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Abstract

The central focus of this thesis is to obtain the asymptotics of the probability of non-existence of
small substructures in random objects. It contains several parts that all fit into one bigger picture of
using clusters and cumulants to characterise dependencies in probabilistic combinatorics.

In Chapter 2, we express the probability that a binomial random hypergraph contains no copy of some
given small hypergraphs in terms of clusters, by showing a cumulant series obtained by Mousset, Noever,
Panagiotou and Samotij in 2020, approximating the same probability, is equivalent to a truncated
cluster expansion series. In addition, we use the tree-graph approach to bound the cumulants of graph-
dependent variables, rederiving a bound by Féray, Méliot and Nikeghbali in 2016, and give an asymptotic
normality criterion that generalizes the one by Janson in 1988. Moreover, we also obtain the asymptotic
distribution of maxima of graph-dependent sequences by using convergent cluster expansions.

In Chapter 3, we obtain the limiting distribution of maxima of various extension counts (codegrees,
clique-extensions, common neighbours) in random hypergraphs by studying the probability of the non-
occurrence of exceedances, that is, variables whose values are greater than certain specified threshold.
Under certain weakly dependent conditions, we show that the distribution of the maximum entry of
a random vector and the distribution of the maximum of their independent entries are asymptotically
equivalent.

In Chapter 4, our focus is the FEulerian orientations, which are orientations of all edges of a graph
such that every vertex is balanced (that is, its in-degree being equal to its out-degree). Studying the
probability of non-existence of unbalanced vertices for random orientations is essentially equivalent
to the enumeration of Eulerian orientations. We give accurate asymptotic enumerations of Eulerian
orientations of graphs, regular tournaments, Eulerian digraphs, and Eulerian oriented graphs extending
McKay’s results in 1990. This is by using the saddle point method applied to a certain high dimensional
integral, and truncated cumulant series. We derive accurate approximations of moment-generating
function of higher-order Lipschitz functions, which can be of independent interest. Our formula yields
estimates of the Eulerian orientations of square lattices, triangular lattices, cubic lattices, and hypercube,
etc. Our values turn out to be close to the ‘naive’ estimates by Pauling in 1935, and the only two known
exact values for ice-type models by Lieb in 1967, and by Baxter in 1969, respectively.

In Chapter 5, we use the perturbation method to study the probability of the non-existence of
small subhypergraphs in random hypergraphs H,(n,p), which is also obtained by Mousset, Noever,
Panagiotou and Samotij using an alternative method, as describe in Chapter 2. Our results have an
advantage of extending easily to the case of H,.(n,m) that is more complicated and not well studied
before. As a special case, we give the asymptotic probability of a random hypergraph being linear. This
extends results by McKay and Tian in 2021. Additionally, by keeping track of the numbers of clusters,
we obtain approximations of the conditional probabilities of avoiding certain sets of clusters given the
counts for smaller ones and the non-existence of even larger ones for H,(n,p) and H,(n,m), which can
be of independent interest.

In all the above studies, we utilize clusters of combinatorial structures and cumulants of certain

suitably defined dependent variables to capture the high-order terms in random combinatorial problems.
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Any fool can know. The point is to understand.
—Albert Einstein

What I cannot create, I do not understand.

—Richard Feynman



Acknowledgements

I would like to thank my supervisor Nick Wormald for the invaluable guidance and extreme patience
over the years. Many thanks to him for being extremely rigorous on every aspect of mathematics and
non-mathematics, providing sanity checks on various types of mathematics, and especially for countless
criticism of the writing that would be very useful for future career. Additionally, thanks for other
help that I received very quickly whenever I need over the years, including various financial support,

including 6 months’ stipends from March 2023. Thanks to Hania for her hospitality during many visits.

I would like to sincerely thank my second supervisor Mikhail Isaev for working together when he is

available, during which we are able to progress at a fast speed and obtain many results.

I would like to thank Brendan McKay for his significant help, especially his simulations, computa-
tions, and programming in various projects, which provide the best computational results known on the

planet.

I would like to thank my other collaborators (chronological order): Maksim Zhukovskii, Igor Ro-
dionov, Massih-Reza Amini, Géabor Lugosi, Andrea Collevecchio, Guillem Perarnau, Xavier Pérez-
Giménez, etc. For each of them, there exists something that I learned from. Special thanks to Gabor

Lugosi for offering a postdoc position.

In addition, I would like to thank (chronological order): Will Perkins, Ian Wanless, David Wood,
Tim Garoni, Wojciech Samotij, Catherine Greenhill, Andrzej Rucinski, Thomas FLuczak, Bruce Reed,

Marco Scarsini, and many others for helpful discussions and meetings.

I would like to thank many journal editors, and anonymous referees for comments, suggestions, and

criticism, which led to many modifications, including improvements, of various writings.

Special thanks to John Chan and many others for very efficient handling and timely reminders of

the administrative issues of various kinds over the years.

Thanks to Monash office mates Michael and Angus for having non-academic chats on a wide range

of topics.

Special thanks to Lily for accompanying, and to my families for help in various forms.

Special thanks to two thesis examiners for pointing out typographical errors, grammar mistakes, and

inaccurate descriptions, and providing very helpful comments, suggestions, and new insightful ideas!

iv



Contributions to chapters

e A part of Chapter 2 is based on Asymptotic linearity of binomial random hypergraphs via cluster

expansion under graph-dependence [104| published in Advances in Applied Mathematics 2022.

Brendan McKay provided significant help, including checking numerical values via simulations,

providing his computational results for comparison, and pointing out calculation errors.
— Nick Wormald commented on the writing.

— An anonymous referee pointed out some typographical errors and inaccurate descriptions, and

provided comments and suggestions.

It is benefited from discussions with Will Perkins on cluster expansion via Zoom during Covid
in 2021.

e Chapter 3 is based on papers: FExtreme value theory for triangular arrays of dependent random
variables |48] published in Russian Mathematical Surveys 2020, and Eztremal independence in discrete
random systems accepted in Annales de 'Institut Henri Poincaré (B) Probabilités et Statistiques [49];

both are with Mikhail Isaev, [gor Rodionov and Maksim Zhukovskii.

— The Gaussian part is by Igor Rodionov, and is therefore not included. Other parts are with
Mikhail Isaev and Maksim Zhukovskii.

— An anonymous referee pointed out some typographical errors and inaccurate descriptions, and

provided comments and suggestions.

— Anonymous referees from Combinatorics, Probability and Computing also provided helpful com-

ments and suggestions.

e Chapter 4 is based on drafts Cumulant expansion for Eulerian orientation count [47] and Residual
entropy and Eulerian orientations of random graphs with given degrees (under preparation) with
Mikhail Isaev and Brendan McKay.

— Mikhail Isaev and Brendan McKay provided the method, commented on the writing, and worked

together on many proofs, edits, calculations, and computations.

e Chapter 5 is based on a draft The non-existence of small subhypergraphs in moderately sparse random

hypergraphs via the perturbation method with Nick Wormald.

— Nick Wormald provided the method, worked together on many proofs, and commented a lot on

the writing.

e The content and ideas in Section 6.1, and future work (fw5) are suggested by Will Perkins.



Contents

1 Introduction and preliminaries

1.1 Overview of chapters . . . . . . . . . . . L

1.2 Basic definitions and notations . . . . . .. .. L
1.2.1  Graph-theoretical notation . . . . . . . . .. ... o
1.2.2  Asymptotic notation . . . . . . ...
1.2.3 Random (hyper)graphs . . . . . . . . . .
1.2.4 Dependency graphs . . . . . . . . . . .
1.2.5 Cumulants . . . . . ..

1.3 Classical results through the lens of clusters illustrated with triangles in G(n,p) . . . . .
1.3.1 Non-existence probability: Suen’s inequality . . . . . . . ... ... ... .. ...
1.3.2  Non-existence probability under correlation: Harris-FKG, Janson’s inequalities
1.3.3 Mousset-Noever-Panagiotou-Samotij cumulant series for binomial subsets
1.3.4 Lovasz local lemma and Shearer’s lemma . . . . .. .. .. ... ... ......

1.3.5 Chen-Stein method under local dependence . . . . . . ... ... ... ......

Cluster expansion, cumulants, non-existence probability, and asymptotic normality
2.1 Introduction . . . . . . . . .. e
2.2 Cluster expansion and the probability of non-existence . . . . . . . ... ... ... ...
2.3 Non-existence of small subhypergraphs . . . . . .. .. ... ... ... ...
2.3.1 The Mousset-Noever-Panagiotou-Samotij series and cluster expansion . . . . . .
2.3.2  Computation of the asymptotic probability that G(n,p) is triangle-free . . . . . .
2.3.3 Linearity of binomial random hypergraphs . . . . . . . .. .. .. ... ... ..
2.3.4 Computation of the asymptotic probability that Hs(n,p) is linear . . . . . . . . .
2.4  Tree-graph bounds on cumulants and asymptotic normality . . . . ... ... ... ...
2.4.1 Asymptotic normality via cumulants . . . . . . ... Lo
2.4.2 Tree-graph bounds and Penrose identity . . . . . . . .. ... ... ... .....
2.4.3 Féray-Méliot-Nikeghbali bound on cumulants and asymptotic normality . . . . .
2.5 A convergent cluster expansion series via Kotecky-Preiss criterion . . . . . . . .. .. ..
2.6 Limiting distribution of extremes under m-dependence . . . . . . .. ... ... ... ..
2.6.1 Probability of non-occurrences under m-dependence . . . . . ... ... .. ...
2.6.2 The asymptotic distribution of maxima under m-dependence . . . . .. .. ...

2.6.3 Example: maxima of moving minima . . . . . .. ... ... Lo

vi

© 0 N N O Ot U e W W = -

—_ =
w =



3 Extremal independence under graphical mixing 43

3.1 Imtroduction . . . . . . . . . 43
3.2 Sufficient conditions for extremal independence . . . . . . . ... ... L. 44
3.2.1 Related results . . . . . . . . e 46
3.2.2  Bridging sequences . . . . . .. ..o e 48

3.3 The probability of non-occurrence under graphical ¢-mixing . . . . . . . . ... .. ... 51
3.3.1 Upperbound . . . . . . . . . e 51
3.3.2 Lower bound . . . . . .. 53

3.4 Applications in binomial random graphs . . . . .. ... ... L. 54
3.4.1 Maximum degree and codegree . . . . . . .. ... oo 55
3.4.2 Maximum clique-extension counts . . . . . . . .. ... oL 58
3.4.3 Maximum number of h-neighbours . . . . . . . . ... ... L. 60
3.4.4 Further results in maximum extensions counts . . . . . . . . . ... ... ..... 63

4 Cumulant expansion for Eulerian orientation count 64
4.1 Introduction . . . . . . . . oL 64
4.1.1 Mainresults . . . . . . .. L 65
4.1.2 Chapter structure . . . . . . . . . . e 67

4.2  Pauling’s estimate, and ice-entropy comparisons for regular graphs . . . . . . . ... .. 67
4.2.1 Pauling’s estimate . . . . . . ..o 67
4.2.2 Square lattice L, and Lieb’s constant . . . . . . ... ... ... L. 68
4.2.3 'Triangular lattice T,, and Baxter’s constant . . . . . .. ... . ... ... .. .. 69
4.2.4 Cubic lattice C,, . . . . . . . 69
4.2.5 Hypercube Qg . . . . . . . 69
4.2.6 Large degrees . . . . . . . . e 70

4.3 Cumulants and expansion of Laplace-type integrals . . . . . . .. ... ... ... .... 71
4.3.1 Cumulants and cumulant series . . . . . . . . ... ... L 71
4.3.2 Cumulant expansion for Laplace transform . . . . .. ... ... ... ... ... 72
4.3.3 Cumulants of truncated Gaussians . . . . . . .. .. ... 0oL 73
4.3.4 Cumulant expansion for Laplace-type integrals . . . . . . ... ... ... .... 75
4.3.5 Cumulants of Gaussian random variables . . . . . . . .. ... ... 77
4.3.6 Bounds on cumulants in Theorem 4.1.1 . . . . . . . . . . ... ... ... .... 79

4.4  Estimating the integral for Eulerian orientations . . . . . . . . . .. ... ... ... ... 82
4.4.1 Preliminaries . . . . . . . . 83
4.4.2 The integral inside 29 . . . . . . . . L 84
4.4.3 'The integral outside 2o . . . . . . . .. Lo 90
4.4.4 Proof of Theorem 4.1.1 and Corollary 4.1.2 . . . . . . .. ... ... ... .... 93

4.5 Regular tournaments, Eulerian digraphs, and Eulerian oriented graphs . . . . . . . . .. 94
4.5.1 Moments of symmetric functions of i.i.d. Gaussians . . . . . . . .. .. ... ... 97

4.6 Tail bounds for cumulant expansions . . . . . . . .. ... L 101
4.6.1 Expectation and difference operators . . . . . . . .. ... ... ... 101
4.6.2 Cumulant identities and bounds . . . . . . . . ... Lo 103
4.6.3 Estimates when the sums of Ay are bounded . . . . . . . .. ... ... .. ... 105
4.6.4 Proof of Theorem 4.3.2 . . . . . . . . . . 110

vii



4.7 AppendiX . ... 110

4.7.1 Exact values of RT'(n) forn <37 . . . .. .. ... o o 110

4.7.2  Alternative calculations of some terms in RT(n) via Feynman diagrams . . . . . 110

5 The non-existence of small subhypergraphs via perturbation method 116
5.1 Imtroduction . . . . . . . . . 116
5.2  Clusters and recursions for maximal cluster counts . . . . . . ... ... ... ... ... 119
5.3 Iterative approximations of correction factors . . . . . . . ... ... o oL 123
5.4 Non-existence of subhypergraphs in Hy(n,p) . . . . . . .. ... 133
5.4.1 Proof of Theorem 5.12 . . . . . . . . . . . ... . 144

5.4.2 Proof of Theorem 5.1 . . . . . . . . . . . . ... 150

5.5 Non-existence of subhypergraphs in H,(n,m) . . . . . . . . ... ... 154
5.6 Computation of the asymptotic probability that Hz(n,p) is linear . . . . . . . . .. ... 157
5.6.1 Clusters and correction factors . . . . . . . . .. ... L. 157

5.6.2 Conditional probabilities . . . . . . . . ... 160

5.6.2.1 Summation for type 3and 2 . . ... ... oL 160

5.6.2.2  Summation for type 1 . . . . . ... 161

5.7 Computation of the asymptotic probability that Hs(n,m) is linear . . . ... ... ... 162
5.8 Concluding remarks . . . . . . .. 164
5.9 Appendix: Computational details for Section 5.7 . . . . . . . . ... ... ... .. ... 164

6 Concluding remarks and future work 166
6.1 Non-existence of subhypergraphs and hypergraph independence polynomials . . . . . . . 166
6.2 Open problems . . . . . . . . . 167
6.3 Future work . . . . . . . e 168
Bibliography 170

viii



Chapter 1
Introduction and preliminaries

This chapter is to give an overview of the content of this thesis, and to set the context for the remainder

of this thesis. Section 1.2 contains basic definitions and notations.

1.1 Overview of chapters

Here we describe the contents of each chapter, starting with a illustration by Figure 1.1.

[Tree—graph bounds and normality}

[Small subhypergraphsj [Graph—dependent maxima}

\‘\—{Chapter 5: Small subhypergraphs} X counts ‘exceedances’ J

[Chapter 3: Maxima of extension counts}

Figure 1.1: A mixed graph illustrating relations among chapters, where the mixed graph is
a graph with edges and arcs, and random variable X counts small substructures in random
objects.

e Chapter 2 contains three applications of cluster expansion.

Cluster expansion is a powerful tool in the rigorous study of statistical mechanics. It was pioneered

by Mayer in the 1930s and remains widely used nowadays, see, for example, [30, Chapter 5|. The



cluster expansion expresses the logarithm of a certain partition function as an infinite summation

over clusters.

— We express the probability that a binomial random hypergraph contains no copy of some given
small hypergraphs in terms of clusters, by showing a cumulant series obtained by Mousset, Noever,
Panagiotou and Samotij |77| approximating the same probability is equivalent to a truncated
cluster expansion series. We use the formal cluster expansion after writing the probability of
interest as a partition function. As a special case, we extend the result on the asymptotic
probability of a random binomial hypergraph H, (n,p) being linear obtained by McKay and Tian
in [74], with explicit computation for 7 = 3 and p = o(n~7/5).

— We use the tree-graph approach for the cluster expansion to bound cumulant of graph-dependent
variables. This provides an alternative proof of the bound on cumulant by Féray, Méliot and
Nikeghbali in [26], and further leads to an asymptotic normality criterion that generalises Janson’s
[54].

— We obtain the asymptotic distribution of maxima under graph-dependence via cluster expansion,
which gives accurate asymptotic distribution of the maxima of m-dependent random variables.
This extends the seminal work of Newell’s [79] that originates the study of clustering of ex-
ceedances in extreme value theory. Our method is by using Kotecky-Preiss criterion [61] to
obtain the absolute convergence of the cluster expansion. The new asymptotic formula also

provides new insights into the extremal index.

e Chapter 3 studies the limiting distribution of the maximum of weakly dependent variables.

Under certain weakly dependent conditions that is a special notion of p-mixing, we show that the
distribution of the maximum entry of a random vector and the distribution of the maximum of their

independent entries are asymptotically equivalent.

Our result on extremal independence relies on new lower and upper bounds for the probability of

the non-existence, that were inspired by Lovasz local lemma [21] and Dubickas’ bound [20].

As applications, we obtain the distribution of various extremal characteristics of random discrete
structures such as the maximum codegree in binomial random hypergraphs, and the maximum
number of cliques sharing a given vertex in binomial random graphs, etc. We show that their
limiting distributions are all standard Gumbel, extending the results for the maximum degree of

binomial random graphs by Bollobas [10].

e Chapter 4 uses cumulants to give accurate asymptotic enumeration results.

We study Eulerian orientations, which are orientations of all edges of a graph such that every vertex is
balanced with its in-degree being equal to the out-degree. Studying the probability of non-existence
of unbalanced vertices for random orientations is essentially equivalent to the enumeration of Eulerian
orientations. We give accurate asymptotic enumerations of Eulerian orientations of graphs, regular
tournaments, Eulerian digraphs, and Eulerian oriented graphs extending the results by McKay [73].
This is by using the saddle point method applied to a certain high dimensional integral, and trun-
cated cumulant series. We use the saddle point method applied to some high-dimensional integrals
and truncated cumulant series. In particular, we derive accurate approximations of the moment-

generating function of higher-order Lipschitz functions, which can be of independent interest.



We also use our series to estimate the Eulerian orientations of square lattices, triangular lattices,
cubic lattices, hypercubes, etc. Our values turn out to be close to the estimates by Pauling [81] that
is simply ignoring the dependence among vertices, and the only known exact values by Lieb [66] and

Baxter [7] for ice-type models.

e Chapter 5 studies the non-existence of small subhypergraphs in random hypergraphs via the per-

turbation method.

We extend the perturbation method introduced by Nick Wormald [103], and its generalization with
Stark [98], to obtain the asymptotics of the probability of the non-existence of small subhypergraphs
in random hypergraphs H,(n,p) and H,(n,m) for moderately large p and m. The case of H,(n,p)
is also obtained by Mousset, Noever, Panagiotou and Samotij using an alternative method. Our
results have a advantage of extending easily to the case of H,(n,m) that is more complicated and
not well-studied before besides [103, 98|.

As a direct corollary, we derive the asymptotic probability of a random hypergraph being linear.
In the case of fixed r, this relaxes the restriction on p for the asymptotic probability obtained by
McKay and Tian [74]. For H,(n,p), when r = 3 and p = o(n~7/%), the asymptotic probability

matches the one obtained in Chapter 2.

Similar to the graph case in [98], by keeping track of the numbers of clusters, we obtain stronger
results, giving an approximation of the conditional probabilities of avoiding certain sets of clusters
of hypergraphs given the counts for smaller ones and the non-existence of even larger ones, which is

of independent interest.

e Finally, we conclude with a discussion of a plan for future work in the last chapter.

1.2 Basic definitions and notations

To make the descriptions and concepts clear and specific, we give basic definitions and the framework.
First, we introduce the basic definitions and notations that will be used in this thesis.

For all positive integer n > 1, let [n] denote the integer set {1,2,...,n}. Let [n)s :=n(n—1)---(n—
t + 1) denote the t-th falling factorial for every non-negative integer t. For any set V and 1 < r < |V,

let (‘7{) denote the set containing all r-elements subset of V.

1.2.1 Graph-theoretical notation

A graph is a pair G = (V(G), E(G)), where V(G) is a set whose elements are called vertices, and

E(G) C (V(QG)) is a set of paired vertices, whose elements are called edges.
Definition 1.1. Given an undirected graph G = (V(G), E(Q)).

(d1) A connected component of G is a maximal set of vertices such that every pair of vertices is

connected by a path. The number of connected components of G is denoted by ¢(G).

(d2) The set of polymers C(G) of G is the family of vertex sets of all connected induced subgraphs of
G, namely,

C(G) = {C S V(G) : e(GIC)) = 1},



where G[C] denotes the subgraph of G induced by the vertex set C.

For any two distinct polymers C;,C; € C(G), we write C; ~ C; if C; U C;j € C(G); otherwise,
C; # Cj. Equivalently, C; o Cj if dg(C;, Cj) > 1 and otherwise, C; ~ C;. Note that if we have
that C; ~ C; and C; N C; = 0, then C; and C; are adjacent in G, that is, there exists an edge in
E(G), with one endpoint in C; and the other in Cj.

(d3) The size of a polymer, denoted by |C|, is the number of vertices in it. We will use

Ch(G):={CeC(G):|C] =k}, and Cu(G):= | Cl(G),
i€[k]

to denote the set of all polymers of size k, and at most k respectively.

(d4) For every non-empty ordered multiset of polymers (Ci,...,C,) € C(G)", let G(C4,...,Cp) =
Ga(Ch,...,Cp) be the graph on [n] with {3, j} € E(G) if C; ~ C; in G.

For instance, fix a polymer C' € C(G). For a multiset of n copies of C, we have G(C,...,C) = K,,

where K,, denotes the complete graph on [n].

If we have that {C4,...,Cy,} is a partition of the vertex set of graph G, then graph G(C1,...,Cy)
corresponds to the so-called quotient graph of G with respect to {Cy,...,Cy}.

In graph theory, a vertex identification (also called vertex contraction) is to contract a pair of
vertices u and v of a graph and produces a graph in which the two vertices v and v are replaced
with a single vertex t such that ¢ is adjacent to the union of the vertices to which v and v were
originally adjacent. In other words, it is by identifying the vertices in each part, deleting loops,
and replacing parallel edges with a single edge. Note that in vertex contraction, it does not matter
if u and v are connected by an edge; if they are, the edge is simply removed upon contraction,

this special case of vertex identification is also called edge contraction.

(d5) A clustery is a non-empty ordered multiset of polymers (C1, ..., C},|) such that G(y) = G(C1, ..., C)y))
is connected. The size of a cluster v, denoted by ||, is the number of polymers in it, and the

number of vertices of a cluster 7y, denoted by ||v||, is the sum of sizes of polymers it contains, that
is, [|7] = Xcey [C]- The set of all clusters of G is denoted by I'(G).

Note that the cluster is redefined and used in Chapter 5, to mean some connected structure that

is similar to the polymers defined here, but not exactly.

1.2.2 Asymptotic notation

All asymptotics in this thesis are with respect to n — co. We use the following asymptotic notations.

Let g(n) > 0 for all large enough integer n.
e f(n) =o0(g(n)) if for every £ > 0 there exists N such that
[f(n)] < eg(n)

for n > N.; in other words, f(n)/g(n) — 0.



e f(n) =0 (g(n)) if there exist constants C' and N such that

[f(n)] < Cyg(n)

for n > N; in other words, f(n)/g(n) is bounded.

e f(n) =Q(g(n)) if there exist constants C' > 0 and N such that

f(n) = Cg(n)
for n > N.

o f(n) =w(g(n)) if for all C' > 0 there exists a constant N¢ such that

f(n) > Cg(n)
forn > N.

e f(n) =0(g(n)) if there exist constants C1,Cs > 0 and N such that
Cig(n) < f(n) < Cag(n)
for n > N; in other words, f(n) = O (g(n)) and f(n) = Q(g(n)).

o f(n) < g(n)if f(n) > 0and f(n) = o(g(n)).

e f(n)~g(n)if f(n)=(1+0(1))g(n); in other words, f(n)/g(n) — 1.

1.2.3 Random (hyper)graphs

Here we introduce the random hypergraph models that we study. Define the binomial random r-uniform
hypergraph H,(n,p) to be the r-uniform hypergraph (r-graph for short) on the vertex set [n] such that
each r-element subset (r-set for short) is an edge independently with probability p. We use H,.(n,m)
to denote the random r-graphs on n vertices obtained by choosing uniformly at random from the ((:;? )
r-graphs having m hyperedges. When r = 2, we have H,(n,p) and H,(n,m) become the Erdgs-Rényi
random graphs G(n,p) and G(n, m) respectively.

1.2.4 Dependency graphs

Dependency graphs can be used to characterize the dependencies among variables. They have been
widely used in probability and statistics to establish normal or Poisson approximation via Stein’s
method, cumulants, etc. (see, for example, [54, 55]). They are also heavily used in probabilistic com-
binatorics, such as Lovész local lemma [21], Janson’s inequality [57], concentration inequalities [105],
etc.

Given a graph G = (V,E), we say that random variables {X;};,cy are G-dependent if for any
disjoint S,T" C V such that dg(S,T) > 1, random variables {X;},cs and {X,}cr are independent. In
particular, random variables {X;}icc, and {X;},cc, are independent for any two distinct polymers Cy
and Cy of the graph G such that C; ¢ Cs.



Definition 1.2 (Dependency graphs). An undirected graph G is called a dependency graph of random
variables X = {X;,..., X, } if

(b1) V(G) = [n].

b2) For all disjoint I, J C [n], if I, J are not adjacent in G, then {X;};c; and {X,},cs are independent.
Jsi

Figure 1.2: A dependency graph G for random variables {X;};cjq). Random variables
{X1, X5} and {X5, X} are independent, since disjoint vertex sets {1,2} and {5,6} are
not adjacent in G.

The above definition of dependency graphs is a strong version; there are ones with weaker assump-
tions, such as the one used in Lovasz local lemma. Note that the dependency graph for a set of random
variables may not be necessarily unique and the sparser ones are the more interesting ones. Let K,
denote the complete graph on n vertices, that is, all pairs of vertices are connected by an edge. Since
no two disjoint S,T" C [n] are non-adjacent in K,, then the trivial dependency graph K, is a valid
dependency graph for any set of variables {X; }ic[n-

Given G-dependent random variables {X;};cy(q), for every set of vertices S C V(G), the joint

moment of random variables {X;};cg is defined by

n(S)=E

HXZ»] , (1.2.1)

€S

with p(0) := 1. We will sometimes simplify the notation and use the (i) to denote p ({i}), and
similarly, u (4, 7) to denote p ({7,7}).

Let {C}icjn) be a set of pairwise non-adjacent disjoint polymers of G, in other words, for all distinct
i,j € [n], we have C; % Cj, or equivalently, de(Cj, Cj) > 1. Then one important factorisation property
for G-dependent variables, following from the definition of dependency graph, is that

Iz U Ci| = H 1 (Ci) - (1.2.2)
i€[n] i€[n]

1.2.5 Cumulants

Then joint cumulant (or mized cumulant) is a fundamental tool in probability theory. Let Xi,..., X,

be random variables with finite moments. The joint cumulant is defined by

exXp (zr: tZX’L>]> s (123)
i=1

where [t1...t,] stands for the coefficient of ¢; ...t, in the series expansion.

K(Xl,...,Xr) = [tl ...tr] IOg <E




Given G-dependent random variables { X, },cv (), for every set of vertices S C V(G), we have an

equivalent combinatorial definition of the joint cumulant of random variables {X;};cs by

K(S)= Y0 ()Ml = ) [T (), (12.4)

well(S) Per

where II(S) denotes the set of all partitions of S.

The joint cumulant x(.S) can be regarded as a measure of the mutual dependencies of the variables
in S. An important property of the joint cumulant £(.S) is that if S can be partitioned into two subsets
S7 and Sy such that the variables in S} are independent of the variables in So, then x(S) = 0. In other
words, if S & C(G), then k(S) = 0 (see, for example, [93]). This reveals the natural connections between

cumulants and clusters. More details will be discussed in Section 2.4 using spanning trees.

1.3 Classical results through the lens of clusters illustrated with tri-

angles in G(n,p)

Here we present some classical probabilistic results with a unified formulation in terms of clusters.
We illustrate and compare the classical results by giving the distribution of the triangles in random
binomial graphs G(n,p). To determine the probability that G(n,p) does not contain a copy of some
given ‘forbidden’ graph is a fundamental question in the random graph theory since the seminal paper
of Erdgs and Rényi [23]. To avoid triviality, we assume that 0 < p < 1.

For each {i,j,k} € ([g]), let Xjji be the indicator for the occurrence of triangle with vertex set

{i,7,k} in G(n,p). Then a dependency graph for random indicators {Xijk}{z- jkye (i) can be defined by
»Js 3

G = <([Z]> {{VI,VQ} € (@) i vl :2}).

Let X := Z{” k() Xijk- Then X counts the copies of triangles in G(n,p).
1\ 3
A simple lower bound on the probability of non-existence of the triangles in G(n,p) is by the prob-
ability of getting an empty graph, that is,

n

P (X =0)>P(EG(np) =) = (1 -p)&) =exp (=3[l + 0 (n%?)) =007 (13.)

1.3.1 Non-existence probability: Suen’s inequality

Suen [99] obtained upper and lower bounds on P (X = 0), where X is a sum of G-dependent random
indicators. Later, Janson [56] improved Suen’s inequality and obtained strengthened inequalities that

become the most commonly used and cited version.

Theorem 1.3 (Suen’s inequality). Let {Xy}ev () be G-dependent random indicators and X =3, cy(qy Xo-
Let

A=Y EEW and  Aji= > “g').“()j) (1.3.2)

{i,7}€C2(G) {i,5}€C2(G)



where Ci(G) denotes the set of all polymers of size k, and

Al ) =1 —pn@)A-p@) ] Q-p®)

k:{i,j,k}€Cs(G)

Then we have

P(X=0)
1— A% A% < N < A*).
0 exp (A¥) [Ticv o) (A—n() exp (A%)
For triangles in G(n,p), we have, from (1.3.2), that
A* . nlap? [n]ap®

4(1—p3)5n—18 and AB = W.
Therefore, we have
n 5 1 1
P (X =0)< (1)) exp (&%) =exp (—g[n]zap?’ + 7[nlap” + O (np° + n4p8)) .

The lower bound is useful only when Af < 1 and A* = o(1), by noting that A* > 0. If we have
n*p® = o(1), then

6 5
n nj4p njap
P(X=0)>(1 —pB)(?’) (1 - 4(1_[},]2;1)571718 xXp (4(1_[1)];)57118))
— ex (_1 310 (n3p8 4 6
= exp (—g[nlsp” + O (np® +n"p°) ) .
1.3.2 Non-existence probability under correlation: Harris-FKG, Janson’s inequal-
ities

Let © = {0,1}" and define a partial ordering of the elements in Q by

(1, 2n) 2 (W15 Yn)

if and only if z; < y; for all i € [n]. We say that an event A C Q is increasing if x € A and x < y implies
that y € A. We say that an event A C Q is decreasing if z € A and y < x implies that y € A. Harris

[39] obtained that events are positively correlated if they are both increasing or both decreasing.

Theorem 1.4 (Harris’ inequality). Let Q2 be a finite set and let X and Y be random variables defined
on a product probability space over {0,1}. If X and Y are both non-decreasing (or non-increasing),
then

EXY] > E[X]|E[Y].

If X is non-decreasing and Y is non-increasing, then
EXY]<E[X]|E[Y].

A more generalized version is the FKG inequality, attributed to Fortuin, Kasteleyn and Ginibre [29],
which will be discussed in the next subsection.

Let R be a random subset of €2 by independently choosing each r € €2 with certain probability. Let
{A;}icr be some subsets of 2, where I is a finite index set. Let X; be the indicator of event A; C R and



X =3 ;cr Xi. Then X counts the number of A; C R. The upper bound on P (X = 0) in this binomial

random subset is obtained by Janson, Luczak and Rucinski [57] under the name of Janson’s inequality.

Theorem 1.5 (Janson’s inequality). Let {X,},ev(q) be G-dependent random indicators for the occur-
rences of sets and X = Evev(g) Xy. Then we have

P (X = 0) < min <exp (—E [X] + A), exp (-%)) , (1.3.3)

where

A= > p(ig)

{i.7}€C2(G)
is a summation over unordered dependent pairs (polymers of size 2).

Now we can use FKG inequality and Janson’s inequality to obtain asymptotics. For = € [0,1 — €],

we have log (1 — x) > —x — 2% /¢, and therefore if E [X;] < 1 — ¢ for some constant ¢ > 0, then

PX=0)> [[ C-EX))>exp | -E[X] -2 Y E[x]. (1.3.4)
i€V (G) i€V (G)

Combining this lower bound with the upper bound given by Janson’s inequality, we have

logP (X =0)=-E[X]+0( Y EXJS+ > p@j)]. (1.3.5)
ieV(Q) {i,j}€C2(G)

For triangles in G(n, p), if p < 1 — ¢ for some € > 0, then we have that
logP (X =0) = —%[n]gp?’ +0 (n3p6 + n4p5) . (1.3.6)
Moreover, using Janson’s inequality, we get

e (n’p) if p=w(n=?),

e O(n’r?) if p=0(n=1?).

This is by noting that if p = w(n~"2), we have from (1.3.3), that

2
=In 3
P(X:O)éexp —1 (6[ ]3117) :e_@(nzp)
Tlop+ Lol

I

which matches the empty graph lower bound (1.3.1) asymptotically.

1.3.3 Mousset-Noever-Panagiotou-Samotij cumulant series for binomial subsets

The FKG lattice condition |29, Eq. (2.1)] is also called the log-supermodularity condition. It is the
condition under which the Fortuin—Kasteleyn—Ginibre (FKG) correlation inequality holds, that is, for



all U,V CV(G),
p(@)p(V) < p(UUV)pUNV), (1.3.7)

where p(-) was defined by (1.2.1).
Given a graph G, let Nér (v) denote the inclusive neighbours of vertex v in graph G, that is,

N& () :=={u e V(G) : {v,u} € E(G)} U{v}.
For any set U C V(QG), let

NEU) = | N (u).
uelU

Let ¢ > 0 be an integer, and define k;(D) to be the sum of joint cumulants over polymers of size i

in the dependency graph D, that is,

Cec;(D)

Exploiting the property that the indicators of the appearance of subsets in a binomial random set
satisfy the the FKG lattice condition, Mousset, Noever, Panagiotou and Samotij |77, Theorem 11| obtain

an approximation of log P (X = 0) using a truncated series with terms up to a constant order.

Theorem 1.6. Let € > 0 and k be a positive integer. Let {X@}veV(G) be indicators of the appearance

of subsets in a binomial random set. If

min P X;=0| >¢, 1.3.8
UCV(G):|U|€[k+1] ieNZﬂU) 7’ | |

then there exists a constant K = K (g, k) such that

logP (X =0)= Y (-D'm(D)| <K | > w@maxp@)+ > pC)]. (1.39)
ic[k] CeC<k(G) Ce(Ck (G)\Ck(G))

For triangles in G(n,p), the following result is first obtained by Stark and Wormald [98, Theorem
1.2| and also by Mousset, Noever, Panagiotou and Samotij |77, Corollary 15| as a more or less direct

consequence of Theorem 1.6.

Theorem 1.7. Let X count the number of triangles in G(n,p). If p=o0 (n_7/11), then

P (X =0) =exp (—%n?’pg’ + %n4p5 — 1—72n5p7 + %n2p3 — %n4p6 + %—gnGpg + 0(1)) . (1.3.10)

10



1.3.4 Lovasz local lemma and Shearer’s lemma

Rederiving the results by Dobrushin [17] and Shearer [89], Scott and Sokal [88] point out the connections
between the repulsive hard-core gas in statistical mechanics and the Lovasz local lemma, and discov-
ered that the assumption in the Lovasz local lemma provides a sufficient condition for the absolute
convergence of the cluster expansion of the partition function of hard-core models.

Specifically, given a graph G' and a vector x = (z,),ev(), the partition function of the hard-core

model (also the independence polynomial) on G is defined by

Io(x) = > []= (1.3.11)

UEeL(G) ieU

where Z(G) denotes the set of all independent sets for every graph G.
Let R(G) be the convergence region of the cluster expansion of the hard-core model on graph G,
that is,

R(G) := {p € (0,1)V@ . 1o(—plg) >0 for all S C V(G)} .

The following is Shearer’s lemma [89, Theorem 1] formulated in [88, Theorem 4.1].

Theorem 1.8 (Shearer’s lemma). Let G' be a graph and {X,},ev(q) be random indicators. Suppose
that (pi)iev(a) are real numbers in [0, 1] such that, for each v and each U C V(G) \ NZ (v), we have

P(Xv—l

P Z X, = > Ig(-p) > 0 (1.3.13)

ZXU—O> < py . (1.3.12)

uelU

If p € R(G), then

and more generally

P(ZXU:O

veV

Io(—pl
Y X.=0] > Iotplvwr) (1.3.14)
uelU IG(_plU)

for any subsets V,U C V(Q).

Moreover, this lower bound is best possible in the sense that there exists a probability space on which
there can be constructed a family of G-dependent events (B;);cv(q) with probabilities P (B;) = p;, such
that

Pl > X,=0]|=Iu(-p).
veV(Q)

A commonly used corollary of Shearer’s Lemma is for the symmetric case, in which all events are

given the same probability bound.

Corollary 1.9 ([89, 88]). Let {Xy}yev(q) be random indicators such that for each v € V/(G), variable

11



X, is independent of all but A other variables (A > 2), and

A—1)A !
P (X’U = 1) < % = pShearer(A)- (1315>

Then
P> Xx,=0]>0
veV(Q)
Another easily testable sufficient condition for P (X = 0) > 0 appears in the Lovéasz local lemma.

Theorem 1.10 (Lopsided Lovasz local lemma |21, 22]). Let G be a graph and {X,},ev(q) be random

indicators. Suppose that (p;)icv () are real numbers in [0,1] such that, for each v and each U C

V(G)\ NZ (v), we have
P <X1, =1

Px=0> J[] @-=z)>0
veV(Q)

qu:0> <z ] (-=). (1.3.16)

uwelU u{v,u}eCz(G)

Then

Moreover, let A be the mazimum degree of G, and py, := max;cy(q) pi- If
e(A+1)py, < 1, (1.3.17)

then P (X =0) > 0.

The graph in the Lopsided Lovasz local lemma is called a negative dependency graph. We will
introduce a similar but more general dependency graph using the notion of ¢-mixing coefficient, and
discuss this in Chapter 3.

Scott and Sokal [88] discovered that the assumption (1.3.16) in the Lovéasz local lemma is a sufficient
condition for the convergence of the cluster expansion, combining Shearer’s lemma (1.3.13), simply
implies that P (X = 0) > 0.

For triangles in G(n, p), by noting that A = 3(n — 3), the Lovasz local lemma gives that if

v< () < (@)

then

(3) nls nls nls _ _o(n?
PX=0)2> <1 - ﬁ) = exp (_6(?En]8) - 12(i£>n]78)2 - 18(2&73—8)3 +0 (n 1)) =00,

However, this is not very useful as the empty graph lower bound (1.3.1) is better.

12



1.3.5 Chen-Stein method under local dependence

Poisson approximation via Chen-Stein method is for sums of “locally” dependent variables [4, 5], which
are essentially the graph-dependent variables. Let diy(+,-) denote the total variation distance between

two probability measures.

Theorem 1.11 ([4, 5]). Let {Xy}yev(q) be G-dependent random indicators and X = Zvev(G) X,. Let
Z ~ Poi (E [X]). Then

(X, 2) <min(LEX]™) [ Y EBXP+2 Y (@) () +ui)
ieV(G) {i,j}€C2(G)

. ~7]_ = =
= min (LGJLG’Q, LGQ) ,
where

Loy = [Ix©.

VEL(G):|lvll=k C&Y
It turns out that the dependency graph can be defined with greater flexibility. The G-dependence as-
sumption can be relaxed, and this will give rise to an additional error term that measures the dependence
(see [4, 5]). We will discuss this in detail in Chapter 3.
For triangles in G(n,p), we have

1, ¢ 1

(1 1 1 1 =[n]sp®+35
div (X, Poi <E[n]3p3)) < min é[n]3p6 + §[n]4p5 + §[n]4p6, 6 i
6

< min <%[n]3p6 + %[n]4p5,p3 + 6np2) . (1.3.18)

This bound is useful only when np? is small. If np? = o(1), then we have, from (1.3.18), that
div (X, Poi (%[n]gp‘g)) = 0(1), as the upper bound is by taking the minimum, and therefore,

[P (X = 0) = exp (—glnlsp®) | = o(1).

Note that Chen-Stein method is not strong enough to give accurate asymptotics unless np = O (1),

under which we have
1
P (X = 0) = exp (-6[7’43])3 + 0(1)) s

which is implied by Harris-Janson bound (1.3.6). For the case that p satisfies p = o(n~/2) and p =

w(n_l), Theorem 1.6 gives more accurate asymptotics.

13



Chapter 2

Cluster expansion, cumulants,
non-existence probability, and asymptotic

normality

2.1 Introduction
In this chapter, we consider the following three applications of cluster expansion.

e To obtain the probability of the non-existence of small hypergraphs in random hypergraphs.

We express the probability that a binomial random hypergraph contains no copy of some given
small hypergraphs in terms of clusters, by showing a cumulant series obtained by Mousset, Noever,
Panagiotou and Samotij [77] approximating the same probability is equivalent to a truncated
cluster expansion series. We use the formal cluster expansion after writing the probability of
interest as a partition function. To illustrate the formula, we extend the result of the asymptotic
probability that a random binomial hypergraph H,(n,p) is linear obtained by McKay and Tian
in |74], for fixed r to the wider range of p, by a computation for r = 3 and p = o(n*7/5).

e To use tree-graph bounds to estimate the cumulant, and using it to give asymptotic normality

criteria.

To establish the absolute convergence of the cluster expansion series, one difficulty is to estimate
a summation over connected graphs of arbitrary sizes in the Ursell function (2.2.2). It turns out
that the summation over connected graphs can be reduced to a summation over spanning trees,
which can be easier to deal with. This leads to the approach using tree-graph bounds, which is
utilized to bound the cumulants of graph-dependent variables, giving the Féray-Méliot-Nikeghbali

bound in [26]. This further yields an asymptotic normality criterion that generalizes Janson’s [54].

e To obtain the limiting distribution of the maximum of graph-dependent sequences.

We use the Kotecky-Preiss criterion [61] to establish the absolute convergence of the cluster ex-
pansion under a locally dependent assumption. This gives the asymptotic distribution of maxima
for m-dependent random variables. This extends the seminal work of Newell’s [79] that originates
the study of clustering of exceedances in extreme value theory. The new asymptotic formula also

provides new insights into the extremal index.

14



2.2 Cluster expansion and the probability of non-existence

Here we introduce the standard cluster expansion setting, which is formulated in a way that is convenient
for our applications. Recall the dependency graph defined in Definition 1.2, the cluster expansion method
can be naturally combined with dependency graphs. Let { X, },cv (@) be G-dependent random indicators

and

In our application, each indicator indicates the occurrence of some combinatorial structure, and depen-
dencies among indicators is characterized by a dependency graph.

By writing the probability of the non-existence of some combinatorial structure P (X = 0) as a par-
tition function, the cluster expansion then gives the formal expansion formula as a sum over clusters.
The asymptotic value of P (X = 0) can be estimated by truncating this infinite cluster expansion series.
This method is inspired by [88], in which they also treat P (X = 0) as a partition function and investi-
gate the connections between cluster expansion and the Lovasz local lemma, giving a lower bound for
P (X =0).

Let the set of all connected spanning subgraphs of G be

CSpan(G) == {(V(G), E) : E C E(G),«((V(G), E)) =1},

where ¢ denotes the number of connected components. Then for every graph H € CSpan(G), we have
V(H)=V(G), E(H) C E(G), and ¢(H) = 1. The standard cluster expansion gives the formal cluster

expansion
logP(X=0)= 3 %)(—UM 1x©). (2.2.1)

Iy
~€T(G) Cey

with Ursell function ¢ : T'(G) — R defined by

o= 3 (-, (2.2.2)

HeCSpan(G(y))

where ez denotes the number of edges of the graph H, and G is defined in Section 1.2.1. Note that if
the cluster 7 contains one single polymer C' € C(G), then ¢(vy) = 1, since G(C) = K;.

For completeness, we include a simple derivation of (2.2.1), following the routine cluster expansion
derivation procedure (see, for example, |88, Section 2.2| or |30, Proposition 5.3.]). First, the inclusion-

exclusion formula gives

PX=0= > (-DFlu(s). (2.2.3)

Let G. be a graph on vertex set C(G) such that for all distinct C;,C; € C(G), if C; ~ Cj, then
{C;,C;} € E(G.). Next, we utilize the factorisation property as shown in (1.2.2) to prove that the right-

hand side of (2.2.3) can be written as some partition function of the hard-core model, more specifically,

15



as a summation over independent sets of graph G.,

= > JIv9w (2.2.4)

UEZ(Ge) CEU

Recall that Z(G) denotes the set of all independent sets for every graph G.

For every S C V(G) such that S € C(G), we have {S} € Z(G.). For every S C V(G) such that
S ¢ C(G), we have that S induces a union of pairwise non-adjacent maximal connected subgraphs, that
is, there exists a unique set of polymers U € Z(G.) such that S = UcecyC, and C; o¢ C; for all pairs of
distinct Cj,C; € U. The factorisation property (1.2.2) then gives

(1)l (s) = TT =D u(e). (2:2.5)

cesS

Conversely, for every U € Z(G.), we have UceyC C V(G), thus U determines S uniquely; combining
with (2.2.5), it follows that (2.2.3) and (2.2.4) are equivalent.

Now we derive the formal cluster expansion. Recall that ( ) denotes the family of i-sets of S. From
(2.2.4), we have

UCC(GQ) CeU {c;C }E( )
1 Ci
=1+ = > [T @) TI Yooy
nzl  (Cq,...,Ch)EC(G)™ i€n] Ii<j<n

Note that a simple expansion yields

H Liciecy = H (1—1{ci~cj}) = Z (1) H o))

1<i<j<n 1<i<j<n He®, {i,j}EE(H)

where ®,, denotes the set of all graphs on n vertices. Then formally, we obtain

P(X=0)=1+> & > W(H)

n>1 He®,

where

W(H) = > v JI Yemey T D' ucr),

(C1,.,Cu gy )EC(G)H {i,j}€E(H) kevy]
and W (H) satisfies

(al) W(H) = W(H') whenever H and H’ are isomorphic H = H’, that is, differ only by vertices
relabelling;

(a2) W(H) = W(H;)W(H2) whenever H is isomorphic to the disjoint union of H; and Hs.

Let €, be the set of all connected graphs on n vertices. Via the exponential formula [96, Corollary
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5.1.6], we reduce the sum over the set of all graphs to the set of all connected graphs

logP (X Z - Z W(H Z ﬁ Z (_1)6H+H’YH H w(C)

n>l  HeE, ~vel'(G) HeCSpan(G(v)) Cey

where I'(G) denotes the set of all clusters of G. A similar derivation of the cluster expansion utilizing

the exponential formula also appears in [30, Proposition 5.3]. Then (2.2.1) follows.

Remark 2.1. (r1) The cluster expansion is essentially the multivariate Taylor series for log 1 (p) in
variables {py}yev () around 0. Let p = ((—1)|C|M(C))C€C(G). Then (2.2.4) can be regarded as
the partition function Ig, () of the hard-core model on G..

(r2) For independent indicators {X;}icn), if 0 < E[Xi] < 1 for all i € [n], then we have the Taylor

series of logarithmic function

logP(X=0)=Y log1-E[X])=- ) %E [X]7 . (2.2.6)

i€[n] i€n] j=1

The empty graph K, := ([n],0) is a valid dependency graph for this independent case. Since
the polymers of K,, are all of size one containing a single verter, and the clusters of K, are all
multisets containing multiple copies of the same vertez, then for independent indicators { Xy }yein],

expansion in (2.2.1) becomes

logP (X =0)= 3 TW_ LU | PCe 22% S (U (-YEX)

yeT[K ] Cevy i€ln] 21" HeCSpan(K;)

(2.2.7)

Comparing (2.2.6) and (2.2.7), it follows that

Yo (D)= (=) (n- 1), (2.2.8)

He CSpan(Ky,)
which is well-known, see, for example, [88, Eq. (2.13)] or [97, Eq. (3.87)].

Remark 2.2. The Mousset-Noever-Panagiotou-Samotij series (1.3.9) in Theorem 1.6 utilizes only clus-
ters of disjoint polymers in the summation on the left, with clusters of overlapping polymers all absorbed
in the error term on the right-hand side of (1.3.9), as the cumulants involve partitions that contain
pairwise disjoint elements. It is worth mentioning that, by a careful inspection of its proof, the first
error term comes from the contribution of clusters with intersecting polymers, and it is upper bounded

by applying the lattice condition (1.3.7).

2.3 Non-existence of small subhypergraphs

Given a family F of r-graphs, we study the probability that the binomial random hypergraph H,(n, p)
is F-free, that is, it simultaneously avoids all copies of all r-graphs in F. Note that removing isomorphic
duplicates from F does not affect the probability that we are interested in, we assume that the r-graphs

in F are pairwise non-isomorphic. We also assume that no hypergraphs in F have isolated vertices.
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2.3.1 The Mousset-Noever-Panagiotou-Samotij series and cluster expansion

Here we formulate the Mousset-Noever-Panagiotou-Samotij series in terms of a cluster expansion series.
The complete r-graph on n vertices, denoted by K, ;, is the hypergraph consisting of n vertices and all
possible edges of size r, that is,

Ky =([n],{S Cn]:|S|=r}). (2.3.1)

)

For every F' € F, let AF be the set of all subgraphs of K, that are isomorphic to F'. There are
[1]y, /|aut(F)| such subgraphs, where |aut(F)| denotes the number of automorphisms of the hypergraph
F. Let A7 = UpecrAF. Then random variable

Xri= Y YrcHmp)
FeAF

counts all copies of all forbidden r-graphs of F occurring in H,(n, p).
Next we define a dependency graph D with vertex set A7 such that for two distinct subgraphs
Fi, Fy € A7 we have edge (F}, F5) € E(D) if and only if two subgraphs share edges, specifically,

D= (Af,{{Fl,FQ} € <A2F> : E(F)) N E(Fy) # ®}> . (2.3.2)

It is obvious that graph D is a dependency graph for random indicators {1{ Fc Hr(n,p)}} FEAF-

Using the above dependency graph for random indicators of the forbidden structures, we obtain the
the probability that a binomial random r-uniform hypergraph is F-free. In this setting, a polymer is a
set of forbidden subgraphs whose induced subgraph in D is connected.

The set of all clusters of G with pairwise disjoint polymers is denoted by
I'y(G) ={y €T (G): C;nC;j =0 for any distinct C;,C; € v} .

Note that each element in I'y(G) is a cluster whose elements form a partition of a polymer, since for
every v € I'y(G), polymers {C : C' € ~} are disjoint and their union Uce,C € C(G). For every integer
k > 0, denote the k-th term of the cluster expansion and the k-th truncated expansion with disjoint

polymers as

oy

Il = LI I me) and 8, =314, (2.3.3)
YELY(G):|lvlI=k Cey i€[k]

The density of a graph G is defined by d(G) = e /vg, where vg and e are the numbers of vertices

and edges of G respectively. Another commonly used (see, for example, [86, 77]) density measure m,(G)

is defined by

my(G) = min SE—A (2.3.4)

HCG,egz1 VG—VH'

Now we are ready to approximate P (X = 0) using a truncated cluster expansion by reformulating

the Mousset-Noever-Panagiotou-Samotij series in |77, Corollary 12].
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Theorem 2.3. Let F be a finite family of r-graphs and p = p(n) € (0,1) satisfy
np™ ) = 0(1) and np*¥F) = (1), (2.3.5)
where

my(F) = rGHelgm*(G) and d(F) = glégd(G)

Then, for every integer k > 0, we have

P (X5 = 0) = exp <Tgk 4O (Aga(D)) + o (1)) . (2.3.6)

Moreover, if np™F) =

Ap1(D) =o(1).

n~¢ for some € > 0, then there exists an integer k = k(e,F) > 0 such that

The above theorem is a reformulation of [77, Corollary 12| in view of the following lemma.

Lemma 2.4. Let {X,},ev(q) be G-dependent random indicators and k > 0 be an integer. Then

o= Y (-1%k(0). (2.3.7)

We introduce an auxiliary lemma for its proof.

Lemma 2.5. For any connected graph H, we have

> S (=0 ] Ypezay = D, (=1 (2.3.8)

nell(V(H)) Ge CSpan(K |, |) Per GeCSpan(H)

To prove Lemma 2.5, we first introduce the chromatic polynomial. Given a graph H and a positive
integer A, a (proper) A-colouring of H is a map ® : V(H) — [)A] such that ®(u) # ®(v) for all
{u,v} € E(H). The chromatic polynomial Pg(\) of H is the number of A-colourings of H.

Given a graph H and a positive integer k, a partition containing k subsets {V1,...,Vi} of V(H) is
called a k-independent partition of H if for every i € [k, we have V; # () and V; € Z(H). Let o(H, k)

count the k-independent partition of H. Then we have the chromatic polynomial in factorial form

VH

Py(N) =) o(H, k)N, (2.3.9)
k=1

(see, for example, |18, Theorem 1.4.1]). An equivalent formula for Py () written as a polynomial in
A, known as the Whitney-Tutte-Fortuin-Kasteleyn representation (see, for example, [69, Eq. (A.11)] or
[92, Eq. (1.2)]) is

Py(\) = Y (—1)IFNE), (2.3.10)
ECE(H)

where ¢(E) = ¢(V(H), E) counts the number of the connected components of subgraph (V(H), E) for
every edge set E C F(H).
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Proof of Lemma 2.5. By inspecting (2.3.10) and (2.2.2), one observes that the Ursell function is the
linear term of the chromatic polynomial (this is also a well-known fact, see, for example, [1]). Then we
have the right-hand side of (2.3.8)

> (e = RN

GeCSpan(H)

o

= % (Z@(Hv k)[)‘]k> ‘)\:0 = a(H k) (-1 (k- 1) (23.11)

k=1 k=1

Using the combinatorial identity obtained before in (2.2.8), the left hand side of (2.3.8) can be rewritten

as

> > e ] vwezany = Y, Ol = O] Ypezary  (2:3.12)
rEN(V(H))

m€ll(V(H)) GeCSpan(K||) Per Perm

Notice that the right-hand side of (2.3.12) is a sum of |7|-independent partition for any = € II(V(H)).

Thus we have

vy
POEECHL(CES | FIETEDS Yoo MR- Lpezimy
well(V(H)) Pem k=1 rmell(V(H)):|n|=k Pem
vy
=Y a(H k(D) k-1). (2.3.13)
k=1
Then combining (2.3.11) and (2.3.13), we complete the proof. O

Proof of Lemma 2.4. From the cluster expansion, we have

==Y %H(—D'C'uw)

i€[k] V€L (G): |1Vl E[k] Cey
_ l e C;
= X > * 0
(C1,...,Cn)ETY(G)  HeCSpan(G(Ch,..., Cn)) i€[n]
>icn) |Cil€LK]
— 3 T (=0%u(cy), (2.3.14)
{C1,...,Cn}eTy(G) HECSpan(G(Cl,..‘,CH)) i€[n]
2 icin) |Cil€lR]

where the first summation in the last line is an abuse of notation, and denotes the summation over

(unordered) sets of polymers. From the definition of joint cumulants, we get

PORRCHEESED SENC WL S CH LR | 10

CeCi(G) CeCer(G) reI(C) Pen
= > > oA - [T ).
CeC<(G) mell(0) Per

Combining with identity in (2.2.8), it follows that

PRRNC R CIESD DD DD DN e | (G

CECgk(G) CECgk(G) well(C) HECSpan(K‘ﬂ) Per

Fix an arbitrary polymer C' € C<(G), for every partition 7 = { P, ..., P,} € II(C), by factorizing
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into pairwise non-adjacent maximal connected subgraphs with vertex sets C1, ..., C, respectively, there

exists a unique finest partition consisting of only polymers ' = /(7)) = {C1,...,C,} € TI(C) such that
(p1) n = m,

(p2) for all i € [n], we have C; € C(G),

(p3) (C4,...,Cy) € Ty(G), and

(04) Tlper p(P) = [oer #(O).

Figure 2.1: A polymer of size seven with a partition {{1,3},{2},{4,7},{5,6}}
and the corresponding polymer partition {{1},{3},{2},{4},{7},{5,6}} such that

p(1,3) g (2) 1 (4,7) e (5,6) = (1) g (2) 1 (3) pu (4) 1 (5,6) (7).

Then, we have

DRy = > > o I 0w

m€ll(C) HeCSpan(K|,|) Cen'(r)

I S

7€ll(C) HECSpaH(Kw)
n'(m)={C1,...,Cn}

Since I'y(G) is the set of all clusters of G with pairwise disjoint polymers, we then rearrange the partitions

according to their corresponding polymer partitions and have that

{rel(C): C €Cech(G)} =qmell' : {C,...,C} €Ty(G): Y _|Ci| € [K] ¢,
i€[n]

where
I = {W ell (Uie[n]ci) : W,(W) = (C1,..., C”)} (2.3.15)

denotes the set of partitions of Ujef,C; for a given set of polymers {C1,...,Cy} € I'y(G). Hence

> (=) = > S Y o [ EnSuc). (2.3.16)

CeCi(G) {C1,...,Cn}el'y(G) mell’ HeCSpan(K |,|) i€[n]
2icin) |Cil€[K]

Note that we have

[T Py = T ()% (c)

Per i€[n]
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if and only if every element of the partition 7 € II' is an independent set of G(Cy,...,Cy). Then by
comparing (2.3.14) and (2.3.16), it suffices to show that for all (C,...,Cy) € T'y(G),

> S 0 I Ypezwion,cy = > (=1)°H,

mell’ GeCSpan(K| ) Pem HeCSpan(G(Chy,...,Crn))

which follows from Lemma 2.5. ]

2.3.2 Computation of the asymptotic probability that G(n,p) is triangle-free

The goal of this section is to compute the terms in Theorem 1.7 explicitly using the series in Theorem

2.3 in terms of clusters.

(c1) Clusters v such that |y| = 1.

In this case, we have a single polymer in the cluster, and the contributing polymers are listed as

follows.
‘ ‘
® ® ® O—0O
.4 .’. X }\
@ @ D © OO 0
‘e 10’ ‘o’ F
{123} {123,234} {123,234, 345} {123,234, 235} {123, 234, 124}

{123, 234, 345, 456} {123, 234, 345, 356} {123, 234, 345, 246} {123, 234, 345, 236} {123, 234, 245, 236}

{123, 234, 124, 134} {123, 234, 124, 235} {123, 234, 124, 345} {123, 234, 125, 345} {123, 234, 135, 345}

Figure 2.2: The set below each diagram indicates the triangles that correspond to dependent
indicators.

Therefore we have

n|3 n45 nis TZ57 n46
CCZ(G)(_I)IQM (C) = _[ ]617 + [ ]4]? . <[ ]2p + [ ]12p + [ ]6]7 >
€C1

[n]ep? | [nlep® | [n]ap® 58
+5t 5ttt gt 5 + 0 (n°p%) .

(c2) Clusters v such that |y| = 2.
In this case, we have two polymers. In order to form clusters, two polymers share at least one

edge, and we have the following contributing clusters for p = o (n_7/ 5).

For any two edge-sharing polymers (C;, C;) € C(G)?, we have G(C;,C;) = Ka, thus ¢(C;,C;) =
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{{123}, {123}} {{123}, {234}} {{123,234}, {345}}

Figure 2.3: The set below each diagram indicates a cluster containing two polymers. Note
that the first type corresponds to a multiset, which is not included in (2.3.3), and its
contribution is absorbed in the first error term on the right-hand side of (1.3.9).

—1. Then the contribution of pairs of clusters is

1 . .
LY MO Gu(cy) = M - B 0 () = P o),
(Ci,Cj)eC(G)?

It can be shown that all other configurations contribute negligibly as in |77, Corollary 15|. Adding
up all the above contributions gives the final asymptotic formula (1.3.10) for p = o (n_7/ 11).

2.3.3 Linearity of binomial random hypergraphs

In this section, we obtain the asymptotic probability of a random hypergraph being linear. Linear
hypergraphs have been well studied in many contexts (sometimes under the name ‘simple hypergraphs’).
A hypergraph is linear if every pair of hyperedges intersects in at most one vertex. We accordingly define
a set F of ‘forbidden’ hypergraphs containing all r-graphs having two distinct hyperedges e; and es and
vertex set e; U ey, such that 2 < |e; Ney| < . Then the probability that a random hypergraph is linear
equals the probability of avoiding all copies of all ‘forbidden’ hypergraphs in F.

Here we study the probability of a random hypergraphs H,(n,p) being linear, and improve the
following result by McKay and Tian [74] by giving more accurate asymptotics of the probability. Let

L,(n) be the set of all linear r-uniform hypergraphs with n vertices.

Theorem 2.6 (|74, Theorem 1.2]). Let r =r(n) = 3. If p(*) = O (r2n), then

P (H,(n,p) € L,(n)) = exp <_% <:> 2p2 L0 (;_i (:) 2p2>> :

Ifr2n<p(l) =o (T_3n3/2), then

2 2 3 3, _9 )
P (H,(n,p) € L,(n)) = exp —%C‘) 4 (37“522[7“]3 (:) Frollke (rn) 2_?(”) ?

(M) "
For random 3-uniform hypergraphs, the above theorem gives that if p = o (n*3/ 2), then
P (Hs(n,p) € L3(n)) = exp (—%1714;02 + %ns’pg +o (1)) . (2.3.17)

The probability of a random hypergraph being linear is equal to the probability of the non-existence
of hyperedge pairs intersecting in more than one vertex. Recall from above that the set of ‘forbidden’

hypergraphs F contains all r-graphs (e; U ea, {e1, e2}) on vertex set e; U eg such that 2 < |e; Neg| <1,
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that is,

F = U {(el Ues, {e1,e2}) : le1] = |ea] =7, e1 Nea| = t}_ (2.3.18)

2<t<r—1
First, recall the definitions of L%’k and Tg’k in (2.3.3).

Theorem 2.7. Letr=r(n) =2 3. Ifp=o (nZ*T), then for every integer k > 0,
P (H,(n,p) € Ly(n)) = exp (Tgk + O (Appr (D)) + o (1)) : (2.3.19)

where D is the dependency graph for the indicators of forbidden r-graphs defined by (2.3.2), and A;(D)

denotes the sum of joint moments over polymers of size i in graph D, that is,

CeC;i(D)

Moreover, for anye >0, ifp=o0 (nQ_T_E), then there exists an integer k = k() > 0 such that

P (H,(n,p) € L,(n)) = exp (Tgk Yo (1)) . (2.3.20)

Theorem 2.7 gives the asymptotics of the probability of a random hypergraph being linear. We
next consider a specific example, by restricting to the 3-uniform hypergraphs case, and computing only
the first few terms of the series explicitly for illustration purposes. This extends the formula for the

asymptotic probability of linearity for Hs(n,p) given by McKay and Tian (2.3.17).

Corollary 2.8. Ifp=o0 (n_7/5), then

1 2 95 3
P (Hs(n,p) € L3(n)) = exp (—Zn4p2 + §n5p3 - ﬂnGpA‘ + §n3p2 +o (1)) . (2.3.21)

Proof of Theorem 2.7. Recall that the set of forbidden r-graphs is defined by F in (2.3.18). Since each r-
set of [n] is an edge independently with probability p in H,.(n, p), we have for distinct subgraphs Fi, Fy €
A7 indicators YmcH, (np)y a0d 1imcp, (np)) are dependent if E(Fy) N E(Fy) # (. Additionally, the
graph D defined by (2.3.2) is a dependency graph for random indicators 1ypc g, (n,p)) for F € AT

Next, we verify the assumptions in (2.3.5). Since

my(F) =min min SE=SE — 1 =L
* GEF HCG.ey>1 VG—VH — MaXGer MAXHCGepy>1(Va—vm) — 72

and

d(F) = min d(G) = min <& = # = %17
GeF GeF VG AXGer VG T

then 2d(F) = m,(F) for all r > 3. Therefore, we have that Theorem 2.7 follows from Theorem 2.3. [
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2.3.4 Computation of the asymptotic probability that Hs(n,p) is linear

The goal of this section is to compute the terms in Theorem 2.7 explicitly to prove Corollary 2.8.

Proof of Corollary 2.8. For 3-uniform hypergraphs, the forbidden hypergraph is on four vertices with a
pair of 3-sets sharing two vertices, we call it a link. Then for random indicators of links, we construct
the dependency graph D following (2.3.2), such that two links are adjacent if and only if they share one
hyperedge. A polymer C € C(D) of size k is a set of links {F}, ..., F;} whose induced subgraph in D
is connected.

We first enumerate all contributing non-isomorphic types of clusters, and compute value ¢(7)(—1)I1l
[Ice, 1 (C) /|| for each cluster type 7. Then we multiply each value with the size of the respective
isomorphism class. More precisely, noting a cluster is a set of link sets, an isomorphism between two
clusters 71, ¥z is a bijection between their vertices (the union of vertices in all links): Uce, UpecV (F') —
Ucey, Urec V(F'), which induces a bijection from the hyperedges of v; to the hyperedges of 72, and a
bijection from the polymers of 1 to the polymers of 5. An automorphism of a cluster is an isomorphism
to itself. For each cluster v € T'(D), we consider the distinct copies of 7 in the complete r-graph on n
vertices by choosing all the vertices in Uce,, Urpec' V (F) from [n] (ordered selections without repetition),
and every element of I'(D) isomorphic to « is counted once for every automorphism of ~.

Now, we compute the terms in (2.3.20) for p = o (n‘7/5) explicitly.

(cl) Clusters v such that [|v]] = 1.

There is only one cluster type, a single forbidden link, namely, a hypergraph with two hyperedges

intersecting in two vertices.

({1237234})

Thus, we have that

n 1 3
L@D,l _ Z M(C) _ _[ ]ip _ _21”4192 + §n3p2 + 0(1).
cec(DY:|Cl=1

(c2) Clusters v such that ||| = 2.

There are two cluster types: one polymer of size two, and two polymers of size one, namely,
one polymer consisting of two edge-sharing forbidden links, or two edge-sharing polymers with
each being a single forbidden link. Also note that for any two (not necessarily distinct) polymers
(C;,C;) € C(D)? such that C; ~ C}, we have that G(C;,C;) = Ko, thus ¢(C;,C;) =

S/

({123+234, 234+345}) ({123+234, 123+235} ({123+234, 123+124}) ({123 + 234},
{234 + 345})
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Therefore, we get

0 _ ()
yELp(D):|lvl|=2 cey
1

= Y W@+ ) —5(=1)u(Cr) p(Ca)

CeCa(D) (C1,C2)€ly(D)

|C1|=[C2|=1
3 3 3 4

:[n]é,p +[”]ip +[n1§p _[nlip = 303 1 0(1).

(c3) Clusters v such that [|v]] = 3.

We only focus on one cluster type: one polymer of size three, namely, one polymer consisting of
three edge-sharing forbidden links, since if the cluster is formed by more then one polymer, then

it must be extended from clusters 7 such that ||7|| = 2 and more than one polymer, which are

T

({123 +234,  ({123+234, ({123 +234, ({123+234, ({123+234, (11234234,

already asymptotically negligible.

123 + 235, 234 + 345, 234 + 345, 234 4345, 234+ 345, 123 + 235,
234+ 235})  345+456)) 345+ 356))  234+246})  2344236)), 120+ 236}),
(123 42310, ({1234234,
934 4345, 2344235
193 4 236)) 235+ 236))
(5
/o
« [w
: ({123234,
1234124, 123 + 124, 123 + 124, 123 + 125, 123 + 135,
234+ 124}) 123 +235)), 234+345}) 2344 345}) 234 4 345})
({123 + 234,
123 + 124,
234 + 235})
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Hence, we have that

the= Y ey [ue)

YELp(D):|lv[I=3 Cey
= > (-)(©) + 0 (n'p?) + O (")
CeCs(D)
3 4 4 4 4 4 4
njsp njepP njeP njeP njeP njeP njep
- Ll Dt (e b P g Do)

where the last row of the types of polymers are of contribution O (n4p3) =o(1).

(c4) Clusters v such that [|v]| = 4.
As before, we only focus on one cluster type: one polymer of size four, since clusters with more

than one polymer contribute negligibly.

({123 + 234,123 + 235,123 + 236,234 + 235}), ({123 + 234,123 + 235,
({123 + 234,234 + 235,235 + 236,123 + 236}) 234 + 235,123 + 136})

We then have

4

n 4 n 4 n
= X ey T ue) = Gli o By By o),
YE€Lp(D):|lv||=4 Cey

(c5) Clusters v such that ||| € {5,6}.

@ @
TN ST
e“e"o o“e"o
({123 + 234, 123 + 235, ({123 + 234,123 + 235, 123 + 236,

123 + 236, 234 + 235,234 + 236}) 234 4 235,234 + 236, 235 + 236})

Then we have

oy nep* | [nlep?
L%’5 * L%’G - |’Y_“)(_1)‘hH H (€)= _2[x]§x2 T [2]><64! +o(1).
€Ty (D):llvIl€{5,6} Cey

Since there is a finite number of types of polymers with size seven, we thus have A7(D) = o(1).
Hence, we ignore the remaining terms by (2.3.19). Adding up the contributing terms for p = o (n*7/ 5)
gives the asymptotic probability of Hs(n,p) being linear in Corollary 5.3. O
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2.4 Tree-graph bounds on cumulants and asymptotic normality

In this section, we use the tree-graph approach to bound the cumulants, and to obtain an asymptotic

normality criterion.

2.4.1 Asymptotic normality via cumulants

Cumulants can be utilized the obtain the asymptotic normality. It suffices to simply show that there
are only two cumulant terms that do not vanish asymptotically using the following result by Janson
[54].

Theorem 2.9 ([54]). Let X1, Xo,... be a sequence of random variables such that, as n — oo,

k1 (Xn) = E[X,] — u,
ko (Xy) = var(X,) — o2,

Kij(Xn) —0
for every j > 3, where —oco < 1 < 0o and 0® > 0. Then as n — 0o, we have
X, — N(u,0?).

Moreover, all moments of X,, converge to the corresponding moments of N'(u, ?).

Note that there is no probability distribution that has only non-zero low-order cumulants (orders
3 to m — 1 for m > 3), that is, no probability distribution satisfies k1 # 0,...,kp—1 # 0 and k; = 0
for j > m. In other words, the cumulant generating function cannot be a finite polynomial of degree

greater than 2.

2.4.2 'Tree-graph bounds and Penrose identity

The difficulty with the convergence of cluster expansions is to estimate a summation over connected
graphs of arbitrary sizes. It turns out that the sum over connected graphs can be reduced to a sum over
spanning trees that can be smaller. This approach has been introduced by Penrose [82] and are widely
used.

Various partition schemes are often used to obtain estimates of the summation of connected graphs
in terms of the summation of trees. While his original argument involved a particular partition scheme,
it works equally well for any other choice, as emphasized by Scott and Sokal [88]. Next, we give a brief
description of the approach based on [88, Section 2.2].

Fix a graph G, and recall that CSpan(G) denotes the set of all connected spanning subgraphs of
G. Let ST(G) denote the family of spanning trees of G. Note that ST(G) C CSpan(G). The set
CSpan(G) admits a partial ordering by edge inclusion, specifically,

G<G < EG)CE®Q).
If G < é, we define a set of connected spanning subgraphs of G' by

(G, G = {@ € CSpan(Q) : G < G < é} .
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We call a partition scheme for the family CSpan(G) to any map R : ST (G) — CSpan(G) such that
(i) E(R(T)) D E(T), and

(ii) CSpan(G) is a disjoint union of the sets [T, R(T')] for T € ST (G), that is,

CSpan(G) = | [T, R(T)].
TeST(G)

A number of such partition schemes are now available (see references in [88, Section 2.2|). The one
proposed by Penrose is constructed in the following way: we fix an ordering vg, v1, ..., v, of the vertices
of G, and for each spanning tree T' € ST (G), choose vy as its root, let d(i) be the tree distance of the
vertex v; to vg in tree T'.

Penrose scheme associates to T' the graph Rpen(7') formed by adding to T' all edges {v;,v;} €
E(G)\ E(T) such that either:

(pl) between vertices of the same generation: d(i) = d(j), or
(p2) connecting to predecessors with smaller index: d(i) = d(j) — 1 and @ < j.

For a partition scheme R, we denote the set of trees by
Ti(G) = {T € ST(G) : R(T) =T},

The following is a generalized Penrose identity that is well-known, see, for example, [88, Proposition

2.3| or [27, Proposition 5].

Lemma 2.10. For any partition scheme R, we have

Z (—D)IEE — (—1)‘V(G)‘_1‘TR(G)‘.
He CSpan(G)

Proof. For any numbers z. for e € E(G), we have

S Me-= Y M= ¥ 1=

GeCSpan(G) eeE(G) TeST(G)ecE(T) FCE(R(T))\E(T) eeF

= 2 Il = I @+,

TEST(G) e€E(T)  ecE(R(T))\E(T)

where the first equality is due to property (ii) of partition schemes. If . = —1, the last factor kills the
contributions of all trees with E(R(T))\ E(T') # 0. Furthermore, for any tree T', we have ep = vp—1. [
Recall the Ursell function ¢ : I'(G) — R is defined by

o= Y (=)

HeCSpan(G(y))

Then the above Penrose identity gives a simple upper bound on the Ursell function using the number

of spanning trees. This is the well-known “tree-graph bound” in the statistical physics community.
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Corollary 2.11.

¢(7) = (=)D TR(G ()] < [ST(G())]-

2.4.3 Féray-Méliot-Nikeghbali bound on cumulants and asymptotic normality

To derive asymptotic normality, we need to bound cumulants. The following bound on cumulants of a

summation of random variables is by Janson [54, Lemma 4].

Theorem 2.12. Let {X;}c[y be G-dependent random variables that are uniformly bounded by M. Then

for any integer r > 1, there exists some constant C, such that

ke | Y Xo|[<Cm(A+ 1) M
veV(G)

In most applications for counting substructures in random objects, each variable X, is an indicator
variable, so that the bounded assumption is not too restrictive. This theorem is often used to prove
some central limit theorem. Déring and Eichelsbacher [19] have analyzed Janson’s original proof and

claim that the above theorem holds with
C, = (2e)"(r))3.

Then they use this new bound to obtain moderate deviation results.

Later these bounds on cumulants are improved by Féray, Méliot and Nikeghbali in [26]. Using
the new bounds they obtained, they prove precise large or moderate deviations for sequences of real-
valued random variables (X, ),en and obtain the so-called “mod-Gaussian convergence” under certain
assumptions on cumulants.

We will first describe and then provide a simple proof of their bound by a different approach using
the tree-graph bound. Let ST(H) denote the number of spanning trees of a graph G. Consider now a
graph H with vertex set [r] and a set partition 7 of [r]. For each P € 7, we use ST(H[P]) to denote
the number of spanning trees of the subgraph of H induced by the vertex set P. We will also consider
the contraction H/m of H with respect to m. It is a multigraph defined as follows. The vertex set of
H/m is the index set [|7|] of the elements P € 7, and for distinct P;, P; € 7, there are as many edges
between i and j as edges between a vertex of P; and a vertex of P; in H. Denote ST(H /7) the number
of spanning trees of this contracted graph with the consideration of multiple edges.

The cumulant bound by Féray, Méliot and Nikeghbali is the following.

Theorem 2.13 ([26, Eq. (47)]). Let {Xi}ic[n be G-dependent variables that are uniformly bounded by
M. Then
Ik(V(G)| < 2M) ' E[|X1]]ST(G) < n2" ' M"ST(G). (2.4.1)

To give an alternative proof of this, we need a simple combinatorial lemma.
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Lemma 2.14 (|26, Eq. (43)|). For any graph H, we have

2n-IST(H) = Y ST(H/7) [ [ ST(H[P)). (2.4.2)

rell(V(H)) Per

This is by noting that the union of a spanning tree T' of H/m and of spanning trees T; of H[P] for
all P € 7 gives a spanning tree T of H. Conversely, take a spanning tree T on H and a bicoloration of
its edges. Edges of color 1 can be seen as a subgraph of H with the same vertex set [r]. This graph is
of course acyclic. Its connected components define a partition 7 of [r] and edges of color 1 correspond
to a collection of spanning trees T; of H[P] for P € 7. Besides, edges of color 2 define a spanning tree
T on H/m.

Proof of Theorem 2.13. To avoid triviality, we assume that G has a single connected component, oth-

erwise, the cumulant is simply zero. By the definition of the cumulant, we have that

(V@)= Y DTl = [T ey = Y S ue [ up

Tell(V(G)) Pem m€ll(V(G)) GeCSpan(K||) Pem

where the last equality is by using the identity (2.2.8).
By considering the polymer partition II.(-) introduced in the proof of Lemma 2.4, we represent the

partition 7 as a set of pairwise non-adjacent polymers in G. Then we have that

w@- Y Y Y cue]lee

{C1,...,Cr}ell(V) mell’ GeCSpan(K|,|) i€n]
- Z Z Z (=1)% H 1 (P) L{pez(G(Cy,....Cn))} (2.4.3)
{C1,....Cn}elle(V) mell’ GeCSpan(K ) Perm

where we note that

[T Py = TLD (e

Per i€[n]

if and only if every element of the partition = € II' is an independent set of G(C1, ..., C)), recalling I’
is defined by (2.3.15). By Lemma 2.5, we have

> Yo v I Ypercien,ony = > (=1)°H.

mell’ GeCSpan(K ) Per HeCSpan(G(Ch,...,Cn))

Combining above and the tree-graph bound in Corollary 2.11, we obtain, from (2.4.3), that

r(V(G)) = > > CO | (&)

{C1,...,Cn}N(V) HECSpan(G(Ch,...,Crn)) i€[n]
< > IST(G(Cy,- .., Co))| T 1 (C) Liciecicy-
{Cq,...,Cn}EIL(V) i€[n)
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Note that for all 7 = {C4,...,Cyp} € II(V'), we have that

T(G/~),
T(G[Ci)).

ST(G(Ch....Co)| <9

Lciec@@y <5
The reason is that ST(H/7) is the number of spanning trees of the contracted graph where multiple
edges are considered, and G(C1, ..., C,) is simply a quotient graph, that can be obtained from ST (H /)
by replacing parallel edges with a single edge.

Since variables are assumed to be all bounded by M, we also have

[T n(©) <™ EX4]),

1€[n]
Therefore we conclude
K(V(G) < M TE[|X4]] > IST(G(Ch, -, C))| TT Lcecion
{C1,....Cn }EII(O) i€[n]
=M"E[X4] Y ST(G/m) [[ ST(G[P]) = M" ' E[|X1]]2"'ST(G).
mell(V) Penm
This completes the proof. ]

Next we bound the cumulants of the summation of graph-dependent variables, which leads to a

normality criterion.

Theorem 2.15. Let {Xv}er(G) be G-dependent random variables that are uniformly bounded by M.
Then

Koy Z X, M) Y E[IX] > ST(G(v,v1,...,0r—1)).

veV (G veV(Q) (V1,0 0p—1)EV(G)TT

Moreover, let X =3 cyq) Xov and o? =var(X) #0. If forr >3

( ) > E[X > ST(G(v,v1,...,0,1)) = 0, (2.4.4)

veV(G) (v1yeeesvr—1)EV(G)T—1
then
&[X] N N(O, 1).
o

The proof is by directly applying Theorem 2.9 by verifying its assumption using (2.4.4). To obtain
a more explicit criterion, we introduce the following lemma that bounds the number of spanning trees

using the maximum degree and Cayley’s formula.

Lemma 2.16. [26, Corollary 9.17] Let G be a graph on n vertices and mazimal degree A and r > 1

Fix o vertex v of G. The number of pairs ((Ul, e ,vT),T) where each v; is a vertex of V and T a
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spanning tree of the induced subgraph G[{vi,...,v,}] is bounded above by
2A4+1)t

Using above lemma to simplify (2.4.4) yields a more explicit criterion,

,
i (%) eyt Y B[] o
veV(Q)
By noting that r"=2 = O (1) for » = (1), and > vevc) B[ Xu|] < nM, our criterion implies the
following criterion by Janson.

Theorem 2.17 ([54, Theorem 2|). Let {X;}ic)n be G-dependent variables that are uniformly bounded
by M. Let X = ) Xo and 0 = var(X) #0. If forr >3

(A+1)M\"
< o A+1 — 0,

veV (G

then

X-E[X]

g

— N(0,1).

2.5 A convergent cluster expansion series via Kotecky-Preiss criterion

By showing the absolute convergence of the cluster expansion under certain conditions, we use the trun-
cated series to approximate the logarithm of the asymptotic probability of non-occurrences P (X = 0).
For convenience, given G-dependent random indicators {XU}UGV(G), for every positive integer k, we
define

._ 20) (_pylni - 4
Log= Y o N[ wu(©) and Tau ._‘Z L. (2.5.1)
YEL (@)l =k Cey ilk—1]

The truncated series gives the approximation of log P (X = 0) up to arbitrary accuracy.

Theorem 2.18. Let {X,},cv (@) be G-dependent random indicators, A be the mazimum degree of G,
and pmax = max;ey(q) E[Xi]. Let 0 > 0 be an integer. If there exists = 3(6) > 0 such that

(1) e3AB < 1, and

(2) for all C € C(G) with |C| = 0 + 1, we have

_ 1 0
1(C) < pmaxBT and <e3A>9“<A+1>pmax<esA T+ 1o fw) L (255.2)

Then given any 6 > 0, for all k > log (vg/0), we have

\logP (X = 0) - TG,k‘ < d. (2.5.3)
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Note that the number of terms in the expansion may not be a constant. The absolute convergence

of the cluster expansion is by using the Kotecky-Preiss criterion.
Lemma 2.19 (Kotecky-Preiss criterion [61]). Let functions f,g:C(G) — [0,00) be such that
Z O+ () < f(Co) (2.5.4)

CeC(G):C~Cy

for all Cy € C(G). Then the cluster expansion (2.2.1) converges absolutely. Moreover, let g(y) =
> cey 9(C). Then for all Cy € C(G),

> | I w@)] e < fich). (25.5)

where we write v ~ Cy if there exists C' € v such that C' ~ Cj.
To bound the number of polymers, we introduce a simple combinatorial lemma that is well-known.

Lemma 2.20 ([34, Lemma 2.1]). In a graph with mazimum degree A, the number of connected induced

subgraphs of order t containing a fized vertex v is at most (eA)t.

Proof of Theorem 2.18. We first verify the Kotecky-Preiss criterion by choosing f(C) = ¢g(C) = |C| for
all C' € C(G). Then for every v € V(G),

Z e2\C| < Z Z 62|C\M(C)

CeC(G):C~v t= 1C’€Ct (G):C~v
0o
S S NPUHETS SR SR
t=1 CeCy(G):Crov t=0+1 C€Cy(G):Crov
0
2621& €A pmax"‘ Z 6A) pmaX/Bt 1
t=1 t=0-+1

where we bound the number of polymers using Lemma 2.20 and the bound on the joint moment p(C)
with |C| > 6 4 1 is by the first assumption in (2.5.2).

Therefore we have

0 00
Z AClu(C) < pmaxZ(e3A)t + pnéax Z (3AB)
CeC(GQ):C~v t=1 t=0+1

(AT pax (€2AB)IT
S Pmax e3A—1 + 8 1-e3Ap

_ 3 A0+ (1 ik 1
= Pmax(€”A) (e3A 171 e3AB> S AT

where the last inequality is due to the second assumption in (2.5.2). Hence for every Cy € C(G),

D DRECT() P S SE Mi(e) P S S TeN)

CEeC(G):C~Ch vENT(Co) CEC(G):Cru vENT(Co)
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by noting that |NT(Cy)| < (A + 1)|Cy|. This verifies the Kotecky-Preiss criterion (2.5.4), thus the

expansion convergences absolutely.

Next, we bound the truncation error. Summing (2.5.5) over Cy = {v} for all v € V(G) gives

Z % H 1 (0) el < vg.

vel'(G) Cey

Therefore we have

e ¢ H D@ < Y BRI w©)|d <
Ce

YED(G):|lvl1 =k el (G):||vl=k Ceny
Hence if we have e* > vg/d, then
log P (X = 0) — ) ol TT ()| < 6
At ¢ =
Yer(G):nliElk—1] Céy

This completes the proof.

Assumptions in (2.5.2) get simplified under various conditions.

(A1) Truncation under negative association

Suppose the G-dependent random indicators are negatively associated [60], in particular, for all

disjoint U,V C V(@) and all non-decreasing functions f, g, we have

E [f(XZ,l S U)g(Xi,i S V)] <E [f(X“l S U)] E [g(XZ-,i S V)} .

IC|

Since negative association implies a negative correlation, we have u (C') < pmax for all C € C(G).

Hence we can choose 8 = pmax and Theorem 2.18 implies the following.

Corollary 2.21. Let { X, },ev(q) be negatively associated G-dependent random indicators. If we

have

1
Pmax S ISA(ATL)”

then given any § > 0, for all m > log (vg/9d), the bound (2.5.3) holds.
It is straightforward to check that choosing § = 0 and 5 = pmax, we have

3 A\0+1 1 1 1
(€A (A + Dpmax FATT S [[BA-T) S 304

and

B° 1 1
PmaxT_g3AF S I(1_3A8) S T (ArD)!

(A THA +1)

This suffices to verify bounds in (2.5.2).

(A2) Bounding joint moments via independence

A simple combinatorial upper bound on the joint moment is via the maximal independent set of
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the induced subgraph G[C] by the definition of dependency graph, specifically, for all C' € C(G),

U

pmax'

)< mi
wO <, mm

This provides a feasible choice of § in (2.5.2) for a given 6:

Ul-1
B(0) = p§ with € = inf maxy ez(g|c)) |U]

= 2.5.8
Pinax CeC(GQ):|C|20+1 |C1-1 ( )

2.6 Limiting distribution of extremes under m-dependence

In this section, we consider the distribution of extremes under m-dependence, by using cluster expansion
series. A sequence of random variables {X;};c, is said to be f(n)-dependent if all sets of variables
separated by at least the distance f(n) are independent. This notion was introduced by Hoeffding and
Robbins [41], and has been studied extensively. Let integer m > 0. A special case of f(n)-dependence

when f(n) = m is the following m-dependent model.

Definition 2.22 (m-dependence [41]). A sequence of random variables {X;};c[, is m-dependent for

some integer m > 0 if (Xj)§:1 are independent of (X;) for all i > 0.

n
j=i+m+1

The m-dependent sequences usually appear as block factors. Let k > 0 be an integer. The sequence

o0
—00

function ¢ : R¥ — R such that X; = g(Y;,...,Yisr_1). Note that every such sequence (X;); is (k — 1)-

dependent, and there are m-dependent sequences that are not block factors, see, for example, [14].

(X;); is an k-block factor if there is an independent identically distributed sequence (Y;)°, and a

The following limiting distribution of maxima of under m-dependence is by Newell [79].

Lemma 2.23 ([79]). Let (Z;) be a stationary sequence of m-dependent random variables and (yy,) be a
sequence. If P (Z; > y,) = O (1/n), then

3=

'P <max Zi < yn) — exp (—nP (Bl(yn)))‘ 0 ( ) , (2.6.1)

i€[n]

where

Bi(y) :={Z1 >y} N ({Z14x < v} (2.6.2)
k=1

Newell’s result extends a result by Watson [101]|, whose y,, is chosen such that nP (Z; > y,,) has a
finite limit as n — oo. Newell mentioned he did not specify that nP (B;(y,)) must have a finite limit,

nevertheless, we have
nP (B,(yn)) < nP (Zi > yn) =0 (1) .

We generalize Newell’s result and consider a combinatorial dependent setting via dependency graphs.

The following graph D, ,, is a dependency graph for m-dependent random variables {Xi}l-e[n],

Do = (1 { sy e () sli- il e ml}). (263
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Given a sequence of random variables (Z;);, we have

P(maxZi<y>:P Y Xi=0],

i€ln] 1€[n]

where X; := 1z, denotes the random indicator of exceedance for all i € [n]. Let X := 3, 1 X;
count the exceedances.
From (2.6.2), we have

P (Bi(y)) = E = > flusufEy,

SCli+1,i+m]

m
X ] = Xign)
k=1

where [i + 1,7+ m] denotes the integer set {i + 1,7+ 2,...,7i+m}. Then Newell’s limiting distribution
of maxima under m-dependence (2.6.1) can be reformulated as an approximation of P (X = 0) for

D, yp-dependent indicators using cliques of D, ,,, with size at most m + 1, specifically,

P (X =0) =exp > (~)u©y+o (n 1], (2.6.4)
CGUte[m+1] ’Ct(Dn,m)

where the set of cliques on ¢ vertices in graph G is denoted by

Ki(G) = {C e (V(tG)) L G[C] = K|C}. (2.6.5)

The extremal index is the most popular approach to study the clustering of extremes in random
processes. This notion, originated by Newell [79], Loynes [70] and O’Brien [80], was given a firm
definition by Leadbetter [64]. Formally, a stationary sequence (X;); has extremal index 6 € [0, 1] if for

every 7 > 0,
(EI1) there exists y,(7) such that lim,_,.o nP (X; > yn(7)) =7,
(EI2) limy, o0 P (maxiep,) Xi < yn(7)) = e 0.

Moreover, if a mixing stationary sequence (X;); satisfies (EI1) and lim,_,. P (maxie[n} X; < yn(T))
exists, then (EI2) holds with some 6 € [0, 1]. For more details, see [62, subsection 3.7]. Newell’s result

in Lemma 2.23 also gives the extremal index for stationary m-dependent sequences

m

6= lim P (ﬂ{Xi-i-k‘ <yt | Xi> yn) ,
k=1

see also |91, Eq. (1.2)].

The discussion of extremal index is usually restricted to stationary sequences. Although non-
stationary sequences are of practical interest, an exact analog of the extremal index may not exist
in this case, see, for example, [43].

The extremal index is essentially some constant adjustment factor of the first order term. Our general
framework handles the clustering via taking into account the explicit large clusters, and our formula
gives the asymptotic probability up to arbitrary accuracy. Moreover, stationarity is not necessary for

our method.
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2.6.1 Probability of non-occurrences under m-dependence

The cluster expansion gives an asymptotic expansion of the probability of non-occurrences under m-
dependence with high accuracy. Note that for m-dependent random variables, recalling the correspond-
ing dependency graph (2.6.3), the maximum degree is A = 2m. By setting § = m + 1, Theorem 2.18

gives the following.

Theorem 2.24. Let {X;}ic) be m-dependent random indicators and pmax = max;cp, E[X;]. If there
exists B > 0 such that

(1) 2e3mpB < 1, and

(2) for all C € C(Dy ) with |C| = m + 2, we have

P(O) < punBO and a4 TP < @m+1)2me?) 72 (2.6.6)
then given any 6 > 0, for all k > log (n/d), we have
llog P (X =0) — Tp,..k| <6. (2.6.7)

Moreover, by Corollary 2.21, if {Xi}icpm) are negatively associated, then (1) and (2) can simply be
replaced by

1
pmax < 24e3m2 . (268)
Remark 2.25. If we set
B = py IR
as in (2.5.8), and assume that
» 1/(m+2)+1 1
Imes—1 1—2me3pi i Fm+2) S (2m+1)(2me3)m+2> (2.6.9)
then both assumptions in (2.6.6) hold since for all C" with |C| > m + 2, we have
el [Cl=m-1 _ |C]-1 m 10]-1
{m—i—l —lZ2 T T (1 - |C|—1) Z tm 1) (mi2)’
and therefore,
1 (C) < PN < SN _ g1
An even more explicit sufficient condition is
1\ (m+2)?
Pmax < (W) . (2610)
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This condition implies (2.6.6) by noting

m 3 4\m+2
3\m+2 _ Pmax 3m(2m63) +2 1 (m+2) (me ) l
(2m +1)(2me”) 2me3—1 = me3 met S e(met)(m+2)3 S e
and
1\ (m+2)?
1/(m=+2)+1 —
(2m + 1)(271163)”"”+2 pm/éx M < 37)7,(me4‘)mJr2 (me4
| omedp /D mF2) S 1\ mt2)2/(mt1)
Pmax 1—med (me4 )
< ( 1 >(m+2)(m+1) 3Im 6m g
met 1

1 ( 1 )(m+2)2/(m+1)71 S (me#)(m+2)(m+1) S et

met
2.6.2 The asymptotic distribution of maxima under m-dependence

Here we use the cluster expansion to give the asymptotic distribution of maxima. Theorem 2.24 and

Remark 2.25 give the following.

Theorem 2.26. Let {X;}ic[n be m-dependent random variables such that

(m+2)?
max P (X; > y) << L ) . (2.6.11)

4
i€[n] me

Then given any k > 0, there exists K = K(k) such that for all M > K logn, we have

P (m?u](Xi < y) = exp (TDn,m,M +0 (nik» , (2.6.12)
1€|n

where the series is for the random indicators {1{x,>y} }iefn)- Moreover, if {11x,5,1 biein) are negatively

associated, then by (2.6.8), we can replace (2.6.11) by

1
maxP (X; > vy) < 55—.
i€[n] ( v y) 24e3m?

Remark 2.27. Note that the assumption (2.6.11) permits pmax to be a fized constant that does not
depend on n, whereas Newell [79] requires pmax = O (1/n) = o(1) in Lemma 2.23, thus we significantly
relax the restriction on the probability. The terms in Newell’s series (2.6.4) involves some polymers
C € Utepms1) Kt(Dnym), by noting Ki(Dnm) © C(Dnm) in view of its definition (2.6.5), and our series
considers more clusters.

Notice that the clusters in (2.6.12) are for indicator variables {1;x,>y} bic[n), Tather than {X;}icpm)-
Also, note that stationarity is not assumed in Corollary 2.26, moreover, if the sequence is stationary,
then we have the extremal index

T
0 = — lim Dnym, M

0 P>y (26.13)

One common negative association is the Negative Orthant Dependence (NOD) by Joag-Dev and

Proschan [60], which is a weaker notion. Random variables {X;};cjn are negative orthant dependent if
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for all real (xi);e}n), we have

Pl {Xi>az} | <[[P&i>um). (2.6.14)

i€[n] i€[n]

A similar dependent setting appears in [16, Example 2.2], where they obtain a compound Poisson approzx-
imation via Stein’s method. Let {X;}iem) be m-dependent and negative orthant dependent random vari-
ables. Then the indicators of exceedance {1{x,>y} ticm) are negative associated, this is due to (2.6.14),

the negative orthant dependence of {Xi}ic[n)-

Recently, Newell’s results are extended to stationary random fields on Z? in [53, 91]. Formally,
a d-dimensional stationary random field (X; : i € Z9) is m-dependent if (Xj)ica and (Xj)jep are
independent for every pair of finite sets A, B C Z% such that

o il S
in =3 >m,

where ||i — j|| := maxpeq) |ix — Jkl-
Let N(n) := (N(n) : n € N) C N¢ be such that [Liciq Ni(n) = O (n?). Jakubowski and Soja-
Kukieta [53], Soja-Kukieta [91] extend Lemma 2.23 and obtain the asymptotic distribution of maxima

of d-dimensional m-dependent stationary random field,
}P (MN(n) < Yn) — €xp (—ndP (X0 = yn, Magy) < yn))‘ = o(1),
where M4 := sup{Xj : i€ A} for all finite A C Z%, and
A(m) == {(i1,...,iq) €Z*:Vj € [d] : —m < ij < m}.

All our results are valid for the maxima of random fields with the substitution of D, ,, with the

following graph Dy, ,, for d-dimensional vectors

D= (N i€ (N57) sl -3l €} )

2.6.3 Example: maxima of moving minima

We consider the limiting distribution of the maxima of moving minima process as an application of
Theorem 2.26.

Corollary 2.28. Let {Z;}; be i.i.d. with P (Z; > y) =p. Let X; = min(Z,, ..., Zitm). If
nP (X; > y)* = np?™Y = o(1),

then given any k > 0, there exists K depending on k such that for all M > Klogn, we have

P (maxXi < y> = exp <TDn,m,M + O (nik>> ) (2.6.15)

i€[n]

where the terms in the exponent of (2.6.15) are for indicator variables {1{x,y} }i-
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For illustration, we compute explicitly the terms in (2.6.15) of Corollary 2.28 with m = 1. We denote
:=P (Z; > y) and assume that np* = o(1). Then we have the joint moment for every C € C(P,),

n(C) =P (ﬂ {min(Z;, Zi1) > y}> = pl“Itt,

ieC

First, we list contributing clusters up to size 4 in P,, in Table 2.1.

Cluster types Count (ordered) | o(v)/|y|! - (—1)”7”

{{i}} n 1-(-1)

{{ii+ 1)y n (-1
i}, {i +1}} 2n —1/2-(—1)?
{{i}, {i}} n —1/2-(=1)?

{{i,i+1,i+2}} n 1-(—1)7
{{i}, {i + 1,0+ 2}} omn —1/2-(-1)3
{i+1},{i+1,i+2}} 2n —1/2-(=1)3
{{i+2}{i+1,i+2}} 2n —1/2-(-1)3
{{i+3}{i+1,i+2}} 2n —1/2- (=1)3
{0y, i+ 13, {0+ 2)) 6n 2/31- (~1)?
i+ 1}, {i+ 1}, {i +2}} 3n 2/3!. (—1)3
{{i+1},{e+2}, {i+2}} 3n 2/3!. (—1)3
{{a} {i} {3} n 2/3!- (—1)3

{{iyi+ 1,4+ 2,5+ 3}} n 1-(—1)?
{{i,i—l—l},{i,i—i—l}} n —1/2'(—1)4
i, i+ 1} {i+ 1,0+ 2}} 2n —1/2- (=1)*
{{iyi+1},{i+2,i+3}} 2n —1/2- (—=1)*

Table 2.1: A list of small clusters of P,
Then we compute the terms in the cluster expansion up to the error o(1) as follows:

L, o = —np({i}) = —np?,

19, 5 = ({i,i+ 13) = npe ({}) e ({i + 13) = np® — mp,

L, 5= —np({i;i+ 1,0 +2}) +np ({i}) p({i+ 1,0+ 2}) +np ({0 + 3} p ({i + 1,0 +23)
—2np ({i}) (i + 1) (i +23) + 0(1) = —np* + o(1).

The Kotecky-Preiss criterion can also be used to show that the remaining terms in the expansion

(2.6.12) are negligible if np* = o(1), more precisely, we will show that

S Lpi= Y (Tg—rg)(—l)‘”” I €)= o). (2.6.16)

i>4 YET (Pr):|lv[1>4 Cey

This is by choosing f(C) =1 and g(C) = —|C|logp/k for all C' € C(P,) in Lemma 2.19, where k > 2

is some fixed constant. Then for every v € [n],

Z 61_|C|10gp/ku(0) < eio: Z p_t/kM(C)

CeC(Py):Cr~v t=1 CeC(Py):Cr~v

= —t/k o\t t+1 = 11 ke _2e?p? Uk
< ezp (26) p <ep Z(zep ) = 1—2epl—1/k = 0<1)'
t=1 t=1
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This verifies the Kotecky-Preiss criterion since P, has the maximum degree 2. Similar to the proof of

Theorem 2.18, summing (2.5.5) over v € [n] gives
(1) N e~ Lo, IClIogp/k _ (1) N Ihirk <
Y. |pr [ n@)]e e = > |prlle©|p <n.
~el(Py) Cey ~yel(Py) Cey

Therefore we have

M(_DIIWH H 1 (C) < npt = o(1). (2.6.17)

YET (Po )il 24k Cér

It is not hard to show that the differences of the sum in (2.6.16) and (2.6.17) is o(1), since k > 2 is some
fixed constant.

Now we have the asymptotic cumulative distribution function

P <m?>]<X > = exp Z LPn ;+o( = exp (—np2 +np? + o(1)). (2.6.18)
1€[n ’
1€[3]

Formula (2.6.13) gives the extremal index

. —np?+np3+o(1)
— lim 5
n—00 np

= 1.

Our expansion is valid for np* = o(1), in which case the coefficient of the term np® cannot be
determined by the extremal index approach or Newell’s expansion (2.6.4). Furthermore, stationarity is
not necessary and is used just for simplification of the calculation of joint moments; variables (Z;); can

be not independent or not identically distributed or neither.
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Chapter 3

Extremal independence under graphical

mixing

3.1 Introduction

Fisher-Tippett—Gnedenko theorem is central in the extreme value theory; it was discovered first by
Fisher and Tippett [28] and later proved in full generality by Gnedenko [37]. This theorem states that
if the maximum of the first n terms of a sequence of independent and identically distributed (i.i.d.)
random variables has a non-degenerate limit distribution after a proper normalisation, then it belongs
to either the Gumbel, the Fréchet, or the Weibull families of distributions.

The FTG theorem generalises to stationary random sequences of dependent random variables under
the additional assumptions that its distant terms are independent [101] or weakly dependent [70].
Leadbetter in |63] significantly relaxed the assumptions of [101, 70]. The analogues of Leadbetter’s
conditions were also found for non-stationary sequences [42, 43| and for random fields [65, 83|. In fact, the
behaviour of maxima for non-stationary sequences is more complicated than that for the stationary case.
Even in the simplest case when the variables are independent, the limit distribution might not belong
to any of the Gumbel, the Frechet or the Weibull families, see [24, Section 8.3|. That is, it is impossible
to classify all possible limit distributions for general random systems with dependencies. Nevertheless,
extremal characteristics of such systems always attracted significant attention of researchers in computer
science, statistical physics, financial mathematics and network studies.

In this chapter, we focus on the following extremal independence property that helps to reduce
general random systems to the independent case, where standard statistical techniques apply. Let
X(n) = (X1(n),...,Xq(n))T € R? be a sequence of random vectors, where d = d(n) be a sequence of

positive integers. We give sufficient conditions for the property that

P (m?g](Xi < x> — H P(X;<z)] -0  for any fixed x € R. (3.1.1)
1€
1€[d]

Allowing arbitrary sequences of vectors X (n) in (3.1.1) encapsulates several similar questions arising

in the studies of sequences of random variables, triangular arrays, random fields, and so on. For example,

for a sequence &1, &, ... of identically distributed (i.d.) random variables, one can set
i—Qn
Xi(n) = gT’



where a, and b,, are the normalising constants from the FTG theorem. This immediately extends the

FTG theorem to the sequences of dependent i.d. random variables that satisfy our sufficient conditions.

Clearly, the extremal independence property (3.1.1) is equivalent to

P4 -[P@)| —o (3.1.2)

1€[d] i€[d]

where the system of events A is defined by
A= A(n,x) = (Ai)ie[d]a Az = {XZ > l‘}, (313)

and A; is the complement event of A;. Estimates for the probability of non-occurrence of events appear
in many applications in probabilistic combinatorics and number theory. In particular, to justify the
existence of a certain object, it is sufficient to show that the related probability (over all places where
this object might appear) is positive; see, for example, [3, Section 5|.

In this chapter, we establish new bounds for (3.1.2) by developing the idea proposed by Galam-
bos [32, 31| and Arratia, Goldstein, Gordon [4, 5|: the weak and strong dependencies between events
(Ai)ie[d] are considered separately, and the bounds do not incorporate the computation of moments
of the number of occurrences Z = Zz‘e[d] 1,4,y higher than the second one. This allows to overcome
the disadvantages of classical bounds. In particular, bounds based on dependency graphs (Lovasz local
lemma [21], Janson’s inequality [57], Suen’s inequality [99, 56]) allow complicated dependence struc-
tures, but often fail to characterise the relations quantitatively. Applying the method of moments
gets complicated when high factorial moments diverge or are hard to compute. Both the Chen-Stein
method [4, 5, 6] and the method of moments often give suboptimal bounds in (3.1.2) as they deal with
the whole distribution of Z instead of focusing on the probability at 0. Our bounds for (3.1.2) do not
require computation of high moments and the proofs are based on elementary techniques inspired by
local lemma. To demonstrate the simplicity in application and effectiveness of our bounds, we derive
new results on distributions of extremal characteristics of Gaussian systems and of maximal pattern

extensions counts in random network models.

The chapter is organised as follows. Our new bounds for the extremal independence property (3.1.1)
are stated in Section 3.2 as Theorem 3.1. In Section 3.2.1, we give a detailed comparison of Theorem 3.1
to the related results including aforementioned papers [4, 5, 32, 31|. In Section 3.2.2, we give two useful
lemmas that facilitate verifying the assumptions. We prove Theorem 3.1 in Section 3.3: the upper and
lower bounds are treated separately in Section 3.3.1 and Section 3.3.3, respectively. In Section 3.4, we
apply Theorem 3.1 for finding the asymptotic distribution of maximum number of pattern extensions

in binomial random graphs.

3.2 Sufficient conditions for extremal independence

Let A := (A;);c[q be a system of events. Everywhere below we assume that P (A;) # 0. Clearly, this
assumption does not lead the loss of the generality since the events of zero probability can be excluded

from A without affecting the expression in (3.1.2). We represent the dependencies among the events of
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A by a graph D on the vertex set [d] with edges indicating the pairs of ‘strongly dependent’ events, while
non-adjacent vertices correspond to ‘weakly dependent’ events. One can think of D as a set system
(Di)ig|a), where D; C [d] is the closed neighbourhood of vertex i in graph D. Moreover, we allow D to
be a directed graph, that is, there might exist , j € [d], such that i € D; and j € D;.

To measure the quality of the representation of the dependencies for A by a graph D, we introduce

the following mixing coefficient:

©(A,D) ;:%%P ”U A | A | - P ”U Al (3.2.1)
jeli-1\D; jeli-1\D;

This is a special case of ¢-mixing coefficient widely used in the probability theory; see, for example,
survey [13].

The influence of ‘strongly dependent’ events is measured by declustering coefficients A; and As
defined by

i€[d] JE[i—1]ND; keld]\[4]

=> PP |J 4] J[ P@A. (3.2.3)

i€[d] jE€[i—1]ND; keld)\[7]

In our model, the choice of graph D is arbitrary, and therefore the flexibility may leads to the trade-
off between the mixing coefficient (A, D) and declustering coefficients A;(A, D) and Ag(A,D) for
different applications, since Aj(A,D) and Az(A,D) increase as D gets denser, and ¢(A,D) may
decreases.

By the inclusion-exclusion principle, we write Ay and As via clusters as

=> Y st lan4] [T P&,

i€ld) 0£SCli—1])ND; jES ke[d)\[i]
=> > =uFPU)P (4] T PA&).
i€ld) 0£SCli—1])ND; jES ke[d\[i]

We are ready to state our sufficient condition for satisfying (3.1.2).

Theorem 3.1. For any system of events A = (A;)iciq) and graph D with vertex set [d], the following
bound holds

ﬂ A | - H P(A)| < [1- H P (4;) | ¢ +max{A, As}, (3.2.4)
i€[d] i ]
where ¢ = (A, D), A1 = A1(A,D), and Ay = Ay(A, D).

Although the proof of Theorem 3.1 is elementary (see Section 3.3), it gives a very useful and conve-

nient tool to prove extremal independence property (3.1.1) stated below.

Corollary 3.2.1. Let d = d(n) € N, X(n) = (X1,...,X,)7T € R? and A is defined in (3.1.3). If for
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every fixed x € R, there is a graph D = D(n, z) such that
(A, D) =0(1), Ai1(A,D)=o0(1), Ay(A,D)=o0(1), (3.2.5)

then, (3.1.1) holds.

Corollary 3.2.1 can be applied to extremal problems. We extend Bollobas result [10] on the limit
distribution of the maximum degree of binomial random graph G(n,p) to the hypergraph setting; see
Section 3.4.1. Our result on the distribution of maximum extension counts implies the law of large
numbers by Spencer [95] and optimizes the denominator for clique extensions; see Sections 3.4.2-3.4.4.
Corollary 3.2.1 simplifies the arguments of [84] for the maximum number of h-neighbours and extends
it to unbounded h; see Section 3.4.3.

Recent results [98, 77, 104] derive more accurate estimates for P (ﬂie[d] E) using truncated cu-
mulant series and investigating clusters of dependent random variables. It will be interesting to obtain

similar extensions of Theorem 3.1 relying on bounds for clusters of strongly dependent random variables.

3.2.1 Related results

By the union bound, it is easy to see that

A(AD)<AJAD) =) > P(ANA4),
t€[d] jeli—1]ND;

A2(A,D)<AYAD):=)" Y P(A4)P(4)).
i€[d] jeli—1]ND;

The declustering assumption Aj(A,D) = o(1) is typical in the study of extremal characteristics of
random systems. It guarantees that the clusters of exceedances A; are negligible. The assumption
AL(A,D) = o(1) is easy to verify. For example, if all probabilities P (4;) are of the same order n~1,
then this assumption is equivalent to the graph D to be sparse, which usually happens in applications.
In addition, AL(A,D) can be bounded above by Aj(A,D) = o(1) if the events are monotone. The
most innovative part of Corollary 3.2.1 is the remaining assumption ¢(A,D) = o(1), which is often
easier to check and less restrictive than other mixing assumptions known in the literature. The detailed
comparisons are given below.

First, we consider a stationary sequence of random variables. If its distant terms are ‘weakly depen-
dent’, then we can construct the graph D by connecting vertices that are close to each other. Then,

omitting some details, the following corresponds to Leadbetter’s mixing condition D:

P ( N Ai> ~-P (ﬂm) P <ﬂ Ai>‘ = o(1) (3.2.6)

1€luJ el i€J

for all disjoint I, J C [d] with no edges from D between them, see [63, Eq. (1.2)]. Although, (4.3.5)
looks similar to our assumption ¢(A,D) = o(1), none of them implies the other. One advantage of
our assumption in comparison with (4.3.5) is that one only needs to check the mixing condition for
considerably fewer pairs of sets I and J, namely for I = [i — 1] \ D; and J = {i} for all i € [d]. The
same conclusion remains valid for the extensions of Leadbetter’s mixing condition D for non-stationary

sequences and random fields on Z?2 , see, Hiisler [43, Theorem 1.1] and Pereira, Ferreira [83, Proposition
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3.2], respectively. In fact, our framework is much more flexible since one can arbitrarily choose the
graph D, without relying on the distances between indices.

Second, we consider the case when ¢(A, D) = 0. For this case, under some additional requirement,
Dubickas |20, Theorem 1| proved the following bound:

P| (4] = [ P(4) - 2:(A D). (3:2.7)
i€[d] i€[d]

Thus, in this case, (3.2.7) gives the lower bound for P (ﬂie[ d E) similar to Theorem 3.1. In the binomial
subset setting and under condition A} (A,D) = o(1), the matching upper bound for P (mie[d@) can
be derived from Janson’s inequality [57]. Our graph-dependent model is also related to the notions of
lopsided (negative) dependency graph [22]| and e-near-positive dependency graph [71]. Those are models
with one-sided mixing conditions sufficient for the lower and upper bounds respectively.

Next, we compare Corollary 3.2.1 with the results by Galambos [32, 31]. To our knowledge, he
was the first to represent the weak and strong dependencies among (Ai)z‘e[d] by a graph. Galambos
established the extremal independence property (3.1.1) using the so-called graph-sieve method; see, for
example, [33] for detailed overview. In particular, Galambos’ mixing assumptions require that, for a
fixed graph D,

>

S

P (ﬂ AZ-> - I]P )

i€S i€S

where the sum in (3.2.8) is over all S C [d] with no edges of D. Assumption (3.2.8) is very restrictive
for many applications since such set S can be large. For example, in some of the applications that we
consider in Section 3.4, the graph D is empty so the results in [32, 31] is of little use, since assumption
(3.2.8) is equivalent to the extremal independence property (3.1.1) that we wish to establish.

To illustrate the advantage of our approach with respect to the methods of moments, we briefly
consider the following example. Let A;, where i € [d] and d = (}}), to be the event that the number of
common neighbors of one of the corresponding h-subsets of vertices in G(n, p) is greater than a,, + b,z
(for some appropriately chosen a,,b,). In Section 3.4.3, we show that this system of events obey the
asymptotic independence property (3.1.2) despite the fact that the second moment of Z = Zie[d] 14
approaches infinity when p is a sufficiently large constant (depending on k). In fact, one can get around
this difficulty and modify the random variables so the second moment converges to the desired limit by
conditioning on a certain event &, that holds with probability 1 — o(1). However, it does not help a lot
even for the third moment, and it is not evident that the convergence of the higher moments can be
established directly by a careful choice of random variables.

The aforementioned difficulty in applying the method of moments was also pointed out by Arratia,
Goldstein and Gordon in [4, 5]. Based on the Chen-Stein method they discovered that the computation
of two moments is sufficient for Poisson approximation under a certain mixing condition for weakly de-
pendent random variables. For the rest of this section, we compare [5, Theorem 3| with our Theorem 3.1

as these results have very similar setups.
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Arratia et al. [4, 5] introduced another mixing coefficient different from our ¢:

d

Fi=) PA)) [P(Z'=k]|A)-P (2 =k,

i€[d] k=0

where Z¢ =Y j¢p; 1{a,}- Their result [5, Theorem 3| states that

P (4] -]JIP @) <25+4A7 +4A5+4> P (A4)°, (3.2.9)
i€[d] i€[d] i€[d]

where

T=Y_ D P(AnA) =4l AJ=> > P(4)P(4)) > A

i€[d] jE€D; i€ld] jE€D;

To compare @ with our mixing coefficient ¢, we observe that

=Y PA)P| JAa4A]-P 4] (3.2.10)
ild) J¢D; J¢D;

In the typical case when }_,c1y P (4i) = O(1), }oicq(P (A4:))? = o(1) (and up to ordering of vertices
in D) the RHS of (3.2.10) has the same order of magnitude (or even bigger) as (1 — e P (E)) ®.

Thus, our bound is at least as efficient as (3.2.9) for such applications. Moreover, the lower bound

(3.2.10) on ¢ could be far from being sharp, that is, the actual value of the mixing coefficient ¢ could be

much bigger. Furthermore, Theorem 3.1 surpasses |5, Theorem 3| in several important instances listed

below.

(1)

Slowly decreasing Zie[n] (P (Ay) )2. Clearly, Theorem 3.1 does not have this error term. Thus,
our results partially answer the question formulated by Arratia et al. [4, 5] about the extremal

independence property (3.1.1) in case when Poisson approximation is not good enough.

Slowly growing ;. P (4;). The term (1 —ILicg P (E)) ¢ has additional advantage for
upper tail estimates where Hie[d] P (E) — 1.

Inhomogenous random graphs. For example, consider the random graph model with vertex
set [n] and independent adjacencies, where all adjacencies happen with probability p excluding
adjacencies incident to one special vertex. The edges incident to this vertex appear with a slightly

2p(1—p)1
On+bnx (1)) p( p) nn
n n

higher probability p’ = =p+(l-o

are appropriately chosen. Defining A; as the event that vertex 4 in the considered random graph

, where a,, b, and constant r € R

has degree more than a, 4+ b,z, our inequality gives the upper bound O(n~'/2) in (3.2.4) while 5,

Theorem 3| gives a useless bound O(1).

3.2.2 Bridging sequences

Here, we state two helpful lemmas in applying Theorem 3.1 to study the extremal characteristics of

random combinatorial structures. It will be convenient to work with non-scaled random variables {X;}.

Everywhere in this section, we assume the following:

X(n) = (Xi,...,X4)" € R? is a sequence of random vectors, where d = d(n) € N;
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e Fis a continuous cdf on R and X is the set of all x € R such that 0 < F(z) < 1;
e there exist a, and b, such that H?:l P (X; < ap + bpx) = F(x) for any z € X;
e for all i € [d], denote A; := A;(z) = {X; > ap, + bpx}.

The first lemma shows that (A, D) — 0 as n — oo provided that, for all i € [d] and j € [i — 1]\ D;,
the random variables X; are approximated by some random variables X J(i) , which are independent of Xj;.

We will use this lemma to derive the distribution of the maximum codegrees in random hypergraphs.

Lemma 3.2.2. Let x € X. Let sets D; C [d] \ {i} and random variables X](.i) be such that, for all
jeli—1]\ D, X](-i) 1s independent of X; and, for any fized € > 0,

X; - X]@

P max >eb, | =0(1)P(A4;), 3.2.11
(Je[ill\Dz‘ ) o ( ) ( )

uniformly over i € [d]. Then ¢(A,D) — 0.

Proof of Lemma 3.2.2. Find § > 0 such that 0 < F(x —§) < F(x +J) < 1. Let € € (0,0/2). We may
assume that n is so large that P (A;) < P(A;(z—2¢)) < 1 for all i € [d] (otherwise, Hle P(A;(x — 2))
can not approach F(x — 2¢)). For i € [d] and j € [i — 1] \ D;, consider the events A5 := A;(z + 2¢) and
Us;, == {XJ@ > ap + (x 4+ €)b,}. Then, from (3.2.11), we get that uniformly over all i € [d]

P U (@©\4))] =o(1)P(4;) and P U (@\U5) | =o()P(4).
Jeli—1\D; Jeli—1\D;

)

The events U;; and A; are independent since X](-i is independent of X;. Therefore,

Jeli—1\D; jeli—1\D;

=P U ui|-o)=P U 45) -
jEli-1\D; jEli~1\D;

By the union bound, we get that

P U 4)-P U 44

JE—1\D; JE—-1\D;

<P U 4)-P U 4] +o1)
jEli—1\D; Jeli—1\D;

< DY P4 A H+o)< DD P4\ A% +o(1).

JEL—1\D; s€[i—1]\D; JE[—1\D;

P(A;)-P(AS .
Using the inequality Zie[d] t; < -1+ Hie[d}(l +t;), where t; := w > 0, and recalling that
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F(z) > 0, we estimate

) P(4,)-P(45) 1-P(A7)  F(z+2e)
D PANA) Y — Ty <+ Ay - F(x)€ -1

i€[d] i€[d] i€(d]

Recalling that F' is continuous at x and that the above holds for any € € (0,9/2), we conclude that

P U Aj -P U Aj Az < 0(1).
JEli—1\D; JE[i—1\D;

The lower bound

P J 4 |-P( U 4 |4|=001)
Jeli—1\D; jeli—1\D;

is obtained similarly by using the events A := A;(x — 2¢), U;;" := {X](-i) > a, + (x — €)b,} and the

relations
Pl | (Aj \ U;) =o()P(A), P| (U]f \ Aj—f) — o(1)P (4;),
Jeli=1\D; JE[i=1\D;
that hold uniformly over all i € [d]. This completes the proof of Lemma 3.2.2. O

The second lemma allows us to transfer the asymptotic distribution of the maximum component of
X(n) to any random vector Y (n) € R? that ‘approximates’ X(n). Using this lemma, we will derive the
distribution of the maximum clique-extension count in random graphs from the results on the maximum

degree.

Lemma 3.2.3. Let Y(n) € R? be a sequence of random vectors. Assume that, for any x € X,
(i) P (maxle[d] X; < ap + bpw) = F(2);

(ii) for any fixed € > 0,
P(|X; - Y| > eby) = o(1)P(X; > ap, + bpx),

uniformly over all i € [d].
Then P (max;eq Y < an + bux) — F(x) for all z € X.

Proof of Lemma 3.2.3. Find 6 > 0 such that 0 < F(x — ) < F(x +9) < 1. Let ¢ € (0,6). Let
Af = Aij(z +¢), B :={Y; > a,, + byz}. From assumption (i), we get

1-P| (4| = Flz+oe).
i€[d]

Also by the third assumption from the list of preliminary assumptions at the beginning of Subsection
3.2.2, we obtain

[[-P)) = Fa+oe).

i€[d]
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Therefore, we conclude

U 45| ~ JI 0 —P45) = Fa +e). (3.2.12)

i€[d] i€[d]

Since F(z +¢) > F(x —¢e) > 0, we get

Y P(A5) < =D log(1-P(A5)) = O(1). (3.2.13)

i€[d] i€[d]

From (ii), we find that P(A$ \ B;) = o(1)P(A$). Then the relations

plU4|-PlUB]| <PlUa\UB
i€[d] i€[d]

i€[d) i€(d]

SSela\ B <Y P\ By

i€[d] jeld] i€[d]
imply
PlUUB|>P 4] -0(1)) PA)=1-F(z+e)—o(l).
i€[d] i€[d] 1€[d]
The last equality follows from (3.2.12) and (3.2.13). Recalling that F' is continuous and that the
above holds for any ¢ € (0 5) we conclude that 1 — P (Uz‘e[d] Bi> < F(z) 4+ o(1). The lower bound

1-P < ) ) is obtained similarly, using the events A; ¢ = A;(x —¢) and the relations
P(B \A_e) = of )P(A ) that follow directly from (ii). O

3.3 The probability of non-occurrence under graphical p-mixing

In this section, we give new lower and upper bounds that allow to make a classification of dependencies
between events flexible and that do not require the implication from pairwise to mutual independence.
Our bounds are follow-up to the inequalities of Arratia, Goldstein, Gordon [4, 5| and give a certain
improvement for applications in various settings (see Section 3.2.1). However, the proofs are elementary
and inspired by the proof of the Lovéisz Local Lemma. Note that our lower bound given in Section 3.3.2

is a strict generalisation of Dubickas’ inequality [20)].

3.3.1 Upper bound

Here and in the next section, we use the notations A;(A,D) and Az(A,D) that are defined in (3.2.2)
and (3.2.3) respectively.

Lemma 3.3.1. Let ¢ > 0. If events (A;)ic[q with non-zero probabilities and sets (D; C [d] \ {i})ie|q)
satisfy

Jeli—1\D; Jeli—1\D;
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for all i € [d], then

i€[d] i€[d]

P(ﬂAi) I[P & +¢<1HP )+A1(A,D).
i€[d]

Proof. Let us prove that, for every s € [d],

i€[s] i€[s] i€[s] jeli—1]ND; ke(s]\[7]

by induction on s. The required bound (3.3.2) is exactly (3.3.3) when s = d.

For s =1, (3.3.3) follows from ¢ > 0. Assume that (3.3.3) holds for some s € [d —

B = U Aj, C:= U Aj.

JE[S\Ds+1 JE[S|NDs41

Note that

1-P (AS+1 N A,-) —P (A1 | BNC) 2P (Auys | B) (1 - P (C | Aps N B)).

1€|s]

By (3.3.1), we have P (B | Ag41) = P (B) — ¢. Therefore,

P (4.4, |B) = PPTP (Ags1) = <1 - ﬁ) P(A1).

We also find that

P(CQE | As+1) o P(CiAs-s-l)

Using the above two bounds in (3.3.5), we derive that

P(ASH ﬂAi) <1—<1—#}3)>P(ASH)+%_

1€[s]

Then, since P (F) >P (ﬂz’e[s} E), we get

P( N ) (ﬂA)P s+1) + ¢P (As1) + P(Ag41 N O).

1€[s]
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By (3.3.3), we have

1€[s+1] zeb+ﬂ

(o) e
+ZP(Am [U Aj) II PA).

1€[s+1] jE€i—1)ND; kels+1]\[4]

This completes the proof.

O]

Remark 3.3.2. Lu and Székely introduce the notion of e-near-positive dependency graphs in [71]. Their

assumptions are

Al(A,D): Z > P(A4NA4)=0

d] jeli—1]ND;

and the following mixing condition to hold for all i € [d] for some epsilon 0 < € < 1:

P ( LJ Aj fh) -P ( LJ Aj) $;€P ( r} f%)
JEl—1\D; JEl—1\D; Jeli—1\D;

Under these assumptions, they obtained

P (Am Ai) <[[p@) (Hlf((j)))

1€[d] i€[d]

3.3.2 Lower bound

Lemma 3.3.3 (Generalised Dubickas’ inequality). Let ¢ > 0. If events (A;);c[q) with non-zero proba-

bilities and sets D; C [d] \ {i} satisfy

P ( LJ Aj) - P ( LJ Aj 1%) <<@
Jeli—1\D; JE[—1\D;

for all i € [d], then

P (ﬂ Ai) > [[P(A&) - (1 HP(Ai)) — Ay(A,D).
1€[d]

i€[d] i€[d]

Proof. Let us prove that, for every s € [d],

P(ﬂfu)%lw)HP(Ai)soZP(Ai)P( U ) IT P
1€[s]

i€[s] i€[s] JE€i—1]ND; ke[s]\[4]

by induction on s. The required bound (3.3.7) is exactly (3.3.8) when s = d.
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For s = 1, (3.3.8) is straightforward since ¢ > 0. Assume that (3.3.8) holds for s € [d —1]. Consider
the events B and C' defined in (3.3.4). Then

o - P(A,1nBNC) P(B|Au1)
P Astr | E[]]Ai =1- T P(B0) 21— WP(A5+1)'

From (3.3.6), we have P(B|Ag;1) < P(B) + ¢. Therefore,

- _ (E)
P| A | Q] Al =1- (*mé P (A1), (3.3.9)
Moreover,
P(B)=P(BNC)+P(BNC)<P| (4| +P(C (3.3.10)
1€[s]

Combining (3.3.8), (3.3.9) and (3.3.10), we get

P ﬂ A | =P ﬂA P (Agr1) — P (Agy1) — P U Aj | P(Ag)

i€[s+1] i€s] JE[SINDs 41
>(1+e) [ P@E) -¢- Y. PP |J 4] JI P@E).
i€[s+1] 1€[s+1] Jjeli—1]ND; kels+1]\[]
This completes the proof. O

Remark 3.3.4. As mentioned in Section 3.2.1, the special case of (3.3.7) with ¢ = 0 proves Dubickas’
inequality (3.2.7). Note also that our condition

P U Al <P U A | A,
jeli—1\D; jeli-1\D;

is weaker than the Dubickas’ requirement on the connection between pairwise and mutual independen-
cies.
3.4 Applications in binomial random graphs

Let us recall that G(n,p) is a random graph on the vertex set [n] = {1,...,n} distributed as
P(G(n,p) = G) = p"D (1 —p)(2) (O,

where e(G) is the number of edges of a graph G with the vertex set [n] (that is, every pair of distinct
vertices of [n] is adjacent with probability p independently of all the others).
In [10], Bollobas proved that, for p = ©(1), the maximum degree A of G(n,p) after appropriate

rescaling converges to Gumbel distribution. More formally, there exist sequences a,, and b,, (the exact

values are known) such that Ab_a" converges in distribution to a standard Gumbel random variable.

o4



logn
n
rescaled degree sequence of G(n,p), the extremal independence property (3.1.1) holds. This is not

Ivchenko proved [51] that the same holds for p such that p(1 — p) > . In other words, for the
unexpected since the dependence of degrees of two vertices of the random graph is ‘focused’ in the only
edge between these vertices. In Section 3.4.1, we show that Theorem 3.1 implies the same result for the
maximum degree of binomial random hypergraph that can not be obtained by the approach of Bollobas
and Ivchenko directly.
The results of Bollobas and Ivchenko can be viewed as a particular case of the following problem
suggested by Spencer in |95]. Let G be a graph, and H be its subgraph on h vertices. Define
[E(G)|—|E(H)|
d(H,G) = /AT T
H.6) = V@ vm)
(here, as usual, V(G) and E(G) are the set of vertices and the set of edges of G respectively). Let the
pair (H,G) be strictly balanced and grounded, that is,

e for every S such that H C S C G, we have d(H, S) < d(H,G), and
e there is an edge between V(H) and V(G) \ V(H) in G.

For brevity, we denote by [n];, and ([Z}) the set of all h-tuples of distinct vertices from [n] and the set
of all h-subsets of [n], respectively. For an h-tuple x = (x1,...,zp) € [n]p, denote by Xx, the number
of (H,G)-extensions of x in G(n,p) (that is, the number of copies of (V(G), E(G) \ E(H)) in G(n,p)
in which each vertex vj, j € [h], of H maps onto x;). For example, the degree of a vertex u equals
X, when h =1 and G = K> (as usual, we denote by K, a complete graph on r vertices and call it an
r-clique). Spencer raised the question about the deviation of Xy from its expectation and proved that

maXxe(n];, ‘Xx_ul P

m =0 (3.4.1)

whenever y = E [X(l,...,h)] =0 (n'V(G)HV(H)‘p'E(G)‘*|E(H)‘) > logn. In Section 3.4.2, we show that
Theorem 3.1 results in a tight lower bound of a possible denominator in the law of large numbers (3.4.1)
for a slightly more narrow range of p and some specific strictly balanced and grounded (H,G). More
precisely, for h = 1 and G being a clique (its size may depend on n), we prove that max,cn] Xu after ap-
propriate rescaling converges to Gumbel distribution. Moreover, as we discuss in Sections 3.4.3 and 3.4.4,

these techniques can be applied for h > 1 as well.

3.4.1 Maximum degree and codegree

Let Hy(n,p) be the k-uniform binomial random hypergraph with the vertex set [n]. Recall that every
k-set from ([Z]) appears as an edge in H(n,p) with probability p independently. For a set S C [n] with
|S| < k let Xg be the codegree of S in Hg(n,p) (that is, the number of edges of Hy(n,p) containing S).

In particular, X; is the degree of a vertex i. Note that

Xg ~ Bin ((Z: :?D ,p> : (3.4.2)

In this section, using Theorem 3.1, we show that, under some assumptions on the parameters k and p (in
terms of n), the asymptotic distribution of maxg Xg is the same as if the variables Xg were independent.

For independent random variables, the asymptotic distribution is given by the following lemma.

95



Lemma 3.4.1. Let d=d(n) e N, N=N(n) € N, and p = p(n) € (0,1) satisfy
Np(1—p)>logd > 1.

If &, ..., & are Bin(N, p) independent random variables, then [maxie[d} & — an] /by, converges in distri-

bution to a standard Gumbel random variable with a, and b, defined by

loglogd  log(2y/7
an = an(d, N, p) :ZPN+\/2NP(1—p)10gd<1— Tioad — §§O$)),

(3.4.3)
Np(1-p)

bn:bn(d>N7p) = 210gd .

3
Proof. For p bounded away from 0 and 1 we refer to [78, Theorem 3|. For p — 0, p > l%TTd, we find
by [51, Lemmas 4 and 5] that

dP(& > ap +bpx) — e ”. (3.4.4)

Since d — oo,

d e *4o(1) d -
P <maX£¢ <an+ bna:) = (P(& < an +bpe))" = <1 — T) e ",

i€ld]
3
Finally, if 10}gv d < 1—p=o0(1), then (3.4.4) can be obtained similarly by applying de Moivre-Laplace
theorem (see, e.g., [12, Theorem 1.6]). O

Remark 3.4.2. In fact, Lemma 3.4.1 can be extended to the range Np(1 — p) > logd. This would
involve a more complicated expression for a,, while b,, remains the same, see [51, Lemma 5|. However,

such a generalisation is not needed for the applications we consider.

In the next theorem, we show that, under certain assumptions, the maximum degree in the random

hypergraph Hy(n,p) converges to the Gumbel distribution.

Theorem 3.2. Assume p=p(n) € (0,1) and k = k(n) € {2,...,n} are such that

-1
<Z B 1)p(l —p) > log3n, k < n/log?n. (3.4.5)
Then [maxie[n} X; — an] [bn converges in distribution to a standard Gumbel random variable, where
an = Qp, (n7 (Zj),p) and b, = b, (n, (Z:i),p> are defined in (3.4.3).

Proof. Take any x € R. For all i € [n], let 4; := {X; > a,, + ab,}. Let d := n and N := (Zj) By
Lemma 3.4.1, we find that
(3.4.6)

For i € [d], let D; = (. Then A;(A,D) = Az(A,D) = 0. By Corollary 3.2.1, we only need to show
that (A, D) = o(1). We employ Lemma 3.2.2 to verify it. Note that F(x) := e=¢ " is the cdf of the
standard Gumbel distribution. In particular, F' is continuous and 0 < F'(z) < 1 for all x € R. To apply
Lemma 3.2.2, it remains to construct random variables X](i). For j € [d] \ 4, define XJ(-i) =E[X, | H,
)

where H; is the set of edges of Hi(n,p) that does not contain the vertex i. Clearly, X ](Z is independent
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of X; because the random set H; is independent of X;. Recalling that X; ; := Xy ~ Bin ((Z:g),p)
is the number of edges of Hy(n,p) containing both i and j, we get

X; - XV = Xy ~E[Xiy | H] = Xij — E[X,). (3.4.7)

Next, we estimate the probability that |X;; — E[X, ;]| > eb,. Here, without loss of the gener-

ality, we may assume that p < % Otherwise, we can consider the random variable (Z:g) - X5~

n—1
_y)p(1-p
Bin ((Z:g), 1-— p) and repeat the arguments. By the assumptions, we get that b, = %g(n)
satisfies
b2 (v21)(1-p)
1 2— = 1 .
bn > logn and E[Xl’]] 2(2:3) logn > logn

Applying the Chernoff bound (see, for example, [58, Theorem 2.1]), we find that, for any fixed ¢ > 0,
P (|X;,; — E[Xi ]| > eb,) < 2ex SN G S P (3.4.8)
2,7 2,] n) = p QE[XLJ]‘FEbn : o

Combining (3.4.7), (3.4.8) and applying the union bound for all j € [i — 1], we get that

P<mmy&—X@
jeli-1] !

> Ebn> < ne—w(logn) _ 6—w(logn)'

From (3.4.6), we find that P(X; > an + byz) = Q(n~1) > e~“1°8") uniformly over all i € [n]. Thus,
we get the desired X J@ satisfying all conditions of Lemma 3.2.2. This completes the proof. O

Remark 3.4.3. The binomial random graph G(n,p) is a special case of Hy(n,p) for k = 2. In the
particular case, Theorem 3.3 gives the asymptotic distribution of the maximum degree of G(n,p). This
result was obtained for the first time by Bollobas [10] and Ivchenko [51] using the method of moments.
For every i € [n], they consider the Bernoulli random variable 7; that equals 1 if and only if its degree is
bigger than a,, + byz. Letting n = n1 + ...+ ny,, they easily get that E [] — e™* as n — oo. Thus, it is
sufficient to prove that 1 converges in distribution to a Poisson random variable as n — oo. For k = 2,
one can derive that E [(2)] — e~ ?" /r! for any fixed r € N. However, when k > 2 the dependencies are
stronger so the computation of factorial moments becomes much more technically involved. In contrast,
our method does not require any computations aside from the single application of the Chernoff bound
in (3.4.8) for all k.

Remark 3.4.4. Another advantage of our approach is that it gives an estimate of the rate of convergence

to the Gumbel distribution. A careful investigation of the proofs of Theorem 3.1, Lemma 3.2.2, and

Theorem 3.2 shows that
log® n \/k log®n
=0 — + .
<\/(k—i)p(1p) n

That is, the rate of convergence is governed by the rate of decrease of €, for which

P (mane[i,H ’XJ — X](Z)

’P <maxX2- < ay, —|—:an> - H P (X; < an + zby)

ieln] 1€[n]

> abn) remains very small. In addition, for a, and b,, defined by (3.4.3), the

loglogn

convergence rate of [ [, P (X; < an + 2b,) to the Gumbel distribution is O ( Tog n

) . However, this
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convergence rate can be improved by using a more precise expression for the scaling parameter a,,.

Our approach applied to codegrees Xg in the random hypergraph Hy(n,p) leads to the following

result.

Theorem 3.3. Assume p=p(n) € (0,1), s=s(n) € [n— 1], and k = k(n) € [n]\ [s] are such that

<Z : z>p(1 —p) > s’log’n, (k — 5)s? < (n — s)/log?n.

Then [maXSe(["]) Xg — an} /by, converges in distribution to a standard Gumbel random variable, where
an = an ((Z), (Z:j),p) and b, = by, ((Z), (Z:j),p> are defined in (3.4.3).

Proof. Theorem 3.3 is proved in exactly the same way as Theorem 3.2. Take any = € R. For all
S e ([Z]), let Ag :={Xg > a, + xb,}. Let d := (Z) and N := (Z:z) Since (Z) < n®, the assumptions
imply Np(1 — p) > log3d. Recalling that Xg ~ Bin (N, p) and using Lemma 3.4.1, we find that

Il P@s) = e

se('?)

Again, we can take Dg = () for all S € ([7;]). Thus, we only need to show that ¢(A,D) = o(1). The key
fact needed to apply Lemma 3.2.2 is that, for any fixed € > 0,

P (‘XUUS — E [ Xyus] } < by, for all distinct U, S € <[n]>) > 1 — ¢ wllogd),
s
Similarly to (3.4.8), this is a straightforward application of the Chernoff bound. O

3.4.2 Maximum clique-extension counts

Let k > 3 be an integer. In this section, we find the asymptotic distribution of the maximum number of
k-clique extensions in the random graph G(n, p). Fori € [n], let X; be the number of k-cliques containing
vertex ¢. Below, we show that Theorem 3.1 implies the asymptotic distribution of the maximum value
of X; over i € [n].

Let

k—1

E=2(720) oglogn lo 3
A p = % [pn—l— (k —1)y/2np(1 — p)logn (1 — 14%(1)ggn - 5{35/;))} )

1

bk,n — (k72)!(pn) kfl) np(1—p)

k—2
p( ? 2logn -

Theorem 3.4. Let p =p(n) € (0,1), k =k(n) € {3,...,n} be such that
(krfl)Jrl B
log®>n = o(np(1 —p)), log’n=o (W . (3.4.9)

Then [maxie[n] X; — afl] Jbk converges in distribution to a standard Gumbel random variable.
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Proof. Let d; be the degree of the vertex i, and V; = E[X; | d;] = (kdjl)p(k;l). Note that

o d; _
maxY; — (ma;f[yi] >p(k21).

Let z € R. By Theorem 3.2, we have

P (maxY; < (a" + bnx>p(kzl)> =P (maxdi <ap+ bnm> —e ¢,
i€[n) k—1 i€[n]

where a,, = an(n,n — 1,p) and b, = by(n,n — 1,p) are defined in (3.4.3) by

loglogn  log(2y/m n—1)p(1—p
an:(n—l)p—l—\/Z(n—l)p(l—p)logn<1— 4gloggn o 21(0g\/1;)>’ bn = ( 21)0g(n )

Computing directly, we get

k—1

= (14 o) gy ) + (14 o) g2 Vb = apn + b (1 + 0(1).

Therefore we have

P (maxY; < apn + bk,naz> —e . (3.4.10)
i€[n]
ol Xi_ n < }/;_ n .
Set X; = bkak’ , Y = bkak’ . It remains to show that
B (|5 >2) =0 (B (v ks k) =0 (1), a1

and apply Lemma 3.2.3.
The de Moivre-Laplace theorem and the relation [ e~t/2dt = %e*ﬁﬂ(l + 0(1)) (see, e.g., [11,
Relation (17)]) imply

1+o(1
P <\dz —np| > /2np(1 — p) logn> = ﬁ.
Therefore,
P(}X’i—ffi >s) :P<|Xi—Yi] >ab§§)

- T L 1
= Z P(’Xz (k_1>p 2 ‘ > by, d; j) —i—o(n).
|7—np|<4/2np(1—p)logn

. o (kfl) k
It remains to bound from above P ( X; — (,7,)p\ 2 ) > ebf

d; = j) and

P (XZ- — (kfl)p(kgl) < —ebk ‘ d; = j). For the lower tail, we apply Janson’s inequality [58, Theorem
2.14] that does not work, in general, for upper tails. However, a weaker bound [58, Proposition 2.44|
can be applied for that. To apply the bounds, we need to compute the number of (k — 1)-cliques that
are not edge-disjoint with a given (k — 1)-clique in K; (which is denoted by A below) and the expected
number of pairs of non-edge-disjoint (k — 1)-cliques in G;,, (which is denoted by A below).
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For j € N such that |j —np| < v/2np(1 — p) log n, denote the number of (k — 1)-subsets of [j] having
at least 2 common element with [k — 1] by A. Clearly,

A= (ki1> _<j;ﬁirl> _(k_1)<j;ﬁ—2ﬂ> N (k;)%(lﬂ(m'

Moreover, let A be the expected number of pairs of (not necessarily distinct) k-cliques with non-empty

. k—1 .

~ ([ J k=1\ (7 =k+1\ g1)m—2)-(Y)

A_(k:—l)z( ¢ )(k;—1—e>p i

=
2k—4

gl P

By (3.4.9) and [58, Proposition 2.44], uniformly over all j € N such that |j — np| < v/2np(1 — p)logn,

edge intersections:

we have

o j (k—l) k
P(XZ <k_1>p 2 ) > eb,

| 2[or]”
di = ]> S (A+1)exp | ~ AT R[4 =720k /3)

2“2 D pp(1—
— exp (—E ff(k_Q)ﬁSgnp) 1+ o(1))> S (%) . (34.12)

Moreover, by (3.4.9) and Janson’s inequality [58, Theorem 2.14], uniformly over all j € N such that

i — np| < \/2np(1 — p)logn,
' - e2|bk
p <Xi— ( J >p(k21) < —ebt di:j> < exp <— %] )
k-1 n N
(3.4.13)

Finally, combining (3.4.12) and (3.4.13), we get

N AR W (e kogo— i) —o(L
S P(‘X, (k_l)p ; ‘>abn, d; g) 0<n>
[j—np|<+/2np(1—p) logn

3.4.3 Maximum number of h-neighbours

The particular case of the following result for constant h was proved in [84]. Let us show that it is a
more or less direct corollary of Theorem 3.1.

For h € N and x € ([Z}), denote the number of common neighbours of vertices in x in G(n,p) by
Xx. Set app = an((Z),n,ph), bppn = bn((Z),n,ph), where a,, and b,, are defined in (3.4.3).

Theorem 3.5. Let h = h(n) = o(logn/loglogn) and p = p(n) € (0,1) be such that
p" log® n log log n
5 > o 1—p> Togn (3.4.14)
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Then maxxe([n]) Xy — ah,n} /bh.n converges in distribution to a standard Gumbel random variable.
h

Proof. For any x € ([z]), Xx follows Bin (n — h,ph). Then, by Lemma 3.4.1,

—x

[T P (Xx <anpn+bunz) —e* (3.4.15)

xe(%)

Let us label the h-subsets of [n] by positive integers 1,2,...,(}), that is {x : x € ([z])} = {x; :
i € [(})]}. For simplicity, we use X; to denote Xy,. Set d = (}) and fix z € R. For i € [d], set
A ={X; > appn +bppa}t and D; = [d] \ D}, where D} is the set of labels of h-subsets (["]}}xi).

Let us first verify that ¢(A,D) = o(1). Let i € [d]. We denote by H; the set of edges of G(n,p)
that do not contain any vertices of x;. For any j € [i — 1]\ D;, let X; be the number of vertices in x;
adjacent to all vertices in x; in G(n,p) (notice that x; and x; are disjoint). Since Xj;; is independent
of H;, we get X; — E[X; | Hj] = X;; — E[X;i]. Set X; = % and X" = E [5(]- ‘ H} Since
X, ~ Bin (h,ph) , we get by (3.4.14) and the Chernoff bound (see, e.g., [58, Theorem 2.1|) that, for
every € > 0,

3 (’55] - X

_ h N CUR
> 8) =P (’Xj,i — hp ‘ > Ebh’n> < 2exp (_2(hph+5bh,n/3)>

EOh.n £ n h(1—
= exp <—3 l;h’ (1+ o(l))) < exp (—% %g?(l + o(l))) =o0 (#) .
4.1

(3

6)
By (3.4.15), we get P ()A(:, > a;) = (Z)_le_x(l + 0(1)). Therefore, by the union bound,

>e) < (1)e (- %))
- <U> = o(1)P ()? > x) .

X - X0

P < max
JE[—1\D;

> 3=

Lemma 3.2.2 implies (A, D) = o(1).

By Corollary 3.2.1, it remains to verify the conditions Aj(A,D) = o(1) and Az(A,D) = o(1).
Unfortunately, these conditions do not hold. Nevertheless, the events (4;);c[q can be modified slightly

to make the desired relations hold. Define

h—1
E= m ﬂ {Xu <npt+ \/%npf(l —pb) logn} .
(=1

ue('})

For i € [d], let A; = A;NE and A = (gi)z‘e[d}-

The following lemma is proven in [84] for constant h; for h = o(logn/loglogn), the same proof

works.
Lemma 3.4.5 ([84]). The following relations hold
1. P(E)=1-o0(1),

2. for every x € R, P (1&) = (1—-0(1))P (A;) uniformly over all i € [d],
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3. Zie[d] Zje[i—l]ﬂDq; p (ﬁi n gj) =o(1).

We have shown that (A, D) = o(1) uniformly over all i € [d], now we consider p(A, D). For any

i € [d], we have that
) P(4;) _ e o~ 1
AZ) PL P (( 'U AJ) mAmE) B
J€[i—1\D;

~—

P( U 4
jel

i—1\D;

EZ-) P( U 4
jeli-1\D;

and therefore,

P(Uﬁj

JEL—1\D;

T4 | BGA) , P(ANE)
< |P ( AU A; Al) P(1) P ( 'U AJ) )
JE[i—1\D; jE[i—1\D;
Note that
Jeli—1\D; jeli—1\D;

P( U 4

Jeli—1\D;

Az> -P (Eﬂ ( U AJ>
Jeli—1\D;
Jeli—1\D;

Ai) (1+o(1))P( U Aj)+%,

jeli—1\D;

Ai) |

By Lemma 3.4.5, we obtain

P(Uﬁj

Jeli-1\D;

<

P( U 4
J€l

i—1]\D;

and (A, D) = o(1) follows from

P(4;) P(&»Z)

2P(ANE) _ 2P(A) o(1).

Notice that the third statement of Lemma 3.4.5 is exactly A’l(A,D) = 0(1) (see the definitions of
A’ and A} in Section 3.2.1). It remains to prove that A)(A, D) = o(1). But this is straightforward:

AyAD) = Y PUAPUA)<Y Y P(A)P)

i€[d] je[i—1]ND; i€ld] jeli—1]ND;

h ield] 5

n -1 —9oz 0 (Z)_(”;h) —2x —
< ( > e (14 o(1)) max |D;| = ( ) e (14 0(1)) = o(1).

By Theorem 3.1, we get that (3.1.2) holds for A. The first two statements of Lemma 3.4.5 imply that
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(3.1.2) also holds for A. Indeed, P(E) =1 — o(1) implies that

P (Nicjgdi) =P (mie[d}ATi) —P(E\ (Nigjgdi)) =P (ﬂie[d]ATi> +o(1);

and P(4;) = (1 — o(1))P (A;) implies

11e (ATZ> = [I0-P4) (1 +0(1)) = (1_ %)d_) e

i€[d] i€[d]

This completes the proof. ]

3.4.4 Further results in maximum extensions counts

As we discussed in the beginning of Section 3.4, the above results are in the framework of exten-
sions counting. Given a strictly balanced grounded pair (H,G) with |V (H)| = h, we are interested in
the asymptotic behaviour of maxyc[,), Xx. Recall that, in [95], Spencer proved the law of large num-
bers (3.4.1). In recent paper [90], Sileikis and Warnke studied the validity of this law when © = ©(logn).

In Section 3.4.2, we found an optimal denominator in the law of large numbers for h = 1, G = K
and p satisfying (3.4.9) (that is, far from the threshold value):

max;e(n) Xi—p P
— 1.
p(k—1)/2(1—p) logn/(pn)

Notice that the result holds for the numerator max;ep,) | X; — p| = max{max;cp,) Xi — g, pp — min;e ) X}
as well. Indeed, let d; be the degree of the vertex i. Theorem 3.2 implies the asymptotic distribution of
the minimum degree of G(n, p) since it equals in distribution to n — max;cp,) di[Gn,1-p]. Thus,
P (minE [X;|di] > ak — b’;x) —e ¢
i€[n]

where af = ﬁ(pn)k_2p<k51)n — aF. To get the distribution of the minimum degree, it remains to
reformulate Lemma 3.2.3 for the events A; := {X; < a¥ —bkx} and probabilities P(min X; > a* —bFz),
P(minY; > a* — bFx) (clearly, the same proof works) and follow absolutely the same steps as in the
proof of Theorem 3.4.

Our method works not only in the case h = 1. In Section 3.4.3, we have found the asymptotic
distribution of Xy when h > 2 and G contains a unique vertex outside H which is adjacent to all
vertices in H. Our arguments should work even in the case when H,G are both cliques of arbitrary
size. Indeed, the result for cliques G such that |V (G)| — |V (H)| > 2 can be obtained from Theorem 3.5

using Lemma 3.2.3 in the same way as we obtain Theorem 3.4 from Theorem 3.2 in Section 3.4.2.
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Chapter 4

Cumulant expansion for Eulerian

orientation count

4.1 Introduction

An EBulerian orientation of an undirected graph is an assignment of directions to all the edges such
that, for any vertex, the number of edges directed towards equals the number of edges directed out. Let
EO(G) denote the number of Eulerian orientations of graph G. It is well known that EO(G) > 0 if and
only if all degrees of G are even. Computing EO(G) corresponds to evaluating the Tutte polynomial at
point (0, —2), see [52].

Schrijver [87] pointed out that the computation of EO(G) can be reduced to the evaluation of the

permanent of a certain matrix M associated with graph G, that is,

EO(G) = N perm (M)

Tevie @/2)" (4.1.1)

where d; denotes the degree of vertex i in G. As Bethe permanent can be used both for a lower and an
upper bound of permanent, it further gives bounds on EO(G).

Unfortunately, there is no efficient algorithm known to find EO(G) exactly. Mihail and Winkler
[75] noticed that the Markov Chain Monte Carlo method approximating permanent, combining with
(4.1.1), gives an approximation algorithm of computing the number of Eulerian orientations, and it is
#P-complete in general.

Wide interest in counting Eulerian orientations is due to the equivalence to the partition function
of so-called ice-type models in statistical physics; see, for example, [102| and references therein. Lieb
[66] and Baxter [7] have derived asymptotic expressions for the number of Eulerian orientations of the
square and triangular lattice by the transfer matrix method [66, 7] using eigenvalues of matrices. No
extension of this to higher dimensions is known, to the best of our knowledge.

A regular tournament on n vertices is an FKulerian orientation of the complete graph K,,. Clearly, n

must be odd for the existence of a regular tournament. McKay [73] established that, for odd n — oo,

EO(K,,) ~ (2)1/2 <2"+1>(n_1)/2, (4.1.2)

(& ™n

Adopting McKay’s approach to dense graphs with strong mixing properties, Isaev and Isaeva [44] ob-

64



tained

— . 9B@I g\ (D)2 1 1)’
JkeG

where ST(G) denotes the number of spanning trees of G. More precisely, graphs considered in [44]

satisfy h(G) = yn for some fixed -, where h(G) is the Cheeger constant (also known as isoperimetric

number) of a graph G. Recall that

WG) = min{ 'ﬁ‘[f' U CV(Q),1<|Ul< %\V(G)]}, (4.1.4)

where 0g U is the set of edges of G with one end in U and the other end in V(G) \ U. The asymptotic
result (4.1.3) was further extended in [45, Corollary 3|: if h(G) > ~d and d > n'/3*¢, then

EO(G) = ES(G) exp (O <% log 27”)) , (4.1.5)

where d is the maximum degree of G.

Note that the error term % log 2771 in (4.1.5) grows as n — oo if d < n'/2. In this chapter, we give
an asymptotic expansion series that gives the value of EO(G) up to precision O(n~¢) for any arbitrary
constant ¢ > 0 under the assumptions that h(G) > vd and d > log®n. As a corollary, we prove that

the asymptotic bound of (4.1.5) holds for such graphs.

4.1.1 Main results

Our estimates for EO(G) rely on cumulant expansion with respect to a certain Gaussian random vector
associated with graph G. First, we recall the definition of cumulants. Let Xi,...,X, be random

variables with finite moments, the joint cumulant (or mized cumulant) is defined by

exp <Zr: thz>]> y (4.1.6)
i=1

where [ty ...t,] stands for the coefficient of ¢;...¢, in the series expansion. If all random variables

kR(X1,..., X)) = [t1...t]log (E

Xi,...,X, are the same variable X, then we write

which becomes the cumulant of order r for random variable X.
Given a graph G, the Laplacian Matriz L = L(G) is defined by

o'la =) (v — 1)’ (4.1.7)

jkeG
for x = (21,...,2,)T € R™ and the summation is over all (unordered) edges jk € G. Clearly, L is
symmetric positive-semidefinite. The vector 1 = (1,...,1)7 is an eigenvector of L with eigenvalue 0. If

G is connected then all other eigenvalues of L are positive. In this case, let X denote n-dimensional

singular Gaussian random vector on the subspace

Vi={xecR":21+ - +z, =0}
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with density proportional to exp (—%azTL:n)

Let (c¢)¢>1 denote the coefficients of the Taylor expansion of logcosz at x = 0,

1 1 1 17
logcosz = Zc%w% = —§x2 — ﬁx4 — Emﬁ — mxs — e
1

where o
4°(4°—1)| Boy|

with Bgy denoting the Bernoulli number, see, for example, [38, 1.518]. Note that |Bayy| < 4(2¢)!/(2m)?%,

and therefore,

22Z+1(4€71) 9 (2)25

le2el < g <77

(4.1.9)

For an integer K > 2, define multivariate polynomial fx by

K
fr(0) = car Y (w5 — i)™ (4.1.10)

(=2 jkeG
Our main result is the following theorem.

Theorem 4.1.1. Let G = G(n) be a graph with even degrees. Assume that
(A1) d>>log®n, where d is the mazimum degree of G;
(A2) the Cheeger constant h(G) = ~vd for some constant v > 0.

Let ¢ > 0 be a constant and M = M(c) and K = K(c) be defined by

K::{ (c+1)logn “7

_(ct1)logn [ 2ctl)logn
logd—4loglogn M= { —‘

log d—8loglogn

Then as n — o0,

E(G n— M
EO(G) = \;S—;_()G) (%)( V2 (Z Ly (F(Xg)) + 0 (n—c)> , (4.1.11)

s=1
where ST(G) denotes the number of spanning trees of graph G.
As a corollary of Theorem 4.1.1, we get the following result.
Corollary 4.1.2. The asymptotic bound of (4.1.5) holds under the assumptions of Theorem 4.1.1.

For G = K,, with odd n, computing a few cumulant terms in (4.1.11) establishes the following

extension of McKay’s formula (4.1.2) for the number of regular tournaments.

Corollary 4.1.3. For odd n — oo,

(n—1)/2
_ 12 2n ! 1,1, 1 7 37 31 81
EO(K,) =n < py Xp(=3 T2, T 32 T 247 T 12007 T 6005 T 2840

0981 22937 | 90031 | 1825009 , 4344847 (n_12)>

+ 33607 t 24005 + 18009 T 660010 T 26411 T O (4.1.12)
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4.1.2 Chapter structure

The chapter is structured as follows. First, in Section 4.2, we include some interesting observations
that formula (4.1.3) works reasonably well even in the range of graphs far beyond that considered in
Theorem 4.1.1.

In Section 4.3, we review basic facts about cumulants in general and cumulants of Gaussian random
variables in particular. Most notably, we give a new asymptotic estimate on the tail of the cumulant
series of a function of a growing number of independent random variables; see Theorem 4.3.2. This
estimate can be applied to functions of Gaussian vectors after a proper rotation; see Theorem 4.3.6.

The proof of Theorem 4.1.1 is given in Section 4.4. We represent EO(G) in terms of a high-
dimensional integral, which we estimate using a variation of the Laplace method and then applying
Theorem 4.3.6.

In Section 4.5, we give the details of cumulant computation for the number of regular tournaments,
that is, the case of the complete graph G = K,. We provide comparisons with exact values. Also,
we include two more asymptotic formulas for the number of Eulerian digraphs, and Eulerian oriented
graphs, whose proofs are very similar.

Section 4.6 contains the proof of Theorem 4.3.2. The proof is based on the estimates for the variation

of conditional cumulants with respect to revealing one variable at a time.

4.2 Pauling’s estimate, and ice-entropy comparisons for regular graphs

The study of “ice models” motivates the following definition. For a graph G on n vertices, let

eo(@) =

3=

log EO(G). (4.2.1)

We call eo(G) the ice-entropy of G. Determining the asymptotics of eo(G) is a key question in the area,
see for example |7, Chapter 8] and [67]. In particular, it is known for the square lattice L,, and the
triangular lattice T),; see |66, 7|. However, the question remains largely open for other graphs. Even
for the cubic lattice Cy,, there are only the upper and lower bounds by estimating permanent in (4.1.1)

and a heuristic estimate by Pauling around 90 years ago in his seminal paper [81].

4.2.1 Pauling’s estimate

Pauling’s idea is to orient the edges of graph, and to ignore the dependencies among the events that
vertices are unbalanced (this is obviously not right, except for the trivial case that G is an empty graph).

Formally, if every edge of a graph G is oriented independently with probability 1/2, then

Pl > Xx,=0]=21PE0(@G),
veV(G)

where X is the indicator of the event that vertex j is unbalanced: the numbers of incoming and outgoing

arcs are different.
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This leads to the following estimate,

@Pauling( - 2|E H 2" dv< ) ) :2_|E(G)| H < d/2>

veV (G veV(Q)

For a d-regular graph G on n vertices, we have

_— _ d\" dl n
EOPauhng(G) =2 <d/2) - ((d/Q)!22d/2> :

For large d, in view of (4.2.1), using Stirling’s formula gives

R d! log 2 1 2
€0Pauling(G) = log ((d/2)!22d/2) — Og d— 10gd+ 5 log (;) .

Let J
Pauling(G) := log (d/?) - %llog 2. (4.2.2)

Schrijver [87] showed that
d
Pauling(G) < eo(G) < 1 log <d/2>‘ (4.2.3)

In this section, we compare the ice entropy of a d-regular graph G and Pauling’s estimate (4.2.2)
with
1

1 —1
log2 — 5-1log ST(G) — 712_n log% - 53- (4.2.4)

~ 1 d
eo(G) = log EO(G) =3 5d

The quantity %log ST(G) is called the spanning tree entropy in the literature. Even though the graphs
with constant degrees are beyond the reach of our results, this simple formula gives a surprisingly good
estimate of the ice-entropy, slightly above the exact value (where it is known). Furthermore, we believe

that computing more cumulants as in Theorem 4.1.1 can improve the precision even further.

4.2.2 Square lattice L, and Lieb’s constant

For a square lattice L,, on n vertices, Lieb’s square ice constant [66] is

lim EO(Ly)Y" = %5 ~ 1.540.

n—oo

<

Therefore, eo(Ly,) = log < ) ~ 0.431. Pauling’s estimate gives

Pauling(L,,) = log 1.5 ~ 0.405.

From [36], we know that

2
L 10g ST(L,) = %Z ”/ )~ 1.166.
i>1
Then, our estimate (4.2.4) gives
~ _ 2 sin(in/2) 1 |
€O(G) = 210g2 — ;ZZ—Q — §log§ — g ~ 0.453.
i>1
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4.2.3 Triangular lattice 7, and Baxter’s constant

For a triangular lattice 7, on n vertices, Baxter’s constant [7] is

lim EO(T,)/" = 33 ~ 2508,

H—00 2
_ 3v3 o .
Therefore, eo(T,) = log =5 ) = 0.955. Pauling’s estimate gives

Pauling(7},) = log 2.5 ~ 0.916.

For triangular lattice, from [36], we know that

1 4 sin(im/3)
~log ST(T,,) = — Z —2— ~ 1.615.
i>1

Then, our estimate (4.2.4) gives

éo(Ty) :3log2—%zsm(z¢ ~L10gZ — L ~0.963.

i>1
4.2.4 Cubic lattice C,
The asymptotic value of eo(Cy,) is unknown. The upper and lower bounds by (4.2.3) are

0.916 ~ Pauling(C;,) < co(Cy) < 3 log 20 ~ 1.498.
For cubic lattice C,,, from [85] we know that
1
~log ST(Cy) ~ 1.673.

Therefore, we get by our estimate (4.2.4),

1 ~
o~ 0.934.

éo(Cy) ~ 3log2 — 11.673 — Slog 2 — <

4.2.5 Hypercube ),

For a d-dimensional hypercube Q4 on n = 2% vertices, the asymptotics value of eo(Qq) is also unknown.
The exact values for d up to 6 are given in OEIS (the On-Line Encyclopedia of Integer Sequences) as
the sequence A358177. Using formula (4.1.1), we also estimated EO(Qg). Taking the logarithm and

dividing it by the number of vertices gives

eo(Q4) ~ 0.500, eo(Qg) ~ 0.955, eo(Qg) ~ 1.489.
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The upper and lower bounds by (4.2.3) are

0.405 ~ Pauling(Q4) <co(Qu) < 3 log 6 ~ 0.896.
0.916 ~ Pauling(Q) <co(Qs) < 3 log 20 ~ 1.498.

1476 ~ Pauling(Qs) <eo(Qs) < 3 log 70 ~ 2.124.

For hypercube Qg4, from |9], we know that

ST(Qa) = = [ 20)(.
Then, our estimate (4.2.4) gives
€o(Q4) ~ 0.501, €o(Qg) ~ 0.960, €o(Qg) ~ 1.495.
Such precision is very surprising given that both degree and the number of vertices are relatively small.

4.2.6 Large degrees

Alon [2] proved that the number of spanning trees in any connected d-regular graph with n vertices lies
in [((1 —e(d))d)™,d"] for some function e(d) that goes to 0 as d — oco. Then, using Stirling’s formula, it
is straightforward to check that our estimate €o(G) is asymptotically equivalent to Pauling’s estimate.

We believe that it actually gives the correct asymptotics of eo(G).

Conjecture 4.2.1. If {G;} is a sequence of connected reqular graphs with degree going to infinity, then
eo(G;) ~ Pauling(G;).

as v — 00.

As a consequence of Theorem 4.1.1, Corollary 4.1.2, and [2, Theorem 1.1], we get the following

result.
Corollary 4.2.2. Conjecture 4.2.1 is true if d > log®n and h(G) > ~d for some fived v > 0.

This is by using Theorem 4.1.1 and Corollary 4.1.2 to obtain, from (4.1.3), that

1 and/2 19\ (n=1)/2 1 1, 2n
eo(G;) = - log ( STQ) (;) —5q T O (ﬁ log 7)
d 1 2 1 1 1 2n
~ §log2—|—§10g (;) - §logd— ﬂ—FO (ﬁlog7> ,

and noting that

Pauling(G;) = log <dc/12> — %logQ ~ log — %llogQ = glog2 + %log (%) — %log d.



Our Theorem 4.1.1 also gives that

K
1 —1 2 1 _
logP (X =0) = —5ST(G) + nT log (7—r> + Z ke (fu(X) +0 (n7°) . (4.2.5)
r=1
Its connection to the cluster expansion series (2.2.1) is unclear. Recall that the dependency graph for
the indicators { X, },ev () of unbalanced vertices can be chosen to be G itself. Therefore, our asymptotic
expansion (4.2.5) is for moderately dense dependency graph with some expansion properties. This result

is quite rare as the common applications of dependency graphs is usually for sparse graphs!

4.3 Cumulants and expansion of Laplace-type integrals

In this section, we develop tools for estimating integrals that typically appear in applications of the

Laplace method. Isaev and McKay [46] proved that, for random vector X with the normal density
an/Z‘A’1/2efwTAw

9

under some smoothness conditions on f that limits variations with respect to changing one or two
coordinates, and the existence of a proper rotation diagonalising matrix A with bounded infinity norm.
To achieve better accuracy, we extend this result to allow more terms using a cumulant expansion; see
Theorem 4.3.6.

4.3.1 Cumulants and cumulant series

Let [n] denote the integer set {1,2,...,n} for every integer n > 1. The combinatorial definition of joint

cumulant of random variables {X; };c|,], equivalent to (4.1.6), is

K(Xp,.Xn) = > (D) (e =) ] E

TeP, Ber

11 Xi] : (4.3.1)

1€B

where Ps denotes the set of unordered partitions 7 of [s] (with non-empty blocks) and |7| denotes the
number of blocks in the partition 7. Recall the useful multi-linearity property of cumulants, that is, for
r>1,

DD Xy D Yigeo, > Zi = >0 > Y k(X Ya 0 2,

i1€[n1] ’i2€[n2] ire[nr] 7:16[77,1} ige[ng] iTE[nr}

and in particular,

Ry Z Xi = Z R(Xil, .. 7Xir)-

i€[n] (i1,.-8r)€N]"

The joint cumulant can be regarded as a measure of the mutual dependences of the variables.
An important property of the joint cumulant x(Xy,...,X,,) is that if [n] can be partitioned into two

subsets S and Sy such that the variables {X;}ics, are independent of the variables {X,}cs,, then
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K(X1,...,Xn) =0 (see, for example, [93]).

Next, we introduce a lemma that is useful to bound cumulants.

Lemma 4.3.1.

> (-1 < (3) (s (43.2)

TGPS

Proof. Recall that P; is the set of unordered partitions of [s], therefore,

Sirl-n=Y =X

TEP; TEP;

where the last sum is over ordered partitions of [s]. We can bound the sum over 7’ as follows. Take any

permutation of [s] and cut it at some number of distinct places (e.g. 3|2,4|1,5 for s = 5). The number

S

of ways to place k cuts is ( ;1) and each ordered partition with k + 1 parts is made in

bil--- bk—f—l! > obi=1 gbey1—=1 _ 9s—k—1

ways by this procedure. Allowing k+—1 for the weight |7/|7!, we get

—1
(- S 2 () =0 < e

TEP; k=

This completes the proof. ]

4.3.2 Cumulant expansion for Laplace transform

Let X = (X1,...,X,) be a random vector with independent components taking values in S := S; x

- X Sy. Fory € S, let R_{J denote the operator that replaces the j-th coordinate with y; € S;:
RI[fl(x) = f(z1,.. . 25 1,95, 1, - - ).
For V.= {v1,...,ut} C [n], define
vV _ V._
Ry =Ry - R} and Oy = 0y -+ O, (4.3.3)
where 8‘; =1 R% and [ is the identity operator. Let

Av(f) = Av(f,8) = sugsm‘/ )| . (4.3.4)

We also set Ay(f) := supges |f(x)].

Theorem 4.3.2. Let m > 0 be an integer and o > 0. Let X = (X1,...,X,,) be a random vector with

independent components taking values in S. Suppose f is a bounded function on S such that

max Y Av(f<a (4.3.5)
vem
jeln] ve()jev
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Then, we have

E [(J(X)} =(146)"exp <§: _’iS(J;('X))> 7

s=1

)m+1

where § > —1 satisfies |§| < e(2002 — 1. Furthermore, for any s € [m],

s (X)) < 0.011 05 (100a)"

We will prove Theorem 4.3.2 in Section 4.6. The case m = 2 is similar to the second-order approxi-
mation of the Laplace transform considered by Catoni in [15]. A significant improvement in comparison
with [15, Theorem 1.1.] (apart from having more cumulants) is that we only require averages of Ay (f)

to be small while some of them can be quite big.

4.3.3 Cumulants of truncated Gaussians

We introduce a lemma giving errors in approximating cumulants of truncated Gaussian by their values

for the unrestricted Gaussian.

Lemma 4.3.3. Let A be an n X n symmetric positive-definite real matriz. Let f : R™ — R be a

measurable function satisfying
b
If(z)| < exp (ﬁmTAm> (4.3.6)

for all x € R™ and some b > 0. Let X : R — R be a random vector with density

ﬂ,fn/2 |A’1/2 efwTAw.

Suppose (2 is a measurable subset of R" and define p = P(X ¢ 2). Then, if p < % and for fixed s, we
have n > sb+ s%b%, then

ks (F(X) | X € 2) — ko f(X)] < 4516750/ 2H/4p1=sb/m,

The following simple estimate will be useful in the proof of Lemma 4.3.3.

Lemma 4.3.4. If we have that a1, as,...,an,b1,ba, ..., by € [—1,1], then
H a; — H bi < Z ‘ai — bz| (4.3.7)
i€[n] i€[n] i€[n]

Proof. We prove it by induction on n. The base case when n = 1 holds trivially. Suppose (4.3.7) holds
for some n > 2. Let A,, and B,, denote Hie[n] a; and Hie[n} b; respectively. Then

|An+1 - Bn+1| = |an+1An - bn+an| = |(an+1 - anrl)An - bn+1(An - Bn)|

< |an+1 - bn+1| + |An - Bn| < Z ‘ai - bz‘
1€[n+1]

This completes the proof. O
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Proof of Lemma 4.3.3. We use the following estimate from [46, Lemma 4.1].
IE[f(X): X € 2] - E[f(X)]] < 15e"2p' ¥/, (4.3.8)
which implies our estimate for the case s = 1. Using (4.3.1), we find that
rs(f(X) 1 X € 2) = rs f(X)

_ Z DI (|| — 1) (HE[ |B|} HE[ X)IBl XEQD . (4.3.9)

TEP;s Ber Ber
For any s, we can bound the terms in (4.3.9) as follows:

sb
1f(@)Pl < |f(@)] < en

wT:c'
Therefore, using (4.3.8) (with f(z) replaced by f(X)|B\)7
‘E [f(a:)‘B\] —E [f(;c)|B| | X e QH <15 esb/2plfsb/n.

Furthermore, we can bound

fRne (1——) TAa:dw

fRne x Amdw

B[0P < B |700"] < = (1— sb/n)~"/*

and, similarly,
E [f(X)lBl X € rz] | < (1—p)"'(1 = sb/n) ™2 < 4(1 — sb/n) /2.
For n > sb+ s2b%, the function (1 — sb/n)~"/2e=%0/2 < ¢!/ is increasing in b and nonincreasing in 7, so
(1 — sb/n)~"/% < sV/2H1/4, (4.3.10)

Then, since |7| < s for any 7 € Py, dividing by 4/71(1 — sb/n)~|71"/2 and applying Lemma 4.3.4, we get
that

15 esb/Q 1—sb/n

<Al — sp/n)~ITIn/2 Z —4 1—sb/n)—"/?

HE[ \Bq HE[ X)IBl . Xe()}

Ber Ber

5. 45~ 1( sb/n) (s— 1)n/2 sb/2 1 sb/n

<1
< 4s+1682b/2+s/48plfsb/n'

Substituting the above bound into (4.3.9) and using Lemma 4.3.1, we derive that

s (fF(X) : X € 02) — hg f(X)| < 45H e /24 Agpl=sb/n N (] — 1)1
TGPS

< (%)5(S_1)!4s+1632b/2+s/48p1—sb/n

<4 8!65682b/2+5/4p1_8b/n,
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as required. O

4.3.4 Cumulant expansion for Laplace-type integrals

Recall that our aim is to estimate integrals of the type
/ e—mTAm+f(m) de,
o}

which appear in applications of Laplace’s method. To apply Theorem 4.3.2, we consider ¢(y) :=
f(T~'x), where T is a linear transformation such that the components of Y = T~!X are independent.
We bound the quantities Ay (g) required in Theorem 4.3.2 in terms of the mixed derivatives of f using
the following lemma.

For 2 C R™ and some continuous f : {2 — R, for ¢ € [n], define

0'f()

Ay(f,2) := max Z sup W .

e
n

(4.3.11)

For p > 0, let
Un(p) = {z € R" : @] < p}-

Lemma 4.3.5. Suppose g : Up(p) — R is an infinitely smooth function. Let f : 2 — R be defined by
f(z) := g(Tx), where 2 = T(U,(p)) and T is a real n x n invertible matriz. Then, for all £ € [n],

TS IT ] o+
o Y Avtg) < R0,
ve(m)jev

where Ay (g) = Ay (g,Un(p)) is defined according to (4.3.4).
Proof. Applying the mean value theorem, we get that

dg(y)

l
HTGV ayr P

Ay(g) < sup
yeUn, (p)

Therefore, it suffices to show that

o < ITIS T <

where
~ dg(y)
Ay(g) := max Z SUP 7T a0 |-
Jeln] ve(l)jev yEUnle) Hrev O

Let T = (tjx). Since = T'y, by the Chain rule, for any distinct ji, ..., j, € [n], we have that

0'f(x)

gy g, Oxyy 0Ty,

t

9'g(y) °f(Ty) _ 3 (4.3.12)

dyjy+-0y;, — Oyjy—0y;, —

ULy, ug €[N
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Consequently,

~ 9 f(x)
Adg) gg'ré?ﬁ Z Z [ty ituygs b, sup Oy -0y, ||
{Jgsdo Y] Uyp,enu, €[]
I {dar-sde}
Summing over {jo, ..., j¢} yields
2 |75 ' f()
Af(g) < (g _ 1)] Eré?;]( Z ‘ 1]‘ ilelp a$u '(r“)l'ue
Uy, Uy €[N
T T Z 1 T
u, €[n]
This completes the proof. ]

Finally, we are ready to prove the main result of this section.

Theorem 4.3.6. Let c1,c9,c3,6 be non-negative real constants with ci,& > 0. Let A be an n X n
positive-definite symmetric real matriz and let T be a real matriz such that TTAT = I. Suppose the
following assumptions hold for some m € [n|, measurable set 2 C R™, measurable function f: R™ — R,

and numbers p1, p2,a € R.

(i) Un(p1) € T7(2) C Un(p2), where py > p1 = 2mey/” + c1(logn) /24

01 o .
(it) For any £ € [m], we have pew Ao(f, T(Un(p2))) < a < ﬁ, where Ay(-) is defined by

(4.3.11).

T
(i) n > m2c3 + mea and, for any x € R™, we have |f(x)] < n®e® w
Then there is ng = ng(c1, c2, c3,€) such that, for any n > ng, we have

/ efmTAerf(w) de = 7_(_71/2‘14|71/2 exp (Z /is[];('X)] + 5) ,
0 !

s=1

where X is a random vector with the normal density Tr_”/Q\AP/Qe_mTAm, and

5 =6(02, A, f) < 2n(2000)™ ! 4 e=P1/2,
Proof of Theorem 4.3.6. Let y = T—'@. Since TTAT = I, we have |T| = |A|~'/2 and

/ o~ HAT+f(@) g0 — \A\_I/Q/ e~ V'Y +/(Ty) dy. (4.3.13)
17 T-1(0)

Let p € {p1, p2}. Let Y have the normal density 7~2e=YY and define p := P(Y ¢ U,(p)). In view of

the assumption (ii), combining Lemma 4.3.5 and Theorem 4.3.2, we get

1 —yTy+f(T 1
1og<(1_pw/2/(](p)e v (y>dy> > gk [ FTY)|Y €Unp )}+5’,

s=1
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. 1
where, since a < 100
6] = n|log(1 + K)| < 2nlog(1 + |6]) < 2n(200a)™ .

By standard bounds on the tail of the normal distribution, we have p < ne=*" /(1 + p). Under our
p

assumptions, there is ng = no(cy, c2, ¢z, €) such that for n > ng, we have
p<3, ma/n<nV? 1-pzie
and

[ TY)|Y € Unlp )} ns[p(y)]‘ < 4§:6ses202/2+s/4p1—5@/n
s=1

2 1—mea/n
2 - 2
< dm 6" 2/ 24m/4 (nleTp> <e P2,

o
X_:s—

Then, applying Lemma 4.3.3 to the function n~ f(T'y), we obtain that
/ eV Yt (Ty) dy = 7"/% exp Z L,(Y)) +4, ], (4.3.14)
Unlo) =

where [d,| < 2n(200a)™ ! + e~P*/2. By assumption (i), we get that

/ eI TV~YY gy < / TV —YY gy < / e TV =YY Gy
Un(p1) T-1(82) Un(p2)

Using (4.3.13) and applying (4.3.14) twice with p = p; and p = pa, we complete the proof. O

4.3.5 Cumulants of Gaussian random variables

If S is a set of even size, a pairing of S is a partition of S into |S|/2 disjoint pairs. We will write the

pairs as (i1,42), here each pair is unordered. Recall the following result of Isserlis [50].

Lemma 4.3.7. Let A be a positive-definite real symmetric matriz of order n and let X = (X1, ..., Xy,)
be a random variable with the Gaussian density w—"/2|A|Y2e~ %A% Let ¥ = (ojk) = (24)7! be the
corresponding covariance matriz. Consider a product Z = X Xj, --- Xj, , where the subscripts do not
need to be distinct. If k is odd, then E[Z] = 0. If k is even, then

E [Z] = Z O'jiljig T Ujikfljik7
{(31,12),(43,34) 5+, (1 —1,0k) }

where the sum is over all pairings of {1,...,k}. The number of terms in the sum is (k — 1)!! =
(k—1)(k—3)---3-1.

In particular, we have
E[X}] =ou, E[X{] =30}, E[X]X]]=o01100+20],, E[X}]=150}, E[X]]=10501,.

In quantum field theory, pairings are known as Feynman graphs, and Lemma 4.3.7 is known as
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Wick’s formula after a later discoverer.

Theorem 4.3.8. Assume the conditions of Lemma 4.3.7 for an even k and let { Py, ..., P.} be a partition
of set [k]. If m is a pairing of [k], define the graph Hr as follows: V(Hz) = [r], and for { # m,
¢m € E(Hy) iff ™ has a pair ij such that i € Py and j € Pp,. Let I = II(Py,...,Py,) be the set of all
pairings w of [k] such that Hy is connected. Then

K HZ”“'"’HZW :Z Havivw

1€EP S mwell ijen
where vy, . ..,v; € [N] may not necessarily be distinct.

Proof. For B C {1,...,r}, define P(B) = {J;cp Pj. So from the definition of joint cumulant (4.3.1), we
have that

s\ 1 2o [ 2o | = > te- [TE| I 2| (4.3.15)
u=1

iepy i€Pr BiU-UBy={1,...r} i€P(By)

where the sum is over all partitions of {1,...,r}. By Theorem 4.3.7, we have

t
e I %)= 3 Mo
u=1

1€P(By) nellpijem

where ITp is the set of pairings such that no pair spans two of the sets P(B,).
Now consider any particular product Hije7r Oyv;, corresponding to pairing 7. The total weight with
which this occurs in (4.3.15) is

> cuto- o, (1310

k=1
where m is the number of components of H,; and {7{"} denotes the Stirling number of the second

kind (number of partitions of an m-set into k parts). A standard identity for the Stirling numbers is
that (4.3.16) equals 1 for m =1 and 0 for m > 2, which completes the proof. O

Corollary 4.3.9. Assume the conditions of Lemma 4.5.7 and that the covariance matrix X = (qu)u,ue[N]

satisfies |0yn| < 1 for all u,v € [N]. Then, for any ki,...,k, € N with even sum,

Yo Iw@ .z < |- I2) N,

V1 ?
V1,00, Up €[N]

where I = II(P,. .., P,) is defined as in Theorem 4.3.8 for some fized partition of [k] with |P;| = k;
foralli € [r] and k =k + -+ ky. In particular, |II| < (k—1)!!'=(k—1)(k—3)---3-1.

Proof. Define 7 : [k] — [r] as follows: for any i € [k] if i € P; then 7(i) := j. Applying Theorem 4.3.8,

we find that
Yoo Iz zini<ys Y I ovwwnnl

V1,...,0-E[N] mell vy,...,vrE[N]ijET
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It is sufficient to show that, for any = € I1,

> lowgep! <IZISN,

v1,...,0r €[N] tjET

We prove it by induction on r. If r = 1 then, by assumptions,

Z H O 00 S N

’U1€[N] iJET

For the induction step, assume r > 2 and observe that since H is connected there is a vertex in V (H;)
such that the graph remains connected if we remove it from H,. Without loss of generality, we can
assume that this vertex is r adjacent to vertex x. Let 7’ be the pairing obtained from 7 by removing all

pairs containing a point from the part P, corresponding to vertex r of H;. Estimating other covariances

by 1, we find that
Z H |O-v7'(i)vv‘r(j)| < Z |O-'Uzvv7‘| < ||E||Oo
vrE[N] ijem\n’ vr€[N]

Using the induction hypothesis, we get that

Y Hlowgool < X 180ke T o < IS,

V1,...,up E[N]IJET V1, Ur—1 €[N] ijen’

This proves the induction step and completes the proof the the corollary. O

4.3.6 Bounds on cumulants in Theorem 4.1.1

In the next theorem, we prove bounds on the cumulants of fx(X¢) in terms of the infinity norm of a
non-singular Gaussian random variable X that projects into X¢. Let J, denote the matrix with every

entry one.

Lemma 4.3.10. Let L = L(G) be the Laplacian matriz of a connected graph G. Let X, be defined by
Yol =L+wd, for somew > 0. If X is a Gaussian random vector with density

(2m)~"2| 2|71/ exp (—%xTZE%c), then g(Xq) 4 9(X) for any function g such that g(x+61) = g(x)
for all x € R.

Proof. Since G is connected, we get that L 4+ w.J,, is positive definite matrix for all w > 0. Note that

I — J,/n is the projector operator to the space
V={xecR":2;+ -+, =0}

Applying this linear transformation to the Gaussian vector X, we find that (I — J,/n)X has the same
distribution as Xq. Therefore, g(Xq) g g((I — Jp/n)X) = g(X) as claimed. O

Theorem 4.3.11. Let G be a connected graph with mazimal degree d, minimal degree §. Assume that,
for some w € (0, 1],
s l=L+wl, | Zwlleo < 1/2,

where L = L(Q) is the Laplacian matriz of G. Then the following bounds hold.
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(a) For K < §/2, we have

BlfcXa) = (1+06)) X (F+7) +0 (15l + H17u12)

jkeG
where dy,...,dy, are the degrees of G.
(b) Forr,K such that r(K +2) < 6/4, we have
n (5d\" r—1 n
o (e (X)) < 35 (5) I1Zullne (4r = D1
(¢) Forr,K,K'" such that K' > K and (r + 1)(K' +2) < §/4, we have
5d e r—1 n
o (fx (Xa)) = i (fre XD < 55 (B) (3) 18wl 2K +4r = 3)1.
Proof. Recalling the definition of fx and applying Lemma 4.3.10, we get that

fk(Xg) = fir(X),

where X is a Gaussian random vector with density (27)~"/2|X|"%/2exp (—izTX 1x). Thus, it is
sufficient to prove the bounds for E [fx(X)] and . [fx(X)].

First, we estimate the entries of the matrix X, = (o). Define the diagonal matrix D by D;; = dj,
where d; is the degree of vertex j in G. Observing also that all entries of ¥;)! — D = L +wJ — D are
n [—1, 1], we get that

[ 2w — Dil”max = [|2w(D — Ezzl)Dileax
_ _ 1 1
< N Zwllooll(D — Zwl)D 1Hmax < 2w ”oom?xd_ SHEwHOOv

where || - [|max denotes the maximum absolute value of entries. This gives
1 1 1
joi5 = | < §1Zulles 1oitl < 5| Sulloy (4:3.17)

Let Xji, := X; — X, for distinct j,k € [n]. Let
Ojkst = Cov(Xjp, Xst) = 0js — Ojt — Oks + Ope. (4.3.18)
Using 4.3.17, for all distinct j, k € [n],
1
Tik.jk = d; +a i HEwHOO~

Then, by the assumption that || X || < 1/2, we get

2, if [{5,k} N {s,1}] > 1
|0 jk,st] < (4.3.19)

4 g
shZuwllcos i {5, K} N {s, 3 = 0.
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From Lemma 4.3.7, we know that
E [X%] — (20— 1) ot

Recalling the definition of fx () from (4.1.10) and using (4.1.9), we obtain that

S e Y B[xH] = 5 Y B+ e Y B [x2]

(=2 JkeG jkeG /=3 jkeG
i 2\ 2¢ 4\ -2
T Z ( T i 5IIE Hoo) 1+0(1)) :(;) (20 — 1) (3) ,
jkeG —3

Since x(2¢ —x) < 2, we can bound (2¢—1)!! < ¢¢. Recalling the assumption that K < 0/2, we estimate

S (&) e (4) 7 =067,

=3

We also have

1 1 4 1 1 16n 16nd
S (F+ 3£ 515ul) = > (F+2) £ 22150 + 254 22
jke@ jke

This proves (a).
We proceed to part (b). Using (4.3.18), for any distinct j, k € [n], we have that

D okl <2 ojs] 42D |ons| < 4d)| Dl (4.3.20)

steG steG steG

By linearity,

(4.3.21)

[
Mw
M=

Z H C%s) (ng17 : 7X3fT>'

{1=2 lr=2 61,...,676G<s€[7‘]

1/2
Applying Corollary 4.3.9 for (Z,),e[n) := 52 (Xjk)jkec and N = nd/2. From (4.3.19), we get that the

covariances of (Z,),¢[n] are bounded by 1 as required. Using (4.3.20) to bound the infinity norm of the

covariance matrix, we get that

Yk (ngl, . ,ngr) <y (%)Z (8d|| Sl s0)" 1 (20 — 1)1, (4.3.22)

e1,...er€G

where ¢ =01 + -+ + £,. Since ¢; € {2,..., K}, we can bound

(20— DN < (2r + 072 (4r — DN < (K + 2)r) 2 (4r — D!
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Substituting the above bounds and also (4.1.9) into (4.3.21) and recalling that r(K + 2) < §/4, we get

K K
e Frc ()] < B0 S o) (ar — 1 30 - 37 (2 (—)E (K +2)r)2

{1=2 =2
K-2 i\ "
nd 16 167 (K+2)
< (5] Sy lloe)™ 1( 25) (47~_1)u< <—7r25 ))
=0
.
<35 (5) Izl -0 (22> () ) -
=0

Computing % Yoo (W ) ~ 4.42 < 5, part (b) follows.
For part (c), using (4.1.9), (4.3.21) and (4.3.22), we estimate

e (f1c(X)) = & (fi(X)|

IS oD 3 01 (98 NCRES]

G=K+10,=2  £,;=2 e1,...,er€G \ sc[r] (4.3.23)

!’

<r Z 3 Y B (5% Gzl - 11,

=K+103=2 =2

where £ = {1 + - - - + £, as before. Similarly, we get
(20— < (L+ K +2r — 1) E"2 QK 4+ 4r — N < ((r 4 1)(K' +2) K21 2K + 41 — 3)11.

Then, using (r + 1)(K’ + 2) < §/4, we can bound

/

i S 3 (29 e

=K+142=2 £r=2

K+2r—1 K 61 (K'+2) \° "
< (;%) (2K + 4r — 3)11 <§ (—( 5;(2 )> )

K-1
<5 (%) 5 (2K + 4r — 3)1I

Substituting this bound into (4.3.23) completes the proof. O

4.4 Estimating the integral for Eulerian orientations

Throughout this section, we work under the assumptions of Theorem 4.1.1. For 8 € R™, define

= [ cos(6; — 6r). (4.4.1)
jkeG

Using generating functions, see, for example, [45, Section 3|, one can show that

EO(G) = 2P@lz=n J' where J' := / F(0)de. (4.4.2)
(R/m)™
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The integral J' in (4.4.2) is dominated by the region {2y defined below, where all 6; are approximately
the same, which makes it possible to estimate the integral asymptotically.

Given z € R, an interval of R/m of length p > 0 is a set of the form
I(z,p):={0€eR/m:|x—0|; < %p}, where |z|; := min{|x — kx| : k € Z}.

By the assumption d > log® n, we choose some ¢ > 0 such that

logn 1 1/2
and choose
po = C2d"?10g?? n (4.4.4)

to satisfy a finite number of inequalities in the proof.
Define

Jo = (0)de, (4.4.5)
20

where (2 is the region consists of those 8 € (R/7)" such that all components 6; can be covered by an
interval of R/ of length at most py:

2 := {0 € (R/m)™ : there exists x € R/ such that 0 € I(x, po)”}. (4.4.6)

The proof of Theorem 4.1.1 consists of two parts. First, we estimate Jy using Theorem 4.3.6 and
some preliminary lemmas given in Section 4.4.1. Then, we show that the integral over the region

(R/m)™ \ {2y is negligible in comparison with Jy.

4.4.1 Preliminaries

Here we state two lemmas from |46, 45] that will be useful in the proof of Theorem 4.3.6. If T : R™ — R”
is a linear operator, let kerT'= {x € R" : Tx = 0}.

The first lemma helps to deal with integrals over a subspace of R™.

Lemma 4.4.1 ([46, Lemma 4.6]). Let Q,W : R™ — R™ be linear operators such that ker Q Nker W =
{0} and span(ker @, ker W) = R™. Let n, denote the dimension of ker@. Suppose 2 C R™ and
F:02nQMR") — C. For anyn >0, define

Qy={xeR":Qz € 2 and W € Uyn(n)}.

Then, if the integrals exist,

/ Fly)dy = (1—8)" = "2 |QTQ + whw | / F(Qx)e VW gy, (4.4.7)
2NQ(R™) o,
where

0< 3§ <min(l,ne /%), K= sup W/ﬂ}fj S

Wx+#0
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Moreover, if Uy,(n1) C 2 C Uy(n2) for some ne = n1 > 0 then

. m n C C
v, <m1n(”Q|OO, ”W|OO)> co,c Un<HP||oo772 " \Rllm)

for any linear operators P, R : R™ — R" such that PQ + RW is equal to the identity operator on R™.

Let
d 1
A= EJ" —+ §L, (4.4.8)

where L = L(G) is the Laplacian matrix of G defined by (4.1.7), and recall that J,, denotes the matrix
with every entry one. The next lemma will be useful for the norm bounds required in the application
of Theorem 4.3.6.

Lemma 4.4.2 (|45, Lemma 12|). Under the assumptions of Theorem 4.1.1, the following estimates
hold.

(a) A7 o = O(d"" log %).
(b) If A=1 = (aji), then aj; = O(d™') and a;, = O(d~?log %") uniformly for 1 < j # k < n.

(¢) There exists a symmetric positive-definite matriv T = A~Y2 such that T"AT = I. Moreover,
1T ]loe = O(d=/210g"?n) and |T~||s = O(dY/?).

The above lemma is derived under the assumption in [45], its proof works under our slightly stronger

assumption in Theorem 4.1.1.

4.4.2 The integral inside (2,

In this section, we obtain the estimates of Jy in Lemma 4.4.3 and Lemma 4.4.7. By the definition of (2
in (4.4.6), we have that

(0.€ (R/n)" s max 0, — 0uls < o} € 90 € {0.€ (R/m)" s max[6; — Ol < 200}
JEn JjEn
Observe from the definition of F'(0) (4.4.1) that, for any 8 € R",
F(0)=F(6—-0,1), (4.4.9)
where 1 := (1,...,1)T € R™. Therefore,
Jo = w/ F(8')de’, (4.4.10)
20NL
where £ := {6 € R" : 0/, = 0} and
Un-1(po) C (20N L) C Up—1(2p0)-

Next, we lift the integral back to the full dimension using Lemma 4.4.1. Let M be the matrix with

one in the last column and zero elsewhere. Define

P=I-1j Q=I1-M, R=d"?I, and W=d"?n""/,
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where J denotes the matrix with every entry one. One can easily check that PQ) + RW = I, and also
that ker @ Nker W = {0}, ker Q has dimension 1 and (ker @, ker W) = R™. From [45, Section 3.1], we
know that

QR+WW[=nd,  |Ple<2 Q=2 [Rle=d"?  [Wl]e=d">
Then applying Lemma 4.4.1 with k = 1, 71 = po, 12 = 2po, we get, from (4.4.7), that

Jo = (1+e_w(1°g"))7rl/2(dn)1/2/ F(6) de, (4.4.11)
2

where (2 is some region such that

Un (po/2) C £2 C Un(5p0) (4.4.12)

and
~ d 2
F(0) :=exp _ﬁ< Z 9i> + Z log cos(6; — 0)
i€[n] jkeG
Recall from the assumptions in Theorem 4.1.1 that

K- (c+1)logn [ 2(ct+1)logn
{log d—4log logn—‘ ’ - [log d—8loglog n—‘ )

In view of the definition of fx in (4.1.10), and the definition of matrix A in (4.4.8), using Taylor’s series,

]ogF (ZG) % Z(Gj—ek)2+2025 Z(@j—ek)%

1€[n] jkeqG £>2 jkeG (4_4_13)

—07A0 + fx(0) + O(n™°).

we get that

where for all @ € (2, noting the bound on ¢y in (4.1.9), the choice of K, and the condition on € in
(4.4.3), we have

2K 42
Yo S0 -0)* = 0( (K+1) ) —~0 <nd (de—I/Q log®/? n) ) — O(n™°).
(>K  jkeG =
Now we are ready to derive the main estimate of this section.

Lemma 4.4.3. Under the assumptions of Theorem 4.1.1, we have
M
Jo = a2 20 1/2| A 712 exp (Z % ks (fe (X)) + O (n—0)> : (4.4.14)
s=1
—n/2‘A|1/26—mTAw.

where X s a random vector with the normal density

Proof. The proof is by combining (4.4.13) and Theorem 4.3.6. First, we verify its assumptions (i)—(iii).
By Lemma 4.4.2(c), there is a symmetric positive definite matrix 7" such that TT AT = I and

7)o = O(d~*10g?n),  |T7Y|o = O(d'/?). (4.4.15)
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Recall from (4.4.4) that pg = O(¢2d~/21og®?n). Then, combining (4.4.12) and (4.4.15), we get
Un(p1) € T7H(£2) C Un(p2),

where
pL=06(logn) and Py = O(%log®?n).

This is because for 8 € U, (O (po)), we have that
177200 < T~ 8o = O (P 10g*/2n)

and

_ <2d_1/2 10g3/2n
1T 6]l = O (m =0 (¢*logn) .

Since M = o(logn), assumption (i) of Theorem 4.3.6 holds.
For assumption (ii), we need to estimate Ay(far, T(Un(p2))) for £ € [M]. Using (4.4.15), we get
that, for any 6 € T'(Uy(p2)),

10]lcc = O (ﬁgdil/Z log'/? n) =0 <C2d*1/2 log? n) :

Then, for any integer i € [M],

; K
0 fK Z )icar Z (05 — 0, =0 (d||0||(()‘é—i)+) )
=2 k:jkeG

where (+); denotes the falling factorial and (x)1 denotes max{x,0}. Similarly, for jk € G and p,q € [K],

K

ap-‘rqf 2] o o

apajaKq(ek) =3 (20)prqc2(0; — )P+ =0 (HHHé‘é b q)+> :
=2

All higher-order mixed derivatives with three or more distinct indices are zeros. Since T is symmetric,
we have ||T'||1 = ||T'||co. Then, using (4.4.15), we obtain

S ITNE Tl 9" fr(6)
P2 (=11 nax Z SUup ) | Terg 9,

u €l Usgyyeens Uy €[1]

0cT (Un(p2))
ol ¢ (4-0)4 2 12, 2\ A0+ 1,878
=0 ((@ITl) dIOISE™+ ) = 0 (d (a2 10g7n) = 0(d"¢*log®n).

Thus, assumption (ii) of Theorem 4.3.6 holds with some a = O(d~'¢%log®n).
Finally, using Lemma 4.4.2(a), we find that

||9||2

0|3 2n

Then, assumption (iii) trivially holds with ¢3 = K 4+ 1 and ¢y = 1.
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Combining (4.4.11), (4.4.13) and applying Theorem 4.3.6, we find that
M 1
Jo = VA 22 A2 exp (Z o1 o (frc (X)) + 6) :
r=1

where
|0] < exp <e*ﬁ%/2 + n(2000¢)M+1) —1=exp (n*“’(log”) +0 (nfc)) —-1=0(n"°).

This completes the proof. ]

Next, we obtain an explicit bound on Jy starting with a few useful lemmas whose variants appeared

in [45].

Lemma 4.4.4. For jk € G, |cos(z)| is a decreasing function of |x|, with cos(0) =1 and
lcos(z)[2 = 1 — sin®z < exp (—%|x|72r> . (4.4.16)
In addition, for any |y|r < |x|x, we have
1
os(x)] < feos(u)] exp (= (laf2 — Wi2)r — [z — Iol-))) (@417)

Proof. The first part of (4.4.16) follows from the definition of cos(z) and implies that |cos(z)| = cos(|x|x)
for all . Therefore we can assume that 0 <y <z < %71’, which implies that |z|, = z and |y|r = y.
By the concavity of cosx on [0, %], we have cosx > 1 — 2?33 on this range, which in turn implies (by

symmetry about the line x = %) that

3 =

sinz > —z(r —x), z€l0,7]. (4.4.18)

Therefore, for 0 < x < %71', we have that

: 1 1 2
lcos(z)|> =1 —sin’z <1 — Fx2(7r —z)? <1 - ZxQ < exp (—%) .

Inequality (4.4.17) is trivial if 2 = y, so assume that 0 <y < = < %W. In that case, cos(y) # 0 and

> < exp(—(sin2 x — sin’ Y)).

cos?(z) _ 1-—sinz ol — sin® 2—sin” y
cos?(y) ~ 1—sin?y 1—sin’y

Finally, by (4.4.18), we have

2 2

sin? x — sin?y = sin (z + y) sin (z — y) > #(wQ—yQ)(W—x—i—y)(w—x—y) > %(x — ) (r—z —y)

for0<y<z< %77, which completes the proof of (4.4.17). O

Now, we introduce a generalisation of Lemma 4.4.2 (c) following essentially the same proof in [45].

Lemma 4.4.5. Given some constantc > 0, let B := %J—i—L. Then we have || B~Y/?||oc = O(d~1/21og'/?n)
and || BY?|| s = O(d"/?).
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To prove Lemma 4.4.5, we need the following lemma.

Lemma 4.4.6. [/5, Corollary 28] Let L be a symmetric matriz with nonpositive off-diagonal elements
and zero row sums. Suppose the eigenvalues of L are 0 = 1 < po < -+ < pin. Let X := I —(2||L|s0) "
with eigenvalues 1 = vy > vy > -+ = vy, where v; = 1 — (2||L||loo) "tyj for each j. For ¢ > 0, let
B = —J + L. Then, for any real a = —1, the positive-definite power B® satisfies

1
(6)] i)

N—1
1Bl < ¢ + (2 Llloc) a(2
k=

0
where N = [|a| + log,, n™!].

Proof of Lemma 4.4.5. We follow the proof of Lemma 12 in [45]. By noting that ‘(7}!2)‘ < k12 for

k > 1, we have, by Lemma 4.4.6, that
N-1 1/2 )
(1—u2)n1/2

||B_1/2||oo _ ||(§J—|—L)_1/2Hoo < c_l/Q + (2||L|| -1/2 (2

k=0

N-1
2L
<V 4 (2 L)) 2 (2 S —'/>

H2n
k=1

N-1 12
< C—1/2 + (2||L”oo)_1/2 (2 49 Z ]{3_1/2> + (2||L||00/)

L1272
k=1

~ o 1/2 1/2 2d1/2 _o—1/2 g—1/2 logn 2dY/% —1/21..1/2
C / +d /\/7+ 1/2 C / +d / 2+10g(1/y2) +H2n1/2 7O<d / log / n)

Similarly, we have, by ‘(1,42)‘ < k=3/2 for k > 1, that

N-1 1/2 .
C
1BY2 e = (ST + L)Y ]oe < /2 + (2] Ll|oc) /2 (2 ( N+ T Wm)
k=0
2[|L])*"
<2+ (2] Ll ”2<24-2§:A:3ﬂ> /mnyz
1 8d°/2
~ /2 +2d1/2( 2\/]V) o177 = (d1/2
This completes the proof in view of the constraint on d. ]

We are ready to bound Jp.

Lemma 4.4.7. We have

|F(0)]dO = Jy = eOlosm),
29

Proof of Lemma /4.4.7. Since 8 € I(x, pg)™ for 8 € 2y with some x € R/7, then

F(0)] dO = / F(6)d0 = Jp,
20 20
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By the cosine inequality, we have, for all z, that

1
cos(z) > 1— 53;2.

Therefore for 8 € {2y, we have, for any jk € G, that §; — 65, = o(1), and in view of the definition (4.4.1),

we obtain that

1

F(0) = ] cos(; —61) > [ (1 ~1; - ek)Z) >exp = > (0,- 007,
jkea jkeG jkea

where we use 1 — /2 > e™7 for x € [0,1.59]. We also get that

1

F(0) <exp|—g > (6;—61)?7],
jkeqG

since cos(z) < exp (—2?/8) by Lemma 4.4.4. Let

Fo(6) :=exp | — > _ (6; — 61)>
jkeG

Then for 6 € (2,

Fo(0) < F(0) < F/%(6).

Now we have, by a similar reducing and lifting dimension argument, that

~

/ Fy(6)d6 = (1+0(1))7r1/2(dn)1/2/ F(6)do.
20 (7

where 2 is a region with some constants cg > ¢; > 0 such that U, (c1po) C 2 C Uy (c2p0), and in view
of (4.1.7) and (4.4.8),

2

FO) =exp [ -2 Y 0] =D (0-00* | =exp(-67(27+1)0).
1€[n] jkeG

d —1/2
Let T = <EJ n L) and & = Ty. Then

a _ _LT (4 —|d —1/2 ~y'y
/QF(m)da:—/Qexp( x (nJ—i—L)m) dac—‘nJ—l—L‘ /Tl(Q)e VY dy.

Suppose p > c¢(log n)l/ 2+¢ for some constant ¢ > 0. Let Y be a random vector with normal density
7~/2¢~¥¥_ By standard bounds on the tail of the normal distribution, we have P(Y ¢ Uy(p)) <
e~ /(14 p).

Then we have for n sufficiently large, by Lemma 4.4.5, there are constants ¢}, ¢, > 0 such that
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Un(P)) € T7102 C Uy, (ph), where 7, := ¢|¢%logn and 7 := ¢4¢2log*? n. Then

/ e VY dy = / e VY dy + / e VY dy
T-1(2) Un(py) T=H2)\Un(p1)

:/ eyTydy—i—C'(/ —/ )eyTydy:(l—f—K)ﬂ'"m,
Un(p}) n(P5) n(p1)

where we have constants |C| < 1 and |K| = o(1).

Therefore, we have that

—-1/2
/ Fo(0)d0 = (1 + o(1)) V/2(dn) 27"/ )%J + L‘ , (4.4.19)
2
and similarly,
1/8 1/2(5,\1/2_n/2|d 1,712
FY3(0)d6 = (1 + 0(1)) 7/2(dn)/*x ‘EJ + gL‘ . (4.4.20)
2
For any constant ¢, in view of the definition of J, we have
d 1 1\n d
|A+cL| = ’ﬁ‘]—i_(i —I—C)L‘ =(c+3) mJ—i—L‘.
Note that the eigenvalues of WJ + L are ﬁ together with the non-zero eigenvalues of L.

Therefore |A + cL| = ©((c + 1/2)"|A]). Note that all of the eigenvalues of A=! are bounded below

by ||A|l! and bounded above by ||A7!||.. Therefore we have that \%J + L|71/? = ¢Onlogn) and
~1/2

‘%J + %L’ = ¢O(nlogn)  This completes the proof by sandwiching Jy between (4.4.19) and (4.4.20).

0

4.4.3 The integral outside (7

It remains to show that the integral of F'(0) is negligible outside (2 following the approach in [45,
Section 3.3] with slight modifications and improvements. Recall the definition of J" and Jy in (4.4.2)
and (4.4.5) respectively. Define

Psmall = \/pod—1/2 log™/2n = ¢dY?1og"/? n.

12 Cd—1/2 log?’/zn
o =\ g T, = Clog . (4.4.21)

First, we bound the integral of |F(0)| in a “scattered” region

Then

21 := {0 € (R/m)" : for every £ € R/m we have [{j : 0; € I(&, psman)}| < %n}

Lemma 4.4.8. We have

|F(0)] dO = e=<("le™) .
1071

We need the following lemmas to prove Lemma 4.4.8.
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Lemma 4.4.9 ([45]). Suppose 0 <t < %ﬂ' and q < %n Let X = {x1,...,zn} be a multisubset of R/m
such that no interval of length 3t contains n — q or more elements of X. Then there is some interval
I(x,p), p< %7’[‘, such that both I(x,p) and R/m — I(x, p+1t) contain at least q elements of X.

Lemma 4.4.10 ([45]). Let G be a graph of maximum degree d. Assume also that h(G) = ~d for some
v > 0. Let Uy, Uy be two disjoint sets of vertices. Then, there exist at least

min{|U;|,|Uz|}

V0T, )

pairwise edge-disjoint paths in G with one end in Uy and the other end in Us, and of lengths bounded
above by

_ V(G)
U0 02) =24 210g1+v/2<min{|vl|,|zf2}+wd/2 -

Proof of Lemma 4.4.8. 1f @ € (21, the definition of {2; implies that every interval of R /7 of length pgman
has fewer than %n components of 8. Applying Lemma 4.4.9 with t = %psmallv q= %n, and X = 0 tells
us that there exist p € R/m and s < % such that both I(p,s) and R/m — I(p,s +t) contain at least %n
components of 6.

For such 0, let U, U’ denote the indices of the elements of 8 belonging to I(p, s) and R/7m —I(p, s+1t)
respectively. Then |6; — 0| > t whenever j € U,k € U’. Note that ¢t = o(1).

Consider any of the paths vy, v1, . . . , vg provided by Lemma 4.4.10. Note that we have ¢ = ¢(Uy,Us) =

O (1). By assumption, |0y, — 6,,|r > t. Since |- |, is a seminorm, we have

¢ . Y 2 2
S, = B2 (L 00 le) >
J=1 Jj=1

Multiplying the bound (4.4.16) over all the edges of all the paths given by Lemma 4.4.10 gives that

oo (- () o (38))

Recalling t = % Psmall aANd Pgman = ¢d—1/2 logl/ 2 n, using 7™ to bound the volume of 2, yields

|F(6)|d6 < 7" exp (—Q (tzdn)) = 7 exp (—Q (Cnlogn)) < 7" exp (—w (nlogn)) = e~ #("loen),
2

Then the result follows from Lemma 4.4.7. O

Next, we bound the integral of |F'(€)| in a “concentrated” region
2, := {0 € (R/m)" : for some x € R/7 we have |{j : 0; € I(z,e tloem)}| > in}.

Lemma 4.4.11. We have

|F(0)|dO = e=<("1g™) J,.
2

Proof. The volume of 25 is only e~“("1°87) 5o the bound |F(8)| < 1 is adequate in conjunction with
Lemma 4.4.7. O
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For disjoint U, W C V(@) define by 2y the set of 6 € (R/m)™ for which there exists some x € R/7
and p with pgman < p < po such that the following hold:

(i) 0; € I(x, psman) for at least 4n/5 components 6;.
(i) 0; € I(x,p~+ psman) if and only if j ¢ U.
(iii) 6; € I(z, p + psman) — I(z, p) if and only if j € W.

Lemma 4.4.12. We have

R/m)"—20—2 < | Quw.
1<|UI<n/5
WI<|U|/¢

Proof. Any 6 € (R/m)" — (21 is such that at least 4n/5 of its components 6; lie in some interval
I(x, psman). Suppose it is not covered by any Quw. For 1 <k < 00/ Psmanl = ¢ logn, take p = kpgman <

po and let U correspond to the components not in I(x, p + psman). Since (iii) cannot hold, we get

|{j:9j¢-[(xakpsmall)}| . |{jﬁj€I($aP+Psman)—I(x,p)}| _
‘{j:gjgj(x»(k'i-l)psmall)}| =1+ |{j:9j¢j(x’p+psmall)}‘ >14¢ 1-

Recalling that [{j : 0; ¢ I(x, psman)}| < n/5, we can apply this ratio repeatedly starting with & =1 to
find that

—(logn+1
) <1

. 1 _
{5+ 0; & I, po)} < gn(1+¢7"
This implies that @ € {2y, which completes the proof. O

Lemma 4.4.13 ([45]). For any disjoint U,W C V(G) with |U| < n/5 and |W| < €'/2|U|, we have
/ |F(0)] do = e~ (Ullsm) 1.
Quw —22

Proof. Let X :=V(G) — (UUW) and define the map ¢ = (¢1,...,¢,) : Quw — 2 as follows. By the
definition of 2y, for any € € 2y there is some interval of length at most py that contains {6;},cx.
Let I(z,£) be the unique shortest such interval. We can ignore parts of {2y that lie in {25, which
means that we can assume & > e~¢ 1087,

Identifying R /7 with (z — %5, z— %{ + 7], define

1 1 e
z+§§—7§£(ej—z—§§), itjeUUW;
9]', if j € X.

05 = ¢(0) :=

For j e UUW, 0; ¢ I(2,£) and ¢; maps the complementary interval I(z + %7‘(,7‘1’ — &) linearly onto
I(z,€) (reversing and contracting with z 4 %5 fixed). For j € X, 0; € I(2,£) and ¢; = 0;.
Thus |¢; — ¢r|r < |0 — Okl for all j, k. From Lemma 4.4.4, we find that

| cos(0; — )| < [ cos(d; — dr)].

Moreover, for j € U and k € X, we get that [¢; — ¢plr < |0 — Oklr — %psmall' Observing also that
|¢j — drlr < & =o0(1) and using (4.4.17), we find that

[cos(0;—0k)l _ —Q(p2,.) _ ,—Cdlogn)

| cos(dj—r)| =

92



By assumption (2) of Theorem 4.1.1 and the definition of the Cheeger constant, this bound applies to

at least
R(G)|U| = dW| = (v + o(1))d|U]|

pairs jk € 0qU, thus

IFO) = | [ cos(8; — 0x)| = e~ X Hem) | B (5(8))).
jkeG

Note that the map ¢ is injective, since I(z,&) can be determined from {¢;};ex = {0;};ex. Also, ¢
is analytic except at places where the map from {6;},cx to (z,¢) is non-analytic, which happens only
when two distinct components 6;,6;: for j,j" € X lie at the same endpoint of I(z,§). Thus, the points
of non-analyticity of ¢ lie on a finite number of hyperplanes, which contribute nothing to the integral.
To complete the calculation, we need to bound the Jacobian of the transformation ¢ in the interior of

a domain of analyticity.

We have
1, ifj=keX;
99; _ ¢ o
00, — iﬂ_—f’ iftj=k¢ X;
0, if j # k and either j € X or k ¢ X.

Although we have not specified all the entries of the matrix, these entries show that the matrix is

triangular, and hence the determinant has the absolute value

( 3 )U+|W| :e—O(C|U\logn)’

m—¢
by noting ¢ > e~ ¢losn = o(1). 0
Lemma 4.4.14. Jy = (14 e @en) 1,

Proof of Lemma 4.4.14. The integral in £y U 25 is by Lemmas 4.4.8 and Lemma 4.4.11.
The remaining parts of J” are bounded by the sum of Lemma 4.4.13 over disjoint U, W C V(G) with
1 < |U| <n/5and |W| < |U|/¢. The number of choices of W for given U is less than 2!Vl so the total

contribution here is

S [ @l = Y el oy Y gl
0

1<|U|<ny5 Y SPow =12 1<|UI<n/5 1<|U|<n/5
WI<|UI/¢ WI<|UI/¢
n/5 n
—J —w(tlogn) < ((1 —w(logn)\* _ NJs =0 —w(logn) .
> (3)r (14 ¢0)" ~ 1) 1 = Ofne=120) 1y
This completes the proof of Lemma 4.4.14. O

4.4.4 Proof of Theorem 4.1.1 and Corollary 4.1.2

Now, we are ready to prove Theorem 4.1.1. Let A be the matrix defined in (4.4.8):



The set of eigenvalues of matrix A contains element d (from the term %Jn), together with all the non-
zero eigenvalues of L/2. Therefore, using the Matrix-Tree Theorem (see, for example, [76, Theorem
5.2]), we get

d1/2n1/2]A\*1/2 _ ST(G)*1/2.

Note that A~! is of the form specified in Theorem 4.3.11. Combining (4.4.2), (4.4.5), Lemma 4.4.3,
Lemma 4.4.14, and Theorem 4.3.11, prove Theorem 4.1.1.

Corollary 4.1.2 follows from Theorem 4.1.1 on applying the cumulant bounds in Theorem 4.3.11
together with Lemma 4.4.2(a).

4.5 Regular tournaments, Eulerian digraphs, and Eulerian oriented

graphs

Let RT(n) be the number of labeled regular tournaments with n vertices. It is easy to see that RT(n) = 0
if n is even since the sum of in-degree and out-degree is odd.

An Eulerian digraph is a directed graph such that the in-degree is equal to the out-degree for each
vertex. Note that an oriented graph is a directed graph having no symmetric pair of directed edges,
that is, at most one of the edges (u,v) and (v,u) is permitted for any distinct vertices w and v. Let
ED(n) be the number of labeled loop-free simple Eulerian digraphs with n vertices. Allowing simple
loops would multiply ED(n) by exactly 2", since loops do not affect the Eulerian property.

Let EOG(n) be the number of labeled loop-free simple Eulerian oriented graphs, that is, Eulerian
digraphs with no symmetric pair of directed edges.

We are interested in the asymptotic value of RT(n), ED(n), EOG(n), and EO(G).

Spencer [94] evaluates RT(n) to within a factor of (1+0(1))™. Later, McKay [73] obtained asymptotic
values of RT(n), ED(n), and EOG(n).

Theorem 4.5.1 ([73]). For any e > 0 and n — oo,

ED(n) = (1 10 (nfl/“f)) Zi—ﬁ (%)(HW. (4.5.1)
BEOG (n) = (1 +0 (n—l/us)) Z;_//; (%)mlw, (4.5.2)

and for odd n — oo,

RT(n) = (1 +0 (n—1/2+6>> (g)m (2;:>(n_1)/2 . (4.5.3)

The goal of this section is to give more accurate asymptotics of RT(n), ED(n), EOG(n). We first
introduce some definitions that are useful for the statement of results.

Define the constants cgp 2¢, croG,2¢ by the Taylor series

1 _ o0 _ _a® at 2% 1728
log (2 (1 +C°Sf’3)) - ZCED,W = T4 T 96 1440 — 322560
>1
1 B 20 x_2 x_4 1325 4128
log (3 (1+ 200”)) = ZCEOG@W =773 736 3240 60480 -
>1
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Let Xpr = (X1,...,X,) be a random vector with the Gaussian density (27)~"/2n™/2e="® ®/2_ For

some fixed integer K > 2, define frr x(x) for x € R" by

K
frrx(x) = car Y (j— ), (4.5.4)
=2

1<j<k<n

where ¢y is defined by (4.1.8); and similarly, let Xgp and Xgog be random vectors with the Gaussian
density (27)""/2(n/2)"/ 2= ®/4 and (27)~"/2(2n/3)"/ 26 /3 respectively, and define fEp,Mm(x) and
frog,m(x) for x € R™ by

K
fepk(x) =Y cepae Y (x5 —wk)¥, (4.5.5)
=2 1<j<k<n
K
froak(x) =Y cwocae Y (x5 — )™ (4.5.6)
=2 1<j<k<n

Theorem 4.5.2. Let ¢ > 0 be a constant. There exist M = M (c) and K = K(c) such that as n — oo,

A (n—1)/2 M
ED(n) = n1/2 (i—n) exXp <Z % Ky (fED,K(XED)) + 0] (n_c)> s (4.5.7)
r=1
1/2 gn+l1 (n=1)/2 M 1
EOG(n) =n / ( Inn ) exp Z o1 R (fEOG,K(XEOG)) + 0 (TL*C) , (4.5.8)
r=1
and as odd n — oo,
1/2 on+1 (n=1)/2 M 1
RT(n) = n'/ < — ) exp Z =1 &r (frr, Kk (Xrr)) + O (n=) . (4.5.9)
r=1

Moreover, the summation of cumulants for each case is a polynomial in n~' of degree ¢ — 1.

Theorem 4.5.2 gives the more precise RT(n), ED(n) and EOG(n). Next, we compute the first few
terms of the exponent for each case explicitly for illustration purposes. This extends the asymptotic
formulae (4.5.1), (4.5.2), and (4.5.3).

Corollary 4.5.3. For n — oo,

_qyo (4n\ (D)2 1,3 1 47 371 1807 655
ED(n) =n <7m) OXP{ =1 T T6n T 8n2 T 38403 T 192007 T 3840n° T 44818

435581 . 1145941 13318871 99074137 . 1339710847 1
+ 8601607 T 614d0n® + 1843200 + 337920010 T 1081344ntT + O (7 )>’ (4.5.10)
(n—1)/2
R Y £ 3,11, 7 233 497 27583 55463
EOG(n) = n (47m eXp\ =8 6an T 6202 T 204823 T 256002 T 6144005 T 1300810

33678923 . 101414573 1882520759 101145677531 = 2469157786549 12
+ 73100327 T 52498801 T 3007152009 T 330686720010 T 1107206256n1T + O (7 )>-

(4.5.11)

Since every regular tournament on n vertices is an Eulerian orientation of the complete graph K.
So RT(n) = EO(K,). The cases for Eulerian digraphs and Eulerian oriented graphs are also essentially

identical, requiring minor changes, and therefore omitted. For completeness, we record an intermediate
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step.

Claim 4.1. We have

n(n—1)/2
RT(n) = Q(QT)nIRT with IRT = / H COS(QJ' — Gk) do
Un(m) 1<j<k<n
2n(n 1) 1
ED(n) = (27‘r) Igp with Igp = / 2 + 5 COS(@j — Qk)> do
n( 1<g<k:<n
3n(n—1)/2 1 2
EOG(n) = WIEOG with  Igog = H (g + 3 COS(HJ' — Hk)> de.

n(™) 1<j<k<n

Let ¢ > 0 be a constant. There exist M = M(c) and K = K(c) such that as n — oo,

M
Igp = ny/m (%) 2 exp (Z rl] %r (fED, Kk (XED)) + O (nc)> ;
r=1
M

Ipoc = %\/g <377r>n/2 exp (Z % rr (feoG, K (XEOG)) + O (n_c)> ;
r=1

and as odd n — oo,
n T (2m\"/2 & 1 —ec
Ipr =2 n\/; (7) exp | Y vk (frrx(Xer)) + 0 (n7°) | .
r=1
What remains is to show that the cumulant terms are of the claimed form.

Lemma 4.5.4. For any fizved integer K > 2 and r > 1, we have &, (frr,x(X)) & (fep,x (X)), and
kr (froG,Kk (X)) are polynomials in n™' and are of order O (n*™7).

Proof. We prove for the regular tournament only, the cases of Eulerian digraphs and Eulerian oriented
graphs are essentially the same, and therefore omitted.

A simple expansion leads to

K 2
Jrr ke (x Z o Y (wj—a) =) ey (—1) <2f> > 2t
(=2 t=0 1<

1<j<k<n <j<k<n

The multi-linearity of cumulants gives

(frr,x (X))
K 20 o¢
Seudr(3) ¥ oww
(=2 =0 1<j<k<n
2 . o
= 3 (e ] S o (TL7)) X w00t xeox),
2c2,K]" \s€lr] te[0,20]" sefr] N8 ecE(G)"
(4.5.12)
where both vectors £ = (¢1,...,¢,) and t = (t1,...,t,) may contain repeated entries, and e =

(jik1, ..., jrkr) denotes a vector of edges of G that may repeat.
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Then it suffices to deal with s (X 26— th}g, . ,X‘?frtTX;;ﬂ, and show it admits the claimed prop-
erties. To do this, we apply Theorem 4.3.8 to each cumulant in (4.5.12) by choosing, for each i € [r],
the multiset P; := {{ji, ..., ji, ki, ..., ki}} containing 2¢; — t; copies of j; and t; copies of k;.

Let 7 be a pairing of [2||£]|1], define the graph G, as follows: V(Gr) = [r], and for ¢ # m,
{{,m} € E(G) iff 7 has a pair (i1,42) such that i; € Py and i € P,. Let IT be the set of all pairings
m such that G is connected and j, = j, for every pair (p,q) € II.

Recall that Xgr = (X1, ..., X,) is a random vector with the Gaussian density (27)~"/2n"/2¢ @ @/2,

and therefore the covariance matrix of Xgr is (o) = (nl)™! %I . Then

201 —t1 vt 20—ty vitr \
K(le Xp,. X Xkr)_ 3

{(i1,32),(13534) -, (G2 —1-82)je) ) JETT

{(i1,82),(43,84)5--, (2 )y —1.%2)1 01 ) YELT

Oi i O )
Jiydig Tiglely —17%2) 11,

Therefore, in view of (4.5.12), we conclude that r, (frr k(X)) is a polynomial of n~1
Since we only consider pairings 7 such that G is connected, there are at most r + 1 distinct X; in
(4.5.12), because 0;; # 0 unless X; = X;. Therefore, the total number of pairings is at most (2|/£||; —1)!!,

and we then have

rkr (frr, Kk (X))

= Y (Tew| S i H<255> 3 3 el

S

EG[Z,K]T SG[’I‘] t€[0,2f]r SE[T] eGE(G)T {(il,ig),(ig,i4),...,(i2HeH1_1,7:2”[”1)}GH
205 Ny 17!
= % (Mew) X o (T(3)) o (et - outkan)
Le[2,K] \s€][r] te[0,24]" s€(r]

<D H(Zf> (<2Heul—1n[1r+17">:o(n1—r).

e€[2 K] t€[0,2)" \s€]r]
This completes the proof. ]

Proof of Theorem 4.5.2. Theorem 4.5.2 follows from Claim 4.1 and Lemma 4.5.4. O

4.5.1 Moments of symmetric functions of i.i.d. Gaussians

Let X = (Xi,...,X,) be a Gaussian random vector with independent and identically distributed

components with each having mean 0 and variance n~'. For k > 0, define the power sum symmetric

n
e = (X)) = D X7
j=1

Note that pg = n. In this section, we provide some estimates of the expectation of monomials in {p}.

functions

Lemma 4.5.5. (a) For any integer m > 0,

0, if m is odd,;
(m—1)N
npm/2 >

B[X]] =

if m is even,
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where (m — 1)!! denotes the double factorial, that is, (m — 1)/l = (m —1)(m —3)--- 1.
(b) Suppose m = O(1) and j; = O(1) for all i € [m]. Then

0, if j1+ -+ Jm is odd;
E| T | =Bl p.] = P "
i€[m] O(n), if j1+ -+ Jm 1S even,

where

. . . 1 . 1 .
J=J(01s - dm) = {k : i is even}| + 5[{k : ji is odd}| — 5 Z Ji-

1€[m]

Proof. Part (a) is the standard property of moments of Gaussian by noting o2(X;) = 1/n. For (b), first
note that
Bl = Y B[]
1<t ot <.
in which t1,...,%,; may not be distinct. Since Xi,...,X,, are identical and independent, then the
expectation inside the sum depends only on the equalities amongst the values t1,...,¢.
Any particular sequence t1,...,t,, defines a partition of ¢ = ¢(t1,...,t,) non-empty disjoint cells

(sets), whose union is {1,...,m}, that is,
II(ty,. .. ty) ={Ih,..., I}

such that for any 1 < a < b < m, two indices t, and ¢; are equal if and only if @ € IT and b € II.
Then, by the independence of the {X;}, we have

BElxjoxir|= [ E[xer] (4.5.13)
eI (ty,....,tm)

where the expectations on the right are provided by Lemma 4.5.5 (a).

If j1 4 --- + jm is odd, then by contradiction, there exists IT € IT(ty,...,t,) such that ) _; js is
odd. Hence from (a), we have that E [p;, - - - pj,.] = 0.

For now, we assume that ji + - -- + jy, is even. For any t1,...,t,, such that }__; js is even for all
IT € IT(ty,...,ty), we have that

E {thll . XZ::} = H E [Xlzsenjs} _ H (st _ 1) ”n—%zsem‘s

HEH(tl ..... tm) HEH(tl,...,tm) sell

1 y 1 3
— 2 ietm) Ji 11 (st - 1) =0 <n2 Liclm) JI) : (4.5.14)

HHeII(ty,....tm) \s€ll

It then suffices to count ¢1,...,t,, such that ) . js is even for all IT € IT(t1,...,tn). Let (Me, M,)
be a partition of [m] such that j; is even for all i € M, and j; is odd for all ¢ € M,. For each i € M.,
we have n choices of ¢;. For each i € M,, there must exist j € M, such that ¢ # j and ¢; = t;, since
Y scir Js is even for all IT € II(ty,...,ty). So that we have |M,|/2 pairs with each having n choices.
Therefore in total, there are | M|+ |M,|/2 ways of choosing with each having n options, then combining
with (4.5.14) completes the proof. O
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Equation (4.5.13), together with the fact that IT(t),...,¢,) = II(t1,...,ty) for exactly (n), in-
dex sets t},...,1,,, allows us to compute E [p1;, - - - pj,.] by summing over all partitions of {1,...,m}.
However, this is very inefficient since the number of partitions (the Bell numbers) grow very quickly.

Note that many partitions give the same contribution. We define N = {0,1,...} and N; =
{1,2,...}. We will represent a multiset as a pair (S,v) = (S,v(-)), where S is a set that contains
distinct elements and v = v(-) : § — N is a function that specifies the number of times an element
of S belongs to the multiset. We will also use the notation {{z1, ..., zx}} for a multiset by listing all its
elements. For example, {{2,2,2,3,3,4}} is the multiset (N4, v) where v(2) =3, v(3) =2, v(4) = 1, and
v(k) = 0 otherwise.

Now we introduce a definition that is useful for calculation.

Definition 4.2. A cell type is a multiset (N4, v). A partition type (C,n) is a multiset of cell types,
where C' is the set of all cell types.

Then the expansion of p;, - - - uj,, contains n'™ terms such that each term thll X Xgnrf has a unique
partition type where each cell type corresponds to the exponents of a set of equal indices. For example,
in the expansion of pu1p1popaps, the term X2 X2X2X2X¢ has partition type {{{1,1,2}}, {2,4}}1}},
since X2, X}, X2 have the same index and XZ, X3 have the same index.

Note that the multiset union of the cell types in the partition type equals the multiset of the indices
of the monomial g p1popaps, namely, {{1,1,2,2,4}}. Also note that for instance, the different term
X§X§X§X22X§ in the expansion of oo s has the same partition type even though the positions
of the equal indices changed from {1,2,4},{3,5} to {1,2,3},{4,5}.

For k € N, let U(k) be the number of times pj appears in j;, - - - pj,,. Clearly there is no term in

the expansion of pj, - - - pt5,, with partition type 7" unless
> v(k) =0(k), (4.5.15)
(Npw)eT
for all £ € N;.
Lemma 4.5.6. We have that
Bl i) = 3 ArBr [] B [x757], (4.5.16)
T TeT

where the sum is over all partition types satisfying (4.5.15),

AT:A(C,n) = ((n—Zn(7)>' Hn(’i')') n!,

TeC TeC

and

-1

Br=]] T v > vk |

keNy \(Np,v)eT (Ny,v)eT

Proof. Suppose T' = (C,n) is a partition type satisfying (4.5.15). Since some of the cells in T are the
same, then the number of ways to assign distinct indices from {1,...,n} is Ap. The number of ways to

assign the m positions of u;, --- p;,, to the cells of T is Br. This then completes the proof. O

99



Here we include an example for illustration. If 7' = {{{{1, 1, 2}}, {{1, 1, 2}}, {{1,2, 2}} }}, then n({{1, 1,2}}) =

2 and 5({{1,2,2}}) = 1. So

AT:G;%@ﬂ:%Mn—UM—2L

since we need to choose three distinct indices from [n] for each cell type such that two of them are of
the same type. We also have

5! 4l

Br = 3p131;

since we need to choose the exponents for each cell type, and that is (g) (3) for one and (;1) (f) for two.

This is the key to our method because the contribution of a term to E [u1 1 papops] only depends

[1E [Xlzjefj] .

TeT

on its partition type T, namely

Thus, to evaluate E [p;, - - p;j,.], we can sum over partition types, rather than over partitions. This
is a very large improvement, since the number of partition types is much smaller. As an example, for
% u3u40 the number of partitions is 4,506,715,738,447,323, but the number of partition types is only
360,847.

Proof of Corollary 4.1.3 and Corollary 4.5.83. We will only show the computation of Corollary 4.1.3
here. Similar computations are used in Corollary 4.5.3 and are therefore omitted.
We choose M =12 and K = 13. From (4.1.6), we know that

Mo K K
Y Gk X)) = [#]log ( Y LE [fM(X)T]> t, (4.5.17)

where [t"] signifies extraction of the coefficient of ¢" in the Taylor expansion of what follows. We applied
this using a C program to find E [p;, - - - p;,,] for all required cases (about 268,000 cases with up to 24
factors), then using (4.5.17) in Maple to find cumulants.

For the record, we give the first five cumulants to lesser precision.

i) = B o)
o) = B+ 35+ 85 S92 017,

s (freac (X)) = =33 = 555~ 818507;142 +0 (n7%),

ra (frer e (Xr)) = S + ar +0 (077

ks (frr e (Xgr)) = 15988 Lo ().

As evidence for the correctness of our calculations, all the coefficients up to the n™? term were
predicted in advance using the sequence acceleration method of Wynn [100] applied to the exact numbers

in the Appendix. The last two coefficients also match the numerical evidence. O
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4.6 Tail bounds for cumulant expansions

We prove Theorem 4.3.2 in this section. Let X = (Xi,...,X,) be a random vector with independent
components taking values in S := Sy x --- x Sy,. Let F(X) be the space of bounded real functions on

S, measurable with respect to X, equipped with the infinity norm
[flloe =sup|f(z)l,  f € Foo(X).
x€eS

For a linear operator F' on F(X), we consider the standard induced operator norm

rernx) s
| flleo>0

4.6.1 Expectation and difference operators

For any V C [n], define the operator EV on F,(X) by
EV[f](®) = E[f(X) | X; = a; for j ¢ V],

Informally, EV corresponds to “averaging” with respect to all X j with j7 € V. Since expectation can not
exceed the supremum, we get that |EY || < 1. Observe also that the operators EV and EV' commute
for any V, V' C [n]:

EVEV, — EV'EV — EVUV"

Recall from (4.3.3) that

V. pui... RY% V. gui. .. 9V
Ry = Ry Ry, 8y .—8y 8y,

where 8{; =1 — Rg, and [ is the identity operator. This definition does not depend on the order of
elements in V' since the operators R{J and R{; commute for any j, j’ € [n]. Clearly ||R;;||OO < 1. We also
have that

oy Ry =Ry 9y . (4.6.1)
From (4.3.4), we have that

Ay (f) = sup [0y [f]ll
yeS

By definition, Ay satisfies the triangle inequality
Av(f+9) <Av(f) +Av(g). (4.6.2)
Lemma 4.6.1. For any f € Fo(X), V C [n], and j € [n], we have
Ay (E'[f]) < Av(f), Av(f = E[f]) < Avugy(f)-

Furthermore, if j € V then Ay (B?[f]) =0 and Ay (f — E/[f]) = Av(f).

Proof. We start with the second part, which is the case when j € V. For any y € S, we have that
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RJEI[f] = E7[f] because E7[f](x) does not depend on jth component of x. This implies that
OyE[f]=0 and Oy[f —E[f] = o [fl.

The second part follows.
Now we assume that j ¢ V. Let y € Sand Y = (y1,...,yj—1, X}, Yj+1,¥n). For any W C [n] \ {4},
we have

Ry =E[RY[f]] and (RYE)f]=E|[RYV1).

Therefore, we find that

S (—)IMIRY VU]

wWCv

o) = 3 (~)VI(RYE) () = B E 0¥ RY(f]]

and

oyLf B = 32 )Ryl - i)

wcCcv

> )™ (RY I - BY ““}m])] = E |oy-"7s].

wWcCv

=E

Since the expectation can not exceed the supremum, we get

oY [E7[f]] < <sup 10 [£]lloo = Av(f),

1Y [f — B [f]]Il < sup 19y " [l = Avugy (f)-

Taking the supremum over y completes the proof. O

Let Ds(V') denote the set of all dissections of V' C [n] into ordered collection of s subsets (Vi, ..., Vy),
that is, the sets Vj are disjoint (possibly empty) and V =V, U--- U V.

Lemma 4.6.2. Let fi,...,fs € Foo(X) and V C [n]. Then

Z HAVJ fi)-

(Vh 7‘/5)€DS(V)

Av(fi---fs)

N

Proof. The statement is trivial for s = 1. We proceed to the case when s = 2. For any y € S, j € [n],
and f,g € Foo(X), observe that

A frfo] = fr-O)f2) + O f1] - RL[f).
Applying this analog of the product rule of differentiation several times and using (4.6.1), we get that

oyl = > o ia]- RY [0y fa).

wcv
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Recalling that ||RE/ || <1 and using the triangle inequality and definition (4.3.4), we find that

10y (1 felllse < S 18Y [fllloe - 118y " [fallloo < Y Aw (1) Avyw (f2)-

wev wcv

Taking supremum over y completes the proof for the case when s = 2.

The statement for s > 2 follows from the bound above for s = 2 by bounding

Ay(fi--fs) < Z Aw (f1)Av\w(fa--- fs)

WweVv

and using a simple inductive argument. O

4.6.2 Cumulant identities and bounds

For each j € [n] let

For f1,..., fs € Foo(X), define the joint cumulant

K20 f o f) = (e =D =D T E>J[H fk} (4.6.3)

TEPs Ber keB

where Ps denotes the set of unordered partitions 7 of [s] (with non-empty blocks) and |7| denotes the

number of blocks in the partition 7. We also set
EC™D[f] = kG D[] := f  and &C"Y[fy, ... fo]:=0for s > 2.
Lemma 4.6.3. Let f1,..., fs € Foo(X). The following hold.
(a) k77 is a symmetric function and also a multilinear function, that is,
e fi 4 eafls oo oo fs) = k™ [fro oo ] + cakPI [ fL, foy oo £

for any c1,c2 € R and f] € Foo(X). Furthermore, if s > 2 and fs = E>Jg for some g € Fuo(X),
then k27 [f1,..., fs] = 0.

(b) Letlog(l+t)=> 72 1 ) tk. We have

' o~ K s
T A TR log<1+ K [tlfﬁ];! +t. /) >
k=1

where ty, ..., ts are real indeterminants, and [ty - - - ts] indicates coefficient extraction in the formal

series erpansion.

(c) Let k € {j,...,n+1}. Then

W] = Z Z w9 [5G € Bl kPt S G € By

p= 1{317 "y }EPS
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where
Ii>k[fj cj €4, .. i) = Ii>k[fi1,...,fié].

(d) For any set V C [j — 1], we have

Ay (k7[f1, .., fs]) < (%)8(5—1)! > IT 2v.()-

(Vi,....Va)eDs(V) k=1

Proof. The fact that Kg is symmetric and multilinear follows immediately from the definition. We pro-
ceed to the second part of (a). Consider the terms of the defining summation in (4.6.3) that correspond to
the partition 7/ of [s—1] that results from disregarding s. For any partition 7/ = {Bjy, ..., By}, there are
exactly k -+ 1 corresponding terms. One has s by itself, 7o = {{s}, By, ..., By} with coefficient (—1)¥k!,
and k have the form 7; = {B, ..., Bj_1, BjU{s}, Bj+1, ..., B} with coefficient (—1)*~1(k—1)!. More-
over for 0 < j < k we have HBGTJ, E>J [erB fk] = fs Hle E>J [H%Bi fk} . Since the coefficients have
a zero sum, we get k=I[f1,..., fs] = 0.

Parts (b) and (c) are proved by Speed [93] for random variables when F' is the expectation operator
and G is a conditional expectation operator. It is easy to check that, in addition to the combinatorial
properties of the partition lattice, only the linearity of expectation and the law of total expectation are
used, so the same proofs work here also.

For (d), combining triangle inequality (4.6.2) and definition (4.6.3), we get
Ay fr, L ) < ) (In =11 Ay (H E>j<H fk)) :
TEPs Ber keB
Applying Lemma 4.6.1 several times, we get that, for any W C V,
Aw [ B (T £ | <Aaw(fy).
JEB

Then, using Lemma 4.6.2 twice, we get that

Ay H E> H fil] < Z H Ay, <E>J’

11 fk] )
Ber jeB (Up)per€D)7 (V) BeT keB

< > H%(ka)g( > f[lAvk(fk>-

(UB)BET€D|7—\(V) Ber keB Vi,...,Vs)EDg (V) k=

Applying Lemma 4.3.1 then completes the proof. O

The conditional cumulant of order s is defined by

kI = kBED[f, L f).

s times

Applying Lemma 4.6.3, we derive the following properties of k27,

Lemma 4.6.4. If f € Fo(X), j € [n], and s € N, then the following hold.
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(a) For any k € [n+ 1], k > j, we have

=D W R U ]

p=1{B;,...,B,}€P;

(b) For anyV C [j — 1] and s > 2, we have

n S

Z Z (%)p(p_l)' Z HAMU{k} ( KB, [f]) )

=j p=2{Bu,...,Bp}€Ps (Vis,Vp)EDR(V) 1=

Proof. Part (a) is just a special case of Lemma 4.6.3(c). For (b), applying part (a) with £ = j + 1 and
using triangle inequality (4.6.2), we get

Av (51) < Av @) + 30 ST A (w7 [ s 1))
p=2{Bx,...,Bp}EPs

From Lemma 4.6.1, we know that
Ay (BZRTTf]) < Av (s7771(f]).
Using Lemma 4.6.3(a), we find that

Sl ARV e | B (U <O AR IR AT N rAR ]

=R [(1 — BN S (- Emﬁgﬁm} :

(4.6.4)

Then, applying Lemma 4.6.3(d) and using Lemma 4.6.1 to estimate

Ay, (=B 1) < Avogy (w7271

we obtain that

+3 Y 3)e-u [T 2vou (s77411) -

Estimating similarly Ay (Fafj[f]) for kK = j +1,...,n and recalling that kZ""1[f] = 0 for s > 2, we
prove part (b). O
4.6.3 Estimates when the sums of Ay are bounded

For v € [n], let

So(f):=max > Ay(f).

Throughout this section, we assume that S,(f) is not very big. Namely, for a > 0 and positive

integer m, let

Fr(X):={f € Fu(X) : Sp(f) < a for all v € [m]}. (4.6.5)
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In particular, for any f € F%(X), we have

max A;(f) = 51(f) < .

JEM]

Lemma 4.6.5. Suppose f € F2(X) for some a > 0 and positive integer m. Then, for any s € [m] and
Jj € [n], we have

: o —1)
Hn?]“[f] ~ER )| < 2000
Proof. First, recalling /4;/] 1 — E>i+1 and using Lemma 4.6.1, we get for any V € [7]
Ay (k77711]) = Av (B EMf]) < Av()). (4.6.6)
From Lemma 4.6.1, we also get that if VN {j+1...n} # () then
Av (k7)) = Ay (BT f]) = 0. (4.6.7)

We prove the following statement by induction on s € [m]: for any j € [n] and v € [m — s + 1], we

have

Sy(kZTH[f]) < (s, v) = 2551 B! (” *;2_31_ 3> o, (4.6.8)

If s =1 then we get from (4.6.6) and (4.6.7) that
So(er” M fD) < Sulf] < @ = h(1,0).

Thus, we verified the base of induction.

For the induction step, from Lemma 4.6.4(b), for any V € ([Z]), we find that

Ay (k7S Z Z > (%)p(p—l)! > IT2v0m (Hﬁrlm)

k=j+1 p=2{Bu,...,.Bp}€Ps (V1,..,Vp)EDp (V) t=1

Applying the induction hypothesis, we find that, for any i € [j],

Z Z Z HAVPU{k}( KB [f])

ve(Mhiev (Vi :Vep%/_eDP( ) k=j+1t=1
A

D SHED SHD SRS SRS SRl | PO ait)

v?i ﬁfjfilv k=il V16( ) )V2€(v§il) Vp€ vz[:il) =1

ikeVi kel kv,
< D D> D Avlu{k}( Kl 1 )HSth( |>Bkt+1[f])

S, e )
- p
S Z Z Z Aviugk) < |31 >Hh v+ L [By]) < Z Hh@t—f-l,’Bt\)-
R T ) s,
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Since p > 2, we have that |By| < s — 1 and
1§vt+1<v+1+(5—1—\Bt|)<m—bt+1

Therefore, the application of induction hypothesis above is correct. Estimating similarly the contribution

of the cases when i € Va,...,7 € V), we get

Sy (k2T f <Z > X ﬁh(”t“"Bt')

p=2{Bj,...,Bp}€EP; v1,...,0pEN =1
v+ tvp=v

> Y @&(, ) ¥ I

p=2 by,...,bp>1 v1,...,0pEN t=1

bi+---+bp=s Ul+---+vp=’v
S
3 25bt Lo+ 20 — 3\
Y X G x IE ()
p=2 b1,...,bp=>1 V1,...,0pEN =1
b1+-+bp=s v+ tvp=v
2 5 3 - P 1 —|—2b -3
Zﬁ(v,S)(vféTs) > (Pt Y >, H@(Ut b _tl )
s=1/ p=2 biyobp>1 v1,.,0pEN =1 t

bi+---+bp=sv1+-FVp=v

Z ﬁ<vt+2bt_3)_<v+28_3>
V1,...,0pEN =1 by — 1 s—1
U1+...+vp:,u

We observe that

Indeed, (”+281 3) is the number of solutions (21, ...,x;) € N® of the system z; + --- + 25 = v + 5 — 2.
The same count is represented by the LHS if we split according to the sums within corresponding blocks
of sizes by being equal to v for t € [p].

Next, by induction on p > 2, we show that

)3 ﬁé\< )p_ls% (4.6.9)

b1,..,bp=21 t=1
bi+--+bp=s

Both the base of induction and the induction step for (4.6.9) rely on the following bound:

s—1 52 s—1 1 1 9 s—1 1 1 9 9

vis
Z t2(s—1)2 — Z (? sft) < 22 (t_2 + (545)2) S T3
t=1 t=1 t=1

Combining the above estimates, we conclude the

‘ s 3 9 2 p—1
S.027111) < nloe) Y (3125 (57
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Thus, we established the induction step and proved (4.6.8).
Finally, using (4.6.8), Lemma 4.6.1, and bounding (2S 2) 22572 we get

1621 f] — B2 f]oo < Aj(s271£]) < B(1, 5) < 1001 B g

S
as claimed. O

Lemma 4.6.6. Suppose f € F(X) for some a > 0 and positive integer m. Then, for any s € [m| and
J € [n], we have
; » —1)!
|52 10f) = w29 1f), < 11 - 10051 E s,

s S

Proof. From Lemma 4.6.4(a), we have that

U L UED DD DRl L ANt R AR

p=2 (Blv---vB:D)EPS

Recalling from (4.6.4) that

w2 (WA ) m T Y] = 2 (A U = B U m T )~ B A1)

applying Lemma 4.6.3(d) with V' = ), and using (4.6.9) , we get that

K- B <Y Y GPe- 'HH R~ B f]

p=2 {B17"'7BP}€PS

u s 3.1 1 (=1
XX ()T

p=2 bl,...,prl
bl+...+bp:5

V4
_ s—1(s—1)! § 1-pl 1
=100 ot § ()" 100 5 § Hbg
b1,..,bp=1 t=1
by+--+bp=s

S

1
1(s=1)! 3 1pl (222\"” 1(s=1)!
< 100%™ Ozsg 5 P1o0t—r2 <3) < 0.1-100° 3 ab.
p=2

Using the bound for [k [f] — E/kZ7 ! [f]|loe from Lemma 4.6.5 and the triangle inequality, we
complete the proof. O

Lemma 4.6.7. Suppose f € F2(X) for some a = 0 and positive integer m. Then, for any j € [n], we

B> exp <Z H?”l[fs]!—fi?j [f]) .

s=1

have

m—+41

[e.e]

Proof. First, if a > 1/200, then using Lemma 4.6.6, we get that

m .
Z KZIT [ f]—rZ7
sl

s=1

1121008 15a* < L1-(a+100""'a™) " 5 < (200a)",
s=1
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Therefore,

. LR ES Y Y >5+1 >j
E%7 exp (Z Sl m) Al < (Z sl m) .
s=1 ) 00 s=1 00
i (2000&){(m+1) _ 00t
j=1 ’

Thus, in the following, we can assume that a < 1/200.
Let

m s (it i
F(z) :=E* exp Z Z (HS []i] i m) -1
s=1

and let f1, fo,... € Foo(X) denote the coefficients of its Taylor’s expansion:

oo
F(z) =Y 2fe. (4.6.10)
s=1
. oo Z2°KZH(f] ; 2
Due to Lemma 4.6.3(b,d), the series 37 | == converges for any k € [n] and z € C with |z| < 3171

and
X s>k
s=1

Taking k = j,7 + 1, we obtain that

oo s ,.>j 2] © S 2]
_ exp Z z (H?J+1[Z!] nsj[f]> ~ exp <Z —z Z?[f]> E>i [E>j+1[ezf]} -1
s=1 s=1

It implies that first m terms in series of (4.6.10) are trivial: f; = --- = f,,, = 0. Applying Cauchy’s

integral theorem, we get that

m (it f] =20 00
E”7 exp Z( [flll [f]) —-1=F(1)= Z fs

s=1 s=m+1

S 1 I S G ()
T 2w 7{ Z z’“F(z)d'z T 2w [ (z—1)zmtl dz,
k>m+1

where the integrals are over any contour encircling the origin. We take the circle {z € C : |z| = 2} as
the contour which ensures that |[(z — 1)z™*!| > 1. Using Lemma 4.6.6 and recalling a < 1/200, we

observe that for any z with |z| = 2
m m
F(2)] < 1131007 502 <0011 -5 < 0.02.
s=1 s=1

The required bound follows. O
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4.6.4 Proof of Theorem 4.3.2

Recalling that <7 t[f] = f and kZ"T1[f] = 0 for all 5 > 2, we have

n

m/{s m/{,/‘j+1 /f
P S L

s=1 j=1s=1

Applying Lemma 4.6.7, we find that

exp [ o3 2o U]

j=1s=1
n—1 m 2]+1 >n+1 _=>n
—E e YY) 5 I gen Yo [fs]' K3 [f]]
j=1s=1 s=1 .
n—1 m n
/J"Fl /
= (14+ K1)E |exp Z ar 1] = :H(l—FKJ),
j=1s=1 7j=1

where | K| < e(2000)™ 1 9 for all j € [n]. Since f is real-valued, we also have that K j > —1. Therefore,

exp <f<x> = M)] — (1K),

s=1

E

1/n
where K := (H?Zl(l + Kj)) — 1. Observing that mincp,) K; < K < max¢, K, we establish that
|K| < e2000)™1 _ 1 a5 required.

By Lemma 4.6.6, we have that for any s € [m] and j € [n],
>j+1 ey s—1(8=D!
|£27 e (X)) = 627 [fu(X)] ||, < 1.1-100 —a.

Observing that

ks (F(X)) | < Z 1+ GO = w21 GO

which completes the proof.

4.7 Appendix

4.7.1 Exact values of RT(n) for n < 37

Exact values of RT(n) for n < 21 were found by McKay [72] using a method of summing over roots of
unity. We have extended this to n < 37 by using a recurrence for tournaments with given degrees. See
Table 4.1.

4.7.2 Alternative calculations of some terms in RT(n) via Feynman diagrams

In quantum field theory, a Feynman diagram represents a term in the Wick’s expansion, which is

essentially Isserlis’ theorem for the moments of some Gaussian distribution. Here we use Theorem 4.3.8
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RT(n)

1

2

24

2640

32 30080

4 82515 08480

13 | 9 30770 06112 92160

15 | 240 61983 49824 94283 79648

17 | 85584 72055 41481 49511 79758 79680

19 | 4271 02683 12628 45202 01657 80015 93666 76480

21 | 3035 99177 67255 01434 06909 90026 40396 04333 20198 14400

23 | 31111 25335 58482 03432 16879 55029 99798 94772 74014 27415 01378 56000

25 | 46 41175 34102 33590 76153 19841 21486 62289 71154 35036 87620 35567 90979 81774 06976

27 | 101613 79494 93595 16286 17799 57707 58654 34480 25582 38882 79881 93794 83077 47797 07683
48315 64800

29 | 32874 42487 57440 71437 03099 54561 70730 45735 81860 90338 16899 44155 56007 47117 93383
29715 53931 99301 61725 44000

31 | 158080 31329 37879 48113 48365 61225 94846 34453 23284 20116 08717 95271 39910 78379 57102
46216 62189 55225 10623 95890 69751 74000 64000

33 | 113 55331 66724 13409 50706 27943 25155 74835 60333 94267 70339 22296 31722 43704 16674
54847 32916 31865 21307 04028 02521 10357 42226 17221 58828 67015 68000

35 | 122386 44546 20140 32917 57098 60021 24725 82639 58465 65811 80615 89271 23479 00218 68020
11957 16753 08650 67421 64775 78535 34744 86223 90705 83144 23519 70257 72801 31373 46560
37 | 19868 18615 30379 61435 68362 02070 63930 19820 07449 69481 15232 49050 85973 12501 88142
39611 14080 38454 82389 53944 91763 75862 81845 56861 43415 69406 38026 42548 47415 17715
34651 86485 95415 04000

H
— O ot w =3

Table 4.1: Counts of labelled regular tournaments

as an alternative way of computing some cumulant terms. This method may get complicated for some
cumulants of higher orders, and we only compute up to error O (n*?’) for illustration.
Recall that for z # 4+ /2, the Taylor series gives that

oz 2t 25 1728 10
logeosz = =5 — 75 — 5 — 555 1 O (") -

So

1 1 17
frra(x) = —15 (@j—z)' = D (@i—am)’ =5y D (5 — ).
1<j<k<n 1<j<k<n 1<j<k<n

Let Y be a Gaussian vector with density

(%)W exp (—gy’y> :

. .1
and covariance matrix ﬁI . Define

Xjk = Y} - Yk.

111



Then Xj;, ~ N (0,2/n). Then we have, by the linearity of the expectation, that

k1(frra(Y)) = E[frra(Y)]

—% X B-§ T BN -gn X B

1<j<k<n 1<j<k<n 1<j<k<n

n 1 2\2 1 23 17 2\4 1 5 13 1
— —N (& — 5l (£ — 7N (& _ = _ = _ == —
= <2> (123" (n) + 259" (n) + 3590 " (n) =73 " 6n 3n2+0<n3>’

where we use
E|X2%| =21 2 ‘
k| = (20— n

for integer ¢ > 1.

For cumulants of higher orders, we use Theorem 4.3.8 to compute by constructing an auxiliary
graph, and considering pairings. Note that in order for the cumulants to be non-zero, variables cannot
be divided into two subsets that are independent. Therefore, in our case, the indices of the variables

need to have some common elements.

Claim 4.3. We have

Moreover,
13 35 1
r2(frra(Y)) =g, + 32 + O (W) :

Proof. In order to evaluate n(ij,

a multisit containing 4 copies of jk.

X;-lk,), we choose P as a multisit containing 4 copies of ij, and P» as

Recall the definition of G in Theorem 4.3.8, we have its vertex set is {1,2}, and a pairing is a

matching of elements in P; U P with 4 pairs. There are the following two types.
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Therefore, we have

4 4N _ o . .
/‘G(Xijijk) = E Ojiydig """ iy Ji,
{(41,92),(43,34) 5., (k1,01 YEIT

4\? 2 4 4\° 1 [2)\2 1
= 2(2> O'ij,ijo'jk,jko'ij,jk + 4!0ij,ij = 2<2> m (ﬁ) + 4'F,

where in the first term: the factor (3) is by choosing pairs within each “blob”; the factor 2 in the front

is the way of pairing two ij’s with two jk’s; and 0%7 =1 /n?; similarly in the second term we have 4!,
Note that K(X%,X;Lk) and n(Xij, X ,ﬁj) are with the isomorphic diagrams, and will not be treated

separately in our computation, as Jgj k=

not be able to have this simplification, and the computation of ko (f(X)) needs to take this into account.

02-2]- k- However, for the cumulants of higher orders, we may

For R(X;lk, X;lk), we have the following pairing types.

And similarly for /f(ij, Xjﬁk), we have the following types.

Therefore, we have

X)) =r |5 Y Xtz > Xy | +0(w)

1<j<k<n 1<p<gsn

1 2 2 1
— ke Y Xt Y Xt ois Y (X% 0 (k)

1<j<k<n 1<i<j<k<n 1<i<j<k<n
_(n\ 11536 |, lnls312 1 1 5040 (1) _13 13 24 (1
= <2> 12 1 T2 ozt P2 s T O <n3) =%n 22 T2 TO (n3)

The reason why we ignore the contribution from Xigj is that its contribution will be at most with some
X;-Lk, that is s (X} X]gk), which is of order O (n_G), and summing over i, j, k gives O (n_3). Similarly,

@5
the contribution of r (X ka), H(X%, ka), and H(Xigj, X]Sk), all get absorbed in the error. O

75
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Claim 4.4.

We have
A 3 3
K (X5, X, Xip) = 2) 22 x2x2x3+ x 22 x 23442 x 31 T)3x2x2+ ) 23
4\° 1 /2\2 1
’i(X;lﬁX?kanz): 9 2><2m(n> =63 x 2=

Moreover,

ka(F(X) = =23 +0 (55)

Proof. For k (X%>X;1k7X;1€

), we have the following types.

e
PELLEET
.

e,
Ve .,

TS
- "
.
. .
‘e
.
.
s |
<
.
B
.
.
-"

.
.
LI

Similarly, for x (ij,

X;-lk, X%Z), we have the following types.

e,
et .,

‘e
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Therefore, we have that

—r3(frra(Y)) = k3 % > X;'lkJF% > Xy +O<#)

1<j<k<n 1<p

_ 6 ()(4 x4 )(4) +,_§_

— 123 PR Aikr Aie) T 123
1<i<j<k<t<n

6 ([n] []
= e ({5 o)+ B

Combining all above, we have

w1 (frra(Y)) + Sra(frra(Y)) + grs(fara(Y))
1 5 13 1

13 13 24
=3 G a3 (e )

This matches the result in Corollary 4.1.3.
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<q<n

S e (X Xh Xl + 0 (35)

1<i<j<k<t<n

X;-lk,Xﬁg)> 40 (%)

240 (3)-



Chapter 5

The non-existence of small

subhypergraphs via perturbation method

5.1 Introduction

For all integer n > 1, let [n] denote the integer set {1,2,...,n}. Define the binomial random r-uniform
hypergraph H,(n,p) to be the r-uniform hypergraph (r-graph for short) on the vertex set [n] such that
each r-element subset (r-set for short) is an edge independently with probability p. We use H,(n,m)
to denote the random r-graphs on n vertices obtained by choosing uniformly at random from the ((:i))
r-graphs having m hyperedges.

We use vy and pug to denote the numbers of vertices and hyperedges of a hypergraph H respectively.
A hypergraph Hy is strictly balanced if all its subgraphs are strictly less dense than Hy, that is, we have

for every proper non-empty subgraph H; of Hy. Let R be some fixed finite set of strictly balanced
hypergraphs with each having at least two hyperedges. Our focus is the asymptotic probability that a
random hypergraph does not have a subhypergraph that is isomorphic to any hypergraph in R, that
is, the probability of H,(n,p) is R-free. With certain restrictions on p, we show that for H,.(n,p),
the probability that there are no copies of any hypergraphs in R is the exponential of an approperate
truncation of a power series in n and p, with error factor (1 + o(1)). For H,(n,m) the non-existence
probability is given in the same way, but by a different power series in n and d, where d = m/ (:f), under
corresponding restrictions on d.

We adapt the perturbation method introduced by Wormald [103], and its extension [98|, both of
which deal with the graph case. We keep track of the distribution of a set of clusters in a random
hypergraph, where clusters are edge-overlapping groups of copies of hypergraphs in R; and obtain the
ratio of the “adjacent” probabilities of having “perturbed” cluster counts, where the number of a cluster
differs by 1 for one cluster type. By deriving recursions for ratios of occurrence probabilities of different
types of clusters, we investigate the probability of no occurrences of hypergraphs in R. All our basic work
is in H,(n,p), the hyperedge-independent (binomial) model for random hypergraphs. By considering
recursions involving both R and isolated hyperedges, we obtain results for H,.(n, m).

We follow quite closely the method [103, 98|, and extend the framework to the more general hy-

pergraph setting. In particular, the ratios of occurrence probabilities are obtained by a more explicit
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iterative procedure, and simplifications are made to derive the polynomials and asymptotic formula.
Let x > 0 be defined by

I/H_I/HI
=x(R) = H) = T 5.1.1
X = X(R) = pas XU = ok 0% o —ran (5-11)
ppr=1
V>Vt

The extension value of a hypergraph H, denoted by x, is defined by

VH =Vt KH— K
x(H,n,p):= max n"H VH'ptH"HE — max (ntH F a' p . (5.1.2)
H'CH H'CH
ppr=1 pgr=1
V>Vt v >Vt

We also define z(R, n, p) = maxpger (H,n,p) for a set of hypergraphs R. We restrict our consideration,

for the rest of this chapter, to p = p(n) such that, for some € > 0,
p=0(nX7). (5.1.3)
Under this assumption, in view of (5.1.2), we have that
z=z(R,n,p) =0 (n™%). (5.1.4)

The reason for this restriction on p is that our analysis relies on a copy of any H € R being unlikely
to overlap edge-wise with any other copies of H' € R, and therefore the set of types of clusters likely
to occur and the clusters themselves are of bounded size. For a fixed hypergraph H and any of its
subhypergraphs H', let ®(H’, H) be the expected extension count of a fixed “rooted” H' to a copy of H
in H,(n,p), that is the expected number of subgraphs of G € H,(n,p) that are isomorphic to H with
E(H') C E(G), conditional on E(H') C E(G). Then

n—vyg

o(H' H) =0 PR ) = @ (nYH Vi pi i) (5.1.5)
()

vg — Vg
Therefore, if p is larger than n=X, there will be subhypergraphs consisting of arbitrarily large numbers

of copies of H “chained” together by shared hyperedges for some H € R.

Theorem 5.1. Let R be some fized finite set of hypergraphs. For any e > 0, if p = O(n_X(R)_E), then
there exist constants iy > 0, j; > 0 and ¢y (all depending only on R), such that

M.

P (H(n,p) is R-free) = exp <Z contplt + 0(1)) , (5.1.6)
(=1

where the bound implicit in o(1) is uniform over all such p (but depends on €), and M, is a constant

depending only on € and R. A similar result holds for H,.(n,m), for which we set p = (’;)Am.

The series in the exponent of (5.1.6) is obtained by considering non-negligible contribution from
clusters as corrections of the Poisson approximation, and the terms in the series up to any point can
be explicitly computed by the description given in the proof. It is shown by Ruciriski [86] that the
distribution of subgraph count in random graph is asymptotically Poisson for p up to when x = o(1),

which also reveals partially the necessity of the constraint on p. In fact, by keeping track of the
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numbers of clusters, we obtain stronger results, giving approximation of the conditional probabilities of
avoiding certain sets of clusters given the counts for smaller ones.

It may be possible to modify our approach for hypergraphs that are not strictly balanced. In
some cases, for instance where Hy has a unique densest subgraph, the desired result can be deduced
immediately from our results. However, other cases are more delicate, with different subhypergraphs of
Hj ‘competing’, for which simply considering the extension value (5.1.2) may not be enough, and more
constraints may be needed.

We illustrate our method by obtaining the asymptotic probability of a random hypergraph being
linear. Linear hypergraphs have been well studied in many contexts (sometimes under the name ‘simple
hypergraphs’). A hypergraph is linear if every pair of hyperedges intersects in at most one vertex.
We accordingly define a set Hg of ‘forbidden’ hypergraphs containing all r-graphs having two distinct
hyperedges e; and ey and vertex set e; U eg, such that 2 < |e; Neg| < r. Then the probability that a
random hypergraph is linear equals the probability of avoiding all copies of all ‘forbidden’ hypergraphs
in Ho.

The asymptotic probability that there are no copies of any hypergraphs in R for H,(n,p) was also
obtained by Mousset, Noever, Panagiotou, and Samotij [77], which was utilised to give asymptotic
linearity of H,(n,p) by Zhang [104]. They both need the same restriction (5.1.3) on p. However, their
methods cannot give results for H,.(n, m).

We extend the results by McKay and Tian for fixed r to the wider range of p given by constraint
(5.1.3). In view of (5.1.3), we have the constraint p = O (n*7"~¢) with some £ > 0 for Ho. Then the
probability of a random hypergraph being linearity follows as a direct corollary.  Recall that £,(n)

denotes the set of all linear r-uniform hypergraphs on n vertices.

Corollary 5.2. Let r > 3 be fizred. For any e > 0, if p = O(n?>~"7¢), then there exist constants iy > 0,
je >0 and ¢; (all depending only on the value of r), such that

M.
P (H,(n,p) € £,(n)) = exp (Z empit + o<1>> , (5.1

/=1

where the bound implicit in o(1) is uniform over all such p (but depends on €), and M. is a constant

n\ —

depending only on € and r. A similar result holds for H,(n,m), for which we set p = (T) L.

The result by McKay and Tian has thus been extended for all p such that p = O(n?~""¢). The
explicit formula for a particular p requires computations that are described in the proof. Next we
consider a specific case, by restricting to r = 3, and computing only the first a few terms of the series
explicitly for illustration purposes. This extends the range of p for the asymptotic linearity of Hs(n,p)
and Hs(n,m) given by McKay and Tian.

Theorem 5.3. Ifp=o0 (n*7/5), then

1 2 55 3
P (Hs(n,p) € L3(n)) = exp (—Zn4p2 + §n5p3 - ﬂn6p4 + §n3p2 + 0(1)) . (5.1.8)

Theorem 5.3 matches the one obtained by Zhang in [104].
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Theorem 5.4. Ifm =o (n8/5), then

P (Hs(n,m) € L3(n)) = exp (—%n4d2 — %nf’d?’ - ﬁn6d4 + %n3d2 +o (1)) , (5.1.9)

where d = (g)flm.

For r = r(n) > 3, McKay and Tian [74] obtained the probabilities of random hypergraphs H,(n,p)
and H,(n,m) being linear for p(:f) =0 (r*3n3/2), and m = o(r—3n?/?), respectively using switching
method, whose approach is also to consider ratios of probabilities. For the case when r = 3, they
obtain the first two terms in the exponent in (5.1.8) with error O (p_1/2 (g)_1/2 log3n—|—n3p2> for
p=o0 (n_3/2); and similarly, for m = o (n3/2), they obtain the first two terms in the exponent in (5.1.9)

with error O (m2n73).

5.2 Clusters and recursions for maximal cluster counts

Our basic setting is an extension of the graph case treated in [98] to hypergraphs. Let £ be some finite
set. A family K of subsets of Q is called a clustering if Cy € K, Co € K and C; N Cy # () imply that
Ch1UCy € K. The elements of K are called clusters. We will consider the case and assume henceforth in
this chapter that Q = Q(n) is the set of r-subsets of an n-set, or equivalently, € is the set of hyperedges
of the complete r-uniform hypergraph K, , on n vertices. Throughout this chapter, we take a fixed
finite set of hypergraphs R with |E(H)| > 2 for all H € R, and investigate the distribution of the
subhypergraph counts of hypergraphs in R in a random r-uniform hypergraph on n vertices, that is, a
random subset of €),,.

Every edge set of subhypergraph of K, , that is isomorphic to any hypergraph H € R is called an
elementary cluster. We deal with the minimal clustering that contains every elementary cluster and call
this the R-clustering of 2. Equivalently, a set of hyperedges J C € is in the R-clustering if and only if
there is a sequence Ji,...,J; of subsets of {} such that each J; is an elementary cluster, U§:1 Jj=J,
and Jg N (Uf:ll Jj) # () for 2 < k < i. We also consider R*-clustering, which consists of the clusters of
the R-clustering, together with all the 1-element subsets of 2, recall that we assume that |E(H)| > 2
for all H € R.

For H C Q, a cluster of H is any cluster in clustering IC that is contained in H. A maximal cluster
Q@ of H is a cluster of H which is contained in no larger cluster of H. Equivalently, if the maximal
cluster Q € K is a subset of H, then for every J € K with J C H, we have either J C Q or JNQ = (.

Being a subset of €1, a cluster induces a subhypergraph of K, ,. The isomorphism class of the
subhypergraph is called the type of the cluster and also of the subhypergraph. The set of types will be
denoted 7T, and we use 7 to denote the function which maps a cluster or the corresponding graph to its
type. Given t € T, we use the notation €, := {S C Q: 7(S) = t}.

We will specify a non-empty finite set S of types of clusters which is closed under taking subsets,
that is, if 5,5 € KC, 7(S) € S and S’ C S then 7(S) € S. Let s = |S| be the number of types in S. We
will use t* to denote the type of the single edge cluster, which appears in the R*-clustering. The types
in S and clusters of these types are called small, and any type or cluster that is not small is called large.
Let £ be the set of large types. An unavoidable cluster is any large cluster which is the union of a small
cluster ) and a set of small clusters all pairwise disjoint with each having non-empty intersection with
Q. The set of types of unavoidable clusters is denoted by U. Note U C L.
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To record how many subhypergraphs of every small type are present in a given hypergraph, we
consider the set F of cluster counts, by which we mean all non-negative integer functions defined on S.
For any H C Q, define s (t) to be the number of maximal clusters of H of type ¢ for each ¢t € S. Note
that sy € F. The function §; € F has value 1 at type ¢, and 0 elsewhere.

For each f € F, define the set Cy to consist of every r-graph H on n vertices with no large clusters
for which sy = f, that is, with exactly f(¢) maximal clusters of type t for each t € S. We write P (f)
for P (H,(n,p) € Cy) for simplicity.

For types u,t € S, a fixed J of type u, and h € F, we define

clu,t,h) = > pl@NHI(1 — p)IQ\H (5.2.1)

QCJ, T(Q)=t
I\QCHCJ, spy=h

which simplifies, when v = ¢, to

c(t.t,h)= > pHla—pL (5.2.2)
HCJ, sg=h

Note that c¢(u,t,h) = O (1) always; c(t,t,0) = 1 + O(p); and c(¢,t,h) = O(p) for h # 0.

Recall that vg and pug denote the numbers of vertices and hyperedges of a hypergraph G. We extend
the notation to arbitrary subsets H of {2, such that vy is the number of vertices of the hypergraph
induced by H and pg is the number of edges. For a cluster H of type t, we also use v; and pu; for the
numbers of vertices and hyperedges respectively.

For any ¢t € T, let @Q be a cluster of type ¢ and |aut(Q)| be the number of automorphisms of the
hypergraph induced by @. Then the expected number of copies of the subhypergraph induced by @ in
H,.(n,p) is

[n] vQ

At = |Efphe = Taut(Q)]

pHe = O(n"ephe), (5.2.3)

for every positive integer ¢ < n, the i-th falling factorial is denoted by [n); :=n(n—1)---(n — i+ 1).
For all f € F and t € S, we compare the distribution of cluster counts with the corresponding

Poisson distribution to obtain correction factors defined by

V(fot) = f“;t“ . Pg&it). (5.2.4)

If the numbers of copies of each small type were independent Poisson variables, then all the s would be
exactly 1. Showing ~ys are all close to one indicates that the cluster counts are approximately Poisson.
We first introduce a lemma giving approximate recursions for the correction factors. This is an

extension to the hypergraph case, and slight reformulation of Proposition 2.1 in [98].

Lemma 5.5. Forall f € F andt € S,

200 = ks 1200 - (&5 ) 525

where
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(al) X(f,t) is defined by

S(f)= Y cluth)3E(f th - fm (5.2.6)

u€eS
h,f—heF

(u,h)#(t,0)
where t; and f; depend on h, and satisfy (a2) and (a3);
(a2) for each h, we have that ti,. ..ty is a sequence in S such that h = Zle Ot 5
(a3) for eachi € [k], fi=f— Z;Zl Ot 5

(a4) we have

11|

0(f,0)< > S P(f-sm) (—ﬁp) . (5.2.7)
Ler(L)et QCL, 7(Q)=t
L\QCHCL

Proof. For any f € F and any cluster @) € K of type ¢, we consider all the possible hypergraphs resulting
from adding @ to hypergraphs in Cy. Given a pair (E,Q), where E' = E(G) is the edge set of G € Cy,
let J be the maximal cluster of £ U @ containing Q.

Recall that €, denotes the set of subsets of 2 which can form a cluster of type t. Then classifying
E U Q@ according to the type of J, and also according to h = sgny, gives that

GIP(f) =D (flu) —hw)+1) > > (%)'Q\H‘ P(f—h+06,)+0(f,0), (528)

;Z,Lg.% QCJ:T(Q)= tJ\EQHCh;LCJ
where the exponent of the factor (1 — p)/p arises because we need to remove |Q \ H| edges in J to
reconstruct the graph G' € Cy from graph EUQ. The 6 term and the bound (5.2.7) arise from observing
that if adding @ to the hypergraph G such that J is a large cluster L, then it must be unavoidable since
G € Cy has no large clusters, then the resulting graph will be in f — sg, and therefore |H| edges need
to be added for reconstruction of G.

Multiplying (5.2.8) by p#t gives

MNP (f) = (f(u) = h(u) + 1) > PRl — p)IQVHIP (£ — b 4 6,) + p™0(Ff,6;). (5.2.9)

u€eS QCJ:T(Q)=t
heF J\QCHCJ, sy=h

Isolating the term with (u,h) = (¢,0) in the summation and plugging in c(u,t, h) defined by (5.2.1)

yield
(F(0)-+1)P(f+3) L JW)—h(w)+1 PU—h15) PU-R)  8(£60)
clt O =1 Y elu S S -
h,fu—ehse]-'
(u,h)#(t,0)
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Rewriting using the correction factors defined by (5.2.4) gives

Ay P(f-h 0(f,6
cttOn(f)=1- 3 et 3~ b B - ety (5:210)
h, fu—ehsef
(u,h)#(t,0)
Note that for each h, there exists H with sy = h containing pairwise edge- disjoint clusters Ji, ..., Jg

of types t1,...,tr, which may not necessarily be distinct, such that h = Zl 1 0¢,. Here and henceforth,
we choose such a sequence ty,. .., canonically for each h such that c(u,t, h) 75 0 for u,t € S. Then

the recursive formula (5.2.5) follows by rewriting the ratio as a telescoping product:

k i k i k
P/~ _pp PU=Eindy) iy
b = erstsy - Mass g - sy 620

and therefore completes the proof. O

The assumption on p = p(n) we will make for now is, for some fixed € > 0, that
p =nX7etol), (5.2.12)

This assumption will be relaxed to obtain asymptotic results that hold uniformly over more general
p=p(n) =O(n"X"¢) at the end of Section 5.4.

The set of types admits a partial ordering, and it is by defining ¢ to be strictly less than « in the
poset S, denoted by t < wu, if and only if any cluster of type uw properly contains a cluster of type t.
Note that if t < u, then a cluster of type u can be obtained from a cluster Q of type t by a sequence of
non-disjoint unions of elementary clusters Q, ..., Qg, where @); is the edge set of a hypergraph that is
isomorphic to some G; € R, and Q; € QU (U;;%) Qj>. Then recalling the definition of ® and bound
(5.1.5), for G € H,(n,p) and t < u, by extending from type ¢, we have the expected number of clusters of
type v in E(G) can be bounded above by a finite sum whose terms are all of the form \; Hf:o ®(H;,G;)
where H; is a hypergraph with edge set Q; N (Q U (U o ])) In view of (5.1.2), ®(H;,G;) = O (x)
for all 4, since H; is a non-empty proper subset of the edge set of an elementary cluster and there is
a bounded number of ways to distinguish one of the subgraphs of G; isomorphic to H;. Recalling x
satisfies (5.1.4), therefore, we have that

. Ao
if t < u, then = O(z). (5.2.13)
For a given R and € > 0 such that p satisfies (5.1.3), we define the set S of small cluster types to be

S={t:v/u>x+¢e} (5.2.14)

Then in view of the assumption on p in (5.2.12), for each t € S, we have
At = O (n"tpht) = pYeXHe—epto(l) (5.2.15)
and therefore A, > n°M) for all ¢ € S. Note that the set S depends on ¢ and R, and its size is finite by

(5.1.4) and (5.2.13). Moreover, its size is bounded for ¢ bounded away from 0.
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In view of (5.2.14) and (5.2.15), we have

Az i=sup Xy = O (n™°F) (5.2.16)
teS
for some constant €, > 0.

We further define two subtypes of clusters:
(t1) So:={teS: v/ =x+e¢},
(t2) Sl =S \ SQ.

Then we have for all t € S, that A\; = ©(nT°W) for some ¢ = ¢(t) > 0; in particular, ¢ = 0 if t € Sy.

For technical reasons, we assume additionally that p satisfies
n'p>n (5.2.17)

for some €” > 0. This implies that the expected number of edges in the random hypergraph goes to
infinity at a reasonable rate. Without this assumption, each term in the power series goes to zero, since
the expected number of copies of any connected hypergraph with at least two hyperedges goes to zero,
and therefore the probability is asymptotic to 1. Moreover, this assumption implies that in the case of
the R*-clustering, the single edge cluster is in S.

It would be sufficient to obtain estimates of correction factors for restricted cluster counts in our
method. Let Fg C F be the set containing all f € F such that for all ¢ € S,

f(t) < mu, (5.2.18)

where

3\ ifte Sl,
Atlogn if t € Ss.

5.3 Iterative approximations of correction factors

The iterative approximation scheme we use here is essentially the same as that in [98], which is in a
less general context. The similar analysis here is in a viewpoint of contractive mappings that is not
emphasized there. To recursively calculate the correction factor v(f,t) using its definition, we need
to keep track of v(f,t) for each f € F and t € S. Instead we consider a simpler approximation in a
compact form, not depending on f explicitly. Let g = (g1,...,9s) denote a vector of variables. (Later
gi is substituted by scaled cluster count f(i)/\;.)

Recall that for each h, we have that tq,...,%; is a sequence in S such that h = Zf 10t In view
of the definition of y(f,t) in (5.2.5), we define formal power series I'y (n,p,g) in n,p,g1,...,7s, for all
t € S, recursively by

I,(0,0,0) = 1. (5.3.1)

s

k
Ft:m 1-— Z uthA—“ 1:[

u€eS
heF

(u,h)#(t,0)
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Here we treat n and p as independent formal indeterminates. To see this properly defines formal power

series, recall from the definition that
(1) c(u,t,h) is a polynomial in p;
(2) for all t € S, \; is a polynomial in n and p;
(3) ¢(t,t,0) =1+ O(p);
(4) for h # 0, c(t,t,h) = O(p);

(5) c(u,t, h)Ay, /A has no constant term for u # t. (For ¢ < w, A, /A is a polynomial in n and p with

terms of the form p“«~Ftn! since i, > pu.)

It follows that there exists a unique formal power series I'y(n,p,g) for all ¢ € S defined by (5.3.1),
and it has constant term 1 for each ¢t € S.

In view of (5.3.1), we accordingly introduce an iterative procedure which is essentially described in
[98]. Successive approximations to {I'; };cg, in the form of power series in n, p, g, are defined as follows,
for each t € S:

(1) T\ = 1;

(r2) for every r > 0, given series {FSLT)}UGS,

(r+1) _ 1 =(r+1)
Y = i (1 -5 ) , (5.3.2)
where
o=y c(u,t,h)A—’:rg”HFT%). (5.3.3)
u€S i=1"ti
heF
(u,h)#(t,0)

Then the current series on the right side give rise to updated series on the left side.

Given f € F, for each t € S, we approximate (f,t) by

_ ~ L~ ~ ~ 1 s
T = Tl p), with B = @) = (S B2, (5.3.4)
which is in turn approximated, for some suitable r, by

7 (f) =T (n,p,8) - (5.3.5)

Then, given numerical values of n and p, 7,(-) maps f € F to numbers, whereas I'; is a power series in

g.

Since f € F and we take p to be a function of n such that x = z(n,p) = O(n™¢) by (5.1.4), we
have that for given n, p and f satisfying these constraints, there is a unique value of 7,(f) determined
from the series I'y and (5.3.4), as long as n is large enough. One way to see this is to consider an initial
approximation WEO)( f) = 1 for each 7,(f), and then, iterating the approximations using (5.3.2), with

gt set to f(t)/A¢ in (5.3.3), the current values of ﬁgr)( f) on the right side giving rise to updated values
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on the left side. We will show that this in a sense determines a contractive mapping which has a fixed
point near the initial approximate solution.

In order to do this, we start with some necessary results, following [98] closely. First rewrite (5.3.2)

as
i 1
Dy=1+uwo(t)— Y, wut,h,]] o (5.3.6)
u€S i=1 "
heF
(u,h)#(t,0)
with
1 uc u,t,h)
wo(t) = o) 1, w(u,t,h)= Ne(LL0) Hgt (5.3.7)

In view of (5.3.4), here (5.3.6) defines 7, as a power series in the ws, which, if substituted appr-
operately as power series in n, p and g using (5.3.7), results in the same series as defined in (5.3.1).
Let w(u,t, h) denote the value of w(u,t, h) obtained if we replace g, by g, in (5.3.7), and similarly, set
wo(t) = wo(t).

Next is a reformulation of Lemma 2.4 in [98] for the present setting.

Lemma 5.6. Suppose that0 < g = g¢(n) = O (no(l)), with g¢ = O(1) for allt € Sy. Then wo(t) = O(p)
and w(u,t,h) = O(z) for each term in (5.3.6) uniformly.

Proof. Since k is bounded in (5.3.7) and ¢(¢,¢,0) =14+ O (p) = 1 + o(1), then wy(t) = O(p), and

k
F(u,t,h) = O (%t”‘) (maxﬁti> ) . (5.3.8)

e Firstly, if A = 0, then k = 0, and u > ¢ by the condition in the summation. So w(u,t,h) = O(x).

e Secondly, suppose that h # 0 and u = t.

— If h = ;= (recall that ¢* is the type of the single-edge cluster), then c(u,t,h) = O (p) and
t* € S;. So, using the hypothesis of this lemma, the maximum in (5.3.8) is O(1), and thus
w(u,t,h) = O(p) = O(x).

— In all other cases, if c(u,t,h) # 0, then c(t,t,h) = O(p?) since sy = h implies |H| > 2
By (5.3.8), again w(u,t,h) = O(x).
e Lastly, suppose that h # 0 and u > t.
— If t; € Sy for all ¢ € [k], then the maximum in (5.3.8) is O(1), Since A,/A\; = O(z), then
w(u,t,h) = O(x).

— If there is t; € Sg for some ¢ € [k]. Since J\ Q C H C J, so H contains only sub-clusters
of cluster J of type v € S, then we must have t; = u, h = J,, and hence Q C J and
QN H| > 1, and so c(u,t, h) = O(p) = O(z). Since the maximum in (5.3.8) is O(n°M), the

bound obtained is O(z2n°()), and the result follows in this case.

This completes the proof. O
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Recall that 7,(f) defined by (5.3.4) is a function of n, p and f. We estimate it by a reformulation

of Lemma 2.5 in [98] with the proof essentially the same.

Lemma 5.7. For f € Fg and p satisfying (5.1.3), the series definition of 7,(f) in (5.3.4) converges
absolutely for n sufficiently large, and

Y:(f) =1+ O(x). (5.3.9)

Proof. For any t € Ss, it follows from the definition of g;, the upper bounds (5.2.19) and (5.2.18) on
f(t), that g; = O(n°M). On the other hand, if ¢ € Sy, then 0 < g < 3. Thus the conditions of
Lemma 5.6 are satisfied.

For polynomials or formal power series P and ﬁ, denote by PT the formal power series obtained
by replacing all coefficients of P by their absolute values, and write P < P if the coefficient of any
monomial in P is no greater than the corresponding coefficient in P. We will use the obvious fact that
if P* is absolutely convergent (for a particular assignment of the indeterminates) then so is P.

With (5.3.6) in mind, define the power series I'* for each t € S by

k
=1tui+ Y wuth) T [ 5= (5.3.10)
u€eS i=1 K
heF
(uh)£(1.0)

which by induction has a unique solution in formal power series with constant terms all 1. Then

1 .
5T — >y -1y

% §=0

and so by induction, all coefficients of I'} are nonnegative for each ¢t € S. Thus

oo > 0 _(1-Ti) =5

t 520 ’
and, again by induction, comparing (5.3.6) with (5.3.10) gives
Iy <Ty; (5.3.11)

for each t € S.

Now consider summing the terms of I'f(n,p, g) for p and f as in the lemma, when n is sufficiently
large. It is immediate from the proof of Lemma 5.6 that w(u,t,h)* = O(z) and wg = O(p) = O(x).
It is now straightforward to verify from (5.3.10), by a sequence of successive approximations beginning
with I'} = 1 for all ¢, that

I'y(n,p,g) =14 O(x). (5.3.12)

The lemma now follows since from (5.3.11), and the fact that the constant terms in all I's and I™*s are
all 1, Ty — )T <y — 1. O

Next is a reformulation of Proposition 2.2 in [98].
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Claim 5.8. Uniformly for allt € S and f € Fg, we have

Y(f,t) =1+ 0 (¢y) (5.3.13)
and

0(f,6t) t)\

b — ¢ (¢Af) ; (5.3.14)

where ¢ = n°Y for t = t* and ¢y = 1 otherwise.

Proof. We will prove that for some sufficiently large constants C' and C” (not depending on f,¢,n, or

p), and some function 1 < ¢* = ¢*(n) = n°1) such that, for n large enough and all relevant f and ¢,

<O (5.3.15)
and
y(fit) = 1| < C'du < 1/2, (5.3.16)

with ¢y = ¢* for t = t* and ¢; = 1 otherwise. = We use an induction on f € F in the lexicographic
order, that is, g < f if and only if ¢ # f and g has a smaller value than f in the first entry at which
they differ.

(i) The bound (5.3.15) involving 6:
First recall the bound on 6(f,d;) in (5.2.7). Since the number of clusters of the complete r-graph
K, , that are isomorphic to a given cluster L is O(n"L), and the number of types of unavoidable clusters

is by definition bounded for p satisfying (5.1.3), we have

e(faét) VL —V, p H] P(f_SH)
e =0 ma w e (1) S

T(Q)=t, QCL
L\QCHCL

M)\ i PU=sn)
e O( 2y )p' i (5:317)
T(Q)=t, QCL
L\QCHCL

I
Q
_

where the second equality is by noting
H| > L]~ 1Ql, A =0 (nepl?) , and Az = O (npl).

In the case f = 0, we may assume sy = 0, since otherwise, Cs_,,, is empty. Since 7(L) ¢ S, we
have (5.3.15) for sufficiently large C.

For the case 0 # f € Fg, we may suppose the claim has been shown when f is replaced by any
g < f. Denoting a general term in the maximum in (5.3.17) by M, since 7(L) € U C L, it suffices to
show that M = O(Ayz)/At), or M = O(no(l))\T(L)/)\t) in the case of the R{-clustering, that is, when
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t = t*. Applying the same telescoping technique in (5.2.11), we have the ratio of probabilities

H s v f“ y (5.3.18)

where sy = Zle O, and f; = f— Z;Zl d¢, for all i € [k]. By definition, an unavoidable cluster has size
at most R(R — 1), where R is the size of the largest small cluster. Hence, the number of terms in the
product (5.3.18) is at most R(R — 1).

Note also that each f; occurs before f in lexicographic order, and (5.3.16) inductively implies 1/2 <
Y(fj = Ou;>0u;) < 3/2 for all j > 1. Suppose firstly that, in (5.3.18), t; € Sy for all i. Then by (5.2.18),
fi(ti)/ Ay, < 3 for all i, so we have that the product in (5.3.18) is O(1) and M = O (Ayp)/ M), as
required.

If there is some j' € [k] in (5.3.18), for which ¢; € S, then A, = n°1). There are two subcases to

consider.
e Firstly, if H N Q # 0, then pl7"Rlpe) < pneM) = o(1) and hence M = O(Ar(r)/ M) as required.

e The second subcase is H N Q = (). Then H contains a cluster Q" of type tj, disjoint from Q. It
follows that there is a sequence 1, ...,y of elementary clusters, each nontrivially intersecting
the next, with Q1NQ’ # 0, Q,NQ # 0, and Q, # Q. Note that here we only claim that Q1,...,Qy
are elementary clusters in H, and H may not necessarily be the union Q' U (UleQi). We will

consider two subsubcases of this second case.

— Suppose firstly that Q Z Q, and so Q" := QU (Uf_,Q;) is a cluster satisfying Q' C Q" C L,
where the inclusions are proper and 7(Q') = ty. It follows that A,y = O\, ) =
O(n°Mz) since tj € Sy. Thus 7(Q") € L, and hence by the definition (5.2.16) of Az, we
have Ar(gny < Az. Similarly, -1y = O(xA;(gr)) = O(xAz), and M = O (xA;(yn° /)\t) =
0] ()\T(L)/At) as required.

— For the other subsubcase Q C Qy, recall that Qy # . As Qy is elementary, it follows that this
is for the R{-clustering, and () must be a single edge of type t*. Hence M = O ()\ o(1) / At)
in this case, as required. We note that in fact the bound can be strengthened to O ( (L) / /\t)
unless Qy; = L, £ =1 and j = 1, and looking back at the above argument, we may use the

maximum of f(¢')/Ay for t' € S in place of n°1) which is always at most logn.

(ii) The bound (5.3.16) :

Here we may assume by induction that (5.3.16) holds with f replaced by any g < f, and that
(5.3.15) holds as shown above. Since ¢(t,t,0) = 1+ O(p) = 14 O(x), for the first inequality in (5.3.16),
it suffices to show that ¥ in (5.2.6) is of order O(n°Vz). Since S is fixed, there is a bounded number

of terms in the sum, and each may be written as

cu,t, )3 (f - h,u)%, (5.3.19)

as also in (5.2.10). Similar to the argument above, we have P (f — sg) /P (f) = O(n°M) for all cases.
So we only need to show that the product of the remaining factors in (5.3.19) is O(n°Mz).

Let F; denote the set of h € Fg for which there are ¢,u € S such that c(u,t,h) # 0. Note that the
cardinality of Fi is bounded.
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Inside the inductive step, we use a second level of induction on ¢, going from greatest to smallest in
the relation ‘<’. Assume first that ¢ is maximal. Since u € S, it is necessary that « = ¢ and h # 0 for
such a term to be included in X, because (u, h) # (¢,0). Then v(f — h,t) < 3/2 by (5.3.16) inductively.
Furthermore, since H # ) in (5.2.2), we have c(t,t,h) = O(p) = O(z), which gives the first inequality
in (5.3.16).

Suppose next that ¢ is not maximal. A term (5.3.19) with u = t and h # 0 is O(n°Mz) for reasons
as above. For the case u # t and h € Fi, clearly c(u,t,h) = O(1). If c(u,t,h) # 0, then t < wu,
Aa/M = O(z), and v(f — h,u) < 3/2. So (5.3.19) is O(n°Wz) and we conclude that ¥ = O(n°Mz) in
(5.2.6), establishing the first inequality.

Moreover, in view of the bound (5.1.4) on z, for n large enough, we have (5.3.16) in full.

This completes the inductive step, and (5.3.15) and (5.3.16) imply the lemma. O

Next we bound the approximation error for the successive iterations. The iterative scheme can be
seen as a contraction mapping that updates {Fgr)}t and yeilds more accurate approximation of {I';};
that corresponds to the fixed point. We use a similar analysis to that in [68] by Liebenau and Wormald

by combining ingredients from Proposition 2.3 and Proposition 2.6 in [98].

Claim 5.9. If for any integer r > 0, we have

T () = A (f, )] = €

for some & > 0 uniformly for oll f € Fg and t € S, then we have that FgTH) defined by (r1) and (r2)

satisfies

A (1) = (f )] = O (B + ) (5.3.20)
uniformly for all f € Fg andt € S.

Proof. First recall the defining equation of the correction factor

v(ft) = C(t}w) (1-%(f,t) — m : ﬁ‘({,—’f})), (5.3.21)

and its estimate

where
(r+1) A kg
S\ u—(7r t;
SO = )] elut, h))\—t%()(f) =% (5.3.22)
hEF
(u,h)#(t,0)

with h = Zle Oty fi=[f— 23:1 dt,, and gy, defined in (5.3.4).
Noting ¢(t,¢,0) = 14+ O (p) = 14 0(1), and in view of the bound (5.3.14) on the 6 factor in (5.3.21),
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in order to prove (5.3.20), it suffices to show that for all t € S and f € Fg,

S(f,6) - S ‘— (x+¢t“+ 7€) . (5.3.23)

We will in fact show that the terms with f — h € F appearing in both summations X(f,¢) and
fgrﬂ)( f) and the extra summands with f — h ¢ F in EETH)( f) are all negligible. This would then
yield (5.3.23). Specifically, we prove that

> (uth))\—“

k ~
H A v fz, 5w D]I %| =0 (% +ag)  (5.3.24)

ueS =1
h,f—heF
() #(£,0)
and
A U +Pi A
c(u, t, h) 32~ S = O (AL 5.3.25
PO ) | ey () (5.3.25)
heF,f—hgF
(u,h)#(t,0)

If f =0, then we have h = 0 in (5.3.24) since f —h € F, and the terms in (5.3.25) with h # 0 are
0, because g¢, = 0 for all ¢ by (5.3.4). If h = 0, then the value of k in (5.3.24) is 0, and the products in
(5.3.24) is empty, and is equal to 1. Hence we have that

S clwt (= 0w) =30 = 3wt m3E (fw -] = 0 ).

b quOS F uES, uFt
,J—0¢e F
(uh)£(2.0) e

In this case, the summation in (5.3.25) is empty, since f — 0 € Fgs.
It remains to consider f # 0 and h # 0. First, notice that if some ¢; = u in (5.3.24), then it must
be that k =1, h = 0y = 0y, and f1 = f — h = f — d,. Thus by noting g, = f(u)/ Ay = (fi(u) + 1)/ Ay,

we have

Ay _ fi(t)+1 (r) gt, _
c(u,t, h)>\ y(f h’u)_/\tl”y(fhh) Yu <f)7§:)(f) =0,

since y(f — h,u) = v(f1,t1), and similarly, 7§1)(f) = 'y( )(f) For (5.3.25),if f —h = f — 4, & F, then
f(u) <1, thus g¢, = g, = 0, and (5.3.25) holds.

So henceforth whenever k > 1, we assume that ¢; < u for all i. We treat (5.3.25) first. Since f—h & F,
so that we have f(t;) < h(ty) for some t in (5.3.25), then f(ty) = O(1) and so gy, = O(1/A,). The
contribution of such a term in (5.3.25) is O (Ay/A¢Ar, ), which in the case ty < u is O(z/\).

Now we consider (5.3.24), and estimate the difference using
(z 4+ A)(y+ Ay) —zy = O (JyQa| + [24y]) ,

which holds provided that A, = O(x) or Ay, = O(y). Note that Ay, = 0o as n — oo for all i € [k]
n (5.3.24), because we have t; < u for all 7, and if any of these were bounded, then it would imply
A, = O(z) =0 (n¢) and so u ¢ S. The ratios (fi(t;) +1)/A, in (5.3.24) is therefore O(1) for f € Fg.
We have from Claim 5.8 that v(f,t) = 1 4 o(1) uniformly, and from Claim 5.7 that 7(f,t) = 1 + o(1)
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uniformly. This implies in particular that two products in (5.3.24) are in all cases O(1).
Since WY)(f) —v(f,t)| = € uniformly for all f € Fg and ¢t € S, then we have for (u,h) as in the

scope of the summation in (5.3.24),

c(u,t, h))\—“

T = B) =S = hyw)| = O (a8),
and, for factors appearing in the product in (5.3.24) with ¢; < u,

) =it 3 = O (w6).

First note that for the replacement of f;(¢;) + 1 by fi(t;) when evaluating g, we have

(uth)

( ) : (5.3.26)

We next show that for all w in (5.3.24),

(uth)

017 - -70| =0 (£)

for any fixed hg with bounded entries and f — hg € Fg, similarly we also have

w0 =7 | =0 ()

for all i € [k]. We can assume hy # 0. By Lemma 5.7, equation (5.3.6) can be expanded in increasing
powers of the ws, which are O(x) under the substitution g, = f(v)/A, by Lemma 5.6. By (5.1.4), we
may ignore terms whose total degree in ws is larger than some fixed value, and substitute f(t;)/,
and (f(t;) — h(ti))/ A\, for g¢, in the definition of w(u,t,h) at (5.3.7), and subtract the two resulting
expressions term by term. Since the entries of hg are bounded, the dominating terms for the difference
of substitution f(v)/A, and (f(v) — h(v))/\, for g, is bounded by O (z/A;) similar to (5.3.26).

Hence combining above, we have (5.3.24) holds, since the summations in (5.3.24) contain a bounded

Pyl

(uth)

|7

number of terms, in particular, the size of S is bounded, h = Zle ¢, and k is bounded. This completes
the proof. O

Now we are ready to bound the approximation error by a reformulation of Corollary 2.7 in [98].

Theorem 5.10. For all t € S, there are power series I'y in n, p, g, such that for all fixred ¢ > 0,

truncations I'y . of the series I'y, to a finite number of terms, such that we have the following.

(b1) For allp = nX=€" ) with & > e, we have uniformly for all f € Fg,

) = 2(7.0] = 0 (22522, (5.327)

where 7, . (f) := Tie (n, p,g) with g defined by (5.3.4).

(b2) For i # 0, we have [gl|Ty. = O(x), for p satisfying (5.1.3), as n — oo, where g denotes

i1 19

gilgst gl

(b3) For each i, the coefficient [gi]f‘m is a multiple of [],cg pHvte,
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Note that we have for all t € S and all f € Fg, combining (5.3.27), and (5.3.13) in Claim 5.8, we

have

Fre(f) = U < Fe(f) = (0 + A (f, 1) =1 = O (n"(”x> . (5.3.28)

Proof of Theorem 5.10. We first fix some € > 0 and show the existence of series; this gets relaxed later
to show the series T'y are independent of the choice of €. For (bl), combining Lemma 5.7 and Lemma

5.8, we have the bound on the initial approximation error

(1) =1 = (.0 =37 ()] = 0 (n"Da)

holds uniformly for all t € S and f € Fg. Then for any fixed constant r > 0, by iterating successively r
times using (rl) and (r2) to obtain FET), we get from Corollary 5.9 that

77 (F) = (£l =0 (% + :z:T“) : (5.3.29)

In view of bound on Az in (5.2.16) and the constraint on x in (5.1.4), there exists an integer constant
ry = 1¢(g) = 0 such that

Then for all » > r;, we have

() (1) = 0 (H52L). (5.3.30)
Hence we set I'; . equal to the truncation of an) to those terms whose value, with g set equal to be all
1, is not of order o (1/A;) and obtain (5.3.27). Also note that using FE? for any r > r; would define the
same I'; ..

We now have shown for the case of some fixed € > 0. We next claim that (5.3.27) is also valid for
¢’ > e. Then p is smaller for the case of ', and the recursive definition of I'; . is the same as for ¢
except that the definition of S may be different. No new types would be added to S, and any terms
in the summation in (5.3.3) corresponding to types t that are in S for ¢, and not in S for &', are now
omitted. These terms are of the order ¢(u,t, h)\,/\; times a finite product of g;, for some u ¢ S. Since
all g; are substituted with values n°), the claim holds.

If some €’ < ¢ is considered, then some new types may enter S in I'; . and are not included in T'; ..
Also, the appropriate value of r; may be larger for ¢’ than for &, but as noted above, truncating with
the larger value of r gives the same function I'; ., so the extra terms generated serves as higher-order
corrections and cannot include any of the same monomials as appearing in I' ..

For (b2), the coefficients of any non-constant monomial g in Ty, as it arises recursively from (5.3.2)
and (5.3.3) are O(z). So we have [g!|]T'; = O(x), for i # 0 and p satisfying (5.1.3), as n — oo.

For (b3), since I';. is set to be some truncation of FY” that is obtained recursively, and in each
recursive step, every new product Hle gt, that is introduced in (5.3.3) is accompanied by the factor
Auc(u, t,h)/A. Therefore it suffices to show this factor possess the claimed divisibility, by noting that
the expansions of 1/¢(t,t,0) and 1/T%, in (5.3.3) do not affect as their terms have nonnegative exponents.

By its definition (5.2.1), each term of c(u, t, h) is associated with a cluster of J of type u, a cluster @ of
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type t, and pairwise edge-disjoint clusters Ji, ..., J of types t1, ..., tr, where the v-th entry of i satisfies
iy = |{j : t; = v}| for v € S. Hence the term [g!|I';. is a multiple of

plQm(Uf:1 T |Fru—pe — ppat|@0(UE, 73)|-1Q1 — puu—|Q\(Uf:1 Ji)|7

=Pp

and therefore is divisible by pzz 11l O

5.4 Non-existence of subhypergraphs in H,(n,p)

We prove Theorem 5.1.6 in this section, that is to obtain the asymptotic probability that the binomial
random hypergraph H,.(n,p) is R-free (that is having no subhypergraph that is isomorphic to some
hypergraph in R). By partitioning the probability space according to the cluster counts in random
hypergraph H,(n,p), the reciprocal of R-free probability is approximated by a summation of ratios of
the probability of “typical” cluster counts to the probability of R-free. This further gets reduced to
estimate the ratio of the “adjacent” probabilities of having “perturbed” cluster counts by using

B = T, (.41

where the correction factor v(f,t) is defined by (5.2.4), and will be approximated by %, .(f) using

Theorem 5.10. In this section, we only work with the R-clustering with one exception (Lemma 5.15).
Let X be the number of all large clusters occurring in H,(n,p). For t € S, let X; count clusters of

type t occurring in H,.(n,p), and define X to be the number of subhypergraphs occurring in H,(n,p)

that are isomorphic to some hypergraph in R. Then we have

P (X =0) =P (H.(n,p) is R-free) ({Xﬁ =0} N[ {X: = 0}> (5.4.2)
teS
In view of the bounds on the expected numbers of small clusters (5.2.15), we may fix a linear ordering
on S =[s] ={1,2,...,s} in decreasing order of v — p;(x + €), and break ties arbitrarily when needed.
Then by (5.2.15), we have for all ¢ < s,
A1 < M, (5.4.3)

Recall that F is the set of all non-negative integer cluster counts f defined on the set of small clusters
S, and Fg contains restricted cluster counts. Also note that Cy contains r-graphs with no large clusters.

The next lemma allows us to restrict our consideration to cluster counts in Fg only.

Lemma 5.11. We have

P({X:#A0}Uu{3teS:X;>m}) =o0(1), (5.4.4)
and moreover,
P(X=0"=1+0(1) > P (5.4.5)
feFs

Proof. Since every large cluster contains an unavoidable cluster, and the number of types of unavoidable
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clusters is by its definition bounded. Let Xi; be the number of all unavoidable clusters occurring in

H,.(n,p). Then by Markov’s inequality, we have
P(X;#0)<P(Xy>1) <E[Xy]=0(\z)=0(1), (5.4.6)

where we use Az = sup;gg At = O (n™°%) from (5.2.16),

The expected number of sets of j edge-disjoint clusters of type t € S occurring in H,(n, p) is at most

I i < (el j:(e_at)j
j N ,7 j )

where we use the formula for A in (5.2.3).

Recall that m; = 3\ = 9(nc+0(1)) for each t € Sy with some ¢ = ¢(t) > 0, and my; = A\ logn for
each t € Sy. Let Y; count the sets of [my] 4+ 1 disjoint clusters of type t. By taking j = |[my]| + 1, we
have for all t € Sy,

similarly, we have for t € So,

[At logn]

E[Yt]<< ¢ ) — o(1).

logn

Consequently by Markov’s inequality, we have, for all t € S, that
P(X;>m) =P, >21) <E[Y]=0(1).

Hence the union bound over S yields P ({3t € S: X; > m¢}) = o(1). This, combining with (5.4.6),
gives (5.4.4) by the union bound.
Now we are ready to show (5.4.5) by noting that

P(X;#£00+ Y. P(CH+ Y P(Cp)=1 (5.4.7)

JE(F\Fs) feFs

Diving P (X = 0) on both sides of (5.4.7) gives

o1 _Poxezo) P({3ES: X >mijn{Xe =0j) P(f)
P(X=0)"= P(XL=0) * Pt(X :to) 2 P(X=0)’
feFs
Hence, by (5.4.4), we obtain (5.4.5). O

For all t € (SU{0}), let P(g:) be the ring of multivariate polynomials in g = (g1, ..., ¢¢) such that
(1) all coefficients are polynomials in n, p and n~!, and
(2) the coefficient of gil . -gét is divisible by H§:1 pHiti

Note that P(go) is a polynomial in n, p and n~!, and does not contain any indeterminate g;.

For all t € [s], we say that the cluster counts (ji,...,J:) for types [t] is t-amenable if j; € [0, m;] for

134



all i € [t]. It is useful to define the scaled cluster count for each cluster type ¢ € [s] by

Ct(]) = Ct(jla <o 7jt71aj) = (g\_llv R i\tt:lla%t) . (548>

Note that (;(j) depends on ji,j2,...,jt—1, but these are suppressed from the notation for simplicity.
For a t-amenable cluster count, each entry of (;(j) is at most logn in view of the constraint on m; in
(5.2.19).

For t € [s], define the event

JiGrs-od) = (V{Xi=dqi}n () {Xu<mu}n{Xe =0}, (5.4.9)
i€lt] u=t+1
similarly when ¢t = 0, define
Jo = {Xe =0} () {Xu <mu}. (5.4.10)
u=1

Then we have

P (t78(]1a cee ajs)) =P (Cj17-~~7js)
for all (j1,...,Js) € F, and in particular,
P (7,(0,...,0) =P (X = 0).

We will approximate recursively, for each t € S, the conditional probability of not having any
small cluster of type u for all u > ¢, given the cluster counts of type v for all v < ¢t. This recursive

approximation method is similar to [98, Section 3| and includes some simplified intermediate steps.

Theorem 5.12. Fort € [s] and all t-amenable (j1,...,Jt), we have that

P(Zs: Xy, =0

u=t+1

Te(j1s - -- 7jt)> = exp (=P (C(jr) + 0 (1)), (5.4.11)

and

S
P <2Xu =0
u=1

jo) =exp(—FPoe +0(1)), (5.4.12)

for some polynomials { P, ¢ }1¢(suqoy) such that the following hold.

(i) Pi. € P(gt) fort € (SU{0}); in particular, Py is a polynomial in n,p,n"1.

(i1) The constant coefficient of Pi., that is, P;.(0,...,0), equals (1 4+ O (7”L0(1);1c))222t+1 Au, and

the other coefficients are O (no(l)me(O, . ,0)). The implicit constants in these bounds are are

independent of €.

(iii) The error o (1) is uniform over all t-amenable (ji,. .., 7).
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The proof of this theorem is in the next subsection. The above theorem gives P (X = 0) as a direct

corollary.

Corollary 5.13. There exists a polynomial Py with the properties claimed in Theorem 5.12 such that

P(X =0)=exp(—Fy:+0(1)). (5.4.13)

Proof. In view of (5.4.2), to prove (5.4.13), it suffices to show that
P ({Z X = o} N{X,= 0}) =exp (—Poc +o(1)). (5.4.14)
t=1
Since {>°7_; Xy =0} € Ns_; {Xu < my}, we have

P({ o x=0fn{xc=0})

P(mizl {xu<m, pr{xc.=0}

) =P <§;th0 {Xﬁzo}muﬁl {Xugmu}>. (5.4.15)

Plugging the defining equation (5.4.10) of Jy into (5.4.12) gives that

P (i:Xu =0
u=1

By (5.4.4) in Lemma 5.11, we have

{Xe=0}n () {Xu< mu}> = exp (= Py + 0(1)). (5.4.16)
u=1

P ({Xﬁ =0}n ﬂ {X, < mu}> =1-P({X#0}U{TteS: Xy >m})=1-0(1). (5.4.17)
u=1

Plugging estimates (5.4.16) and (5.4.17) into (5.4.15) gives (5.4.14), which completes the proof. [

The rest of this section is devoted to the proof of Theorem 5.12 and Theorem 5.1.6. We first introduce
some notation. Given an s-amenable (ji, jo,...,Js), for each t € [s] and j € N, we define the cluster

count f;; on S by

Ju if u <t,
fuw=1{j ifu=t, (5.4.18)
0 if u>t.
Note that f; ;(-) depends on j1, jo, ..., ji—1, but these parameters are suppressed from the notation for

simplicity.
For all t € S, we derive a recursive formula for the reciprocal of the conditional probability of not

having any small cluster of type u for all u > t, given j, clusters of type u for all u < t. Specifically, by
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the law of total probability,

P(bﬁ—l(jla"wjt—l)) _ Z P(%(jla"'vjt—lajt)) P(js(jla"'ajt—lajta"'ao))
P(Js(J1se57t-1,0,...,0)) — ‘ P(Ts(J1,5dt—1,7¢,0,...,0)) P(Ts(41,--1Jt—1,0,...,0))

7t=0
X PG i) MUY

_ t\J1y--sJt—1yJt

B ZO P(Jg(jlr'wjt—l;jhov 0)) ]f' -0 V(ftj’ )’ (5419)
Jt= Jj=

where in the second equality, we use a telescoping product of ratios of adjacent probabilities (5.4.1).
Combining Claim 5.8 and Theorem 5.10 yields that for all t € S and f € Fg,

W So1) = 7o) + O (U—”A) =71(f) (1 +0 (A )) :

with ¢ = min(e, ez). Recalling the definition of J; in (5.4.9), we have that

P(Ji-101s0de-1)) P ( i€[t—1] {Xi =5} Moy {Xu <} 0 {X, = 0}>
PUndet 0O (g {0 = i} (i X0 = 0} 0 { X = 0})

:P<2Xu:O

u>t

—1
k%l(jla"'vjﬁl)) )

and consequently, it follows from (5.4.19) that

1
P (ZX“ =0| J—1(j1,--- Jt—l))

uz>t

(1] - _]t Ji—1 <
—ZP<ZXu—0 %(j1,.--,jt_1,jt)> o H”yta Je4) ( < ))
=0 u>t
[me] -1 )\Jt Je—1
(1+0(1) ) P (ZXU =0| Z(jr,- ..,jtl,m) H Ve, (fr.5); (5.4.20)
7t=0 u>t

where the last equality is by noting that m; < A\¢logn for all t € S, and hence,

<1+0 <”;/>)mt =140(1).

We will use an inductive argument beginning with ¢ = s, and then proceed through decreasing values

of t. It finishes with the case t = 0, that is (5.4.12). The initial step of the induction argument, when

t = s, is trivial, and we set P, = 0. Now we assume that (5.4.11) holds for some particular value of ¢
and consider the case of t — 1.

It is useful to define

N
Gt L e (fed)- (5.4.21)
=0

Ty(j) = exp (Pre (G(4))) 57
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Then by the induction hypothesis (5.4.11), we have

jt ]t 1

,I’t(jt)NP<ZXu:0 \7t(j17"'7jt—17jt)> l HfYta ft]

u>t

In view of (5.4.20), the summation of T;(j) approximates the conditional probability:

-1 [me]
P (Z Xu=0| J(1,- .. ,jt_1)> (1+ o Z Ty (j (5.4.22)

u>t

To prove the theorem, it suffices to show that the above summation on the right-hand side of (5.4.22)
admits the desired properties, that is,

L]
Z T4(§) = exp (—Pr—1,(C—1(je-1)) + 0 (1)), (5.4.23)

for some P,_; . with the properties (i), (ii), and (iii) claimed in theorem statement.
We introduce a constant that will be used to determine the truncation point for various expansions.

Specifically, define

lo = Lo(t,e) =2 (M + 2) = % (ve — xpe) — 2p¢ + 4. (5.4.24)

I3

By noting v/ > x + € for all t € S, by the definition (5.2.14) of S, we have ¢y > 0, and

2 o(1),.2
lo/2 X . n X
2/2 = 0 <—th—xut—wt> =0 <—>\t > .

Recall from Theorem 5.10 that I'; . is a polynomial in g; with all coefficients O(z), and for f € Fg,
we have 5,.(f) = Tve (n,p,8) = 1+ O () with

52(517"')§8): (%77‘]}5))7

Hence, defining

s . _ (i Jt—1
thl _thl(]]n"')]tfl) - (Al’.'.7)\t71) 5 (5425)
and expanding the logarithm gives

bo o k-1
tog e (o) = 3 o (e (i) = )" + 0 (e (i) — 1))

k=1

mdx

=3 R (L) +0 (”“;1’56) , (5.4.26)

where

o {R } are polynomials in g;_1, and it is easily checked that R € P(gi—1) has all coefficients
O (n°Wz) for all 0 < v < d

max 7
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e the bound on truncation error is established by noting that |7, . (fi.;)—1| = O (n°Vz) by (5.3.28),
and in view of the definition of ¢y in (5.4.24).

o and dy,,, = o - degg, (T'tc) with deg,, (I'tc) denoting the degree of T'y . in g;.

Adapting the derivation of |98, Eq (3.19)], for all j < my, we have

i1 B j-1 (i)
SlogTc () = Y BVG-0 Y () + (T>
=0 v=0 i=0
dinax . dmax . NG ino(1)
- S S o (1)) <o (#57)
dinax (1) v
—0 (no(l)x> + z_% % A?, (5.4.27)

by noting that for all (¢ — 1)-amenable (ji,...,j:—1), all terms in RV (C—1) are O (n°Wz) since all
coefficients are O(x).
Let dmax denote the degree, deg, (P.c(gt)), of Prc(g:) in g;- By the properties claimed in induction

hypothesis, it is useful to write
Pe(g) =Y RP () (A%) : (5.4.28)

where RS,Q) = [g7]Pc(gt) for 0 < v < dpax-
Claim 5.14. Let d;y = max(dmax — 1,d} ). For allt € S and t-amenable (ji,...,ji—1,]), we have

? max

dy

Ti(j) = %exp (Ro(Ct 1)+ ZRU+1 Gt—1) f\il + O( ot )x>> : (5.4.29)

v=0

where
(i) For all 1 < v < d;, we have R, € P(gi—1) with all coefficients O (no(l)x).
(i) We have
Ro(Ge—1) = P;£(¢(0)), (5.4.30)

and for 0 < v < dy,

- @) 7 1
Ros1(Gor) = iCH) + vil '(Gi-1) +O< (t)x) : (5.4.31)

t

Proof. Using (5.4.27) and (5.4.28), we rewrite the defining equation (5.4.21) of T;(j) as

T3(5) :/j\_j (Pts G(j +Zlog’yt5 ftz)>

=0

dimax—1 dinax
Rq(;+1(<t 1) jUtt (Ct 1) 7ot

/\j 2) > o
o (PGS B SR o ()] any

v=0 v=0
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Now we set

Ro(G—1) = RY (G-1),

and claim that for 1 < v < dmax, there exists Rq(}g) € P(gi—1) having all coefficients O(x) such that

R1(12) _ (3) no(l)x
v =RrY 057 (5.4.33)

Since ng ) = (971 P = (gt), we have R( ) does not contain gt, and R§,2) € P(gt—1). In view of \; in
(5.2.3), and noting that P, . € P(g:) by hypothesis (i), we have the exponent of p in any term of RSJQ)/)\t
is greater than zero because the coefficient of gi . g;t L g of P, is divisible by ptt? H;;ll pHi%i | which
follows from the claimed properties of P(g;).

Moreover, by hypothesis (ii), we have that for all (i1,42,...,4;—1) #0 and v > 1

it—1 S

[91 "Gt 1]R1(1) o(1 Ay o(1
/\—t—O n()xz)\—t :O(n()x>,

u=t+1
where the last step is by inequality (5.4.3). Therefore we conclude (5.4.33) by noting the coefficient of
g gzt - in R is divisible by H;;ll pHati
Therefore, we set

L_rm (5.4.34)

—_ p® L
Royr = Rop + 37

for 0 < v < dy. Then in view of (5.4.26) and (5.4.33), we have Ry((—1) € P(g—1) with all coefficients
0 (no(l)w). This gives part (i).

We have (5.4.31) in part (ii) by (5.4.33) and (5.4.34). It is easy to see (5.4.30) by (5.4.32) since
R(()2)(Zt_1) = [gY]P; (gt). This completes the proof. O

Next, we approximate the maximum term in the summation in (5.4.23) by estimating the point
where the ratio of consecutive terms is close to 1. Note that the following lemma holds for single edge

cluster t* as well, not only for ¢t € S, and this will be utilised later in next section.

Lemma 5.15. Fort € S and t-amenable (ji,...,j5t-1,7), let Ty(j) be defined by (5.4.21); fort = t*, let

=

T () = 4, H (i04+). (5.4.35)
Then for all t € SU {t*}, there exists j* = j*(t) = (1 4+ o(1)) A\ that is defined as the unique solution of
a certain equation, such that the following holds.

(i) For sufficiently large n, the ratio of consecutive terms Ty(7)/T¢(j — 1) increases for j < j*, and

decreases for j > j*.
(it) For |k — j*| = O (v/j*logj*), we have
(k—j*)?

1i(8) = exp (~ 55 o)) 1),
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Proof of Lemma 5.15. We have, from the definition of 7;(+) in (5.4.21), that

T = Ao (Pe (G3)) — Pre (G0 (G = 1) + log Ty (i) - (5.4.36)

Recall that our expression P;.(g:) in (5.4.28). Using this, and then the expansion of the logarithm
of the correction factor in (5.4.26), by noting its bound (5.3.27), we have

. dmax (2) /o~ v (5 1)v
ridy = o (35 NS ot
v=1
gy ST CAIC (3 N e (51Y o (100)) s
—jeXPZ - ()\)JFZ Ctl(/\>+ N . (5.4.37)
v=0

By the discussion after (5.4.26), we have that for all v > 1, the coefficients of all terms in RV are
O(x). Recall that thl is defined by (5.4.25), then for t-amenable (j1,...,Jji—1,7), we have

WG (5) =rPG(£) +O< ;) ) (5.4.38)

In view of (5.4.29), define ¢ as a function in gy = (¢g1,...,9¢) by

d¢
q(gt) = exp (Z(v + 1)Rv+1(gt1)gi’> : (5.4.39)

v=0

Combining (5.4.38) with Claim 5.14 (ii), the ratio estimate (5.4.37) becomes

TtT(S(z)l) = (1 +0 (%)) %Q(Q(J‘)), (5.4.40)

where the scaled cluster count (;(j) is defined in (5.4.8), and

d .
a(Gi(j)) = exp (Zw + 1) Ro1(G1) (5) ) : (5.4.41)

v=0

by noting (5.4.39).
To approximate j that maximize T;(j), we use an estimate, j*, by determining the ratio T3(j)/7:(j —

1) is close to 1 asymptotically. There are two steps.

e Step 1: We define j* as the solution of a certain equation.

e Step 2: After expanding the defining equation, we use an iterative scheme to approximate j*.

Step 1: In view of the ratio estimate (5.4.40), since the coefficients of all R, in (5.4.41) are O (n°Vz)
by Claim 5.14 (i), the terms in the summation in exponent of (5.4.41) are all O (no(l)m) for all t-amenable
(J1y- -+, Jt—1,7), recalling (i1 is defined in (5.4.25). Therefore we conclude g(¢;(j)) ~ 1 for all t--amenable
(155 Jt—1,7)-

Note that the partial derivative of g(g;) with respect to g is

dy dt
exp (Z(” + 1)Rv+1(gt—1)9§)> Z(U + 1) Rys1(g-1)g) ' =0 (no(l)x) , (5.4.42)

v=0 v=1
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when g;_1 = Zt—l and g = g4(j) = j/ ¢ for 0 < j < 3)\;. Hence there exists a unique j* € R such that

a(G (™) = % (5.4.43)
or equivalently,
% dy e kN U
L =ex (2‘6(1) + 1) Ryt (Got) (i—f) ) . (5.4.44)

Note that g.(5%) = j*/ At =1+ o(1).

Step 2: Recalling its definition in (5.4.39), we expand the multivariate function ¢(g:) in (5.4.43)
around (0,...,0), and approximate j* by \; with a multiplicative polynomial factor in Zt—l-

Since the terms in the summation on the right-hand side of (5.4.41) are all O (no(l)x) for j* ~ N\
and (;_1 under consideration, expanding the exponential function q(¢i(j)) defined by (5.4.41), and
truncating at ¢y defined by (5.4.24), yield

k
qG()) =1+ EZ % (dZ(v + 1)RU+1@,1) ()\L)”) +0 <<no(1)x>ﬁo+1>

k=1 v=0

- o(1)
:q(gla7gt)+0 <n)\tx) )

where for 0 < v < fyd;, there exist ]3%, € P(gi—1) with all coefficients O (no(l):c) such that

Lody
q(g1,-r9) =14+ Y Ru(G-1)gt - (5.4.45)
v=0

Recalling that ¢(¢:(j)) ~ 1, the ratio (5.4.40) at j* becomes
_LGY 0oz Y\ Aez o i
Tt(j*—l) =(1+0 A j*Q(Ct(] ))

Note that the partial derivative of ¢ with respect to g; is also O(n"(l)x) when g, | = Zt—l and 0 < g; < 3,
as gt :]/)\t and 0 <] < 3)\t
Therefore for n sufficiently large, beginning with 5y = 1, a fixed-point iteration by repeated substi-

tutions

Be=1q(g1,- - 9t-1, Be-1), (5.4.46)

yields polynomials 3, = Bg(a_l) € P(gi—1) that approximate its fixed point 5 = q(g1,...,91-1,8) =
14+ 0(1). In each iteration, the approximation error gets multiplied by O(n°(Yz), hence, for ¢ sufficiently

large, setting 8* = ﬁg(é_l) gives
= AN+ O <n0(1)x> = (14 0(1)Ae. (5.4.47)

Note that * € P(gi—1) and has all coefficients O (no(l)x).
Now we show the asymptotic monotonicity claimed in (i), that is, the ratio of consecutive terms

Ti(7)/Ti(7 — 1) increases for j < j*, and decreases for j > j* for large n. First, we consider the terms
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T,(j) with j > j*. Let

F(j) = Xa(G(4)) — J- (5.4.48)

By the defining equation of j* in (5.4.43), and the bound (5.4.42) on the partial derivative of ¢, we
have, from (5.4.48), that

F(j) =0, and  $-F(j) = =1+ 50-a(¢(7)) = 140 (n"Va) for 0 < j <. (5.4.49)

In view of the ratios of consecutive terms (5.4.40), also recalling that ¢((¢(j)) ~ 1, if for some large

constant C' > 0, we have

o(1)

q(Gili) —1 < —CTE,

or equivalently,

F(j) < —Cn°Wai, (5.4.50)

then we have T;(j) < Ti(j — 1). It then suffices to show (5.4.50) for j > j*. For all integers j such that
J* < j < my, by noting the bound on j* in (5.4.47), we have

j—i > 2C’no(1)x§\—t = o(1).

By the mean value theorem, in view of derivative bound (5.4.49), we have, for j* < j < my, there exists
¥ € [5%, 7] such that

F(j) = (5 =) F () < =2+ o(1))Cn" Ve,
which satisfies (5.4.50). Therefore we conclude that T;(j) < Ti(j — 1). The lower side follows a similar
analysis.

What remains is to show (ii), that is to approximate the ratios to the maximum term in (5.4.23) for
terms with indices that are near it, specifically, we estimate

0 - o (1

Nl

)

t(J

) (5.4.51)

for |k — j*| = O (/5" log j*).
Taking the logarithm of the ratio estimate in the right-hand side of (5.4.40) yields

di

) + Z(U + 1)RU+1(Et71) (Ait)v

v=0

log (%Q(Q(j))) = log (

<2
[+

zlog(

) —tog (14 55) + i(v DR G (£) (14 55), (5452
v=0

J* J*
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where the second equality is by noting j* # 0, and rewriting

L j—J*
J=1J (1 5 ) :
We also have, from the defining equation of j* in (5.4.44), that
j* d —~ *\ U
log (A_t) =Y 0+ 1) Ryi1(C1) (/\f> :

v=0

Plugging this in (5.4.52) gives

d¢
)\ . J_j* 2 ]* v ,7_]*
log (fﬂ@(ﬁ)) - <( 7 ) > +Zl(v+ 1) Ryi1(Go1) (&) O( = ) (5.4.53)
v=
where we expand the logarithm for j such that |j — j*| = 0 (5*). Note that the terms in the summation

on the right-hand side of above equation are all O (x(j — j*)/7%).
Let j := |j*]. Recalling the definition of Q;(k) in (5.4.51), and using the ratio estimate (5.4.40), we

obtain

- § v () <o (k-52) + 5 i)

Jj=j+1 =j+1

Since j* = (1 + o(1))A¢ by (5.4.47), for k = j* + O (v/7*log j*), in view of (5.4.53), we have, from
(5.4.53), that

Qu(k) = —(]“;]—3)2 +0 <n°(1)xlog 7+ O%J ) = ““;J—“z +o(1), (5.4.54)

which completes the proof. O

5.4.1 Proof of Theorem 5.12

Now we are ready to deal with the summation (5.4.23). First we consider the case that t € So. The

other case, of t € Sy, is much more involved, and will be treated separately.
Case 1: t € S,

First recall from (5.2.15) that A\, = @(n"(l)) and m; = Mlogn for t € Sg. Let Py = 0. For all
t € So\ {s}, we inductively define P,_; . = Pt_l,e(@_l) by

Pi_1c= P (G(0)) + A\

Claim 5.16. For allt € So, we have

-1
Ji1(j1, - - ,jt_1)> = exp (Z Au+o0 (1)) . (5.4.55)

u>t

P(ZXU—O

u>t

Proof. For Ti(j) defined by (5.4.21), with P, . defined by (5.4.55), in view of Claim 5.14, for ¢ € Sg, we
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have

[me¢] [At logn] Y v+1
Y TG = ) ﬁexp( (G +ZRu+1 Gt 1) +O( o1) >>
=0

j=0 v=0
_ (1+O(n0(1)x)>exp (RO(ZH)) wfnji%e (ZRM (Go-1) ) (5.4.56)
j=0

Since j, /Ay < logn for all u < ¢, and R, has all coefficients O (no(l)x) by Claim 5.14 (i), noting the

constraint on z in (5.1.4), we have

—~ v+1
Ryi1(G1)? o =0 <n0(1)x) = o(1),

for all 0 < v < d;.
Let the random variable Y satisfy Y’ < Poi (At). Then

J
3 % MNP (Y > [Mlogn| +1).

3= logn)+1

If Atlogn = w(1), we have, for some ¢(n) — 0, that

Z )]\_7 = eMP (Y =X\ = (14 ¢(n))\logn)

j=|Aelogn|+1

(1+6(n))A2log® n
S exp (At ~ S0vinlogn) ) = &P (=1 +e(n)Aclogn/2) = o(1),
where the inequality is by Poisson concentration (see, for example, combining [58, Remark 2.6] and [58

Theorem 2.1, Eq. (2.5), (2.6)]). For A{logn = O(1), we have, by Markov’s inequality, that

N E[Y] 5, 140(\)
Z g S )\tlogne t= logn o(1),
j=[Atlogn]|+1

since E [Y] = A\;. Hence we conclude

where the last equality is by noting that A, = ©(n°M) for ¢t € S,.

From (5.4.56), by noting (5.4.30), we have that
[me] [A¢logn|

~ 2\

Z Ti(j) = (1 +o()exp (Ro(G1) Y. 5

J=0

= (1+0(1)) exp (Pc(¢:(0))) €W = exp (P2 (¢:(0)) + Ae + o(1))
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It follows from (5.4.22) and induction hypothesis (5.4.11) that

-1
g7t—1(]'1, . ,jt_1)> = exp (Pt,e(Ct(O)) + )\t +o (1)) .

P(ZXU:O

u>t

Note that \; is a polynomial in n and p. Setting P,_1 . = P -((:(0)) + A gives the inductive hypotheses
(i) and (ii); and the uniformity in (iii) implies that (iii) holds with ¢ replaced by ¢ — 1. O

Case 2: t € Sy

In this case, we have Ay — oo and m; = 3X;. To handle the summation in the left-hand side of
(5.4.23) for t € Sy, it is useful to rewrite the non-error terms in the exponential factor of T3(j) in (5.4.29)

as follows:

-~ dt ~ v+1 — - % .
Ro(G) + Y Ront (G iy = Fi (§5) - (5.4.57)
v=0

where j* is defined by (5.4.43), and we introduce a bivariate polynomial
Fy(0,m) := Ro(Gi—1) + 5 >, Re(G-1)6" 0",
k=1
For 0 < /41 <dy and 0 < fy < d; + 1 with ¢4 + f5 > 1, we have
di+1
8514-[2 ~ . o~ o _
doTran L) = j Yo ReGon)lk - e kot (5.4.58)

k=max(¢1+1,(2)

We use the Taylor series at (5*,1) to obtain

01 4+Lo T *
= = o 1 01TRE(B*1) A 0
Fy(0,m) = F(B*,1) + E 0151 960 onk (0—pB7)" (n—1)=. (5.4.59)
01 <dy
0<la<d+-1
l1+02>1

In view of (5.4.47), we have j* = O (\;), and therefore,

(-7 =0 ()

Hence by recalling from Claim 5.14 (i) that all coefficients of each R, are O (no(l)az), and 7* = (1 +
o(1))A¢, we have, by (5.4.58), that for all ¢; > 1,
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Then we have, by (5.4.59) and then (5.4.58), that

di+1

1 92F,(5*,1) t2 1 Mt R (BT (5* a0\ [ f2
)+ Z LT o (j* - 1) oD 7101 907 o (rt —-B ) (j_* - 1)
lo=1 l1>1
0<la<di+1
di+1  di+1
k 1 ; di+1
= Fi(81 +Z»7 ZRk G-1)(B)E 1My ]ZQ (j—*l) +O<n"(1)x<jj—*1) >,
lo=1  k=/ls
where
B R di+1 R
Fy(8*,1) = Ro(G—1) + 3% Y Ri(G1)(87)F (5.4.60)
k=1

Combining above expansion and (5.4.57) gives

d v+1
Ro(G—1) + ZRUH(@—O%
v=0
* paaghean k - k-1 | G—5%)" o(1)
= F(8", UZI kzv ( )Rk(Ct—l)(,B V) G + 0 <n x) (5.4.61)

Using this, we rewrite 73(j) in (5.4.29) as

v N difl fditl - (J—3*)"
Ti(j) = Fr e (m(ﬁ*,l) > (kg <U>Rk<<t1>(ﬁ*>’“_l) A )>
dy

= (1+0o(1)) 3 exp (ﬁo@_l) FRG)i+Y B (@Y (”)>> L (BAs)

v=1

where we seperate the the constant and linear term in the exponent, and by plugging in th(ﬂ*, 1) from
(5.4.60), we have

di+1

Ro(Gi—1) = Ro(G1) — 5* Y (k = 1) Ri(G—1) (8*)F! (5.4.63)
e k=2

Ri(Go1) = D kRi(G-1) (8"~ (5.4.64)
k=1

and for v € [dy],

di+1
oG = Y ()5 ) A@e,

k=v+1 v+ 1

Recalling that 8* and all R, are in P(g;—1) with all coefficients O ( o(1) ) we also have Ev € P(gi-1),
and has all coefficients O(n°Mz) for all 1 < v < dy.
Taking the derivative with respect to j on both sides of (5.4.57), after expanding F, with respect to
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the second variable around 1 only, with the first variable setting to be j*/\;, we have

dy R Lo
>0+ DR G (1)
v=0
di+1 ~
(L) + 3 L Z BT A (1)
—dj [Tt b o2 J*
lo=1
di+1 N 1 Gl odetl o\ k=1 j -1
=" kRi(G1) (y) YA R He (%) e(F-1) .
k=1 L2=2 k=02
where the first summand in the last line is when ¢ = 1. In view of ¢((;(j)) defined in (5.4.41), and
q(¢:(7%)) in (5.4.43), evaluating above equation at j = j* yields
dit1 V!
4(G(5%) = exp (Z kRLG) (5) )
k=1

k=1 k=1

= exp <R1(<t 1) +0 (n (t)x>) ’

where the last step is by recalling R; defined in (5.4.64), and by noting 8* = 1+0(1), j* = (1+0(1)) A,
and

AN S OF
At B—O< )

by (5.4.47). Recalling that j* satisfies q((;(5*)) = 7%/ by (5.4.43), it follows that

j* = exp (Rl(ct ) +0 ( o(:x)) e, (5.4.65)

Using this, we rewrite (5.4.62) by separating the constant and linear term from the exponent, and
obtain, for 0 < j < my, that

1) = oo (R B (100 (5%) ) o (35 PG U557

*)Y
v=1
dy

= exp (EO@—l) + 0(1)) (j;!)] exp (Z Ry41(Gim 1)0(3—*)U+1> :

di+1 di+1 o k=2 i
— exp (Z BRU(G-0E) " + Y KRG (5 - 87) 3 (5) (6*)"‘1"'>

» ok (5.4.66)

Define the set of integers

Jo={0<i < I3N): 15 -5 < Vit logs*}

Recalling that Q(-) is defined as the logarithm of the ratio in (5.4.51), we may divide the summation
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into two parts

[me]
DLG =Y T+ T Y ep (@) (5.4.67)
J=0 JeJt 0<g<me |25 Tt
We will show that the first term on the right-hand side is the main contribution.
By the asymptotic monotonicity claimed in Lemma 5.15 (ii), we use 7T} at the end points of set J;

as upper bounds for terms 7} such that j € J;, and obtain

Z exp (Qi(4)) < 3Arexp (—%(1 + 0(1))> -0 (At— log)\t> ’

0y me | 7€ J¢
and therefore, by noting \; = O(n) with some ¢ > 0 for ¢t € Sq, we have, for some constant ¢’ > 0, that

[ ]

ST nG) = Y 1) + 0 (n—C’ 10%”) Ty = (14 0(1) Y Ti(j (5.4.68)
=0

JjEJt jEJt
Hence we have the summation for j € J; is the main contribution.
For j € J; and v > 1, we have

( j*))vﬂ Y ((J jJ ")’ > — 0 (1og? ).

For 1 < v < d;, we have Ev+1(@_1) =0 (no(l)x), and therefore

Z T:(j) = exp (ﬁo(a—l) + 0(1)) Z (];!)j exp (O (no(l)mlog2 j*))

jGJt jGJt

= exp <§0(Et—1) + 0(1)) ]EZJ (]J;,)J

Let random variable Y’ follow Poisson distribution
Y’ £ Poi (j*) .
Then
> TG) =exp (Ro(Gn) + 5 +o() (1= 3 P(Y' =), (5.4.60)
JEJ: j=0:5¢J,

By Poisson concentration (see, for example, combining [58, Remark 2.6] and [58, Theorem 2.1, Eq.
(2.5), (2.6)]), and noting \; = O(n°), we have

. _ j*log? j* 2
P (I =071 > /i oni?) < 2o (gt ) < exp (<14 o) o X2) = of0),

(5.4.70)
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Combining (5.4.68), (5.4.69) and (5.4.70) yields

[

J
T(j) = (1 +0(1)) Y Th(5) = exp (Bo(Ge1) +5* + 0(1)) (5.4.71)
Jj=0 JjEJ:

Hence by noting the defining equation (5.4.63) of Eo(&\t—l), we set

di+1
Prye=Ro(G1) + BN <1 - > (k- 1)Rk(2t—1)(5*)k1>

k=2

di+1
= P(¢(0)) + Ae (6* - > (k- 1)Rk(6t1)(ﬁ*)k> : (5.4.72)

k=2

where we use (5.4.30) in the last step. Then we have, by (5.4.22), that

1
Ji-1(J1, - - Jtl)) = exp <Pt71,5(6\t71) +o (1)) .

P<ZXu:0

u>t

In view of (5.4.72), we have part (i) by recalling that P .({(0)), 8* and Rk(a_l) are all in P(g—1).
For part (ii), since the induction hypothesis applies to the first term of (5.4.72), it suffices to focus on
the second term of (5.4.72). Recalling the discussion after (5.4.47), we have that g* € P(g;—1) and
has all coefficients O (n"(l)x). By Claim 5.14 (i), the coefficients of all R, are also O (no(l)x). So the
constant coefficient of 5* — Zt:gl(k‘ — DRe(G1)(B)Fis 14+ 0 (n°z), and all other coefficients are
0] (n"(l)x) by noting 8* ~ 1.

Since each step is valid for all t-amenable (ji,...,Jt—1,/t), the expansions and derivations are,
inductively, uniform over all appropriate Zt—l; and o(1) error does not depend on ji,...,j;, therefore,
the uniformity in part (iii) holds with ¢ replaced by ¢ — 1. The inductive step is now fully established
and this completes the proof of Theorem 5.12.

5.4.2 Proof of Theorem 5.1

We proceed under the assumption on p in (5.2.12), that is, p = n=x—e+o()  where ¢ is fixed. This

constraint will be relaxed at the end of this section. By Corollary 5.13, we have
P(X =0)=exp(—Fy:+0(1)), (5.4.73)

where Py, possesses the properties claimed in Theorem 5.12, in particular,

M.
Py = Zce’gnif’fpjsv‘, and Py, = (1 +0 (no(l)x>) Z)‘t’ (5.4.74)
/=1

— tes

where c. ¢,1. ¢ and j. ¢ are constants depending on e.
We first show the positivity of iz, j, for all terms n'p’ in Py, and moreover, it does not depend on

€. We consider the following cases:

e If j, < 0, the term n%p’* cannot be included in Py; otherwise, when p gets very small such that it
does not satisfy (5.2.17), including term n“p’* does not give the correct asymptotic probability 1;
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o If j,=0:
— if iy > 0, the term n¥p’* = n% cannot be included in Py, for the same reason for the case
Je < 0;

— if iy < 0, the term ni¢p’* = n% = o(1), therefore is dropped from Py, and absorbed in error.
o If 5, > 0:

— if iy < 0, the term ni¢p’ = o(1), therefore is dropped from Py, and absorbed in error;

— if 40 > 0, the term n®p’ is included in P.

Next we show that different choices of € for Py, simply determine different places to truncate a
series that is independent of €. Specifically, we follow the derivation of [98, Eq. (3.31)] and prove the

following.

Lemma 5.17. There exists a power series Py = Z@l cen'tpit, where Py is independent of €, and

satisfies for any e > 0,
(1) Poe is a truncation of Py to a finite number of terms,

(i1) different orderings of types that are valid all lead to the same terms in Py ..

Proof. We first deal with part (ii) and consider different orderings of types for some fixed . Note that
the ordering of types in S determines the order of the inductive arguments concerning the conditional
probabilities, and a given linear ordering leads to a unique set of terms in Fy.. Recall that the set of
small types S admits a unique partial ordering 7y such that (5.4.3) holds, and we first show that various
linear extensions of g all result in the same terms in P .

For fixed € and any two linear extensions 7,7’ of 1y, we have two corresponding polynomials Py .

and P, respectively, and

S
P (qu =0
u=1

jo> =exp(—Poc+o(1)) =exp (=P +0(1)). (5.4.75)

For any valid choice of p = n=X=¢t°(1) in view of (5.4.74), the terms in P; . and Pt,,a are

Y

Ce Znia,e*(xﬂf)js,fr@(l) and C/s Zni'g,g—(x'f'&)j;ﬁ'o(l)

respectively. Note a term cg,gnisvf*(xﬁ)jsl*o(l) is o(1) if i,y < (X+€)Je, and therefore, P; . only contain
terms ca,gniafpw with ic ¢ > (x + €)Je,¢. Similarly for P/ .
We have, from (5.4.75), that for all p = n=X—&+e(1),

diff(n, p) := Poc — Py = o(1), (5.4.76)

which remains true if we choose pg = Con™X~¢ with any Cy > 0, for which
M,

diff (n, Co) := diff (n, Con™"%) = Y Cflagnie=0c+oic,
(=1

151



for some ay, i¢, jo such that i, — (x +¢)je > 0 for all £. Then by (5.4.76), we conclude that Zﬂf?(n, Co) =0
and two polynomials are equal.

Next we consider different choices of ¢ and prove part (i). To do so, it suffices to show that for all
0 < e < ¢, the polynomial Py s is a truncation of Py .; specifically, ic ¢ = ic/ s, ey = Je' 4, Cep = Cer g for
all £ € [M]].

For any e, the sets of types will be denoted explicitly by S(¢), S1(g) and Sa(g). Recall the bound
on ) in (5.2.15) and the definitions of S, S;, and Sy in (5.2.14), (t1), and (t2) respectively, a type can
move from Si(g) to Sa(g), or from Sa(e) to a large type for €’. Therefore, we have S(&’) C S(e) for all
g >e

As € increases to €', in view of the definition of Sg in (t2), and its dependence on e, there is a finite
number of values of € such that the corresponding S are non-empty and are different. (The types in Sy
are also different.) We list these special values in increasing order £1 < €3 < ---. We consider arbitrarily

two consecutive g; < €;11, and let € be in open interval (g;,&;4+1). We claim that
(cl) Pi. is a truncation of P, for ¢t € S(e);
(c2) Pig,,, is a truncation of P, for t € S(gi41).

Then part (i) follows from these two claims.

For both claims, we need to show that the difference between the corresponding series, lies only in
the terms that are absorbed by the error terms o(1). We will analyse the inductive derivations of Py .
for different . Since S(e’) C S(e) for all & > &, and different valid orderings of types all lead to the
same terms in the final formula, we assume, for any case, that the types in S(¢’) have the same ordering

for £ as they do for ¢ for any &’ > «.

e Claim (c1):
Recalling that {e;}; is the set of special values that types in So get changed. Since ¢; < & < 41,
we have ¢ is not a special value, and therefore So(g) = (). Hence we have S(e) = S1(g) = S1(g;). To

show P . is a truncation of P;.,, we consider the recursive derivation of FP;., and P;. in Theorem
5.12.

— For type t' € S(g;) \ S(e):
We follow the described derivation of Py ., for €;. Note that ¢ & S(¢), we may simply set Py . = 0,
and it is easy to verify that Py ., = o(1) when evaluated at the value of p occurring in the argument

for e. Therefore, we have the difference between Py . and Py . is o(1).

— For type t € S(e):
The rest of the derivation involves the same set of types with the same ordering, and they are all
in S1. The argument for € is the same as the argument for e; except that whenever an expansion
occurs, different terms may be truncated. In particular, in view of the definition of truncation point
fo in (5.4.24), since ¢ > ¢;, we need less terms when expanding log¥, . (fi:) in (5.4.26) to achieve
larger error

1) <TLO)(\1)33> -0 (n—Vt+MtX+(Nt_1)5+O(1)) ’
t
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which is sufficient for the derivation for €. Suppose instead that we retain all terms that are significant
for either €;. The extra retained terms are dominated by the error term, and therefore all fall into
the error terms during all the remaining inductive steps in the argument involving series expansions.
In particular, the ratio estimate (5.4.40) remains true for € because of the assertion about the
truncations in Theorem 5.10, as I'; . and I';., are both obtained by truncating series I'y with I'; .,
possibly including more terms as g; < €. Then the series for ¢; in the exponent of T;(j) in (5.4.29)
contains extra terms in comparison with that for e.

Since the ratio estimate (and those following it) holds with extra terms, the iterative scheme described
before (5.4.47) leads to estimates of * and j* with extra error terms. By noting that the recursive
defining formula (5.4.72) depends on $* and Rk(ft—l) in (5.4.29), we conclude that Py . and Py s
differ by o(1).

e Claim (c2):

Next, we will show P, is a truncation of P .. Since ;11 > ¢, then S(ei+1) C S(e). Moreover, if
t € S(e), we have t € S(g;41) by noting that ;11 is one of the special values. The reason is that for
any t € S(e), it is possible that ¢t € So(g;41), but it cannot be large for &;41, since ;11 is the next

special value by definition. Therefore we conclude S(e) = S(gj41).

It then remains to show that P ., , equals P . except for any terms of . that are o(1) for e;41.
There may be a type ¢ is in Si(¢) but in Sa(e;41), that is t € (Sa2(ei41) N S1(€)). For any such type,
we claim that it is a maximal types in Si(¢); otherwise, they cannot be in Sy(g;41). Therefore, its
contribution to P, . is A¢ + o(1). When p is taken in the appropriate range for €;11, as t € Sa(gi41),
then we have its contribution to P, , is Ay = no). Therefore, the difference between P;. and

P, is o(1).

The rest of the argument for this case only involves ¢ € S1(e;41), so is similar to the argument above.

This completes the proof of Lemma 5.17. O

By Lemma 5.17, the series Py in (5.4.74) is a truncation of the power series P to a finite number
of terms. Since there is a bounded number of terms in (5.1.6) that are o(1) for a given €, we have now

established (5.1.6) for this power series and for p = n=x—=+o(1) or equivalently, we have
M
) = o (X =0) = 3t
=1

satisfies g(n,p) — 0 as n — oo for all p of the form p = n=X~¢+°(1) with some fixed £ > 0.
Next we need to show that this holds uniformly for p = O (n™X7¢) with any € > 0. To do so, we

will use the following lemma from [98].

Lemma 5.18. [98, Lemma 1.4] For a closed interval [a,b], suppose that g(n,p) is a function such that
g(n,p) = 0 as n — oo for all p of the form p = n="t°M) when k € [a,b] is fired. Then g(n,p) — 0
uniformly for all p(n) satisfying p(n) = n="") with k(n) € [a,b] for all n.

By setting a = x + £ and b = r — &” in above lemma, where ¢’ is in (5.2.17), we have g(n,p) = o(1)

r

uniformly for all p such that n~"t<" < p < n™X~¢. The remaining case of smaller p, that is p < n~"¢",

is discussed in the justification of assumption (5.2.17). The proof of Theorem 5.1.6 is complete.
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5.5 Non-existence of subhypergraphs in H,(n,m)

We will show that the H,(n,p) case can be extended to get a similar result for H,(n,m). The argument
here is more or less the same as that in Section 4 of [98]. For convenience, the asymptotics are expressed
in terms of n and the parameter d = m/N, where N := (:f) We employ the H,(n,p) case inside the
proof, for a value of p that is close to d, with some adjustment that maximises the probability of having
m edges with X = 0.

Let Y denote the number of edges of a hypergraph. The probability that X = 0 in H,(n,m) is
exactly P(X =0|Y =m) in H,(n,p). For the rest of the section, we estimate this quantity, with all
probabilities referring to H,(n,p) for some p that will be expressed using d. By Bayes’ theorem, for all
0<p<l,

P(X:oyyzm)zp(yzmxz())%. (5.5.1)
The value of p we will use, which is specified below, is asymptotic to d and lies in the range required
for the H,(n,p) case of Theorem 5.1 with the same restrictions on e, which determines the set of small
clusters S. Then Theorem 5.1 estimates P (X = 0) in H,(n,p), and the remaining task is to compute
the other two factors on the right hand side of (5.5.1).

We compute P (Y =m | X = 0) by considering the R*-clustering in H,(n,p). Recall that this is
obtained by adding to S the type t* (denoted by 0) of maximal cluster corresponding to a single
hyperedge. We will first obtain an estimate of p using the approximation of the correction factor for

the single edge cluster.
Let g(j) = (90(j); - --,9s(j)) be defined by

~

90(J) = J/ Ao

and g;(j) = 0 for ¢ > 1. Considering the power series I'g (n, p, g) evaluated at g = g(j), we have, by
Theorem 5.10 (b1), that for j/Ao < 3,

x—l—no(l))\[;)
Y

Fo(n,p.80)) = 1300, 0) + O (22 (552

by recalling that %, .(idg) := To(n, p,g(4)). Also define g(m) by
go(m) =m/Ao

and g;(m) = 0 for ¢ > 1. Then by Theorem 5.10 (b2), in view of the differences between go(j) and

go(m), we also have
To.(np,8(7)) = To.c(n,p, 8(m)) + O (5= (m = j) ) . (5.5.3)

For brevity, we write

7 = To(n,p,g(m)). (5.5.4)
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Combining (5.5.2) and (5.5.3) gives

. _ o\ .
v(§60,0) =5 + O <n " L+ /\io(m —])> . (5.5.5)

We will use 7 as an estimate of v(jdg,0) for j in the range under consideration.
The probability that H,(n, p) has no copies of any hypergraph in R and m’ edges will be maximised,

given p, at m’ ~ m provided that

P((m+1)do)

P(mdy) ~ 1.

In view of the definition of correction factor v(f,¢) in (5.2.4), and noting A\g = pN, this is equivalent to

v(méo, 0) = Ao P(mdy) T o p
Consequently, we define p by
p=d/7. (5.5.6)

One can interpret d/7 as the “maximum likelihood estimation” of the parameter p given m edges with
no copies of any hypergraph in R.
By Theorem 5.10 (b1), we have

Lo.(n.p. &(m)) =(7.0)| = 0 <+A—())\> ,

where the cluster count f := (m,0,...,0). We also have v(f,0) = 1+ O (no(l)a:) by Claim 5.8.

Therefore,

N o(1)
7 ="Toe(n,p,g(m)) =1+0 (no(”x + %) ,

and moreover, by (5.5.6),
o(1)
p=d <1 +0 <n°<% + %)) . (5.5.7)

By (5.5.4), 7 is a function of n and p, in the form of some power series. The estimate of p, in view of
(5.5.6) and (5.5.7), and noting the constraint on x in (5.1.4), be can obtained via repeated substitutions

in the form of a power series in n and d as

p=di (1+0(5)) (5.5.8)

where J; is the truncation of some power series J1 in n and d to significant terms that is of a finite
number, and J; is independent of ¢.

Now we are ready to approximate P (Y =m | X =0).

Claim 5.19.

ﬂle. (5.5.9)

Proof. The number Y of edges in H,(n,p) is distributed as Bin(NN,p) where N = (), with mean

PY=m|X=0)~
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Ao = Np ~ m. Therefore, by the concentration of binomial variables [58, Theorem 2.1|, we have
P (|Y — m| > 3m) < exp(—com).

for some constant ¢y > 0. From the H,(n,p) case of Theorem 5.1, we have P (X =0) in H,.(n,p) is
e=®M) with A\; = o(\g). It follows that

3m
=0)=) P(X=0Y = P (jdo) = (1+0(1)) > P (jd). (5.5.10)
§=0 §=0 =0

Also by (5.5.5), we have

—P(g&))‘;@) = 259(j00,0) = 74 ( +0 (” (:x> +0 <x<”j—0‘7)>) , (5.5.11)

where the last step is by noting A\g = pN and pN = dN = m. Hence (5.5.10) gives

P(X ]50 . 050 350

Recall the definition of Ty« (+) in (5.4.35), we have

Hyog ido) = Sr H <1 +0 (” (O)”> +0 <x(7;—0‘7)>> , (5.5.13)

with the second equality is by noting (5.5.5). Therefore, rewriting (5.5.12) using the correction factor
defined by (5.2.4), gives that

P(X=0)
P= mX ) TO ZTO (5.5.14)

We now can deduce, from (5.5.13), that
Ty(m) oy
To(m—1) — L+0 ( Ao )

From Lemma 5.15 and its proof, we have that j* = m + o(1), and

T0(3) = exp (~ 5+ o(1)) T

for j =m + O (y/mlogm). Thus, in view of (5.5.14),

_ )2
P(}E)Sf;)g):o) ~ > exp <_ J 2m) > ~ V2mm.
|j—m|:0(\/7nlogm)

Taking the reciprocal completes the proof. O
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Now we have

P(X:0|Y:m)wﬁ%, (5.5.15)

and it remains to estimate probabilities P (X = 0) and P (Y = m). We substitute p using (5.5.8) into
the polynomial obtained by truncating the power series for logP (X = 0) from the H,(n,p) case of

Theorem 5.1, at an appropriate level, to obtain
logP (X = 0) = Jo 4 o(1), (5.5.16)

where !72 is a truncation of a power series Jo in n and d, with Jy independent of ¢.
The remaining factor P (Y = m) is simply the binomial probability that can be estimated using

Stirling’s formula. Note that m = dN = o (N) since d ~ p and p = O (n™¢), then by Stirling’s formula,

dN

L1 NN
V2rdN (dN)™ (1-d)N)

) ()

~ exp leogjl—i— 1 —d)Nlog 1—@ ) 5.5.18
V2mm 1-d

PY=m)=P(Y =dN)= (N)pdN(l _p)(lfd)N

(1—d)NPdN(1 —p)=DN (5.5.17)

with factor 1/v/2mm cancelling with P (Y = m | X = 0) obtained above in Claim 5.19.
Then plugging (5.5.16) and (5.5.18) in (5.5.15) yeilds

P(X =0|Y =m)~exp <JQ - d(Z) log (i) - <Z> (1 - d)log (1 - d(ljlzll)» . (5.5.19)

Further expanding gives a power series in n and d, by noting Ji—1=0 (no(l)x + )\81) from (5.5.7).

The positivity of the exponents i, and j, follows by arguing as in the proof of the H,(n,p) case.

5.6 Computation of the asymptotic probability that Hs(n,p) is linear

To obtain the probability of a random hyprgraph being linear, recall that the set Hg contains ‘forbidden’
hypergraphs with hyperedge pair intersecting in more than one vertex; therefore, we set R = Hp and
let R* be the union of R and the single edge cluster for this and the next section.

The goal of this section is to compute the terms in Theorem 5.1 explicitly to prove Theorem 5.3. To
obtain an explicit formula, we need to first obtain estimates of the correction factors, and these need
to be determined to a required accuracy, along with the quantities c(u,t, h) appearing in the iterative

approximation (5.3.1).

5.6.1 Clusters and correction factors

For 3-graphs, the only forbidden hypergraph is on four vertices with two hyperedges sharing two vertices
and we have x = 1 according to (5.1.1). For p = O (n*7/5*5), we have, by (5.1.4), that z = np =
9] (n—2/5—€).
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When n”p® — 0 and n®p* — oo, simple computations reveal that S = [8] and S consists of the eight
clusters listed in Figure 5.1. Note that for smaller p, we may have less types. All other cluster types
have expected number tending to 0 asymptotically, and are therefore are not in S. Note that the types
{4,5,6,7,8} are all maximal, and therefore not comparable in the poset ordering < on S. Nevertheless,

we have that A\ < n°W )\, for all ¢ < 8.

@ «f’ O—O m"e
o[>0 o[>0 «qg; o[>0
(123, 234} {123, 234, 345} {123, 234, 235} {123, 234, 345, 4561

2 pe 3 4

Type 1 Ty Ty

Type

pe
® ® ®
ol ir ol O O C
@ 0 0 ovipo
&i' o j&» gﬁp' «Mﬁhe
{123, 234, 345, 246} {123, 234, 345, 356} {123,234, 345, 236} {123, 234, 235, 236}
Type 5 Type 6 Type 7 Type 8

Figure 5.1: Types of possible small clusters for Ho-clustering in Hs(n,p) whenp = o (n*7/ 5).
For each type, the hyperedges are listed below each diagram.

We first calculate A\; for ¢t € S, as listed in Table 5.1.

~ [n]wp? ~ [nlsp _ [nJsp? _ [nlep
A=y A =" 3= M=y

~ [nep* _ [nJep? _ [nlep? _ [nlep?*
As="6 - A= 5 A="95- M="p

Table 5.1: Expected numbers of small clusters.

Our next task is to find the polynomial I'; . defined in Theorem 5.10, iteratively for all ¢ € S. In
order to do this, we first list all non-negligible terms in summation (5.3.3) for computing I'; in Table

5.2, where the “cofactor” column of Table 5.2 shows the non-negligible part of

k
>\u gti
st |
=1

The calculations get simplified by omitting terms in (5.3.3) that have coefficients of variables g, being
O(n=c0/)\;) for some ¢y > 0, and therefore, h is quite restricted. This is because in when evaluating
ﬁtﬁ( f), each g, is assigned a value that is n°M | and hence the dropped terms are subsumed into the

error term in (5.3.27), recalling that 7,(f) = 1 + O(z) by Lemma 5.7. In particular,

e We omit any O(p) term of the expansion of 1/c(t,¢,0) in (5.3.2), since for all ¢ € S, we have
pAt = O(pA1) = O(n*p?). Hence, we can treat c(1,1,0) as 1; this also applies for c(t,t,0) for all
other t € S.

e We omit terms inside the summation in (5.3.2) with factor ¢(¢,¢, h) for any non-zero h € F and
for all ¢, since c(t,t,h) = O(p).
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u t h c(ut,h) cofactor

2 1 0 2 2npl'y

3 1 0 3 snpl's

4 1 0 1 2n2p?

4 1 0 2 2n2p°Ty - glffl
5 1 0 3 §n2p2

6 1 0 1 2n?p?

6 1 & 2 2n2p*Te - 17
7 1 0 2 2n°p?
71 45 2 2n2p?T7 - g1 T
8§ 1 6 6 Ln%p? - iy
4 2 0 2 np

5 2 0 3 np

6 2 O 2 np

7 2 0 2 np

7T 3 0 1 6np

8 3 0 4 Tnp

Table 5.2: Contribution to the iteration (5.3.3) for the Ho-clustering.
e We omit contributions from ¢ > 4, since all such ¢ are maximal in S, and c¢(u,t,h) = 0 unless
t<wuoru=-¢t.
e Any other factors which appear to be missing have simply been replaced by 1.

Note that the above omissions and simplifications are not necessary, one could include all relevant terms
and factors in iterations and obtain the same series in the end with the required accuracy.

Using the above values, we obtain the iterative formulae

(r+1) (r) ( 2 2 2 ZF‘Y) 2 2F<(Sr) 2 2F(7T) 1 9 QFg)
T T ' ,€ ,E ,E ;€
Iy, " =1—dnply ;. —npl'y . — 10n"p” —4n"p NGI 4np 91— 4n®p 91— 3P R I
1 1 1 1
I'ye =1—"Tnp, (5.6.1)
I's. =1—"Tnp, (5.6.2)
Tie=1 (t=4). (5.6.3)

Substitution of {I'; . }+>2 to I'1 . gives that
Fglg =1—5np(l — Tnp) — 10n%p? — %nszgl =1—5np+ 25n%p* — %n2p291.

2 _ Fgla, and therefore we have

Further iterations give I';”/

T =1 5np +25n%p% — Z2n’plgr. (5.6.4)

We will evaluate the expressions given in Section 5.4 for p such that n”p> — 0 and np* — oo, so
that S; = [8] and Sy = ). The ultimate result will then be valid for all values of p such that n'p® — 0
by Lemma 5.17. We also fix € in the range 0 < ¢ < 7/5 — 1 = 2/5. With p and ¢ in these ranges, the
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I'; . are given by the expressions (5.6.1)—(5.6.4).

5.6.2 Conditional probabilities

The recursive approximation of conditional probabilities for ¢ < 8 starts with setting Pg . = 0in (5.4.11).
The next step is to determine P7.. Now we have j* = A7 and we conclude that

P(Xs=0| J7(j1,. .- ,j7))_1 ~ e and then P; . = )Ag. Similarly, one can show that

1 8
jt(jl,...,jt)> Nexp< Z /\u>

u=t+1

P(ZXu:O

u>t

for t € {6,5,4,3}. In particular we have P (Zu>3 X, = 0‘ jg(jl,jg,jg))_l ~ exp (Ps.) with P53, =
> et M-

5.6.2.1 Summation for type 3 and 2

For type 3, plugging the (5.6.2) into the summation (5.4.21) gives

m . 8 Lmtj 1
Z —% exp (ZA) (1 — Tnp)? = exp <Z)\> Z %’exp(jlog(l — Tnp))
=0 =4 =4 7=0
8 [ ] j
= exp <Z )\i) Z —:,” exp (—=Tnpj + O (n?p*j)),
i=4 j=0

where the last step is by expanding the logarithm and noting np = o(1). Since 0 < j < 33, we have
n’p%ji =0 (n7p5) =o0(1), and

[t ]

(e—7np)\3)j
>

Jj=0

8 8
= exp <Z N+ 6—7"13)\3 + 0(1)> = exp (Z Ai + (1 —Tnp)As + 0(1)> ,

i=4 i=4

m3 j 8
Z—‘?e (ZA) 1 — Tnp)’ :exp<Z)\i+o(1)>
j=0 =4

=4

by noting n?p?A3 = o(1). Thus we have P (Zu>2 X, = 0‘ jg(jth))il ~ exp (Poc) with P, =

(1—Tnp)As + 30 _ A
Similarly for type 2, we obtain

[ma2] j 8 A 8
Z % exp (Z Ai +(1— 7np))\3) (1 —"Tnp)) =exp (Z Ai+ (1 —=Tnp)(As+ A2) + o0 (1)) ,

=0 i=4 i=4

and P (Yo, Xy =0 y jl(jl))‘1 ~exp (P1c) with Pi . = (1 —Tnp)(\s + A2) + 2214 Ay
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5.6.2.2 Summation for type 1
For type 1, note that g; does not appear in P ., we have

Lma | lma] j—1

. X 25
S i)=Y Few P[] (1 — Bnp + 25n2p? — —n2p2g1) (5.6.5)
=0 =0 =0
=exp (Pi) Z —1 (Z log (1 — 5np + 25n%p? — —5n2p2 ;1)> (5.6.6)
=0 =0

For 0 < i < 3\, expanding logarithm gives that
log <1 — 5np + 25n2p? — 25n2p2/\l ) —5np + 25n2p2 — 25 n?p? Z —l— 0] ( )
Then we obtain
135) = S (Pro+ (omp+ Bu?) 5 - Bt +o1). (56.7)

We also have the ratio from (5.6.5),

Ti(j) <

2.2 25 9227 ) Ay
TG-1) — —onp + 25n7p” — Fnp YRR

g
This leads to the equation for the maximum term

I 2.2 25 2 27"

N =1-—5np+ 25n°p” — S ADVE
Iterations give that

* (1 — Bnp + En2p2> A +o(l). (5.6.8)

In view of (5.6.7), we rewrite

- ) 2
Pre+ (=5np+ up?) ji - B2l = Ryt Buj o+ LS (5.6.9)

where expanding (5.6.9) and comparing with (5.6.7) give

-2

~ ~ ~ ~ ~ -2
R0+R2j*+(R1—2R2)j+R2§.—*:P175+< Snp + Zn? 2)3 25,2,20°

Recursively solving, in view of (5.6.8), yields

Ry =22 2(1—5np—|— 25,2 2),

Ry = —b5np+ %n2p2 + 2Ry = —bnp + %n2p2 <5np —n 2p ) (5.6.10)

Ry = 25 n2p? (1 _ Bnp + En2p2> AL+ Pie. (5.6.11)
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Here we can also verify (5.4.65) by (5.6.8) and (5.6.10), that is,

exp (ﬁl(&,l)) (1 — 5np + —n Zp ) A1 +o(l).
Then we have the summation for type 1, following (5.4.71),

[m1]
> () = exp (B + 5" + 0 (1))
§=0

= exp (Pl e+ —n 2p (1 — bnp + —n D ) A1+ <1 — 5np + %rﬂpz) A1+ 0(1)> =exp (Poe+0(1)),
where
P0,€:P1,e+ (1—5np+ % 2 2) Al.

Plugging in the expectations in Table 5.1 yields the final asymptotic formula

8
P (X =0)=exp <_Z)‘i — (1 ="Tnp)As — (1 — Tnp) A2 — (1 — 5np + —n Zp ) )\1>
i=4

5 3 5 3 9
= exp <—i—én6p4 _ ( 7np) (1 _ 7np)n2 (1 — Bnp + _n D ) [n]:llp >

= exp ( antp® + 3n3p2 + 2n5p3 — gi 6p4)

~7/11=¢) " To relax this to p = o(n~7/M), we only need to

We for now have the case when p = O (
note that, from this conclusion, all other terms in the series in Theorem 5.1.7 must have iy/j, < 7/5.

Such terms tend to zero for p = o(n _7/5), and this completes the proof of Theorem 5.3.

5.7 Computation of the asymptotic probability that H3(n,m) is linear

Here we extend the previous case to give the probability that Hs(n,m) is linear by finding the asymp-
totics of P(X = 0) and P(Y = m). This requires first obtaining the asymptotic expansion of p = d/7.
Recall by (5.5.4), we have ¥ =%, .(n,p,g) with go = m/A\o and g; =0 for i > 1

Recall that we need R*-clustering with single hyperedge clusters of type 0. To calculate 5y (n,p, g),
under the same assumption that p = O(n_7/ 5=¢), we extend Table 5.2 by considering Table 5.3 for this
new clustering.

We may also ignore and simplify certain terms in the product of ¢(u, t, h) with its cofactor in (5.3.3).

In particular,

e Note that A\g = p(}), and in view of (5.5.5) and (5.5.6),

50 = m/)\o = d/p = V = FU,E(napag) = 7(]5070) + O(Aal)
The factors go/Tg can be replaced by 1 in (5.3.3).

e We omit all terms of the form ¢(u, 0, d,,) for u > 0, since I', = I'y; and get cancelled in (5.3.3) and

the factor g, is 0 during evaluation.
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u t h  c(ut,h) cofactor
0 0 o P o
3 _

1 0 & 2 snply - ol
2 0 28 1 3n2p’TageT,
5 0 36 1 nip3gdly?
2 1 & 2 %npfg gLyt
3 1 50 3 gnprg . goFal
4 1 26 1 2n%p?Ty - 63T, 2

2 _
5 1 26 3 5n*p°Ts - ggfoj
6 1 249 1 2n*p?Tg - g2y
7 1 26 2 2n2p’T7 - 2T 2
4 2 b 2 np - ggfal
5 2 g 3 3NPp - g0l
6 2 Jg 2 np - ggl“a1
72 & 2 np - goly*
7T 3 1 6np - goFal
8 3 & 4 1P - 9oLy

Table 5.3: The contribution to the iteration (5.3.3) for the #Hj-clustering.

Then, we obtain the iterative formulae, by noting from (5.2.1), that ¢(0,0,0) = 1—p and ¢(1,1,0) =
(1 - p)27

(1) _ 1 (r) Iy 20 T80 5 54 1 g
T T ,E ,E
Loe " =15 (1 —plos — 3”pr(()rg go — 3n°p (Férg)ng —n°p (rg’“g)390
Ty, = == (1 — dnply. — npls.. — 10n2p?
le = (1*10)2 ( nploe —npl3e np )
I'ye=1—"Tnp

I'se=1—"Tnp

Iie=1 (t>4).
Substitution of {I'; ¢ };>2 to I'i ¢, and further expansions and simplifications give that
I = ﬁ(l — 5np(1 — Tnp) — 10n°p®) = (1 — 5np + 250°p*) (1 + p+ p* + p* + p*)?,
and similarly we have for type 0,
) = (1 p+p2 +p%) (1= pIf) = 3npDyc = 30%p°Toc = np?) .
Iterations lead to

[oe=1—-3np+ 127@2172 — 55n3p3 +o0 (n3p3) .
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Then repeated substituting p = d/7 into itself yields
d
p=3 =d (14 3dn+o(dn)).
Define €9 = p/d — 1 for brevity. Then by substituting p, we have from (5.1.8) that
log P (X = 0) = Ja + o(1)

= L1 4 20)? + 2nPdP(1 4 €0)? + 2P (1 + £0)? — 22nSdt(1+ 20)" + o(1

=1 0)"+5n’d* (1 +e0)” + 5n°d’(1 +e0)” — 5yn°d (1 +£0)" + o(1).
By noting (5.5.8), plugging into (5.5.19) gives P (X = 0) in Hz(m,n),

10gP(X:0\Y:m):,72d(g> log (1 + o) — (g)(ld)log(1%> +o(1)
= Jo+ <§) (dng(ler)—d%%) +o(l).

Calculations and truncations yield

P (Hs(n,m) € L3(n)) = exp (—%n4d2 — %n5d3 - ﬁn6d4 + %ngd2 +o (1)) .

For the same reasons as in the Hz(n,p) case, the validity extends to all d = o(n~7/%). This completes

the proof of Theorem 5.4.

5.8 Concluding remarks

In this chapter, we use the perturbation method to give the asymptotic probability of linearity of random

hypergraphs by avoiding certain forbidden hypergraphs. The same method also gives the probability of

non-existence of some other subhypergraphs in random hypergraphs by considering the corresponding

clustering. In this chapter, we focus on the case when r is some fixed integer, it may be possible to

extend our method and to consider the case when r = r(n) by considering the corresponding clusterings

therein.

5.9 Appendix: Computational details for Section 5.7

We include Wolfram Mathematica code used in Section 5.7 here.

1 -7 (y*xz)
(1 - 5 y*xz +

25 (y*z)~2)*(1 + p*xz + (p*xz)~2 + (p*z)~3 + (p*z)~4)"2
ga0i0 = (1 + (p*z) + (pxz)~2 + (p*z)~3 + (p*z)~4)*(1 - (p*z) -

ga2

gal

3x(y*z)*gal - 3 (y*z)~2%ga2 - (y*z)~3)

ga0il = (1 + (pxz) + (p*z)~2 + (p*z)~3 + (p*z)~4)*(1 - (p*z)*galil0 -
3x(y*z)*gal - 3 (y*z) 2%ga2 - (y*z)~3)

ga0i2 = (1 + (pxz) + (p*z)~2 + (p*z)~3 + (p*z)~4)*(1 - (p*z)*galil -
3x(y*z)*gal - 3 (y*z)~2%ga2 - (y*xz)~3)
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gaOtrun = Expand[ga0i2] /. z"b_ /; b >= 6 -> 0
ga = With[{z = 1, y = nxp*a, p = a*p}, Evaluate[gaOtrun]]

pO = Expand[
d*axExpand[1 + (1 - ga) + (1 - ga)~2 + (1 - ga)~3] /.
a~b_ /; b > 6 -> 0]
pl = Expand[
d*axExpand [
With[{p = p0/a},
Evaluate[l + (1 - ga) + (1 - ga)~2 + (1 - ga)~311] /.
a~b_ /; b > 6 -> 0]
p2 = Expand[
d*axExpand [
With[{p = p1/a},
Evaluate[l + (1 - ga) + (1 - ga)~2 + (1 - ga)~31]1] /.
a”b_ /; b > 6 -> 0]
p3 = Expand[
d*axExpand [
With[{p = p2/a},
Evaluate[l + (1 - ga) + (1 - ga)~2 + (1 - ga)~3]1] /.
a*b_ /; b >= 6 -> 0]
eps = With[{a = 1}, Evaluate[Expand[p3/d - 1]]]
first = -n~4 p3°2/4 + 3 n~3 p3°2/2 + 2 n~5 p3°3/3 - 55 n~6 p3~4/24
second = n (n - 1) (n - 2)/6%x(d*x(1 + d)*eps~2/2 - d*eps~3/3)
With[{a = 1}, Evaluate[Expand[first + second]]] /.
db_/; b>5 ->0/.nb_/; b>8 ->0
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Chapter 6
Concluding remarks and future work

This thesis presents several examples of obtaining accurate asymptotics of the probability of non-
existence of small substructures in random objects via the consideration of clusters and cumulants.
We believe these are some tips of the iceberg. More interesting and fundamental results are to be

investigated.

6.1 Non-existence of subhypergraphs and hypergraph independence

polynomials

Now we point out some connections between the probability of non-existence of small subhypergraphs
and the hypergraph independence polynomials.

An independent set in a hypergraph H is a subset of vertices U C V(H) that contains no edge in
E(H). Let Z(H) denote the set of all independent sets of hypergraphs H, and p € (0,1). Then the
independence polynomial of the hypergraph H with parameter p is

Ln(p) = Z pVl.

UeZ(H)

It is natural to consider the hypergraph cluster expansion following the derivation in Section 2.2 to
obtain an expansion of log I (p).

Let F' be a hypergraph and let n be a positive integer. We define a hypergraph Hp such that its
vertex set V(Hp) = E(K,) = ([:f}) is the edge set of the complete r-uniform hypergraph with vertex
set [n] = {1,...,n}, and let E(HF) be the collection of the edge sets of all copies of F' in the complete
r-uniform hypergraph K, , defined by (2.3.1).

Then the probability of the non-existence of subhypergraphs F' in a random binomial hypergraph is

_ ny_ n Ul
P (Hy(n,p) is F-free) = 3 plla—p) W= -p() 3 ()

UeZ(Hr) UEI(HF) (6.1.1)
and therefore,
log P (H,(n,p) is F-free) = (:) log(1 —p) +log1m, (ﬁ) . (6.1.2)
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In a hypergraph with maximum degree A, each vertex appears in at most A edges. Improving
upon a recent result by Galvin, McKinley, Perkins, Sarantis and Tetali in [35], Bencs and Buys [8] show
that the optimal zero-free disc around 0 for the graph independence polynomials obtained by Shearer
[89], that is pgpearer(A) defined by (1.3.15), is also the zero-free region for the hypergraph independence
polynomials. This essentially characterises the absolute convergence of the hypergraph cluster expansion
for hypergraphs with maximum degree A.

For the non-existence of triangle in G(n, p), we have F' = K3, and therefore the maximum degree of

hypergraph Hp is
A(Hg,) =|{e€ E(Hk,) :v€E€e}l =n—2,

and hence,

pShearer(A) S e(Al_l) = e(nl_g) =0 (n_l) :

In comparison, the assumption by Stark and Wormald [98, Theorem 1.1] and also by Mousset, Noever,

Panagiotou and Samotij [77, Corollary 13| is

p=0 (n71/276>

for some € > 0. It is unclear whether pshearer(A) is necessary for using cluster expansion in (6.1.2).

6.2 Open problems

We have shown that the truncation of the cluster expansion series gives the asymptotic linearity of
binomial random hypergraphs. The analysis of the truncation utilised the cumulant series by by Mousset,
Noever, Panagiotou and Samotij [77], whose derivation exploits the correlation among random variables
and relies heavily on FKG inequality. It would be interesting to investigate whether this is necessary for
the truncation. Alternative ways of handling truncation that are commonly used include establishing
the absolute convergence of the series via the Kotecky-Preiss criterion [61], for example, see Section 2.5
or [40, 59], etc.

Question 1. What is the proper criterion for the absolute convergence of cluster expansion (2.2.1) and
(6.1.2)? In particular, for the probability of the non-existence of subhypergraphs in Hy(n,p), recalling

the definition of extension value x in (5.1.2), is x = o(1) enough?

The local dependence is assumed to use the cluster expansion in this thesis due to the assumption
in the binomial random graph H,(n,p) setting. It is not clear whether the framework can be adapted
to the settings with weak long-range dependencies, such as the study of Markov chains, etc.

It also would be interesting to investigate whether the cluster expansion series also gives the probabil-
ity of the non-existence of subhypergraphs in random hypergraphs with given number of edges H,(n, m).
We could also consider random graphs with given degree sequence, or the even simpler random regular
graphs G(n,d). In these cases, all graph-dependent indicators are dependent, and the only valid de-
pendency graph for them is the complete graph. We may need to modify the method by incorporating
the notion of weak dependence, for instance, mixing coefficients, etc, see, for example, [48, 49|, or to

consider variants of “weighted dependency graph” introduced in [25].
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Question 2. How to design proper dependency graphs to study the probability of the non-existence of
subhypergraphs in H.(n,m) or subgraphs in random regular graphs G(n,d)?

6.3 Future work
Here we list some feasible future work.

(fwl) Eulerian orientation count of random regular graphs.

The complex martingale method [46] gives asymptotic enumeration of Eulerian orientations of
random regular graphs for the dense case. Together with Brendan McKay, the preliminary com-
putations give an interesting correction multiplicative factor to a naive formula. This formula is
consistent with simulations for the sparse range, for which the switching method will be used. It

remains to write a rigorous proof. We also conjecture that the formula holds for the middle range.

(fw2) Complex cumulants and asymptotic enumeration.

The complex martingale method [46] can be used to obtain accurate asymptotic enumeration of
orientations of a graph as a function of the out-degree sequence. This would extend results in
[45].

(fw3) More accurate asymptotic probability of non-existence of small subhypergraphs.

We used the perturbation method to study the probability of the non-existence of small sub-
hypergraphs in random hypergraphs, and we can modify our approach to obtain more accurate
asymptotic formulae to any desired power of n~!.

Theorem 2.18.

This would be analogous to the results in

(fw4) Maximum likelihood estimation of edge probability using small cluster counts.

By keeping track of the numbers of clusters, we obtain approximations of the conditional proba-
bilities of avoiding certain sets of clusters given the counts for smaller ones and the non-existence
of even larger ones. This can be uilized, from a Bayesian perspective, to obtain the maximum

likelihood estimation of edge probability using cluster counts.

(fwb) Asymptotic linearity of binomial random hypergraphs via cluster expansion, II. Con-

vergent series.

There is another formulation to relate the probability of a random hypergaph H,(n,p) being
linear and the independence polynomial. We define a graph G such that its vertex set contains all
hyperedges of the complete r-graph, and there are edges between hyperedges with overlap greater
than 1, that is, V(G) = (:f), and

E(G) = {{vl,vg} c <V(2G>> ot N va| > 1}.

Then the maximum degree of G is
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and therefore, if 7 = ©(1), then

(A-1)2! 1 1 .
PShearer (A) = AL < (A1) S e(;) (:7T) =0 (7”L2 ) .

In comparison, Theorem 2.7 requires p = o (nQ*’"). Hence, this approach gives stronger results

for even less restricted p.
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