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eccentricity
ec •cen •tri •city

Etymology [314]

eccentric, English
−→ excentrique , French
−→ excentricus, Medieval Latin
−→ ékkentros, Greek

From Greek ek, meaning “out”, and kéntron, meaning “center”.
−→ ek, from Proto-Indo-European eǵs, meaning “out”
−→ kéntron, from Proto-Indo-European ḱent-r-om, meaning
“pointed tool”, from ḱent-, “to pierce or point”
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A B S T R A C T

The era of gravitational-wave astrophysics is upon us, with advanced
gravitational-wave observatories making multiple detections per
observing week. These signals come from the inspiral, merger, and
ringdown of binaries containing black holes and neutron stars. The
LIGO-Virgo-KAGRA collaboration has so far observed 90 such signals
over three observing runs. As the population grows, so does the scale
of a persistent question in gravitational-wave astrophysics: how do
merging compact binaries form? There are two overarching theories: they
may form in isolation, if a pair of bound stars evolve to become a pair
of closely-bound stellar remnants, or dynamically, if two compact
objects become bound due to interactions with other objects in a
populous environment. While the masses and spins of its components
can indicate a binary’s formation channel, non-negligible orbital
eccentricity at detection is considered a “smoking gun” of dynamical
formation. In this thesis, I present the first measurements of the
orbital eccentricities of binaries detected by Advanced LIGO and
Virgo. These measurements include the first observational evidence
for non-zero eccentricity in the orbit of a system detected with
gravitational waves: intermediate-mass binary black hole GW190521.
Its high component masses, hint of in-plane component spin, and
signature of orbital eccentricity suggest that GW190521 may have
been dynamically formed. I also report a second event with evidence
for significant eccentricity at detection: GW190620. Since the fraction
of mergers with measurable eccentricity at detection is a robust
prediction of globular-cluster simulations, the detection of two
eccentric events suggests that more than 27% of merging compact
binaries are assembled in globular clusters, at 95% confidence.
However, it is not yet possible to measure eccentricity and
spin-induced precession simultaneously, and—as I demonstrate using
simulations of signals from GW190521-like systems—these quantities
can be mistaken for each other in gravitational-wave signals. Finally, I
envision a future in which mergers from different formation channels
can be distinguished. I demonstrate how future gravitational-wave
detectors may pinpoint the formation epochs of globular clusters by
tracing the redshift evolution of the mergers in their cores. I conclude
with some thoughts about the near- and far-future science that can be
built upon the work presented here.
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Part I

E C C E N T R I C I T Y I N G R AV I TAT I O N A L - WAV E
T R A N S I E N T S
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1
I N T R O D U C T I O N

1.1 compact object orbits , or : does nature abhor a cir-
cle?

To open his 1841 essay Circles, Ralph Waldo Emerson writes: “The eye
is the first circle; the horizon which it forms is the second; and
throughout nature this primary figure is repeated without end”. The
idea of the simple circle as a repeated motif throughout the Universe
is charming, but inaccurate. Ellipses are everywhere, from the shape
of the human eye to the shape of the Earth.
In the case of orbits, nature does tend towards a circle. After enough
time, eccentric orbits decay to circular under the influence of gravity
if they are isolated from external influence [343]. Energy and angular
momentum are lost from an elliptical orbit via gravitational radiation,
which reduces the eccentricity of the orbit. If this gravitational
radiation is powerful enough, we can detect it on Earth with
kilometer-scale interferometers such as Advanced LIGO, Virgo, and
KAGRA [29].
To produce detectable gravitational waves, the orbiting bodies must
be extremely massive (to reach the strain sensitivity of current
ground-based detectors, the strain amplitude must be around
h ∼ 10−21) and rapidly accelerating (to reach the sensitive frequency
range of current ground-based detectors, 10 . fGW . 2000 Hz, the
orbital frequency of a binary must be at least forb = 5 Hz) [219]. The
first detection of gravitational waves was made in 2015, and came
from the coalescence of two black holes with masses roughly 30 times
that of the Sun [27]. Since that first signal, the LIGO-Virgo-KAGRA
collaboration has accumulated almost 100 binary merger
observations [30, 37, 443]. These binaries all contain compact objects:
mostly black holes, some neutron star-black hole pairs, and some
neutron star binaries.
The question of how these binaries were able to form and merge
within the age of the Universe is unsolved. Gravitational radiation
reduces the orbital energy of a binary, decreasing its separation. This
happens on timescales [343]

t =
5

256
c5

G3
r4

m1m2(m1 + m2)
(1.1)

≈ 105 Gyr
( r

au

)4
(

10 M�
m

)3

, (1.2)

where r is the binary separation, m1 and m2 are the masses of the
primary and secondary components of the binary, and the second
equation assumes equal component masses (m1 = m2 = m).
Slowly-rotating massive stars typically reach radii of 100 au before
the end of their lives. Compact binaries formed under normal
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4

circumstances will therefore be much further apart than 1 au, and will
not merge within the age of the Universe. So how can our observed
abundance of compact binary mergers be explained?
There are two broad channels that proposed compact binary merger
formation scenarios fall into, each with several sub-channels. An
isolated stellar binary that is bound from birth may evolve into a close
compact binary if its development proceeds via a certain path. Most
commonly discussed are common envelope evolution, in which unstable
mass transfer leads to one star overflowing its Roche lobe and
engulfing the other in gas, the drag from which reduces the
separation between the donor and companion [239]; and chemically
homogeneous evolution, in which rapidly-rotating stars fail to develop a
steep chemical gradient and hence are prevented from expanding as
they approach the end of their lives [313]. This thesis is
predominantly concerned with binaries arising from the alternative
channel: dynamical assembly. In this case, the two objects become
bound only once they have already evolved into stellar remnants. This
occurs in populous environments, such as globular star clusters,
where the frequency of interactions between objects is high. Compact
binaries that assemble dynamically can be distinguished from those
that form in isolation by a number of their characteristics, which can
be decoded from their gravitational-wave signals. One such
characteristic is their orbital eccentricity.
Since compact object binaries lose orbital energy and momentum
efficiently via gravitational radiation, their orbits tend to circularise if
unperturbed by outside influences and left to their own devices for
sufficiently long [343]. However, if the binary is somehow driven to
merge very quickly after it becomes bound, it can retain some
eccentricity close to merger. Since more gravitational energy is lost
from the orbit when the binary is at periapsis than when it is at
apoapsis, eccentric compact binary mergers have a distinctive
modulation to their gravitational-wave signatures. If the eccentricity is
large enough, this modulation can be distinguished within its
gravitational-wave signal, which is detected by the current generation
of gravitational-wave observatories after it reaches a frequency of
∼ 10 Hz [29, 39]. Isolated binary evolution should lead to negligible
eccentricity at detection, so detectable orbital eccentricity in the
gravitational-wave signal can imply that a merging binary was
formed dynamically.

1.1.1 Orbital Eccentricity of Compact Object Binaries in Different Environ-
ments

Compact objects can become bound to one another in regions of high
population density. There are many different environments in which
this can happen, and the attributes of those environments influence
the lives of the binaries that merge within them. This changes the
distribution of eccentricities expected from mergers within each
environment. In the papers presented in this thesis, I focus on the
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eccentricities expected from merging binary black holes that formed
in globular clusters. The fraction of compact-object binaries that retain
measurable eccentricity at detection is a relatively robust prediction
from globular cluster simulations that assume a variety of cluster
properties. This makes them convenient to compare to the detected
population: we can use this known fraction to constrain the
contribution from globular clusters to observations. Other dynamical
formation environments can also produce measurably eccentric
mergers, albeit with distributions and merger rates that are less
confidently constrained. The ranges of eccentricities at a
gravitational-wave frequency of 10 Hz, e10, that can be expected from
these environments are as follows:

• Globular clusters.—Compact binaries that form in globular
clusters may have eccentricities 10−8 . e10 . 10−3 if they merge
after being ejected from the cluster, 10−7 . e10 . 10−2 if they
merge inside the cluster between strong dynamical interactions,
and 10−3 . e10 . 1 if they merge during strong gravitational
encounters that leads to a capture event [e.g., 491].

• Nuclear star clusters.—Galactic nuclei have a much steeper
density profile than globular clusters, enabling more frequent
encounters. Binaries can become bound and merge in the same
ways and with the same eccentricities as in globular clusters.
There are also extra possibilities. Eccentric mergers regularly
form in these extremely dense environments through
single-single encounters, which have an eccentricity distribution
peaking close to e10 ∼ 1, especially for high-mass black holes
that merge close to the central supermassive black hole [200].
Binaries that are driven to high eccentricities by the perturbing
presence of the supermassive black hole have eccentricities
10−5 . e10 . 10−1 [50].

• Active galactic nuclei.—A small fraction of observed
supermassive black holes in galactic nuclei appear to be actively
accreting gas, and have a dense accretion disk inside which
smaller black holes can reside. Binaries in active galactic nuclei
can merge via similar mechanisms as in quiescent galactic
nuclei, but with rates and properties that are influenced by the
accretion disk. Capture events during binary-single and
single-single encounters in these environments can have
eccentricities 10−1 . e10 . 1 [430].

It is also possible to produce field binaries that merge with detectable
orbital eccentricity if the system originates as a triple, with the inner
binary driven to high eccentricity through Kozai-Lidov resonance
[263, 282]. These may have eccentricites 10−5 . e10 . 1 if black hole
natal kicks are zero, with the distribution narrowing to
10−4 . e10 . 10−1 with even small natal kicks [51]. The rate of
detectably-eccentric mergers expected from Kozai-Lidov field triples
in the absence of natal kicks is only ∼ 0.1 Gyr−3 yr−1, and decreases
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by up to two orders of magnitude if modest natal kicks are assumed
[365, 409].

1.2 parameter estimation with bayesian inference

In this Section, I briefly outline the difficulties that have prevented
eccentricity measurements, and how we overcome these in the papers
presented in this thesis. A more detailed technical description of the
method can be found in the Appendix.
Usually, the parameters of compact binaries observed with
gravitational waves are estimated using Bayesian inference. Chapter 2

provides an overview of the computational Bayesian methods
employed within the analyses presented in this paper. We take an
efficient shortcut to measure eccentricity, which I motivate and
delineate here.
In the context of gravitational-wave astrophysics, Bayes’ Theorem [67]
is often written as [444]

p(θ|d) = L(d|θ)π(θ)

Z(d) . (1.3)

Using this equation, we aim to calculate p(θ|d), the posterior
probability distribution for the parameters represented by θ, given the
data, d. The prior, π(θ), describes our knowledge (or expectations) of
θ. The likelihood, L(d|θ), describes the probability that we obtain the
observed data, given a set of parameters θ. In gravitational-wave
astrophysics for compact binary coalescences, the likelihood contains
a model for both the gravitational waveform and the detector noise
profile, and takes the form of a Whittle likelihood [475]

L(dk|θ) =
1

2πσ2
k

exp

(
−∆ f

2
|dk − µk(θ)|2

σ2
k

)
, (1.4)

where µ is our waveform model and σ is the noise amplitude spectral
density at the gravitational-wave detector. Here, π represents the
mathematical constant rather than the prior. Equation 1.4 is the
likelihood for a single frequency bin, k, out of M frequency bins of
width ∆ f . Because the likelihood in each frequency bin is considered
to be statistically independent, the full likelihood is the product of
Equation 1.4 evaluated over many frequency bins,

L(d|θ) =
M

∏
k=1

1
2πσ2

k
exp

(
−∆ f

2
|dk − µk(θ)|2

σ2
k

)
(1.5)

∝ exp

(
−∆ f

2

M

∑
k=1

|dk − µk(θ)|2
σ2

k

)
. (1.6)

Finally, the evidence, Z(d), is a normalisation term comprising the
integral of the product of the prior and likelihood over all possible θ,

Z =
∫
L(d|θ)π(θ)dθ. (1.7)
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The details of how we obtain posterior probability distributions in
practice are described in Chapter 2. We end up with a set of posterior
samples distributed throughout the parameter space with a density
profile that represents the posterior probability distribution.
For gravitational waveform models, the parameter space has a large
number of dimensions. The intrinsic nature of a binary compact object
is described by ten parameters: the masses of the two components (2),
a three-dimensional spin vector for each component (6), and the
orbital eccentricity of the system and its associated argument of
periapsis (2). Binary neutron star systems, containing objects that can
be disrupted under each other’s gravitational influence, have two (2)
extra parameters that describe the tidal deformation of each
component. Additionally, the observed gravitational signal from a
compact binary changes depending on seven extrinsic parameters: the
distance of the system from the detector (1), its two-dimensional sky
location (2), its phase at detection (1), the signal polarisation (1), the
angle of the binary’s orbital plane to the line of sight (1), and the time
of detection (1). For binary black holes, the complete description of
the waveform is therefore 17-dimensional; however, the most complex
existing waveform models are 15-dimensional, neglecting the two
parameters that describe the eccentricity of the system.
Waveforms containing the influence of orbital eccentricity do exist.
These models are 12-dimensional, neglecting the four parameters
describing the spin-tilt of both components, adding one extra
dimension—eccentricity—and with an argument of periapsis that is
fixed by the starting frequency. Eccentric waveform models are more
complicated than those that represent signals from systems in
quasi-circular orbits, and they are not as well-developed. Therefore,
eccentric waveform models are typically slow to generate: the
eccentric model used in this work, SEOBNRE [103], takes O(1) s to
generate templates for short-duration [GW190521-like; 34] signals,
and O(300) s for long-duration signals like those of binary neutron
star mergers. In contrast, non-eccentric waveform models that are
commonly employed for Bayesian inference studies can generate even
long-duration signals in < 0.1 s. Slower waveforms cannot be used for
direct parameter estimation with Bayesian inference, which requires
many hundreds of thousands of waveforms to be generated in the
process of thoroughly sampling the parameter space.
The first key contribution of this thesis is to enable the measurement
of orbital eccentricity without directly performing Bayesian inference
with inefficient eccentric waveform models. The second is to obtain
the first evidence for orbital eccentricity in merging binary black hole
systems detected with gravitational waves.

1.2.1 Constructing an eccentricity measurement

I wish to obtain a 12-dimensional posterior distribution containing
the measured orbital eccentricity at a gravitational-wave frequency of
10 Hz, p(θ, e10|d) (neglecting misaligned spins and a variable initial
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argument of periapsis by necessity), where the eccentricity is written
separately from the other parameters θ for clarity. However, I cannot
compute this directly with an inefficient waveform model.1 Instead, I
first importance-sample the parameter space using an 11-dimensional
proposal with waveform approximant µø(θ) that does not contain
eccentricity, giving us a set of posterior samples that represent
pø(θ|d). Each of these samples i is defined by its parameters, θi. For
every θi, I compute the target likelihood over a grid of eccentricities
using eccentric waveform model µ(θ, e10), and use this to reweight the
proposal posterior samples to the target distribution, p(θ, e10|d). The
results of this procedure are presented in Chapters 3–6, and a detailed
mathematical description of the method can be found in the
Appendix.

1.3 thesis layout

Chapters 2—7 consist of published papers. Chapter 2 serves as a
description of the Bayesian inference software library (and associated
analysis tools) that underpin our analyses. Chapter 3 contains the first
measurements of eccentricity for binary compact objects detected
with gravitational waves: eccentricity upper limits for the ten binary
black holes in the first gravitational-wave transient catalogue of
Advanced LIGO and Virgo, which all have eccentricities e10 ≤ 0.05 at
90% credibility. In Chapter 4, I deviate from binary black hole
analyses to discuss how eccentricity may be used to identify the
formation channel of a particularly unusual binary neutron star
system, GW190425, and constrain its eccentricity to e10 ≤ 0.007 at 90%
credibility. Chapter 5 contains the first event with the tantalising
suggestion of measurable eccentricity: GW190521. However, given
that we cannot distinguish eccentricity from spin-induced precession
for this event, this result remains suggestive rather than conclusive.
Chapter 6 contains 25 new eccentricity measurements for binary black
hole systems in the second gravitational-wave transient catalogue,
including GW190620, another event with strong support in its
posterior probability distribution for high eccentricity close to merger.
The final paper in this thesis looks past our current difficulties with
measuring all binary black hole parameters simultaneously. In
Chapter 7, I picture the future of gravitational-wave astrophysics: an
era when third-generation detectors will be able to detect compact
binary mergers from before and during reionization. In this era,
gravitational waves may be detected from compact binary mergers
within newborn globular clusters, and binaries from competing
formation channels may be cleanly distinguished by confidently
measuring all of their parameters. I demonstrate that in such a future,

1 Supercomputers can be used to perform direct, highly-parallel inference with an
inefficient eccentric model on short-duration signals like GW190521 (for which it is
relatively quick to generate templates). This is demonstrated in Chapter 5, where a
year of CPU hours was compressed into about one day. However, this required the
simultaneous use of 800 cores, a demand that is neither sustainable nor practical for
catalogues of events.
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gravitational-wave detectors may allow us to pinpoint the formation
epochs of globular clusters. Finally, I summarise and recap the work
presented in this thesis in Chapter 8, and propose some ideas for
working towards that ideal scenario.
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2
B AY E S I A N I N F E R E N C E F O R C O M PA C T B I N A RY
C O A L E S C E N C E S W I T H B I L B Y : VA L I D AT I O N A N D
A P P L I C AT I O N T O T H E F I R S T L I G O - V I R G O
G R AV I TAT I O N A L - WAV E T R A N S I E N T C ATA L O G U E

This chapter is, in majority, a copy of the original publication [378]. Some
tables have been edited for improved readability, and some figure captions
have been adjusted to reflect new figure layouts. The Appendices appear as
Sections in the same order and location as in the original text. Appendix E
contains a table that provides a useful reference table for symbols and units
used in tables, figures and text throughout the remainder of this thesis. The
original first column of this table, containing the Bilby code name for the
parameter, has been deleted for formatting reasons; for the full table, see the
original text. The final paragraph of that final Appendix is particularly
poignant for this thesis, and motivates the work presented in Chapters 3–6.

abstract

Gravitational waves provide a unique tool for observational
astronomy. While the first LIGO–Virgo catalogue of
gravitational-wave transients (GWTC-1) contains eleven signals from
black hole and neutron star binaries, the number of observations is
increasing rapidly as detector sensitivity improves. To extract
information from the observed signals, it is imperative to have fast,
flexible, and scalable inference techniques. In a previous paper, we
introduced Bilby: a modular and user-friendly Bayesian inference
library adapted to address the needs of gravitational-wave inference.
In this work, we demonstrate that Bilby produces reliable results for
simulated gravitational-wave signals from compact binary mergers,
and verify that it accurately reproduces results reported for the eleven
GWTC-1 signals. Additionally, we provide configuration and output
files for all analyses to allow for easy reproduction, modification, and
future use. This work establishes that Bilby is primed and ready to
analyse the rapidly growing population of compact binary
coalescence gravitational-wave signals.

2.1 introduction

Gravitational-wave astronomy presents a revolutionary opportunity
to probe fundamental physics and astrophysics, ranging from the
neutron star equation of state and stellar evolution to the expansion
of the Universe. The first direct observations of gravitational-wave
signals have been made by Advanced LIGO [29] and Advanced
Virgo [39]; their first gravitational-wave catalogue of
transients [GWTC-1; 30] contains ten binary black hole coalescences
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and one binary neutron star coalescence. The third observing run may
yield O(102) additional observations [29], with signals from a second
binary neutron star merger [33], one merger of a black hole with a
2.6 M� compact object, and an additional two binary black hole
mergers [24, 34] already confirmed.
Gravitational-wave signals encode information about their sources
which can be difficult, if not impossible, to otherwise obtain. To
extract information from the observed signals requires careful
statistical inference. The inferred source parameters can inform our
understanding of binary stellar evolution [5, 15, 64, 65, 70, 424, 490],
the equation of state of neutron-star matter [17, 25, 146, 317], and the
nature of gravity [7, 23, 236, 484, 485]. Multimessenger observations
of gravitational and electromagnetic radiation [14] can give an even
richer understanding, enabling measurements of cosmological
parameters [8, 20, 102, 108, 134, 229], insights into the structures of
gamma-ray bursts [13, 82, 170, 302, 315], and identifying the origins of
heavy elements [10, 111, 244, 440, 472]. However, electromagnetic
emission can fade rapidly, necessitating rapid localization of the
gravitational-wave source [29]. To maximize the scientific return of
gravitational-wave observations, it is therefore of paramount
importance to make use of and continue to develop efficient, reliable,
and accurate computational inference.
Bilby is a user-friendly Bayesian inference library that can be used to
analyse gravitational-wave signals to infer their source properties [54].The namesake of

Bilby is the bilby, a
smallish Australian
mammal that is like

a cross between a
mouse and a rabbit.

Bilby is modular and can be easily adapted to handle a range of
inference problems in gravitational-wave astronomy and beyond [e.g.,
148, 199, 352, 400]. In the context of gravitational-wave astrophysics
and compact binary mergers, it has been used to extract information
about short gamma-ray burst properties [82], neutron star
parameters [83, 123, 220, 221], the formation history of binary
compact objects [291, 356, 374, 376, 488], population properties usingHere I refer to two

chapters in this
thesis: Chapters 3

and 4.

hierarchical inference [38, 190, 254, 435], and test general relativity [53,
231, 247, 341, 471, 494]. This paper concentrates on using Bilby to
infer the properties of individual signals from compact binary
coalescences—the inspiral, merger and ringdown of binaries
composed of neutron stars and black holes.
We outline the developments included in the Bilby software to
accurately and efficiently infer the properties of compact binary
coalescence (CBC) signals, and demonstrate their validity both
through tests using simulated signals and via comparisons to existing
observational results. In Section 2.2, we describe the applications of
Bayesian inference to compact binary coalescence events detected in
gravitational waves. In Section 2.3, we focus on the Bilby package,
with particular emphasis on improvements made since the
publication of Ashton et al. [54] in Section 2.3.1. We outline our code
validation tests in Section 2.3.2, and describe the automation of
Bilby—allowing for efficient and immediate analysis of
gravitational-wave event candidates—in Section 2.3.3. In Section 2.4,
we reanalyse the eleven signals from GWTC-1, ensuring that we use
both identical data and identical data processing techniques as used
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to produce the public GWTC-1 results obtained using the Bayesian
parameter estimation package LALInference [456]. We cross-validate
our results for GWTC-1 against these previous results. We defer
analysis of detections from the third observing run in anticipation of
a future Bilby catalogue. Results of the analyses presented here, in a
format matching recent releases of LIGO–Virgo posterior samples, are
provided as accompaniments to this paper. Our investigations
confirm the effectiveness of Bilby as it begins to be used for
LIGO–Virgo parameter estimation [24, 33]. Throughout this paper, we
use notations for CBC source parameters that are defined in
Appendix 2.10.

2.2 bayesian inference for compact binaries

In this section, we outline the fundamental procedures carried out by
Bilby and provide a summary of new features implemented since the
first Bilby paper [54]. For a thorough and up-to-date description of
Bilby, the reader is directed to the Bilby documentation.1

2.2.1 Applications of Bayesian Inference to Compact Binary Coalescences

The primary objective of gravitational-wave inference for compact
binary merger signals is to recover posterior probability densities for
the source parameters θ (defined in Appendix 2.10), like the masses
and spins of the binary components, given the data and a model
hypothesis. The posterior can be computed using Bayes’ theorem [67],

p(θ|d,H) =
L(d|θ,H)π(θ|H)

Z(d|H)
, (2.1)

where L(d|θ,H) is the likelihood, π(θ|H) is the prior, Z(d|H) is the
evidence, and H is the model. The prior is chosen to incorporate any
a priori knowledge about the parameters. The likelihood represents
the probability of the detectors measuring data d, assuming a signal
(described by the model hypothesis H) with source properties θ. The
evidence, or marginalized likelihood,

Z(d|H) =
∫

p(d|θ,H)π(θ|H)dθ, (2.2)

serves as a measure of how well the data is modeled by the
hypothesis; it acts as a normalization constant in parameter
estimation, but is important in model selection.
The standard likelihood function used to analyse gravitational-wave
transients is defined in, e.g., Finn [163] and Romano and Cornish
[371], where both the data and the model are expressed in the
frequency domain. This likelihood has stationary Gaussian noise,
which is a good approximation in most cases [e.g., 9, 21, 77] unless
one of the instruments is affected by a glitch [337, 351]. We assume

1 lscsoft.docs.ligo.org/bilby/
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the noise power spectral density (PSD) is independent of the model
parameters and therefore ignore the normalization term, yielding

lnL(d|θ) ∝ −∑
k

2|dk − hk(θ)|2
TSk

, (2.3)

where k is the frequency bin index, S is the PSD of the noise, T is the
duration of the analysis segment. The data d and waveform model
h(θ) are the Fourier transforms of their time-domain counterparts.
Given the likelihood and the prior, we can calculate the posterior
probability distribution for the source parameters.
There are multiple approaches to calculating the posterior probability
distribution. For example,
RapidPE [336] and its iterative spin-off rift [275] use
highly-parallelized grid-based methods to compute the posterior
probability distribution, while bayestar [410, 411] rapidly localizes
gravitational-wave sources, calculating probabilities on a
multiresolution grid of the sky. Bayesian inference schemes using
various machine-learning algorithms are also being developed [188,
193]. However, the majority of Bayesian inference analysis is done by
stochastically sampling the posterior probability distribution.
Over many years, Markov-chain Monte Carlo [MCMC; 112, 113, 383,
384, 500, 501] and nested sampling [454, 455] algorithms for
gravitational-wave inference have been developed. This work
culminated in the development of LALInference, a Bayesian
inference library using custom-built Markov-chain Monte Carlo and
nested sampling algorithms [456].2 LALInference has been the
workhorse of gravitational-wave inference since the initial
LIGO–Virgo era [1], through the first observation [6] to the
production of GWTC-1 [30]. Other stochastic sampling packages used
for gravitational-wave inference include PyCBCInference [84] and
Zackay, Dai, and Venumadhav [486], which uses relative-binning [117,
120] to reduce the computational cost of the likelihood. In addition to
these sampling packages which fit CBC waveform templates to the
data, BayesWave [118] uses a trans-dimensional MCMC to fit an a
priori unknown number of sine-Gaussian wavelets to the data.
BayesWave also implements the BayesLine algorithm [285] to
generate a parameterised fit for the interferometer noise PSD. Power
spectral densities produced by BayesLine are widely used in
gravitational-wave parameter estimation and are used in this work.
Bilby has been designed to adapt to the changing needs of the
gravitational-wave inference community, emphasizing modularity
and ease of accessibility.
While LALInference implements customized stochastic samplers,
Bilby employs external, off-the-shelf samplers, with some adaption.
This allows the user to easily switch between samplers with minimal
disruption: a useful feature for cross validating results using different

2 In this work, we focus on Bayesian inference for ground-based gravitational-wave
detection. Similar techniques have been developed for studying the gravitational-wave
observations of other instruments, such as pulsar timing arrays [279, 461] and future
space-based detectors [56, 58, 303].
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samplers. Typically, external samplers need to be tuned and adapted
for use in gravitational-wave inference. In some cases, this is a simple
case of choosing sensible settings; we provide details of the settings
that have been verified for gravitational-wave analysis in Section 2.4
and Appendix 2.7. However, we also find cases where the off-the-shelf
samplers themselves need to be adjusted. Where possible, we
propagate those proposed changes to the original sampling packages.
Alternatively (e.g., when the change is perhaps gravitational-wave
specific), we adjust the sampler from within Bilby.

2.2.2 Stochastic Sampling

Various Monte Carlo sampling schemes have been developed to solve
the Bayesian inference problem and estimate the posterior
distribution described by Eq. (2.1). For low-dimensional problems, a
solution might be to estimate the best-fit parameters by computing
the posterior probability for every point on a grid over the parameter
space. However, as the number of dimensions increases, this becomes
exponentially inefficient.3 The common alternative to solve this
problem has been to use stochastic samplers, which fall broadly into
two (not mutually exclusive) categories: MCMC [216, 310] and nested
sampling [414]. In general terms, independent samples are drawn
stochastically from the posterior, such that the number of samples in
the range (θ, θ+ ∆θ) is proportional to p(θ|d,H)∆θ.
MCMC methods generate posterior samples by noting the positions
of particles undergoing a biased random walk through the parameter
space, with the probability of moving to a new point in the space
given by the transition probability of the Markov chain. Sampling is
completed once some user-specified termination condition is reached,
usually a threshold for the number of posterior samples that should
be accumulated to provide an accurate representation of the posterior.
Nested sampling methods generate posterior samples as a byproduct
of calculating the evidence integral Z(d|H). A set of live points is
drawn from the prior distribution, and at each iteration, the live point
with the lowest likelihood is replaced by a new nested sample that
lies in a part of the parameter space with a higher likelihood. The
evidence is approximated by summing the products of the likelihood
at the discarded point and the difference in the prior volume between
successive iterations. The nested samples are converted to posterior
samples by weighting by the posterior probability at that point in the
parameter space. The nested sampling algorithm stops once a
predefined termination condition has been reached. The most
commonly used termination condition is when the fraction of the

3 Quasi-circular binary black hole coalescence waveform models typically have
ndim = 15, depending on the number of spin orientations included in the wave-
form model. Binary neutron star coalescence models include an additional two
parameters that describe their tides. We provide definitions of all parameters describ-
ing binary compact objects in Appendix 2.10. There are a further ≈ 20 parameters
per interferometer that describe uncertainties in detector calibration.
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evidence in the remaining prior volume is smaller than a predefined
amount.
For more details on both MCMC and nested sampling methods, we
refer the reader to [226] and [420], respectively.

2.3 the bilby package

Bilby has a modular structure, allowing users to extend and develop
it to suit their needs; examples include online Bilby (Section 2.3.3.3),
bilby_pipe (Section 2.3.3) and parallel Bilby [pBilby; Section 2.3.3.2;
417], amongst others [e.g., 435]. Bilby comprises three main
subpackages. The core subpackage contains the basic
implementation of likelihoods, priors, sampler interfaces, the result
container class and a host of utilities. The gw subpackage builds on
core and contains gravitational-wave specific implementations of
priors and likelihoods. These implementations include a detailed
detector and calibration model, an interface to waveform models, and
a number of utilities. Finally, the hyper subpackage implements
hyper-parameter estimation in Bilby, which in the gravitational-wave
context is used for population inference.

2.3.1 Changes within Bilby

Since the original Bilby paper [54], there have been a number of
significant changes and added features to the code package. We
describe these in the following subsections. We discuss prior
constraints in Section 2.3.1.1, conditional priors in Section 2.3.1.2, and
the implementation of cosmological priors in Section 2.3.1.3. We detail
the custom jump proposals implemented for the cpnest [457] and
ptmcmc [143] samplers in Section 2.3.1.5, and the various available
prior boundary conditions in Section 2.3.1.6. Sampling processes can
be accelerated using likelihood marginalizations and reduced-order
quadratures; we explore how these methods can be applied to Bilby

analyses in Sections 2.3.1.8 and 2.3.1.9, respectively. In Section 2.3.1.10,
we explain how uncertainties in detector calibration are folded into
Bilby parameter estimation. Finally, in Section 2.3.1.11 we present
some of the gravitational-wave transient-specific plots that Bilby can
create. In addition to the changes described below, Bilby now also
supports the kombine [152], ptmcmc [143], PolyChord [212, 213], and
UltraNest [95, 96] samplers. A full and up-to-date list of changes can
be found in the Bilby changelog.4

2.3.1.1 Constrained priors

Each time the sampler chooses a new point to test from the
multi-dimensional parameter space, it selects this point from within
the region specified by the multi-dimensional prior. It is often
advantageous to be able to cut out parts of the prior space by placing

4 git.ligo.org/lscsoft/bilby/blob/master/CHANGELOG.md
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restrictions on relationships between parameters. For example, in
gravitational-wave inference we frequently wish to specify a prior on
the binary component masses, m1 and m2, while enforcing that
m1 ≥ m2, which is equivalent to the constraint that the mass ratio
q = m2/m1 ≤ 1.
In Bilby, the collection of priors on all parameters is stored as a
PriorDict object. In order to enforce a constraint, a Bilby user can
add a Constraint prior object to the PriorDict. It is necessary to
tell the PriorDict how to convert between its sampled parameters
and its constrained parameters; this is done by passing a
conversion_function at instantiation of the PriorDict. The Bilby

default binary black hole and binary neutron star prior set classes
(BBHPriorDict and BNSPriorDict, respectively) can impose
constraints on any of the known binary parameters. This ensures that
users can sample in the set of parameters that best suits their
problem, while ensuring that the relevant indirectly-sampled
quantities are constrained. Without applying any prior constraints, all
Bilby prior distributions are correctly normalised. When constraints
are imposed on the prior distribution, the updated normalisation is
approximated using a Monte Carlo integral.

2.3.1.2 Conditional priors

One may choose to make the prior for one parameter conditional on
the value of another. This can increase efficiency, particularly if large
parts of the prior space would be forbidden by an equivalent
constraint prior. A commonly used parameterisation of the
population distribution of binary black hole masses is

p(m1|mmin, mmax, α) = (1− α)
m−α

1

m1−α
max −m1−α

min

,

p(q|m1, mmin, β) = (1 + β)
m1+β

1 qβ

m1+β
1 −m1+β

min

,
(2.4)

where mmin and mmax are the maximum and minimum allowed
masses for the primary component, and α and β are power-law
indices [38, 165]. If we wish to use a similar prior to analyse
individual binary black hole coalescences, we require a prior for mass
ratio which is conditioned on the primary mass. We provide a
ConditionalPriorDict and conditional versions of all implemented
priors within Bilby to facilitate analyses of this kind. Further, Bilby is
able to handle nested and multiple dependencies, and automatically
resolves the order in which conditional priors need to be called. The
conditional relationship between different priors can have any
functional form specified by the user.

2.3.1.3 Cosmological priors

Most previous parameter estimation analyses of CBCs have assumed
a prior on luminosity distance dL which is π(dL) ∝ d2

L [e.g., 6, 30]. A
π(dL) ∝ d2

L prior would distribute mergers uniformly throughout a
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Euclidean universe. This is an adequate approximation at small
redshifts, as illustrated in Figure 2.1; however, beyond a redshift of
∼ 1, the difference between a prior which is uniform in the comoving
(source) frame volume and uniform in luminosity volume is large. We
therefore implement a range of cosmologically-informed prior classes.
The Cosmological base class allows the user to specify a prior in
either luminosity distance, comoving distance, or redshift using any
cosmology supported in Astropy [353, 362].5 Additionally, users can
specify the prior in terms of redshift and then convert to an
equivalent prior on luminosity distance if desired. We implement two
new source distance priors: a UniformComovingVolume prior,
defined as

π(z) ∝
dVc

dz
, (2.5)

where Vc is the comoving volume, and a
UniformSourceFrame prior, defined as

π(z) ∝
1

1 + z
dVc

dz
. (2.6)

The additional factor of (1 + z)−1 accounts for time dilation.
Additional Cosmological prior classes of the form

π(z) ∝
dVc

dz
f (z) (2.7)

can be defined by providing f (z).

2.3.1.4 Joint priors

In cases where one requires more complex priors that depend on
multiple parameters we implemented the JointPrior class in which
the user can define a distribution that describes the prior on multiple
parameters. This is implemented in Bilby in the
MultivariateGaussian prior that lets the user define multi-modal
and multivariate Gaussian priors. It is also used in the HEALPixMap

prior in which a user can implement a prior on the sky position and
optionally distance according to a given HEALPix [204, 205] map.

2.3.1.5 Custom jump proposals

Users of Bilby can define custom jump proposals through its interface
to the cpnest and ptmcmc samplers. Jump proposals describe how
the sampler finds new points in the parameter space. cpnest has a
defined cycle of proposals that can be changed by the user. These
proposals can be useful when there are known degeneracies in the
parameter space, e.g., phase φ and polarization angle ψ under a shift
by π/2 in either parameter [456]. Sampling in right ascension α and
declination δ can also be improved using custom jump proposals;
degeneracy typically leads to a ring-shaped two-dimensional

5 By default, Bilby uses the Planck Collaboration et al. [345] cosmology.

[ January 28, 2022 at 16:39 – classicthesis v4.6 ]



21

0 100 200 300 400 500

P
ro

b
ab

ili
ty

d
en

si
ty

Source frame volume

Comoving frame volume

Luminosity volume (∝ d2
L)

0 1000 2000 3000 4000 5000 6000 7000
dL [Mpc]

P
ro

b
ab

ili
ty

d
en

si
ty

Figure 2.1: Comparison of distance priors out to redshift z = 0.10 (top panel)
and z = 1.02 (bottom panel), respectively corresponding to dL =
500 Mpc and dL = 7000 Mpc, according to Planck Collaboration
et al. [345] cosmology. The upper and lower panels show the range
of the luminosity distance priors for the default 128 s and high-
mass prior sets, respectively. We display priors that are uniform in
luminosity volume, comoving volume, and the (comoving) source
frame. The probability density of each curve is normalized with
respect to the upper limit cut-off displayed in that panel.
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posterior in these parameters for signals detected by two detectors [77,
413]. We provide proposals for the above two cases in the Bilby

implementation of cpnest, while additional proposals can be defined
by the user to suit their needs.

2.3.1.6 Boundary conditions

For many parameters, such as the mass ratio q and spin magnitudes
a1, a2, posterior distributions have significant support close to the
prior boundaries. This is expected behaviour and a direct result of the
choice of prior (e.g., the choice to fix m1 ≥ m2 ensures q ≤ 1). In
Bilby, Prior objects have boundaries that can be specified by the user
as None, reflective, or periodic. For samplers which support these
settings, these options specify the behaviour of the sampler when it
proposes a point that is outside of the prior volume. For a None

boundary, such a point is rejected. Priors that have reflective

boundaries are reflected about the boundary (a proposed mass ratio
of 1 + ε is reflected to 1− ε) while periodic boundaries wrap around
(a proposed phase of π + ε is wrapped to ε).
The dynesty sampler [420] supports all available parameters
boundary settings. The pymultinest sampler [94, 160–162] can
implement periodic boundary conditions, but not reflective, which
are treated as None. All other samplers implemented in Bilby treat
all prior boundaries as None.
While reflective boundaries are implemented, their usage is not
recommended due to concerns that they break detailed balance [e.g.,
427]. When using the dynesty sampler, we recommend using periodic
boundaries for relevant parameters (e.g., the right ascension and
phase). These recommendations are mirrored in our choices of default
priors, discussed in Section 2.4.1.

2.3.1.7 Alternative sky and time parameterisations

The most common way to describe the location of the source on the
sky and its time of arrival is with the equatorial coordinates right
ascension α and declination δ, and the coalescence time at the center
of the Earth tc. However, particularly when the signal is only observed
in two detectors, the likelihood is determined primarily by the time
delay between the arrival of the signal at each detector. The posterior
distribution on these parameters often assumes a broken ring shape
misaligned with the equatorial coordinate system [77, 413], making
sampling difficult. A more natural parameterisation of the problem is
given by sampling in the time of arrival at one of the detectors (ideally
the one with the largest SNR), and rotating the sky coordinates such
that the ring structure is uncorrelated in the sampling parameters.
We allow the user to specify a reference_frame and time_reference.
The argument reference_frame can either be an InterferometerList, a
string with the names of two known detectors, e.g., H1L1, or sky to
sample in α and δ. Cases where sampling in α and δ is preferred
include when the astrophysical location of the source is exactly
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known, e.g., by using the location of the host galaxy of a binary
neutron star merger, the user can sample in α and δ by specifying
reference_frame=sky. In this parameterisation the zenith angle κ is
related to the time delay of the merger between the two detectors and
is therefore well measured. The azimuthal angle ε is only weakly
constrained for a two-detector network. The argument time_reference
can be the name of any known interferometer, e.g., H1, or geocent to
sample in the time at the geocenter.
The detector-based sampling frame is defined in terms of the zenith κ

and azimuthal ε angles relative to the vector connecting the vertices
of the two interferometers specified δr. We perform the
transformation from (κ, ε) to (δ, α) by constructing the rotation matrix
R which maps ẑ to the unit vector δr̂. The rotation matrix R can be
described by three Euler angles (α, β, γ)

R = R3(γ)R2(β)R3(α), (2.8)

tan α =
−δryδrz

δrx
, cos β = δry, tan γ =

δry

δrx
.

Here δr{x,y,z} are the Cartesian components of δr and R2,3 are rotation
matrices about the y- and z-axes respectively.

2.3.1.8 Analytic likelihood marginalizations

The likelihood in Eq. (2.3) can be costly to evaluate for some signal
models, and the size of the coalescence-time posterior relative to its
much wider prior can make sampling the entire space difficult.
Therefore, we reduce the dimensionality of the CBC problem by
analytically marginalizing over certain parameters, speeding up
computation and improving the sampler convergence. The
parameters we commonly marginalise over are the coalescence time,
binary orbital phase, and luminosity distance. In the frequency
domain, a waveform of total duration T can be written in terms of a
reference time t0, phase φ0, and luminosity distance d0 as

hk(λ, t, φ, dL) = h(λ, t0, φ0 = 0, d0)× (2.9)

exp
[
−2πik

(t− t0)

T

]
exp (2iφ)

d0

dL
,

where k indicates the frequency bin and λ represents the set of the
other binary parameters, including the masses and spins, whose
contributions to the waveform cannot be separated and thus cannot be
analytically marginalized. The phase dependence can only be factored
out for waveforms that include just the dominant ` = 2, m = |2|
mode; however, this factorization has been shown to be a reasonable
approximation in some cases when precession is not measurable [11].
The marginalized likelihood is obtained by integrating the likelihood
in Eq. (2.3) over phase, distance, and coalescence time after using the
factorisation in Eq. (2.9). The phase integral simplifies to a modified
Bessel function of the first kind, evaluated at the magnitude of the
complex inner product of the waveform and the data [453, 456].
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The distance marginalization is performed numerically, using a
Riemann sum in matched filter and optimal signal-to-noise ratio
(SNR) over the range ρ ∈ [10−5, 1010], spaced uniformly in
log-space [410, 411, 444]. To improve efficiency at run-time, we build a
lookup table which is interpolated and then evaluated. The lookup
table is computed before the sampling phase begins, and can be
cached and reloaded from previous analyses that used the same
distance prior.
The marginalization over time involves performing a quadrature
integral over an evenly spaced array of times separated by the
sampling frequency. This marginalization is enabled by the fact that
the inner product of the time-domain waveform and data can be
rewritten as a fast Fourier transform [153]. The sky location inferred
when sampling in the sky frame and using the time-marginalised
likelihood is not generally correct and we do not recommend
combining these two features.
If the signal is loud and the sampling frequency is too low, the
reconstructed coalescence-time posterior appears discrete, since each
of the generated parameters lies on one of the nodes of the array. One
solution to this is to increase the resolution of the array times by
increasing the sampling frequency. However, this increases the
computational cost of the marginalized likelihood evaluation.
Additionally, gravitational-wave detector data is natively sampled at
16 kHz [36], so increasing the time resolution beyond this level would
require a different technique, e.g., zero-padding. In order to avoid
increasing the sampling frequency, we maintain a continuous
coalescence-time posterior by introducing a time_jitter δt. This
parameter varies the position of the time array over which the
numerical integral is performed. We apply a uniform prior with
bounds such that

−T
2
≤ δt <

T
2

, (2.10)

thus reducing the prior space to be searched.
When using the analytically-marginalized likelihood, the sampler
does not produce posterior samples for the marginalized parameters.
However, Bilby is able to generate samples for these parameters in
post-processing. Using Bilby, we recalculate the likelihood by
recomputing the optimal matched filter signal-to-noise ratio and the
inner product of the waveform and data. We then obtain a posterior
array for the marginalized parameter in question, evaluated at
discrete points in the parameter’s prior space. We generate posterior
samples by sampling from this interpolated posterior array. By
drawing a single sample for each of the marginalized parameters for
each posterior sample we maintain the degeneracies between, e.g.,
distance and binary orbital inclination. For detailed derivations of the
analytically marginalized likelihood and the posterior sample
reconstruction process, see Thrane and Talbot [444].
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2.3.1.9 Reduced-order quadrature

In order to reduce the number of frequencies at which the likelihood
in Eq. (2.3) must be evaluated, we implement the reduced-order
quadrature (ROQ) likelihood [418]. This method works by identifying
a reduced basis that can describe the signal model well over a certain
range of the parameter space. Application of reduced-order methods
have been crucial for expediting inference for long duration signals,
such as the binary neutron star merger GW170817 [30]. Evaluating the
ROQ likelihood requires access to the appropriate basis. A set of
bases for the most commonly used waveform, IMRPhenomPv2, are
publicly available online.6

The ROQGravitationalWaveTransient likelihood class in Bilby is able
to analyse arbitrary reduced-order bases. This likelihood can also be
marginalized over phase and/or distance. A time-marginalized ROQ
likelihood has not yet been implemented.

2.3.1.10 Calibration

The imperfect nature of the detector calibration introduces a
systematic error in the measured astrophysical strain [5].
Following Farr, Farr, and Littenberg [154], we split this error into
frequency-dependent amplitude and phase offsets, δA( f ) and δφ( f )
respectively. The observed strain can then be related to the true strain
as

hobs( f ) = h( f ) [1 + δA( f )] exp [iδφ( f )] . (2.11)

Since the calibration error is small, we perform a small angle
expansion in the phase correction,

exp [iδφ( f )] =
2 + iδφ( f )
2− iδφ( f )

+O
(
δφ3) . (2.12)

Substituting this, we obtain

hobs( f ) = h( f ) [1 + δA( f )]
2 + iδφ( f )
2− iδφ( f )

. (2.13)

The amplitude and phase uncertainty are modeled as cubic splines in
Bilby, Here, s denotes a

cubic spline function,
the form of which
varies over frequency
f and depends on the
spline nodes in curly
brackets.

δA( f ) = s( f ; { f j, δAj}), (2.14)

δφ( f ) = s( f ; { f j, δφj}), (2.15)

where the spline nodes f j are fixed and distributed uniformly in
log-space between the minimum and maximum frequencies included
in the likelihood, and the values of the splines at the nodes, δAj and
δφj, are sampled parameters [463].
The priors on the spline values are taken to be normal distributions,
with means and widths that can either be constant or loaded from a
frequency-dependent calibration envelope file [98, 460]. The

6 git.ligo.org/lscsoft/ROQ_data
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Figure 2.2: Calibration posteriors for the amplitude (top) and the phase uncer-
tainty (bottom) for both LIGO Hanford (orange) and Livingston
(blue) detectors for GW150914. The solid curves shows the mean,
while the shaded region represents the 90% credible intervals.
The vertical lines show the locations of the spline points.

calibration factor defined in Eq. (2.14) and Eq. (2.15) are applied to
the waveform calculated for each prior sample before the likelihood is
computed. Figure 2.2 shows an example plot of the calibration spline
posterior for both the amplitude and phase uncertainties.

2.3.1.11 Gravitational-wave transient-specific plots

Bilby users can produce sets of posterior plots specific to
gravitational-wave transient analysis. We use the skymap [410, 411]
package to produce sky maps in both the fits format commonly used
for electromagnetic observation and standard image formats. We are
also able to produce plots showing our inferred posterior on the
detector calibration and waveform models, in addition to the
parameters describing these models. We present examples of these
plots for GW150914 in Figures 2.2 and 2.3 respectively. In such plots,
we show the mean reconstructed model and symmetric 90% credible
intervals.

2.3.2 Validation of Bilby

A common consistency test of the performance of sampling
algorithms is to check that the correct proportion of true parameter
values are found within a given probability interval for simulated
systems [116, 437]—i.e. that 10% of events are found within the 0.1
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Figure 2.3: Reconstructed waveform for GW150914 for LIGO Hanford. The
top panel shows the amplitude spectral density of the signal
(blue), data (light orange), and estimated noise amplitude spectral
density (dark orange). The bottom panel shows the time domain
data (light orange) and waveform estimate (blue). The dark blue
curves show the mean recovered waveform and the light blue
shaded region the 90% credible interval.

probability credible interval, 50% are found within the 0.5 probability
credible interval, etc. We generate a set of CBC signals with true
parameter values drawn from our prior probability distributions and
inject these into simulated noise. Parameter estimation is then
performed on each signal to determine the credible level at which the
true value of each parameter is found. This test is traditionally used
in validating gravitational-wave inference codes [77, 84, 130, 336, 406,
410, 456].
To test Bilby’s parameter estimation, we simulate 100 synthetic CBC
signals for a two-detector Hanford–Livingston network and add the
signals to Gaussian noise colored to the anticipated Advanced LIGO
design sensitivity [29]. The parameters of the simulated events are
drawn from the default 4 s prior set, detailed in Section 2.4.1.
Parameter estimation is performed using the dynesty sampler with
the distance, time, and phase-marginalized likelihood. Analysis of the
performance of other samplers is left to future work. Results of the
test are shown in Figure 2.4, where the fraction of events for which
the true parameter is found at a particular confidence level is plotted
against that particular confidence interval.7 We also show the
individual parameter p-values representing the probability that the
fraction of events in a particular confidence interval is drawn from a
uniform distribution, as expected for a Gaussian likelihood, and the
combined p-value quantifying the probability that the individual
p-values are drawn from a uniform distribution. The combined

7 These plots are referred to as P–P plots, where P could stand for probability, per-
cent or proportion. Instructions for generating P–P plots are provided in the Bilby

documentation at git.ligo.org/lscsoft/bilby_pipe/wikis/pp/howto.
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Figure 2.4: Results of 100 injections drawn from the four-second prior defined
in Section 2.4.1. The gray regions cover the cumulative 1-, 2- and
3-σ confidence intervals in order of decreasing opacity. Each
colored line tracks the cumulative fraction of events within this
confidence interval for a different parameter. The combined p-
value for all parameters, over all tests, is 0.7206, consistent with
the individual p-values being drawn from a uniform distribution.
Individual parameter p-values are displayed in parentheses in
the plot legend. The marginalised parameters—geocenter time
tc, luminosity distance dL and phase φ–are reconstructed in post-
processing. Other parameters provided in the plot legend are
defined in Appendix 2.10.
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p-value obtained with the latest version of Bilby is 0.7206 and the
minimum is 0.183 for φ, which is entirely consistent with chance for
the set of 15 parameters, indicating that the posterior probability
distributions produced by Bilby are well-calibrated. The grey regions
show the 1, 2, and 3σ confidence intervals so we expect the lines to
deviate from this region approximately 0.3% of the time, which is
consistent with what we see.
In addition to the procedure described above, we verify the suitability
of the sampler settings for the problem of sampling the CBC
parameter space using a series of review tests. These are described in
detail in Appendix 2.6. The settings used for each of the tests
described here are provided in Appendix 2.7. In addition to these
review tests, Bilby has an extensive set of unit tests, which scrutinize
the behaviour of the software in high detail every time a change is
made to the code; these unit tests can be found within the Bilby

package.8

2.3.3 Automation of Bilby for gravitational-wave inference

With the improvement in sensitivity and expansion of the
gravitational-wave observatory network comes an increasing rate of
detections. Streamlining the deployment of Bilby analysis is therefore
vital. We introduce bilby_pipe, a Python package providing a set of
command-line tools designed to allow performance of parameter
estimation on gravitational-wave data with all settings either passed
in a configuration file or via the command line.9 This tool was used to
perform the analyses of the GWTC-1 catalogue events presented in
Section 2.4, and is integral to the automatic online parameter
estimation that is triggered by potential gravitational-wave events.
The bilby_pipe workflow consists of two key stages: data generation,
and data analysis. These steps are outlined in Section 2.3.3.1. The
pipelines provided by Bilbypipe can be utilized to distribute analysis
of a single event over multiple CPUs using pBilby [417], which is
described in Section 2.3.3.2. The workflow for the automated running
of Bilby on gravitational-wave candidates is detailed in Section 2.3.3.3.

2.3.3.1 Data generation and analysis

Gravitational-wave detectors record and store time-domain strain
data and information about the behavior internal to the detectors, as
well as data from a suite of environmental sensors. To obtain
gravitational-wave strain data, we recommend using the GWpy

library [294]. GWpy can retrieve both public data from the
Gravitational Wave Open Science Center [36], and proprietary data
using the Network Data Server protocol (NDS2) to acquire data from
LIGO servers. Given a GPS trigger time and a required data duration,

8 git.ligo.org/lscsoft/bilby/tree/master/test
9 The source-code is available on the git repository git.ligo.org/lscsoft/bilby_pipe.

Specifics about the installation, functionality and user examples are also provided
lscsoft.docs.ligo.org/bilby_pipe.
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bilby_pipe uses GWpy to extract an analysis segment of strain data
around the trigger, as well as a segment of strain data used to estimate
the noise PSD. The default duration for the analysis segment is
T = 4 s, which is considered adequate for sources with detector-frame
chirp massesM & 15 M�. Sources with lowerM have longer signals,
so longer analysis segments should be used. A portion of data
following the trigger time is required to encompass the remaining
merger and post-coalescence ringdown signal; this is 2 s by default.
A bilby_pipe user can provide pre-generated PSDs, and a range of
design-sensitivity noise spectra for current and future detectors are
available as part of the Bilby package. For the analyses we present in
Section 2.4, we use event-specific PSDs produced using
BayesWave [118]. When a PSD is not provided, bilby_pipe uses the
median-average power spectrum method described by Allen et al.
[42], and implemented in GWpy, to calculate the PSD; this methodSee Section VI of

Allen et al. [42] for
this calculation.

has the advantage of downweighting outliers in the off-source
data [42, 456]. In order to avoid including any signal in the PSD
calculation, bilby_pipe uses a stretch of data preceding the analysis
segment. Following Veitch et al. [456] and Chatziioannou et al. [107],
we use data stretches of length min(32T, 1024 s) by default, although
both of these values can be altered by the user. The upper limit of
1024 s is required because the PSD of gravitational-wave detectors is
non-stationary over long time-periods [107]. To further mitigate this
issue, the data is divided into segments of length T, with each
segment overlapping 50% of the previous segment; this allows a
shorter total stretch of data to be used to calculate the PSD. Following
Allen et al. [42], segments are Tukey windowed with a 0.4 s roll-off to
suppress spectral leakage [21], before computing their one-sided
power spectra.
The priors for the analysis can be specified by the user, either by
providing a path to a file containing the priors in Bilby syntax, or by
giving the name of one of the default bilby_pipe priors described in
Section 2.4.1. By default, the Bilby GravitationalWaveTransient

likelihood is used with the waveform template generated by
LALSimulation [272]. However, users can specify their own source
models and modified likelihoods in the configuration file. After
saving the necessary data, bilby_pipe launches parameter estimation
on the analysis segment in accordance with the procedure outlined in
Section 2.2.1.

2.3.3.2 Parallel Bilby

Parallel Bilby [417] is a parallel implementation of Bilby which uses
Message Passing Interface [MPI; 148] to distribute the dynesty nested
sampling package over a pool of CPUs. Nested sampling requires
drawing successive samples satisfying a likelihood constraint from
the prior. Faithfully drawing samples from this constrained prior
requires many likelihood evaluations. We use a CPU pool to draw
prior samples in parallel at each iteration of the algorithm to reduce
the wall-time needed to complete an analysis.
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Qualitatively, pBilby works by using a pool of ncores CPUs to draw
ncores − 1 samples from the prior in parallel at each iteration of the
sampling algorithm. The ncores − 1 proposed samples are ranked by
likelihood and the lowest-likelihood live point is replaced. The prior
volume is then updated on all ncores processes and the sampling step
is repeated until the algorithm is converged to the highest-likelihood
region of the parameter space. The speedup S of the parallel
implementation is a function of the number of live points nlive and the
number of parallel processes [417]:

S = nlive ln
(

1 +
ncores

nlive

)
. (2.16)

Currently, pBilby only supports the dynesty and ptemcee sampling
packages. All of the functionality of Bilby, as described in
Section 2.3.1, is supported by pBilby.
pBilby is highly scalable, and is thus well suited to accelerating
applications in which the gravitational-wave signal or noise models
are computationally expensive to evaluate, e.g., time-domain signal
models such as spin-precessing effective-one-body models with
higher-order modes [88, 331], numerical-relativity surrogate models
[85] and models including tidal effects [273, 320]. Other well-suited
applications include those where sampling convergence can be slow
due to high dimensionality of the parameter space, e.g., when
calibration [154] or beyond-general-relativity parameters are used [7,
23], or when a large number of live points is required to effectively
estimate the evidence.
In order to facilitate efficient inter-CPU communication with MPI,
pBilby is a stand-alone package, though it still uses the underlying
Bilby modules.
In addition to the hugely parallel pBilby, many of the implemented
sampling packages support parallelization through a user specified
pool of processes. For these samplers Bilby natively supports local
parallelization using the Python multiprocessing package. When
available, the number of parallel computational threads to use is
specified using the nthreads argument.

2.3.3.3 Online Bilby

The gravitational-wave candidate event database GraceDB10 provides
a centralized location for collecting and distributing
gravitational-wave triggers uploaded in real time from search
pipelines. Once uploaded, each trigger is assigned a unique identifier,
and LIGO–Virgo users are notified via an lvalert (LIGO–Virgo Alert
Network). GWCelery [412], a Python-based package designed to
facilitate interactions with GraceDB, responds to an alert by first
creating a Superevent, which groups triggers from multiple search
pipelines and then chooses a preferred event based on the
signal-to-noise ratio of the triggers. If the preferred candidate has a
false-alarm-rate (FAR) below a given threshold, GWCelery

10 gracedb.ligo.org

[ January 28, 2022 at 16:39 – classicthesis v4.6 ]

https://gracedb.ligo.org


32

Figure 2.5: Workflow for online Bilby parameter estimation.

automatically launches multiple parameter estimation jobs. For the
case of Bilby, this involves making a call to the bilby_pipe_gdb

executable.
The bilby_pipe_gdb executable takes the GraceDB event ID as input
and generates a configuration file based on the trigger time of the
candidate. A prior file is selected from the set of default priors using
the chirp mass of the gravitational-wave signal template that triggered
the lvalert. Further details about the default priors can be found in
Section 2.4.1. These files are then passed to the bilby_pipe executable,
which runs parameter estimation on the event. PESummary [230], a
Python-based package designed to post-process inference package
output in a number of formats, then generates updated source
classification probabilities and webpages displaying diagnostic plots.
Once this step is complete, GWCelery uploads the posterior samples,
post-processing pages and updated source classification probabilities
to GraceDB. Figure 2.5 illustrates the process of automated parameter
estimation from the trigger of a gravitational-wave event to the
upload of Bilby parameter estimation results to GraceDB.

2.3.3.4 Run times

The overall run time of a Bilby parameter estimation job depends on
the specific input data and can vary considerably based on the chosen
sampler settings and signal-to-noise ratio. The overall wall time can
be reduced by allowing for marginalization over certain parameters,
as described in Section 2.3.1.8, or by using the parallelization methods

[ January 28, 2022 at 16:39 – classicthesis v4.6 ]



33

described in Section 2.3.3.2. For a GW150914-like binary black hole
merger, the expected run time for a time, distance and phase
marginalized Bilby analysis using the default waveform model
IMRPhenomPv2 [402] is O(10) hours. The waveform models needed
to analyse binary neutron star merger events are much longer than
those required for binary black holes, and therefore are more
computationally expensive. Hence, for a GW170817-like binary
neutron star merger event, we use pBilby to distribute the analysis
over a pool of CPUs, as described in Section 2.3.3.2; the expected run
time in this case is O(10) hours.

2.4 gravitational-wave transient catalogue

This section contains our run settings for performing parameter
estimation on GWTC-1 events using Bilby, in addition to the results
we obtain from this analysis. We describe our default priors and
sampler settings in Sections 2.4.1–2.4.4. Further details about these
settings are given in Appendix 2.7. We provide our results in Section
2.4.6, where we assess their statistical similarity to those published in
GWTC-1 [30].11 All bilby_pipe configuration files, posterior samples
and Bilby results files are made available online [372].

2.4.1 Default priors

The default prior distributions contained in bilby_pipe are
predominantly tailored to specific signal durations, with the
exception of a high-mass prior tailored to particularly heavy sources
with detector-frame chirp massM up to 175M�. For each event in
GWTC-1, we choose the default prior that best covers the prior
volume studied using LALInference for the original samples release.
This means that two events (GW150914 and GW151012) are analysed
using priors suited to signals of duration T = 4 s, even though we
match the data duration to that used in the original LALInference

analysis (T = 8 s). The prior onM is uniform in the detector frame,
while the prior on dL is uniform in comoving volume and source
frame time, as implemented in the UniformSourceFrame prior class
described in Section 2.3.1.3. TheM, dL and spin magnitude prior
limits vary between prior sets, while the other source parameters are
assigned priors that are consistent between sets. The shapes and
limits of all priors are defined in Appendix 2.7.2. The prior files can
be found in the bilby_pipe git repository.9

11 The LALInference posterior samples that we show in this section are taken from
the Parameter Estimation Sample Release for GWTC-1 [16]. The posterior samples
from LALInference are obtained using a mixture of the nested sampling algorithm
of LALInferenceNest and the Markov-chain Monte Carlo algorithm of LALInfer-
enceMCMC [456].
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Table 2.1: Summary statistics for each event in GWTC-1, as recovered by Bilby. We quote median values along with the symmetric 90% credible interval range
around the median. For mass ratio q, we quote the 90% lower limit (10% quantile), with all events being consistent with equal mass (q = 1). We use
a fixed-sky prior on source location for GW170817, the binary neutron star merger, fixing the source at the right ascension and declination of its
electromagnetic counterpart [14]. The 90% credible areas for sky location are computed using 3000 samples from each posterior. The final column lists
the maximum Jensen–Shannon (JS) divergence statistic (a measure of the similarity between two distributions) between the Bilby GTWC1 samples, and
the LALInference GWTC-1 posterior samples across the model parameters. We consider JS divergence values greater than 0.002 nat to be statistically
significant.

Event Prior M/M� Msource/M� q lower limit dL/Mpc χeff ∆Ω/deg2 Max-JS/nat

GW150914 4 s 31+1
−1 28+2

−1 0.72 420+160
−165 −0.0+0.1

−0.1 169 JSθJN
= 0.0019

GW151012 4 s 18+2
−1 15+2

−1 0.41 1015+498
−472 0.0+0.2

−0.2 1457 JSM = 0.0014

GW151226 8 s 9.7+0.1
−0.1 8.9+0.3

−0.3 0.38 428+196
−189 0.2+0.1

−0.1 1022 JSq = 0.0017

GW170104 4 s 26+2
−2 22+2

−2 0.48 935+441
−411 −0.0+0.2

−0.2 900 JSM = 0.0007

GW170608 16 s 8.5+0.0
−0.0 7.9+0.2

−0.2 0.49 317+122
−115 0.0+0.1

−0.0 1462 JSq = 0.0011

GW170729 High-mass 51+8
−9 35+6

−5 0.43 2548+1369
−1235 0.3+0.2

−0.3 1050 JSα = 0.0026

GW170809 4 s 30+2
−2 25+2

−2 0.51 995+311
−411 0.1+0.2

−0.2 300 JSM = 0.0010

GW170814 4 s 27+1
−1 24+1

−1 0.69 572+154
−212 0.1+0.1

−0.1 77 JSθ1
= 0.0009

GW170817 Custom 1.1975+0.0001
−0.0001 1.187+0.004

−0.002 0.74 40+8
−16 0.00+0.02

−0.01 N/A JSΛ̃ = 0.0019

GW170818 4 s 32+2
−2 27+2

−2 0.58 1017+407
−348 −0.1+0.2

−0.2 29 JSα = 0.0064

GW170823 High-mass 39+5
−4 29+4

−3 0.54 1771+857
−831 0.0+0.2

−0.2 1570 JSθN
= 0.0009
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2.4.2 Likelihood

Our likelihood is marginalized over reference phase and source
luminosity distance, as described in Section 2.3.1.8. For binary black
hole merger analyses, we use the waveform model
IMRPhenomPv2 [87, 214, 249, 402] as our signal template. For the
binary neutron star GW170817, we use the
IMRPhenomPv2_NRTidalv2 waveform model with tidal effects [137].

2.4.3 Sampling

We use dynesty [420] as our sampler; see Appedix 2.7.1 for the
detailed sampler settings. We use the static version of dynesty, as is
default for bilby_pipe. For each event, we run five analyses in parallel,
merging the resultant posterior samples in post-processing. When
combining results, care must be taken to weight each set of samples
appropriately by its relative evidence. The weight applied to the ith
component of N sets of posterior samples is given by

wi =
Zi

∑N
j=i Zj

, (2.17)

where Zi is the evidence of the ith set of samples.

2.4.4 Data used

We use detector noise PSDs and calibration envelopes data from the
data releases accompanying GWTC-1 [18, 19, 30]. The data for each
event are obtained through bilby_pipe using methods from the
GWpy [294] package as outlined in Section 2.3.3.1. Appendix 2.7
contains details of the trigger times and data segment durations
specified for each event, which we choose to match those used in the
original LALInference analysis.

2.4.5 Analysis of binary neutron star merger GW170817

The first observation of a binary neutron star coalescence, GW170817,
by LIGO–Virgo [12] presented a new challenge for gravitational-wave
transient inference. The longer signal durations increase the typical
computing requirements, and for systems containing a neutron star,
tidal effects become important in the waveform models. The original
discovery [12] and subsequent follow-up studies [22] analysed the
data with a variety of waveform models and under differing
assumptions.
We employ pBilby for this analysis, with bilby_pipe default sampler
settings. We use priors chosen to match those of the LVC analysis [22],
but sample in chirp mass and mass ratio rather than component
masses. Our likelihood is computed using the tidal waveform model
IMRPhenomPv2_NRTidalv2 [137]. This pBilby analysis took
approximately 11 hours on 560 cores.
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2.4.6 Results

We make posterior samples and bilby_pipe configuration settings files
available online [372, 373]. To directly compare Bilby posterior
samples to those obtained using LALInference, we reweight the
LALInference posterior distributions by bilby_pipe default priors.
Appendix 2.8 contains the details of this reweighting procedure.
To quantitatively assess the similarity between Bilby and
LALInference posterior samples, we measure their
Jensen–Shannon [JS; 284] divergence. This is a symmetrized extension
of the Kullback–Leibler divergence [270] that is used to quantify the
information gain going between two distributions. The JS divergence
is defined to be between 0 nat and 1 nat, where 0 nat represents no
additional information going from one distribution to the other (the
two distributions are identical) and ln(2) nat = 0.69 nat represents
maximal divergence.12 For different sets of samples drawn from the
same Gaussian distribution, we find JS divergence values of
. 0.0010 nat while the number of samples N & 2000, and JS
divergence values of . 0.0004 nat when N & 5000. To compare Bilby

and LALInference results, we use N = min(NLI , 10000), where NLI

is the number of samples left in the LALInference posterior after the
reweighting procedure.
Our goal is to use the JS divergence as a quantitative indicator that
the Bilby GWTC-1 samples are in agreement with those produced by
LALInference. To investigate the typical distributions of JS
divergence values due to sampling error, we calculated JS values for
posteriors from two distinct LALInference runs on GW150914 with
identical configurations. Bootstrapping was used to generate 100

posterior realizations from each run, which were used to obtain a
distribution of JS divergences for each of the binary parameters
included in the public LALInference GWTC-1 posterior sample
release. Across different parameters, we typically found mean values
of 0.0007 nat, with a maximum of 0.0015 nat. As such, we determined
the following naive criteria for evaluating the JS divergence values
when comparing the Bilby and LALInference GWTC-1 posteriors.
For a JS divergence value less than 0.0015 nat, we conclude the
samples are, to within statistical uncertainties, drawn from the same
distribution, and values larger than 0.0015 nat require manual
inspection.
In Table 2.1, we list the maximum JS divergence for the model
parameters for each event. Of these, six pass our naive criterion
described above. For the remaining events, we manually inspect the
posterior distributions to look for discrepancies. The parameter with
the largest JS divergence value across all BBH events is the right
ascension, α. Events with large sky areas, such as GW170729, suffer
from large deviations between the Bilby and LALInference

posteriors in the sky position parameters. The sky position was fixed
to the location of the EM counterpart for GW170817. We show the

12 In v1 of this paper, we stated JS divergence values with incorrect units (bits). These
units have now been corrected.
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Figure 2.6: Difference between the right-ascension (α) samples recovered by
Bilby and LALInference for all BBH events. This is the worst
recovered parameter according to the JS-divergence. Labels show
the mean JS-divergence between α samples, evaluated by random
re-sampling over 100 iterations.

difference between the Bilby and LALInference posterior cumulative
density functions (CDFs) for α in Figure 2.6 and for the luminosity
distance dL, which passes the naive criterion on the JS divergence for
all events, in Figure 2.7. For GW170818, α has the largest JS
divergence value (0.006 nat) despite the fact that the Bilby and
LALInference CDFs match at the 2σ level. This is because the
distribution is approximated using a kernel density estimate (KDE) in
order to compute the JS divergence, and the posterior for this
particular event has a sharp drop-off, which is difficult to model
faithfully using the KDE.
Upon manual inspection, we find that the posteriors with JS
divergence values up to ∼ 0.002 nat are consistent between the
LALInference and Bilby samples. The remaining parameters with
significant deviations between the two samplers are the sky position
parameters for GW170729. Investigations into the source of these
discrepancies are ongoing. The differences between the Bilby and
LALInference CDFs for all events and all parameters are shown in
Appendix 2.9. A similar comparison was made in [30] analyzing the
posterior distributions obtained using two different waveform
approximants for each event. The maximum difference between the
posteriors assuming the two different waveform models in that work
is typically ∼ 0.02 nat, an order of magnitude larger than the
differences here.
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Figure 2.7: Difference between the luminosity distance (dL) samples recov-
ered by Bilby and LALInference for all events. Labels show the
mean JS-divergence between dL samples, evaluated by random
re-sampling over 100 iterations.
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Figure 2.8: Comparison of the posterior distributions between the LALIn-
ference (gray) and Bilby (colored) packages over the source
primary mass msource

1 and source secondary mass msource
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eter space. Each contour shows the 90% credible area, with the
LALInference posterior samples reweighted to the Bilby priors.
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Figure 2.9: Posterior probability distributions for source-frame chirp mass
Msource and luminosity distance dL for GW150914. We display
posteriors obtained using Bilby in orange, and LALInference

posteriors in blue. We reweight the LALInference posteriors
to the Bilby default priors using the procedure outlined in Ap-
pendix 2.8. The one-dimensional JS divergence on chirp massM
and luminosity distance dL for this event are JSM = 0.0017 nat
and JSdL = 0.0015 nat.

As another way to visualize the differences between the Bilby and
LALInference samples, in Figure 2.8, we compare the 90% credible
areas of the two posteriors on the source-frame primary mass msource

1
and secondary mass msource

2 for all GWTC-1 events. As indicated by
the low JS divergence values for the mass parameters, the two
samplers produce posteriors on these parameters that agree within
expected statistical fluctuations.
We compare Bilby posteriors on source-frame chirp massMsource and
luminosity distance dL for the first observed gravitational-wave event,
GW150914 [27], in Figure 2.9. The LALInference distance posterior
here matches the Bilby posterior more closely than was demonstrated
in Figure 2 of Ashton et al. [54]. This is due to an issue in the
application of the time-domain window being fixed in LALInference,
which had affected the distance posterior [434].
For the first observed binary neutron-star merger event, GW170817,
we compare the Bilby posterior distributions on tidal parameters Λ̃
and δΛ̃, as well as θJN and dL, to those obtained using LALInference

in Figure 2.10. The maximum JS divergence for this event is
JSq = 0.0017 nat. Additional posterior probability plots for all
parameters of all eleven CBC events can be found within the online
resources that accompany this paper [372].
Based on these results, we conclude that Bilby and LALInference

produce statistically indistinguishable results for all parameters and
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Figure 2.10: Joint posterior distributions for parameters of GW170817, com-
paring pBilby posteriors in orange and LALInference poste-
riors in blue. Top: Posterior probability distributions for tidal
parameters Λ̃ (JSΛ̃ = 0.0019 nat) and δΛ̃ (JSδΛ̃ = 0.0008 nat).
Bottom: Posterior probability distributions for inclination an-
gle θJN (JSθJN

= 0.0009 nat) and luminosity distance dL (JSdL
=

0.0008 nat).
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all events reported in GWTC-1 with the exception of the sky area for
GW170729 and GW151226. We emphasize that the differences in the
CDFs for these parameters are still small compared to other sources
of error such as waveform systematics [30] and uncertainty in the
power spectral density [81]. We provide PESummary comparison
pages between Bilby and reweighted LALInference posteriors for all
GWTC-1 events online.13

2.5 summary

Bilby is a modern and versatile Bayesian inference library, and has
been primed for analysis of gravitational-wave observations. Bilby

performs reliably, producing accurate and unbiased parameter
estimation results when analysing simulated signals. We validate
Bilby results for GWTC-1 using the JS divergence statistic between
posterior distributions obtained using Bilby and the previously
published LALInference results, finding a maximum JS value of
JSα = 0.0026 nat for GW170729. The similarity between the two results
indicate that both the Bilby samples obtained with dynesty and the
LALInference samples are well-converged, and efforts to further
validate these results using alternative samplers within Bilby are
ongoing. Posterior probability distributions generated by Bilby and
LALInference, when run on the same GWTC-1 data and using
identical analysis settings, are consistent to the level of sampling
noise. The Bilby posterior samples for events in GWTC-1 are available
online [373]. We conclude that Bilby is well-suited to meet the
challenges of gravitational-wave parameter estimation in the era of
frequent detections.

2.6 appendix a : additional bilby validation tests

In addition to the tests described in the main body of the paper, we
performed several additional validation tests which are standard
benchmarks for stochastic sampling codes.

2.6.1 Prior sampling

The initial distribution of samples drawn from the prior must
faithfully represent the shape of the prior function. In addition to
being used for review, the prior sampling test also forms part of
Bilby’s unit test suite. Prior samples can be obtained using Bilby via
two different methods. The first is to use the sample method of each
Prior object, which generates samples by rescaling from a unit cube.
The second is to run the sampler with a null likelihood using the
ZeroLikelihood object so that the returned posterior samples
actually reflect the prior. To test the consistency of the two methods,
we generate prior samples via both methods for a standard
15-dimensional binary black hole signal injected into simulated

13 bilby-gwtc1.github.io
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Gaussian noise. We perform a Kolmogorov–Smirnov test [260, 416] to
evaluate the similarity of the two sets of samples, calculating a
p-value for each parameter, which quantifies the probability that the
two sets of samples are drawn from identical distributions. A
combined p-value is then computed, representing the probability that
the ensemble of individual-parameter p-values is drawn from a unit
uniform distribution. We consider the test to pass if this combined
p-value is greater than 0.01. For a representative run with the latest
version of Bilby, we obtain a combined p-value of 0.017.

2.6.2 15-dimensional Gaussian

Sampling an analytically-known likelihood distribution is an
important test to verify that we can recover the correct posterior. For
this test, we choose the scipy implementation of a multivariate normal
distribution (scipy.stats.multivariate_normal) as our likelihood.
We choose the distribution to be 15-dimensional since this reflects the
typical number of dimensions we encounter in binary black hole
problems. We set the means of all parameters to be zero, and choose a
covariance matrix COVij with standard deviations for each of the
parameters ranging between 0.15 and 0.25 to match past tests done
with LALInference. Using the Bilby default sampler settings for a
15-dimensional problem, we test if we correctly recover the posterior
distribution by drawing samples from this 15-dimensional likelihood
and comparing the obtained means and standard deviations to the
true values. Additionally, we verify that we recover the expected
evidence within the estimated error. Since the likelihood distribution
is normalized and we use uniform priors for each parameter in the
range [−5, 5], the evidence can be approximated by the prior volume,
since the standard deviations are small enough that the value of the
likelihood evaluated at the edges of the prior is negligible:

lnZ ≈ − ln X , (2.18)

where X is the prior volume. In Figure 2.11 on the left hand side we
find the measured standard deviations and the evidence to be in
broad agreement with analytical expectations. While the evidence
errors quoted by dynesty are not truly Gaussian, the one-sigma
credible interval is consistent with covering the true evidence 68% of
the time if one uses more than 1000 live points. Additionally, the
overshoot at high values of the credible interval indicates that there
are fewer outliers than we would for a Gaussian distribution. The top
panel of Figure 2.11 demonstrates that the width of the posterior
distribution is correctly recovered. We have thus shown that the
dynesty implementation in Bilby has no significant issues in
recovering the shape of posterior distributions and the correct
evidence for this fundamental problem.
We performed the same test using a bimodal Gaussian distribution,
with means separated by 8 standard deviations in each dimension.
While it is more difficult to correctly sample a degenerate likelihood
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surface, we still find 1000 live points sufficient to reasonably recover
the evidence. Individual runs of the bimodal likelihood may produce
a biased set posterior samples in favour of one of the modes over the
other, which is why multiple runs should be combined. We verified
that none of the modes is preferred if we use all 100 runs. Thus, there
are also no substantial issues that arise in sampling multimodal
distributions with Bilby.

2.6.3 Fiducial event simulations

We analyse two fiducial simulated signals; one binary black hole
merger, and one binary neutron star merger with tides. We use a
LIGO Hanford–Livingston detector network and add the simulated
signals into design sensitivity Gaussian noise. For the binary black
hole, we use the IMRPhenomPv2 waveform and the default 4 s prior
described in Table 2.3. For the binary neutron star, we use the ROQ
implementation of the IMRPhenomPv2_NRTidalv2 waveform [68]
with the 128 s tidal low-spin prior. The binary black hole and neutron
star systems have network optimal SNRs of 8.8 and 27.9,
respectively.14 In Table 2.2, we show the true values along with the
recovered median and 90% credible interval values for each
parameter. Nearly all the true parameter values for both systems are
recovered within the 90% credible interval, and those that are not are
consistent with deviations due to the Gaussian noise realization. Full
corner plots for both simulated signals are available online [372].

2.7 appendix b : run setting details

2.7.1 Sampler settings

The default sampler used by Bilby is dynesty [420], an off-the-shelf
nested sampling [414] package. The first step in nested sampling is to
draw N random live points from the prior. At each iteration, the
lowest-likelihood sample from the initial N points is discarded in
favour of a higher-likelihood point, again randomly chosen from the
prior. After every step, the actively-sampled region of the prior
shrinks to the volume contained by the hyperplane of constant
minimum likelihood for the current population of live points. When
the live domain has reduced sufficiently, it becomes inefficient to
select higher-likelihood points uniformly from the restricted prior
space.
After the uniform sampling becomes sufficiently inefficient, new
points are selected by randomly walking using a custom
Markov-chain Monte Carlo algorithm starting from the sample being
replaced. The transition probability is determined by the distribution

14 The binary black hole analysis was performed using Bilby version 0.6.3, while
the neutron star analysis used Bilby 1.0.0. The default Advanced LIGO design PSD
changed between these two versions of Bilby to reflect the updated detector sensitivity
predictions [29]. Parameter estimation is performed using dynesty with the default
settings.
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Figure 2.11: Top: Illustration of the frequency with which the true evidence
is within a given credible interval for the unimodal Gaussian-
shaped likelihood. The legend shows how many live points are
used to produce the individual curves. For lower number of live
points, systematic errors in the evidence estimation cause sig-
nificant underestimates of the error. Starting at 1024 live points,
the evidence error reasonably reflects the true uncertainty. The
grey band shows the 90% confidence interval. Bottom: Residuals
of the true width of the analytical likelihood minus the aver-
age recovered one for 1024 live points in each dimension based
on 100 independent runs. The error bars show the 90% confi-
dence interval of the average mean of the distribution. There is
a small O(0.1%) systematic bias to underestimate the width, i.e.
the parameter is on average slighty overconstrained. However,
this bias is negligibly small compared to stochastic sampling
uncertainties for individual runs.
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Table 2.2: Our injected and recovered values for the two fiducial event analy-
ses. Recovered median values are quoted with the symmetric 90%
credible interval around the median.

BBH BNS

Parameter Inject Recover Inject Recover

M/M� 15.53 15.4+0.3
−0.4 1.486 1.486+0.0001

−0.0001

q 0.52 0.7+0.3
−0.4 0.9 0.9+0.1

−0.2

a1 0.65 0.6+0.3
−0.5 0.04 0.02+0.02

−0.02

a2 0.65 0.5+0.4
−0.4 0.01 0.02+0.02

−0.02

θ1 1.24 1.1+0.8
−0.6 1.03 1.5+1.0

−0.9

θ2 0.80 1.3+1.1
−0.9 2.17 1.6+1.0

−1.0

φ12 1.5 3.1+2.9
−2.8 5.10 3.2+2.8

−2.9

φJL 3.01 3.2+2.8
−2.9 2.52 3.1+2.9

−2.8

dL/Mpc 614 1018+1147
−623 100 86+17

−26

δ 1.00 0.7+0.4
−1.6 0.2 0.3+0.1

−0.1

α 2.00 4.6+1.0
−2.7 3.95 3.9+0.1

−0.1

θJN 1.65 1.8+1.0
−0.8 0.25 0.6+0.7

−0.4

ψ 1.50 1.6+1.4
−1.4 2.70 1.5+1.5

−1.4

φ 2.00 3.1+2.8
−2.8 3.69 3.1+2.8

−2.8

tgeo/s 0.04 0.04+0.00
−0.02 −0.01 −0.01+0.00

−0.00

Λ1 − − 1500 752+915
−657

Λ2 − − 750 1437+1294
−1216
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of the set of current live points. The number of steps taken in the
chain is determined such that the length of the chain is at least some
multiple nact of the auto-correlation length of the chain [419]. For the
analysis in this paper, we require nact = 10. A Markov-chain Monte
Carlo walker algorithm then takes at least n steps to draw a new
sample from the restricted prior. In order to reduce bottlenecks while
using multiprocessing we impose a maximum length of the chain. If
no point with a higher likelihood than the original point is found
within this number of steps, we return a random point from the prior
distribution. Nested sampling is able to well-resolve multimodal
distributions, making it useful for exploring complicated parameter
spaces. For all events in GWTC-1, we give the sampler N = 2000 live
points and n = 100 steps.
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Table 2.3: Lower and upper limits on chirp mass M, luminosity distance
dL and dimensionless spin magnitude a1, a2 priors for each of the
default prior sets contained in bilby_pipe.

Prior M/M� dL/Mpc a1, a2

High-mass 25–175 100–7000 0–0.99

4 s 12.299703–45 100–5000 0–0.88

8 s 7.932707–14.759644 100–5000 0–0.8

16 s 5.141979–9.519249 100–4000 0–0.8

32 s 3.346569–6.170374 100–3000 0–0.8

64 s 2.184345–4.015883 20–2000 0–0.8

128 s 1.420599–2.602169 1–500 0–0.8

128 s tidal 1.485–1.49 1–300 0–0.89

128 s tidal low-spin 1.485–1.49 1–300 0–0.05

Table 2.4: Default prior settings for 10 of the 17 parameters studied for CBCs
observed with gravitational waves. The settings given in this table
are consistent between all default prior sets contained in bilby_pipe.

Parameter Shape Limits Boundary

q Uniform 0.125–1 –

θ1, θ2 Sinusoidal 0–π –

φ12, φJL Uniform 0–2π Periodic

θJN Sinusoidal 0–π –

ψ Uniform 0–π Periodic

φ Uniform 0–2π Periodic

α Uniform 0–2π Periodic

δ Cosinusoidal −π/2–π/2 –

2.7.2 Priors

We sample directly inM and q to avoid issues associated with
sampling extremely thin regions of parameter space, which occurs
when sampling in component masses (Bilby and bilby_pipe can easily
be made to sample in other parameters such as component masses;
here we only discuss default parameters and priors used for analysis
of the eleven events in GWTC-1). Our prior on mass ratio is uniform
in the range 0.125 ≤ q ≤ 1.0, with the lower limit determined due to
limitations of the IMRPhenomPv2 ROQ.
Prior limits used forM, dL, a1 and a2 are provided in Table 2.3. The
chirp mass prior limits are based on those stated in the ROQ git
repository.6 We use a luminosity distance prior that is uniform in the
source frame, with limits motivated by the scaling of
gravitational-wave amplitude with both chirp mass and distance. The
uniform-in-source-frame prior, which indicates a uniform distribution
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Table 2.5: GPS trigger time and data segment duration used for each event.
By default, the data segment is positioned such that there are 2 s
of data after the trigger time.

Event GPS trigger time ttrig/s Data duration T/s

GW150914 1126259462.391 8

GW151012 1128678900.400 8

GW151226 1135136350.600 8

GW170104 1167559936.600 4

GW170608 1180922494.500 16

GW170729 1185389807.300 4

GW170809 1186302519.700 4

GW170814 1186741861.500 4

GW170817 1187008882.430 128

GW170818 1187058327.100 4

GW170823 1187529256.500 4

of mergers in our Universe [345], differs from the d2
L power-law prior

used in the LALInference analyses, which indicates a uniform
distribution in a Euclidean, non-expanding universe. We use
dimensionless component spin priors that are uniform between 0 and
an upper limit that is determined by the mass range assumed. For
non-tidal waveform models, we use an upper limit that is either 0.8,
0.88 or 0.99. For tidal approximants, both a low-spin and a high-spin
prior are available. Our component spin prior upper limits are 0.05
(low-spin) and 0.89 (high-spin) in these cases. The upper limits on
spin magnitude are determined by the training range of the ROQ
basis [e.g., 418]. For analysis of binary neutron star coalescence signal
GW170817, we sample in the dimensionless tidal parameters Λ1 and
Λ2, which describe the deformability of the primary and secondary
masses. If Λi = 0, the neutron star is non-deformable and thus has no
tides. We set our priors on Λ1 and Λ2 to be uniform between 0 and
5000 to reflect our ignorance of the neutron star equation of state. The
remainder of our priors are standard and geometrically motivated.

2.7.3 Data

The data segments we use are accessed using the GWpy [294] method
TimeSeries.get(channel_name, start_time, end_time). The
start_time tstart and end_time tend are defined relative to the
trigger_time ttrig of each event, such that

tend = ttrig + tpost−trig; tstart = tend − T. (2.19)

Here T is the total duration of the data segment and tpost−tri is the
post-trigger duration, which is 2 s in Bilby by default. We provide the
trigger times and data segment durations for all GWTC-1 events in
Table 2.5. The channel_name used to obtain strain data from both
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the LIGO Hanford and LIGO Livingston detectors is
DCS-CALIB_STRAIN_C02 for all events, with the exception of
GW170817, for which we use the channel_name of
DCH-CLEAN_STRAIN_C02_T1700406_v3 to obtain glitch-subtracted
strain data from LIGO Livingston. We also obtain Virgo data for
events that occurred from July until mid-August 2017 (GW170729,
GW170809, GW170814, GW170817 and GW170818) using the
channel_name of Hrec_hoft_V1O2Repro2A_16384Hz.
Strain data is available from the Gravitational Wave Open Science
Centre [36] sampled at both 16384 Hz (the native sampling frequency
of advanced LIGO and advanced Virgo) and down-sampled to
4096 Hz. We download the data sampled at 16384 Hz. The
LALInference [272] analysis of binary black holes in [30] was
performed with data down-sampled to 2048 Hz using a LAL
down-sampling function and integrated to the Nyquist frequency
(1024 Hz).
In bilby_pipe the user can choose to either not down-sample,
down-sample using the same LAL routine as done in LALInference

and BayesWave [118], or down-sample using the GWpy method. In
general, we recommend users do not down-sample the time domain
data, but rather apply cuts directly in the frequency domain.
However, since the PSDs used in this analysis were made with
BayesWave and the LALInference analysis we compare with use the
LAL down-sampling, we also use this method.
The default method implemented in LAL and used by LALInference

and BayesWave is done in the time domain and consists of two stages.
First the data are low-passed using a 20th-order zero-phase
Butterworth filter. The filter is customised such that the power at the
low-pass frequency fc is reduced by a factor of ten. The frequency
response of the filter is given by

R( f ; fc, n, ac) =

[
1 +

(
a−1/2

c − 1
)( f

fc

)2n
]−1

. (2.20)

The data are then down-sampled by a factor of N by taking every Nth
sample, this aliases the data. This aliasing means that any signal close
to the new Nyquist frequency will be suppressed and aliased which
may introduce a bias in our inference. The final frequency domain
strain after downsampling by a factor of N is given by

h̄( f ; fc, n, ac) = h( f )R( f ; fc, n, ac)

+
N

∑
i=odd

h((i + 1) fc − f )R((i + 1) fc − f ; fc, n, ac)

+
N

∑
i=even

h(i fc + f )R(i fc + f ; fc, n, ac). (2.21)

Here h( f ) is the frequency-domain data without low-pass filtering or
downsampling. Of the events analysed in this work, the lowest mass
events (GW151226, GW170608, and GW170817) have frequency
content close to or above the down-sampled Nyquist frequency. We
expect the bias introduced by this to be small.
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In Figure 2.12 we show the data containing GW170608 along with the
PSD produced by BayesWave with (top) and without (bottom)
downsampling the data to a new sampling rate of 2048 Hz for the
LIGO Livingston observatory. In the bottom panel we can see the
turnover in the data and the PSD close to the new Nyquist frequency
1024 Hz.

2.8 appendix c : prior reweighting

In order to compare posterior samples that are unbiased by differing
prior choices, we reweight samples obtained using LALInference

priors πLI by Bilby default priors πB, with weights expressed as

W =
πB

πLI
. (2.22)

We must also account for the fact that bilby_pipe uses default priors
that are flat inM and q, whereas LALInference uses priors that are
uniform in component masses. We therefore rejection sample from
the released posterior samples with weights given by the inverse of
the Jacobian given in Eq. (21) of Veitch et al. [456],

J =
M
m2

1
. (2.23)

The complete reweighting procedure can be written

pπB =WJ pπLI , (2.24)

where pπB and pπLI are the posterior probabilities computed using
Bilby and LALInference priors, respectively. In practice, we reweight
by rejection sampling in order to preserve the independence of
samples. We also account for a difference in the definition of the Solar
mass M� between the current version of Bilby and the version of
LALInference used to produce the public GWTC-1 samples that we
compare against.

2.9 appendix d : cdf comparisons for gwtc-1 events

In this Appendix we present the comparisons of the CDFs obtained
using Bilby and LALInference for all parameters and for all events.
The legend shows the JS divergence and uncertainty for each
parameter, and the shaded regions represent the 1-, 2-, and 3-σ
confidence intervals.
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Figure 2.12: The data and PSD in the LIGO Livingston interferometer at
the time of GW170608. In the upper/lower panel we show the
data with/without being low-pass filtered and down-sampled to
2048 Hz. We can see the effect of the low-pass filter in suppress-
ing the data above ∼ 900 Hz. The filtering and down-sampling
was applied when computing the PSD and so the data in the top
panel better matches the PSD.
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Figure 2.13: CDF comparison between Bilby and LALInference for
GW150914 and GW151012.
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Figure 2.14: CDF comparison between Bilby and LALInference for
GW151226 and GW170104.
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Figure 2.15: CDF comparison between Bilby and LALInference for
GW170608 and GW170729.
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Figure 2.16: CDF comparison between Bilby and LALInference for
GW170809 and GW170814.
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Figure 2.17: CDF comparison between Bilby and LALInference for
GW170817 and GW170818.
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Figure 2.18: CDF comparison between Bilby and LALInference for
GW170823.
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2.10 appendix e : parameter definitions

Bilby is able to sample in a range of different parameterisations of
compact binaries. In Table 2.6, we describe the definitions of these
parameters as implemented in Bilby. Unless otherwise specified all of
these parameters can be sampled in, using the standard waveform
model, likelihood, and conversion functions.
Currently, there is a relative lack of support for sampling parametersThis sentence

motivates the
development of the

eccentricity-
reweighting

technique detailed in
Chapter A and

utilised in Chapters
3–6.

describing eccentric orbits: the eccentricity e and the argument of
periapsis ω. This is because the frequency-domain eccentric
waveforms available in LALSimulation are less complete than their
quasi-circular counterparts, containing only the inspiral section of the
signal.

Table 2.6: Definition of parameters typically considered for CBC inference.
Subscript i = 1, 2 indicates whether the parameter pertains to the
primary (1) or secondary (2) binary object. Subscript k = x, y, z
refers to a quantity measured in the x̂, ŷ or ẑ direction; ẑ points
along the binary axis of rotation, while the x̂, ŷ directions are
orthogonal to each other and ẑ, defined at reference phase φ, and
differ by phase offset φ12 between the two objects.

Parameter Label Units

Detector-frame (redshifted) mass of the ith
object

mi M�

Detector-frame chirp mass M =

(m1m2)3/5/(m1 + m2)1/5 [86, 164, 346]
M M�

Detector-frame combined mass of the primary
and secondary masses

M M�

The ratio of the secondary and primary
masses q = m2/m1 ≤ 1

q –

A definition of mass ratio which is indepen-
dent of the identity of the primary/secondary
η = q/(1 + q)2

η –

Source-frame mass of the ith object msource
i =

mi/(1 + z) [266]
msource

i M�

Source-frame chirp massMsource =M/(1 +
z)

Msource M�

Source-frame total mass Msource = M/(1+ z) Msource M�
Dimensionless spin magnitude of the ith ob-
ject

ai –

Zenith angle between the spin and orbital
angular momenta for the ith object

θi rad

Cosine of the zenith angle between the spin
and orbital angular momenta for the ith object

cos θi –

Difference between total and orbital angular
momentum azimuthal angles

φJL rad
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Difference between the azimuthal angles of
the individual spin vector projections onto the
orbital plane

φ12 rad

ith object aligned spin: projection of the ith ob-
ject spin onto the orbital angular momentum
χi = ai cos(θi)

χi –

ith object in-plane spin: magnitude of the pro-
jection of the ith object spin onto the orbital
plane χ⊥i = |ai sin(θi)|

χ⊥i –

Effective inspiral spin parameter χeff = (χ1 +

qχ2)/(1 + q) [40, 398]
χeff –

Effective precession spin parameter χp =

max{χ⊥1 , q(3q + 4)/(4q + 3)χ⊥2 } [214, 403]
χp –

kth component of ith object spin in Euclidean
coordinates

Si,k –

Dimensionless tidal deformability of the ith
object

Λi –

Combined dimensionless tidal deformability
[157, 169]

Λ̃ –

Relative difference in the combined tidal de-
formability [157, 469]

δΛ̃ –

Orbital eccentricity defined at a reference fre-
quency

e –

The angle between the secondary mass and
the ascending node of the orbit when the sec-
ondary mass is at periapsis

ω rad

Right ascension α rad

Declination δ rad

Zenith angle in the detector-based sky param-
eterisation

κ rad

Azimuthal angle in the detector-based sky
parameterisation

ε rad

Luminosity distance to the source dL Mpc

Comoving distance depending on specified
cosmology

dC Mpc

Redshift depending on specified cosmology z –

GPS reference time at the geocenter, typically
merger time

tc s

GPS reference time at the detector with name
IFO, e.g., H1_time, typically merger time

tIFO s

Shift to apply for time array used in time
marginalization

δt s

Polarization angle of the source ψ rad

Binary phase at a reference frequency φ rad
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Zenith angle between the total angular mo-
mentum and the line of sight

θJN rad

Cosine of the zenith angle between the total
angular momentum and the line of sight

cos θJN –

Zenith angle between the orbital angular mo-
mentum and the line of sight

ι rad

Cosine of the zenith angle between the orbital
angular momentum and the line of sight

cos ι –
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M E A S U R I N G T H E O R B I TA L E C C E N T R I C I T Y O F
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3
S E A R C H I N G F O R E C C E N T R I C I T Y: S I G N AT U R E S O F
D Y N A M I C A L F O R M AT I O N I N T H E F I R S T
G R AV I TAT I O N A L - WAV E T R A N S I E N T C ATA L O G U E
O F L I G O A N D V I R G O

This Chapter was originally published as [376].

abstract

Binary black holes are thought to form primarily via two channels:
isolated evolution and dynamical formation. The component masses,
spins, and eccentricity of a binary black hole system provide clues to
its formation history. We focus on eccentricity, which can be a
signature of dynamical formation. Employing the spin-aligned
eccentric waveform model SEOBNRE, we perform Bayesian inference
to measure the eccentricity of binary black hole merger events in the
first Gravitational-Wave Transient Catalogue of LIGO and Virgo. We
find that all of these events are consistent with zero eccentricity. We
set upper limits on eccentricity ranging from 0.02 to 0.05 with 90%
credibility at a reference frequency of 10 Hz. These upper limits do
not significantly constrain the fraction of LIGO-Virgo events formed
dynamically in globular clusters, because only ∼ 5% are expected to
merge with measurable eccentricity. However, with the
Gravitational-Wave Transient Catalogue set to expand dramatically
over the coming months, it may soon be possible to significantly
constrain the fraction of mergers taking place in globular clusters
using eccentricity measurements.

3.1 introduction

The first Gravitational-Wave Transient Catalogue (GWTC-1) of
Advanced LIGO [29] and Virgo [39] records eleven gravitational-wave
signals, each of which was produced by the coalescence of compact
stellar remnants [30]. The question of how these binaries formed has
become paramount. With perhaps O(100) events expected following
the third observing run of Advanced LIGO and Virgo, we are rapidly
accumulating the data required to answer this question.
It is challenging to explain how compact binaries form with
separations small enough to merge within the age of the Universe.
Most viable scenarios fall into two categories: isolated binary evolution
and dynamical formation. The two categories are distinguishable
because the formation history of a binary is imprinted on its
component masses, component spins, and eccentricity. These binary
parameters can be probed using gravitational waves. In this paper, we
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make steps towards identifying the formation channels of binary
black hole mergers in GWTC-1 using measurements of eccentricity.
The isolated evolution scenario begins with a binary star system. In
order to merge within the age of the Universe, the stars must be
extremely close; two ∼ 10 M� compact objects in a quasi-circular orbit
must have a separation less than ∼ 0.1 AU to merge within ∼ 14 Gyr
[105]. Normal stellar evolution prevents binary compact object
formation at such small distances since stars expand and consume
nearby companions as they age. A number of processes have been
proposed to avoid this problem. The common envelope hypothesis
allows the binary components to co-evolve within the extended gas
structure of one expanded star (see, e.g., Bethe and Brown [78],
Ivanova et al. [239], Kruckow et al. [267], and Livio and Soker [290]).
The chemically homogeneous pathway bypasses the expansion
problem, with both stars remaining relatively compact throughout
their entire evolution [313, 498]. Ambient gas-driven fallback has also
been suggested to harden initially distant binaries [432].
In the dynamical formation case, the merger progenitors do not
encounter each other until they are already compact objects. Binaries
assemble through encounters in dense environments, such as young
star clusters, globular clusters and galactic nuclei; see, e.g., Sigurdsson
and Hernquist [407] and Portegies Zwart and McMillan [349], plus
recent works such as Fragione and Kocsis [176], Fragione and
Bromberg [178], Gondán et al. [202], Morscher et al. [316], O’Leary
et al. [327], Randall and Xianyu [357], Randall and Xianyu [358],
Rodriguez et al. [363, 364], Samsing [389], Samsing and D’Orazio
[391], Samsing et al. [393], and Samsing, MacLeod, and Ramirez-Ruiz
[395] and Bouffanais et al. [89]. Binaries that form in such
environments can interact frequently, and one compact object can
swap in and out of many binaries before it merges with another
compact object. During an interaction between a binary and a single
black hole, gravitational binding energy from the incoming binary
tends to be converted into the kinetic energy of whichever object
leaves the interaction unbound. This leaves the resultant binary with a
smaller separation than the binary that entered the interaction.
The component spins of a binary can be used to distinguish between
formation channels (see, e.g., Belczynski, Kalogera, and Bulik [74],
Bianchi et al. [79], Farr et al. [155], Fishbach, Holz, and Farr [166],
Rodriguez et al. [370], Vitale et al. [467], and Wysocki, Lange, and
O. ’shaughnessy [477]). An isolated binary is likely to be observed
with component spins that align with its orbital angular momentum
vector due to the co-evolution of the components [100, 423].
Dynamically-formed binaries have no spin preference, due to their
chaotic interactions, so we expect them to be detected with an
isotropic distribution of spin orientations (e.g., Rodriguez et al. [370]
and Talbot and Thrane [436]).
The mass distribution of a merger population may give some insight
into its dominant formation channel (e.g., Stevenson et al. [426],
Talbot and Thrane [433], and Zevin et al. [490]). Pulsational pair
instability supernovae restrict an isolated merger’s total mass to
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. 80M� [166, 218], whilst mass segregation and runaway mergers in
dense environments lead to an extended tail out to high masses for
dynamical mergers [89, 194, 369].
Perhaps the most compelling evidence for dynamical binary
formation, however, is eccentricity. Due to the efficient loss of energy
through gravitational-wave emission, long-lived binaries circularise
rapidly, so we expect binaries from this channel to have negligible
eccentricities when they enter the LIGO-Virgo band at ∼ 10 Hz [223,
343].
Dynamically-formed binaries can have a wide range of eccentricities
at 10 Hz, with some having eccentricities close to unity [203, 363, 393,
490, 492]. These systems go from formation to merger much faster
than their isolated counterparts — fast enough to retain significant
orbital eccentricity when the gravitational-wave frequency reaches
10 Hz. By studying the spin, mass, and eccentricity distributions of
the mergers we detect with gravitational waves, we can build a
concordant picture of compact binary formation. It is possible for
Kozai-Lidov resonance [263, 282] to drive up the eccentricity of
binaries within hierarchical field triples [51, 166, 182, 288, 365, 409]
and quadruples [181, 287], leading them to merge with eccentricity
and spin distributions similar to those expected for dynamical
mergers. The fraction of mergers from Kozai-Lidov resonance in the
field is highly uncertain, although it is expected to be small unless
natal kicks and/or environment metallicities are low [51, 182, 288, 365,
409].
Whilst compact binaries with negligible eccentricity near merger can
form by either channel, a single event with significant eccentricity
(e & 0.1) would provide a strong argument for dynamical formation.
Furthermore, the eccentricity of a binary can indicate which subset of
dynamically-formed binaries it belongs to. Dynamically-formed
binaries that are ejected from their host cluster are expected to
circularise in the field, eventually reaching e ∼ 10−6 at 10 Hz [364].
Compact objects that remain in the dense cluster core may form
triples and quadruples, which can experience chaotic resonant
interactions [47, 363, 364, 393, 474]. Binaries that harden during such
interactions can merge before their next strong encounter, and have an
eccentricity distribution that peaks at e ∼ 10−4 at 10 Hz [363, 364, 492].
During a close dynamical encounter between two compact objects in a
globular cluster, the strong loss of gravitational energy at periapsis
can lead to a gravitational-wave capture merger. In the simulations of
Samsing [389], Rodriguez et al. [364] and Rodriguez et al. [363], this
kind of binary enters the LIGO-Virgo band with 10−3 . e . 1. These
simulations suggest that we can expect ∼ 5% of dynamically-formed
binaries to have e ≥ 0.1 at 10 Hz, a prediction that is thought to be
relatively robust to the assumptions of the globular cluster model. The
largest values of eccentricity, e ∼ 1, are obtained when a binary forms
with a gravitational-wave frequency already greater than ∼ 10 Hz.
Lower et al. [291] carried out Bayesian inference on simulated
gravitational-wave data using an eccentric waveform template,
improving upon the Fisher-matrix-type approach demonstrated by
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Gondán et al. [201]. The former study found that GW150914-like
events with eccentricities & 0.05 at 10 Hz could be distinguished from
quasi-circular events using an Advanced LIGO and Virgo detector
network at design sensitivity. However, the EccentricFD [233]
waveform used to obtain these results models only the inspiral,
leaving out merger physics. This waveform also neglects spin effects.
Additionally, this analysis was not applied to real data. Abbott et al.
[31] conducted an unmodelled search on real data from Advanced
LIGO’s first two observing runs. No candidate events were observed
(beyond the binaries previously described using quasicircular
templates in GWTC-1). Moreover, the search in [31] is unable to
provide a measurement of eccentricity.
In this work, we present the first measurements of eccentricity for
binary events detected by Advanced LIGO and Virgo. Using
spin-aligned waveforms with inspiral, merger, and ringdown, we
construct posterior distributions for eccentricity for ten binary black
hole merger events. In order to reduce the computational resources
required to perform the computationally intensive analysis, we
employ a “likelihood reweighting technique” from [341] that enables
us to introduce an extra parameter, eccentricity, in post-processing.
We find that all of the events in GWTC-1 are consistent with zero
eccentricity. We obtain event-specific upper limits at 90% credibility
ranging from 0.024 to 0.054 at a reference frequency of 10 Hz.
The remainder of this paper is structured as follows. We outline our
analysis methods, including our Bayesian inference approach and
post-processing procedure, in Section 3.2. We validate our
methodology with an injection study in Section 3.3. We present our
results in Section 3.4, and discuss these results in the context of
dynamical binary formation in Section 3.5.

3.2 method

Aligned-spin gravitational waveform models usually depend on
eleven parameters: four intrinsic (component masses and spins) and
seven extrinsic (e.g., luminosity distance and binary inclination angle).
Including eccentricity increases the number of dimensions to twelve.
The additional variable is the eccentricity, e, at some reference
frequency, which we choose to be 10 Hz. The gravitational energy
released by an eccentric binary at periapsis is greater than that
released at apoapsis, so non-zero eccentricity modulates the
gravitational-wave signal. The effect of a small binary eccentricity of
0.1 is shown in Figure 3.1.
For non-precessing systems, the gravitational waveform depends only
trivially on the argument of periapsis because it can be absorbed into
the phase of coalescence. The situation is more complicated for
precessing binaries, but since none of the events in GWTC-1 exhibit
clear signs of precession, the effect of precession is likely to be small
for published LIGO-Virgo binaries. At present, there are not publicly
available gravitational waveform approximants for eccentric binaries
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Figure 3.1: TOP: Gravitational waveforms with eccentricities e = 0.0 (solid
grey) and e = 0.1 (dashed pink) at 10 Hz for a GW150914-like
signal. The inclusion of a small eccentricity introduces a slight
amplitude and phase modulation, which is most prominent in
the early inspiral. BOTTOM: The difference between the quasi-
circular and eccentric waveforms as a function of time.

that include precession, although new waveforms are under
development; see, for example, Tiwari et al. [445].
We use Bayesian inference to measure the parameters describing the
binary. The posterior probability, p(θ|d), describes the probability that
the model with source parameters θ is responsible for data d. The
posterior is the product of the likelihood of d occurring if the source
model is described by θ, L(d|θ), and our prior knowledge of the
probability of θ occurring at all, π(θ). Normalising by the model
evidence, Z =

∫
dθL(d|θ)π(θ), we can write the posterior probability

as

p(θ|d) = L(d|θ)π(θ)

Z . (3.1)

We use nested sampling, introduced by Skilling [414] and popular for
gravitational-wave data analysis due to its handling of
high-dimensional spaces [456]. For a thorough review of Bayesian
inference in the context of gravitational-wave astrophysics, see Thrane
and Talbot [444].
Our gravitational-wave transient likelihood L(d|θ) is of the form

L(d|θ) = 1
2πσ2 exp

(
−1

2
(d− µ(θ))2

σ2

)
, (3.2)
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where µ is our waveform template and σ is the detector noise
amplitude spectral density1. We assume Gaussian noise, using the
noise power spectral densities σ2 that were used to produce the
GWTC-1 results. We neglect calibration uncertainty. We generate µ

using SEOBNRE [103], an effective one-body numerical-relativitySEOBNRE stands
for “Spin-aligned

Effective-One-Body
Numerical Relativity

with Eccentricity”.

waveform model which can produce non-circular waveforms with
eccentricities in the range 0 ≤ e ≤ 0.2 at 10 Hz. The SEOBNRE
waveform model incorporates more complex physics than the
waveform used in Lower et al. [291]. It includes aligned dimensionless
component spin magnitudes between -1 and 0.6, and models the
merger and ringdown in addition to the inspiral.
We carry out Bayesian inference with bilby [54], using dynesty [420]
as our nested sampler. We use the publicly available strain data
associated with the ten binary black hole events in GWTC-1. We
implement the same priors as used in GWTC-1 for almost all
parameters. The exceptions are eccentricity, which is not included in
GWTC-1, and aligned dimensionless component spins, which are only
supported in SEOBNRE between -1 and 0.6. Our prior on eccentricity
is uniform in log10(e) in the range −6 ≤ log10(e) ≤ −0.7. Our aligned
dimensionless component spin prior is uniform between −0.6 and 0.6.
Our prior boundaries for cyclic parameters (e.g. coalescence phase,
right ascension, declination), are periodic, whilst our priors for
non-cyclic parameters (e.g. mass, distance) have reflective boundaries.
Generating a posterior probability distribution demands many
thousands of likelihood calculations, each requiring waveform
template evaluation. Whilst standard quasi-circular waveform models
are fast enough to facilitate reasonable computation times, eccentric
waveforms including merger and ringdown physics are not.
SEOBNRE takes roughly a million times longer to evaluate a
GW150914-like signal than aligned-spin quasi-circular waveform
model IMRPhenomD [249]. As such, SEOBNRE is infeasible to use as
our waveform template within the nested sampler calculation.
Instead, we do our initial analysis with IMRPhenomD and reweight
our results by the eccentricity-marginalised Bayesian likelihood for
SEOBNRE, following the prescription of [341].
Adopting the terminology from [341], our ‘proposal’ likelihood
Lø(d|θ) is obtained using the quasi-circular IMRPhenomD waveform
model denoted by µø, whilst our ‘target’ likelihood L(d|θ) is the
eccentricity-marginalised likelihood calculated using the eccentric
SEOBNRE waveform denoted by µ. The ratio L/Lø provides weights,
w, that are applied to our proposal posterior samples to obtain an
eccentricity-marginalised posterior distribution.
The efficiency of reweighting is (neffective/nsamples), where nsamples is
the number of samples and

neffective =
(∑n

i=1 wi)
2

∑n
i=1 w2

i
, (3.3)

1 It should be noted that both d and µ(θ) are functions of frequency, and that the
notation making this explicit has been omitted for brevity. There is an implied
product over frequency bins.

[ January 28, 2022 at 16:39 – classicthesis v4.6 ]



69

Table 3.1: Properties of the injected signal source.

Chirp massM 28.2 M�
Mass ratio q 0.86

Luminosity distance dL 820 Mpc

Eccentricity e 0.1

Dimensionless spin magnitude χ1 0.0

Inclination θJN 0.4

Right ascension 1.02 radians

Declination −0.55 radians

Phase at coalescence φ 3.54

Polarization angle ψ 2.44

Network signal-to-noise ρ 24.9

where wi is the weight associated with the ith sample, is the effective
number of samples after reweighting [257]. The efficiency determines
how well-sampled the posteriors are after reweighting, relative to the
proposal posteriors. When efficiency is low, we increase the number
of proposal posterior samples to ensure a sufficient number of target
samples.
In order to obtain one-dimensional eccentricity posterior probability
distributions, we construct a grid of 60 eccentricities, log-uniformly
distributed between log10(e) = −6 and log10(e) = −0.7 at 10 Hz to
match the prior. Following [341], we set the time and phase by
maximising the overlap between the target and proposal waveforms.
For each value of eccentricity in our grid, we compute the eccentric
gravitational-wave transient likelihood using SEOBNRE. We take the
average of this grid to find our eccentricity-marginalised likelihood.
We then draw an eccentricity at random, weighted by the cumulative
likelihood grid, and add this to the unweighted posterior distribution.
Finally, we apply our array of weights, w, to this eccentricity
distribution to obtain the weighted posterior probability distribution
for eccentricity at 10 Hz.
The Bayes factor, B, is a measure of how much one hypothesis is
preferred over the other. It is calculated by taking the ratio of the
evidences of two differing models. The circular evidence L◦ is given
by L(d|e = 0). The eccentric evidence is obtained by marginalising
over eccentricity,

Le =
∫ 0.2

10−6
deL(d|e). (3.4)

As such, the Bayes factor can be written

B = Le/L◦. (3.5)
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Figure 3.2: Reconstructed posterior probability distribution over eccentricity
for our injected eccentric waveform, which has parameters as
listed in Table 3.1. For this injection, the Bayes factor for eccentric-
ity is ln B = 6.99.

3.3 injection study

In order to validate our methodology, we inject a signal with
eccentricity e = 0.1 into simulated noise and recover posterior
probability distributions for all parameters including eccentricity. We
assume a two-observatory network consisting of LIGO Hanford and
LIGO Livingston operating at design sensitivity, with a minimum
frequency of 30 Hz to mimic the low-frequency noise from the first
and second observing runs. The parameters of the injected waveform
are provided in Table 3.1. The parameters are chosen to be
GW150914-like, with an increased luminosity distance of 820 Mpc
such that the network signal-to-noise ρ ≈ 25 to match the loudest
signal-to-noise ratio in the catalogue.
With reweighting, we obtain an eccentricity posterior that peaks at the
injected value of e = 0.1. We present this posterior in Figure 3.2. As
shown in Figure 3.3, our initial analysis (turquoise posteriors)
successfully recovers our injected signal, whilst reweighting (grey
posteriors) pushes the posteriors further towards the injected values
(pink lines). A full reweighted corner plot is available online2. For this
injection, our reweighting has an efficiency of 20% and the Bayes
factor for eccentricity is ln B = 6.99.

3.4 results

Our analysis yields no strong evidence for non-zero eccentricity in the
first Gravitational Wave Transient Catalogue of LIGO and Virgo. We
plot our 90% credible upper limits on eccentricity at 10 Hz against the
mean of the system’s chirp mass posterior in Figure 3.4. These limits
range between 0.024 for GW150914 to 0.054 for GW151012. We
provide event-specific log Bayes factors ln B and 90% upper credible
limits on eccentricity at 10 Hz in Table 3.2. Negative values of ln B

2 github.com/IsobelMarguarethe/eccentric-GWTC-1/injection
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Figure 3.3: Recovered posterior probability distributions for an injected
binary black hole merger signal with eccentricity e = 0.1 and net-
work signal-to-noise ratio ρ ≈ 25. The upper plot shows intrinsic
parameters: chirp mass M, mass ratio q, effective aligned spin
χe f f , and log eccentricity log10(e). The lower plot contains extrin-
sic parameters: luminosity distance dL, binary inclination angle
θjn, polarisation angle ψ, and orbital phase φ. The underlying
turquoise distributions are the posterior probabilities recovered
using quasi-circular waveform model IMRPhenomD [249]. The
grey distributions are those obtained through reweighting with ec-
centric waveform model SEOBNRE [103]. The pink lines indicate
the true parameters of the injected SEOBNRE waveform.
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Figure 3.4: The 90% credible interval upper eccentricity limit for each of the
ten GWTC-1 binary black hole mergers against the mean chirp
mass of the event. A dashed line is plotted at e = 0.1, above
which we should expect to see ∼ 5% of all mergers from globular
clusters [363, 393].

Table 3.2: Upper 90% credible interval limits on eccentricity, e90
max, and log

Bayes factors, ln B, for all ten binary black hole merger events
published in GWTC-1 [30].

Event e90
10,max ln B

GW150914 0.024 −0.07

GW151012 0.054 −0.12

GW151226 0.029 −0.08

GW170104 0.026 −0.05

GW170608 0.036 −0.28

GW170729 0.030 −0.05

GW170809 0.032 −0.28

GW170814 0.031 0.05

GW170818 0.029 −0.05

GW170823 0.030 −0.12
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Figure 3.5: Eccentricity posteriors for all ten GWTC-1 events. We indicate the
90% credible upper limit on eccentricity at 10 Hz for each event
with a vertical line, coloured to match the event-specific colours
of the same limits plotted in Figure 3.4.

indicate that the data prefers the zero-eccentricity hypothesis. Using
Equation 3.3, we calculate the efficiency of reweighting to range from
∼ 1% for GW170814 to ∼ 75% for GW151012. We highlight that our The posteriors shown

in Figure 3.4 do not
show any oscillation
that is clearly
inconsistent with
sampling noise.
However, we know
from experience that
quasi-circular
signals have e10
posteriors that follow
the shape of the
overlap between a
quasi-circular and
eccentric signal,
which has
oscillations due to
changes in the phase
evolution of an
eccentric signal.

result does not rule out the dynamical formation channel for these
mergers, since only ∼ 5% of globular cluster mergers are expected to
be highly eccentric. If we subsequently observe about 50 (90) events
consistent with e = 0, we can rule out the dynamical hypothesis as
the only source of mergers with 90% (99%) confidence.
We present eccentricity posterior probability histograms for all ten
events in Figure 3.5. These are the first measurements of eccentricity
in binary black holes detected with gravitational waves. The
posteriors exhibit oscillatory behaviour because the overlap between
an eccentric and a non-eccentric waveform rises and falls
quasi-periodically. Although we maximise over coalescence phase, it
is not always possible to match an eccentric waveform’s phase
evolution to that of a quasi-circular waveform. Thus, although the
overlap follows a decreasing trend as the eccentricity increases, the
overlap oscillates around this trend, and this is reflected in the
likelihood. We highlight that the heaviest event, GW170729, has the
second-lowest network signal-to-noise ratio and the second-highest
eccentricity upper limit. Gravitational waves from heavy binaries
reach 10 Hz only a few cycles before the binary merges, so it is harder
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to distinguish a mildly eccentric signal from a quasi-circular one. The
full posteriors for all binary parameters for each event are available
online3; we recover posterior probability distributions on event
parameters that are consistent with those published in GWTC-1 [30].

3.5 discussion

We present measurements of eccentricity for the ten binary black hole
mergers in the first Gravitational Wave Transient Catalogue, finding
that all of these events have eccentricities consistent with zero at
10 Hz. This result does not rule out the dynamical formation channel
as the primary channel for LIGO-Virgo observations. We expect only
∼ 5% of globular cluster mergers to have e ≥ 0.1 at 10 Hz. We require
≈ 15 events before it becomes more likely than not to detect
eccentricity if all mergers are produced in globular clusters. Of course,
more are required if there are multiple formation channels that
produce non-eccentric mergers. Additionally, since the signal-to-noiseIt is worth clarifying

here that this is only
true if searches are

conducted using
quasi-circular

waveform templates.
The true SNR of an
eccentric signal can

be higher than for
quasi-circular

signals, e.g., [326].

ratio of an eccentric signal is smaller than that of its quasi-circular
counterpart, quasi-circular binary signals will preferentially be
detected over eccentric signals [93, 304, 359]. This effect will be most
pronounced for e ≥ 0.1, when the overlap between the eccentric
signal and the quasi-circular signal begins to decrease rapidly.
Although unmodelled searches are able to uncover loud eccentric
events (see Abbott et al. [31]), current detection pipelines are likely to
be preferentially detecting circular events due to as-yet-unmeasured
selection effects. Therefore, GWTC-1 may be biased towards
quasi-circular binaries. These selection effects will be investigated in
future work.
If binary neutron stars like GW170817 [12] efficiently form in a
dynamical environment, they could retain detectable eccentricity at
10 Hz [46, 334]. However, studies suggest that the dynamical
formation of binary neutron stars in globular clusters is highly
inefficient, so mergers contributed by this channel are likely to form a
small fraction of the overall binary neutron star merger rate (e.g., Bae,
Kim, and Lee [59], Grindlay, Portegies Zwart, and McMillan [208],
and Zevin et al. [489]). In this work, we have restricted our analysis to
binary black hole systems, since modifications will need to be made
to our method in order to accommodate neutron star tidal affects.
However, we intend to make our analysis applicable to binaries with
neutron star components the future.

3 github.com/IsobelMarguarethe/eccentric-GWTC-1/events
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The original publication of this work [374] included two very short
Appendices, which I have incorporated into the main body of the text here to
aid the natural flow of this chapter. Some figures have been rescaled for
formatting reasons.

abstract

The LIGO/Virgo collaborations recently announced the detection of a
binary neutron star merger, GW190425. The mass of GW190425 is
significantly larger than the masses of Galactic double neutron stars
known through radio astronomy. We hypothesize that GW190425

formed differently than Galactic double neutron stars, via unstable
“case BB” mass transfer. According to this hypothesis, the progenitor
of GW190425 was a binary consisting of a neutron star and a
∼4–5 M� helium star, which underwent common-envelope evolution.
Following the supernova of the helium star, an eccentric double
neutron star was formed, which merged in .10 Myr. The helium star
progenitor may explain the unusually large mass of GW190425, while
the short time to merger may explain why similar systems are not
observed in radio. To test this hypothesis, we measure the eccentricity
of GW190425 using publicly available LIGO/Virgo data. We constrain
the eccentricity at 10 Hz to be e ≤ 0.007 with 90% credibility. This
provides no evidence for or against the unstable mass transfer
scenario, because the binary is likely to have circularized to e . 10−4

by the time it was detected. Future detectors will help to reveal the
formation channel of mergers similar to GW190425 using eccentricity
measurements.

4.1 introduction

Gravitational waves produced by a binary neutron star (BNS) merger
have been detected for the second time [12, 30, 33] by Advanced
LIGO [29] and Virgo [39]. The binary GW190425 is remarkable
because it is significantly more massive than Galactic BNS [33]. Of the
17 Galactic BNS with reported mass measurements [see 156, and
references therein], the most massive has total mass
M = 2.886± 0.001M� [159, 277]. For GW190425, M = 3.4+0.3

−0.1M�,
which is inconsistent with the observed Galactic population [33]. This
invites speculation about its formation channel.
BNS may form through isolated binary evolution [76, 101, 196–198,
243, 268, 298, 348, 350, 415, 422, 462] or through dynamical
interactions [46, 75, 141, 240, 251, 271, 334, 344, 408]. The dominant
formation channel for Galactic BNS is thought to be isolated
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evolution: a stellar binary in the field experiences successive
supernovae, and the stellar remnant of each component is a neutron
star [441, 462]. While many neutron stars not in BNS are known to
have masses consistent with the components of GW190425 [43, 332],
the high mass of this system in not easily explained by standard
isolated evolution, since the large supernova kicks associated with
massive NS formation are expected to disrupt binaries; see Michaely,
Ginzburg, and Perets [311], and references therein.
In the dynamical formation case, BNS form through interactions
inside dense stellar environments, such as globular clusters. A NS,
which may have a stellar companion, sinks to the cluster core through
dynamical friction. This can only occur once the number of black
holes in the core has been depleted, either due to merger-induced
kicks or because they gain velocity through dynamical interactions
[e.g., 91]. In the core, the NS preferentially swaps any existing stellar
companion for another NS, forming a BNS with a short merger time
[489]. While the dynamical hypothesis provides an explanation for the
large mass of GW190425, it is difficult to reconcile the implied merger
rate with that predicted by N-body simulations [59, 71, 208, 482]; see
also Papenfort, Gold, and Rezzolla [338], and references therein.
Current estimates sit at around 0.003—6 Gpc−3yr−1 [448], which, for
advanced LIGO’s BNS range of ∼ 100 Mpc [29], translates to a
predicted rate of 1.25× 10−5—2.5× 10−2 yr−1. For a different
perspective see Andrews and Mandel [46], who highlight that tight
and highly-eccentric Galactic-field BNS may form dynamically,
provided that their host clusters have sufficiently high central
densities.
We argue that massive BNS like GW190425 may evolve in isolation if
they undergo a process known as unstable “case BB” mass transfer
(MT) [73, 74, 131, 133, 238, 347, 348, 449, 450, 489]. We illustrate this
process in Fig. 4.1. The He star companion of a NS (panel A) fills its
Roche lobe after the end of its He core burning phase (panel B),
initiating common-envelope evolution (panel C). The He envelope is
ejected, leaving behind a NS–CO core binary (panel D) that is tight
enough to survive the supernova of the He star (panel E). The
resulting BNS inspirals due to emission of gravitational waves (panel
F) and eventually merges, leaving behind a NS or black hole remnant
(panel G). Unstable case BB MT may produce heavy BNS with
unequal masses [238, 318]. The supernova kick can also leave the
binary with significant eccentricity [90], which can act as an identifier
for this formation channel. During standard isolated evolution,
gravitational radiation gradually circularizes binaries before they get
close to merger [222, 343]. On the other hand, as we show in Sec. 4.2
of this work, binaries formed through unstable case BB MT have
eccentricities 10−6 . e . 10−3 when they enter the LIGO/Virgo band.
GW190425 was detected by a search algorithm that assumes
quasi-circular binary orbits. Its properties, presented in [33], were
inferred by matched-filtering data against quasi-circular waveform
models. Burst searches may flag eccentric signals, but cannot measure
their eccentricity [e.g., 32]. Recently, Nitz, Lenon, and Brown [325]
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Figure 4.1: Illustration of unstable case BB mass transfer leading to a BNS
merger. Credit: Carl Knox.
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performed a matched-filtering search for eccentric BNS signals using
inspiral-only eccentric waveform models. Computationally efficient,
inspiral-merger-ringdown models of eccentric waveforms are not yet
available, although development is ongoing [e.g., 232, 445].
Computationally inefficient models [e.g., 103] take too long to
generate to be used for straightforward Bayesian inference, which
relies on O(100) waveform computations per iteration of its sampling
algorithm. We can, however, use such models to efficiently obtain
eccentricity measurements by post-processing the posterior
probabilities for quasi-circular waveform models, as demonstrated in
Romero-Shaw, Lasky, and Thrane [376]; see also [291].Here I refer to

Chapter 3. In this Letter, we take steps towards identifying the formation channel
of GW190425 using orbital eccentricity measurements. We simulate
BNS evolving through unstable case BB MT and compare the
resulting eccentricity distribution to the posterior probability on
eccentricity for GW190425. The remainder of this work is structured
as follows. In Sec. 4.2, we describe unstable case BB MT and outline
our method for simulating the expected eccentricity distribution at
10 Hz from this channel. We present upper limits on the orbital
eccentricity of GW190425 when its gravitational radiation has a
frequency of 10 Hz in Sec. 4.3, comparing the posterior probability
distribution to the eccentricity distribution expected from supernova
kicks. We discuss the implications of our results for the formation
pathway of GW190425 in Sec. 4.4.

4.2 the isolated evolution of gw190425

4.2.1 Unstable mass transfer in the isolated binary evolution channel

The immediate progenitor of an isolated BNS is a binary comprising a
NS and a helium (He) star with orbital period ∼0.1− 2 days, which
has evolved thus far via common-envelope (CE) evolution [74, 133,
238, 239, 489]. The He star then expands, filling its Roche lobe, and
transferring mass onto the NS. If the mass transfer process is unstable,
it can lead to a second CE (2CE) phase [132, 238]. The surviving
post-2CE system consists of the carbon-oxygen (CO) core of the He
star and the original NS. The latter has accreted only a small amount
of mass (∼ 0.05− 0.1M�) [293] during the 2CE phase. The binary can
be tight enough that its orbital period is < 1 hr, making it likely to
survive the subsequent supernova explosion of the CO core.
This asymmetric supernova explosion gives the compact object a kick.
In population synthesis studies, kick velocities are often assumed to
follow Maxwellian distributions. Core collapse supernovae are
thought to produce large kicks, with one-dimensional standard
deviation σ ≈ 265 km s−1 [225], while ultra-stripped supernovae and
electron-capture supernovae are thought to produce small kicks,
σ ≈ 30 km s−1 [197, 198, 462].
The relationship between the final He star mass (CO core mass) and
the NS remnant mass is uncertain, but Müller et al. [318] predict that
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a ∼4− 5 M� He star (with a ∼3M� CO core) corresponds to a ∼2M�
NS [see also 442]. It is assumed that there is an instantaneous mass
loss of ∼1M� during supernova. If the pre-2CE binary consists of a
∼1.4M� NS and a ∼4− 5M� He star, then the post-2CE,
post-supernova binary is a ∼(1.4 + 2.0)M� BNS which merges in
< 10 Myr. BNS with this lifespan are far less likely to be detected in
radio pulsar surveys than their longer-lived counterparts, and BNS
with orbital periods < 1 hr are effectively invisible in current pulsar
searches. For example, the acceleration search of Cameron et al. [99],
which found the most accelerated pulsar observed to date, was
sensitive to binary pulsars with orbital periods down to 1.5 hr.

4.2.2 Selection effects

There are several selection effects that could cause discrepancy
between the mass distribution of Galactic BNS observed in radio and
that of extra-galactic BNS mergers detected in gravitational waves.
First, more massive binary mergers are detectable at further distances
with gravitational waves. Assuming a uniform-in-comoving-volume
source distribution, the observed chirp mass distribution differs from
the true distribution by a factor ofM5/2 [495]. Second, more massive
BNS merge faster, making them less likely to be discovered in pulsar
surveys. However, the binary lifetime scales more strongly with its
initial orbital period and eccentricity. As long as the binary chirp
mass does not correlate strongly with initial orbital period or
eccentricity1, the mass distribution of BNS observed in radio is a good
representation of the birth distribution. Third, the binary total masses
(M) of Galactic BNS are known from measurements of the rate of
advance of periastron, which is proportional to M2/3. This leads to a
slight preference within the observed Galactic BNS sample towards
higher total masses as well as shorter orbital periods, which make
periastron advance and orbital decay rates easier to measure. The fact
that GW190425 is significantly more massive than all 17 known
Galactic BNS may suggest an invisible Milky Way BNS population
that is formed in ultra-tight, possibly highly eccentric orbits, as
produced via unstable case BB MT.

4.2.3 Eccentricity distribution

Following Equations 2.1 to 2.8 from Brandt and Podsiadlowski [90],
we calculate eccentricities introduced by supernova kicks in this
formation scenario. We simulate binaries with first-born NS of mass
1.4 M� and CO core of mass 3.0 M�, which lead to a second-born NS
of mass 2.0 M�, and draw orbital periods at time of supernova from a
log-uniform distribution between 0.1 hr and 1 hr [see Fig. 8 from 462].
Supernova kick velocities are drawn from Maxwellian velocity
distributions, with σ = 265 km s−1 for large kicks and σ = 30 km s−1

1 Noting the mild correlation between the mass of second-born NS and orbital eccen-
tricity for Galactic BNS [e.g., Fig. 17 of 441].
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Figure 4.2: Posterior distribution on log10(e) for GW190425, alongside ec-
centricities acquired during unstable case BB MT from kicks
with velocities drawn from Maxwellian distributions. We indicate
our measured 90% credible upper limit on the eccentricity of
GW190425 at 10 Hz with a dotted bar at e = 0.007, and our esti-
mate of the third-generation detector network upper limit with a
dot-dashed bar at e = 0.0003. Space-based detector LISA will be
able to resolve BNS eccentricities within the entire unstable case
BB MT range; see Sec. 4.4, with reference to Lau et al. [276]. Our
simulated eccentricity distributions agree with the subpopulation
of ultra-compact BNS studied by Kowalska et al. [262].

for small kicks. We simulate isotropically-distributed kicks, and
discard NS that receive kicks sufficient to disrupt the binary. Each
binary’s eccentricity is evolved according to Peters [343] until its
gravitational-wave frequency reaches fgw = 10 Hz.
We present the distributions of log10 eccentricities obtained in this
scenario in Fig. 4.2. Higher-velocity kicks tend to cause slightly higher
eccentricities. Measured at 10 Hz, supernovae with large kicks lead to
a log10(e) distribution with a mean of −4.30, while the log10(e)
distribution arising from smaller kicks has a mean of −4.46. The 90%
credible interval on log10(e) spans −4.94 ≤ log10(e) ≤ −3.98 for
small kick velocities, and −4.89 ≤ log10(e) ≤ −3.79 for large kick
velocities.

4.3 eccentricity of gw190425

To compare GW190425 to the model described in Sec. 4.2, we measure
its eccentricity when it enters the frequency band of LIGO/Virgo.See Chapter 3, in

which our
eccentricity-

reweighting method
is first described.

Romero-Shaw, Lasky, and Thrane [376] demonstrated the calculation
of Bayesian posterior probability distributions for the eccentricity of
binaries detected in gravitational waves; see [341] for detailed
formulation of the reweighting procedure that underlies such
post-processing techniques. Following the same method, we use
circular waveform model IMRPhenomD [249] to compute “proposal”
posterior probability distributions for the binary parameters, and
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displayed on the lower plot. We plot the proposal posteriors in
turquoise and the reweighted posteriors in gray.
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eccentric waveform model SEOBNRE [103] to reweight to our “target”
distribution.
We use the Bayesian inference library BILBY [54] to fit the data to the
proposal model. Our prior on chirp massM is uniform between 1.42
and 2.60 M�, and our prior on mass ratio q is uniform between 0.125
and 1. Our prior on source luminosity distance dL is uniform in
co-moving volume between 1 and 500 Mpc. For dimensionless
aligned component spins χ1 and χ2, we use priors that are uniform
between −1 and 0.6 due to limitations of the SEOBNRE waveform
model. For the remaining sampled parameters – right ascension,
declination, source inclination angle, polarisation angle and reference
phase – we use standard priors.
To reduce the time spent evaluating computationally-expensive
SEOBNRE waveforms, we make initial measurements at a reference
frequency of 20 Hz. To obtain orbital eccentricity measurements at
10 Hz, we follow Peters [343] to evolve the system backwards in time.
We use a log-uniform prior on eccentricity, with a resolution of 30 bins
per sample. At 20 Hz, our prior is in the range −6 ≤ log10(e) ≤ −1,
translating to −5.68 ≤ log10(e) ≤ −0.71 at 10 Hz.
We constrain the eccentricity of GW190425 to be e ≤ 0.007 at 10 Hz
with 90% credibility. Our reweighting efficiency is 0.386, giving us
7718 effective samples; see [376] for a discussion of efficiency. WeThis discussion can

be found in Chapter
3.

present the posterior probability distributions obtained for a selection
of extrinsic and intrinsic parameters for GW190425 in Fig. 4.3; these
are consistent with results from [33].
We compare the eccentricity posterior for GW190425 to the
eccentricity distribution expected from supernova kicks during
unstable case BB MT in Fig. 4.2. The posterior probability distribution
for the eccentricity of GW190425 is consistent with our log-uniform
prior for eccentricities e . 7× 10−3 at 10 Hz, implying that we are
unable to resolve differences between eccentricities lower than this
with existing instruments. While the eccentricity of GW190425 is
consistent with eccentricities induced during unstable case BB MT, we
cannot distinguish this channel from other mechanisms using
eccentricity measurements obtained with advanced LIGO/Virgo.

4.4 discussion

We constrain the eccentricity of GW190425 to e ≤ 0.007 at 10 Hz.
GW190425 may have formed through unstable case BB MT, but with
present-day detectors, we are unable to distinguish the small residual
eccentricity expected from this channel at 10 Hz. Proposed
third-generation observatories such as Cosmic Explorer [CE; 28] and
the Einstein Telescope [ET; 354] will detect GW190425-like binaries
with higher signal-to-noise ratios, and at lower frequencies. Following
the calculation outlined in Lower et al. [291], we find that a network
of 2× CE can measure the eccentricity of a GW190425-like BNS if
e ≥ 0.0003 at 10 Hz, and will be able to observe the upper tail of the
distribution expected from high-velocity kicks. The space-based
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gravitational-wave detector LISA [44] will be sensitive down to
10−4 Hz, enabling sub-categories of both isolated and dynamical
mergers to be distinguished [92, 124, 276, 323, 393]. From Lau et al.
[276], the resolvable eccentricity of LISA at ∼ 1 mHz is e & 0.001,
which translates to e & 10−7 at 10 Hz. Hence, the predicted
eccentricity distribution from unstable case BB MT will be resolvable
with LISA.
The inferred merger rate for GW190425-like systems is high
compared to lighter BNS [33]. Since GW190425 is only the second
BNS merger to be observed in gravitational waves, roughly half of all
BNS mergers may form by the same means. This could imply that
unstable case BB MT is a common pathway to BNS formation. Any
proposed formation channel for this merger must also explain the
relatively high formation rate of similar BNS.
Measurements of NS spins, which are imprinted on
gravitational-wave signals through the effective spin parameter χeff,
can provide additional clues to the formation channel of BNS. The
χeff of Galactic-field BNS, thought to have formed via standard
isolated evolution, are predicted to range from 0.00 to 0.02 at
merger [496]. Although we have not devoted much discussion to the
dynamical formation hypothesis for GW190425 because it is
theoretically disfavoured, it remains possible that GW190425-like BNS
can form dynamically in, for example, globular clusters. Such BNS
can have a wider range of spins than their isolated counterparts [see
140, and references therein]. A binary with measurably negative χeff
would be difficult to explain through anything other than dynamical
formation. The χeff of BNS formed through unstable case BB MT
depends critically on the amount of angular momentum transferred
onto the first-born NS during two CE stages, since the second-born
NS is expected to spin down to effectively zero spin in a timescale
comparable to the merger time (. 10 Myr). De et al. [129] suggest that
black holes tend to preserve their natal masses and spins during CE
evolution. If this holds up for BNS, it might imply that all BNS
formed through unstable case BB MT are expected to have low
dimensionless component spins of χ < 0.05 at merger. While we are
unable to measure NS spins in GW190425 (and in GW170817), it may
be possible to do so for future discoveries, allowing stronger
constraints to be placed on system origins.
We note that, in systems with misaligned component spins, the
signature of spin-induced precession in the signal can mimic the
signature of eccentricity, leading to non-negligible eccentricity
measurements for precessing quasi-circular binaries (Romero-Shaw,
Lasky & Thrane, in preparation). We see no evidence of significant This is a forward

reference to Chapter
5.

eccentricity in the signal of GW190425, so any degeneracy between
precession and eccentricity does not influence our conclusion.
Regardless, the in-plane spin of BNS is believed to be small [e.g., 158],
so this degeneracy is more important for binary black hole signals.
Note added.– While preparing this manuscript, we became aware of a
pre-print claiming that the merger rate implied by GW190425 is
inconsistent with population synthesis results for fast-merging BNS
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[387]. Similar discrepancies have arisen for GW170817, but studies
show that predicted merger rates are consistent with observations
when various model uncertainties, e.g., NS natal kicks, CE evolution,
metallicity-specific star formation rate [71, 114, 115, 196, 321, 439], are
included. We therefore believe that we cannot rule out the formation
of GW190425 through unstable case BB MT based solely on the
inferred BNS merger rate.
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G W 1 9 0 5 2 1 A : O R B I TA L E C C E N T R I C I T Y A N D
S I G N AT U R E S O F D Y N A M I C A L F O R M AT I O N I N A
B I N A RY B L A C K H O L E M E R G E R S I G N A L

Note that the event referred to as ‘GW190521A‘ in this chapter is the same
as the event referred to as ‘GW190521‘ in the original paper [377], and is
renamed here for consistency with the subsequent chapter. Note also that the
formatting of some tables has changed in order to fit all columns onto the
page and some figures have been rearranged to increase the visibility of their
legend labels.

abstract

Pair instability supernovae are thought to restrict the formation of
black holes in the mass range ∼ 50− 135 M�. However, black holes
with masses within this “high mass gap” are expected to form as the
remnants of binary black hole mergers. These remnants can merge
again dynamically in densely populated environments such as
globular clusters. The hypothesis that the binary black hole merger
GW190521A formed dynamically is supported by its high mass.
Orbital eccentricity can also be a signature of dynamical formation,
since a binary that merges quickly after becoming bound may not
circularize before merger. In this work, we measure the orbital
eccentricity of GW190521A. We find that the data prefer a signal with
eccentricity e ≥ 0.1 at 10 Hz to a non-precessing, quasi-circular signal,
with a log Bayes factor lnB = 5.0. When compared to precessing,
quasi-circular analyses, the data prefer a non-precessing, e ≥ 0.1
signal, with log Bayes factors lnB ≈ 2. Using injection studies, we
find that a non-spinning, moderately eccentric (e = 0.13)
GW190521A-like binary can be mistaken for a quasi-circular,
precessing binary. Conversely, a quasi-circular binary with
spin-induced precession may be mistaken for an eccentric binary. We
therefore cannot confidently determine whether GW190521A was
precessing or eccentric. Nevertheless, since both of these properties
support the dynamical formation hypothesis, our findings support
the hypothesis that GW190521A formed dynamically.

5.1 introduction

The first and second observing runs of the Advanced LIGO [29] and
Virgo [39] gravitational-wave observatories yielded ten observations
of stellar-mass black-hole binaries [26, 27], reported in their first
gravitational-wave transient catalogue [GWTC-1; 30]. The question of
how these binaries came to merge within the age of the Universe
remains unanswered. Proposed formation channels typically fall into

[ January 28, 2022 at 16:39 – classicthesis v4.6 ]



86

two categories: isolated, in which two stars evolve side-by-side until
they form black holes and coalesce [see, e.g., 78, 239, 267, 290, 313,
498], and dynamical, in which two black holes become bound due to
gravitationally-driven interactions inside dense star clusters [e.g., 89,
176, 178, 202, 316, 327, 349, 357, 358, 363, 364, 389, 391, 393, 395, 407]
and/or active galactic nuclei disks [210, 308, 479]. Young star clusters
may create something of a hybrid channel, with dynamical
interactions perturbing the evolution of primordial stellar binaries,
which evolve to make merging double compact objects [135, 360, 497].
The component masses and spins of a black-hole binary can
illuminate its formation history, as can its orbital eccentricity (e.g.,
[155, 165, 370, 426, 436, 467]). Information about these parameters can
be extracted from the gravitational-wave signal. Both isolated
evolution and dynamical formation can produce black-hole binaries
with properties like those presented in GWTC-1, with component
masses m1, m2 . 50M�, dimensionless component spins a1, a2

consistent with 0, and eccentricities e consistent with 0 at 10 Hz [30,
376]. Dynamical formation is the preferred pathway for binaries withHere I refer to the

eccentricity
constraints presented

in Chapter 3.

more extreme masses [89, 183, 184, 194, 369], isotropically distributed
spin tilt angles [370, 436], and non-zero orbital eccentricities [203, 363,
393, 490, 492].
The mass distribution of black holes that form as the remnants of
massive stars is thought to deplete between ∼ 50 and ∼ 135 M� due
to pair-instability supernovae [PISN; 69, 165, 218, 300, 333, 476] unless
exotic physics is invoked [388]. The precise lower limit of the PISN
mass gap is an area of active reseach; see [72], and references therein.
The remnants of binary black hole merger events can have masses
within the PISN gap; see, e.g., [27, 106, 166, 252, 254].
Second-generation mergers—where at least one of the binary
components is a remnant of a previous merger, potentially within the
mass gap—can occur in the high-density environments conducive to
dynamical mergers [89, 183, 194, 369]. Prior to the detection of
GW190521A, no convincing evidence has emerged for hierarchical
mergers [31, 106, 166, 252, 254].
Isolated binaries are thought to circularize efficiently, leading to
negligible eccentricity close to merger [223, 343]. While it is possible
that the late-inspiral eccentricity of field mergers can be increased by
Kozai-Lidov resonance [263, 282] during three-body [51, 166, 182, 288,
365, 409] and four-body [181, 287] interactions in the field, the relative
rate of such events is expected to be small, assuming moderate
progenitor metallicities and black-hole natal kicks [51, 182, 288, 365,
409]. In contrast, some dynamically-formed binaries merge so rapidly
after becoming bound that they retain non-negligible eccentricity in
the LIGO–Virgo band [203, 364, 393, 489, 490]. Multiple authors [e.g.,
363, 364, 389, 391, 397] show that we can expect O(5%) of all
dynamical mergers in globular clusters to have eccentricities e > 0.1
at a gravitational-wave frequency of 10 Hz.
The LIGO-Virgo Collaboration recently announced the detection of
GW190521A, a gravitational-wave signal from the merger of a black
hole binary with component masses m1 = 85+21

−14 M�,
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Figure 5.1: Results of analysis of GW190521A using SEOBNRE and IMRPhe-
nomPv2. Upper plot: posterior probability density distribution for
eccentricity at 10 Hz for GW190521A, recovered using SEOBNRE.
At 90% credibility, e10 ≥ 0.11. The posterior rails against the up-
per limit of the prior, e10 = 0.2, suggesting that the true value
lies beyond this waveform-enforced constraint. Lower plot: poste-
rior probability density distribution for the precession parameter
χp for GW190521A, recovered using IMRPhenomPv2. The prior
probability for each parameter is shown in gray.

m2 = 66+17
−18 M� [34, 35]. The median and 90% credible intervals

quoted for these masses place at least one component within the PISN
mass gap.1 The data exhibit a modest preference (log Bayes factor
ln B ≈ 2.4) for spin-induced precession of the orbital plane,
suggesting that the black-hole spin vectors may be significantly
misaligned from the orbital angular momentum axis. If confirmed,
the signature of precession would lend support for the dynamical
hypothesis.
In this work, we show that GW190521A is consistent with an eccentric
merger. For brevity, we hereafter refer to the eccentricity measured at
a gravitational-wave frequency of 10 Hz as e10. Our method allows us
to study eccentricities up to e10 = 0.2, beyond which the waveform is
not available.2 Our analysis reveals overwhelming support for a
spin-aligned eccentric signal with e10 ≥ 0.1 over a spin-aligned
quasi-circular signal. We use simulated events to demonstrate that

1 [167] find that m1 is above the mass gap if m2 < 48 M�, below the mass gap.
2 As in our previous work, we are also unable to alter the initial argument of periapsis.

While having a variable initial argument of periapsis might change the exact value of
eccentricity recovered, it would not change our qualitative conclusions.
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Table 5.1: Recovered GW190521A parameter values obtained using eccentric
waveform model SEOBNRE, precessing waveform models IMR-
PhenomPv2 (IMRPv2) and NRSur7dq4 (NRSur), and NRSur7dq4

constrained to have aligned spins (NRSur ||) . For the SEOBNRE
analysis, we give the 90% credible lower limit on eccentricity at
10 Hz. For other parameters, the median of the posterior is given
along with the 90% credible interval. In the final column, we state
the values inferred from the LIGO–Virgo analysis, read from the
public posterior samples obtained using NRSur7dq4 [2]. In the
final row, we provide the log Bayes factor of each analysis against
the signal-to-noise log Bayes factor obtained for e10 ≥ 0.1 using
SEOBNRE (ln BS/N = 85.7).

Param. SEOBNRE IMRPv2 NRSur NRSur || NRSur LVC

msource
1 92+26

−16 126+61
−41 86+18

−13 85+22
−14 85+21

−14

msource
2 69+18

−19 59+32
−24 69+18

−17 61+15
−17 66+17

−18

dL 4.1+1.8
−1.8 2.4+2.3

−1.0 4.7+2.2
−2.2 4.7+1.6

−1.5 5.3+2.4
−2.6

α 3.6+2.7
−3.5 4.3+1.9

−4.3 3.4+2.9
−3.4 3.7+2.6

−3.7 3.5+2.8
−3.4

δ −0.7+1.4
−0.5 −0.7+1.5

−0.4 −0.8+1.5
−0.4 −0.9+1.6

−0.3 −0.8+1.5
−0.4

φ 3.1+2.9
−2.7 3.0+3.0

−2.7 3.2+2.6
−2.6 3.1+2.9

−2.8 3.4+2.6
−3.2

ψ 1.5+1.5
−1.4 1.6+1.3

−1.5 1.8+1.2
−1.5 1.6+1.4

−1.4 1.8+1.2
−1.6

θJN 1.3+1.6
−1.0 1.4+1.0

−0.7 0.8+2.0
−0.6 0.7+2.2

−0.5 0.8+2.1
−0.6

emin
10 0.11 N/A N/A N/A N/A

χeff 0.0+0.2
−0.2 0.1+0.4

−0.4 0.0+0.3
−0.3 0.0+0.2

−0.3 0.1+0.3
−0.4

χp N/A 0.7+0.2
−0.3 0.6+0.2

−0.3 N/A 0.7+0.3
−0.4

ln BX/E 0.0 −2.0 −1.8 −5.0 −1.2
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Table 5.2: The 90% credible upper limit on eccentricity at 10 Hz, emax
10 , and

recovered spin-induced precession parameter χp for different in-
jections with varying waveform model, e10 and χp settings. For
the recovered χp we quote the posterior median and 90% credible
interval.

Model e10,inj. χp,inj. emax
10,rec. (SEOBNRE) χp,rec. (IMRPv2)

IMRPhenomD 0 0 0.025 0.39+0.37
−0.29

NRSur7dq4 0 0 0.032 0.33+0.40
−0.25

SEOBNRE 0 0 0.055 0.42+0.36
−0.30

IMRPhenomPv2 0 0.63 0.077 0.43+0.35
−0.32

NRSur7dq4 0 0.63 0.118 0.53+0.29
−0.37

SEOBNRE 0.13 0 0.136 0.57+0.26
−0.39

spin-induced precession and eccentricity cannot be distinguished for a
GW190521A-like signal. We end with a discussion of the implications
of our results on the potential formation mechanism of GW190521A.

5.2 method

We construct eccentric posterior probability density distributions
using the method developed in [376], which is built on those
introduced by [341] and [291]. We use the Bayesian inference library
Bilby [54, 378] to perform an analysis using our “proposal” model:
the spin-aligned quasi-circular waveform model IMRPhenomD [249].
We reweight our IMRPhenomD posteriors to our “target” model: the Here I refer tothe

method described in
Chapter 3, and also
to the Bilby paper
provided in Chapter
2.

spin-aligned eccentric waveform SEOBNRE [103, 289]. Our prior on
eccentricity is log-uniform in the range −6 ≤ log10(e10) ≤ −0.7. The
upper limit arises from waveform limitations, although even a model
allowing higher eccentricities would be restricted by the reweighting
method. In order to reweight posterior samples efficiently, the
samples obtained using the proposal model must cover the same
region of the multidimensional parameter space as would be obtained
by direct sampling with our target model. The overlap between
eccentric and quasi-circular waveforms with otherwise-identical
parameters falls drastically for higher eccentricities, so their posterior
samples would not reside in the same region of the parameter space.
We marginalise over the time and phase of coalescence as in [341] to
account for differing definitions of these parameters between our
proposal and target models.

5.3 analysis of gw190521a

We analyze publicly-available data and noise power spectral densities
from [2, 34]. We reproduce the settings of the LVC analysis for our
parameter estimation, with a data segment of 8 s, a frequency band
11–512 Hz, and sampling frequency 1024 Hz. In order to assess the
role of waveform systematics, we perform four analyses using three
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Table 5.3: Parameters shared by all injected waveforms.

Param. Value

msource
1 84

msource
2 62

dL 5.0

α 3.3

δ 0.5

φ 6.2

ψ 1.6

θJN 0.3

t0 1242442967.46

different waveform models (one waveform is used twice with two
different spin priors). The results of these analyses are summarized in
Table 5.1.
First, we analyze the data using the aligned-spin eccentric waveform
model SEOBNRE. We present the posterior distribution on the e10 of
GW190521A in the left-hand panel of Fig. 5.1. The posterior
drastically deviates from the log-uniform prior, strongly favouring
eccentricities e10 ≥ 0.1. There is little support for e10 < 0.1, with 90%
of the posterior at e10 ≥ 0.11. For other parameters, we obtain median
posterior values similar to those given in Table 1 of [34], with a
median source-frame total mass M = 161+28

−20 M�, mass ratio
q = 0.7+0.2

−0.3, and χeff = 0.0+0.2
−0.2. We obtain a luminosity distance,

dL = 4.0+1.9
−1.7 Gpc, which is slightly lower than (but consistent with)

the value of 5.3+2.4
−2.6 Gpc from the LIGO–Virgo analysis. Eccentricity

causes a faster merger, reducing the signal power. Thus, in order to
match the observed signal-to-noise ratio with an eccentric template,
we may require a closer source. Additionally, models like SEOBNRE,
IMRPhenomD and IMRPhenomPv2, which do not contain
higher-order modes, cannot rule out edge-on binaries, which reduces
the median distance estimate [35]. Posterior distribution plots for all
other parameters are available online.3

Next, we perform an analysis using the precessing waveform
IMRPhenomPv2 [402] with otherwise-identical settings. In Fig. 5.1,
we show the posterior distribution for χp of GW190521A obtained
with IMRPhenomPv2. This analysis recovers a smaller median dL

than the SEOBNRE analysis, with a more extreme mass ratio, q ≈ 0.5.
In order to carry out model selection comparing the IMRPhenomPv2

results to those obtained with SEOBNRE, we implement an
astrophysically-motivated prior on eccentricity. Theoretical studies
robustly predict that ∼ 5% of binaries that form dynamically in
globular clusters will have e10 ≥ 0.1 [e.g., 264, 364, 389, 393]. To
investigate this hypothesis, we assume a log-uniform distribution for
log10 e10 ∈ (−1,−0.7). Using this astrophysically-motivated prior, the

3 git.ligo.org/isobel.romero-shaw/gw190521.1
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eccentric model is mildly preferred to the precessing model by a
factor of ln BE/P = 2.0. If we repeat the same calculation using the
(less well-motivated) prior range log10 e10 ∈ (−6,−0.7) as in Fig. 5.1,
the eccentric (E) and precessing (P) waveform models are almost
equally well-supported by the data, with a log Bayes factor
ln BE/P = −0.35.
Finally, we perform computationally-intensive analyses using the
precessing, higher-order-model waveform NRSur7dq4, using parallel
Bilby [417] to manage computational costs. We run two versions of
the NRSur7dq4 analysis: one assuming aligned black-hole spins (no
spin-induced precession) and one allowing arbitrary spin orientations
(allowing spin-induced precession). Otherwise, the assumptions are
identical to the IMRPhenomPv2 analysis above. While the two
NRSur7dq4 analyses obtain near-identical results, the analysis that
includes spin-induced precession (P) is preferred over the
no-precession hypothesis with a moderate ln BP/NP = 3.2. The
eccentric SEOBNRE hypothesis (with e10 > 0.1) is preferred to the
precessing and non-precessing NRSur7dq4 analyses by log Bayes
factors of ln BE/P = 1.8 and ln BE/NP = 5.0, respectively.
We perform two additional analyses, identical in almost all aspects to
the NRSur7dq4 studies described above, but without including
higher-order modes. If we assume aligned spin, we obtain results
similar to the SEOBNRE analysis. If we allow for spin-induced
precession, we obtain results similar to the IMRPhenomPv2 results
with luminosity distance 2.8+2.2

−1.5 Gpc (90% credibility) and q ≈ 0.5.

5.4 injection studies

Ideally, one would analyze gravitational-wave signals using models
that include both spin-induced precession and eccentricity. This
would allow simultaneous measurements of χp and e10, as well as
illuminating the full extent of the degeneracy between the two
parameters and how that degeneracy changes with mass.
Unfortunately, such models do not yet exist; see [217, 280] for a
theoretical background of eccentric and precessing binary dynamics
and waveforms. Thus, we use numerical tests to explore how our
limited waveform models affect what we infer about eccentricity and
spin-induced precession. We generate six GW190521A-like waveform
templates using different waveform models, each with different
values of e10 and χp; see Table 5.2. Other parameters are identical to
those in Table 5.3. Using Bilby, we inject these waveforms into
simulated detector networks consisting of LIGO Hanford, LIGO
Livingston, and Virgo, with noise power spectral densities matching
those used for analysis of GW190521A [34]. For each injection, we
recover the signal using both the aligned-spin eccentric model
SEOBNRE and the quasi-circular precessing model IMRPhenomPv2.
In Fig. 5.2, we compare the posterior distributions for e10 (obtained
using SEOBNRE) and χp (obtained using IMRPhenomPv2) for all
injections. When circular, non-precessing waveforms are injected, the
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Figure 5.2: Results of SEOBNRE and IMRPhenomPv2 analysis of simulated
data using GW190521A-like injections. Left: Posterior distribu-
tions for eccentricity at 10 Hz for GW190521A-like injection stud-
ies with varying e10 and χp, obtained using SEOBNRE. Right:
Posterior distribution for spin-induced precession parameter χp
for GW190521A-like injection studies with varying e10 and χp, re-
covered using IMRPhenomPv2. The prior distributions are shown
in gray.
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SEOBNRE analysis recovers posterior distributions for e10 consistent
with the prior below the 90% credible upper limit, emax

10 ≤ 0.025 (0.032,
0.055) for injected IMRPhenomD (NRSur7dq4, SEOBNRE)
waveforms. For these same waveforms, IMRPhenomPv2 analysis
recovers posteriors consistent with the prior on χp. When we increase
only χp, the posteriors on both χp and e10 skew away from their
priors. This is most notable for the NRSur7dq4 injections, suggesting
that higher-order modes (included in NRSur7dq4, but not in
IMRPhenomPv2) may be important for distinguishing spin-induced
precession and eccentricity. When we increase e10, both posteriors
deviate from their priors, more significantly than for the
increased-precession case. These injection studies demonstrate that,
for GW190521A-like binaries, spin-induced precession may be
mistaken for eccentricity, and that the imprint of eccentricity may be
mistaken for that of spin-induced precession. We provide the full
posterior distributions for all parameters in these injection studies
online.4

5.5 discussion

Assuming the aligned-spin SEOBNRE waveform model, we infer an
eccentricity e10 & 0.1 for GW190521A. We find that the SEOBNRE
waveform is slightly preferred over the circular-waveform models
NRSur7dq4 and IMRPhenomPv2, both of which allow for
spin-induced precession. While we lack a waveform model that can
simultaneously account for spin-induced precession and eccentricity,
GW190521A could be later verified as the first detection of a binary
black hole with e10 ≥ 0.1. The presence of either spin-induced
precession or eccentricity adds weight to the hypothesis that the
progenitor of GW190521A formed dynamically.
[389] predicts there are ∼ 19 dynamical mergers with e10 < 0.1 for
every merger with e10 ≥ 0.1—a prediction thought to be robust to
details about the globular cluster model; see also [364] and [305].
From the public alerts listed on GraceDB5, there are O(30) binary
black hole mergers from the first half of LIGO–Virgo’s third observing
run (O3a). Combining these with the results of [30] and [458, 459,
487], the total number of binary black holes observed in gravitational
waves is O(50). If globular cluster mergers dominate LIGO and
Virgo’s observed black hole mergers, we expect 2.5+2.0

−2.5 mergers with
e10 ≥ 0.1 from the first 50 binary black hole observations. Thus, it See [491] for a slight

update to the number
of expected mergers.

would not be surprising if GW190521A is determined to be highly
eccentric. Moreover, if GW190521A is eccentric, then O3a may provide
us with another 1.5+2.0

−1.5 events with e10 ≥ 0.1, assuming that O3a
searches did not miss them; the signals of highly eccentric binaries
may be missed by CBC and burst searches [139].
We note that while GW190521A may have formed within a globular
cluster, this is not its only viable formation pathway. Dynamical

4 git.ligo.org/isobel.romero-shaw/gw190521.1/injection_studies
5 gracedb.ligo.org/superevents/public/O3/
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formation may also occur in active galactic nuclei [e.g., 210, 259, 480],
nuclear star clusters [e.g., 299], young open clusters [e.g., 136] and
young massive clusters [60–63, 264]. Mergers in young star clusters
are likely to take place after ejection, giving the binary ample time to
circularise and making young star clusters a less promising
explanation for eccentric binaries. Both active galactic nuclei and
globular clusters may produce binary black holes with misaligned
spin and/or eccentricity, and so it is not clear which dynamical
formation pathway is favoured for GW190521A. Regardless, both
spin-induced precession and eccentricity are signatures of dynamical
formation; therefore, GW190521A is likely to have formed in a dense
stellar environment conducive to dynamical interactions.
In dense environments like those mentioned above, binary black hole
merger remnants may have masses within the mass gap. If these
mergers are retained within the cluster, then they may merge again,
producing intermediate-mass black holes. As an alternative to
hierarchical black hole mergers, [382] argue that black holes may
accrete enough gas in proto-clusters to enter into the mass gap.
Another option is the direct collapse of stellar merger remnants to
mass-gap black holes [e.g., 264, 421]. These black holes may undergo
subsequent dynamical mergers if their environments are sufficiently
densely populated. Although the high masses of GW190521A render
it incompatible with current models of isolated binary evolution,
these masses can be produced in models where various model
assumptions are substantially relaxed [see, e.g., 150, 301, 425].
For GW190521A-like signals, we highlight the degeneracy between
eccentricity and spin-induced precession6. This complements the
results of [97], who found that for the gravitational-wave signal of a
head-on black-hole collision (e10 = 1) with total mass in the range
M ∈ (130, 300)M� can be indistinguishable from the signal of a
much more distant quasi-circular precessing binary. Recently, a
candidate electromagnetic counterpart for GW190521A was observed
at ≈ 2.8 Gpc and reported by [206], who propose that a binary black
hole merger in an AGN disk might have such a counterpart.
Extrapolating between the e10 = 1 results from [97] and the results
shown here, the detected distance of GW190521A in gravitational
waves is consistent with the electromagnetic counterpart if
GW190521A had an eccentricity in the range 0.2 < e10 < 1.0, a region
of parameter space that cannot be fully explored with existing
gravitational waveform models. However, new developments in
eccentric waveforms [see, e.g., 110] may allow us to start probing
previously unexplored parameter space in the near future. If the
transient reported by [206] is truly an electromagnetic counterpart
emanating from an AGN disk merger, it would be consistent with the
hypothesis that GW190521A was an eccentric binary, since orbital
eccentricity vastly increases the merger rate from such environments;
see [210].

6 The degeneracy between eccentricity and spin-induced precession is less pronounced
for less massive systems, which have longer signals in-band.
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Note added.—During the final stages of preparation of this manuscript,
we became aware of the work of [192], who compare
numerical-relativity waveform simulations to GW190521A. Numerical
relativity waveforms are too computationally expensive to be used for
Bayesian parameter estimation. However, the fact that [192] find that
eccentric numerical-relativity simulations are consistent with
GW190521A supports the conclusions drawn in our work.
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6
S I G N S O F E C C E N T R I C I T Y I N T W O
G R AV I TAT I O N A L - WAV E S I G N A L S M AY I N D I C AT E A
S U B - P O P U L AT I O N O F D Y N A M I C A L LY A S S E M B L E D
B I N A RY B L A C K H O L E S

This Chapter was published as [379]. The original appendices appear as
Sections in the same order as they appeared in the original text.

abstract

The orbital eccentricity of a merging binary black hole leaves an
imprint on the associated gravitational-wave signal that can reveal
whether the binary formed in isolation or in a dynamical
environment, such as the core of a dense star cluster. We present
measurements of the eccentricity of 26 binary black hole mergers in
the second LIGO–Virgo gravitational-wave transient catalog, updating
the total number of binary black holes analysed for orbital eccentricity
to 36. Using the SEOBNRE waveform, we find the data for
GW190620A is poorly explained by the zero-eccentricity hypothesis
(frequentist p-value . 0.1%). Using a log-uniform prior on
eccentricity, the eccentricity at 10 Hz for GW190620A is constrained to
e10 ≥ 0.05 (0.1) at 74% (65%) credibility. With this log-uniform prior,
we obtain a 90% credible lower eccentricity limit of 0.001, while
assuming a uniform prior leads the data to prefer e10 ≥ 0.11 at 90%
credibility. This is the second measurement of a binary black hole
system with statistical support for non-zero eccentricity; the
intermediate-mass black hole merger GW190521 was the first.
Interpretation of these two events is currently complicated by
waveform systematics; we are unable to simultaneously model the
effects of relativistic precession and eccentricity. However, if these two
events are, in fact, eccentric mergers, then there are potentially many
more dynamically assembled mergers in the LIGO–Virgo catalog
without measurable eccentricity; & 27% of the observed LIGO–Virgo
binaries may have been assembled dynamically in dense stellar
environments (95% credibility).

6.1 introduction

The second gravitational-wave transient catalog [GWTC-2; 37] of the
LIGO–Virgo collaboration [29, 39] confirmed the detection of 36 new
binary black hole (BBH) mergers. Combined with the mergers
presented in the first catalog [GWTC-1; 30], there are now 46

confirmed BBH merger detections.1 This abundance of events poses

1 The exact number of “confirmed” mergers depends on the choice of detection thresh-
old. Using a stricter threshold [38] counts 44 confirmed BBH mergers.
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an intriguing question in gravitational-wave astronomy: how did
these merging binaries form?
There are two primary channels that can produce binary compact
object mergers that can merge in a Hubble time: isolated evolution
and dynamical formation. An isolated binary contains two stars that
are born together and evolve together, undergoing some mechanism
that allows the two components to become close to merge within the
age of the Universe, without merging before they become compact
objects. A variety of mechanisms have been proposed, including
common envelope evolution [e.g., 78, 239, 267, 290], chemically
homogeneous evolution [e.g., 300, 313, 498], stable mass accretion
onto a black hole from its stellar companion [66, 321, 499], or ambient
gas-driven fallback [e.g., 432]. In contrast, a dynamically assembled
binary does not become bound until the two components have
already evolved into compact objects. This can occur in places like
globular [e.g., 227, 370, 389] and nuclear [180, 185, 209, 224] star
clusters. In these dense environments, mass segregation leads to a
dark compact object core, where objects can undergo many frequent
gravitational interactions [e.g., 47, 316, 363, 364, 393, 470, 474].
Subsequently, black holes can form binaries that are hardened
through interactions with other compact objects, eventually merging.
There are three intrinsic properties of a binary that can distinguish its
formation channel: its component masses, component spins, and
orbital eccentricity. Multiple studies have shown that these properties
can be used to identify the formation channel of a single binary and
to constrain the relative fraction of mergers contributed by that
channel to the overall merger rate [e.g., 155, 436, 467, 488, 491]. The
formation channels of populations of mergers can also be
distinguished using the redshift evolution of the merger rate [e.g., 322,
367]; however, it will take upwards of ∼ 100 detections for this to
become possible [168].
Identifying mergers with component masses between ∼ 60–130 M�
may indicate the presence of hierarchical mergers (from repeated
dynamical mergers) [e.g., 166, 253, 254]. As pair-instability and
pulsational pair-instability supernovae enforce an upper limit on the
mass of a black hole that can form through stellar collapse [69, 166,
218, 300, 333, 433, 476], there is thought to be a dearth of black holes
in this range, although these boundaries are sensitive to assumptions
about the underlying physics [see, e.g., 72, 149, 151, 388, and
references within]. In dynamical environments, on the other hand,
merger remnants may go on to merge again if their formation kick
does not eject them from the cluster, leading to black holes within this
mass gap [89, 183, 194, 254, 264, 369, 394]. The intermediate-mass
black hole binary GW190521 [34] has been interpreted as such a
hierarchical merger [e.g., 45, 184, 253]. For an alternative
interpretation, see [324, 330], which argue that GW190521 may be an
intermediate-mass ratio inspiral with q ≡ m2/m1 ≈ 0.09. In this work
we assume the currently conventional interpretation, that q ≈ 0.8.
Observing a population of BBH events in which some fraction of
binaries have black-hole spins anti-aligned with the orbital angular
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momentum would also hint that dynamical formation is at play [38,
423, 436]. Binary stars evolving together in the field tidally interact,
leading them to have preferentially aligned spins [e.g., 100, 195, 242].
While the supernovae of one object can lead to a slight change in the
spin orientation of the other, this change is believed to be minor [see,
e.g., 195, 328, and references therein]. In contrast, objects that become
bound during a gravitational interaction in the core of a dense star
cluster may have any spin orientation relative to each other, and so
we expect a population of binaries formed in clusters to have an
isotropic spin distribution [370].
The LIGO–Virgo analysis of GWTC-2 found evidence for anti-aligned
spin in the detected BBH population, and inferred from this that
≈ 25− 93% of the observed BBH had formed dynamically, at 90%
credibility [38]. However, Roulet et al. [380] dispute this, finding that
the signature from [38] is a model-dependent artefact. In either case,
the dynamical formation scenario is unlikely to produce the entirety
of mergers observed by LIGO and Virgo. The presence of ≈ 10 BBH
signals with black-hole spins preferentially aligned with the orbital
angular momentum suggests & 23% of BBH events are associated
with field mergers.
The third intrinsic property of a binary that can act as a signature of
dynamical formation is its orbital eccentricity close to merger.
Gravitational-wave emission efficiently circularises binaries on a
shorter timescale than they tighten [223, 343]. We thus expect
negligible eccentricity in the orbits of field binaries at
detection—excepting field triples, a topic we return to below. In a
dynamical environments such as dense star clusters, however,
binaries can be driven to merge rapidly. They do not always have time
to radiate away their eccentricity before they merge, and so they may
retain detectable eccentricity when their gravitational radiation enters
the LIGO–Virgo band at gravitational-wave frequencies & 10 Hz [203,
316, 363, 364, 389, 492].2

Dense star clusters are arguably the most well-studied dynamical
formation environment [see, e.g., 89, 176, 178, 202, 316, 327, 349, 357,
358, 363, 364, 389, 391, 393, 395, 407]. Simulations of compact binary
formation in such environments lead us to expect that ∼ 5% (∼ 7%)
of their binary black holes retain eccentricities e10 ≥ 0.1(0.05) when
their gravitational radiation frequency reaches 10 Hz; see Kremer et al.
[265], Rodriguez et al. [363, 364], Samsing [389], Samsing et al. [393],
Samsing, MacLeod, and Ramirez-Ruiz [395], and Zevin et al. [491]
and references within. Observing eccentricity in the gravitational
waveform of a BBH coalescence therefore indicates that the system
was formed dynamically. Young open clusters have also been
proposed as a competitive channel [e.g., 177], which may produce
mergers with traits associated with either dynamical or isolated
formation.
Further alternatives to dynamical formation in dense star clusters
include dynamical formation in active galactic nuclei discs [210, 281,

2 Throughout, we use the word “frequency” to refer to gravitational-wave frequency as
opposed to orbital frequency.
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308, 479], which may be efficient factories for eccentric binary black
holes [390, 430]. However, the distribution of mass, spin, and
eccentricity for binary black holes in active galactic nuclei discs are
comparatively poorly understood owing to the complicated
environment.
Additional classes of formation mechanism include field triples [51,
166, 182, 288, 365, 409] and quadruples [181, 287], which can cause the
spins and eccentricities of isolated binary mergers to somewhat
resemble those of dynamical mergers. Field triple mergers can have
high eccentricities, as the third component can drive up the
eccentricity of the inner binary in a process known as Kozai-Lidov
resonance [263, 282]. The rate of mergers driven by Kozai-Lidov
resonance in the field is thought to be low, unless black hole natal
kicks are small and the formation metallicities of the systems are
low [51, 182, 288, 365, 409].
It has also been suggested that the observed population of mergers
may contain primordial black holes, which can have lower and/or
higher masses than those formed through stellar collapse [e.g., 41, 80,
109, 128, 186, 401]. However, there is at present no evidence for the
existence of primordial black holes [104], and if they do exist, it is not
clear that they form merging binaries; [see, e.g., 261].
In [376], we presented measurements of orbital eccentricity for BBH
events in GWTC-1, constraining the eccentricity of these ten mergers
to less than 0.1 at 10 Hz. This result was in agreement with that of
Abbott et al. [31], which found no eccentric signals within the data
from LIGO and Virgo’s first and second observing runs. In
Romero-Shaw et al. [377], we presented tentative evidence that theHere I reference

Chapter 3, in which
all binary black holes

in GWTC-1 are
shown to have

negligible
eccentricities at

detection, and
Chapter 5, in which

the first potential
detection of non-zero

eccentricity is
contained.

highest-mass binary so far detected in gravitational waves,
GW190521A [34, 35]3, had non-zero eccentricity, although the
purported signal could also be the result of general relativistic
precession induced by black-hole spin. This conclusion was supported
by Gayathri et al. [192]. GW190521A may therefore be the first
observation of an eccentric binary in the population of LIGO-Virgo
detected events.
In this work, we present measurements of eccentricity for 36 of the 46
BBHs in GWTC-2.4 We highlight GW190620A, an event for which the
e10 ≥ 0.1 hypothesis is preferred to the e10 < 0.1 case by a Bayes
factor of B = 18.6. We detail our analysis method in Section 6.2,
where we provide updates to the analysis methods used in
Romero-Shaw et al. [374], Romero-Shaw, Lasky, and Thrane [376],
and Romero-Shaw et al. [377]. Our results are presented in Section 6.3,Here I refer to all

previous Chapters
containing

eccentricity
measurements:

Chapters 3, 4 and 5.

3 In this paper, we use the short event name, appending an A (B) if the event is the first
(second) on that date.

4 The events in the GWTC-2 catalogue were detected using quasi-circular waveform
templates. Some events were also detected with “burst” pipelines using excess power
techniques [e.g., 119, 122, 138]. As eccentricity grows, signals increasingly deviate
from quasi-circular signal templates, so can appear with low significance in circular
searches [e.g., 93]. Unmodeled analyses can be particularly powerful in this case [e.g.,
125], and eccentric signals may be recovered with a higher signal-to-noise ratio in a
burst search than a circular search. All GWTC-2 candidates were detected with at
least one circular search pipeline.
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Figure 6.1: Marginal posterior distributions on eccentricity at 10 Hz, e10, for
36 binary black hole merger events in GWTC-2 [37]. We assume a
log-uniform eccentricity prior, which is suitable when we do not
know the order of magnitude for e10. The ten low-mass events
that require further analysis due to under-sampling are left blank.
For each event, the width of the violin at each value of eccen-
tricity is proportional to the posterior distribution at that value.
Eccentricity posteriors for events in GWTC-1 and for GW190521A
were originally presented in Romero-Shaw, Lasky, and Thrane
[376] and Romero-Shaw et al. [377], respectively. These previously-
reported results have here been reweighted from their original
prior on eccentricity, which was log-uniform between 10−6 and
0.2, to the prior used for analysing the new GWTC-2 events,
which is log-uniform between 10−4 and 0.2.

where we investigate events that have significant posterior support for
e10 ≥ 0.05. We discuss the broader astrophysical interpretation of our
results in Section 6.4.

6.2 method

Original posteriors
for
previously-analysed
binary black hole
mergers can be found
in Chapters 3 and 5.

We use the likelihood reweighting (importance sampling) method
described in Romero-Shaw, Lasky, and Thrane [376], inspired by the
importance sampling method used in Payne, Talbot, and Thrane [341],
to efficiently estimate sets of posterior distributions for eccentricity.
This method has been tested using injection studies [376, 377] to
correctly recover the injected eccentricity of injected aligned-spin
signals. We obtain initial samples using a quasi-circular waveform
model IMRPhenomD [249] for our proposal likelihood. These
samples are then reweighted using eccentric waveform model
SEOBNRE [103, 289] to obtain samples from our target distribution.
We perform Bayesian inference using bilby and the bilby_pipe

pipeline [54, 378], running five parallel analyses with unique seeds for
each event. We analyse publicly-available data from GWTC-2 [3], These injection

studies can be found
in Chapters 3 and 5.

using a combination of the LIGO Livingston, LIGO Hanford and
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Virgo detectors that is consistent with the LIGO-Virgo analysis for
each event.
We use power spectral densities generated using BayesWave [286]. We
do not factor calibration uncertainty into our analysis; errors on our
results caused by neglecting calibration uncertainty are expected to be
negligible [e.g., 340, 466]. Similarly, we do not marginalise over the
uncertainty in the noise power spectral density, but marginalising
over this uncertainty is expected to yield modest changes in the
posterior widths of . 5% [81].
Our sampling and reference frequencies are 4096 Hz and 10 Hz,
respectively. We use 20 Hz as the default minimum frequency of
analysis in all detectors for all newly-analysed events, except for
GW190727A, which has a minimum frequency of 50 Hz in the LIGO
Livingston detector in the LIGO-Virgo analysis [37].5 We use the
dynesty [420] sampler with 1000 live points, 100 walks and 10
auto-correlation times. To avoid spectral leakage, we soften the abrupt
start of the time-domain inspiral using a half-Tukey window that
turns on over 0.5 s.
We use standard priors for extrinsic angle parameters. We use a prior
on luminosity distance dL that is uniform in the source-frame. Our
prior on mass ratio q is uniform between 0.125 and 1, where the lower
bound is restricted by the choice of waveform approximants. The
prior on the ẑ component of the black hole spin vectors χz

i is created
by combining a uniform prior on the component spin magnitudes, χi,
with an isotropic prior for the spin orientation. Each χi is capped at
0.6, as SEOBNRE cannot tolerate spins of greater magnitude than this.
This creates a prior with limits at χi = ±0.6 and a peak at χi = 0. We
adopt a uniform prior on chirp massM.
The reweighting procedure is near-identical to that used in
Romero-Shaw et al. [377], which built on that described in
Romero-Shaw, Lasky, and Thrane [376], except that we increase the
lower bound on our prior for e10 to e10 = 10−4 since we cannot
resolve the eccentricity for signals below this point. We employ aHere is a reference to

the Bilby paper in
Chapter 2.

log-uniform prior for eccentricity, which is suitable given that we are
unsure about the order of magnitude for e10. For completeness, we
also provide results obtained under a uniform eccentricity prior over
the same range. The probability distributions over eccentricity
(obtained by dividing out the log-uniform prior in post-processing)
are presented in Figure 6.7 in Appendix 6.6.

5 SEOBNRE is defined such that the minimum frequency requested in the waveform is
also the reference frequency for the eccentricity. We therefore generate waveforms
from 10 Hz, but only use the frequency content from 20 Hz and above in our analyses.
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Table 6.1: A summary of the eccentricity signature for the 12 events with the most support for e10 ≥ 0.05. The second and third columns provide the percentage of
posterior support for e10 > 0.1 and e > 0.05 respectively. These two values are typical used as thresholds for ‘detectable’ binary eccentricity at 10 Hz
using operational gravitational-wave detectors [e.g., 291, 363, 364, 389, 392, 491, 492], although the true threshold for eccentricity sensitivity is unique
to each signal. The next two columns provide the natural log Bayes factors lnB for the hypotheses that e10 ≥ 0.1 (0.05) against the hypothesis that
e10 < 0.1 (0.05). The two most compelling candidates for eccentric mergers are highlighted in bold. These same parameters for other events in GWTC-2
are provided in Appendix 6.5.

Event name percentage e10 ≥ 0.1 percentage e10 ≥ 0.05 lnB(e10 ≥ 0.1) lnB(e10 ≥ 0.05) reweighting efficiency (%)

GW190424A 8.12 17.09 −0.11 −0.08 85

GW190513A 13.28 27.33 0.45 0.53 49

GW190521A 92.25 93.42 4.65 3.90 2

GW190521B 2.43 23.21 −0.17 0.55 6

GW190527A 8.64 17.72 −0.07 −0.06 15

GW190620A 65.72 74.27 2.90 2.48 10

GW190706A 28.27 38.02 1.36 1.01 42

GW190719A 9.29 19.01 0.04 0.07 70

GW190727A 8.27 17.07 −0.14 −0.09 87

GW190828A 7.30 19.37 −0.18 0.10 48

GW190909A 15.61 25.91 0.60 0.44 86

GW190915A 21.60 33.35 0.99 0.77 9
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Like other eccentric waveform models [e.g., 110, 233], SEOBNRE does
not include a variable initial argument of periapsis. The phase
modulations caused by a varying initial argument of periapsis cannot
be fully accounted for by reference phase- and time-marginalisation,
which can lead to mismatches of up to 0.1 in otherwise-identical
waveforms [237] assuming a white noise power spectral density. It is
not clear how the mismatch changes for realistic detector noise.
Our inferences of the eccentricities of our sources may be biased by
neglecting this parameter, though, it is difficult to ascertain how this
systematic error compares to other imperfections in the waveform
model. Investigations into the extent of this bias are ongoing.
However, the waveform amplitude modulations caused by orbital
eccentricity appear to be qualitatively different than the changes
induced by the initial argument of periapsis. Hence, we suspect that
our conclusions are relatively insensitive to this parameter.
An additional parameter that is fixed within SEOBNRE is the value of
the spin-induced precession parameter, χp [214, 403]. While we can
sample over the component aligned spins χ1 and χ2, we cannot probe
misaligned spins with SEOBNRE, enforcing an assumption that
χp = 0. Precession has been shown to mimic the effects of eccentricity
in gravitational waveforms for high-mass systems like
GW190521A [97, 377]. Efficient waveform models than include theI refer here to

Chapter 5. effects of both spin-induced precession and eccentricity are not yet
available, so we are not currently able to measure both parameters
simultaneously.
Reweighting is increasingly inefficient for low-mass events, i.e., those
that require data segments with durations D > 4 s. With more cycles
contained in longer-duration waveforms, systematic discrepancies
between our proposal (quasi-circular) model IMRPhenomD and our
target (eccentric) model SEOBNRE build up, manifesting in larger
differences between the proposal and target likelihoods; see Figure 6.8
in Appendix 6.7 for a demonstration of the overlap between the two
waveforms decreasing as source mass decreases, increasing the
number of cycles in-band. There are two neutron star-black hole
(NSBH) merger candidates in GWTC-2, with D = 16 s (GW190814A)
and D = 64 s (GW190426A). There are three other events with
D = 16 s (GW190527A, GW190728A and GW190924A) and nine
events with D = 8 s (GW190412A, GW190512A, GW190630A,
GWS190707A, GW190708A, GW190720A, GW190803A, GW190828A
and GW190930A).6 Reweighting samples for most of these
long-duration events is currently computationally impractical.
Low-mass black holes are less likely to merge via the
gravitational-wave capture events that lead to eccentricities

6 We analyse segment durations that match those used in GWTC-2 [37]. An eccentric
binary inspirals more rapidly than a non-eccentric binary with the same parameters.
For a given orbital period, an eccentric binary is closer at periapsis than it would be
in a circular orbit, increasing the energy that is therefore lost to gravitational radia-
tion. Proposed eccentric waveforms are thus shorter than quasi-circular waveforms
with otherwise identical parameters, so all waveforms that can be drawn from the
eccentricity prior are therefore within the segment duration deemed adequate for
quasi-circular parameter estimation.
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approaching unity in dense cluster environments [see, e.g., 200].
Higher-mass binaries with masses close to the pair-instability mass
gap are also more likely to contain components that have formed
hierarchically in a dynamical environment. We therefore exclude ten
low-mass BBH events and two NSBH candidates from this work. We
anticipate that it will be possible to analyse these events with new
eccentric waveforms that are efficient enough to use for direct
parameter estimation, so defer this analysis to future work.

6.3 results

In Figure 6.1, we display the posterior probability distributions for
eccentricity at 10 Hz, e10, for all of the binary black hole systems so
far analysed for eccentricity with SEOBNRE. Corner plots containing
fully- and partially-marginalised single- and double-dimensional
posterior probability distributions for all other waveform parameters
are available online for all events.7 Consistent with Payne, Talbot, and
Thrane [341], we consider sampling efficiency > 1% to be adequate.
The number of effective samples in the eccentric posterior after
reweighting is > 500 for all events presented here, with an average of
17, 477, a maximum of 54, 395 (GW190413B) and a minimum of 541
(GW190521A). The average reweighting efficiency is 45%, with a
maximum of 90% (GW190731A) and a minimum of 2% (GW190521A
and GW190803A). The reweighting efficiency is particularly low for
GW190521A because we also reweight from the old eccentricity prior
to the new eccentricity prior; before doing this, the number of
samples is 726. There are 12 events with marginalised eccentricity
posteriors that show support for eccentricity e10 ≥ 0.05. We display
these posteriors in Figure 6.2. The eccentricity posteriors for all other
events are provided in Appendix 6.5.

6.3.1 Events with e10 ≥ 0.05

There are two events that have more than 50% of their posterior
probability distribution above e10 ≥ 0.05: GW190521A and
GW190620A. There are also ten events that have support for
e10 ≥ 0.05 while remaining consistent with having negligible
eccentricity. Of these ten events, three have eccentricity posteriors
peaking in the range 0.1 ≤ e10 and three have eccentricity posteriors
peaking in the range 0.05 ≤ e10 ≤ 0.1. We provide the percentages of
the eccentricity posterior above 0.1 and 0.05 for the 12 events of
interest in Table 6.1, in addition to the natural-log Bayes factors lnB
for the hypotheses that e10 ≥ 0.1 (0.05) against the hypothesis that
e10 < 0.1 (0.05). We display the posterior probability distribution for
the eccentricity of these 12 events in Figure 6.2.
In a sufficiently large population of entirely circular binaries, some
events will appear to have non-zero eccentricity due to random
fluctuations. In order to provide a different perspective on the

7 github.com/IsobelMarguarethe/eccentric-GWTC-2/seobnre
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Figure 6.2: Posterior probability distributions on e10 for the 12 events in
GWTC-2 with eccentricity posteriors that have the most support
for eccentricity e10 ≥ 0.05.
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Figure 6.3: Posterior probability distributions on intrinsic parameters for
GW190620A, with proposal (circular) parameter estimation re-
sults shown in teal and reweighted eccentric posteriors shown in
grey. There is a slight visible correlation between source-frame
chirp mass and eccentricity, as well as mass ratio and eccentricity.
There is a clearer correlation between the aligned spin of the
primary, χ1, and eccentricity.
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Figure 6.4: Posterior probability distributions on extrinsic parameters for
GW190620A. The eccentric posterior causes a slight shift in the
posterior to lower luminosity distances.

1022 × 101 3 × 101 4 × 101 6 × 101

primary mass m1

10 3

10 2

10 1

ec
ce

nt
ric

ity
 e 1

0

Figure 6.5: Scatter plot of source-frame primary mass m1 against e10 for the
26 BBH newly analysed in this paper, with error bars showing
the 90% credible range of the posterior across both axes and a
dashed grey line at e10 = 0.05. Events with points above the grey
dashed line are GW190620A and GW190521A, which are two of
the highest-mass events in GWTC-2. Events highlighted in teal
are those plotted in Figure 6.2 and tabulated in Table 6.1.
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statistical significance for eccentricity in GW190521A and
GW190620A, we also calculate a frequentist p-value testing the
hypothesis that the data are described by the SEOBNRE waveform
with an eccentricity value of e10 = 0. We find that the frequentist To do this

calculation, we
divide out the prior,
then calculate the
probability of
drawing e10 = 0
from the resulting
probability
distribution.

confidence intervals for e10 exclude e10 = 0 with & 99.9% confidence
(see Figure 6.7 in Appendix 6.6). This high statistical confidence
illustrates that the eccentricity we observe is not due to random
fluctuations amplified by trial factors. Of course, this test does not tell
us if the observed eccentricity is actually due to covariance with
spin-induced precession or other systematic error in the SEOBNRE
waveform, a topic we return to below.

6.3.1.1 GW190620A

The eccentricity posterior for GW190620A has e10 ≥ 0.05 at 74%
credibility, and contains 1269 samples after reweighting with an
efficiency of 10%. The hypothesis that GW190620A has e10 ≥ 0.05 is
preferred to the hypothesis that e10 < 0.05 with lnB = 2.48.
GW190620A is a moderately high-mass binary with a total mass
≈ 92 M� in the source-frame.
While GW190521A was found by the LIGO-Virgo analysis to have
strong support for in-plane spin [34], the LIGO-Virgo posterior
distribution for the GW190620A value of χp was uninformative, with
little significant deviation from the prior. However, the posterior
probability for effective aligned spin χe f f is found to peak at ∼ 0.3,
consistent with the IMRPhenomD posterior, as shown in Figure 6.3.
In contrast to the quasi-circular IMRPhenomD analysis, the eccentric
SEOBNRE posterior probability distributions for component spins χ1

and χ2 more closely resemble the prior, with both distributions
unimodally peaked at 0 and showing lower support for moderate
positive spin. The eccentric posterior also has a slight preference for
lower masses and a more extreme mass ratio, as shown in Figure 6.3,
and a slightly lower distance, as shown in Figure 6.4.

6.3.1.2 GW190521A

We also provide updated statistics for GW190521A using the revised
prior for e10. These results are qualitatively similar to previously
published analyses. The eccentricity posterior for GW190521A has
e10 ≥ 0.1 at greater than 92% credibility, and e10 ≥ 0.05 at greater than
93% credibility. The hypothesis that GW190521A has e10 ≥ 0.05 is
preferred to the hypothesis that e10 < 0.05 with a natural-log Bayes
factor lnB = 3.90. Since the eccentric posterior for GW190521A To read in more

detail about
parallel_bilby,
check Section 2.3.3.2
in Chapter 2.

contains the fewest samples of all events, we confirm our eccentricity
measurement by performing massively parallel inference with
parallel_bilby [417], splitting our analysis with SEOBNRE over 800

CPUs. We restrict the chirp mass, component mass and spin priors to
reduce the time required for such a computationally demanding
endeavour. The posterior probability distribution obtained with direct
sampling is consistent with that obtained with reweighting, and can
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be found in Appendix 6.8, along with further details about that
analysis.

6.3.2 A correlation between primary mass and eccentricity?

We speculate that eccentricity might be observed preferentially in
high-mass systems. In Figure 6.5, we plot the median source-frame
primary mass and median eccentricity of each event, with bars
extending over the 90% credible range of each parameter.
Source-frame masses are obtained assuming a flat ΛCDM universe
with cosmological parameters H0 = 67.7 kms−1Mpc−1 and
Ω0 = 0.307 as defined in Planck Collaboration et al. [345]. The two
BBH events with signatures of eccentricity are both associated with
large primary mass. If this correlation is real, it might provide clues
as to the origin of eccentric mergers. Of course, the correlation could
also be indicative of systematic error: gravitational waveform analysis
is more sensitive to merger physics when the signal is short, as it is
for high-mass BBH, and imperfections in the waveform are likely to
be most pronounced in this regime.

6.3.3 Correlation between spin / precession and eccentricity

GW190521A has previously been shown to be consistent with both an
eccentric and a spin-precessing system [34, 35, 192, 377]. GW190620AHere I refer to the

original results for
GW190521,

presented in Chapter
5.

does not have strong evidence for precession [37], but is found by our
quasi-circular analysis to support a non-zero value of the effective
inspiral spin parameter, χe f f ∼ 0.3 [250]. However, when we reweight
to our target (eccentric) posterior, higher values of χ1 and χ2 are
weighted lowly, giving us χe f f = 0.06+0.2

−0.2 after reweighting. There is a
clear correlation between χ1 and eccentricity in the central-lower
panel of Figure 6.3; this agrees with the correlation between effective
spin and eccentricity noted by [329]. Our findings for GW190620A
support the argument that eccentric systems may be mistaken by
quasi-circular parameter estimation efforts as systems with non-zero
aligned spin.

6.4 discussion

Since the fraction of binary black holes merging with detectable
eccentricity in dense star clusters is thought to be robust to changes in
simulation parameters, observations of orbital eccentricity can be
used to constrain the fraction of LIGO–Virgo binaries being produced
in these environments. In Zevin et al. [491], the lower limit on this
branching fraction, βc, is shown to be 0.14 (0.27) at 95% credibility for
a number of observations with e10 ≥ 0.05, Necc = 1 (2), when the total
number of observed BBHs is Nobs = 46.
In this work, we present GW190620A, a source with 74% of its
eccentricity posterior above e10 = 0.05. Combining this event with
GW190521, there are now two gravitational-wave events with
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signatures of non-zero eccentricity. We include measurements for 36

BBH in this work, but use Nobs = 46 to calculate conservative lower
limits on the cluster branching fraction. With Necc = 2, the cluster
branching fraction βc ≥ 0.27. If GW190521A is actually a
quasi-circular precessing system and GW190620A is truly eccentric,
then βc ≥ 0.14
While we highlight the two events with the majority of their posterior
support at e10 ≥ 0.05, there are an additional ten events that show
support for eccentricity, remaining consistent with or peaking at
e10 & O(0.01). Although these events have less statistically significant
support for eccentricity, with no more than 38% of their posterior
probability in the region of e10 ≥ 0.05, their support relative to other
GWTC-2 events (see Table 6.2) introduces the possibility that we may
have ≥ 4 eccentric events in GWTC-2. If these events truly are
eccentric—not just statistical fluctuations, or capturing the effects of
spin-induced precession—then dense star clusters alone cannot
account for the abundance of eccentric binaries [491]. This would
mean that other channels capable of producing eccentric compact
binaries must be contributing significant quantities of mergers to our
catalogues. Recent work has shown that in environments like active
galactic nuclei discs, up to ∼ 70% of binary black hole mergers retain
detectable eccentricity within the LIGO–Virgo band [390, 430],
depending on the freedoms of motion available to binaries within the
disc. While we do not yet well-understand active galactic nuclei as
dynamical formation environments, a spurious overabundance of
eccentric mergers may, in fact, indicate that alternative dynamical
environments, such as active galactic nuclei discs, play a significant
role in producing mergers detected by LIGO and Virgo.
Eccentric waveform model development is ongoing, and recent
models are becoming efficient enough to perform parameter
estimation directly [e.g., 110, 237, 404, 483]. Additionally,
model-independent analyses such as that simulated in Dálya, Raffai,
and Bécsy [125] may be useful for future discovery of high-eccentricity
sources, which can be missed by searches that assume quasi-circular
signals [e.g., 93]. It is not computationally feasible to analyse tens of
long-duration events with SEOBNRE, but we anticipate that it will
soon be possible to compute eccentric analysis of catalogues using
new, inexpensive waveform models. Different waveform model
families are based on different physical approximations, and different
eccentric waveform models may use different definitions of
eccentricity; any future studies comparing analyses with multiple
models must quantify the effects of these differences. Additionally,
while there are no waveform models currently available that contain a
variable initial argument of periapsis, the effects of eccentricity and
the effects of spin-induced precession, we hope that waveform
development in this direction [e.g., 258] will enable us to disentangle
the effects of these three parameters in future work.
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6.5 appendix a : events consistent with quasi-circularity

We provide the percentages of the posterior above e10 = 0.05 and 0.1
in Table 6.2 for events that do not have significant posterior support
for e10 ≥ 0.05. All of these events have less than 16% of their posterior
support above e10 = 0.05, so are consistent with quasi-circularity
within our sensitivity limits to eccentricity. We also provide here the
natural-log Bayes factors for the hypotheses that e10 ≥ 0.05 and 0.1.
All of these events have lnB ≤ −0.2 for the hypothesis that e10 ≥ 0.05
relative to the hypothesis that e10 ≤ 0.05, implying that the data does
not favour the eccentric hypothesis over the quasi-circular hypothesis.
We show the posterior probability distributions for the eccentricity of
these events in Figure 6.6.
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Table 6.2: Percentages of the eccentricity posterior probability distribution above 0.1 and 0.05 for the 14 events analysed in this paper that have low support for
e10 ≥ 0.05. We also provide the natural log Bayes factors lnB for the hypotheses that e10 ≥ 0.1 (0.05) against the hypothesis that e10 ≤ 0.1 (0.05). These
events all have less than 16% of their posterior above e10 = 0.05, and have lnB(e10 ≥ 0.05) ≤ −0.2.

Event name percentage e10 ≥ 0.1 percentage e10 ≥ 0.05 lnB(e10 ≥ 0.1) lnB(e10 ≥ 0.05) reweighting efficiency (%)

GW190408A 4.86 13.79 −0.69 −0.35 48

GW190413A 2.17 9.84 −1.24 −0.65 70

GW190413B 4.73 13.49 −0.68 −0.35 88

GW190421A 1.58 9.58 −1.81 −0.75 79

GW190503A 3.67 11.78 −0.98 −0.51 61

GW190514A 5.83 14.81 −0.45 −0.24 85

GW190517A 5.38 13.04 −0.52 −0.34 4

GW190519A 5.08 14.95 −0.59 −0.20 27

GW190602A 3.85 12.27 −0.84 −0.43 54

GW190701A 5.64 15.30 −0.50 −0.20 84

GW190731A 2.21 9.71 −1.10 −0.55 90

GW190803A 4.08 11.65 −0.99 −0.58 2

GW190910A 1.32 10.04 −1.20 −0.47 63

GW190929A 3.28 12.91 −0.76 −0.30 48
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6.6 appendix b : eccentric likelihood / eccentric poste-
rior with uniform prior

We plot the eccentric model likelihood for all 36 BBH so far analysed
for eccentricity in GWTC-2 in Figure 6.7. The eccentric likelihood is
obtained by dividing out the log-uniform prior on eccentricity from
the eccentric posterior distribution. The resulting likelihood is
equivalent to the posterior that would be obtained if we used a
uniform sampling prior on e10. While the log-uniform prior
represents our prior expectations of the eccentricity of our sources,
dividing this out better illustrates which events are not
well-supported by the negligible eccentricity hypothesis. GW190521A
and GW190620A are the only two events with negligible likelihood
amplitude at e10 = 10−4.

6.7 appendix c : overlap between seobnre and imrphe-
nomd, and the mass dependence of the upper eccen-
tricity constraint

We observe that higher-mass systems have higher credible limits on
their minimum eccentricity at 10 Hz than lower-mass systems. It is
easier to constrain the eccentricity of lower-mass systems because
they have more cycles in-band than higher-mass systems, so more of
the eccentricity-imprinted inspiral is observed. In Figure 6.8, we plot
the overlap between SEOBNRE and IMRPhenomD as the eccentricity
encoded in the SEOBNRE waveform is increased.8 Where the overlap
is roughly constant (with oscillations due to the hard-coded initial
argument of periapsis of the eccentric waveform, which we cannot
change), the eccentric and quasi-circular waveform are
indistinguishable at current detector sensitivity. Above some value of
eccentricity, the overlap between SEOBNRE and IMRPhenomD
rapidly decreases. The value of eccentricity at which this happens is
the lower limit of eccentricity sensitivity for that particular waveform.
This means that, for lower-mass systems, it should be possible to
measure smaller eccentricities than for higher-mass systems.

6.8 appendix d : massively parallel analysis to confirm

eccentric posteriors with direct sampling

To confirm that our reweighted eccentricity posteriors are consistent
with those obtained with direct sampling, we use
parallel_bilby [417] to directly sample the posterior of GW190521A
with eccentric waveform model SEOBNRE using 800 parallel cores.
Even with a large number of cores, the full analysis is
computationally prohibitive, so we restrict our priors to a region in
the vicinity of the posterior maximum: detector-frame chirp masses
between 90 and 140 M�, individual component masses between 40

8 See Lower et al. [291] for details of the overlap calculation. For this demonstration we
use just one detector with LIGO Livingston-like sensitivity.
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Figure 6.6: Posterior probability distributions on e10 for 14 events in GWTC-2
with eccentricity posteriors that have little support for e10 ≥ 0.05.
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Figure 6.7: The posterior probability distributions under a uniform eccen-
tricity prior for all 36 BBH events so far analysed for eccentricity
using SEOBNRE. This is equivalent to the likelihood distribu-
tion used in our primary analysis using a log-uniform prior on
eccentricity.
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Figure 6.8: The overlap between SEOBNRE and IMRPhenomD with identical
parameters but with eccentricity in the SEOBNRE waveform. We
plot the overlap curves for systems with q = 0.8 and detector-
frame m1 from 10 M� to 45 M� at intervals of 1 M�, with legend
labels at every 5 M� interval. We use a duration of 4 s and sam-
pling frequency of 4096 Hz. Because the mismatch between two
waveforms tends to worsen as the number of cycles in-band
increases, the maximum overlap gets lower as the mass of the
system decreases, leading to lower reweighting efficiency for
lower-mass systems. However, lower-mass systems also deviate
from semi-constant overlap at lower eccentricities, so we are able
to constrain their eccentricity to lower values.
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Figure 6.9: Posterior probability distributions on intrinsic parameters for
GW190521A, with reweighted results shown in grey and directly
sampled results shown in pink.

and 140 M�, and |χ1| < 0.5 and |χ2| < 0.3.9 The posterior obtained
with direct sampling (pink) is compared to that obtained with
reweighting under the same prior restrictions (grey) in Fig. 6.9. The
two posteriors display the same strong posterior support for
eccentricity above e10 = 0.1 while producing qualitatively similar
posterior distributions for the other parameters. This check gives us
confidence that the reweighting method is reliable. While direct
sampling is possible for GW190521A—a single, short-duration event,
with restricted priors—this is not practical for other events.

9 The restricted prior run required ∼ 35 hr of wall time with 800 cores.
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E C C E N T R I C M E R G E R S A S S N A P S H O T S O F
G L O B U L A R C L U S T E R F O R M AT I O N O V E R

C O S M I C T I M E
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G R AV I TAT I O N A L WAV E S A S A P R O B E O F
G L O B U L A R C L U S T E R F O R M AT I O N A N D
E V O L U T I O N

This Chapter almost identically replicated the paper published as [375], with
some changes to the layout of figures to increase readability. The original
appendices appear as Sections in the same order as they appeared in the
original text.

abstract

Globular clusters are considered to be likely breeding grounds for
compact binary mergers. In this paper, we demonstrate how the
gravitational-wave signals produced by compact object mergers can
act as tracers of globular cluster formation and evolution. Globular
cluster formation is a long-standing mystery in astrophysics, with
multiple competing theories describing when and how globular
clusters formed. The limited sensitivity of electromagnetic telescopes
inhibits our ability to directly observe globular cluster formation.
However, with future audio-band detectors sensitive out to redshifts
of z ≈ 50 for GW150914-like signals, gravitational-wave astronomy
will enable us to probe the Universe when the first globular clusters
formed. We simulate a population of binary black hole mergers from
theoretically-motivated globular cluster formation models, and
construct redshift measurements consistent with the predicted
accuracy of third-generation detectors. We show that we can locate
the peak time of a cluster formation epoch during reionisation to
within 0.05 Gyr after one year of observations. The peak of a
formation epoch that coincides with the Universal star formation rate
can be measured to within 0.4 Gyr—10.5 Gyr after one year of
observations, depending on the relative weighting of the model
components.

7.1 introduction

The first detections of gravitational waves, made over the last five
years [30, 37], provide a new lens through which to observe the
Universe. Advanced LIGO [29] and Virgo [39] have confirmed the
existence of multiple phenomena that, prior to the era of
gravitational-wave astronomy, had only been theoretically proposed;
stellar-mass binary black holes (BBH) [26], merging neutron stars [12,
14], and intermediate-mass black holes [34] have all been directly
observed with gravitational waves.
We are accruing gravitational-wave observations of merging black
holes at an accelerating rate [26, 30, 37, 38]. This abundance of BBH
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merger detections presents a variety of puzzles across theoretical
astrophysics. One such question is how BBH systems that merge
within the age of the Universe are assembled. If the binary evolves in
isolation, this outcome may be achieved via the common envelope
process [see, e.g., 78, 239, 267, 290], stable mass transfer of a stellar
secondary onto the primary black hole [66, 321, 499], chemically
homogeneous evolution [313, 498] and/or ambient gas-driven
fallback [432]. Alternatively, the compact object binary may form
dynamically. In this case, the two components evolve separately, only
encountering one another once they are already black holes. For this
encounter to take place, the components must reside in an
environment facilitating dynamical interactions. Such environments
include active galactic nuclei [e.g., 210], nuclear star clusters [e.g., 176,
224], young massive clusters [136] and globular clusters [e.g., 227,
368]. In globular clusters, mass segregation leads to the formation of a
dark compact-object core [see, e.g., 265, 316, 470], where black holes
may interact and merge dynamically. Evidence from LIGO–Virgo’s
third observing run suggests that a substantial fraction (≈ 25− 93%
with 90% credibility) of merging BBH form dynamically [38]; see also
[34, 35, 377, 488].Here I refer to the

GW190521 paper,
which can be found

in Chapter 5.

The gravitational-wave signal from a binary compact object merger
carries information about the source’s component masses, component
spins, and orbital eccentricity. These parameters can be used to
distinguish which formation channel the binary evolved through.
When a BBH system evolves in isolation, it is expected to have
component masses m . 65 M� due to the effects of pair-instability
supernovae (e.g., [165, 218, 433]; see [72] for a review of recent
updates to this limit for various stellar populations). The co-evolution
of the binary is thought to lead to component spins that are
preferentially aligned with the orbital angular momentum [100, 242,
423, 436], and since compact binary orbits circularise through
gravitational radiation at a faster rate than their separation reduces,
any orbital eccentricity induced by the supernovae of the components
becomes negligible by the time the gravitational-wave signal enters
the observing band [223, 343].1 When a BBH system forms and
merges dynamically, its properties can be detectably different from
those of isolated mergers. In the dense environments that support
dynamical formation, repeated BH or stellar mergers can give rise to
binaries in which one or both components have masses within the
pulsational pair-instability mass gap [e.g., 194, 255, 264, 394]. Because
the components do not co-evolve, their spins may have any
orientation relative to each other [370], and few-body interactions
and/or gravitational-wave captures can give rise to mergers with
non-negligible eccentricity close to merger [see, e.g., 203, 265, 363, 393,
396, 492]. In globular clusters, ∼ 5% of all BBH mergers are expected
to have significant eccentricity close to merger (e ≥ 0.1 at 10 Hz) [363,
364, 389, 391].

1 While Kozai-Lidov resonance [263, 282] is predicted to lead to eccentric mergers and
mis-aligned spins, the Kozai-Lidov field merger rate is thought to be small [e.g., 51,
166, 182, 365, 409].
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Globular clusters are observed in great quantities, both inside our
Galaxy and beyond; there are ≈ 160 known globular clusters in the
Milky Way [385], ≈ 500 in the neighbouring Andromeda Galaxy [342],
and ∼ 12000 in supergiant elliptical galaxies like M87 [438]. Despite
their prolific nature, it is not known how globular clusters form.
Globular clusters contain stars that are thought to be among some of
the most ancient in their host galaxy [for example, the globular
cluster Hpl contains some of the most ancient stars (& 12 Gyr) in the
Milky Way; 248], making their formation difficult to observe with
electromagnetic telescopes. To date, the primary method to constrain
cluster ages is main-sequence fitting of colour-magnitude diagrams
[e.g., 207, 399, 452] with a small subset of cluster ages also
determined from the white dwarf cooling sequence [e.g., 191, 215].
Typical globular cluster age measurements have uncertainties of order
O(1 Gyr); see [171, 173] and references therein. It is hoped that the
James Webb Space Telescope (JWST)—due to be launched in October,
2021 [319]—will be able to constrain cluster ages to within 1 Gyr [e.g.,
121].
Measurements of globular cluster ages and metallicities suggest two
different globular cluster sub-populations: very old globular clusters,
which are observed to have a wide range of ages and metallicities; and
younger globular clusters, which have metallicities that anti-correlate
with their ages [172, 173, 215, 278, 452]. Current theories of globular
cluster formation fall into two main categories: (i) clusters formed as
a byproduct of active star formation in galaxy discs [e.g., 144, 269,
405] and (ii) clusters formed due to the collapse of dark matter halos
during or before the epoch of reionisation [e.g., 147, 245, 256, 292, 355,
447]. In category (i), the formation probability follows the observed
star formation rate [SFR; 295], peaking at z ≈ 2.5 [171, 173], while in
category (ii) the formation probability peaks at 6 . z . 12 [173, 447].
Constraining the primary formation epoch of globular clusters will
answer long-established questions in astrophysics. If globular clusters
predominantly form before z ≈ 6, they may play a leading role in the
reionisation of the Universe [e.g., 292]. On the other hand, if the
globular cluster formation probability curve follows the SFR, and the
majority of star formation takes place in such environments [e.g., 274],
then detailed understanding of cluster formation histories may place
critical constraints upon the overall SFR. If we know the formation
epoch of clusters, then we can adjust N-body simulations to more
correctly reproduce clusters observed at z = 0, thereby enhancing our
physical descriptions of cluster initial conditions. Our understanding
of the role that globular clusters play in the evolution of galaxies—for
example, whether globular clusters are early galaxies [145], failed
galaxies [147], or galaxy remnants [297]—can also be improved by
observing globular clusters as they form and evolve.
As detectors improve, gravitational waves will allow us to trace
compact binary mergers throughout cosmic time [see, e.g., 386, 465].
In turn, this will allow us to use gravitational waves as probes of
cluster formation and evolution. The current generation of detectors
can observe events out to redshifts z . 1.5—not far enough for
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globular cluster formation to be traced through our observations. In
order to examine globular cluster formation, we must wait for
third-generation gravitational-wave observatories such as the Einstein
Telescope [354] and Cosmic Explorer [28]. These observatories,
proposed to begin taking data ca. 2035, will be able to detect BBH
mergers with total mass of order O(100)M� out to redshifts z ≈ 30,
and GW150914-like mergers out to z ≈ 50 [211].
In this paper, we demonstrate the power of gravitational-wave
observations as probes of globular cluster formation and evolution. In
Section 7.2.1, we motivate a Gaussian mixture model describing the
globular cluster formation probability over cosmic time. We explain
the metallicity-dependent merger time distribution used to convert
this underlying globular cluster formation probability to the BBH
merger probability in Section 7.2.2. In Section 7.3, we outline our
population inference method. We test our ability to recover the
underlying globular cluster formation probability in Section 7.4,
obtaining population inference results using simulated
third-generation gravitational-wave observatory data with realistic
uncertainties. For these simulations, we use only mergers that are
massive and rapid-merging—signatures of dynamical formation—as
“snapshots” of the clusters at creation. We find that we can measure
the formation epochs of globular clusters to 0.02 —0.6 Gyr precision at
99% credibility after one year of third-generation gravitational-wave
observations—comparable to the forecasted accuracy of JWST [e.g.,
121]—unless cluster formation primarily occurs during reionisation,
in which case the precision with which we can locate a secondary
lower-redshift formation epoch is reduced to O(10)Gyr. If we use all
cluster mergers instead of just the small fraction that we consider to
be identifiable as such, our constraints on cluster formation epochs
tighten by up to an order of magnitude. In Section 7.5, we state the
assumptions and caveats underlying our model. We conclude in
Section 7.6.
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7.2 model

In the following section, we describe our model, which combines
theoretically-motivated globular cluster formation probability
distributions (described in Section 7.2.1) with simulated BBH merger
distributions (described in Sections 7.2.2 and 7.2.3). We assume a flat
ΛCDM Universe with H0 = 67.7 kms−1Mpc−1 and Ω0 = 0.307 [345].

7.2.1 Globular Cluster Formation Probability Distribution

Our globular cluster formation probability is modelled by a
two-component Gaussian mixture model in redshift. The first
component represents SFR-driven globular cluster formation, with
mean µ1, standard deviation σ1 and weight w1; the other represents
reionisation-driven globular cluster formation, with mean µ2,
standard deviation σ2 and weight w2.
We simulate a fiducial globular cluster formation probability using
specific parameter values shown in Table 7.1. For the injection sets, we
set the mean and standard deviation of the SFR-driven peak in order
to best represent the true shape of the SFR [295]. The mean of the
reionisation-driven peak is motivated by the results of [447]; see also
[355].
To investigate our ability to distinguish the preferred channel of
globular cluster formation, we vary the weight ratio w2/w1. We
consider three cases: (i) that globular clusters are formed primarily as
a byproduct of the SFR, and there is a small contribution formed
during reionisation (w2/w1 = 1/9); (ii) that globular clusters are formed
with equal probability during reionisation and through star formation
(w2/w1 = 1); and (iii) that globular clusters are formed primarily
during reionisation, with a small contribution forming in accordance
with the SFR (w2/w1 = 9). All three cases lead to a similar merger
probability at z = 0, so the scenarios cannot be distinguished by
existing detectors. However, third-generation detectors will be able to
constrain w2/w1. Our three globular cluster formation probability
functions are plotted in pink in the three panels of Figure 7.1.

7.2.2 Binary Black Hole Merger Probability Distribution

In order to translate globular cluster formation probability into
gravitational-wave observables, we calculate the distribution of BBH
mergers in globular clusters. To simulate globular cluster evolution,
we use the CMC Cluster Catalog [265]. These simulations were
computed using CMC [241, 339], a Hénon-type Monte Carlo code
which includes various physical processes relevant to the dynamical
formation of BH binaries including two-body relaxation, stellar and
binary evolution [computed using updated versions of SSE and BSE;
234, 235], and direct integration of small-N resonate encounters [187]
including post-Newtonian effects [363]. A number of parameters
relevant to the long-term cluster evolution are varied within this set
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Value

Parameter z t [Gyr]

µ1 2.00 3.30

σ1 1.50 2.32

µ2 10.00 0.48

σ2 1.35 0.09

w2/w1 1/9, 1, 9

Table 7.1: Parameter values chosen for our fiducial globular cluster forma-
tion probability models, used in the injection studies described in
Section 7.4. Each of the two Gaussian peaks in our model has mean
µj and standard deviation σj, where j = 1 refers to the SFR-driven
peak and j = 2 refers to the reionisation-driven peak. The ratio
w2/w1 determines the relative weight of the reionisation-driven peak
against the SFR-driven peak. We vary w2/w1 to test our ability to
recover the underlying globular cluster formation probability in
three different scenarios, between which the dominant formation
mechanism of clusters varies.

of simulations (namely the total cluster mass, initial virial radius,
metallicity, and radial position within the Galactic potential), with
values chosen to reflect the observed properties of the Milky Way
globular clusters. Altogether, this catalogue nearly completely covers
the full parameter space of the Milky Way globular clusters and
captures the formation of a variety of astrophysical objects such as
gravitational-wave sources as well as X-ray binaries, pulsars, and blue
stragglers. By implementing a cluster age distribution model from
El-Badry et al. [142], Kremer et al. [265] estimated a BBH merger rate
of roughly 20 Gpc−3 yr−1 in the local Universe, consistent with
previous theoretical work on the subject [e.g., 49, 55, 366, 367] as well
as with the observational rate inferred from the second LIGO/Virgo
catalogue [37].
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Each newborn globular cluster in our model has a
metallicity-dependent merger time distribution. The clusters in the
CMC Cluster Catalog have one of three absolute metallicities:
0.0002, 0.002, and 0.02. We combine mergers from clusters with the
same metallicity, then sort the mergers into 100 time bins. We use a
univariate spline to smoothly interpolate between the bin heights. We
then perform a two-dimensional linear interpolation between these
smoothed merger distributions of both cluster age and metallicity. To
calculate the merger distribution for a cluster born at a certain
redshift, we assume for simplicity that metallicity increases linearly
with the age of the Universe. We assume a metallicity of Z = 0.0002
at a redshift of 24 and a metallicity of Z = 0.02 at the present day [see,
e.g., Figure 6 of 283, for observationally-driven proposals for
metallicity evolution over cosmic time].
We convert the sum of merger time distributions from all clusters into
a probability distribution in redshift, from which we draw our source
population. In Figure 7.1, the merger probability distributions from
each of the three globular cluster formation probability models are
plotted with teal curves. In Figure 7.2, we illustrate in grey the merger
time distributions for two clusters: one formed at z = 2 and one
formed at z = 10.

7.2.3 Rapid mergers as cluster formation snapshots

The merger time for a BBH formed dynamically in a stellar cluster is
determined by three timescales: (i) the cluster formation time, (ii) the
time required for BBH formation through dynamical encounters, and
(iii) the gravitational-wave inspiral time from the time of last
dynamical encounter to merger. The latter two timescales are sensitive
to a variety of host cluster properties including total cluster mass,
half-mass radius, and BH mass distribution [e.g., 55, 265, 370]. As a
consequence, disentangling the cluster formation time distribution
from the merger time distribution for a given list of dynamical BBH
mergers may pose a challenge. This challenge may be circumvented
by looking at specific classes of mergers known to have prompt
merger times, tmerge . O(100 Myr) since cluster formation. For these
rapid mergers, the observed merger time distribution much more
closely traces the underlying cluster formation time distribution.
Rapid mergers in globular clusters are expected to have two primary
characteristics: high eccentricities and high masses. During small-N
(‘few-body’) resonant encounters, pairs of BHs can form that merge
rapidly, making them more likely to retain orbital eccentricity at
detection. As discussed in Samsing [389] and Kremer et al. [265],
roughly 5− 10% of cluster mergers are expected to retain high
eccentricity (e ≥ 0.1) close to merger ( fGW = 10 Hz). These binaries As we found in

[491], the detectable
percentage after
accounting for
selection effects is
more like 4%.

can have gravitational-wave inspiral times as short as days [e.g., 492];
this makes them ideal tracers of cluster formation, as they merge
relatively quickly after the cluster forms and are more likely to retain
the dynamically-induced eccentricity that can reveal their formation
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channel. As a natural consequence of dynamical friction, the most
massive BHs in a cluster are expected, on average, to be the first to
form BBHs and the first to merge [e.g., 316]. Thus, BHs with masses
near the assumed upper limit of the BH mass distribution (40.5M� in
the CMC Cluster Catalog) that merge through gravitational-wave
capture encounters are ideal rapid merger candidates. For the anaysis
presented in Section 7.4, we consider only globular cluster binaries
that merge through resonant few-body encounters.
There is an inherent additional delay associated with
second-generation BHs formed through previous BH mergers that
remain bound to their host cluster. Although these will preferentially
merge again quickly (within a few 10 Myr of the previous merger)
due to their relatively high mass, we do not include
second-generation mergers in this analysis. Here, we consider only
those massive few-body mergers that are first-generation (1G), having
both component masses above 35M� and below 40.5M�. We plot this
distribution of mergers in pink in Figure 7.2. Over the redshift range
that we study, the fraction of 1G massive few-body mergers varies
between 3% and 6% of all cluster mergers. We construct the merger
time distribution using only 1G massive few-body mergers, and draw
only 5% of the number of detections expected from the observing
durations.

7.3 method

We simulate redshift posterior probability distributions for a
population of BBH mergers, and use the population inference
framework to discern the injected distribution of the population. The
likelihood for the data d is

Ltot(d|Λ) =
N

∏
i

Z∅(di)

ni

ni

∑
k

π(θk
i |Λ)

π(θk
i |∅)

. (7.1)

In this equation, Λ is the set of parameters describing the population
distribution, while θk

i are the parameters describing the kth posterior
sample of event i (in our case, θi is only one parameter – redshift).
Each event i has ni posterior samples; there are a total of N events.
The sampling prior used for inference on data di for event i is
π(θi|∅), which is reweighted to obtain results for a population-based
prior π(θi|Λ). The evidence obtained with the original sampling is
Z∅(di). In our case, the population prior π(θi|Λ) is the distribution
described in Section 7.2.
Distance measurement uncertainties are likely to be O(10%) for most
binaries observed with third-generation detectors [464, 493] . To
model uncertainty of approximately this magnitude, we assume
Gaussian likelihoods of width σzi = 0.1zi. These likelihoods each have
a mean µzi = zi + ri, where ri is a random offset drawn from a
Gaussian of mean µri = 0 and σri = σzi . We produce a posterior curve
by multiplying the likelihood by a uniform sampling prior. (This prior
is divided out in the calculation of Eq. 7.1.) From this posterior curve,
we draw 50 simulated posterior samples for each event.
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To execute our population analysis, we use the Bayesian inference
library bilby [54, 378]. We use uniform priors over all parameters. The Here I refer to the

Bilby paper, which
is provided in
Chapter 2.

prior covers the range 10−5 ≤ z ≤ 6 for µ1, 0.5 ≤ z ≤ 6 for both σ

values, and 6 ≤ z ≤ 20 for µ2. The prior on w2/w1 ranges from 10−2 to
10.
The formation channel of a binary may be identified using a method
such as that developed in [254], in which a BBH merger’s mass and
spin measurements are used to calculate its probability of being a
hierarchical merger in a globular cluster. Similar methods may be
extended to incorporate eccentricity measurements, which will be
illuminating for globular clusters as we expect ∼ 5% of globular
cluster mergers to have eccentricity e ≥ 0.1 at 10 Hz [see, e.g., 389].
While precession is considered a hallmark of dynamical mergers,
there have been relatively few events that have clear precession
measurements [30, 37]; however, both precession and anti-aligned
spins can be measured at a population level, as demonstrated in [38].
With third-generation detectors, component spins and precession will
be well measured [e.g., 468]. Using such measurements at both an
individual and population level, it may be possible to estimate the
sub-population of globular cluster mergers within a set of BBH
mergers from a variety of formation channels.
In this paper, we assume that mergers identified as cluster mergers
have 0% probability of having formed via a different channel. Such
definitive statements are unlikely to be made based on the parameters
of detected binaries for the vast majority of sources even if we allow
for future improvements to our mechanisms for performing such
identifications. In the future, binaries that form in globular clusters
but are kicked out before merging may still be indistinguishable from
isolated mergers, and those that do merge inside the cluster are likely
to have properties similar to those in other dynamical environments
(e.g., AGN discs and galactic nuclei) or field triples undergoing
Kozai-Lidov resonance. More complex future analyses should weight
the samples from each event by the probability that each binary
formed inside a globular cluster. This is an additional complication
that can be built upon the method presented here, and is left for
future work.

7.4 injection studies

The Universal merger rate implied by current BBH merger
observations is ∼ 0.2 min−1 [4]. For an all-seeing detector, this
translates to a BBH signal detection count of O(500) per day [296].
Third-generation detectors like CE and ET will be close to all-seeing,
detecting GW150914-like events out to redshifts z ≈ 50, and
GW190521-like out to z ≈ 30 [211]. We use 500, 10000 and 100000 as
order-of-magnitude estimates for the total number of GC mergers in
one day, one month and one year, respectively. This is a reasonable
approximation if GC mergers make up ≥ 10% of all mergers in the
Universe. We assume, based on the fraction of massive and
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Figure 7.6: Globular cluster formation rates inferred from simulated third-
generation detector observations of first-generation massive few-
body mergers after (a) one day (using 25 1G massive few-body
mergers from the total population of 500), (b) one month (us-
ing 500 of 10000) and (c) one year of detections (using 5000 of
100000). Each panel represents an underlying model with a dif-
ferent weighting of the two components of the Gaussian mixture
model that represents the globular cluster formation rate. Left:
SFR-driven peak dominates formation rate; Middle: Each peak
contributes equally to formation rate; Right: Reionisation-driven
peak dominates formation rate.

[ January 28, 2022 at 16:39 – classicthesis v4.6 ]



133

µ1 99% CI width (Gyr)
w2/w1 Day Month Year

9 11.92 12.01 10.49

1 11.99 9.87 0.53

1/9 10.44 4.32 0.39

µ2

9 0.48 0.06 0.02

1 0.74 0.08 0.02

1/9 0.74 0.42 0.05

Table 7.2: Width of 99% credible intervals (CIs) around µ1 (top) and µ2
(bottom) for each injection study described in Section 7.4. For these
injection studies we use only first-generation massive few-body
mergers, and include a 10% uncertainty on source redshift. When
the 10% uncertainty is removed, the width of these uncertainty
intervals does not meaningfully change.

quick-merging binaries observed in the cluster simulations described
in Section 7.2, that only ∼ 5% of these observations can be confidently
identified as cluster mergers. To simulate a month’s worth of
confidently-identified cluster mergers, for example, we use 500 events.
We simulate data after one day, one month, and one year of observing,
for three different models of the underlying globular cluster
formation probability. The first case we consider is one where
globular clusters do not form efficiently during reionisation. In this
case, the globular cluster formation probability curve closely follows
the observed SFR. We set the weight ratio w2/w1 = 1/9, such that 90%
of all clusters form within the SFR peak. In the second case, we set the
weight ratio w2/w1 = 1, which leads to a 50–50 split between clusters
contributed from each peak. The final case we consider is one where
globular clusters primarily form during reionisation, such that 90% of
clusters are formed within the reionisation peak. We set w2/w1 = 9. For
all three injected data sets, the remaining four parameters
(µ1, µ2, σ1, σ2) are fixed to the values provided in Table 7.1. We show
the globular cluster formation probability curve and resulting
probability distribution of observable BBH mergers for all three cases
in Figure 7.1.
In Figure 7.6, we plot the injected underlying globular cluster
formation probability curve in pink, and compare it to the recovered
median and 99% credible intervals in grey. For all three observing
periods, the injected distribution is within the 99% credible interval.
Probability distributions on the five populations parameters µ1, µ2, σ1,
σ2 and w2/w1 are provided as corner plots in Appendix 7.7. We state
the widths of the 99% credible intervals around µ1 and µ2 for each
study in Table 7.2.
We repeat the above injection studies for two additional scenarios. In
the first, we neglect any measurement uncertainty and assume that
each source is represented by a delta function at its true value of z. In
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this case, we see negligible change in the widths of the 99% credible
intervals around µ1 and µ2. In the second, we include redshift
measurement uncertainty, but optimistically assume that all cluster
mergers can be confidently identified, thereby allowing us to use
100% of the mergers from the CMC Cluster Catalog to construct
our model. This leads to a reduction of up to an order of magnitude
in the width of the 99% credible interval around µ1 and µ2; for one
day of observing all cluster mergers, the credible intervals are nearly
identical to those seen for a month of observing only 1G massive
few-body mergers. These measurements are more precise—despite
the longer average merger timescale—because we are able to use 20

times as many events to probe the cluster formation rate. The
precision with which we can measure globular cluster formation
epochs with third-generation observations, therefore, sensitively
depends on the number of events that are confidently identified as
globular cluster mergers.

7.5 systematic error analysis and caveats

We make a number of simplifying assumptions and approximations
in our analysis, allowing us to demonstrate a generic way to probe
globular cluster formation using gravitational-wave detections. These
are listed in this section, with the aim to reduce the number of
assumptions we make in future work that builds upon this paper.
We approximate both epochs of globular cluster formation as simple
Gaussians in redshift. However, the true SFR determining the shape
of the cluster formation probability does not follow a Gaussian, and
the shape of the reionisation-driven cluster formation probability is
not known. More complex future extensions of this work may allow
the shape of the Gaussians to vary, with the skewness of the Gaussian
a model variable. We assume that the redshift posterior distributions
are also Gaussian, but the true shape of the uncertainty distribution
would vary depending on the noise in the data containing each signal.
We set our injection studies in an optimistic future where merger
channels can be perfectly distinguished. While we analyse the merger
distribution of only those globular cluster BBH that are high-mass,
rapid-merging and highly likely to be detectably eccentric (signatures
of dynamical origin) for our primary results, we still ignore any
possibility of contamination from other dynamical formation channels
that produce mergers with similar properties, such as mergers in
AGN or Kozai-Lidov [263, 282] triples in the field.
We also do not account for any sources redshifting out-of-band due to
high masses or high eccentricities at high redshift. We do not account
for the disruption/creation of globular clusters during galaxy
mergers; while the increased star formation of merging galaxies
should be absorbed into the SFR peak of our models, the shape of the
merger time distribution at a given epoch will differ if clusters are
disrupted/created at that time due to galaxy mergers, even if the
overall number of globular clusters remains the same.
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We assume that metallicity increases linearly with the age of the
Universe to obtain different merger time distributions for clusters
born at different times, but do not consider a time-evolving initial
mass/density function. Metallicity, mass and density may become
globular cluster variables in future iterations of our model, allowing
us to consider whether the physical properties of clusters can be
inferred from observations of gravitational waves.

7.6 conclusions

In this work, we show that observations from third-generation
gravitational-wave detectors will allow us to measure the formation
epochs of the population of globular clusters. Our primary results are
obtained assuming that only first-generation massive few-body
mergers can be confidently identified as globular cluster mergers. If
up to 50% of clusters are born following the SFR, a cluster formation
epoch at z = 2 can be resolved to within less than 1 Gyr precision
after one year of observing; however, if the majority of clusters are
born during reionisation, the time of this epoch will have an
uncertainty O(10)Gyr. For all scenarios, a cluster formation epoch at
z = 10 can be resolved to within less than 1 Gyr precision after just
one day of observing, and to within 0.05 Gyr after a full year. If we are
able to confidently identify all globular cluster mergers as such, these
uncertainty bands can decrease by up to an order of magnitude. With
third-generation detectors Cosmic Explorer and Einstein Telescope
due to commence observing in the 2030s [296, 361], the question of
how globular clusters formed may be answered with
gravitational-wave observations within the next twenty years. These
results will be complementary to measurements from electromagnetic
telescopes, such as JWST, which will be able to constrain the ages of
individual clusters to within O(1)Gyr [e.g., 121].
Our method can be extended for use in multiple future projects. For
example, we could assign a population of mergers from multiple
formation channels with a certain probability of being globular cluster
mergers, and weight their contribution to the total merger distribution
accordingly. We could also use intrinsic binary parameters, e.g. mass
and eccentricity, to infer properties of their host clusters, like their
densities at formation. The simple procedure outlined in this paper
must be refined before application to real data. In particular, future
work should address the fact that many signals from the more
massive and highly-eccentric sources may be redshifted out-of-band.
We leave potential extensions and improvements for future work.

7.7 appendix : posterior probability distributions for

population parameters

In this section, we present posterior probability distributions for our
five population parameters in cosmic time, recovered using the
merger-time distributions of 1G massive few-body mergers. Posterior
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Figure 7.7: See the caption of Fig. 7.9.

distributions are plotted in grey, with the injected values indicated
with pink lines, and the shading gradients on the two-dimensional
posteriors indicate levels of 1σ, 2σ and 3σ credibility, while the
dashed grey error bars around the median recovered values show 99%
credible intervals.

7.7.1 Results after one day of observing

In Figures 7.7, 7.8 and 7.9 we present the one- and two-dimensional
posterior probability distributions over each population parameter
resolved after one day of observations with third-generation detectors.

7.7.2 Results after one month of observing

In Figures 7.10, 7.11 and 7.12 we present the one- and
two-dimensional posterior probability distributions over each
population parameter resolved after one month of observations with
third-generation detectors.

7.7.3 Results after one year of observing

In Figures 7.13, 7.14 and 7.15 we present the one- and
two-dimensional posterior probability distributions over each
population parameter resolved after one year of observations with
third-generation detectors.

[ January 28, 2022 at 16:39 – classicthesis v4.6 ]



137

3.20+9.80
2.19

0.4

0.8

2 [
Gy

r]

0.65+0.28
0.46

30

60

1 [
Gy

r]

3.39+49.77
2.86

0.5

1.0

2 [
Gy

r]

0.40+0.65
0.38

6 12

1 [Gyr]

4

8

w
2/w

1

0.4 0.8

2 [Gyr]
30 60

1 [Gyr]
0.5 1.0

2 [Gyr]
4 8

w2/w1

1.15+8.43
1.12

Figure 7.8: See the caption of Fig. 7.9.
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Figure 7.9: Posterior probability distributions on our five population pa-
rameters after one day of simulated third-generation detector
observations of massive few-body mergers from globular clus-
ters (25 events). Results are shown for three variations on our
two-component Gaussian mixture model: (a) w2/w1 = 1/9, (b)
w2/w1 = 1, and (c) w2/w1 = 9
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Figure 7.10: See the caption of Fig. 7.12.
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Figure 7.11: See the caption of Fig. 7.12.
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Figure 7.12: Posterior probability distributions on our five population pa-
rameters after one month of simulated third-generation detector
observations of massive few-body mergers from globular clus-
ters (500 events). Results are shown for three variations on our
two-component Gaussian mixture model: (a) w2/w1 = 1/9, (b)
w2/w1 = 1, and (c) w2/w1 = 9.
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Figure 7.13: See the caption of Fig. 7.15.
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Figure 7.15: Posterior probability distributions on our five population pa-
rameters after one year of simulated third-generation detector
observations of massive few-body mergers from globular clus-
ters (5000 events). Results are shown for three variations on our
two-component Gaussian mixture model: (a) w2/w1 = 1/9, (b)
w2/w1 = 1, and (c) w2/w1 = 9.
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8
S U M M A RY A N D C O N C L U S I O N

In this thesis, I have made the first measurements of eccentricity in
binary compact object orbits detected with gravitational waves. I first
provided a thorough overview of computational Bayesian analysis for
gravitational-wave inference, introducing the software libraries
underlying the bulk of the analysis in this thesis. I then demonstrated
the eccentricity-reconstruction technique on injections, as well as real
data—gravitational-wave signals from the first and second
gravitational-wave transient catalogues of Advanced LIGO and Virgo.
The results from analyses on real events include those for the first
event with support for non-zero eccentricity at detection:
intermediate-mass black hole binary GW190521. They also include
one other event with strong support for non-zero eccentricity,
GW190620, and several others with moderate (but inconclusive)
eccentricity support.
These measurements are caveated by two facts: that the eccentricity
reconstruction technique cannot account for binary components with
misaligned component spins, and that the initial argument of
periapsis is fixed by the starting frequency of the eccentric waveform
model. However, they do represent the first potential evidence for
compact binary orbits that deviate from quasi-circular close to merger.
In the last chapter of this thesis, I have illustrated a proof-of-concept
design for the kind of science that may be facilitated by gravitational
waves in the future, when conclusive measurements of mass, spin,
and eccentricity will identify the globular-cluster mergers in the
population, and third-generation detectors will observe mergers
occurring in the turbulent cores of newborn globular clusters.
In the remainder of this thesis, I conclude with some thoughts about
how this work should be improved and extended in the coming years.
The novel computational technique used to extend existing posterior
probability distributions to include the extra parameter of orbital
eccentricity is provided in the Appendix.

8.1 measuring the complete parameter profile of com-
pact binaries

As established in Chapter 5 and Chapter 6, our inability to measure
eccentricity and precession simultaneously restricts the inferences that
we can make, not just in terms of the nature of individual events, but
also in terms of constraining the contributions from different
formation channels to our compact merger catalogues. It is therefore
of paramount importance that future analysis efforts work towards
complete descriptions of merging compact binaries.
The most reliable way to make waveform approximants containing
the influences of both non-zero eccentricity and non-zero precession
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would be to obtain a selection of eccentric and precessing numerical
relativity waveforms and make a surrogate model [e.g., 85, 237].
However, this may not be feasible for several years. Existing
numerical relativity waveforms are rarely both eccentric and
precessing, and the simulations that produce them are extremely time-
and energy-consuming. Additionally, adding even one extra
dimension vastly increases the size of the parameter space that needs
to be explored, and hence drastically increases the number of
numerical relativity waveforms that need to be generated. While we
are waiting for sufficient numerical relativity simulations to become
available, the number of compact binary coalescence detections will
increase even more. Continuing to make eccentricity measurements of
these binaries with non-precessing waveform models will motivate
the development of waveform models that can contain both
eccentricity and precession. Before the required waveform
approximants exist, we may think about ways in which we can start
to send feelers into this unexplored region of parameter space, which
may involve extensions to the eccentricity-reweighting technique
introduced in this work. Going forward, I will be looking out for
ways to gain insights into the relationships between eccentricity and
precession: how they can be confused by parameter estimation, how
these two astrophysical effects feed into each other, and whether
measurements made using an eccentric model can provide constraints
on the binary’s effective precession (and vice versa).
Waveform models containing eccentricity and tidal effects already
exist [110], but in order to begin using additional eccentric waveform
models, we must first understand how to compare their results (see
further discussion below in 8.1.1). The final parameter to complete the
set will be the argument of periapsis, which is tuneable through the
starting frequency of the waveform simulation, and may therefore be
added to inference goals in the near future.

8.1.1 Defining eccentricity

The eccentricity of an inspiralling orbit is hard to define, since the
shape of the orbit is constantly in flux. There are three eccentricities
that may be used in the quasi-Keplerian regime: the radial, temporal or
azimuthal eccentricity may be referred to [126, 127]. Different
simulations define eccentricity in different ways, and different
waveforms employ different treatments of orbital dynamics [e.g., 103,
110]. Exacerbating the fact that eccentricity has no uniform definition
between simulations is the fact that the calculation of the frequency at
which this eccentricity is defined can vary. Some simulations use the
peak gravitational-wave frequency (as defined, for example, in
Equation 37 of [473]), while others use the periastron, apastron or
average orbital frequency. At an average (secular) frequency of 10 Hz,
the corresponding peak frequency for a moderate-eccentricity
(e10 . 0.2) system differs by a small amount (. 3 Hz), but this
difference worsens at higher frequencies and higher eccentricities.
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Work is ongoing to establish conversion functions between the
eccentricities defined by different waveforms, and increasing priority
should be placed on obtaining a common definition of eccentricity
converted from the outputs of various codes.

8.2 using gravitational waves to probe the properties

of compact binary formation environments

In Chapter 7, I demonstrated how third-generation gravitational wave
detectors may be able to constrain the formation epochs of globular
clusters by tracing the redshift evolution of globular cluster mergers.
The natural next step for this project is to extend this method such
that the initial properties of the globular clusters are also allowed to
vary. Many properties of a globular cluster influence its expected
merger rate: these include its initial mass/density profile and
metallicity [48], primordial binary fraction [228], and existence of a
central intermediate-mass black hole [179, 446]. By incorporating
variations in these parameters into the existing framework for
simulating third-generation detector observing runs, it will be
possible to begin to predict the constraints that gravitational-wave
observations will place on cluster formation properties as well as
formation epochs (and correlations between these two things).
Additional complexities that can be added to the model include
realistic selection effects (such as the influence of sources redshifting
out-of-band; [211]) and the weighting of observed events by the
probability that they were formed in a globular cluster, along the lines
of the astrophysical-probability weighting applied in [190]. The latter
of these suggestions requires a prescription for assigning a formation
channel probability to individual mergers based on its properties, for
which we need robust predictions of the properties expected from
different merger environments. Similarly, the properties of AGN may
be revealed via the mergers that they produce; see, e.g., [175, 451, 478]
for recent work in this field.

8.2.1 Identifying formation channels and sub-channels

In this thesis, I have primarily concentrated on globular clusters as
the main example of a dynamical formation environment due to the
robust prediction of the fraction of eccentric mergers formed within
them. However, globular clusters are by no means the only
environment that can dynamically assemble compact binary mergers.
(If Kozai-Lidov triples [263, 282] are efficient at producing mergers,
then dynamical assembly is not even the only way to produce
eccentric binaries.)
To distinguish the fractional contribution from various channels (e.g.,
isolated, dynamical, or primordial) and their constituent sub-channels
(e.g., mergers in globular clusters, active galactic nuclei, dense young
clusters for the dynamical channel) to the population at large, we
need to improve the stringency and the robustness of predictions from
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alternative environments. This can be tricky for dynamical formation
environments as these environments are highly complex and hard to
model. This is particularly evident in the case of active galactic nuclei.
Predictions from active galactic nuclei sensitively depend on model
assumptions such as migration efficiency, the existence of migration
traps, accretion disk thickness, whether merger remnants can merge
with each other, and the black hole mass function [e.g., 174, 306, 309,
335, 390, 428–432, 481]. Narrowing these predictions requires more
detailed observations and numerical models. As both telescopes and
computational models increase even more in complexity and
sophistication, active galactic nuclei may become another dynamical
formation environment with robust predictions of its produced
population’s parameters. Moreover, if we continue to observe
predominantly aligned spins and mass-gap mergers in the population,
and are able to make confident detections of eccentricity, then active
galactic nuclei will become a more probable dynamical formation
channel for the observed mergers than globular clusters [174, 189, 381,
390, 428, 430, 431].

8.3 giving the universe our full attention : watching

and listening to compact objects in the future-detector

era

Binary neutron star merger GW170817 [12] was the first astrophysical
phenomenon to have been observed in both electromagnetic and
gravitational radiation [14]. While electromagnetic counterparts to
gravitational-wave detections of merging black holes have been
proposed [e.g., 206], these are speculative. However, as both
electromagnetic and gravitational-wave observatory powers increase,
the number of multimessenger observations will increase. They may
also come in a wide variety of flavours, with electromagnetic
observations allowing us to predict forthcoming merger events. For
example, sufficiently massive black holes in active galactic nuclei
disks may open gaps in the disk that are observable in the disk iron
line profile [307], which could enable forewarning of low-frequency
gravitational wave signals that may be detected with space-based
detectors like LISA [44] or DECIGO [246]. Furthermore, it has been
proposed that recently-discovered quasi-periodic explosions [312]
may be a result of highly-eccentric extreme-mass-ratio binaries in
which the primary is a supermassive black hole at the centre of an
active galactic nucleus [52]. This may be confirmed if the gravitational
radiation from such systems is observed in future space-based
detectors [57]. As we extend observing capabilities below the current
limits on low-frequency gravitational-wave detection, we will be able
to observe more massive black holes, which may have enduring
electromagnetic counterparts that pinpoint their location. This will
enable further constraints to be placed on compact binary formation
environments.
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A
C O N S T R U C T I N G A N E C C E N T R I C I T Y
M E A S U R E M E N T

I describe here in detail the process by which an eccentricity posterior
probability distribution is constructed. I start with a set of posterior
samples for the 11-dimensional proposal model, pø(θ|d), and
transform them into posterior samples for the 12-dimensional target
model, p(θ, e10|d), using the following procedure.

a.1 likelihood reweighting

The set of proposal posterior samples, pø(θ|d), is computed using
non-eccentric waveform model µø(θ). This posterior is evaluated
using the non-eccentric likelihood Lø(d|θ). My task is now to
transform to the target posterior distribution, p(θ, e10|d), which uses
eccentric waveform model µ(θ, e10), eccentric likelihood L(d|θ, e10),
and a prior with an extra dimension, π(θ, e10) = π(θ)π(e10).
I start by reweighting to the marginal eccentric posterior p(θ|d)e10 ,
which has been marginalised over eccentricity. To do this, I first
evaluate the eccentric likelihood for each set of parameters θi,
L(d|θi, e10), over the log-uniformly distributed prior on eccentricity,
π(e10), and integrate over eccentricity(see Equation 9 of [444]):

L(d|θ)e10 =
∫
L(d|θ, e10)π(e10)de10. (A.1)

The relationship between p(θ|d)e10 and p(θ|d)ø is then obtained by
multiplying Bayes’ theorem (Equation 1.3) by unity:

p(θ|d)e10 =
L(d|θ)e10 π(θ)

Z(d) × Lø(d|θ)
Lø(d|θ)

Zø(d)
Zø(d)

(A.2)

=
Lø(d|θ)π(θ)

Zø(d)
× L(d|θ)e10

Lø(d|θ)
× Zø(d)
Z(d)

= pø(θ|d)× w(θ)× Zø(d)
Z(d) .

In the last step of Equation A.2, I have written the ratio between
L(d|θ)e10 and Lø(d|θ) as weight w(θ). The ratio between Zø(d) and
Z(d) can be ignored when comparing two normalised distribution,
but its value is useful for telling us which model is preferred by the
data.
When we compute the likelihoods Lø and L, we must take into
account the fact that different waveform models may have different
definitions of the reference phase φ and geocent time t. There are two
methods of solving this problem. The simplest is to maximise over
phase and time by taking the values of these parameters that lead to
the largest overlap between the target and proposal waveforms,
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O ≡ max
t,φ

〈h+ø , h+〉+ 〈h×ø , h×〉√(〈
h+ø , h+ø

〉
+
〈

h×ø , h×ø
〉)

(〈h+, h+〉+ 〈h×, h×〉)
, (A.3)

where the angled brackets represent noise-weighted inner products
and h+,×

ø (h+,x) are the plus and cross modes of the proposal (target)
waveform. The alternative is to marginalise over phase and time. This
produces similar posterior probability distributions, but is
better-motivated from a statistical perspective and leads to higher
reweighting efficiency. In papers [374, 376] (Chapters 3 and 4), we
maximise over phase and time, while in [377, 379] (Chapters 5 and 6)
we marginalise over these parameters.

a.1.1 Effective sample size

The act of reweighting changes the effective number of samples in the
posterior distribution. The ratio of the effective number of samples,
neff, to the total number of samples, N, is known as the efficiency. The
effective number of samples is computed as

neff =

(
∑N

i=1 w(θi)
)2

∑N
i=1 w(θi)2

. (A.4)

a.2 reconstructing the eccentric posterior

In the analyses presented in Chapters 3–6, I assume a log-uniform
prior on e10. I enforce this prior, π(e10), by constructing a
log-uniformly spaced grid of n eccentricity bins. For each
non-eccentric proposal posterior sample, pø(θi|d), there is an
associated vector of parameters, θi. Keeping these parameters fixed,
the eccentric likelihood, L(d|θi, e10,j), is evaluated at each eccentricity
e10,j in the log-uniformly distributed grid of the prior. I then convert
the likelihood distribution into a normalised cumulative likelihood
function, CLF(e10). I generate a random value, V, between 0 and 1,
and find the eccentricity bin e10,j in our grid for which CLF(e10,j) ≥ V.
I select an eccentricity at random from this bin and assign that
eccentricity, e10,i, to sample i. Appendix C.6 of [444] describes the
same procedure, which is used to reconstruct marginalised posterior
distributions within Bilby.

a.3 bayes factors

The Bayes factor, B, is the ratio of the model evidences. It tells us
which model is preferred by the data, and by how much. The Bayes
factor between the target and proposal models is given as

B =
Z(d)
Zø(d)

. (A.5)
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This ratio can be expressed in terms of the model weights, w(e10), by
first multiplying the target evidence by unity,

Z(d) =
∫ ∫

L(d|θ, e10)π(θ, e10)dθde10 (A.6)

=
∫
L(d|θ)e10 π(θ)dθ × Lø(d|θ)

Lø(d|θ)
=
∫
Lø(d|θ)π(θ)w(θ)dθ

= Zø(d)
∫

w(θ)dθ

=
Zø(d)

N

N

∑
i=0

w(θi),

where in the last step I have replaced the integral with a mean
average over N posterior samples. The Bayes factor can then be
expressed in terms of the weights,

B =
Z(d)
Zø(d)

=
1
N

N

∑
i

w(θi). (A.7)

In some of the papers in this thesis, we compare different hypotheses
about the eccentricity distribution, e.g., that the majority of the
support lies above some value elim

10 . In this case, we compute the
following:

Belim
10 <e10

=
Z(d, elim

10 < e10)

Z(d, e10 ≤ elim
10 )

. (A.8)
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