truncated multivariate normal distribution.

In order to apply the algorithm for generating a truncated multivariate normal distribu-

tion proposed by Robert (1995), we must use

Σ∗−1 =
1
ψ


ψ+λ2

1λ
2
3+λ

2
2−2λ1λ2λ3

1−λ2
1

λ2λ3−ψλ1−λ1λ
2
2−λ1λ

2
3+λ

2
1λ2λ3

1−λ2
1

λ1λ3 −λ2
λ2λ3−ψλ1−λ1λ

2
2−λ1λ

2
3+λ

2
1λ2λ3

1−λ2
1

ψ+λ2
1λ

2
2+λ

2
3−2λ1λ2λ3

1−λ2
1

λ1λ2 −λ3

λ1λ3 −λ2 λ1λ2 −λ3 1−λ21


.

Following his algorithm, the conditional posterior of zi1 can be generated from

zi1|zi2, z∗i3 ∼

 TN (µ∗zi1,σ
∗2
zi1)|(0,+∞), if yi1 = 1

TN (µ∗zi1,σ
∗2
zi1)|(−∞,0], if yi1 = 0

which is a truncated univariate normal distribution with

µ∗zi1 = x
′
i1β1 +

 λ1λ2

′  1 λ3

λ3
ψ+λ2

2+λ
2
3−2λ1λ2λ3

1−λ2
1


−1  zi2 − x

′
i2β2

z∗i3 − x
′
i3β
∗
3


and

σ ∗2zi1 = 1−

 λ1λ2

′  1 λ3

λ3
ψ+λ2

2+λ
2
3−2λ1λ2λ3

1−λ2
1


−1  λ1λ2

 .
The second component follows

zi2|zi1, z∗i3 ∼


TN (µ∗zi2,σ

∗2
zi2)|(0,+∞), if yi1 = 1 and yi2 = 1

TN (µ∗zi2,σ
∗2
zi2)|(−∞,0], if yi1 = 1 and yi2 = 0

N (µ∗zi2,σ
∗2
zi2), if yi1 = 0

which is a normal distribution when yi1 = 0 and a truncated normal distribution other-

wise with

µ∗zi2 = x
′
i2β2 +

 λ1λ3

′  1 λ2

λ2
ψ+λ2

2+λ
2
3−2λ1λ2λ3

1−λ2
1


−1  zi1 − x

′
i1β1

z∗i3 − x
′
i3β
∗
3


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and

σ ∗2zi2 = 1−

 λ1λ3

′  1 λ2

λ2
ψ+λ2

2+λ
2
3−2λ1λ2λ3

1−λ2
1


−1  λ1λ3

 .
The third component is from

z∗i3|zi1, zi2 ∼

 TN (µ∗zi3,σ
∗2
zi3)|(γ∗j−1,γ∗j ), if yi3 = j

N (µ∗zi3,σ
∗2
zi3), if yi3 = 0

which is a truncated univariate normal distribution when yi3 , 0 and a normal density

otherwise with

µ∗zi3 = x
′
i3β
∗
3 +

 λ2λ3

′  1 λ1

λ1 1


−1  zi1 − x

′
i1β1

zi2 − x′i2β2


and

σ ∗2zi3 =
ψ +λ22 +λ

2
3 − 2λ1λ2λ3

1−λ21
−

 λ2λ3

′  1 λ1

λ1 1


−1  λ2λ3

 .

5.4.3 Conditional Posteriors of Parameters

Given the prior p(β∗) = ϕk(β∗|β0,B−10 ), let Z∗ =
{
Z∗i : 1 ≤ i ≤ n

}
and

Xi =


x′i1 0 0

0 x′i2 0

0 0 x′i3

 .

β∗ can be directly simulated from the conditional posterior function which is a Gaussian

density,

β∗|Z∗,Σ∗ ∼Nk(β̂∗,B−1), (5.4.4)

where β̂∗ = B−1(B0β0 +Σni=1X
′
iΣ
∗−1Z∗i ) and B = B0 +Σni=1X

′
iΣ
∗−1Xi .
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Given prior p(λ1) ∼N (λ01,C
−1
1 ), we then sample λ1 from

p(λ1|Z∗,β∗,λ2,λ3,ψ) ∝ p(λ1)exp
{
−1
2
Σni=1(Z

∗
i −µ

∗
i )
′Σ∗−1(Z∗i −µ

∗
i )
}
. (5.4.5)

Let µi1 = zi1 − x′i1β1, µi2 = zi2 − x
′
i2β2 and µi3 = z

∗
i3 − x

′
i3β
∗
3, so (Z∗i −µ

∗
i )
′Σ∗−1(Z∗i −µ

∗
i ) can be

written as,

1
ψ

[
µ2i1

ψ+λ2
1λ

2
3+λ

2
2−2λ1λ2λ3

1−λ2
1

+µi1µi2
λ2λ3−ψλ1−λ1λ

2
2−λ1λ

2
3+λ

2
1λ2λ3

1−λ2
1

+µi1µi3(λ1λ3 −λ2)+

µi1µi2
λ2λ3−ψλ1−λ1λ

2
2−λ1λ

2
3+λ

2
1λ2λ3

1−λ2
1

+µ2i2
ψ+λ2

1λ
2
2+λ

2
3−2λ1λ2λ3

1−λ2
1

+µi2µi3(λ1λ2 −λ3)+

µi1µi3(λ1λ3 −λ2) +µi2µi3(λ1λ2 −λ3) +µ2i3(1−λ
2
1)
]
.

This conditional posterior has no standard form in terms of λ1. Thus, we apply MH

algorithm to sample this parameter.

Once given prior p(λ2) ∼N (λ02,C
−1
2 ), the conditional posterior density of λ2 is given by

p(λ2|Z∗,β∗,λ1,λ3,ψ) ∝ p(λ2)exp
{
−1
2
Σni=1(Z

∗
i −µ

∗
i )
′Σ∗−1(Z∗i −µ

∗
i )
}
,

which follows a Gaussian density

λ2|Z∗,β∗,λ1,λ3,ψ ∼N (µλ2
,σ2
λ2
) (5.4.6)

where

µλ2
= σ2

λ2

λ02C2 +
n∑
i=1

[
λ3(µi1λ1 −µi2)
ψ(1−λ21)

+
µi3
ψ

]
(µi1 −λ1µi2)


and

σ2
λ2

=

C2 +
1

ψ(1−λ21)

n∑
i=1

(µi1 −µi2λ1)2

−1

.

With prior p(λ3) ∼N (λ03,C
−1
3 ), the conditional posterior density of λ3 follows

p(λ3|Z∗,β∗,λ1,λ2,ψ) ∝ p(λ3)exp
{
−1
2
Σni=1(Z

∗
i −µ

∗
i )
′Σ∗−1(Z∗i −µ

∗
i )
}
,

which is also a normal distribution

λ3|Z∗,β∗,λ1,λ2,ψ ∼N (µλ3
,σ2
λ3
) (5.4.7)
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where

µλ3
= σ3

λ3

λ03C3 +
n∑
i=1

[
λ2(µi2λ1 −µi1)
ψ(1−λ21)

+
µi3
ψ

]
(µi2 −λ1µi1)


and

σ3
λ3

=

C3 +
1

ψ(1−λ21)

n∑
i=1

(µi2 −µi1λ1)2

−1

.

Given prior p(ψ) ∼ IG(n02 ,
D0
2 ), the conditional posterior of ψ is a conjugate posterior, as it

also follows a Inverse-Gamma distribution:

p(ψ|Z∗,β∗,λ) ∝p(ψ)
n∏
i=1

ϕ3(Z
∗
i ;µ
∗
i ,Σ
∗)

∝( 1
ψ
)
n0
2 +1exp(−D0

2ψ
)(
1
ψ
)
n
2×

exp

− 1
2ψ

n∑
i=1

[
µi1(λ2 −λ1λ3) +µi2(λ3 −λ1λ2)−µi3(1−λ21)

]2
1−λ21


This conditional posterior function of ψ is an Inverse-Gamma density

ψ|Z∗,β∗,λ ∼ IG(n1
2
,
D
2
) (5.4.8)

where n1 = n0 +n and

D =D0 +
1

1−λ21

n∑
i=1

[
µi1(λ2 −λ1λ3) +µi2(λ3 −λ1λ2)−µi3(1−λ21)

]2
.

Finally, the posterior of threshold parameters
{
γ∗j

}J−2
j=2

is calculated from its conditional

posterior distribution marginalized over all z∗i2:

p(
{
γ∗j

}J−2
j=2
|β∗,Σ∗,Z) ∝

n∏
i=1

{
Φ

[
(γ∗yi3 −µ

∗
zi3)/

√
σ ∗2i3

]
−Φ

[
(γ∗yi3−1 −µ

∗
zi3)/

√
σ ∗2i3

]}
(5.4.9)

where µ∗zi3 and σ
∗2
i3 are respectively identical to the mean and the variance for sampling la-

tent variable z∗i3. Once again, a Dirichlet proposal density is applied in the MH algorithm

to sample the threshold parameters.
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5.4.4 A Simulation Example with MCMC Convergence Diagnostics

The sample simulated in Section 5.3.4 is directly used in this section and the model is es-

timated by Sampler B. Scalars of the priors for Sampler B are set as B−10 = 1000I7, β0 = 0,

λ01 = 0, λ02 = 0, λ03 = 0, C1 = 1, C2 = 1, C3 = 1, n0 = 2 and D0 = 0.01. The tuning pa-

rameter to sample λ1 is set as 0.2 to guarantee a certain acceptance rate of MH algorithm.

Each latent variable and parameter are simulated to draw one cycle of the MCMC algo-

rithm. The burn-in period is still 2,000 iterations, while the following 10,000 iterations

are recorded to calculate the estimates of the model.

The sampled paths of the 10,000 iterations are plotted in Figure 5.3 and the autocorre-

lation function values are shown in Figure 5.4, so visual inspection can help to check

convergence. The sampled paths are all randomly distributed in Figure 5.3, except the

one for ρ1 which has some fluctuations although it still looks stationary. Moreover, sam-

pled paths for γ2, γ3, ρ2 and ρ3 appear to be much more stationary than those in Figure

5.1. Figure 5.4 also illustrates that ρ1 has the worst convergence rate as its autocorrelation

function value decay slowly, while those of other parameters decay much faster.

Table 5.2: One Sample Estimation Results (Sampler B)

Posterior Density
True Mean St. Dev. 95% Credible Interval SIF

β11 0.600 0.620 0.052 ( 0.559 , 0.678 ) 9
β12 -1.200 -1.134 0.071 ( -1.215 , -1.052 ) 14

β21 1.000 0.804 0.132 ( 0.654 , 0.958 ) 55
β22 -1.500 -1.446 0.105 ( -1.568 , -1.325 ) 31
β23 -1.000 -0.791 0.134 ( -0.947 , -0.640 ) 18

β31 -0.400 -0.608 0.124 ( -0.752 , -0.463 ) 37
β32 1.500 1.575 0.138 ( 1.420 , 1.734 ) 15

γ2 0.800 0.755 0.081 ( 0.664 , 0.848 ) 29
γ3 1.600 1.640 0.112 ( 1.508 , 1.768 ) 41

ρ1 0.250 0.094 0.167 ( -0.089 , 0.293 ) 161
ρ2 0.250 0.298 0.149 ( 0.117 , 0.463 ) 81
ρ3 0.500 0.608 0.091 ( 0.501 , 0.711 ) 59
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Figure 5.3: Sample Paths for Sampler B
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Figure 5.4: Sample Autocorrelation Functions for Sampler B
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Summary statistics of the model parameters are displayed in Table 5.2. In comparison to

Table 5.1, the mean value of ρ1 in Table 5.2 is less accurate, but this coefficient is also not

significant as its 95% credible interval is (−0.089,0.293) which includes zero. The mean

value of ρ2 seems to be more accurate in Table 5.2. Standard deviations in the two tables

are similar, however, those for γ2 and γ3 are smaller in Table 5.2. SIF values in Table 5.2

are all smaller than 100 except the one for ρ1 revealing that ρ1 is the most difficult to

estimate for Sampler B. In contrast, SIF values for γ and ρ parameters are all larger than

100 for Sampler A, as has been shown in Table 5.1. As a result, reparameterization has

achieved its goal in improving the convergence of the MCMC algorithms.

5.5 Monte Carlo Experiments

Results of one sample estimation obtained in Section 5.3.4 and 5.4.4 show that Sam-

pler A produces poor convergence in sampling all γ and ρ parameters, while Sampler

B can get quite good convergent posteriors except for one parameter ρ1. In this section,

a Monte Carlo study with 1,000 samples will be conducted to systematically check the

performance of the two samplers as well as comparing with FIML estimates.

5.5.1 Full Information Maximum Likelihood Estimation

Let Φ , Φ2 and Φ3 represent the cumulative distribution function of the standardized

univariate, bivariate and trivariate normal density respectively. When yi1 = 0, the joint

distribution of yi1, yi2 and yi3 is just P r(yi1 = 0|xi1) because both yi2 and yi3 cannot be

observed. Therefore,

P0 = P r(yi1 = 0|xi1) = Φ(−x′i1β1).

If yi1 = 1 and yi2 = 0, yi3 is still unobserved. Thus, P r(yi1, yi2, yi3|xi1,xi2,xi3) is just

P r(yi1 = 1, yi2 = 0|xi1,xi2) and

P10 = P r(yi1 = 1, yi2 = 0|xi1,xi2) = Φ2(x
′
i1β1,−x

′
i2β2,−ρ1).
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When yi1 = 1 and yi2 = 1, yi3 can be collected as a categorial number from 1 to J. Let

P11j = P r(yi1 = 1, yi2 = 1, yi3 = j |xi1,xi2,xi3) (j = 1, · · · , J).

The joint distribution of yi1, yi2 and yi3 becomes



P111 = Φ3(x′i1β1,x
′
i2β2,−x

′
i3β3,ρ1,−ρ2,−ρ3)

P11j = Φ3(x′i1β1,x
′
i2β2,γj − x

′
i3β3,ρ1,−ρ2,−ρ3)−

Φ3(x′i1β1,x
′
i2β2,γj−1 − x

′
i3β3,ρ1,−ρ2,−ρ3)

(j = 2, · · · , J − 1)

P11J = Φ3(x′i1β1,x
′
i2β2,x

′
i3β3 −γJ−1,ρ1,ρ2,ρ3),

(5.5.1)

with the assumption that error terms follow standard trivariate normal distribution. No-

tice Φ3(x1,x2,x3,ρ12,ρ13,ρ23) is the cumulative distribution function of the standardized

trivariate Normal density in which x1,x2,x3 are the upper limits of integration for the

three variables, ρ12 is the correlation coefficient between the two variables x1 and x2, ρ13

is the correlation coefficient between the two variables x1 and x3, and ρ23 is the correla-

tion coefficient between the two variables x2 and x3.

In order to estimate the model parameters, the likelihood function,

L =
n∏
i=1

P (1−yi1)
0 P

yi1(1−yi2)
10

 J∑
j=1

I(yi3 = j)P11j


yi1yi2

 , (5.5.2)

is maximized.

5.5.2 General Monte Carlo Design

For each sample, the sample size is fixed at 1,000 and the true parameter values are

set as β1 = (β11,β12)′ = (0.6,−1.2)′, β2 = (β21,β22,β23)′ = (1,−1.5,−1)′, β3 = (β31,β32)′ =

(−0.4,1.5)′ and γ = (γ2,γ3)′ = (0.8,1.6)′. Three sets of true values are used for ρ to

detect different strength of error correlation. One set is (ρ1,ρ2,ρ3) = (0,0,0) when

there is no correlation between error terms. Another is with medium strength corre-

lation such that (ρ1,ρ2,ρ3) = (0.25,0.25,0.5). Strong correlation errors use the values
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(ρ1,ρ2,ρ3) = (0.5,0.8,0.7). Explanatory variables are randomly simulated imposing exclu-

sion restrictions in the same way as they are designed in Section 5.3.4. Latent variables

are calculated after the error terms are generated from trivariate normal distributions.

Then, the outcomes of yi1, yi2 and yi3 are obtained from Equations (5.2.1)-(5.2.3). For

each set of the true ρ values, 1,000 samples are generated from the above process. Then

FIML and the two Bayesian samplers are applied to estimate those samples.

Starting values are quite arbitrary for the three estimators. For FIML, the starting values

are all given as zero, except γ2 = 1 and γ3 = 2 as these threshold parameters must be

larger than zero. Using Sampler A, the starting value for γ2 is 0.5 and that for γ3 is set

at 1, while the other starting values are zero. For Sampler B, the starting values are set

at zero, besides γ∗2 = 0.5 and ψ = 1. The MCMC point estimators are obtained by taking

the average of 10,000 draws from the joint posterior distribution after discarding 2,000

initial draws.

FIML sometimes fails to provide reliable estimates when the Hessian matrix fails to in-

vert. Meanwhile, the MCMC samplers can always give some output, so summary statis-

tics denoted by SamplerA and SamplerB are obtained by the whole 1,000 samples. In

each result table, FIML* indicates the statistics with respect to the samples from which

FIML can get reliable results after removing those without Hessian matrix. In order to

make sure estimators are compared according to the same samples, SamplerA* and Sam-

plerB* represent the Bayesian estimators on exactly the same samples as FIML*.

5.5.3 Monte Carlo Results

The Monte Carlo results are displayed in Table 5.3 - Table 5.8. First, we will analyze

the convergence of the optimization method. FIML fails to converge more than half

the time as it can only estimate 420, 453 and 458 samples according to different levels

of error correlation, much more often than its performance in estimating the sample

selection model which has been discussed in the previous chapter. Obviously, the greater

complexity of the model has increased the difficulties in estimation. The may be a result

of the increased number of equations or one additional hurdle of sample selection in the

model. Notice that these are cases with exclusion restrictions. The performance of FIML
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will be even worse if exclusion restrictions are not imposed in explanatory variables (see

Section 4.4).

Table 5.3 and Table 5.4 present results of the three estimation methods when the 1,000

samples are simulated without error correlation. We will compare statistics across pa-

rameters, as statistics of each parameter are quite close across methods. Firstly, all mean

values are quite close to the true values, meaning all three estimators can provide unbi-

ased estimation when there is no error correlation. Secondly, ρ1 has the largest standard

deviation for all estimators, which proves that it is the most difficult to estimate. Stan-

dard deviations of ρ2 and ρ3 are also large considering that they must be constrained in

(-1, 1). Standard deviations of β21 and β3 are twice as large as those of β1, which may be

due to the double hurdles of sample selection. Thirdly, extreme values of different sam-

ples are not exactly the same. For instance, minimum values of β22 obtained from the 420

samples by three methods are all around -1.83, but those got from 1,000 samples by Sam-

pler A and Sampler B are around -2.14. As a result, a few samples FIML fails to estimate

may lead to more extreme estimation for the Bayesian samplers. Fourthly, mean absolute

errors and mean squared errors of β21, β3 and ρ are also relatively larger than those of

other parameters. Finally, convergence rates evaluated by SIF values are compared be-

tween the two Bayesian samplers. SIF values of β are quite small for both samplers in

Table 5.3, meaning those parameters converge rapidly. Table 5.4 shows that Sampler A

performs quite poorly in simulating threshold parameters whose largest mean SIF value

is around 150, and Sampler A also does not produce fast convergent chains in evaluating

ρ values. The largest mean SIF value for Sampler B is 124, the one of ρ1, while the re-

maining values are not large. Therefore, Sampler B can provide more efficient estimation

than Sampler A when there is no error correlation.

Estimation methods are compared according to Table 5.5 and Table 5.6 when there is

medium strength error correlation. Once again, FIML gives quite unbiased estimation

for all parameters where the largest bias is 0.015. Meanwhile, Sampler A results in a

little bias in estimating β31 and ρ2 by around 0.03. Mean values obtained from Sampler

B are quite close to the true values, except ρ2 whose bias is more than 0.02. The stan-

dard deviations of ρ1, ρ2 and ρ3 for Sampler A are relatively smaller than those for other

methods. The standard deviations of other parameters are slightly different for different
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Table 5.3: Estimates of β without Correlation in Errors

β11 β12 β21 β22 β23 β31 β32
True Values 0.600 -1.200 1.000 -1.500 -1.000 -0.400 1.500
Mean
FIML* 0.605 -1.213 0.995 -1.504 -0.989 -0.396 1.499
SamplerA 0.605 -1.208 1.003 -1.512 -1.003 -0.395 1.497
SamplerA* 0.608 -1.212 1.001 -1.507 -0.993 -0.396 1.497
SamplerB 0.606 -1.206 1.001 -1.510 -1.001 -0.398 1.484
SamplerB* 0.608 -1.211 0.998 -1.504 -0.991 -0.399 1.483
Standard Deviation
FIML* 0.053 0.076 0.149 0.107 0.149 0.143 0.140
SamplerA 0.053 0.073 0.147 0.110 0.150 0.138 0.145
SamplerA* 0.054 0.076 0.146 0.108 0.149 0.138 0.141
SamplerB 0.054 0.073 0.149 0.109 0.149 0.141 0.143
SamplerB* 0.054 0.076 0.148 0.107 0.148 0.142 0.139
Maximum Values
FIML* 0.761 -1.013 1.402 -1.257 -0.629 0.080 1.932
SamplerA 0.756 -1.020 1.565 -1.205 -0.616 0.036 1.977
SamplerA* 0.756 -1.021 1.440 -1.258 -0.632 0.036 1.920
SamplerB 0.759 -1.009 1.552 -1.211 -0.615 0.074 1.936
SamplerB* 0.759 -1.017 1.405 -1.249 -0.631 0.074 1.922
Minimum Values
FIML* 0.471 -1.489 0.518 -1.832 -1.483 -0.819 1.071
SamplerA 0.444 -1.479 0.549 -2.148 -1.605 -0.873 1.003
SamplerA* 0.470 -1.479 0.549 -1.836 -1.484 -0.873 1.081
SamplerB 0.442 -1.475 0.483 -2.139 -1.588 -0.886 0.976
SamplerB* 0.473 -1.475 0.483 -1.830 -1.484 -0.886 1.060
Mean Absolute Error
FIML* 0.043 0.060 0.119 0.085 0.118 0.112 0.112
SamplerA 0.043 0.058 0.116 0.086 0.119 0.108 0.115
SamplerA* 0.043 0.060 0.115 0.085 0.118 0.107 0.113
SamplerB 0.043 0.058 0.117 0.086 0.118 0.110 0.114
SamplerB* 0.044 0.060 0.117 0.085 0.117 0.110 0.111
Mean Squared Error
FIML* 0.003 0.006 0.022 0.012 0.022 0.020 0.020
SamplerA 0.003 0.005 0.021 0.012 0.022 0.019 0.021
SamplerA* 0.003 0.006 0.021 0.012 0.022 0.019 0.020
SamplerB 0.003 0.005 0.022 0.012 0.022 0.020 0.021
SamplerB* 0.003 0.006 0.022 0.011 0.022 0.020 0.020
SIF for SamplerA
Mean 7 12 33 26 13 41 22
Standard Deviation 2 3 9 7 3 9 6
SIF for SamplerB
Mean 7 12 36 28 13 29 7
Standard Deviation 2 5 10 8 4 7 2

* 420 samples included
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Table 5.4: Estimates of γ and ρ without Correlation in Errors

γ2 γ3 ρ1 ρ2 ρ3
True Values 0.800 1.600 0.000 0.000 0.000
Mean
FIML* 0.791 1.598 0.001 0.003 -0.006
SamplerA 0.798 1.597 0.005 -0.003 -0.002
SamplerA* 0.791 1.597 0.002 0.003 -0.004
SamplerB 0.784 1.570 0.008 -0.004 0.000
SamplerB* 0.777 1.570 0.004 0.003 -0.003
Standard Deviation
FIML* 0.075 0.096 0.193 0.164 0.145
SamplerA 0.077 0.098 0.163 0.143 0.127
SamplerA* 0.079 0.100 0.169 0.146 0.132
SamplerB 0.074 0.095 0.176 0.165 0.140
SamplerB* 0.074 0.096 0.183 0.168 0.144
Maximum Values
FIML* 1.013 1.847 0.530 0.491 0.345
SamplerA 1.070 1.932 0.439 0.409 0.457
SamplerA* 1.070 1.889 0.439 0.380 0.347
SamplerB 1.031 1.916 0.531 0.473 0.473
SamplerB* 1.002 1.814 0.516 0.473 0.352
Minimum Values
FIML* 0.596 1.343 -0.470 -0.443 -0.373
SamplerA 0.583 1.329 -0.473 -0.432 -0.395
SamplerA* 0.583 1.329 -0.457 -0.385 -0.366
SamplerB 0.579 1.304 -0.559 -0.495 -0.428
SamplerB* 0.585 1.312 -0.559 -0.451 -0.387
Mean Absolute Error
FIML* 0.061 0.076 0.159 0.137 0.120
SamplerA 0.062 0.078 0.130 0.116 0.102
SamplerA* 0.064 0.078 0.138 0.122 0.109
SamplerB 0.061 0.079 0.140 0.134 0.113
SamplerB* 0.063 0.080 0.150 0.140 0.119
Mean Squared Error
FIML* 0.006 0.009 0.037 0.027 0.021
SamplerA 0.006 0.010 0.027 0.020 0.016
SamplerA* 0.006 0.010 0.029 0.021 0.017
SamplerB 0.006 0.010 0.031 0.027 0.020
SamplerB* 0.006 0.010 0.034 0.028 0.021
SIF for SamplerA
Mean 145 149 115 105 90
Standard Deviation 12 12 15 15 14
SIF for SamplerB
Mean 10 17 124 61 47
Standard Deviation 3 5 17 13 10

* 420 samples included
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methods. Although mean values and standard deviations are very similar with different

samples for each method, maximum and minimum values in the two tables show esti-

mation can be affected by different samples. Mean absolute errors and mean squared

errors are quite close across methods. In order to evaluate convergence rates, mean and

standard deviation of SIF values are compared between the two Bayesian samplers. Five

mean SIF values of Sampler A are larger than 100, with the largest value 163. At the same

time, the largest mean SIF value is 144, the one of β1 for Sampler B, while the other mean

SIF values are smaller than 100. All standard deviations of SIF values are equal to or

less than 20. Once again, Sampler B provides estimation with better overall convergence

rates than Sampler A.

Next we consider the performance of the three estimators when correlation of the error

terms is high, in Table 5.7 and Table 5.8. All mean values are quite close to the true values

for FIML. Sampler A shows a little bias in estimating β22, β31, β32, ρ1, ρ2 and ρ3, where

the bias is around 0.05. For Sampler B, only ρ1 has relatively larger bias (at around 0.05)

than other parameters. There is not much difference in statistics like standard deviations,

mean absolute errors and mean squared errors across methods. Statistics on SIF are not

large in Table 5.7, revealing that β estimates converge fast for both Bayesian samplers. In

Table 5.8, mean SIF values of γ are 154 and 173 for Sampler A, much larger than those

for Sampler B, which are less than 100. The largest mean SIF value for Sampler B is 170,

the one for ρ1, which is a litter larger than that for Sampler A. Meanwhile, mean SIF

values of ρ2 and ρ3 for Sampler B are both smaller than those for Sampler A. As a result,

it is most difficult to estimate γ and ρ for Sampler A and to estimate ρ1 for Sampler B.

To sum up, FIML and the Bayesian methods have shown different advantages in estima-

tion. FIML fails to offer reliable estimation half the time, while the Bayesian methods

can evaluate all samples. FIML estimations are all accurate and efficient, while both

Bayesian samplers are a little less accurate but more efficient in some ways than FIML.

When comparing the two Bayesian samplers, sampler B shows better convergence and

more efficiency than sampler A. Stronger error correlation will reduce the overall conver-

gence rate for both Bayesian samplers. The convergence rates in estimating γ and ρ are

relatively slow for Sampler A, while Sampler B has some difficulty to evaluate ρ1. Overall,

Sampler B is preferred to Sampler A.
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Table 5.5: Estimates of β with Moderate Correlation in Errors

β11 β12 β21 β22 β23 β31 β32
True Values 0.600 -1.200 1.000 -1.500 -1.000 -0.400 1.500
Mean
FIML* 0.599 -1.211 1.002 -1.515 -1.005 -0.391 1.511
SamplerA 0.605 -1.209 1.023 -1.525 -1.011 -0.367 1.511
SamplerA* 0.602 -1.211 1.021 -1.525 -1.014 -0.364 1.520
SamplerB 0.606 -1.206 1.015 -1.514 -1.004 -0.397 1.486
SamplerB* 0.603 -1.209 1.013 -1.515 -1.007 -0.394 1.496
Standard Deviation
FIML* 0.052 0.072 0.153 0.106 0.149 0.123 0.131
SamplerA 0.053 0.073 0.157 0.111 0.154 0.125 0.135
SamplerA* 0.053 0.072 0.149 0.106 0.149 0.121 0.130
SamplerB 0.054 0.073 0.159 0.111 0.154 0.126 0.133
SamplerB* 0.052 0.072 0.152 0.106 0.149 0.123 0.129
Maximum Values
FIML* 0.752 -1.022 1.481 -1.211 -0.588 -0.027 1.978
SamplerA 0.757 -1.023 1.563 -1.210 -0.589 0.015 2.032
SamplerA* 0.757 -1.023 1.514 -1.223 -0.589 -0.017 1.952
SamplerB 0.756 -1.017 1.565 -1.200 -0.589 -0.007 1.951
SamplerB* 0.750 -1.021 1.464 -1.200 -0.589 -0.038 1.951
Minimum Values
FIML* 0.442 -1.405 0.613 -1.974 -1.515 -0.753 0.976
SamplerA 0.443 -1.465 0.504 -2.033 -1.524 -0.727 0.989
SamplerA* 0.443 -1.406 0.632 -1.967 -1.524 -0.727 0.989
SamplerB 0.447 -1.463 0.476 -2.022 -1.540 -0.777 0.973
SamplerB* 0.447 -1.408 0.602 -1.960 -1.540 -0.772 0.973
Mean Absolute Error
FIML* 0.043 0.059 0.121 0.084 0.117 0.100 0.103
SamplerA 0.043 0.058 0.123 0.088 0.122 0.104 0.106
SamplerA* 0.043 0.059 0.118 0.084 0.116 0.101 0.104
SamplerB 0.043 0.058 0.125 0.087 0.121 0.101 0.106
SamplerB* 0.043 0.059 0.120 0.084 0.117 0.099 0.102
Mean Squared Error
FIML* 0.003 0.005 0.023 0.012 0.022 0.015 0.017
SamplerA 0.003 0.005 0.025 0.013 0.024 0.017 0.018
SamplerA* 0.003 0.005 0.023 0.012 0.022 0.016 0.017
SamplerB 0.003 0.005 0.026 0.012 0.024 0.016 0.018
SamplerB* 0.003 0.005 0.023 0.011 0.022 0.015 0.017
SIF for SamplerA
Mean 7 14 45 38 18 51 32
Standard Deviation 2 4 11 10 5 12 10
SIF for SamplerB
Mean 8 15 51 42 20 37 12
Standard Deviation 3 6 14 14 9 10 7

* 453 samples included
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Table 5.6: Estimates of γ and ρ with Moderate Correlation in Errors

γ2 γ3 ρ1 ρ2 ρ3
True Values 0.800 1.600 0.250 0.250 0.500
Mean
FIML* 0.805 1.610 0.255 0.245 0.489
SamplerA 0.808 1.618 0.220 0.209 0.457
SamplerA* 0.811 1.622 0.223 0.210 0.445
SamplerB 0.787 1.578 0.233 0.230 0.500
SamplerB* 0.790 1.583 0.237 0.234 0.487
Standard Deviation
FIML* 0.085 0.101 0.166 0.151 0.112
SamplerA 0.084 0.103 0.157 0.137 0.108
SamplerA* 0.086 0.102 0.152 0.135 0.108
SamplerB 0.081 0.100 0.172 0.158 0.113
SamplerB* 0.083 0.100 0.161 0.156 0.114
Maximum Values
FIML* 1.031 1.965 0.696 0.612 0.780
SamplerA 1.071 1.992 0.621 0.632 0.743
SamplerA* 1.071 1.992 0.621 0.528 0.717
SamplerB 1.011 1.928 0.709 0.650 0.790
SamplerB* 1.011 1.928 0.693 0.595 0.771
Minimum Values
FIML* 0.552 1.270 -0.335 -0.299 0.144
SamplerA 0.565 1.258 -0.268 -0.268 0.107
SamplerA* 0.565 1.258 -0.268 -0.268 0.107
SamplerB 0.542 1.250 -0.361 -0.338 0.132
SamplerB* 0.542 1.250 -0.196 -0.321 0.142
Mean Absolute Error
FIML* 0.068 0.079 0.130 0.120 0.089
SamplerA 0.068 0.083 0.127 0.114 0.092
SamplerA* 0.069 0.081 0.123 0.111 0.096
SamplerB 0.066 0.081 0.137 0.128 0.091
SamplerB* 0.067 0.079 0.127 0.123 0.091
Mean Squared Error
FIML* 0.007 0.010 0.028 0.023 0.013
SamplerA 0.007 0.011 0.025 0.020 0.013
SamplerA* 0.007 0.011 0.024 0.020 0.015
SamplerB 0.007 0.010 0.030 0.025 0.013
SamplerB* 0.007 0.010 0.026 0.025 0.013
SIF for SamplerA
Mean 151 163 133 123 113
Standard Deviation 13 11 16 17 18
SIF for SamplerB
Mean 18 28 144 81 64
Standard Deviation 7 10 18 20 16

* 453 samples included
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Table 5.7: Estimates of β with High Correlation in Errors

β11 β12 β21 β22 β23 β31 β32
True Values 0.600 -1.200 1.000 -1.500 -1.000 -0.400 1.500
Mean
FIML* 0.601 -1.207 1.013 -1.514 -1.009 -0.394 1.515
SamplerA 0.605 -1.219 1.048 -1.538 -1.026 -0.358 1.545
SamplerA* 0.603 -1.217 1.050 -1.537 -1.027 -0.357 1.551
SamplerB 0.607 -1.206 1.038 -1.521 -1.014 -0.405 1.493
SamplerB* 0.605 -1.204 1.040 -1.520 -1.015 -0.403 1.499
Standard Deviation
FIML* 0.053 0.070 0.158 0.111 0.147 0.109 0.124
SamplerA 0.053 0.072 0.157 0.112 0.149 0.107 0.129
SamplerA* 0.053 0.071 0.158 0.110 0.149 0.112 0.127
SamplerB 0.053 0.072 0.161 0.113 0.149 0.104 0.124
SamplerB* 0.053 0.071 0.162 0.112 0.148 0.110 0.123
Maximum Values
FIML* 0.757 -1.014 1.617 -1.265 -0.636 -0.048 1.930
SamplerA 0.759 -1.027 1.596 -1.251 -0.626 -0.023 1.944
SamplerA* 0.757 -1.027 1.596 -1.284 -0.641 -0.023 1.907
SamplerB 0.768 -0.997 1.691 -1.215 -0.618 -0.043 1.896
SamplerB* 0.768 -0.997 1.691 -1.244 -0.631 -0.043 1.896
Minimum Values
FIML* 0.457 -1.457 0.539 -1.847 -1.659 -0.693 1.196
SamplerA 0.454 -1.478 0.593 -1.906 -1.644 -0.661 1.190
SamplerA* 0.456 -1.460 0.593 -1.832 -1.644 -0.661 1.190
SamplerB 0.459 -1.461 0.596 -1.904 -1.682 -0.708 1.173
SamplerB* 0.461 -1.461 0.596 -1.857 -1.682 -0.708 1.180
Mean Absolute Error
FIML* 0.042 0.055 0.124 0.089 0.114 0.087 0.099
SamplerA 0.042 0.059 0.129 0.093 0.119 0.093 0.107
SamplerA* 0.042 0.056 0.129 0.092 0.118 0.096 0.107
SamplerB 0.042 0.057 0.131 0.091 0.118 0.083 0.099
SamplerB* 0.042 0.056 0.130 0.090 0.116 0.088 0.098
Mean Squared Error
FIML* 0.003 0.005 0.025 0.012 0.022 0.012 0.016
SamplerA 0.003 0.006 0.027 0.014 0.023 0.013 0.019
SamplerA* 0.003 0.005 0.027 0.013 0.023 0.014 0.019
SamplerB 0.003 0.005 0.027 0.013 0.022 0.011 0.015
SamplerB* 0.003 0.005 0.028 0.013 0.022 0.012 0.015
SIF for SamplerA
Mean 16 34 57 57 27 57 59
Standard Deviation 7 14 14 16 10 16 17
SIF for SamplerB
Mean 24 52 68 73 39 59 50
Standard Deviation 14 27 21 27 20 19 23

* 458 samples included
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Table 5.8: Estimates of γ and ρ with High Correlation in Errors

γ2 γ3 ρ1 ρ2 ρ3
True Values 0.800 1.600 0.500 0.800 0.700
Mean
FIML* 0.810 1.614 0.500 0.793 0.699
SamplerA 0.829 1.653 0.443 0.736 0.648
SamplerA* 0.833 1.656 0.446 0.735 0.648
SamplerB 0.791 1.583 0.452 0.790 0.689
SamplerB* 0.796 1.589 0.455 0.788 0.689
Standard Deviation
FIML* 0.090 0.115 0.147 0.079 0.084
SamplerA 0.090 0.117 0.143 0.087 0.088
SamplerA* 0.094 0.119 0.142 0.085 0.087
SamplerB 0.085 0.112 0.154 0.081 0.089
SamplerB* 0.089 0.116 0.154 0.082 0.089
Maximum Values
FIML* 1.063 1.967 0.834 0.958 0.903
SamplerA 1.092 2.013 0.799 0.934 0.875
SamplerA* 1.092 2.013 0.777 0.934 0.875
SamplerB 1.045 1.942 0.843 0.963 0.909
SamplerB* 1.045 1.942 0.828 0.963 0.909
Minimum Values
FIML* 0.590 1.369 -0.012 0.515 0.394
SamplerA 0.545 1.351 -0.100 0.303 0.289
SamplerA* 0.610 1.351 -0.096 0.472 0.392
SamplerB 0.512 1.279 -0.151 0.357 0.306
SamplerB* 0.577 1.297 -0.151 0.483 0.374
Mean Absolute Error
FIML* 0.073 0.093 0.115 0.062 0.067
SamplerA 0.075 0.102 0.118 0.083 0.079
SamplerA* 0.080 0.105 0.115 0.083 0.078
SamplerB 0.069 0.092 0.125 0.064 0.070
SamplerB* 0.072 0.094 0.123 0.065 0.070
Mean Squared Error
FIML* 0.008 0.013 0.021 0.006 0.007
SamplerA 0.009 0.016 0.024 0.012 0.010
SamplerA* 0.010 0.017 0.023 0.012 0.010
SamplerB 0.007 0.013 0.026 0.007 0.008
SamplerB* 0.008 0.013 0.026 0.007 0.008
SIF for SamplerA
Mean 154 173 165 160 152
Standard Deviation 14 10 15 16 18
SIF for SamplerB
Mean 61 91 170 122 112
Standard Deviation 23 30 14 23 26

* 458 samples included
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5.6 Empirical Example

Cornwell et al. (2009) use the double-hurdle model to discuss the impact of mental ill-

ness at three stages of engagement in labour market. They formulate their model in a

similar way to what has been discussed at the beginning of this chapter. The biggest

difference is that the error correlations between the equations are not specially evalu-

ated, as they apply a two-step method twice to deal with possible sample selection bias.

In contrast, we are trying to estimate the model in a whole system even including the

possible correlation between the first and third equations. Data used in this empirical

study was generously provided by Cornwell. Background details can be found in their

article in which selected population-weighted descriptive statistics are shown with men-

tal health disorders. All analysis in their paper is performed with weighting according

to provided replicate weights. Deaton (1997) has discussed both the benefit and draw-

back of weighted estimation. On one hand, the weighting makes the sample look like

the population and removes the dependence of the estimates on the sample design. On

the other hand, the difference in parameter values across strata is a feature of the popula-

tion, so a regression on census data is no less problematic than on sample data. Since the

arguments about whether weights should be used are quite controversial, the following

analysis will not use weights resulting from the survey sampling process.

Certain specification of the variables are utilized as exogenous regressors in this section.

The variables indicating mental health are dummy variables for substance use disorders,

anxiety disorders and affective disorders. Other variables include the ones for age , gen-

der, education, geography indices, and a socio-economic index for area (SEIFA). In Chap-

ter 4, we pointed out that models with sample selection can be identified through non-

linearity but exclusion restrictions will greatly reduce the difficulty of estimation. In the

first hurdle, two variables are included in the participation equation but not included

in the employment equation: number of children in the household, and whether the in-

dividual is currently studying. We impose this exclusion restriction to make estimation

easier for all estimation methods. In the second hurdle, however, the factors which have

effect on employment are all likely to influence occupational skill levels. Thus, regressors
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are exactly the same for the second and third equations. In other words, no exclusion re-

striction exists in the two equations. After estimating the model, we will discuss whether

different categories of mental illness have an effect on labour market outcomes.

5.6.1 Estimation Methodology

Currently, no software package including NLOGIT can directly estimate the double-

hurdle model as a whole system. Available estimators include the one applied by Corn-

well et al. which is an extension of Heckman’s two-step least squares, as well as FIML

and the Bayesian samplers discussed in this chapter.

We will start with the description of the estimator used by Cornwell et al. with the idea of

Heckman’s two-step method applied to estimate each hurdle. After the first probit equa-

tion (5.2.1) is estimated for participation, a selection adjustment is added as a regressor

into the second equation (5.2.2). Then the second equation can be estimated as a probit

model with normality assumption. A second adjustment factor is plugged in the third

equation (5.2.3) as an explanatory variable, so the third equation can be estimated as an

ordered probit model in a usual way. This estimator attempts to remove selection bias at

each hurdle and it is easy to implement. However, the two-step method is inconsistent

even in estimating the first hurdle. In addition, the step-by-step method fails to treat the

model as a whole system, because it does not fully take into account the effects of error

correlations. Although one may argue that the adjustment factors have captured part

of the effects of the correlations, the correlation between the first and third equation is

certainly not considered by this procedure. In other words, the effect of the first hurdle

may influence the evaluation of third equation through the error correlation, while the

two-step method cannot clearly identify such effect. Thus, the sample selection effects of

the two hurdles are somehow isolated.

As a result, more accurate estimation methods are applied to evaluate the empirical data

including FIML and the Bayesianmethod. FIML is estimated on the empirical data by the

CML package in GAUSS 9.0 but fails to give covariance matrix of the parameters, so such

estimates are not valid. Although the Bayesian method is not simpler to implement, the

two samplers proposed in this chapter are more appropriate for the model specification
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with double hurdles. In addition, coefficients of error correlation can be estimated and

the computation of marginal effects is more efficient.

The two Bayesian samplers are used to estimate the empirical data with 10,000 iterations

as burn-in period and the following 100,000 iterations recorded for constructing poste-

rior densities. Convergence of Markov chains must be guaranteed before estimates can

be used for further analysis. To examine the convergence rate of all parameters, 5,000

sampled parameter vectors are used (i.e. 1 draw for every 20 draws of the MCMC it-

erations). All sampled paths and autocorrelation functions of 5,000 vectors have been

checked as well as their densities. Only those of six parameters for γ and ρ are displayed

in Figure 5.5 and Figure 5.6, because sampled paths for all β parameters converge very

fast for both samplers.

As shown in Figure 5.5, Sampler A has some convergence issues. The sampled paths for

the three threshold parameters look terrible with very strong cyclical patterns, although

other paths stay quite stationary. In the second column, the autocorrelation functions of

the three parameters decay quite slow, while their densities are not smooth at all and each

has multiple modes. Therefore, we cannot ensure that the Markov Chains for Sampler A

converge to the joint posterior distributions and the estimates from this sampler are not

acceptable for this empirical work.

According to results in Figure 5.6, all chains converge fast for Sampler B except the one

of ρ1. Sampled paths for γ parameters look quite randomly distributed with ACF values

decaying very fast, and their densities are quite normally distributed. However, the sam-

ple path of ρ1 does not converge as well as γ and also has a few fluctuations, although

it does hover around the horizontal level. The ACF values of ρ1 decay slowest in this

figure, revealing that it takes much more time to get convergent results for ρ1 than other

parameters. The distribution of ρ1 shows a little unevenness in the left tail and it is also

not quite smooth on the right side. Meanwhile, ρ2 converge as fast as γ values. Although

the fluctuations in the sample path for ρ1 are quite similar to those for ρ3, the sampled

path of ρ3 looks very stationary and the distribution of ρ3 is quite bell-shaped. Ignoring

a few extreme draws, the Markov Chains can be accepted for Sampler B.
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Figure 5.5: Results of the Empirical Study for Sampler A
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Figure 5.6: Results of the Empirical Study for Sampler B
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5.6.2 Marginal Effects and Discussion

Chapter 4 has shown the importance of marginal effects and how to obtain appropriate

marginal effects according to the features of variables. If the variable is continuous, the

marginal effects are obtained from the derivative of the probability with respect to the

variable. If it is binary, the marginal effect is calculated from the difference displayed in

equation (4.5.1). In this section, the estimates of Sampler B are utilized to estimate the

marginal effects of the following probabilities. The probability of participating in the

labour market can be shown as

P r(yi1 = 1|xi1) = Φ(x′i1β1).

The probability of being employed after participation is represented by

P r(yi1 = 1|yi2 = 1,xi1,xi2) = P r(yi1 = 1, yi2 = 1|xi1,xi2)/P r(yi1 = 1|xi1)

= Φ2(x
′
i1β1,x

′
i2β2,ρ1)/Φ(x′i1β1).

And the probability of working in each occupational skill category after employment can

be calculated from

P r(yi3 = j |yi1 = 1, yi2 = 1,xi1,xi2,xi3) = P11j /P r(yi1 = 1, yi2 = 1|xi1,xi2)

= P11j /Φ2(x
′
i1β1,x

′
i2β2,ρ1),

referring to equation (5.5.1) for the expressions of joint probability P11j . The estimated

coefficients and corresponding marginal effects for such probabilities are all displayed in

Table 5.9-5.12 with mean values and 95% Bayesian credible intervals.

First consider the results across variables in Table 5.9. People aged 25-44 are most likely

to participate in the labour market, while those aged 45-64 are 28.9 percent points more

likely to participate than those aged 18-24. Males have more probability to join in the

labour force than females. People with higher levels of education are more likely to

participate in the labour market than those with less education. The marginal effect

about whether a person is from regional center is insignificant, but those from a rural
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area are 4.7 percent points more likely to participate than those from an urban area. The

participation rates in more socio-economically advanced areas are generally larger than

those in less advanced areas, except areas in the 8th Decile which have the highest rate.

Increased number of children will reduce the chances of a person participating in the

labour force. People who are currently studying are more eager to seek jobs than those

who are not studying. Physical illness will largely decrease the possibility of a person

participating, while marginal effects of anxiety and affective disorders are insignificant

as zero values are contained in their credible intervals. Therefore, such mental disorders

have no effect on labour force participation. However, there is a higher participation rate

by 9.5 percent points for people with substance disorders compared to those without this

kind of disorders.

Marginal effects in the employment equation will be discussed based on the results in Ta-

ble 5.10. People in the age group 25-44 and 45-64 are equally likely to be employed, and

both groups have higher employment rates than age group 18-24. The credible interval

of the variable ‘Male’ contains zero, thus its marginal effect is not significant and gender

can hardly influence employment at the 5% significance level. People with secondary

school education have the same opportunity to be employed as those with a vocational

qualification. At the same time, those who have not completed secondary school are

least likely to be employed, while higher education will most greatly increase the pos-

sibility of employment. Regional areas have similar employment rate to urban areas,

while rural areas have 1.2 percent points higher employment rate. When considering the

socio-economic indices, more advanced areas have higher employment rates than less

advanced areas. Areas in 6th and 7th deciles have slightly higher employment rates than

other areas except those in the highest decile. Although physical problems have no ef-

fect on the probability of being employed, three types of mental disorders will all reduce

the possibility of employment. Especially, employment rate will decrease by 5.2 percent

points for people with substance disorders.

Tables 5.11 shows mean values of estimated coefficients and marginal effects about occu-

pational skill categories, while Table 5.12 displays 95% Credible Intervals for the respec-

tive coefficients. These tables indicate that older people are more likely to be employed in
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higher levels of skill categories and less likely to be employed in elementary and interme-

diate skill categories. Males are more likely to get a job as associate professionals and pro-

fessionals, and less likely to be employed in lower skill categories than females. People

with tertiary education are most likely to be employed as professionals, with a marginal

effect of 52.4 percentage points, and they are least likely to be employed in lower-skilled

categories. The coefficient and marginal effects of the variable about ‘From a Regional

center’ are not significant again. Meanwhile, people from rural areas have larger propen-

sities to get jobs in higher-skilled levels and less likely to have lower-skilled jobs. Based

on results for the SEIFA indices, more advanced areas normally result in higher possi-

bilities to enter associate professional and professional categories and less probability to

work in the other three lower categories. Although the coefficient of physical condition

is negative in the third equation, most of its marginal effects are insignificant. The only

significant 95% credible interval is the one for advanced skill category which is (0.001,

0.002). As a result, physical conditions have little influence on occupation choice. The

coefficient of anxiety disorders is also negative, but most of its credible intervals contain

zero except the one for intermediate skill category. Therefore, anxiety disorders do not

havemuch influence on skill categories. For affective disorders, all 95% credible intervals

contain zero, so it does not have any effect on skill levels. It seems substance disorders

will reduce the probability of being employed in higher occupational levels and increase

the chance of working in elementary and intermediate levels.

Most results are consistent with those found by Cornwell et al., but there are differences

in the marginal effects of mental illness, especially on their significance levels. Consider-

ing participation, Cornwell et al. find a negative effect of anxiety disorders and weaker

effect on affective disorders, while that for substance disorders is not significant. In con-

trast, Table 5.9 indicates that marginal effects of both anxiety and affective disorders

are not significant while substance disorders has a positive effect on participating in the

labour force. When it comes to employment rate, significant effects of the three mental

disorders are shown in both the results of Cornwell et al. and our results, although there

is slightly difference in magnitudes. For occupational skill categories, Cornwell et al. ar-

gue that coefficients of mental illness are significantly negative. Although Table 5.11 also

shows the three coefficients are all negative, 95% credible intervals in Table 5.12 reveal
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that the coefficient of affective disorders is insignificant as are the marginal effects of this

mental illness. Similarly, even though the coefficient of anxiety disorders is significant,

most marginal effects of this variable are insignificant. The two-step method applied

by Cornwell et al. does not consider much about the correlation between the equations,

while the indirect effects from other two equations can be transferred via error correla-

tion to eliminate the direct negative effects from the third equation. This may explain

why our results depart from those of Cornwell et al.

5.7 Conclusion

This chapter has discussed a double-hurdle model with sample selection existing in each

hurdle. Two Bayesian samplers have been proposed. While Sampler A is derived in a

standard way, Sampler B is constructed from reparameterization to improve the conver-

gence rate of Gibbs algorithms. MCMC convergence diagnosis in Section 5.3.4 and 5.4.4

has shown that both samplers can get convergent results for one simple simulation sam-

ple, although Sampler B appears superior.

The two samplers are then compared with classic FIML estimation by a simulation study.

Monte Carlo results reveal that FIML fails to offer reliable estimation more than half

the time, while the Bayesian method can provide estimates for each sample. The results

show that both Bayesian samplers can give accurate and efficient estimation. However,

the overall performance of Sampler B is better than Sampler A, because Sampler B can

produce less biased estimates and faster convergence for the 1,000 samples, especially

when the error correlation is large.

When the double-hurdle model is applied on empirical work to discuss the relationship

between mental illness and participation, employment and occupational skill categories

in the labour market, the Bayesian method has shown great superiority in estimating the

model compared to the two-step method and FIML. While the covariance matrix cannot

be obtained for FIML and the two-step method cannot give consistent estimates, sampler

B can successfully provide convergent results. In addition, more precise marginal effects

can be derived since some indirect effects can be possibly evaluated through estimates of

coefficients of error correlation.
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In summary, the proposed Bayesian samplers can achieve convergent estimation when

classic FIML and the two-step method cannot give reliable results. Besides, the Bayesian

method provides some very useful information on the analysis of marginal effects, like

the distributions of marginal effects, which cannot be done by other estimation methods.

Moreover, the Bayesian inference in this chapter can be easily extended to construct sam-

plers for those complicated models with more equations, regardless of whether they are

linear or non-linear.
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Chapter 6

Conclusion

This thesis has been concerned with nonlinear models that include issues with sample

selection and endogeneity which are prevalent in econometric analysis of cross sectional

data. We start with a bivariate probit model with an endogenous dummy regressor, fol-

lowed by an ordered probit model with binary non-random selection. Then, we extend

the two-equation system to a double-hurdle model with two levels of sample selection be-

fore an ordered outcome is observed. The main methodologies involved are the Bayesian

method, FIML and various two-step methods. This thesis focuses on the derivation of

Bayesian samplers and the comparison between the Bayesian method and other methods

for each specific model. Overall, the Bayesian method is quite competitive and shows

great superiorities in estimating the double-hurdle model.

6.1 Key Findings

The main contributions of this thesis can be summarized as follows: (i) the introduction

of the Bayesian method to investigate the effects of exclusion restrictions on bivariate

probit models with an endogenous dummy regressor; (ii) the development of the idea

of reparameterization to derive the Bayesian sampler for ordered probit models with

binary sample selection rules; (iii) the proposal of the likelihood-based two-step method

which can be an alternative method to FIML in estimating nonlinear models with sample

selection; (iv) the proposal of Bayesian samplers to estimate double-hurdle models when
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other methods cannot offer reliable estimation; and (v) Monte Carlo studies which are

used to compare different estimation methods for each model.

Here we will outline our main findings in detail across the chapters. Chapter 2 briefly

reviews current literature about models of sample selection and endogeneity. Models

are discussed from the initial sample selection model to nonlinear models with selec-

tivity, and extended to double hurdle models with one extra level of sample selection.

The endogenous treatment effect model is discussed with further extension to bivariate

and multivariate probit models with endogeneity. MLE and the two-step method are

two main methods used to estimate such models. Applications of those models are also

commented on in this chapter.

Chapter 3 investigates the effects of exclusion restrictions on estimates of bivariate probit

models with an endogenous dummy regressor. To our knowledge, no Bayesian method

has been included in an investigation of this topic, and the chapter includes a Monte

Carlo comparison to other methods. The Bayesian sampler described in this chapter is

equivalent to Chib &Greenberg (1998)’s sampler but is derived by decomposition to form

an easier sampling process. The research questions are around how the Bayesian method

and the inconsistent two-step method perform in contrast to MLE, whether exclusion

restrictions are important in providing reliable parameter estimates, and what factors

affect model identification in cases with or without exclusion restrictions. To answer the

first question, MLE is always accurate and efficient except for encountering some conver-

gence problems. The MCMC method is the only method that can estimate each sample

and is most efficient with small error correlation, but is quite biased with large correla-

tion. The straightforward two-step method has less convergence problem than MLE, but

is inconsistent when the error correlation is large. For the second question, Monte Carlo

results show that estimation in models with exclusion restrictions is much easier than in

cases without exclusion restrictions. This is despite the fact that exclusion restrictions

are not required for model identification once other factors are satisfied. Wilde (2000)

gives an example with only one dummy regressor and argues that it can be identified in

theory. However, we show that this model cannot be accurately estimated by any of three

methods. Nevertheless, model identification can be improved by increasing the number

of dummy exogenous regressors. Meanwhile, Monte Carlo results verify Wilde’s other
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comments about the variation of explanatory variables, which is important to reinforce

model identification.

In Chapter 4, an ordered probit model with a binary selection rule is estimated by four

estimators: FIML, the two-step method, the likelihood-based two-step method and the

Bayesian method. The MCMC sampler is proposed with conjugate conditional posteri-

ors after reparameterization and specially designed priors, while the likelihood-based

two-step method is proposed as an alternative estimation method. The effects of ex-

clusion restrictions are also studied on this model with comparison between the four

methods. Monte Carlo results reveal that the absence of exclusion restrictions will not re-

sult in serious identification problems. Simulation results also show that both FIML and

the Bayesian method give unbiased and efficient estimation. Meanwhile, the likelihood-

based two-step method has less convergence problem than FIML, while the two-step

method causes bias and inefficiency when there is strong error correlation. The model

is applied to an empirical study about mental health and labour force employment in

which exclusion restrictions are not available. It is estimated by FIML and the Bayesian

method, followed by some inference of marginal effects in terms of mental health vari-

ables. Convergence diagnosis is emphasized on the Bayesian method to make sure the

sampled paths can be used to illustrate distributions of model parameters and marginal

effects.

A double-hurdle model of labour market outcomes is discussed in Chapter 5. This par-

ticular model is somehow different from the traditional double-hurdle model, because

it contains two levels of sample selection in which the level deciding partly observed

ordered outcomes is partly observed itself. FIML is used to get model estimates as well

as two Bayesian samplers. One sampler is derived from a standard procedure, when the

other is an extension of the sampler in Chapter 4 with reparameterization. The Bayesian

method displays more advantages in estimating this model than FIML, in both the simu-

lation study and the empirical study. The Monte Carlo study indicates that FIML fails to

converge for more than half the cases, although the available estimates are precise and

efficient. Meanwhile, each sample can be estimated by both Bayesian samplers whose

overall performances are as good as FIML. When comparing the two samplers, the sam-

pler with reparameterization has a better convergence rate for some parameters. And
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the better convergence comes with more accurate estimation especially when there is

a high correlation between the errors. The model as well as the three estimators are

used to study an application about effects of mental health on labor market outcomes

including participation, employment and occupational skill categories. In this example,

FIML cannot give reliable estimation and the standard sampler has some convergence

issues. Thus, estimates of the sampler with reparameterization are used for further anal-

ysis about marginal effects.

6.2 Limitations

We discuss two limitations with the research reported in this thesis. Firstly, the main

issue about MLE is the convergence problem. A reason to prefer Bayesian methods is

its superior convergence reliability. That is why more work could have gone into meth-

ods of numerical optimization for MLE. For example, we found that CML package in

GAUSS and NLOGIT have different convergence performance. When the same model is

estimated based on the same data, in some cases, one software package gives convergent

results while the other cannot. As a result, the algorithms for numerical optimization in

different softwares may need to be considered.

Secondly, the Bayesian analysis with data augmentation cannot be used for weighted

estimation, where estimation considers the effects of weights of samples and a weight

represents number of individuals with the same features of each sample in the popula-

tion. For the MLE method, weights can be easily included by adding polynomial terms

to the log likelihood function. According to the Bayesian method, a latent variable needs

to be sampled for each individual. Including weights will greatly increase the number of

potential latent variables. For example, 1000 weights for a single individual will mean

1000 latent variables to be simulated. Therefore, the use of weights will result in some

computational burdens to Bayesian algorithms. So future work is needed to make it pos-

sible to include weights in the Bayesian method.
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6.3 Future Work

Bayesian analysis has been used in this thesis, and compared with classical MLEmethods

and extensions of the two-step methods. It generally shows great superiorities especially

in estimating the double-hurdle models when exclusion restrictions are not available, as

it has far fewer difficulties with estimation. The future work we are interested in will be

to focus on other applications of the Bayesian methods.

The Bayesian framework can be applied to any multivariate models with sample selec-

tion or endogenous issues. In many cases MLE methods tend to have more serious con-

vergence problems and the two-step method has obvious flaws because of inconsistency

of the estimator. As in the models discussed in this thesis, the idea of data augmentation

can be easily used to estimate latent variables in multivariate models.

Another issue that could be addressed in future is the convergence rate of the Bayesian

algorithms. In Chapter 5, we have shown that reparameterization can improve the con-

vergence rate of the Gibbs sampling in some ways. Other approaches may be needed to

further improve the overall convergence rate of simulators.

The normality assumption is made for the errors in all three models discussed in this

thesis. It would be useful to consider other assumptions. One may also combine the idea

of a non-parametric method with the Bayesian method, so there is no need for specific

assumptions about the error distributions.
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