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1 Introduction

The income elasticity of healthcare expenditure is defined as the percentage change in
healthcare expenditure in response to the percentage change in income per capita. If
this elasticity is greater than one, then healthcare expenditure grows faster than income,
as luxury goods do, and is driven by market forces alone (Culyer, 1988). However,
significant governmental funding of health systems produces elasticities lower than one,
typical of necessary goods. On this subject, there is growing literature on modelling
and assessing the sustainability of health systems in some countries (e.g., Di Matteo
and Di Matteo, 1998; Hartwig, 2008). Take Figure A.1 of this study as an example,
in which a few facts emerge. First, there is a steady increase of average healthcare
expenditure per capita during the past two decades in the OECD and Eurozone, and the
rate of increase falls slightly after the Global Financial Crisis. A report of the World
Health Organization on the effects of the Global Financial Crisis in European health
systems (Mladovsky et al., 2012) concludes that the response has been heterogeneous
among FEuropean countries: some countries have made their health system more efficient,
others have extended health benefits to ensure access for low-income groups, while others
have cut investment and increased patient charges. Clearly, the Global Financial Crisis
has been an economic shock that has trigged the implementation of new health policies
seeking to reduce the sensitivity of health systems to these economic shocks and to make
them less dependent on public revenues. Second, there are clear nonstationary trends
in Figure A.1, which should be accounted for by economic/econometric models. Third,
certain cointegration/endogeneity should be allowed for.

Although the relevant literature has agreed that the sustainability of the healthcare
cost can be more or less assessed by measuring income elasticity (e.g., Jones and Wildman,
2008; Hauck and Zhang, 2016), most earlier works use parametric models, assuming that
regressors are stationary over time, and assuming exogeneity between regressors and
error terms. Among the limited literature (e.g., Gerdtham and Léthgren, 2000; Okunade
and Murthy, 2002; Jewel et al., 2003), few studies in this field have accounted for the
nonstationarity of variables, the heterogeneous income elasticity over time, and certain
endogeneity simultaneously.

That being said, we aim to capture the features associated with healthcare expenditure
mentioned above by investigating some semiparametric panel data models. Panel data
analyses have received considerable attention during the past two decades due to the
suitability for a wide number of applied disciplines, e.g., economics, finance, and biology

(Arellano, 2003; Hsiao, 2014). In addition, semi/nonparametric panel data models have



seen their popularity increase because of the flexibility of the unknown functional forms,
e.g., Connor et al. (2012), Su and Jin (2012), Fan et al. (2016), just to name a few.
Given that time trends are the dominant characteristic in many economic, financial, and
climate datasets, it is thus worth considering some semi/nonparametric panel data models
including different types of time trends. An excellent review on the challenges that arise
with time trends can be seen in Phillips (2001).

In this article we study the income elasticity of healthcare expenditure specifically
using time-varying coefficient panel data models with nonstationarity and endogeneity.
On methodology, we first extend Phillips et al. (2017) to the panel data framework, and
establish a biased corrected estimator to tackle certain endogeneity while accounting for
time-varying marginal effects, and nonstationarity of the regressors. We then discuss an
extension on nonstationary panel data models with interactive fixed effects. For both
cases (with and without interactive fixed effects) we show that the degeneracy issue
mentioned in Phillips et al. (2017) is no longer a problem when panel data get involved.
Some other relevant theoretical works include, but are not limited to, Cai and Li (2008),
Sun et al. (2009), Gao et al. (2019), etc. On empirical study, our results, which are
based on 34 countries in the OECD and 20 counties in the Eurozone from 1995 to 2014,
suggest that the income elasticities increase slightly over time. Our study shows that the
country demographic structure is also related with its healthcare expenditure. The price
of healthcare increases with ageing population and decreases as the rate of population
under 15 years old increases. A monotonic decreasing relationship appears between the
healthcare expenditure and the proportion of public funding dedicated to healthcare.
This supports the positive effect of the new healthcare policies triggered by the Global
Financial Crisis in the Furozone. These policies aim at making the Furozone health
systems less dependent upon government funding and macro-economic shocks, and they
seem to be working in the right direction.

The rest of this paper is organized as follows. The methodology and the associated
asymptotic results are provided in Section 2. Section 3 presents the empirical study.
Section 4 concludes. Appendix A further explains two technical issues, and presents
the list of countries studied in this paper. To conserve space, Appendix B collects the
necessary technical lemmas, mathematical proofs and some simulation studies.

Before proceeding we introduce some notations that will be used repeatedly below. ||-||
denotes the Euclidean norm of a vector or the Frobenius norm of a matrix; || - ||sp defines

the spectral norm of a matrix; = denotes convergence in distribution; |z| denotes the
u
h
kernel function and a bandwidth of the kernel method, respectively; i and Iy stand for

largest integer less than or equal to x; Kj(u) = K(%), where K(-) and h represent a



a T x 1 vector of ones and a T x T identity matrix, respectively; My = Ir — Py denotes
the orthogonal projection matrix generated by matrix W, where Py = W(W'W)~ W’

and W is a T' X ¢ matrix with rank q.

2 Methodology

We start by considering the following panel data model
Yie = X, 80(7e) + i + i, (2.1)

where {(Yy, Xi)|i =1,...,N,t =1,...,T} are observable. Moreover, 1, = t/T, X =
Xii—1 + vy is a d x 1 integrated process, fBo(-) = (Bo1(+),- .., Boa(:))" is the coefficient
function, and «; is the individual effect. We adopt a linear process for v;; and uy, i.e.,
Wiy wir)" = D252 0(Pj,05) €ip—j, where g is a (d + 1) x 1 sequence of random vectors,
and (®;,1;)" is (d+1) x (d+1) and is partitioned conformable to (v, u;;)’. Throughout
this study, suppose Zf\; a; = 0 for the purpose of identification. The model (2.1)
captures potential drifts in the relationship between Y;; and X;; over time, and allows for
certain endogeneity through the structure of (v, u;)’, which is especially useful for time

series data over long horizons, because economic mechanisms are likely to evolve with

institutional changes, regulatory conditions, or financial conditions.

2.1 Estimation and Asymptotic Properties

Having introduced the model (2.1), we define the estimate of §y(d) for Vo € (0,1) as

follows:
B(0) = (X'W; X) "' X'W;Y, (2.2)

where Y = (Yi1,...,Yir, ..., Y1, ..., Yyr), X is defined similar to Y, W§ = D{W;Ds,
Wi = In @ diag{K},(11 — 9),...,Ky(tr — 8)}, Ds = Iyt — D(D'WsD) ' D'W;, and D =
(—in_1,Iny-1) ® ir. To conserve space, the reason why (2.2) is considered is explained
in Appendix A.1 of this paper. It is worth pointing out that under a panel data setting
the degeneracy issue mentioned in Phillips et al. (2017) is no longer a problem for (2.2).
The detailed explanation is provided in Appendix A.2.

Before stating the asymptotic properties of (2.2), we provide the necessary assump-

tions with discussions.



Assumption 1. Let K(-) be symmetric and defined on [—1, 1], and satisfy f_ll K(w)dw =
1, sup,,epo) KM (w)| < oo, and Ll1 |w| K (w)dw < oo.

Assumption 2. Suppose that each element of Bo(T) is second order continuously differ-

entiable on [0, 1].

Assumption 3. Let & = 3722 ®; and ¢ = 372 1. Suppose that max;>1 E|| Xyl|* < oo
and Y2220 jl[(®;, ;)| < oo. Moreover, suppose that {e;:} is independent and identically
distributed (i.i.d.) over i and t, Eley] = 0, Elegel,] = A > 0, and Elje;|*™ < oo for

some 7y > 0.

Assumption 4. Suppose that as (N,T) — (00,00), h = 0 and min{T, N} - h — co. In

additz’on, hm(N,T)—>(oo,oo) NT?h® < oo.

Assumption 1 imposes some standard conditions on the kernel function. Assumption 2
requires certain smoothness of the coefficient function. Both assumptions are standard in
the literature of nonparametric regression (e.g., Cai and Li, 2008). Assumption 3 extends
the requirements on nonstationary time series of Phillips et al. (2017) to the panel data
setting. Assumption 4 restricts the rate of N and T diverging to oc.

With these conditions in hand, we establish the first asymptotic result in the next

theorem.

Theorem 2.1. Suppose that Assumptions 1-4 are satisfied. For¥§ € (0,1), as (N, T) —
(OO, OO): Vv NT=h {3(5) - BO((S) - A1 - OP(h2)} = N(O> Q_CT*KPZ;IEVME;I): where Al;
C., and Ck are defined in (A.2) of Appendiz A, ¥, = ®'A® and ¥, ,, = V' AYpP'AD.

The bias term Op(h?) comes from the use of kernel method, and can be eliminated if
one is willing to impose an assumption N'/2Th® — 0. In the following, we pay particular
attention to the bias term A;, which exists due to the correlation between v;; and u;;.

We define some variables before continuing. For o € (0,1), let @;(d) be yielded by
plugging 5(6) in (A.4), and let Ty = yu — X,B(t/T) — @ with & = == "7 @(n),
where 7 = |[7°T], 7 = [(1—7°)T], and 7* € (0, }) is a self-selected positiv;z constant. The
use of 7* is to avoid the boundary effects of the nonparametric kernel method. Let &; =
(v, wit)" in which the value of v;; can be easily obtained by v = X —X;;—1, and construct
the estimated autocovariances by fi,w () === Z;Hl Wi 4wy, where j = 0,1,- - ,lp (<

T), and 7 is a lag truncation number satisfying certain conditions to be specified below.

-~

These autocovariances give A, = % Zf\il ﬁi,w with EW = ZéT:O %% (#) ﬁ»,w(j), where
W(-) is a lag kernel as in Andrews (1991).



We can then estimate the bias term as follows.

A 1 N R 1 N
Vu = N Z vu and At = N Z zl/u (23)
i=1 =1

where ﬁiym is the first d elements of the last column of EW, and

-1y
s—=1\ 4
Ki( Ky(re — OW Fiu(s —0I(|s =1 <lp),
Al @jh ) S>3 Kl =W () o = 15—t 1)
(2.4)
in which f“,u() is the first d elements of the last column of fw() Finally, the bias

corrected estimator of Fy(d) is as follows:

B.(8) =(X" W5 X)™ (X'WékY ~ N> Kyl = 0)(Ay - ﬁia(fﬂ)) : (2.5)

t=1
Apparently, the choice of I is important, so we impose the next assumption.
Assumption 5. The lag kernel W (-) satisfies that (i) W(0) = 1 and ﬁ1 W2(z)dx <

oo; (i) W(—z) = W(z); and (iii) Parzen’s exponent for ¢ € [0,00) such that k, =
lim T ‘q( < 0o for ¢ > 1/2. Moreover, ly — oo, lph/T — 0, and Nh/I3¥ — 0.

z—0

With the extra assumption in hand, the next theorem follows.

Theorem 2.2. Suppose that Assumptions 1-5 are satisfied. For¥§ € (0,1), as (N, T) —

(00,00), VNTZR{B.(8) — Bo(8) + Op(h2)} = N(0, 1% 515, 5.

The proof of Theorem 2.2 is given in the online supplementary material.

2.2 Extension — Time-Varying Panel Data Models with Inter-
active Fixed Effects

In this subsection, we extend (2.1) to a panel data model with interactive fixed effects.
Panel data models with interactive fixed effects models have been well studied in theory
and applied since Pesaran (2006) and Bai (2009). Although there are a few nonparametric
based methodologies proposed and investigated in the literature of factor models (e.g.,
Su and Jin, 2012; Fan et al., 2016; Dong et al., 2019), majority (if not all) of these studies
adopt the sieve estimation method. To the best knowledge of the authors, only Su and
Wang (2017) use the kernel method to study a time-varying factor model which does not
include any regressors. As nonparametric kernel regression is one of the most commonly

studied methods of nonparametric regression, it is then important to extend Pesaran

>



(2006) and Bai (2009) to a nonparametric kernel setting, and investigate how a kernel
based approach can be applied.
Specifically, we consider the next model, and employ the kernel method to recover the

unknown coefficient function.
Yi = X[,80(1) + Noj for + wit, (2.6)

where u;; is an error term, X;; = X, 1+, v follows a linear process v;; = Z;io Tj€it—j,
and €;; stands for a d x 1 random vector. Moreover, \y; and fy; are r x 1 unknown factor
loading and factor respectively, and both r and d are fixed and known. Following our
study on (2.1), we try to allow for certain correlation between X; and w; as well as
correlation between Ay, for and u;; in the following development.

The next assumption provides some basic requirements on (2.6).

Assumption 6.

1. Let T = 3772 T;. Suppose max;»1 E|| Xipl|* < oo and Y772 j[| V]| < oo. More-
over, suppose that {€;} is i.i.d. over i and t, Eley] = 0, Eleyel,] = Ae > 0, and

Ellex||*™ < oo for some vy > 0.

2. For¥6 € (0,1), || Lint|| = 0p(1) and || Lant|| = Op (1), where

N T
1
Linr = NT32, Z Z Xipuwit K (1 — 0),

i=1 t=1

N T
Loyt = m ; tz_; X Ao for Kn (10 — ).

Assumption 6.1 is a simpler version of Assumption 3, so discussion is omitted. As-
sumption 6.2 permits correlation between X;; and wu;, as well as correlation between X,
and \), for, and it can be easily verified (see Lemmas B.1 and B.2 of the supplementary
file for example).

Under Assumption 6, a key fact is that for Vd € (0, 1), 5y(d) can always be recovered

consistently by a naive estimator:

B(8) = (Z > X X[ K (r — 5)) DN XuYuKu(n - 6). (2.7)

i=1 t=1 =1 t=1

Lemma B.4 of the supplementary file shows that as long as Assumption 6 holds, 3(4)

converges to £y(0) at the rate Op (\%) assuming Th* — 0. We will utilize (2.7) later.



We now write (2.6) in matrix notation as follows:
Yi = ¢i[Bo] + Fodoi + ui, (2.8)

where ¢;[6o] = (X[,Bo(11), ..., X/pPo(r))’, and the other variables are defined con-
formably. For any given Fy\;, when estimating [y(d), we just need to consider the

OLS estimator for the following transformed model:

Ys5Y; — YsForoi = Ys¢i[Bo] + Yous, (2.9)

where Ts5 = dlag{./ + Ky (1 — ,/lKh (1 —9) } Since \g; is unobservable, we

further remove it from (2.9) by left multiplying the projection matrix My, p,:
My 5, YsYs = M1, Tsdi[ Bo] + My, Tsus. (2.10)

With (2.10) in hand and accounting for the fact that Fj is unknown as well, we write the

objective function as follows:

N

QB F) = (Vi = XiB) Ts M, 5(Y; — X, 8). (2.11)

=1

In order to avoid the singularity problem discussed in Section 4 of Bai et al. (2009) we use
the information of 3(-) to restrict 3 of (2.11) within Rs(8) = {3 ||3—3(8)| < } where
ap is a sufficiently large constant. Moreover, in view of (2.9) and (2.10), we mod1fy the
identification condition on F' of Bai (2009) by assuming F' € Dp = {F | £ F'T3F = I,}.
Finally, our estimates of (5y(d), Fy) are given below:

(B8(5), F) = argmin Q(B,F). (2.12)

BERs(B),FEDF

In order to establish the consistency associated with (2.12), we impose the next as-

sumption.

Assumption 7.

1. Suppose |y S5 ST iy for K (r0-0) | = 0p(1), and U]y = Op(max{ VN, VT}),

where U = (uq,...,uy)".

2. (a) Ford € (0,1), ﬁZtT:l Jorfo Kn (e — 0) —=p X¢(6), and max;>q E|| fo||* < oo.
(b) L ¥ Z L A0iNy; —p Sy, and max;s1 Bl Ai|[* < 0.



3. Let infpep, Amin (4(F)) > 0 uniformly, where

-1

! Do (F) 3,

T NT2

0 (F) 0 (F) — Q5(F)

N
> XXy @ Ir
=1

N N
D(F) =Y X[YsMr,pYsXi, D(F) =Y X\ @ (My,pLsX).
i=1 i=1
Assumptions 7.1 and 7.2 are standard in the literature (Bai, 2009; Moon and Weidner,
2015). In addition, Assumption 7.1 implicitly permits certain correlation between w;; and
Ay, for- Assumption 7.3 is the nonparametric version of Assumption A of Bai (2009) under
the nonstationary panel data setting.

We are now ready to present the first asymptotic property of (2.12).

Lemma 2.1. Let Assumptions 1-2, 4, and 6-7 hold. For$ € (0,1), as (N,T) — (00, c0),
(1) VI(B(6) = Bo(®)) = 0p(1); (2). |Prys — Pryll = op(1).

The first result of Lemma B.6 shows that (2.12) yields a more efficient estimator on
Bo(8) than the naive estimator 4(d). It is well understood that we can only recover F,
up to a rotation matrix without more restrictive assumptions (e.g., Fan et al., 2016), so

the second result is presented on the idempotent matrix associated with TsF.

Before stating the rate of convergence, we present more restrictions on the error terms.

Assumption 8. Let uy = (u,...,unt) and the filtration Bry = o(xj,uj—1, Fo,To|j <
t+1) form a martingale difference sequence such that E|u; | Bri—1] = 0 and E|uuy | Bri—1] =
Y ={0ij}nxn almost surely, where x; is defined similar to u;, and I'o = (Ao1, ..., Aon)'-
In addition, let o;; = o2 fori > 1, SN, Z;.V:L#|a,;j| = O(N) and N/T — ¢ < 0.

Suppose also that max;; Eu}, | Br,;_1] < oo holds almost surely.

We are now ready to establish the following theorem; its proof is given in the supple-

mentary material.

Theorem 2.3. Suppose that Assumptions 1-2, 4, and 6-8 hold. For § € (0,1), as
(N,T) = (00,00), (1). B(8) = fo0) = Op(osz + h2); (2) ||Pr,s — Prsrll =
Op <<727h + ot %ﬁ) .

Having established Theorem 2.3, one can further investigate an asymptotic normality
for E (0). As a matter of fact, some studies have been achieved in the supplementary file
of Dong et al. (2019), where the sieve method is adopted. Under the framework of (2.6),
modelling the endogeneity between X;; and u; through a linear process requires more
efforts, as one needs to account for fy; in the data generating process. We leave these

topics for future study.



2.3 A practical issue

Before closing this section we discuss a practical issue — dealing with mixed 1(0)/7(1)
regressors, which is very likely to be encountered in empirical studies. Up to this point we
have been assuming that X;; is an integrated process without including any stationary
variables in either (2.1) or (2.6). Assuming that I(0) variables are strictly exogenous,
incorporating stationary variables is relatively easy for (2.1) due to the fact that the
estimator (2.2) has a closed-form, and the asymptotic development can go through with
some minor modifications. We now focus on the case with interactive fixed effects. A

more realistic model is
Yir = X1,:810(1%) + X5, 800(72) + >\6¢f0t + U, (2.13)

where Xy, = Xi;—1+Vir, Xoi is a vector including stationary variables and time invariant
variables (e.g., gender and geographic variables), and the rest of the settings are identical
to (2.6).

In order to estimate (19(0) and Ba0(0) for Vo € (0,1), we can first establish a naive

estimator for (19(d) as

61(5) = (Z Z XlitXiitKh(Tt - 5)) Z Z XlitY;tKh(Tt - 5), (2.14)

i=1 t=1 i=1 t=1

and construct Ry(3) = {B]]|8 — /1 (8)] < \/C%L} under some regularity conditions. Then

we define the estimators of (1(d) and fas0(d) by

(B1(9), Ba2(6), F) = argmin Q(B1, Ba, F), (2.15)

B1ERs (5),[32€R2(5),F€DF
where Q(ﬁh B, F) = Zi]il(yi—X1i51 —X2i52)/T5MT5FT5(Yi—X1i51 _X21ﬂ2)7 and R2(5)
is the parameter space of fBs(0). The development of (2.15) would be very similar to

that given for (2.12). Once again, we leave such details for future research.

3 Application

In this section we focus on the income elasticities of healthcare expenditure for the Euro-
zone and OECD, where managing healthcare costs is possibly the most important concern
of healthcare policy that requires a deep insight of its determinants. The consensus in

the literature is that the main factor that drives healthcare expenditure is income (e.g.,



Newhouse, 1977; Gerdtham et al., 1992; Jones and Wildman, 2008; Baltagi and Moscone,
2010; Hauck and Zhang, 2016). Rising income and purchasing power enables the con-
sumer to choose more and better healthcare products, which commonly results in an
increase in the price of healthcare. Other variables have also been identified as drivers of
healthcare spending. The two main questions under study are:

(1) Is the income elasticity of healthcare greater than 1 and how has it evolved over
time?

(2) Has there been any change in the relationship between non-income variables and

healthcare expenditure?

3.1 Data and Models

The period under study starts in 1995 and runs until 2014 for 20 countries in the Eurozone
and for 34 countries in the OECD. We list the names of these countries in Appendix A.3.
All variables were downloaded from the Worldbank dataset. The dependent variable in
our study is the log of total healthcare expenditure per capita for country i at year t,
denoted by [he. The proxy for income is the log of the GDP per capita, denoted by lgdp.
These variables have been adjusted for inflation and purchasing-power in U.S. dollars.
The literature has also validated some demographic variables, such as the shares
of population over 65 years old and under 15 years old, as possible determinants of
healthcare expenditure (see Hitiris and Posnett, 1992, among others). These are denoted
in this paper by pop65 and popl4, respectively. In addition, the literature reports a
positive significant relationship between the public finance share of healthcare and the
total healthcare expenditure. The public in our study is calculated as the percentage of
government expenditure in public healthcare. In a nutshell, the dependent variable is

lhe;; and the regressors are lgdp;;, pop65;, popld;, public.

3.2 Brief Review on Methodology

At the starting point Newhouse (1977) shows the income elasticity of healthcare expen-

diture from around 1.20 to 1.50 in the OECD using a cross-sectional model,

lhe; = B4 lgdp; + B2 pop6d + B3 popld; + B4 public, + o + u;, (3.1)

where ¢ = 1,..., N. Variables are recorded over a number of years ¢t = 1,...,7T and the
dependent variable, lhe;, is calculated as the average value of lhe; over all years of the

country 7. The regressors are constructed similarly. With the rising popularity of panel

10



data models, Gerdtham et al. (1992) consider the individual fixed effects (FE) model,
lhey, = By lgdpi + B2 pop6diy + B3 popldy + Ba publicy + a; + wi. (3.2)

Baltagi and Moscone (2010) and Moscone and Tosetti (2010) further raise the concerns
on measuring heterogeneous unobserved fixed effects over time, and introduce the panel

data model with interactive effects,
lhei = B lgdpiy + B2 pop65i; + B3 popldy + By publici, + ai + No for + i, (3.3)

where the first element of fy; is constant 1 in order to include an individual effect in the
factor structure.

Another possible source of misspecification of Models (3.1)-(3.3) is the violation of
the assumption on the stationarity of the dependent and independent variables, which
will lead to spurious results (Engle and Granger, 1987). Several studies have examined
this assumption over the years with different datasets. McCoskey and Selden (1998) and
Jewel et al. (2003) reject the unit-root hypothesis of the lhe and lgdp processes for most
OECD countries in their sample. On the other hand, Gerdtham and Léthgren (2000),
Okunade and Murthy (2002), and Baltagi and Moscone (2010) conclude that the series
lhe and [gdp are nonstationary. In this line, Table 1 shows the percentage of countries
in our sample for which the unit-root hypothesis is rejected with the Augmented Dickey-
Fuller (ADF) tests at 5% significance level. The null hypothesis is not rejected for most
countries. The highest rate of rejection is for variables pop65 and popl4 but still under

40%. In summary, nonstationarity should be accounted for in practice.

Table 1: Percentage of rejection of ADF tests across countries for the Eurozone and
OECD. The tests are done for the alternative hypotheses of (i) random walk with drift,
and (ii) random walk with drift and trend and with 1 lag.

Eurozone OECD
Drift  Drift + trend Drift  Drift + trend
lhe 0.00% 5.00% 8.82% 5.88%
lgdp 10.00% 5.00% 5.88% 5.88%
pop65  0.00% 35.00% 5.88% 26.47%
popld 35.00% 15.00% 26.47% 14.71%
public  10.00% 10.00% 14.71% 5.88%

In addition, Models (3.1)-(3.3) assume that the coefficients of the covariates are con-

stant over time. Our contribution is the recommendation of two models. The first model

11



is a fixed effects model with time-varying coeflicients estimated with B*() defined in (2.5)

as follows:

lhey = B1(mi) lgdpir + Bo(71) pop6di + Bs(1i) popldy + Ba(1i) publicy + oy + ui. (3.4)

This model allows for the covariates to be unit-root processes and the coefficients to vary
over time. Additionally, B\*() corrects the bias arising from endogeneity.

The second recommendation is a model with time-varying coefficients and interactive
effects that again allows for covariates to be unit-root processes. The individual fixed
effects are added to the model as there is likely heterogeneity among countries. However,
time fixed effects, if existing, are included in the interactive effects term, which also

groups other possible determinants not included explicitly in the covariates,
lheyy = B1(1) lgdpi+ Ba(Ti) pop65i+B3(1i) popldi+Ba(7i) publicy+a;+ Ny, for+ui. (3.5)

where the first element of fy; is constant 1 in order to include an individual effect in the

factor structure.

3.3 Is Healthcare a Luxury in Developed Countries ?

Results in Table A.2 show the income elasticity estimates of healthcare expenditure and
their 95% confidence intervals from Models (3.1)-(3.3). The computation is done using
the R packages plm by Croissant and Millo (2008) and phtt by Bada and Liebl (2014).
The aim of this analysis is to confirm historical results with our sample. The estimates
of the coefficient of [gdp from Model (3.1) and Model (3.2) are over 1 for both the OECD
and Eurozone, which is in concordance with earlier studies like Newhouse (1977), Leu
(1986), and Gerdtham et al. (1992). On the other hand, the estimated coefficient of lgdp
from Model (3.3) is significantly below 1 in concordance with some recent studies like
Baltagi and Moscone (2010) and Murthy and Ketenci (2017). The number of interactive
effects is selected with the criterion in Ahn and Horenstein (2013), implemented in the R
package phtt by Bada and Liebl (2014) and described in Appendix B.1 in the supplemen-
tary sections. Basically, the inclusion of interactive effects in classic panel data models
justifies the argument that healthcare is a necessity good. However, it does not reveal
any information on possible dynamics of this elasticity over time, a matter that may be
explained by the time-varying coefficients of Models (3.4)-(3.5). Thus, in the following,
we focus on reporting the results associated with Models (3.3)-(3.5). Model (3.4) is es-
timated by the bias-corrected estimator, B\*((S) in Equation (2.5) which is also the initial
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step in Model (3.5) and from whose residuals the unobservable factors and loadings are
estimated. In this way, the estimation difference from adding time-varying coefficients
can be analysed by comparing Models (3.3) and (3.5), and the estimation difference from
adding interactive effects can be analysed by comparing Models (3.4) and (3.5).

Figure A.2 compares the income elasticity estimates of healthcare expenditure from
Models (3.3)-(3.5). Three factors for the OECD and four for the Eurozone are selected in
Model (3.5) with the criterion in Ahn and Horenstein (2013). The bandwidth is selected
by leave-k-out cross-validation (Chu and Marron, 1991) with k& = |7'/4] to ensure the
independence of the subsamples. The dashed black line and light brown band correspond
to the income elasticity from the parametric Model (3.3). As mentioned above and in
Table A.2, the elasticity is significantly less than 1: an expected increase of 1% in income
will result in an expected increase of 0.91% in healthcare spending for the Eurozone and
of 0.67% for the OECD. This model hints that the fraction of GDP per capita devoted
to pay healthcare is lower in the OECD countries than in the Eurozone. The opposite is
estimated by Model (3.5), dashed red line with an orange band, with lower estimates for
the Eurozone than the OECD with values near 0.7 and 0.79, respectively. On the other
hand, the continuous black line and grey band, corresponding to the income elasticity
from Model (3.4), shows similar values than Model (3.5) but with a slight variation over
time. In a nutshell, all models show income elasticities less than 1 with little variation
over time even for Model (3.4). This suggests that healthcare is a necessary good and
that the observed increasing dynamics in healthcare expenditure per capita depend on

other variables besides income.

3.4 Do Age Structure and Public Expenditure Affect the Price

of Healthcare ?

A positive relationship between [he and pop65, and a negative relationship between [he
and popl4 are expected. As reported in Fisher (1990) and Alemayehu and Warner (2004),
the health bill of the young is the lowest in a health system while the largest, by far, is
the health bill of the elderly. Moreover, more than one-third of people’s lifetime health
spending will accrue in the last years (Zweifel et al., 1999; Alemayehu and Warner, 2004).
As anticipated, the estimates of the pop65 coefficient in Figure A.3 are positive for all
models and significant for Models (3.3) and (3.5) during the whole period. The coefficient
estimates of pop65 from Model (3.4) are time-varying and increasing over time with
significant values at 5% level after 2004 for the Eurozone and after 2008 for the OECD.

Estimates of the popl4 coefficients are negative and very similar for all models for the
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Eurozone: an increase in fertility rate will result in a money saving from healthcare
budgets. Similar results are found for the OECD from Models (3.4)-(3.5) however, the
estimate from Model (3.3) is significantly positive, which is a counterintuitive result.

Finally, all estimators report a positive significant relationship between government
public investment and healthcare expenditure (Table A.2 and third row of Figure A.3) for
the OECD. This means that an increase in public funding of healthcare boosts healthcare
expenditure per capita. Interestingly, Model (3.4) shows a decreasing trend of this coef-
ficient and the 95% confidence interval of the estimates from Model (3.5) include zero.
A possible explanation for this is that most countries in the Eurozone, first the Nordic
countries and the rest after the Global Financial Crisis, have applied health policies to
make their health systems more efficient (Mladovsky et al., 2012) and minimize the ef-
fect of higher unemployment rates and lower tax collection in healthcare expenditure per
capita. The findings indicate that the latest reforms aiming to dissociate healthcare from
public funding are working in the right direction. This is supported by results reported
in Reeves et al. (2014) showing that austerity measures, such as those imposed in the
Eurozone after the Global Financial Crisis, result in healthcare budget cuts and cheaper
healthcare per capita.

In conclusion, the estimates of Model (3.5) show that they are very similar to the
initial expectations and in concordance with the latest healthcare policies. Curiously,
these coefficients are basically constant although they use the same bandwidth and es-
timation as those for Model (3.4) in addition to factors. The message is that adding
interactive effects compensates for the dynamics on the relationship between healthcare
expenditure and the rest of the variables because these variables are likely correlated with

the unobservable factors.

3.5 Analysis of the Interactive Effects

Much research has been done to find further determinants of healthcare expenditure. It
has been revealed that: (a) the deployment of medical technology increases the price
of healthcare (see Newhouse, 1992; Okunade and Murthy, 2002; Murthy and Ketenci,
2017); (b) mortality rate and five-year survival rates are positively related with healthcare
expenditure (Breyer et al., 2015); and (c) life expectancy at birth is also highly correlated
(Murthy and Ketenci, 2017). In a more general approach, Hauck and Zhang (2016) select
a list of 43 potential drivers of healthcare expenditure using Bayesian methods, and find
that 16 of those are significant determinants of healthcare expenditure, which includes

the unemployment rate, growth in insurance premiums, and increase in pharmaceutical
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sales, among others. This is simplified by including interactive effects in the model that
group similar determinants into a set of unobservable factors fy; whose relationship is
estimated in \g; for each country.

The algorithm in Lam and Yao (2012) and Ahn and Horenstein (2013) selects four
unobservable factors from Model (3.5) for the Eurozone and three for the OECD, plotted
in Figure A.4. The first factor, black line, is monotonically increasing. The second factor,
in red, is a concave line with the maximum at the middle of the time period. The third
factor, in green, is a sinusoidal line with the minimum near year 2005 and maxima close
to years 1996 and 2010 for the Eurozone. For the Eurozone, the fourth factor, in blue, is
also sinusoidal.

We do not venture into explaining the meaning of each factor, as they represent groups
of variables with correlated patterns. However, the monotonic increasing pattern of the
first factor follows a similar pattern as the OCDE average pharmaceutical spending and
average life expectancy at birth series in Figure A.5 (two variables that have been iden-
tified before as determinants of healthcare expenditure in Okunade and Murthy (2002);
Hauck and Zhang (2016); Murthy and Ketenci (2017)). This supports the conjecture
that technological change is a major escalator of healthcare expenditure, as first stated
in Newhouse (1992).

Although the unobservable factors are common to all countries, their loadings vary
by country. Figure A.6 shows the interactive effect terms in Model (3.5) for each country
in the OECD. They are plotted in geographical /political groups for ease of visualisation.
Positive values of these interactive effects mean that other variables in addition to income,
demographic characteristics and public expending increase the price of healthcare, while
the opposite is true for negative values. We can distinguish three kind of patterns in these
plots: (a) the interactive effects increase steadily over time to take a turn down after the
Global Financial Crisis, for example in Finland, Iceland, the Netherlands, Portugal and
the United States; (b) the interactive effects do not change much over the sample period,
for example in Australia, Austria, Canada, Chile and Greece; (c) the interactive effects
follow a concave curve, for example in France, Germany, Italy, Sweden and Switzerland.
Many countries show a downturn in the interactive effects after the Global Financial
Crisis reflecting the effects of the austerity health policies implemented after the crisis to

reduce the burden of the price of health on the tax system.
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4 Conclusion

In this paper the estimator for a time-varying coefficient fixed effects panel data model is
derived using a nonparametric kernel smoothing technique. In our study the regressors are
modelled as unit-root processes whose error term can be correlated contemporaneously.
A bias corrected estimator is provided to account for the correlation between the regressor
innovations and the equation error. In addition, the inclusion of a term of heterogeneous
unobserved factors in the model has been proposed.

The newly developed methodology is used to analyze the income elasticity dynamics
of healthcare expenditure in the OECD and Eurozone. We show that health cost per
capita increases at a lower rate than does income per capita, meaning that healthcare
is a necessity good. Age demographics and government public funding rate are also
significantly related to the healthcare expenditure. An increase in ageing population
results in an increase in the health cost, while an increase in fertility rate results in a
slight drop in health cost. Furthermore, the relationship between public funding and

healthcare expenditure is decreasing over the time period, although still positive.

Acknowledgements

The first author acknowledges financial support from the European Research Council
(ERC) under the European Union’s Horizon 2020 research and innovation program (grant
agreement no. 657182). The second author thanks the Australian Research Council for
its financial support under Grant Numbers: DP150101012 & DP170104421. Thanks also

go to Dr Fei Liu for his computing assistance.

References

Ahn, S. C. and Horenstein, A. R. (2013), ‘Eigenvalue ratio test for the number of factors’, Econometrica
81, 1203-1227.

Alemayehu, B. and Warner, K. E. (2004), ‘The lifetime distribution of health care costs’, Health Services
Research pp. 627-642.

Andrews, D. W. K. (1991), ‘Heteroskedasticity and autocorrelation consistent covariance matrix estima-
tion’, Econometrica (3), 817-858.

Arellano, M. (2003), Panel Data Econometrics, Oxford University Press.

Bada, O. and Liebl, D. (2014), ‘The R package phtt: Panel data analysis with heterogeneous time trends’,
Journal of Statistical Software 59(6), 1-34.

16



Bai, J. (2009), ‘Panel data models with interactive fixed effects’, Econometrica 77(4), 1229-1279.

Bai, J., Kao, C. and Ng, S. (2009), ‘Panel cointegration with global stochastic trends’, Journal of
Econometrics 149(1), 82-99.

Bai, J. and Ng, S. (2002), ‘Determining the number of factors in approximate factor models’, Economet-
rica 70(1), 191-221.

Baltagi, B. H. and Moscone, F. (2010), ‘Health care expenditure and income in the oecd reconsidered:

Evidence from panel data’, Economic Modelling 27, 804-811.

Breyer, F., Lorenz, N. and Niebel, T. (2015), ‘Health care expenditures and longevity: Is there a Eubie
Blake effect?’, Furopean Journal of Health Economics 16, 95-112.

Cai, Z. and Li, Q. (2008), ‘Nonparametric estimation of varying coefficient dynamic panel data models’,
Econometric Theory 24(5), 1321-1342.

Chu, C. K. and Marron, J. S. (1991), ‘Comparison of two bandwidth selectors with dependent errors’,
Annals of Statistics 19, 1906-1918.

Connor, G., Hagmann, M. and Linton, O. (2012), ‘Efficient semiparametric estimation of the fama-french

model and extensions’, Econometrica 80(2), 713-754.

Croissant, Y. and Millo, G. (2008), ‘Panel data econometrics in R: The plm package’, Journal of Statistical
Software 27, 1-43.

Culyer, A. J. (1988), Health Care Expenditures in Canada: Myth and Reality, Past and Future, Canadian

Tax Foundation. Canadian tax papers; no. 82.

Di Matteo, L. and Di Matteo, R. (1998), ‘Evidence on the determinants of canadian provincial government
health expenditures: 1965-1991", Journal of Health Economics 17(2), 211 — 228.

Dong, C., Gao, J. and Peng, B. (2019), ‘Varying-coefficient panel data models with nonstationarity and
partially observed factor structure’, Available at hitps://ideas.repec.org/p/msh/ebswps/2018-1.html .

Engle, R. F. and Granger, C. W. J. (1987), ‘Co-integration and error correction: Representation, esti-
mation and testing’, Econometrica 55(2), 251-276.

Fan, J., Liao, Y. and Mincheva, M. (2013), ‘Large covariance estimation by thresholding principal or-
thogonal complements’, Journal of the Royal Statistical Society: Series B 75(4), 603—680.

Fan, J., Liao, Y. and Wang, W. (2016), ‘Projected principal component analysis in factor models’, Annals
of Statistics 44(1), 219-254.

Fisher, C. R. (1990), ‘Differences by age groups in health care spending’, Health Care Financing Review
1, 65-90.

Gao, J., Xia, K. and Zhu, H. (2019), ‘Heterogeneous panel data models with cross-
sectional  dependence’, Forthcoming in  Journal of FEconometrics p. Available at

https://ideas.repec.org/p/wyi/wpaper/002482.html.

17



Gerdtham, U.-G. and Lothgren, M. (2000), ‘On stationarity and cointegration of international health
expenditure and gdp’, Journal of Health Economics 19, 461-475.

Gerdtham, U.-G., Soegaard, J., Andersson, F. and Jonsson, B. (1992), ‘An econometric analysis of
health care expenditure: A cross-section study of the OECD countries’, Journal of Health Economics
11, 63-84.

Hartwig, J. (2008), ‘What drives health care expenditure?—baumol’s model of ‘unbalanced growth’
revisited’, Journal of Health Economics 27(3), 603 — 623.

Hauck, K. and Zhang, X. (2016), ‘Heterogeneity in the effect of common shocks on healthcare expenditure
growth’, Health Economics 25(9), 1090-1103.

Hitiris, T. and Posnett, J. (1992), ‘The determinants and effects of health expenditure in developed
countries’, Journal of Health Economics 11, 173—-181.

Hsiao, C. (2014), Analysis of Panel Data, 3rd, Cambridge University Press.

Jewel, T., Lee, J., Tieslau, M. and Strazicich, M. C. (2003), ‘Stationarity of health expenditures and
gdp: Evidence from panel unit root tests with heterogeneous structural breaks’, Journal of Health
Economics 22(2), 313-323.

Jones, A. M. and Wildman, J. (2008), ‘Health, income and relative deprivation: Evidence from the bhps’,
Journal of Health Economics 27(2), 308 — 324.

Lam, C. and Yao, Q. (2012), ‘Factor modeling for high-dimensional time series: Inference for the number
of factors’, Annals of Statistics 40(2), 694-726.

Leu, R. E. (1986), The public-private mix and international health care costs, in T. Culyer and B. Jon-

sson, eds, ‘Public and Private health services’, Basil Blackwell, Oxford.

McCoskey, S. and Selden, T. (1998), ‘Health care expenditures and GDP: Panel data unit root test
results’, Journal of Health Economics 17, 369-376.

Mladovsky, P., Srivastava, D., Cylus, J., Karanikolos, M., Evetovits, T., Thomson, S. and McKee, M.
(2012), Health policy responses to the financial crisis in Europe, Summary Report on Behalf of the
FEuropean Observatory on Health Systems and Policies 2012, World Health Organization.

URL: http://www.euro.who.int/__data/assets/pdf-file/0009/170865/¢96643.pdf

Moon, H. R. and Weidner, M. (2015), ‘Linear regression for panel with unknown number of factors as
interactive fixed effects’, Econometrica 83(4), 1543-1579.

Moscone, F. and Tosetti, E. (2010), ‘Health expenditure and income in the United States’, Health Eco-
nomics 19(12), 1385-1403.

Murthy, V. N. and Ketenci, N. (2017), ‘Is technology still a major driver of health expenditure in the
united states ? evidence from cointegration analysis with multiple structural breaks’, International

Journal of Health Economics and Management 17, 29-50.

18



Newhouse, J. P. (1977), ‘Medical care expenditure: A cross-national survey’, Journal of Human Resources
12(1), 115-125.

Newhouse, J. P. (1992), ‘Medical care costs: How much welfare loss?’, Journal of Economic Perspectives
6, 3-21.

Okunade, A. A. and Murthy, V. N. (2002), ‘Technology as a ‘major driver’ of health care costs: a

cointegration analysis of the newhouse conjecture’, Journal of Health Economics 21(1), 147-159.

Pesaran, M. H. (2006), ‘Estimation and inference in large heterogeneous panels with a multifactor error

structure’, Econometrica 74(4), 967-1012.

Phillips, P. C. B. (2001), ‘Trending time series and macroeconomic activity: Some present and future
challenges’, Journal of Econometrics 100(1), 21-27.

Phillips, P. C. B. and Solo, V. (1992), ‘Asymptotics for linear processes’, Annals of Statistics 20(2), 971—
1001.

Phillips, P. C., Li, D. and Gao, J. (2017), ‘Estimating smooth structural change in cointegration models’,
Journal of Econometrics 196(1), 180-195.

Reeves, A., McKee, M., Basu, S. and Stuckler, D. (2014), ‘The political economy of austerity and
healthcare: Cross-national analysis of expenditure changes in 27 european nations 1995-2011°, Health
policy 115, 1-8.

Su, L. and Jin, S. (2012), ‘Sieve estimation of panel data models with cross section dependence’, Journal
of Econometrics 169(1), 34-47.

Su, L. and Wang, X. (2017), ‘On time—varying factor models: Estimation and testing’, Journal of
Econometrics 198(1), 84-101.

Sun, Y., Carroll, R. and Li, D. (2009), ‘Semiparametric estimation of fixed-effects panel data varying

coeflicient models’, Advances in Econometrics 25, 101-129.

Zweifel, P., Felder, S. and Meiers, M. (1999), ‘Ageing of population and health care expenditure: A red
herring?’, Health Economics 8, 485-496.

Appendix A

We denote some notations for simplicity. First define the next long-run covariance matrix

AI/ AI/'U,

/
VioVi;  VioUig

N oo
SRS DL .

/ X X /
AL, Ay i=1 j=0 VioWij — Uiolij
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In addition, we denote

T
A =(X'WiX)IN Z K (e — 6) (Avu — ALL(6))

Alt/fa(é) = ]\}gnoo N Z Z { Zr ZKh - 5 Vzluzs]} ,

=1 1<t

cK_/ / min(s + 1,7 + 1)K (s) K (r)dsdr,

1 1 2
/ K2(w C(2) :C*(l)/_lK2(s)ds—|— </_1K(t)K(t)dt> ,
1
c*(1,2)=/ K%:)/ K(s)dsdt+/ K(£)K(t)[1 — K(t)] dt,
-1 -1 -1
Cp =Cy(1) + Ci(2) — 2C4(1,2), (A.2)

where Zr = S°1 | K (7 — ) and K(s f K(t

A.1 The Intuition of (2.2)

We now explain the intuition of (2.2). Using the condition Zf\il a; = 0, we can rewrite (2.1)
in a matrix format as Y = Ux(5y) + DAqs + u, where ¥x(5o) = (X1,60(11), .., Xrbolrr))
and u are defined conformably to Y, and A, = (az,...,ay). Given Assumption 2, we have
Bo(1) = Bo(0) for V6 € (0,1) when 7; is in a small neighbourhood of §. Thus, we intuitively

consider the next objective function
L(B,A) = (Y — X8 — DAYW;(Y — X - DA), (A.3)

where 3 and A are d x 1 and (N — 1) x 1 vectors respectively. Note that for V3 € R?, the
estimate of A, is

A(B) = (D'WsD) ' D'Ws(Y — XB), (A4)

Plugging A\(ﬁ) back into L(3, A), we obtain the objective function of the so-called profile method
(e.g., Sun et al., 2009) as follows:

L(B) = (¥ — XB)W; (Y — X). (A.5)

Minimizing L(3), (2.2) follows immediately.

A.2 Discussion on the Degeneracy Issue of Phillips et al. (2017)

Note that by some routine procedure (Phillips and Solo, 1992), we have for each i and for
t = |Tr] with 0 < r < 1, fzs Wi us) = ZLTTJ( Vi, uis)) = Br(Q), where Q =
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Figure A.1: Mean value of log-HCE (solid lines) and log-GDP (dashed lines) per capita
in the Eurozone and the OECD countries during the period 1995-2014.
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with covariance matrix 2. Moreover,

by Phillips et al. (2017, Eq 2.18), for each i and for Vo € (0,1), ﬁzz;l X X!, Kp (1 —
§) = 09'Wyi1(A)P, where Wy1(A) is a Wishart variate having 1 degree of freedom and

mean matrix A. Thus, when d > 2, ®W,,1(A)® is singular, so it becomes problematic for

nonparametric regression under the context of time series analysis as explained in Phillips et al.

(2017). However, for panel data analysis, this issue is no longer a problem. An intuitive

explanation is that we take the average over both ¢ and ¢, so after some tedious algebra we have

+ ZZ]\LI ' EWar1(A)]® = AP > 0. See Lemma B.1 of the supplementary file for details.

Thus, the degeneracy issue disappears when panel data

are involved.

A.3 Countries included in this study

e Furozone: Austria, Belgium, Cyprus, Estonia, Finland, France, Germany, Greece, Ire-

land, Italy, Lithuania, Luxembourg, Latvia, Macedonia, Malta, Netherlands, Portugal,

Slovak Republic, Slovenia, and Spain

e OECD: Australia, Austria, Belgium, Canada, Chile, Czech Republic, Denmark, Estonia,

Finland, France, Germany, Greece, Hungary, Iceland, Ireland, Israel, Italy, Japan, Lux-

embourg, Latvia, Mexico, Netherlands, New Zealand, Norway, Poland, Portugal, Slovak

Republic, Slovenia, Spain, Sweden, Switzerland, Turkey, United Kingdom, and United

States

In this supplementary file, Section B.1 and Section B.2 discuss some practical issues related

to estimating the model with a factor structure; Section B.3 includes some simulation studies;

Section B.4 states the preliminary lemmas; Section B.5 provides all the proofs.
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Figure A.2: Coefficient estimates of lgdp during the period 1995-2014 for the Eurozone
and OECD countries (left to right). The plots show the estimated values of the coefficients
at each year and their 95% confidence interval (bands). TThe dashed black line with
light brown bands corresponds to Model (3.3), the continuous black line with grey bands
corresponds to Model (3.4), and the red line with orange bands corresponds to Model
(3.5).
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Appendix B

B.1 Numerical Algorithm

We now provide the numerical algorithm associated to (9) of the main text. Similar to Bai

(2009), we can decompose it as follows.

N
(1). B(8) = argmin Y (Y; = X;B8)Ts My, 5 T5(Y; — Xif),
BERs(B) ;—1
N
(2). ﬁ ; T5(Yi — X;8(0))(Yi — X;8(5)) Y2F = T;FVyr,

where Vi is a diagonal matrix with the diagonal being the r largest eigenvalues of

N
o 2 V(Y XiB(0)) (¥ — XiF(6)) X
=1

arranged in descending order. One can adopt an iteration procedure as in Bai (2009) to imple-
ment the estimation method. Moreover, this procedure can be easily modified to accommodate
(12). Note that the restriction set Rs(/3) can be easily imposed through some programs like
“fmincon” of MATLAB.

Note that F generated in the above procedure is related to the value of § by design. Prac-
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Figure A.3: Coefficient estimates of pop65, popl4, and public variables (top to bottom)
during the period 1995-2014 for the Eurozone and OECD countries (left to right). The
plots show the estimated values of the coefficients at each year and their 95% confidence
interval (bands). The dashed black line with light brown bands corresponds to Model
(3.3), the continuous black line with grey bands corresponds to Model (3.4), and the red
line with orange bands corresponds to Model (3.5).
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Figure A.4: Unobserved factor estimates from Model (3.5) for the Eurozone and OECD.
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Figure A.5: Average values of the OECD of pharmaceutical price and life expectancy at
birth downloaded from the OECD database at data.oecd.org.
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Figure A.6:

Interactive effects obtained from Model (3.5) for the OECD.
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tically, in order to obtain an estimate of Fy which is not subject to J, one can estimate
Bo(71), ..., Bo(rr) first, and conduct PCA on Y} = Y — X{tB(Tt), which then ensures the

estimates on the factors and loadings are independent of the value of §.

B.2 Selection of the Number of Factors

We consider the ratio criterion studied in Lam and Yao (2012) and Ahn and Horenstein (2013).

Specifically, we let /)\\j be the j** largest eigenvalue of the estimated sample covariance matrix
1 & - -
& 2 Ta(¥i = XiBy(9)(Y; = Xis(8)) L,
i=1

where 3;(0) is obtained from (9) of the main text assuming that the number of factors is a
pre-specified fixed positive integer J. We then estimate the number of factors by

_ DY

7= argmin sy

je{ld=1} Aj

Note that slightly over-identifying the number of factors usually does not have any serious
impact on consistency and rates of convergence of the subsequent estimation (Fan et al., 2013;
Moon and Weidner, 2015). That is why B 7(0) is adopted above. After identifying the number
of factors by 7, we can update the estimate on [y(d). Alternatively, one may consider using the

criterion provided in Bai and Ng (2002).

B.3 Simulation Studies

In this section, we examine the finite sample performance of the estimates studied in the main
text. As well understood in the literature, the selection of an optimal bandwidth is still an open
question for panel data models. In the following experiments, we consider the rule of thumb
(h = 1.06(NT)~'/5). In addition, we have experimented different choices of the bandwidth to
examine the sensitivity of the bandwidth selection, which is in fact quite stable. For similarity,

we omit the relevant results.

B.3.1 A Panel Data Model with Fixed Effects

We firstly consider a panel data model with fixed effects. The data generating process is of the

form

Yie =Xi1,10861 + Xie2B,2 + i + i,
(Xit,1, Xir2) =(Xig—1,1, Xit—1,2) + (Wit1, Vie,2), (B.1)

27



Table B.3: Results of Model (B.1)

(). no correlation (ii). with correlation

20 40 80 20 40 80
20 0.5027 0.4349 0.3595 0.5697 0.4259 0.3548
40 0.4986 0.4006 0.3461 0.5983 0.4248 0.3538
80 0.4740 0.3823 0.2571 0.6721 0.4641 0.3100

@)

B«(-) 20 0.4844 0.4476 0.3631 0.4341 0.3739 0.3406
40 0.4412 0.3967 0.3469 0.3982 0.3252 0.3024
80 0.3934 0.3501 0.2041 0.3948 0.2950 0.2415

where (51, Bt2) = (COS(27TTt),Tt2) with 7, = t/T and o; = ﬁ Zthl Xty fori=2,--- N and

o] = — Zf\:ll «;. The error terms (uj, Vit 1, Vit,2) are generated as follows.

Uit =poUit—1 + &ty Vi1 = P1Vig—1,1 + Mie1s  Vie,2 = P2Vit—1,2 + Nit,2-

Two simulation scenarios are performed: (i) the errors are generated as i.i.d. processes by
setting (po, p1,p2) = (0,0,0), and (ii) the errors are generated as stationary AR(1) processes
by setting (po, p1,p2) = (—0.5,—0.5,—0.5). Finally, let (&, nit.1,71,2) be iid. over i and ¢

following the next distribution

&it 0 1 pe
iid.
Nit,1 ~ N 0 1> m 1 p3 ’
Nit,2 0 o ps 1

where u; = po = ps3 = 0.8. Simulations are conducted for sample sizes N = 20, 40,80 and
T = 20,40,80 and the number of replications is R = 500. Following Phillips et al. (2017),

we compare the performances of E() and B\*() of Section 2.1 using the absolute averages
T 2 R (7
YL Y R S B ) - B @)l
As shown in Table B.3, the absolute averages converge to 0 as the sample sizes increase.
B*() has better performance compared to 3 (+), which is expected. For case (ii), the results are

worse than those in case (i), which shows how biases arise with the change in (po, p1, p2).

B.3.2 A Panel Data Model with Interactive Fixed Effects

A second experiment investigates the estimation of a panel data model with interactive fixed

effects — the performance of E (1) in the main text. The data generating process is

Yie =Xit1 861 + Xie 282 + Noifor + it
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Table B.4: Results of Model (B.2)

(). no correlation (ii). with correlation
20 40 80 20 40 80
B() 20 05898 0.5530 0.5023 0.6490 0.5865 0.5243
40 0.5054 0.4747 0.4195 0.6001 0.5225 0.4424
80 0.4059 0.3726 0.3226 0.5245 0.4443 0.3497

(Xit,1, Xit2) =(Xip—11, Xit—12) + (Vit,1, Vir,2) (B.2)

where coefficients, regressors and error terms are the same as in Section B.3.1. Let r = 2,

N4 N(0,1) and gz ~

\}2 + N(0,1). Let for ~ N(0,1I2). For the factor model case, loading variables are generated

and then generate the loadings as Ao; = (Aos,1, Aoi,2)’, where Ag; 1 ~

as \oj,1 = Tf/zl +N(0,1), Xpi2 = T;’}; + N(0,1). Other variables are generated in the same way
as in Section B.3.1.

As shown in Table B.4, the absolute averages converge to 0 as the sample sizes increase.
However, how to introduce a bias corrected estimator for B (+) is beyond the scope of this study.

We leave it for future work.

B.4 Preliminary Lemmas

Lemma B.1. Suppose that Assumptions 1, 3 and 4 are satisfied. For any V5 € (0,1), as
(N,T) = (00,00), 572 X' WiX —p (1= Ck)S,, where Cic and 3, are defined in (16) of the

main text and Theorem 1, respectively.

Lemma B.2. Suppose that Assumptions 1, 3 and 4 are satisfied. For any V5 € (0,1), as
(N, T) — (00, 00),

T
1
_ {X'Wgu ~ NS Kn(n— 6)(Apu — Atyu(é))} — N(0,C,Z0),
NT2?h —

where Cy := Cy(1) 4+ Ci(2) — 2C«(1,2) with Ci(1), Ci(2) and Ci(1,2) being defined in (19) of the

main text, and X, ,, is defined in Theorem 1.
Lemma B.3. Suppose that Assumptions 1-5 are satisfied. As (N,T) — (00, 00),
1. VNR(Ayu = Ava) = op(1),
B T Knlre = 0)(BLa(6) — AL(8)) = op ().

Lemma B.4. Suppose that Assumptions 1, 2, 4 and 6 hold. For Y8 € (0,1), B(6) — Bo(8) =
1 2
Op (ﬁ +h )
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Lemma B.5. Suppose that Assumptions 1-2, 4, and 6-7 hold. As (N,T) — (00, 0),

N
1. SUPFeDp ‘ﬁ Zi:l u;T5PT6FT5ui = 0(1);

N SN (ilBo] — X1B) LMoy, sus| = op(1);

2. SUDgeRs(8),FeDp

1 N !
NT > im1 Ao Fo Yo ML sui

3. SUPpep, =op(1).

Lemma B.6. Suppose that Assumptions 1-2, 4, and 6-8 hold. As (N,T) — (00, 0),
1. Vo —p V,
2. LTS FIRh = ToFoll = Op(VTIIB(0) - Bo(6)]) + Op(VTh2) + Op (=) + Op (),
3. FIFY3F — FyX3Rlne || = Op(VTIIB(5) = Bo(S)[I) + Op(VTH?) + Op (£5) + O (%),
b 1Py, 5 — Promll? = Op(VEIB(E) — fo(d)]) + Op(VTh?) + Op () + O (&),

where V' is a r x r diagonal matriz consisting of the eigenvalues of X¢(5)Xy, and H]_VlT =

2\ ! A Ao\ L
Vvt | =7 (?v) -

B.5 Proofs

In this subsection, we firstly present the proofs of the main results, and then provide the proofs

of the preliminary lemmas.

B.5.1 Proofs of the Main Results

Proof of Theorem 1:

Observe that

B(8) = Bo8) = (X'W5 X) "' X'W3Y — Bo(d)
= (X'WiX) ' X' WU x(Bo) — Bo(d)
HXWEX)IX'WEDA, + (X' WEX) ' X' Wiu
= (X'WFX) T X' W5 x (o) — Bol(8) + (X' W5 X) ™' X' Wy

:=Zn7(1) + Enr(2),

where WUy (5p) and A, are defined in Appendix A.l; and the third equality follows from
WsDA, = 0 by the definition of Wy

For En7(1), it is easy to know that

Enr(1) = (X'WiX) ™ X' WiUx (Bo) = Bo(8) = Op(h?)
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by Assumption 2 and the Taylor expansion. In connection with Lemmas B.1 and B.2, the result

follows. [ |

Proof of Theorem 2:

The result follows from Lemma B.3 straightaway, so omitted. |

Proof of Lemma 1:

Before proceeding further, we define some variables. Let £ = vec(My,pYsFy) for VF € Dp,
and let M() = M, F, for short. In addition, let A; = ZZ 1 XIXs My ;7 YsX;, Ao = (TyT0) ® I,
and Az = Zi:l Xoi @ (My;rY5X;). We are now ready to start the proof.

Write

1
WQ(ﬁ,F)—iQ(ﬁo( ), Fo)
N
= % Z ®i[Bo) — XiB) Ys My, Ls(di[Bo) — Xif3)
=1

N N
1 2
7TZ)\ iFo Y5 My TsFodoi + o Z(@[ﬁo} XiB)' s My;rYsFoAoi

N N
2
7T Z u;TgM'réFTgui + ﬁ Z AéiFéTgM'r(;FT(gui
=1 =1

N

+% zz;((bl[ﬁO] - Xiﬂ)/T(sMT(;FT(SUi

N

Z(qﬁzw Xi0(6))' Y5 Mo 5(¢i[Bo] — X0 (5))

1
" NT

N

Zu Y5 Mo Ysu; — & Z(@[ﬁo] XiB0(9)) T s Mo Y su;

Zl =1

N
1 1
=7 Z Bo(8) = BY X{Ts My, 15 Xi(Bo(8) — ) + w7 D Ao TsMoe,r s Fodos
i1 i=1

N

2 Z(ﬂo() B) XiYs My, Y5 Foroi + op(1)

NT

= (D)= Y A0) ) + oo+ 2H50(0) = 9 i 1)
= VT(5o(8) = B NT2 (A1 — A3 AT A3) VT (Bo(9) - B)
ol (Bo6) — 8 A4 A7 Al + A7 As(B0(8) — B)] + op(1)
= VT (Bo(9) = B) Q(F)VT(Bo(8) - B)
b€+ (5o(0) — B A3 A5 Asler + A7 As(50(6) — B)] + op(1),
where the second equality follows from Lemma B.5, and some routine procedure of the kernel

method. Then by the same arguments as in Bai (2009, p. 1265), the two results follow. |
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Proof of Theorem 3:

(1). We now start investigating the rate of convergence, and write

N -1 N
B(8) — Bo(6) = (Z X{T5My, ﬁnxi> > X{Y5My ;Y5
=1 =1

N
= <ZX£T5MT5ﬁT5Xi> D X5 My, 515 (¢lBo] — XiBo(6))
i=1 i=1

N -1 N
+ (Z X[TsMy, ﬁT5Xi> D X[05My 5 Y5 Fodoi
i=1 =1

N -1 N
+ (Z X{TsMy, ﬁT(;XZ) X5 My 5V su;
i=1 =1

= A + Ay + As.

By the proof of Theorem 1, it is easy to know that A; = Op(h?). Below, we focus on Ay and

- FyY2FE\ "1 (apn\ 7t . . .. ) . 1 -
As. Let En7 = T s for notational simplicity, which gives Il = VNrEnT.

First, we investigate Ao, and write
1 XN
/
i=1

N
1 M —
- ONT? > XMy, 5 (YsFIytp — T5Fo)Aos
i=1

N
1 o - jod —_
=~ N2 > X{TsMy g | Livt(B(8), F) + - - + Isnt(F)| EnThoi
i=1
= —=Jint — -+ — JanT,

where the second equality follows from (B.17), and the definitions of Jin7 to Jsyr should be

obvious. In view of the decomposition of Jon7, it is easy to know

| Tivrll = op(IB(5) = Bo(&) + ).

Thus, we start from Jon7 and write

N N
1 1 . g
Nt = > XfTaMTéﬁfNT > Ys(¢;5(B0] — XiB(0))(Foros) Y3 FENT Noi
i=1 j=1

1 . FIT2F
= g D 2 XiTsMy 505X (Bo(6) — B(0)) My, —*——Entoi

s £ T
1=1 j5=1
N N ~
1 FIT2F _
+ere ZZXQTaMnﬁTa(%[ﬂo] — X;50(8)) Mo OTé ENToi
i=1 j=1
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1 N N AIA -1
0 _
= TNoTR ZZXZ{TfSMT(;FT(SXj)\E)j (?\,> A0i(B(8) — Bo(6))

i=1 j=1
|, XX K 2F
TN ZZXz{TtSML;ﬁTé(%WO] X;B0(6))A0 OT ENTA0i
i=1 j=1

= —JonT1 + JonT2.

By a development similar to (A.2) of Dong et al. (2019), it is easy to know that

N -1
<ZX§T5MT65T5X1') NT?Jon7a|| = Op(h?).

We will further study Jon7,1 later.

For Jsn1, write

N
1 o
JNT = S Z_:X{ oMy FNT Z Y5 FoXoj(5[B0] — XiB(0)) Y5FEnTNoi

T2 ZX YsMy #(TsFy — Vs FIN) NT ZAOJ (65180] — XiB(8)) Y2FEnT A0
= NT? ZXl{T&MréﬁJSNT,ia
=1

where the definition of Jsn7,; is obvious. By a development similar to (A.2) of Dong et al.

(2019), we just need to focus on NT2 ZZ L 1J3nr4]|? in order to show

-1
ZX{T(;MM:T(;XZ) NT? Tanr|| = o (1B(5) — Bo(8)I| + h?).

Then write

1 N
WZ | Janrill?
=1

2
N

|T5Fy — YsFII k2 2
< N2 AL Zl NT Z)\OJ &;lB0] — X;B(3))'Y HT(SFHNT)\OZ
71 (12 N ?

|ITsFo — TJFH;]TH 1 ~

<0p(1) - 77 2 Pl 16318 = X506 sl
TsFo — Tgﬁﬂfl 2 (1 N N ~

< Op)P R (05 ul | (3 o]~ X306 Tl

j=1 j=1
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Y5 Fy — YsFII?
T

N
< 0p(1) - %Z (6180) — X:B(6) T3(@3150) ~ XiB(6))

= op([[8(8) = Bo(d)| + 1?).

—1 ~
(z;vz | XI5 My, ﬁnxi) NT2Jsnr| = 0p(|B(5) = Bo(8)]| + h2) follows.

For Jyn1, write

Therefore,

_ .
JanT = NT2 My FNT ZT(S ¢;[Bo] — X;B(8))u; Y§FENT Noi

1 ~ —_
= *NTQZXé sMy FNTZn X;B0(6) = X;B(0))u; Y3F v EnTAos
=1

N
1 1 _
TNT2 Z Xz(TJMnﬁiNT Z Y5(5180] — X;80(8))u Y3 FolINrEnTAoi

NT2 ZX My, FNT Z Y5(6;180) — X;B(0))u; Y3(F — Follnr)EnTAos
= JynT1 + JanT2 + JanT 3.

For JynT,1, write

| JanT ]| = NT2 Z ’I‘ FNT ZTé (X; 50 0) — ng(‘s))u;"rgFOHNT‘ENT)‘Ui
1 Xl 1 N X ~
< Or(D) 57 Z T YoM | - oill 5| - [[uf Y3 Fo| - [|Bo(8) — B(O)]
i=1 =
12 , 1/2
1 X! X;
< Or() w7 {Z \fZT(?MnFn\f } {ZH/\Oiuz}
i=1 =1

, N X X N 1/2
.N{ X } {zuu;rgpo"’} 1160(8) — )]
- j=1

< 0p(1 >}uﬁo< )= BO)l| = op(1o(6) — BO).

Thus, Jyn7,1 is negligible. Similarly,
by accounting for i = Eé\f:l((ﬁj[,@o] — X;B0(0)) Y2(¢;[80] — XjBo(d)) = Op(h?) and result
(2) of Lemma B.6. Analogous to the derivation of Jsy7 and Jyn7, we can conclude ||Jsn7|| is
negligible.

Similarly, we can prove that

JoNT = NT2 ZX YsMy FTnQ W Y2FZN7A0i 4 negligible terms
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2 N B
- ]\([’%3 N X[YsMy 55 - Y3FEn7Ao; + negligible terms
=1
= JenT,1 + negligible terms

and J7yr is negligible, where Q,, = Efu;u}] = o217

Based on the above development, we have

N “1
~ 1
B(0) — Bo(d) + (NT2 E XZ{T6MT5§T6Xi> JonT,1
=1

N -1 N
1 1
T <NT2 ZX;T‘SMTJIET‘SXi) {NTQ ZXZ{TCSMnﬁTWi + JonT,1 + J8NT}
i=1 —

+negligible terms

N -1 N
1 1
. <NT2 > XMy, ﬁr(;Xi) {73 D X/ oMy, 5 Ysus
i=1 i=1

N
1 A=
TNT2 > XYMy prs NT Z T5uj(F0)‘0j)/T§F:NT)\Oi}
=1 =1

N -1
1
_ <NT2 ZXZ{T(;MT(;};’HXZ-) JenT1 + negligible terms
i=1

1 ..
_ <NT2 > X{TsMy, ﬁnX@) 7 > {X{T(;MT(; =15
=1 =1

N
1 f—
TN > XjTsMy, 5 X5, (AgAo/N) 1)\0i}uz'
=1

1 & -
— <NT2 ZX;T(;MT(sﬁT(gXZ) J6NT,1 + negligible terms
=1

:= —B1 — By + negligible terms

Following a procedure similar to Lemma B.2, we can show that By = Op(1/vV NT?h). Moreover,
note that vNTQhJGNT,l can be written as




where Z; = X{T(;MnﬁTg and §; = ﬁENT)\OZ-. In connection with the condition % — ¢ < oo of

Assumption 8, the first result follows.

(2). By the first result of this theorem, and (4) of Lemma B.6, the second result follows.
]

B.5.2 Proofs of the Preliminary Lemmas

We introduce some variables which will be repeatedly used below. Let (7)) = | (6 —h)T|. From
the BN decomposition (Phillips and Solo, 1992), we have for ¢t > §(T")

t t
Xit =Y vis+Xio= > Vis+ o — Uit + Xig

S;(lT) - t
= { Z Vis + Vio — Vi s(T) + Xio} + [ %} + [Di,a(T) - %t}
s=1 s=6(T)+1
=X 5(1) + Mie + &t (B.3)

where vy = (Z?’;O @;)eit = &gy, and vy = Z?io &);&,tfj with ij = Zzo:jﬂ ®;,. Note that
Assumption 3 ensures » 2%, ||<f]|| < 00, so that &; = Op(1).

Proof of Lemma B.1:

We first show that

N T
XWiX =Y Kn(n — 8)(munly — 1i7;) + Op(N(Th)*? + T?h + NTh), (B.4)
=1 t=1

where 7; = %T Zthl Ky (my — 0)ni.
By the definition of W, X'W;X = X'WsX — X'W;D(D'WsD)~'D'W;X, in which

X'WsD(D'WsD) ' D'Ws X

1 N T T
=7 [Z Xt Kn (7 — 5)] [Z XL Ky (1 — 5)]
i=1 Lt=1 =1
1 N T N T
- Nz Z ZXitKh(Tt — 5)] [Z ZXz{tKh(Tt — 5)] .
R i=1 t=1
In connection with (B.3), we are able to write
X'WiX
N T | NI T
=22 XuXyo(r =)= 73 [Z XaKin(n ~ 6)] [Z X}y (i — 5>]
i=1t=1 Tzt L=t P
1 N T N T
+NZT Z ZXitKh(Tt — 5)] [Z ZX{tKh(Tt - 5)]
=1 t=1 i=1 t=1



N T
=Y ) (Xit = X)) (Xt — Xis01) K (e = 8)

i=1 t=1

K N T T
Z [Z X 50r)) Kn(m — 5)] [Z(Xit_Xi,6(T))/Kh(Tt_5)]

1:1 t=1 t=1

N T
ZXZtKh (¢ — ] SN X[ Kn(r - ]
i=1 t=1

i=1 t=1
N T N T
(manfy — ) Koo = 6) +2> > minlfyKn(re — 6) + Y Y &akiyFon(m — 0)

1 i=1 t=1 i=1 t=1

MﬂN

=2

=11

~277 Z mél — Zr Z &Gé+ NZpXX'

=

=11

Mﬂ

(nienyy — 7)) Kn(7e — ) + 2Ry N7 + Ront — 2R3 N7 — Rant + Rs v, (B.5)
1

where & = = 3 &y — 6) and X = 13- Y8 Y0 XiKu(m — 6).
We now look at R; n7 for j =1,...,5. Start from Ry y7 and R3 n7, and write

Elllmatll - l1€iel]

el

1/2
\ Euw}
=1 t=1

T
N\/ﬁZKh (0 = 6) = O(N(Th)*?),
=1

N
E|| Ry nr| SZ

i
s

and
N
E|Rs Nt < ZZTE[HﬁiH - [1&ll]
) ZiN L I 2 L I 2) /2
<O(1)(Th)*?Z; 2{ o Z; N Ku(m —0)|| E Th;fitKh(rt—é) }

=0()(Th)*/*(Zr)~" = O(N(Th)*?).

Similarly, we can show that E||Ry n7|| = O(NTh) and E|| Ry n7|| = O(NTh).
For Rs n, it is easy to know ﬁ le\il Xism) = ﬁ Zfil ng) ®’e;y = Op(1). Thus,

we have

N T N T N T
S XuKn(m—0)=> Xisry > Kn(r=6)+ D> (nit + &) Kn(m — 0)
i=1 t=1 i=1 =1

i=1 t=1
=Op(ThV'NT + NY2(Th)3/?),
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which yields that

N T
RNt = 50 ZZXnKh T — ] [Z X} K (7 — 6)
i=1 t=1 i=1 t=1
—0p(1 )NTh ((Th\/ T)? + N(Th)*) = Op(T*h), (B.6)

Based on the analyses from (B.5) to (B.6), (B.4) follows. Moreover, Op(N(Th)%? 4 T2h +
NTh) = op(NT?h).

Next, we show that as (N,T) — (00, 0),

T
Z nienyy — 757;) Kn(me — 8) —p Xy (1 — Cr),
t=1

M=

NT2h

I
—

7

which can be done by considering the first and second moments. For the first moment, we have

N T
1
NT2} Z Z (mmét - ﬁiﬁg) Kp(m —0)

P T N t
= g, 2 Kn(m = 9) Y > Eles,|®
= i=1 s=§(T)+1
(p, T N 1 T 01 N\lo
—m ZKh(Tt — 6) ? Z Kh(Tgl — 6)Kh 7'[2 — 5 Z E 8715”
t=1 i=1 T ¢y 05=1 1=6(T)+1

&

= > Kn(r = 8)(t - 6(T))AD
t=1
T
T2 - Z K (T ZT > Kn(r, — 0)Kn(re, — 8)(€1 Ay — 5(T))AD
l1,02=1

— (1 —Cg)P'A® = (1 -Ckg)Z,. (B.7)

For the second moment, it is easy to know that

;] No/r
E {mz (; Mitty — Tifl;) Kn (1 — 5)>
T
T2h ZZ: (tz:; Thtmt 77277@ Kh(Tt 5))] }2 = 0(1)

in view of the cross-sectional independence of {g}.

Thus, the result of this lemma follows. |

Proof of Lemma B.2:
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Similar to analyses of Lemma B.1, we have

N T
X'Wiu = Z Z(Xit — Xis(r))uit Kn (e — 0)
=1 t=1

LN T
“Zr [ (Xit — Xi50m)) Kn (Tt — 5)] [Z wit Kp (¢ — 5)]
7 t t=1

=1 =1

N T N T
Z ZXitKh(Tt — (5)] [Z ZuitKh(Tt - 5)]

i=1 t=1 i=1 t=1

+

1
NZr

N T
= D> (it + &a)uaKn (e — 6)

z’=11t1N . )
5 e t—c»] S oo
;:1 Nt_lT 1 Il N T
VN 7, N Uit Kp (17 — 6
[ m s an-on] [ gy
N T
= Z Z(Wz‘t + &ir) (wig — ;) Kp (1 — ) + OP(Thl/Q)
Z;l t;l
= Z Z Sit(uge — 3) Kp (e — 6) + Op(Th/?),
i=1 t=1

where Sy = n; + & and u; = % Zthl K, (1 — 0)uge, and the third equality follows from the
development similar to those given in Lemma B.1.

Next, we need only to prove that

T
{Z Z Szt uzt Kh(Tt 5) NZKh(Tt - 6)(AVU - Aiﬂ)}

=1 t=1 t=1

— N(0,C,Sy0). (B.8)

From the BN decomposition, we have for ¢ > 6(T), uit = @it + (Wi t—1 — Uit), where u; =

(D720 ¥))eir = e, wir = 352, J}ﬁi,t—j, and Jj = e ke Let Aty =t — U p—1. Note
T
Z Kh(Tt - 5)SztAazt

T T

= Kn(r — 6)Sutiir — > Kn(7e — 6)Sittiz—1
=1
T T

= Kn(r — ) St — ZKh(Tt — 0)Vitliz—1
-1

T T
{Z w(Te—1 — 0)Si -1 t—1 +Z [Kn(1e —6) — Kp(1e—1 — 5)]5i,t—1ﬁi,t—1}

t=1
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T

T
= Ky (mr — 0)Sirtir — ZKh(Tt — 0) Vit p—1 — Z[Kh(Tt —0) — Kp(1t—1 — 0)]Si1—1Ui¢—1,
t=1 t=1

and

N

Kh(’Tt — 5)A’ljlt

o~
Il
—

I
N

Kh(Tt — 5):&@15 — Z {Kh(thl — 5) + (Kh('rt - 5) - Kh('rtfl - 5))}171',1571

#
Il
—

T

= Kp(rr — 8)tlir — > _[Kn(7 — 8) = Kn(7i-1 — 0)]tiiz1.
t=1

By virtue of Assumption 1, K (7 — ) = 0 with probability 1, which indicates that

E

Kh(Tt — 5)Szt(_Aﬂzt)

#
Il
—_

T
Ky (1 — 0)vigtiy p—1 + Z[Kh(Tt —0) — Kp(14—1 — 0))Sit—1Ui—1
=1

I
B

#
Il
—

and

Mﬂ

T
ZKh(Tt — 5 Auzt Tt — 5 Kh(Tt,1 — 5)]5@1‘/,1.
t=

t:l

Furthermore, let Vj; = E;=6(T)+1 €ij, 80 we can also write Siy = Xy —X; 51y = ' Vig+0; (1)~ Vit
Thus, we can further obtain that
T

Z n(Te — 0)Siuy = ZKh 7 — 6) (Suciph — SuAy)

1 =1
T
Z 1 (7t — O) (' Vi + U 5y — Vit )Elyt)
T
+ Z Ky (1 — 0)vigtiip—1 + Z[Kh(Tt —0) — Kp(14—1 — 0)]|Si t—1Wi 1.
=1 =1

Finally, we obtain that

K (e — 9) (Sirwir — Apy)

t=1

@
Il
—

WE
~

—_ §,_;
M=

Kp(1 — 0)®'Vi 1€l

@
I
=

t=1

[l
=
et

~
g
MH

+ RzT( ) + RiT(?’) + RiT(4) + RiT(E))) (B.Q)

4
Mz
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where
;X
Ri 1) =—— K 7’—(5@/8182—1\ y
r(1) T\/H;h(t )@ (eites — M)

Rir(2) T\f ZKh (1e = 0) | UatVijg+1 — Z¢ i1 ]

7=0
A
Rir(3) = 7 ;[Kh(ﬁ —0) — Kp(14—1 — 0)]Si t—1Ui -1,
A
Rip(4) = Vi ZKh(Tt — 0)Vi5(r)Einbs

o~
Il
—

T
RiT(5) = _T\I/E ZKh(Tt — 5)w/(5itgit — ;I;())
t=1

Below, we show that \/% sz\il Rir(k) = op(1) for k = 1,...,5. Firstly, in view of the

cross-sectional independence of {€;}, it is easy to obtain that

2
=o0(1)

1 N
N ;RiT(l)

by some tedious calculation. Next, we consider \/% Zf;l Ri7(2), and write

2

| X
ir(2)|| = > E[Rir(2) Rer(2)]
[:
N T-1
NTQh 1;1 t;1 {Kh (7= (T = 0)
E [(ﬂitVi,t—&-l = i {/;}‘I)j+1>/<ﬁzsw,s+1 - i {E}q)j—i—l)} }
=0 =0
Tz: w(te — 0)Kp(1s — 0)E [(ﬂitw,tﬂ - i %‘I’jﬂ),(ﬂisw,wl - i%@jﬂ)]
] =0 =0

1/2
= h{EHRz'T(Q)ll E|Rr(2)IP}"* = hE|Rir(2)|
where the third equality follows from Assumption 3. Below, we focus on E| R;7(2)]?, so write

E HRz'T(2)H2 = tr (E[Rir(2) Rir(2)'])
T—-1T-1

T2 ZZKhTt Kp(7s —9)

t=1 s=1

41



(z;io Ziio ¢}5i,t—j62,t+1—k®k)(zzo=0 Z;x;O <I>;€¢,s+1—p€§73_q1/1q)

E
—(2 520 ¥ 1) (22520 ¥ Pj)’
o 2] |2Th) -1
= Tap, Y. Ku(m—9) > Kl —9)
t=56(T)+1 =0

( S 0 % 2 Bl a1 1P (@it it 1—pE g Va)] )
(2 1) (S 6Dy )

o L27n] |2Th |1
=7 2: Kﬁ”_a >
=0

_(ijo %%H)(ijo qu)j-‘rl)
|2Th)| |2Th|-1

S KR n-0) Y (Ku(rin—08) — Kn(r — 0))

t=5(T)+1 1=0
( Z?io > heo Z;io Z;io E[(wégi,t—ﬁ;,tﬂ—kq)k)(¢;5i,t+l+1fp52,t+l—q¢q)] )
_(Z;io wé'q)jﬂ)(z;io w;'q’jﬂ)/

( j= 720 2 he ozp qu oE[(w i€it— J5zt+1 ;@) (Ppeitri41— p81t+l qwq)]
2
T2h

where Kp,(7(41) —6) — Kp(m —0) = O(l)Th If we show

i ( D720 2k 2ope0 2ge0 L)€ -85 111 £ PR (PpEittit1—pE] 111 g ¥q)] ) o
(D50 Vi ®1) o2 Vi ®j)

=0

then it follows that Eﬂﬁ Zfil Ri7(2)||> — 0. Observe that

=0

i Z;io > koo z;io Z;io E[(wé‘gi,t*jgg,ﬂrlfkq)k)((I);Ei,t-i—l-‘rl—pgg,ﬂrlfqwq)]
~(C520 921 (520 @1
o o] [o.¢]

DO tr{ @@ @ Wi} + Z Z Z tf{ V) pg1-1 @ U J+l+1)Kd}

1=0 k=0 j=0 1=0 j=0 k=0v(1—1)
00 » d+1 ~
Y e {@;H O (S a1t ® 1) Bppups & w}
=0 j=0 =1
o0 [ee)
- Z Z Z tr{q)kq)k“}ijﬁl + Z Z Z ¢k+l 1q)k(pg+z+1¢j
=0 j=0k =0 j=0 k=0v(1-1)
0o 00 _ d+1 _
—3)) > tr {(‘PSH RV e ® e) (@11 ® ¢j+l)}
1=0 j=0 =1
— T 114111,
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where e;; is the (d x d) matrix where the (I,1)"" element is one and other elements are zeros.
Since tr(A ® B) = tr(A)tr(B) and tr(A) < (rows(A))Y?||A||, we have

1= Z tr{Z B, By }( Z Dibj)
=0 k=0

5

<4 (i mn) @ Mn)Q <

k=0

> 1D W)

1=0 |5=0

tr( Z(I) B ir)

and

oo oo o0 o0 o0
<Y ULkl lbir - gl N gall D D D MRkl Nebirima |l - sl - (@261

k=1 j=0 =1 k=0 j=0
2 2
o0 o0 o0 o0 " o0 o0 .
(i) (S +(zzn¢ku-wkm|) S - [
3=0 j=0 1=0 k=0 1=0 j=0
2 2
o0 [o@] o0 [o@] . o0 . [o@]
< ZH‘PJ‘H le¢j!\ +<ZH%HZHW!> ZII%HZII%H
=0 =0 k=0 k=0 =0 =0
<00.

2
Similarly, we can show that III < co. Thus, we have shown that E H% va 1 RZ-T(2)H =o(1).

By the similar arguments, we can also show that £ H N ZZ L Rir (5 H o(1) for j =3,4,5.

Therefore, we conclude that

T
Z Situit — Ayu)

\1F Z n(Te — 5)@’\/% Z Vit—1€i1 +op (1)

-
I Mz

N

!

foZZKh 7 — 6)®eiselh + op (1)

=1 s<t

fzwltN‘i‘OP( ) (B.10)

Using arguments similar to (B.9), the following result also holds.

%\
%

N T
Z Z Sitll; — Art/a(‘s))
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T N
1 1 1
=——= > Kn(n =80 —=>"——> > Kup(n—6)eucith+op (1)
TVhi= NiZ 2D I£s<t
1 T
::7ZW2¢N+OP(1), (B.11)
TVh =

where the definition of W5 n should be obvious.

By (B.10) and (B.11), we have

N T
T2 {ZZSzt Uit — Kh Tt — 5 NZKh Tt — - Aiu(é))}

i=1 t=1

T\FZWMN Wain) +op(1) : Thtz;WtN+0P()

In order to prove (B.8), we need only to prove %ﬁ Zthl Win = N(0,CiX,,,), so write

N
Win = Wiy = Waun = ) ( D W) eweztw>

=1 s<t

where
Wi s(0) = Kn(1e — §) — Wi s(9),

1
Wt,SZZ—T Kp(mi — ;Khn—é)JrKh —5;Khn
S

Note that {Wiy, Fyn} forms a martingale difference array with mean 0, where Fyn =
o{eis 1 1 <i < N,1 <s<t}isao-filed. Next we use the central limit theory for martingale
difference array. For any e > 0, it is easy to check that as (N,T) — (00, ),

1

27 E[WnWiNI(|Wen > > eTVR)|Fio1n] = 0.

Furthermore, we can prove that

T
1
e > E[WinWin|Fio1v]
t=1

T N
1 1
T T > Zwﬁ(é)ﬁ > B[¥eicnenc) @ Fio1 ]

t=1 s<t ij=1

= C*Zy,u + Op(l)
after some tedious calculation. The proof of Lemma B.2 is now completed. |
Proof of Lemma B.3.
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Write

. 1 T
T. - T
z,yu(]) _ - Z Vi t—jUst
—t=7+1
1 7
Z Vit— juzt_ Z Vit— j{X ( ( ) BO(Tt))+ai_ai}
T — T - T
t=7+1 t=17+1
=Tipu(j) = Tiwulj)
for 7 =0,1,--- ,lp. Thus, we can further write

Z w ( ) Frvalj) - iw (J) Foun) = Aty + B

Below, we show

VNI(Byu = M) = VNI(Ayy — D) + VNBA,, = 0p(1), (B.12)
where A, = % Zf\il Aijyu and ZW = % Zf\;1 Awu
First, we turn to vV Nh(A,, — A,y) = op(1) in (B.12). By Proposition 1 of Andrews (1991)

and Assumption 5, we have

2
_ Vi L _ _
E NhAuu_Al/u 2:E = Ail/u_EAil/u +EAiuu_Auu
[V NR( )l \/N;( : [Aipu] + E[Ai ] )
= hE HAi,yu - E[Az,uu]||2 + NhHE[Az,uu] - A1/u||2
IlTh Nh

= | =o(1). B.1

O(T—T+l§,q> o(1) (B.13)

Second, by the construction of 7 and 7 and a development similar to (A.31)-(A.33) of
Phillips et al. (2017), we have

VNEA,, = op(1). (B.14)

Therefore, we prove (B.12) by (B.14) and (B.13).

Similarly, the second result follows. The proof is now completed. |

Proof of Lemma B.4:
Write

B(8) = Bo(8) = ynr + Moy + Mng — Bo(0), (B.15)
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where

N T
1 !
Moyt = NTh ; ;XitxitKh(Tt —0),

ILint = ONTNTQh Z ZX tultKh Tt — 5)
=1 t=1

Iony = ONTNTQh Z Z Xit Ao for Kn (e = 9),
i=1 t=1

Hsnr = HENTNTQ}Z Z Zththﬁo ) Kp (1 = 9).
i=1 t=1

By Assumption 6, it is easy to know that Iy 7 + Iloy7 = Op (T) By the proof of Theorem
1, U3yt — Bo(8) = Op(h?). The result then follows. ]

Proof of Lemma B.5:

(1). Write
N
Fseulg)F Zu YsPr,rYsui| = Fseug) NT Ztr{T(;PT&FTguiu;}
= s NT 65 Py XU UM < Sl TsPry XU
< O()) 5 10U = o(1),

NTh

where the first inequality follows from tr|A| < rank(A)-||Al|sp, the second inequality follows from
the uniform boundedness of the kernel function, and the last equality follows from Assumptions

4 and 7.

(2). Write

sup
BERs(B),FEDR

N
% Zwl [Bo] — XiB)' Y5 Mrsr Y sui

N
Z (¢iBo] — XiB) Tus

< sup
BERs(B),FEDFR

Z‘H Z‘H

+ sup = Ay + As.

N
Z $ilBo) — XiB) Y5 Pryr Y sus
,BER(;(ﬁ),FEDF i—1

By the construction of Rs(3) and Assumption 6.2, it is easy to know that A; = op(1).

For As, write

N
% > (¢ilBo] = XiB) L Pr;rYsu;

i=1

sup
BERs(B),FEDR
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= sup

N
1
7NT E tr{T(;PTéFT(;uiAQS;ﬂ}
i=1

1
7tr{PT5FT5U/A¢BT5}

= sup
BeRs(8),FeDp | NT
r
< sup WHTgU’AqbgT(;Hsp < O(1)A; = op(1),
BERs(B)

where A¢; 5 = ¢i[Bo] — Xif and A¢g = (d1[Bo], - - ., dn|[fo])

(3) The third result follows from a procedure similar to (2) of this lemma. [ |

Proof of Lemma B.6:

(1). We now consider Vyr and write
N
TsFVnr = LZT (dilBo] — XsB(8))(¢4]B0] — XiB(6)) T3F
0 NT—NTi:1610 i i 120 i 5

1 & N B

+ 57 ; Ys(¢ilBo] — XiB(9))(Foros) T3
1 & _ N

+ T 2; Y5 Fooi (¢4l6o] — XiB(8)) T2F
1 - -

+ 57 ; Y5 (ilBo] — XiB(8))ui Y3 F
1 & ~ N

+ N7 ; Ysui(¢ilBo] — XiB(5)) T3F

1 . 1 & N

N
-1 -

I~n2 12
+— E Ysui(Foroi) T5F + NT ;1 Y5 (Foroi) (Foroi) Y51

= Lint(B(8), F) + - + Isnt(B(8), F) + Isnt(F) + - - - + Ion7(F).

= ApAo  F{Y2F
T

Note that Iogn7(F) = YsFp - —5 . Thus, we can write

ApAo  F{Y3F

Y5EVyr = YsFo—or - == = Iivr (B(8), F) + - + Iswr (F). (B.16)
Note that the development of Theorem 3 ensures that Fé%‘%F is non-singular, so rewrite (B.16)
as
~ FJT2F\ 1/ ApAgy 1L
T5FVNT( 0T6 ) ( (])VO) —YsFy
R ~ 1 (FYYRFN -1 ApAgy L
= [ivr(BO), F) + -+ I (P)] (222=)(2222) (B.17)
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We then examine each of the terms on the right hand side of (B.17) and show that Viyr is

non-singular. In order to do so, we write

F5T§ﬁ>—1 (A6A0

—1
—YsF,
T N) o050

TéﬁVNT(

< 0p(1) (Il (B), Bl + -+ + | Isnr(F)]) (B.18)

and focus on each term on the right hand side of (B.18).
Note that by construction, we have ﬁHTéﬁ || = O(1). We will repeatedly use this fact
below. Start from Ijn7(B3(8), F) and write

N
Sl B0 P < 0) o7 5 (@il = KB T3] - X))
N
< 0(1) 57 S (50(6) — B@) XIT3Xi(50(6) - B9))
i=1
N
+ O(l)NlT Z(@[ﬁo] XiBo(6)) Y5 (6i[Bo] — XiBo(6))

= Op(T|B(8) — Bo(9)|1?) + Op(ThY),

where the term Op(T|3(8) — Bo(6)]||?) follows from the development of Theorem 3, and Op(Th?)
follows from the standard argument of the kernel method.

For Ion7(3(6), F), write

N 1/2
= Eanr(B(5). ) < O(1) { =5 > (o) = XiF(0) o] - Xzﬁ(a))}

LW 1/2
. {]VT Z )\E)iF(;TgFO)\Oi}
=1
= Op(VT|B(5) — Bo(6))) + Op(VTH?),

where the last line follows from the proof for I y7(B8(8), F), and 7 ZN Noi FG Y3 Foho; =
Op(1) by Assumption 7.
Similar to IQNT(/BV((S), ]5), we can show for j = 3,4, 5,

\}T\IIJ‘NT@@)f)l = Op(VTIIB(S) = Bo(O)) + Op(VTH?).

We now consider Isnr(3(6), F), and write

2

N
1
1=
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T N
N2T2h Z Z Eluguisujiujs| Kp(me — 0) Kp(Ts — 0)

t,s=114,5=1
T N
N2T2h Z Z ,tu JKG (72 = )
t=14,j=1
N
N2T2h22 Z [wiruje] Eluisw;s| Kp (e — 6) Kp (15 — 0)
t;ész =1
1 2
:O(l)W;Kh(Tt NQ”ZI Z. T2h2§m 7t — 0)Kp(15 — 6)

¢ <T1h> o (le) ’

which immediately gives

Tl (50). Pl = O (th) L op (;N) .

For I?NT(ﬁ) and IgNT(ﬁ), write

N
1
7T Z T(;Fo)\()iu;-'r(;
i=1

N
1
= ~pair O O Kaln = 0)En(r, — O Elfihois forhojusd
t,s=1 i,j—l

N
1 1 1
< O(l T2h2 E Kh T+ — 6)Kh 72 E ’U”’ ( ) .

t,s=1

Then we can conclude that

(P = op< &) and = awe(F) = op(jﬁy

Based on the above derivations and by multiplying (B.17) with % from the left-hand

side, we obtain that

FJ3F _ F{T3Fy Aghy FyY3F
T T N T

+op(1),

F!Y2Fy ALA .
0= . =02 “and Vyr consists of the

R 20 23 . .
which implies =%+~ are the eigenvectors of the matrix

eigenvalues of the same matrix (in the limit) by noting that

FY3R  Ajhg
T N

—p Xf(6)2

after simple algebra. Thus, the result follows.
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(2). Based on the above development, (B.18) can be summarized by
1 - -
TPy = YsEoll = Op(VTIB(0) = Bo(d)]) + Or(VTH?)
+0 (1 ) +0 <1>
"\vrn) TI\VN )
(3). According to (B.17),

1 g~ 1 1 ~ ~ 7
Ry T3F — Z RT3 RNy = 2 Fy s [IlNT(ﬁ(é), F)+--+ ISNT(F)} Vil

Note that V7 = Op(1), so we focus on LY {IlNT(E((S), F)+ -+ Ignp(F )} below. By the

proof of the first result of this lemma, it is easy to know that

|| Ers [ (Bo), By + -+ wr 56, B |

= Op(VTI|B(8) — Bo(d)]]) + Op(VTh?).
We now consider TF0T5]6 ~7(F). Write
. . " 1/2 " 1/2
/ I /A2 2 2 77112
fFoTﬂGNT(F) < T {NT ; [ F T 5wl } {NT ; [|w; Y5 F| } .

Simple algebra shows that ﬁZf\; | EGY3u;]|?2 = Op(1), so we focus on ﬁZi\; ||u;T§ﬁH2
below. Write

Mz

N
1 ~
lwfT3F|? = < D i T3 (Follng + F — Follny)|?
=1

@
I
=

N

2 ~ ~
i X3RN | + —= NT E tr {u;Tg(F_FOHNT)(F_FOHNT)Irgui}
1 =1

.
I

Mz

IA IA

2‘[\; 2‘[\3 Z‘H

~ N~ N~
MZ

2 - .
i T3 |? + ot {T%(F — Fyllnt)(F — FOHNT)’TgU’U}
<O0p(1)+ O(UNHU/UH . THT(;ﬁ — TsFpIlnr|.

In connection with (1) of Lemma B.5 and result (2) of this lemma, it then gives that

%F6T5I6NT(ﬁ)
—0p (;) op (&) {NlTHU’UH L ITSE nFonNTHQ}W
1 1 1
=01 (1) + 00 (=) 0r (g + 5 ) {0 (VTIBE) - (O
+Op(VTH?) + Op <\/;7h> +0p <\/1N) L
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For %F6T5I7NT(ﬁ), we have

1 ~
- —=||TsF — YsFollnr||

N
1 ~ 1 1
|| FIYsT | < Z|E2F)| - || ——= ) MY
TH oYslint( )II_TII o L5 Foll HN T E 0it; L's Nia

HFOT(SFOH H ZAOM T3E0| - Mz

By Assumption 7, &[|F§Y2E|| = Op(1). Also, ||IIn7|| and ﬁHTgﬁ — YsFollny|| have been
studied above. Thus, we focus on Hﬁ ZZJL )\giu;T5H and Hﬁ Zf\il )\Oiu;TgFoH below. Write

2

N N T
N2T]’L ZZZE )\Oz)\OJUQtUJt]Kh( T — 5) O < >
1t=

i=1 j= 1

Similarly, by Assumption 8, it is easy to know that

2

(i)

N
1
=1
We then obtain that

FIF st (F)] < 00 () {0p(VTIF®) - 0O+ 0n(VTH2)

Wi
o) o ()} o ()
Based on the above development, we then obtain that
ZIF3F - RT3 Aol
= Op(VT|B(5) = Bo(8)|) + Op(VTh?) + Op <T1h> +0p (}V) (B.19)
which further indicates that
Lo=2m a2
THF YT5F — F'C5Follnr||
< ZI(TsF — TsRyllyr ) (C5F — TyFoTTyr) |
+%”(T6FOHNT)/(T6ﬁ = YsEollny)||

= Op(VT|B(5) — Bo(8)|)) + Op(VTh?) + Op <T1h> +0 <]1V) (B.20)
(4). Note that (B.19) and (B.20) give that

~ 1
NTFoT3F — T NrFy Y3 Follnr
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= Op(VT|B(5) — Bo(®)II) + Op(VTh?) + Op (T1h> L Op (]1V>

and

I, — %ﬁ/T(%FOHNT = Op(VT|B(8) — Bo(8))) + Op(VTh?) + Op <T1h> +0 <]i[> .

Summing up the above two equations yields that

1

I~

My F X3 Foling = Op(VT|B(9) — Bo(8)])) + Op(VTh?) + Op (j}h) +Op (;) |

Note that it is easy to know that
1Py, 5 = Prsry[|* = tr {Pnﬁ + Prsp, — Py, pPrsmy — PTaFOPT(SF}
1~ -
= 2tr {Ir — TF/T5PT5F0T6F} .
Moreover, using (B.19), we obtain that

1~ ~ 1 ~
TF’T(;Pya 7 YsF = TF’T(%FO(FngFO)*lpngF

1 _
= N By Y3 E(Fy Y3 Fy)  Fy Y3 Fllny

T
+OR(VTIH) - o)) + O (VTR + Op () + O ()
= %H/NTF(;I%FOHNT
3 2 1 1
+Op(VTB() — Bo(8)])) + Op(VTh2) + Op (Th> +Op <N> |
Thus, we have
1Py, 7 — Pryr > = Op(VT||B(6) — Bo(8)])) + Op(VTh?) + Op <T1h> +0p (zb) .

The proof is now completed.
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