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Abstract

This thesis contributes to the literature regarding two main challenges in identifying
and estimating causal treatment effects, namely, the treatment endogeneity and the
treatment spillover. It particularly focuses on the instrumental variable approach which
is a common solution to issues caused by these two challenges. This thesis includes five
chapters. Chapter 1 provides an overview of the thesis. Chapters 2, 3 and 4 present

three independent and self-contained research papers. Chapter 5 concludes the thesis.

Weak instrumental variable is a serious problem hindering the identification and esti-
mation of causal effects when the treatment is endogenous. There is a series of well-
developed literature on weak instrument tests for linear regression models. However,
there is little theoretical development regarding a test for weak instruments in discrete
choice models. Chapter 2 aims to fill this gap. This chapter proposes a consistent
test for weak instruments in the discrete choice models and demonstrates that if the
null hypothesis of weak instruments is rejected, the standard Wald inference can be im-
plemented in the usual manner. As a by-product of the proposed testing approach, we
construct a generalised “concentration parameter” that allows us to extend the standard
“rule-of-thumb” for linear models to discrete choice models. This generalised concen-
tration parameter provides insights regarding instrument strength in a host of discrete
choice models. A Monte Carlo analysis is used to compare our testing approach against
several commonly applied weak instrument tests. The simulation results simultaneously
demonstrate the good performance of our testing approach and the fundamental failure
of the conventional linear weak instrument tests in this context. We compare our testing
approach to those commonly applied tests in two empirical examples: married women’s

labour force participation, and the US food aid and civil conflicts.

Instrument strength is often studied in parametric models where the degree of instru-
ment weakness can be captured by a drifting data generating process and where the
causal effect is point identified. However, once the parametric assumptions are relaxed
and less restrictive models are taken into account, the point identification may be lost

unless a relatively strong restriction, such as “identification at infinity”, is imposed on
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the instrumental variable. Chapter 3 focuses on the nonparametric models where the
treatment effect can only be partially identified, and examines the role played by the
instrumental variables in the identification. This chapter rigorously examines the contri-
bution of the instruments and their interplays with other factors, such as the endogene-
ity degree and the covariates, to the identification gains for the treatment effect. The
identification gains are decomposed into a sequence of measurable components, and a
standardised quantitative measure is constructed for the instrument identification power
(IIP). The decomposition and the IIP evaluation are illustrated using finite-sample
simulation studies and an empirical example of childbearing and women’s labour supply.
The simulation results demonstrate that the I1P offers a potential criterion for detect-
ing irrelevant instruments and sheds new light on instrument selection in high-dimension

settings in conjunction with partial identification frameworks.

In the literature on treatment effects, it is widely assumed that the treatment of one
unit does not affect others’ socioeconomic behaviour (see Chapters 2 and 3). However,
treatment spillovers under network interactions have been observed in many empirical
studies. It is important to account for treatment spillovers, because ignoring them may
lead to misinterpretations of the mechanism through which the treatment operates. So-
cial networks are indispensable for studying treatment spillovers, because they act as
the medium for the spillovers. However, there is increasing evidence that the network
data is often mismeasured for various reasons, such as misreporting, survey fatigue, or
drawbacks of sampling schemes. Chapter 4 explores the identification and estimation
of treatment spillovers with mismeasured networks. Unlike Chapters 2 and 3, Chapter
4 focuses on the spillover effects of a randomised treatment intervention. It proposes a
nonparametric point-identification method for the effects of interest, and it exploits an
instrumental variable approach to address the issues caused by the network measurement
errors. A semiparametric estimation approach is provided and the estimator is shown
to be consistent and asymptotically normal. The analysis of this chapter is also applied
to study the spillover effects of an information program for a weather insurance on the

insurance adoption decisions of rice farmers in rural China.



v

Declaration Statement

This thesis is an original work derived from my research. It contains no material that
has been accepted for the award of any other degree or diploma at any university or
equivalent institution. To the best of my knowledge and belief, this thesis contains no
material previously published or written by another person, except where due reference

is made in the text of the thesis.

Print Name: Lina Zhang
Date: November 2020



Acknowledgements

This thesis could have never been a success without the guidance and encouragement
of my supervisors, families and friends. First, I would like to sincerely thank Professor
Donald Poskitt, Professor Xueyan Zhao and Associate Professor David Frazier for being
incredible supervisors, mentors and friends. Their endless enthusiasm for research, wealth
of knowledge and productivity have motivated me throughout my PhD at Monash. I
appreciate all their contributions of time and ideas that made my PhD candidature being
productive and stimulating. It is because of working with them for the past four years
that I have decided to devote myself to pursuing an academic career. I believe that they

are the best supervisors that I could ever find in my lifelong research journey.

I also deeply acknowledge my coauthors Professor Eric Renault and Dr. Denni Tommasi.
[ will always consider it a tremendous honour to have worked with Professor Eric Renault.
I appreciate his invaluable inspiration and guidance for my first paper which gives me
remarkable confidence for the rest of the PhD period. I am grateful for Denni who
although is not my supervisor, unreservedly shares his experience and expertise with

me, which will definitely help me survive in the future.

I acknowledge my evaluation panel Professor Gael Martin, Professor Farshid Vahid, As-
sociate Professor Vasilis Sarafidis, Assistant Professor Jun Sung Kim, and Associate
Professor Anastasios Panagiotelis for their constructive comments. A special thanks
goes to Professor Gael Martin and Professor Farshid Vahid for being wonderful PhD
coordinators and providing unwavering support to make my candidature a pleasant and
fulfilling journey. I take this opportunity express my sincere thanks to all other aca-
demic and administrative staff members of the department of econometrics and business

statistics at Monash University, who provided me a supportive and friendly environment.

Thank you to all my fellow students, especially to Dr. Kanchana Nadarajah, Dr.
Puwasala Gamakumara, Dr. Earo Wang, Dr. Yan Meng, Yuejun Zhao and my old
friends Dr. Nan Liu and Dr. Hualei Shang, for your enduring friendship throughout my

PhD journey. The past few years have not been an easy ride but your company makes



it enjoyable. I would also like to thank the Monash HPC Team and the MonARCH ser-
vice provided by Monash University. I also acknowledge Capstone Editing who provided
copyediting and proofreading services, following the guidelines laid out in the university-
endorsed national “Guidelines for Editing Research Theses.” Although it would be im-
possible to list every name, there is a huge community of others who helped me flounder

my way through all the chapters.

This research was supported by the Dean’s Excellence Award of Monash Business School,
the Donald Cochrane Graduate Research Scholarship established in the memory by
the family of the late Emeritus Professor Donald Cochrane through the trustees of the
Cochrane-Schofield Charitable Fund (“the Trustees”), the Silver Jubilee Postgraduate
Scholarship and the Postgraduate Publications Award provided by Monash University,

and an Australian Government Research Training Program (RTP) Scholarship.

Finally, to my parents and my husband. Thank you all for always being there, and for
your understanding and supporting of my unforgettable PhD life. I am fortunate to be

your daughter and to be so loved.



Contents

List of Tables
List of Figures
1 Introduction

2 Weak Identification in Discrete Choice Models

2.1 Imtroduction . . . . . . ..
2.2 General Framework . . . . . . . ... oL
2.2.1 Model and Control Function Approach . . . . . . ... ... ...
2.2.2  Estimating Equations . . . . . . ... ... 0L
2.2.3 The Weak IV Issue in the Probit Model . . . . . . .. ... ...
2.3 A Test for Instruments Weakness . . . . .. . ... ... ... ...
2.3.1 Intuition . . . . . . ..o
2.3.2  The null hypothesis of weak identification . . . . . .. ... ...

2.3.3 A Distorted J-test (DJ test) for the Null of Weak Identification

2.3.4 Estimation and Testing Under the Alternative . . . . . . . . . ..
2.3.5 Testing Procedure . . . . . . . . .. ... oL
2.3.6  Generalising the Rule-of-Thumb to Probit Models . . . . . . . ..
2.4 Monte Carlo: Conventional Weak IV Tests v.s. Distorted J-test . . . . .
2.5 Empirical Application . . . . . . ... ... L
2.5.1 Labour Force Participation of Married Women . . . . . . . . . ..
2.5.2  US Food Aid and Civil Conflicts . . . . . . ... ... ... ....
2.6 Conclusion . . . . . .. .
2.7 Appendix . . ...

2.7.1 Lemmas . . . . . . .

v

vi



i

3

CONTENTS

2.7.2 Proofs . . . . . 76

Decomposing Identification Gains and Evaluating Instrument Iden-

tification Power for Partially Identified ATE 90
3.1 Imtroduction . . . . . . . ... 90
3.2 Model Setup . . . . . . . 94
3.3 The Determinants of ATE Bounds . . . . . . ... ... ... ....... 98
3.3.1 The Conditional Propensity Score . . . . . . . .. ... ... ... 98
3.3.2  The Degree of Endogeneity . . . . . . .. ... ... 101
3.3.3 Covariate Support and Variability . . . . .. ... ... ... ... 103
3.4 Decomposing Identification Gains . . . . . . . .. ... ... ... ... 103
3.5 IV Identification Power (I1P) . . . . .. .. ... ... ... .. ..... 106
3.6 Numerical lustration . . . . . ... ... ... ... ... ... .. 108
3.6.1 Determination of ATE Bounds . . . . . ... ... ... ... ... 109
3.6.2 Identification Gains Decomposition . . . . . . .. ... ... ... 109
3.6.3 IV Identification Power . . . . . . . . ... ... ... 111
3.7 Simulation . . . ... 111
3.8 Empirical Application . . . . . .. ... 123
3.9 Conclusion . . . . . . .. L 130
3.10 Appendix . . ... 131
3.10.1 Lemmas . . . . . ..o 131
3.10.2 Proofs . . . . . .. 134
Spillovers of Program Benefits with Mismeasured Networks 141
4.1 Introduction . . . . . . . ..o 141
4.2 Literature Review . . . . . . . ... L 144
4.3 Model Setup . . . . . . . 147
4.3.1 Treatment and Spillover Effects . . . . . .. ... ... ... ... 149
4.3.2 Bias of CASF with Mismeasured Network . . . . ... ... ... 151
4.4 Identification . . . . . . .. 153
4.4.1 Identification via Matrix Diagonalisation . . . . . . . .. ... .. 155
4.4.2 ldentification via One Type of Measurement Error . . . . . . . .. 157

4.4.3 Discussion and Extension . . . . . . . . . ... 164



CONTENTS

4.5 Asymptotic Properties . . . . . . . ...
4.5.1 Dependency Neighbourhoods . . . . ... ... ... .. .....
4.5.2 First Step Kernel Estimation . . . . . .. .. ... ... .....
4.5.3 Semiparametric Estimation . . . .. ... ... 000000

4.6 Simulation . . . ...
4.6.1 Semiparametric Estimation with Two Network Proxies . . . . . .
4.6.2 Robustness of the Semiparametric Estimation . . . . .. ... ..

4.7 Empirical Application . . . . . . ... Lo

4.8 Conclusion . . . . . . .. L

4.9 Appendix . . ...
4.9.1 Examples . . .. .. L
4.9.2 Lemmas . . . . . . ...

4.9.3 Proofs

5 Conclusion

Bibliography

il

165
165
166
171
178
180
188
192
196
198
198
200
219

256

258



List of Tables

2.2.1 Comparison of Variance of Z to Variance of W = Zo¢(1+2) . . . . . .. 25
2.4.1 Estimation and Rejection Rates under A = 0.5 (Significant Level 5%,
p=050). . . . 49
2.4.2 Estimation and Rejection Rates under A = 0.5 (Significant Level 5%,
P=0.95) . o 50
2.5.1 Data Summary of Married Women LFP (Obs. 753) . . . . ... ... .. 60
2.5.2 Regression Results of Labour Force Participation (LFP). . . . .. .. .. 61
2.5.3 Tests of Weak Instruments (Significance level 5%) . . . . . .. .. .. .. 62
2.5.4 Data Summary of US Food Aid and Civil Conflict . . . . . .. ... ... 64
2.5.5 Regression Results of US Food Aid and Civil Conflict . . . . . . ... .. 66
2.5.7 Tests of Weak Instrument (Significance level 5%) . . . . ... . ... .. 68
3.7.1 Population CPS Range and IIP(z) (x =0, cases L and 2) . . ... ... 114
3.7.2 Case 1. True and Estimated Bounds, and Decomposition of Identification
Gains (p=10.5, X ~N(0,1), 2=0) . ... ... ... ... ... . 119
3.7.3 Case 1. True and Estimated Bounds, and Decomposition of Identification
Gains (p=10.8, X ~N(0,1), 2=0) . ... .. ... ... ... ... . 120
3.7.4 Case 2. True and Estimated Bounds, and Decomposition of Identification
Gains (p = 0.5, X ~ Bernoulli(1/2), x=0) . . . . . ... .. ... ... 121
3.7.5 Case 2. True and Estimated Bounds, and Decomposition of Identification
Gains (p = 0.8, X ~ Bernoulli(1/2), x=0) . . . .. ... .. ... ... 122
3.8.1 Average of the Estimated Bounds . . . . . ... ... ... ... ..... 125

3.8.2 Decomposition of Identification Gains and Instrument Identification Power 126

4.6.1 Statistics of Latent Links . . . . . . . . . . .. ... ... L. 180
4.6.2 Statistics of Misclassified Links (p* = 0.6, p¥' =46"/N) . . . ... .. .. 182
4.6.3 Estimation of Treatment Effect 74(0,0,3) (p* = p® = 0.6, p¥ =§V/N). . 184

v



LIST OF TABLES A\

4.6.4 Estimation of Treatment Effect 74(0,1,3) (p* =p* = 0.6, p¥ =35V /N). . 185

4.6.5 Estimation of Spillover Effect 7,(1,0,3) (p* =p® = 0.6, p¥ =30V /N) . . . 186

4.6.6 Estimation of Spillover Effect 7,(1,1,3) (p* = p® = 0.6, p¥ =§V/N) . . . 187

4.6.7 Robustness Check for Exclusion Restriction (p* = p* = 0.6, p¥ = §" /N, pf/ =
0,8V = 0.1, N =5k) . o oo 190

4.6.8 Robustness Check for One Type of Measurement Error (p¥ = p* =
0.6, pV =6Y/N, p¥ =6V/N, N=5k) . ... ... ... ......... 191
4.7.1 Effect of Social Networks on Insurance Take-up . . .. .. .. ... ... 194



List of Figures

2.4.1 Kernel Density of Standardised CUE for o (n = 10000, p = 0.50) . . . . . 51
2.4.2 Kernel Density of Standardised CUE for a (n = 10000, p = 0.95) . . . . . 52
2.4.3 Rejection Rates under A < 0.5 (p=0.50) . . . . ... ... .. ... ... 56
2.4.4 Rejection Rates under A < 0.5 (p=0.95) . . . . ... ... ... .. .. 57
2.4.5 Size Adjusted Rejection Rates under A < 0.5 (p=0.50) . . . . ... . .. 58
2.4.6 Size Adjusted Rejection Rates under A < 0.5 (p=0.95) . . .. ... ... 59
3.6.1 Manski and SV Bounds for ATE (z =E[X]) . . . ... ... ... .... 110
3.6.2 Decomposition of Identification Gains (z =E[X]) . . ... .. ... ... 112
3.6.3 Instrument Identification Power (x =E[X]) . .. ... ... ... .. .. 113
3.8.1 Estimated Bounds of ATE(z) . . .. ... ... ... ... ... ... 128
3.8.2 Decomposition of Identification Gains . . . . . . . ... .. ... ... .. 129

vi



Chapter 1

Introduction

This thesis studies some methodological issues relating to the instrumental variable (IV)
approach to causal effect models. It consists of three self-contained studies. All three
studies relate to important econometric problems frequently encountered in empirical
research in the identification and estimation of causal treatment effects. The first two
studies focus on issues that have arisen from treatment endogeneity and the strength of
instrument, and the third study examines the treatment spillover effect in the context

of network interactions when the network is measured with errors.

The endogeneity of regressors is a common problem for economists hoping to establish
causal effects, and the IV approach is widely used to solve this issue. However, it is well-
known that the very feature that renders the instrument useful for estimating causal
effects, namely the instrument’s exogeneity with respect to the model error terms, can
occur at the same time with IVs having little explanatory power to the endogenous re-
gressors. Consequently, the so-called “weak instrument” has been of concern in many
empirical studies. The resulting behaviour of the IV estimator in the presence of weak
IVs has been extensively studied in the linear regression models (e.g., Staiger and Stock,
1997; Stock and Yogo, 2005). However, there is little theoretical evidence regarding the
properties of the IV estimation in discrete choice models. Using Monte Carlo simula-
tions, Dufour and Wilde (2018) demonstrate the poor behaviour of the Wald test and
the likelihood-ratio test for the causal inference of a probit model with weak instruments.

Magnusson (2007) considers the Wald test and the distance metric test for the probit
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model and finds that, with weak instruments, both tests over-reject the null hypothesis
even when the concentration parameter is larger than ten. Thus, the undesirable perfor-
mance of the conventional inference procedure in the presence of weak IVs implies the
necessity of a widespread two-stage decision rule: a pretest for weak IVs, and then, if
the null of weak IVs is rejected, the standard inference procedures when estimating the
causal effects in discrete choice models. However, there is no available weak IV test for

discrete choice models.

Chapter 2 presents a test for weak IVs in discrete choice models. The test is related
to Antoine and Renault (2009, 2012, 2020). These authors study identification failure
within a nonlinear and non-separable generalised method of moments (GMM) setting,.
Similarly, the proposed weak IV test in this chapter conceptualises the identification
failure using a drifting data generating process (DGP) that captures the rank deficiency
of the limit Jacobian for the moment conditions. Our testing approach differs from that
of Antoine and Renault (2020), however, because it allows for the detection of the actual
instrument weakness; that is, whether the strength of the IVs in the first-stage regression
is too weak to ensure the estimation consistency. This analysis sheds new light on the
inappropriate application of the popular rule-of-thumb developed for linear models to the
discrete choice models. Specifically, the test can be understood as a generalisation of the
standard first-stage F-test, as such, enables the measurement of the genuine strength
of the instruments. This chapter also demonstrates that the standard rule-of-thumb
for linear models does not adequately capture the strength of instruments due to the

nonlinearity of the discrete choice models.

Chapter 3 explores the IV identification power under less restrictive modelling assump-
tions. The literature on partially identified models offers a useful framework for the IV
identification power analysis. The notion of partial identification relates to the idea that
in certain situations such as limited observability, more than one DGP or model can
produce the observed data. These models are referred to as “observationally equivalent”
and the identified set of the causal parameter is then defined as the collection of all its

possible values from different observationally equivalent models.

When studying the average treatment effect (ATE) with binary treatment and binary



outcome, there is a missing data problem because only one of each individual’s potential
outcomes is observed (depending on the treatment status). There is a notion of “identi-
fication by functional form” (Li, Poskitt, and Zhao, 2019), where such non-linear models
can be point identified without any IVs, relying on restrictive parametric assumptions,
such as a bivariate probit and large support of covariates. However, modelling assump-
tions such as the bivariate probit are overly restrictive and hard to verify in practice;
thus, the resulting point identification has been described as “fragile” (Marra and Radice,
2011). When less restrictive assumptions are allowed, the IVs have been shown to play a
crucial role for meaningful identification in partially identified models (see e.g., Chesher,

2005, 2010; Shaikh and Vytlacil, 2011; Li et al., 2019).

Chapter 3 rigorously examines the role of IVs and their interplays with other factors in
the identification gains for the ATE in binary outcome models with an endogenous binary
treatment. The concepts of IV strength and IV identification power in this context are
distinguished. We find that the conventional IV strength, as measured by the explana-
tory power of IVs to the treatment variable, is crucial in the identification gains when
conducting partial identification analysis. Importantly, we find that the identification
gains are also significantly affected by the sign and degree of endogeneity. Therefore, the
IV strength itself no longer provides a sufficient measure of the IV identification power
in the nonlinear models considered in this chapter. As a result, the various pseudo
R? goodness-of-fit measures (Veall and Zimmermann, 1992, 1996), which are designed
for binary dependent variable models, are not appropriate for measuring the IV iden-
tification power. It is because that they fail to capture the critical fact that the IV’s
identification information varies with the endogeneity degree. Based on these findings,
we propose a novel decomposition of the identification gains in the ATE bounding anal-
ysis, by disentangling the different sources of the overall identification gains. Given the
decomposition, a standardised measure is constructed for the IV identification power,

which is a useful index for indicating the IV relevance and selecting irrelevant IVs.

While Chapters 2 and 3 highlight that IVs are crucial when studying the treatment
effect with endogenous regressors, Chapter 4 utilises the IV approach from a different

perspective. In the literature on treatment effects, the stable unit treatment value as-



4 CHAPTER 1. INTRODUCTION

sumption (SUTVA) (Rubin, 1990) is widely adopted for the causal inference. It states
that the treatment of one unit does not affect others’ outcomes. However, the spillover
effects of the treatment via network interactions have been documented in many appli-
cations. Because of the increasing availability of network data, the economic research
of treatment spillovers has increased dramatically in the past decades (Angelucci and
Di Maro, 2016). Existing methods studying spillover effects typically assume that the
network data is correctly observed (e.g., Leung, 2020b; Vazquez-Bare, 2019; Viviano,
2019). However, such a requirement of the network accuracy is difficult to satisfy in

many empirical studies (Advani and Malde, 2018; Kossinets, 2006).

Chapter 4 provides a method for overcoming the potential failure of identifying and
estimating the spillover effects in the presence of network measurement errors. It fo-
cuses on the spillover effects of a randomised intervention via a superpopulation model
studied by Leung (2020b). However, unlike Leung (2020b), this chapter assumes that
the observed network data is mismeasured. We first analytically characterise the bias in
treatment and spillover effects caused by inaccurate network information. It has been
found that when ignoring the network mismeasurement, not only the spillover effects, but
also the treatment effects that are triggered by the correctly-observed and randomised

treatment interventions, can be incorrectly identified.

Most importantly, this chapter proposes a novel strategy to nonparametrically point-
identify the treatment and spillover effects, when two network proxies are available. This
will be the case, for instance, in longitudinal data where network is elicited on multiple
occasions over time; when networks under various interaction contexts are collected; or
when both self-reported and administrative networks are available. In these situations,
the second network proxy is used as an IV for the true latent network. There are several
attractive features of the method proposed in this chapter. First, the nonparametric
model allows flexible forms of heterogeneity in the treatment and spillover effects. It is
important, especially for program evaluation and social planning, to inform how treat-
ment response varies across populations (Manski, 2001). In addition, unlike studies of
spillover effects relying on the two-stage experiments, the adjacency matrix used in this

chapter need not be block-diagonal (i.e., we do not require the “partial interference”



in Sobel, 2006). Further, the proposed method can deal with network mismeasurement
arising from missing and/or misreported network links and does not require modelling

of the network formation or its misclassification probabilities.

Chapter 5 summarises the main findings, in light of which we discuss some potential

extensions for future research.



Chapter 2

Weak Identification in Discrete

Choice Models

2.1. Introduction

A prevalent econometric issue is the assessment of the causal impact of some economic
variable on a qualitative feature of the economy. For example, there is a growing body
of research that studies the causal impact of economic conditions on civil conflict in de-
veloping countries. In this context, economic conditions may be summarised by a given
state variable like “economic growth” (see e.g. Miguel et al., 2004) or one may set the
focus on a given policy tool, such as US Food Aid (see Nunn and Qian, 2014). In such
settings, the most common modelling strategy is to characterise the distribution of a
qualitative variable, say ¥, via some piecewise constant function of a latent quantitative
variable, say y;. This allows the researcher to view y; as evolving according to a regres-
sion equation. If ys stands for the economic variable whose causal impact is at stake, we

will consider a regression equation:
yti = oy taiBtu, i=1,...n, (2.1)

where x; denotes a vector of k, exogenous variables and, for sake of expositional sim-

plicity, we observe i = 1,2,...,n independent and identically distributed (i.i.d.) cross-

6
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sectional realisations of the random variables. In the introduction, we use the termi-
nology “exogenous” to refer to the explanatory variables x; and to the instrumental
variables z;. In Section 2.2.1 we define, following Newey et al. (1999), a precise con-
cept of control variables that is more relevant than (and not equivalent to) the common

concept of exogeneity.

The causal analysis of interest is conducted through statistical inference on the true
unknown value of the parameter «, which must be carefully defined in order to account
for the (possible) presence of simultaneity. The critical feature to recall about such a
setting is that the structural model (2.1) can not be seen as a model for the conditional
expectation of yj; given y,; and z;, because more often than not the economic variable
Yo; 1S not exogenous and thus such a conditional expectation does not have a causal

interpretation.

To illustrate this point, considered the concrete example given by Nunn and Qian (2014)
on the impact of US food aid in civil conflicts: let y5; denote the amount of US food aid
to country 7, and assume we are interested in analysing if y,; causes new civil conflicts
and/or helps offset existing conflicts. In this setting, one must be concerned about the
existence of reverse causality (“Do countries receive US aid precisely because they are
doing well?”) or common cause (“May US strategic objectives be a common cause for
conflict and food aid receipts?”) between these two measurements. For this reason,
identification of the structural parameters in (2.1) will require a set of instrumental

variables z; that are assumed to be exogenous.

However, even with instrumental variables in hand, estimation of the key quantity of
interest, «, is hindered by the fact that the scale of the latent variable yj; is often
unobservable, and at best we can hope to observe the sign of y},. As such, consider that

we only observe a binary yy; defined as

yu = 1ly3; > 0].

At the cost of more involved notations, the methodology developed in this chapter can

easily be extended to a wide variety of multinomial models, such as ordered probit
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models. To some extent, the binary case considered here is the most extreme case
of information loss with respect to the observation of the latent variable. Critically,
while the case of binary y;; is commonly treated in many economic applications with
endogeneity, the potential impact on the relevance of the underlying instruments, i.e.,
their “strength”, and their ability to identify the quantity of interest, have not been
sufficiently well-studied in this setting.

The goal of this chapter is to understand, characterise, and quantify the concept of
instrument strength as it pertains to discrete choice models. We make three primary
contributions. First, we give a novel characterisation of instrument strength in discrete
choice models which demonstrates that instrument strength can be significantly impacted
by factors other than the linear correlation between the instruments and the endogenous
variables. Our second contribution is to use this characterisation of instrument strength
to propose a consistent test for the null hypothesis that “instruments are so weak that
point estimators are inconsistent”, while under the alternative consistent estimation is
warranted. Our final contribution is to demonstrate that, once we have rejected the
null of inconsistent estimation, Wald-based inference can be carried out in the standard

manner.

We now discuss these contributions in more detail, and place them into the broader

literature on weak instruments.

Testing for Instrument Strength: Existing Literature

Since the analysis of Staiger and Stock (1997), practitioners have used the well-regarded
“rule-of-thumb” to measure instrument strength in the case of continuous y;;. The mag-
nitude of the F-statistic from the reduced form regression equation is arguably the most
common measure for determining instrument strength in the linear regression model.
Subsequent to the development of the rule-of-thumb, several influential refinements of
this measure, and indeed the very concept of weak instruments in the linear model,
have been put forward. Stock and Yogo (2005) provide a quantitative definition of weak
instruments in the linear model, and use this definition to propose a formal test for in-

strument weakness. While the approach of Stock and Yogo (2005) relies on conditionally
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homoscedastic and serially uncorrelated regression errors, an extension of the Stock and
Yogo (2005) testing strategy to heteroscedastic and serially correlated errors is devised

in Montiel Olea and Pflueger (2013).

However, when one moves to general nonlinear economic models, the impact of instru-
ment weakness on the resulting estimates is more difficult to ascertain. As presented
in Antoine and Renault (2009, 2012), and following the work of Hahn and Kuersteiner
(2002) and Caner (2009), there can exist a range of identification strengths in nonlin-
ear models, between the extreme cases of weak identification (when estimators are not
consistent) and strong identification (when estimators are consistent and root-n asymp-
totically normal). Indeed, these authors have shown that the generalised method of
moments (GMM) estimators can be consistent at a rate slower than the canonical rate

172 but only in the case of a convergence rate strictly larger than n'/* is standard

of n
inference based on the normal distribution approximation warranted. The key issue is
that, when convergence is too slow and the model is nonlinear, second-order terms in
Taylor expansions, which govern the behaviour of the estimator, may not be negligible in
front of first-order terms, so that standard asymptotic inference may no longer be valid.
Such slow rates of convergence have also been documented in the case of many weak

instruments (see Newey and Windmeijer, 2009 and references therein) while a general

study of nearly strong instruments is available in Andrews and Cheng (2012).

Using this characterisation of varying identification strength, Antoine and Renault (2020)
have devised a testing strategy that is capable of detecting (certain levels of) instrument
strength in nonlinear models estimated by GMM. The proposed test, dubbed the dis-
torted J-test (DJ test), is based on computing the GMM J-test statistic at a slightly
perturbed value of the continuously updated GMM (CUGMM) estimator. The logic
behind the test is that, if the instruments are truly weak, a small perturbation of the
J-statistic will not significantly alter its value, while if the instruments are not weak this
perturbation will result in a significant increase in the value of the J-statistic. Similar
to other inference strategies robust to weak identification, the approach explicitly relies
on the nature of the CUGMM objective function, which, as originally pointed out by
Stock and Wright (2000), automatically controls the behaviour of the GMM objective
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function under weak identification.

Interestingly, Antoine and Renault (2020) have demonstrated that their DJ test is akin
to the standard rule-of-thumb when the model is linear and homoscedastic. In contrast,
they stress (see also Windmeijer, 2019 for related work in the context of clustering) that
this DJ test differs from standard “robustified” versions of the rule-of-thumb in case of a
heteroscedastic linear model. We note, in particular, that when using linear probability
models, one is faced (besides the well-known criticisms of this approach) with a severely

heteroscedastic linear model.

Herein, we adapt the general testing strategy of Antoine and Renault (2020) to the
case of discrete choice models and construct a consistent test for the null hypothesis
that the instruments are too weak to allow consistent point estimation. Following the
nomenclature of Antoine and Renault (2020), we refer to this test as a distorted J-test
(DJ test). Similar to Antoine and Renault (2020), we demonstrate that our DJ test
can be interpreted as a natural “generalised rule-of-thumb” in the context of discrete
choice models, in the sense that this test appropriately modifies the standard approach

to account for both heteroscedasticity and non-linearity.

We compare the performance of this test with the aforementioned existing approaches
both through Monte Carlo experiments and an empirical analysis. Monte Carlo results
show that our DJ test, albeit conservative, has respectable power. However, the crucial
feature of this approach is its ability to discern that the underlying estimator may not
be reliable, while the standard rule-of-thumb, because it overlooks information lost due

to the nonlinearity of the model, will severely over-reject the null of weak identification.

When applied to real data, our DJ test is able to unambiguously determine when the null
of weak identification should be rejected (as in the textbook example of the causal effect of
education of married women on their labour force participation, with strong instruments
like parents education), while it rightly questions the use of standard inference approaches
when identification appears weak. In particular, by contrast with the naive rule-of-
thumb, the DJ test casts some doubt on the consistency of the estimator of the parameter

ain (2.1) applied to US food aid and offset of civil conflicts, which is key for the reliability
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of the important conclusion of Nunn and Qian (2014) that “the primary effect of food

aid is to prolong the duration of smaller-scale conflicts”.

In addition to the development of our DJ test, this chapter also reinforces the asymptotic
theory developed in Antoine and Renault (2009, 2012) regarding inference with nearly-
strong instruments. By characterising the strength of instruments in terms of a drifting
data generating process, a la Staiger and Stock (1997) and Stock and Wright (2000), we
demonstrate that once the null hypothesis of estimator inconsistency has been rejected,
Wald-based inference can be performed as usual. This result is in stark contrast to
the existing results for general nonlinear models under weak identification, where it has
been shown that standard inference is only warranted once the rate of convergence is
strictly larger than n'/4. In this setting, our ability to perform standard inference stems
from the fact that discrete choice models are built from latent linear models, albeit non-
linear, which we demonstrate are close enough to linear models to validate standard
inference once the underlying estimator is consistent. While the convergence rate of the
resulting estimator may be very slow, the studentisation performed in computing Wald
test statistics make their behaviour consistent with the standard critical values. In short,
if our DJ test rejects the null of estimator inconsistency, which will be accomplished
asymptotically with probability one under the alternative, the practitioner can safely

apply standard inference procedures.

In this respect, our recommendation remains true to the widespread practice of a two-
stage decision rule: a pretest for weak IV followed by standard inference when the null
of weak identification is rejected. Of course, an alternative would be to use more com-
putationally demanding inference strategies that are robust to weak identification. The
robust approach proposed by Kleibergen (2005) has been extended by Magnusson (2010)
to the context of limited dependent variable models. More generally, while the existence
of weak IV is a common phenomena, there is little theoretical evidence regarding the
properties of GMM estimators in endogenous discrete choice models. Using Monte Carlo
simulations, Dufour and Wilde (2018) demonstrate the poor behaviour of Wald and Like-
lihood Ratio tests in the presence of weak instrument. Finlay and Magnusson (2009)

considers the Wald test for the probit model and find that, with weak instruments, the
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test significantly over-rejects the null hypothesis (the truth).

We note that the development of a consistent test for weak instrument in discrete choice
models is particularly important since the similarity between the linear model and com-
mon discrete choice models, such as the probit model, have led researcher to apply tests
that are appropriate for linear models to this nonlinear context. In particular, it is rel-
atively common to apply the rule-of-thumb developed by Staiger and Stock (1997) in
the linear context to detect the present of weak instruments in discrete choice models:
see, e.g., Miguel et al. (2004), Arendt (2005), McKenzie and Rapoport (2011), Cawley
and Meyerhoefer (2012), Block et al. (2013) and Goto and lizuka (2016). However, the
above studies do not question the validity of this rule-or-thumb in discrete choice models.
Some other researchers may prefer to abandon the discrete choice framework in favor of
the linear probability models; see, e.g., Lochner and Moretti (2004), Powell et al. (2005),
Kinda (2010), Ruseski et al. (2014). Besides the fact that they are heavily heteroscedas-
tic, linear probability models are by definition misspecified. Since our DJ test is based
on a distortion of the standard J-test statistic for misspecification, it should not be used

in the context of misspecified moment models.
The remainder of the chapter is organised as follows.

Section 2.2 introduces our model setup and assumptions. The key maintained assumption
is the existence of a control function, in which the conditional probability distribution of
the structural error term, given all the variables in the reduced form regression, coincides
with the conditional distribution of the structural error term conditional on the reduced
form error term. The control function approach for probit with endogeneity has been
pioneered by Rivers and Vuong (1988) and led them to put forward a two-stage condi-
tional maximum likelihood (2SCML) approach. In this section, we note that a GMM
framework allows us to obtain asymptotically equivalent estimators for the structural
parameters without necessarily resorting to a two-stage approach. Moreover, we show
that our GMM approach is also versatile enough to encompass the Quasi-LIML approach
of Wooldridge (2014).

In Section 2.3, we present our DJ test and prove its asymptotic properties: size control
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(for the null of weak identification) and consistency (under the alternative). We further
demonstrate that as long as the estimators are consistent, i.e., under the alternative to
the null hypothesis of weak identification, standard Wald-style inference can be applied.
This stands in contrast to the general case of identification strength for nonlinear models
considered in Antoine and Renault (2009, 2012) and Andrews and Cheng (2014), where
it is shown that in nonlinear models standard inference approaches are warranted only
when the rate of convergence is faster than the n'/* rate. Lastly, we demonstrate that,
in the context of a discrete choice model, the DJ test can be interpreted as a generalised

rule-of-thumb that accounts for the nonlinear nature of the probit model.

Monte Carlo experiments in Section 2.4 compare the finite-sample properties of our
proposed DJ test as well as the performance of other weak IV tests. Section 2.5 applies
our weak IV test to two empirical examples: Wooldridge (2010) married women’s labour
force participation, and Nunn and Qian (2014) US food aid and civil conflicts. Section

2.6 concludes.

2.2. General Framework

Blundell and Powell (2004) propose a control function (hereafter, CF) approach to con-
duct inference on the structural parameters of endogenous binary choice models. In this
and the next section, we examine the impact of weak instruments on such a CF approach
to inference. However, we first demonstrate the general point that a CF approach allows
us to see both the 2SCML of Rivers and Vuong (1988) and the Quasi-LIML approach of
Wooldridge (2014) as particular cases of a class of GMM estimators, which we discuss
in Section 2.2.2. While these GMM estimators can always be characterised by a one-
step minimisation problem, using similar arguments to those in Section 6 of Newey and
McFadden (1994), we can also interpret the estimator of the structural parameters as a
two-step estimator, whereby a preliminary plug-in estimator (obtained from a reduced
form regression equation) is used within the moments. After establishing the general
framework, in Section 2.2.3 we then sketch the weak IV issue in the context of probit

models.
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2.2.1. Model and Control Function Approach

Newey et al. (1999) suggest that the key for a CF approach is to start from a triangular
simultaneous equations model. In the context of endogenous binary choice models, this
entails specifying structural and reduced form regression equations, and the mechanism

generating the binary responses.

The structural equation characterises the response of an unobservable endogenous vari-
able yj;, conditional on a scalar-valued endogenous variable y,; and a k,-dimensional vec-
tor of explanatory variables x;, as the sum of an unknown structural function g (y;, ;)

and a structural error term wu;:

yii = 9 (yai, 7)) + us, Elu] = 0. (2.2)

While Imbens and Newey (2009) propose an even more general structural model where
the error term u; may not be additively separable at the cost of more restrictive in-
dependence assumptions, such an extension is beyond the scope of this chapter. For
sake of expositional simplicity, we will maintain the following linear specification for the

structural function

g (Yoi, ;) = oy + T,

but we note that the analysis remains applicable to any situation where g (y2;, ;) is a
parametric function of (yo;, z;); the case of nonparametric g(-) is beyond the scope of
this current chapter, and is left for future research. Our primary focus of interest is the
case where only the sign of the quantitative structural variable y;; is observable, which

yields the structural equation defining the observed binary outcome y;;:

y1i = 1yy; > 0].

The binary choice model allows us to address the issue of weak identification in the
case of maximum information loss going from the quantitative latent variable y}; to the
observed variable y1;. However, we note that the general methodology developed in this
chapter would be similarly relevant for any observation scheme that would define yy; as

a known function of yj; and z; (see e.g., Tobit model, Gompit model, disequilibrium
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model, etc.). A reduced form, or first stage, regression equation relates the endogenous
explanatory variable ys; to a k,-dimensional vector of valid instrumental variables, z;,

and the explanatory variables x;:

Yoi = (2, 21) +viy  Elv; | @i, 2] = 0. (2:3)

Remark 2.2.1 While we have chosen to view the reduced form regression equation
(2.3) as the specification of a conditional expectation, we could alternatively follow the
quasi-LIML estimation approach of Wooldridge (2014). In his approach, the reduced
form regression equation is only required to be a linear projection of y,; onto z; and z;.
We will always assume that z; includes a constant, so that the reduced form error term

v; has a zero mean. That is, instead of (2.3), we could have assumed

Yoi = T;m + 2§ 4 vi, E[v;] = 0, with Cov v | = 0. (2:4)

Remark 2.2.2 As noted by Blundell and Powell (2004), the reduced form error term
v; often appears to be conditionally heteroscedastic. Taking this possibility into account
will allow us to devise more efficient estimators when the reduced form error term is
deduced from a conditional expectation rather then from only a linear projection. We
will actually combine the advantages of both approaches (2.3) and (2.4) by assuming
that:

Yoi = X + & + vy, Elvg |z, 2] =0 (2.5)

However, it must be acknowledged that the linearity assumption for the conditional
expectation is restrictive, and prevents us from considering cases where the endogenous
explanatory variable y; is itself qualitative. We also note that, while Blundell and Powell
(2004) propose a nonparametric estimator of the possibly nonlinear regression function
7 (x4, 2;), a given nonlinear parametric form of this regression function would not result

either in a significant change in our proposed methodology.

As stressed by Newey et al. (1999), the CF approach does not assume that z; and z; are
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valid instruments, in that the approach does not require

but instead only that
E[Ul "UZ‘, i, Zi] = E[UZ |UZ] . (27)

Moreover, it is worth realising that neither equation (2.6) or equation (2.7) implies the
other. While we will eventually maintain a stronger version of equation (2.7), i.e., u;
conditionally independent of x;, z; given v;, there is no reason to believe that v; is itself
independent of (z;, z;), which jointly with the former conditional independence would
be tantamount to joint independence of (u;,v;) and (x;, z;), and would in turn imply
(2.6). In particular, such independence would rule out the possibility of conditional

heteroscedasticity for the error term v; in the reduced form regression equation (2.5).

As clearly defined by Wooldridge (2015), “a control function is a variable that, when
added to a regression, renders a policy variable appropriately exogenous.” Typically, the

restriction in (2.7) allows us to rewrite equation (2.2) as

y1i = 9 (y2i, xi) + Elw; |vi] + &5, (2.8)

where

g =yr — Elys; | vi, iy 2] = wp — Elu, |vy]

which ensures, by definition, that the policy variable is appropriately exogenous; i.e.,

E [eily2i, zi, v;) = 0.

In their seminal work, Rivers and Vuong (1988) note that the only assumption needed
to obtain valid inference in the probit model is that the conditional distribution of w;
given v; is normal with a mean that is linear in v; and with a fixed variance. While
this condition is satisfied if (u;,v;) is jointly normal, joint normality is not required in
general. Similarly, for general discrete choice models a CF approach can be constructed

by assuming that E [u; | v;] is linear in v; and that &; = u; — E[w; | v;] is independent
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of v;, along with an assumption that ¢; has a known continuous cumulative distribution
function denoted by ®. We assume that this probability distribution is symmetric, i.e.,

®(e) = 1 — &(—¢), which, together with (2.7), allows us to write

Priyy =1 | v, x;, 2] =Prie; > —g (yoi, xi) — Efu; | vi] | vi, x4, 2}
= ®{g (y2i, i) + Efu; [v]} .
We now collect the maintained assumptions on the general model in (2.2)-(2.3).
Assumption 2.2.1 The following conditions are satisfied.
L2l Yy s an d..d.

et

(a) (Observation scheme) The observed data {s;}}_, = {(v1i, Yo, x

H?-‘rlﬁ] < 0.

sample and for some k> 0,E [||s;

(b) (Reduced form regression): yo; = m(x;, 2;) + v, and Elv; | x;, z;] = 0.

(c) (Structural equation): (i) Elu; |vi,x;, 2] = Elu; [v]; (i) @ is a known cumulative
distribution function, twice continuously differentiable and strictly increasing, such

that () =1 — ®(—¢); (i11) for some unknown parameter p € R,

Priyy;, = 1| v, 2, 2] = g (yoi, z:) + puil.

(d) (Linearity): The unknown functions g(-,-) and w(-,-) are linear:
(i) For unknown parameters o € R and 8 € R* | g (2, 7;) = ayo; + 243;
(i) For unknown parameters m € R¥ and £ € R* | 7 (2;, ;) = xim + ZIE.

(e) (Parameters) The unknown parameters 0 = (07,05), where 61 = (p,a, ") and
Oy := (7,€"Y, are of dimension p = 2 + 2k, + k.. We have 6, € ©; C Rk=*2
Oy, € Oy C RFstr: O := 0, x Oy and O is compact. For 6° denoting the unknown
true value of 0, we have 6° € Int(©).

As already mentioned, the linearity in Assumption 2.2.1 (d) is innocuous and what follows
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can be extended to settings where g (y2;, ;) has any parametric single-index structure
and to cases where 7 (z;, z;) has any parametric form. In the more general nonparametric
setting, Newey et al. (1999) demonstrate that identification by CF of the structural model
is tantamount to assuming that there is no functional relationship between the random
variables yq;, z; and v; (see Newey et al. 1999 for a precise definition of this concept).
With a linear structural function g (ye;, x;), identification of the structural parameter «
is equivalent to assuming that ys; is not a linear combination of x; and v;, meaning that

the reduced form regression depends on z;, i.e., £ # 0.

To give a more concise treatment, throughout the remainder we restrict our analysis to

the case where @ is the CDF of the standard normal distribution and refer to the model:
Prlyy; = 1|vi, i, 2] = @ [aya; + 0 + puj)

as a probit model. Since only the sign of the latent variable yj; is observed, the probit
model generally requires the normalisation condition Var(u;) = 1. However, it is without

loss of generality to instead consider the normalisation condition
Var|u; |v;] = Var (g;) = 1.

If p denotes the linear correlation coefficient between u; and v;, the above normalisation
ensures that

Var (u;) = p°Var (v;) + 1 = p*Var (u;) + 1,
where o, = 1/ Var (v;),

Var (u;) =

1—p? ou\/ 1 — p?

and where we have that p is monotonic in p. Of course, conditional on a # 0, the
simultaneity /endogeneity problem is in evidence if and only if p # 0 or equivalently
p # 0. It is worth to emphasise that the endogeneity is governed by p, when the

regressor 4, has a nonzero impact on the outcome variable.
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2.2.2. Estimating Equations

Throughout the remainder, we partition the parameter vector as 6 = (6}, 6,)’, where
91 = (p~7()[7/6/)/, 92 = (’ﬂ'/,f/)/.

The vector 0y (resp., 02) represents the vector of structural (resp., reduced-from) param-
eters. Following Assumption 2.2.1, the true value of the reduced form parameters 6y is

defined by the conditional moment restrictions
Elro; (0o) |zs, 2:] = 0, where ry; (0) = yo; — i — 2I€. (2.9)

For fixed 6, the true value of the structural parameters 6; is defined by the conditional

moment restrictions
E[Tu (91, 92) !y%, Ty, Zz] = 0, where ry; (91, 92) =y — @ [Oéy% + 1325 + pv; (92)] ) (2-10)

and where

(4 (62) = T9; (62) = Yo2; — JI;T( — 27{5

As usual, we will handle conditional moment restrictions by choosing vectors of instru-
mental functions, denoted respectively as b (z;, z;) for (2.9) and @ (ya, 2, 2) for (2.10),
and where it is assumed that the moments E[||@(ya, x:, z)||>T*] and E[||b(x;, 2)||>*] are
finite for some x > 0. For a given choice of instrumental functions (-, -,-) and b (-, ),

we maintain the following identification assumption.

Assumption 2.2.2 (Identification): The true unknown value 8° = (09,605 € Int(©)

is the unique solution 6 € © to the following moment restrictions:

Reduced form: E[b(z;, zi)r2:(62)] = 0 = 0y =03,

Structural: Ela(ys, 74, 20)714(01,09)] =0 <= 6, =6".
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We can summarise the unconditional moment conditions in Assumption 2.2.2 as follows:
for H > p, and H-dimensional vectors a; and b; of the same dimension, define
a (yai, i, 2i) 0

gz(G) = ;714 (91, 92) + bﬂ“g,’ (02) y where a; = s bz =
0 b (.Ti, Zi)

then Assumption 2.2.2 implies that the moment function g;(6) satisfies
E[g:(0)] =0 <= 0 = 0°.
A GMM estimator of #° can then be constructed using the moment function

9:(0) = (911‘(9)/,9%(9),)/7 where g1;(0) = @ (y2i, i, z1) 715 (0) , g2:(0) = 5(%7 2;) T2 (02) -
(2.11)
In particular, for W,, a sequence of positive-definite H x H weighting matrix, we can

estimate 0° using the GMM estimator

~

s = = 1 - = (= r = / '
b = arg min Gn(0) Whgn (), where g,(0) = - 291-(9) = (gln(e) gzn(9)> :

Remark 2.2.3 In general, imposing that some components of the vectors a; and b; are
zero prevents us from choosing optimal instruments, and ultimately results in 6, being
an inefficient estimator of . The characterisation of optimal instrumental functions
for the joint set (2.9) and (2.10) of conditional moment restrictions is non-standard
because they correspond to different conditioning variables. The optimal instrumental
functions in this case have been characterised by Kawaguchi et al. (2017) (see also Ai and
Chen (2003) for a general study). Their result implies that in case of overidentification
and simultaneity (5 # 0 and « # 0), the first set 7;(6) of moment conditions is also
informative about 0,, so that a more efficient estimator of 65 (and in turn 6;) is obtained

by an appropriate choice of a; in which all of its components are non-zero.

While the specific choice of instrumental functions a; and b; may be sub-optimal, this
choice allows us to demonstrate the equivalence between a GMM-based approach and

the 2SCML approach of Rivers and Vuong (1988). In particular, for g1;(f) and go;(0)
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defined as in equation (2.11), we have that

Cov [911’(90)7 922'(00)} =E [& (y% Ly Z,) v (wiv ZZ) 14 (9()) T2 (98)

=E {& (Y2, i, 2i) v (23, 2i) 724 (98) E[ry; (90) Y24, T4, Zz]} = 0.

Thus, an efficient GMM estimator based on the moment functions in (2.11) can be

defined as

A W 0|
0, = argming,(0) n(0)
0cO 0 W2n

= arg Ielélél {gln(e)/wlngln(6> + §2n(‘9)/W2ng2n(0>} 9

for an appropriate choice of the weighting matrices Wy, and Wy,. Consequently, the

components of the first-order conditions for the structural parameters 6; are given by

~

87 n en ! _ A
gl—()ngln(en) —0. (2.12)
00,

Equation (2.12) allows us to see the estimator O, as a two-step estimator based on the
moment conditions

E[ry (91,93) |Y2i, i, 2i] = 0, (2.13)

where the nuisance parameter 69 is replaced by a consistent first-step estimator Os.
From (2.12), we can see that the estimator 01, is the solution in 6, = (p,, B) to the
(2 + k,) orthogonality conditions

agln(én)

n /
Z%,n {yu - [Oéyzi + 28 + pu; (92n>] } =0, for v, = 20 Wina (ya2i, i, %) -
1

i=1

(2.14)

The optimal instruments associated with estimation of 6 in equation (2.13) (i.e., where

Y2i, Tis Zz]

69 is known) are given by any consistent estimator of:

87"11' (9(1), 9(2))

Vo= [Var (rli (9?, 6’8)) |Y2i, i, Zi)]ilE
06,
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v; (69)
_ ¢i (6°)
TR (001 (00)] | P

where

®; (0°) = @ [ ysy + 258" + pOv; (69)]

¢ (0°) = ¢ [y + 28 + Pvi (63)]

and ¢ (x) = d® (z) /dx is the probability density function associated to ®. Therefore, if
one were to choose a consistent estimator of ;" as instruments, the estimator éln can be

seen as the solution in 6, = (5, a, 8')’ to the equations:

= Gi <91, égn) Ui <é2n>
¢Z1 D, <91, éQn) [1 —®, (917 é%)] Ya2i

X

{?Jli - o [ay% + 2.8 + pu; (égnﬂ } =0.

(2.15)
Equation (2.15) shows that, for any choice of a consistent first-step estimator égn, the

estimator 61, is a 2SCML estimator a la Rivers and Vuong (1988).

2.2.3. The Weak IV Issue in the Probit Model

The representation in equation (2.15) demonstrates that the general class of GMM esti-
mators for 6, defined in equation (2.14) contains both 2SCML and Quasi-LIML estima-
tors as particular cases. Therefore, we can ascertain the impact of instrument weakness,
on these and related methods, by studying instrument weakness in this general class of

GMM estimators.

However, before moving to a general study, we give some intuition on the potential
impacts of instrument weakness in the probit model. These implications are most easily
elucidated in the infeasible case where we replace the optimal instruments in equation
(2.15) with their infeasible counterpart «;, and where we replace the estimator Osy, by

the true value 63.
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Under these simplification, and under the one-to-one transformation of 8; defined by
771:ﬁa 772:a+,57 773:5_571-0’

the infeasible estimator 7, of n° (and thus 6y) can be defined as the solution to

Z%'* Ly — @ [ (—21€°) + moyoi + 2ims] }
i=1
= sz’Di {y1; — @ [m (—2i€°) + moyas + xims] } =0,
i=1
where v; = w;D;, w; = 1/®;(0°)[1 — ®;(6°)] and D; = ¢;(0°)(—21€°, yas, 2})'. The sim-
plification made in the term D;, i.e., replacing v;(69) by —z/¢", follows from the row

operation on 7 which does not affect the solution of the linear equations in (2.15)

asymptotically. A Taylor expansion allows us to heuristically write

y1i — @ [ (—2€°) + noyai + xins]

~ oy — D; (0°) — ¢ (6°) [(—2€°) (m —nY) + yai (2 — m3) + (s — m3)] -
Using this expansion within the infeasible estimating equations, 7, can be seen to solve
Z w; D; (§1; — Din) = 0, where §1; = y1; — ®(60°) + Dn°.
i=1

Consequently, 77, is obtained from a weighted least squares regression of ¢;; on the
explanatory variables D; = ¢;(0°)(—2/€°, yo;, #})’. While the above estimating equations
are not identical to those in equation (2.15), it is clear from comparing the two that they
are of a similar form, and therefore whatever implications are drawn about the later will

be sustained by the former.

This regression-based viewpoint yields two important, and interrelated, implications
for inference in endogenous binary choice models. First, the linear regression that is
considered is not the one suggested by a linear probability model, which would be based
on explanatory variables z/£°, ya;, z;, and not the weighted versions in D;. Second, since

the explanatory variables in the regression are weighted by ¢;(6°), it is inappropriate to
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focus solely on the contribution of 2/£° in the reduced form regression as a measure of

instrument strength.

Remark 2.2.4 Before moving on, we note that the above type of estimation approach
has been dubbed “two-stage residual inclusion” (2SRI) estimation by Terza et al. (2008).
In particular, using the first stage consistent estimators 6o, = (ﬁ;,é;)’ , the estimated
first stage residual

~

~ !/ ~ /
Uy = Y20 — X; Ty — Zifn

is included in the computation of the generalised residual
15 (01,02) = y1i — @ [ays + 238 4 pvg(62)] .

We know from Hausman (1978) that, in a fully linear model and as far as estimation of
structural parameters a and [ is concerned, 2SRI is equivalent to 2SLS. The inclusion
of the residual v; in the regression equation ensures that naive OLS would coincide with
2SLS. In addition, Terza et al. (2008) dub “Two-stage predictor substitution” (2SPS)
the direct generalisation of 2SLS to our nonlinear context, meaning that in the structural
equation, the endogenous variable is simply replaced by its first stage adjusted value,

leading to the generalised residual:

A

i, = vy — Plagey + z,0]

~ /A 1 &
Yoi; = X;Tp + szn

Not surprisingly, Terza et al. (2008) show that in a nonlinear model, 2SPS is not equiv-
alent anymore to 2SRI and only the latter provides a consistent estimator of structural
parameters. The intuition is quite clear. Due to the non-linearity of the function @ (.),

plugging in ys; to instrument yo; does not fix satisfactorily the endogeneity bias problem.

As alluded to above, it can be misleading to set the focus on the contribution of z/£° in
the reduced form regression to gauge the instrument strength, as is done when using the
standard rule-of-thumb. Doing so is akin to overlook the impact of nonlinearity in the

same way that it is wrong to confuse the correct 2SRI and the flawed 2SPS. Indeed, as
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the above arguments clarify, the relevant variable for capturing instrument strength is
not z;, as in the standard linear case, but ¢;(6°)z;. Thus, the assessment of identification

strength should rather be based on the variability of ¢;(0°)zi€°.

We can easily illustrate the impact of moving from 2£% to ¢(6°)2/€° in terms of instru-
ment strength in the probit model, so that ¢(-) is the probability density function of the
Gaussian distribution. The conclusions given below will remain valid for any other prob-
ability distribution with thin tails, such that the variability of the ¢;(6°)z; is drastically
different from the one of z;. First we recall that that for a real valued variable v and
any given number ¢, the absolute value of the function h(v) = v¢(c+ v) is decreasing in
|v| when the latter value is larger than the absolute value of the roots of the polynomial
[1 — cv — v?]. Moreover, the rate of this decrease is sharp (converging swiftly to zero)

due to the thin tails of the Gaussian distribution.
Using this argument, one may realise that the multiplication of 2/£" by
Cbi(go) = ¢ [Ofoy% + x;ﬁo + ﬁo (?J% - xgﬁo - Zz{fo)]

erases the variability of 2/£°, by pruning all its large values. For Z ~ N (0, ¢2), it is useful
to illustrate the above point by comparing the variance of Z¢(1 + Z) as a percentage of

the variance of Z. For various values of 02 | we collect these ratios in Table 2.2.1 below.

Table 2.2.1: Comparison of Variance of Z to Variance of W = Z¢(1 + Z)

o’ 1 2 ) 10 20 100

z

Rel. % 100% 79.03% 30.18% 28.13% 7.42% 3.83%

Note: For 02, = Var(W), we first calculate [, = 02 /02, i.e., the variance of W as a percentage of the

z9

variance of Z, for various values of a2. The value of Rel % in the table is the value of [, expressed as a
percentage of 02 /1, i.e., we report the results relative to the case where o2 = 1.

The results in Table 2.2.1 constitute compelling evidence on the likely flaws of the stan-
dard rule-of-thumb in the probit context. It is also worth stressing that, while Table 2.2.1
only displays results with the normalised function ¢(1+ Z), the pruning impact of large

values of z/¢Y within the function ¢(-) may actually be magnified in finite sample by a
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large value of the parameter 5°. We may then expect that the pruning effect documented
in Table 2.2.1 will be even more detrimental for small values of o, and/or a large degree
of endogeneity p, with both cases corresponding to a large value of p. These possible
perverse effects for the naive rule-of-thumb will be confirmed by the Monte Carlo exper-
iments in Section 2.4. These experiments will show that the standard rule-of-thumb will
be more prone to over-reject the null of weak instruments in the case of strong simul-
taneity (p close to one) and/or a large signal to noise ratio o,/0, in the reduced form

regression.

2.3. A Test for Instruments Weakness

2.3.1. Intuition

Several authors, such as Kleibergen (2005), Caner (2009), Chaudhuri and Renault (2020),
Stock and Wright (2000), and Antoine and Renault (2020), have discussed the advantages
of a continuously updated GMM (CUGMM) approach to efficient GMM estimation in
case of possible weak identification. Following the latter two authors, in our context the
advantage of the CUGMM approach is that, irrespective of identification weakness, the
asymptotic behaviour of the CUGMM criterion is always controlled. This feature of the
CUGMM criterion will ultimately allow us to obtain a test for instrument weakness that

is size controlled and consistent.

To see that this key feature remains true in our setting, recall the specific moment
conditions underlying this analysis given by equation (2.11); namely, for 6; = (p, a, ')
and 0 = (7',&')', and g1:(0) = a(yai, i, 2i)71:(01, 02), 924(0) = B($i>zi)7“2i(92),

/

Gi(0) = r1(0)a (y2i, T3, 2;) + r2i(02)b (T4, %) = <gli(6)’, gﬂ@)’) :
Defining the weighting matrix

s = |70 e 0= LS [040) - 3,0 [9:0) — 530(0)]
0 So2.n(0) et

for j = 1,2, we consider a version of the CUGMM estimator (hereafter, CUE) that takes
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into account the block diagonal structure of the population variance matrix. Then our

CUE of #° based on g, (0) = (g1,(0)’, g2 (0)') is defined as

~ ~

0, = arg rapiél Jn(0,0), for J,(0,0) = ng,(0)'S, 1 (0)g.(0),
S

n

where the notation Jn(9,§) differentiates the occurrences of 6 in the moments, g,(6),

from those in the weighting matrix, S, 1(6).

The critical feature of the criterion .J, (0, ) is that, by definition,

~

Jo(6°,6°) > J,(0,,6,), (2.16)

while, since Cov [g1;(6°), g2;(6°)] = 0, it follows that J, (6°,6°) converges in distribution

to a chi-square random variable with H degrees of freedom, denoted throughout as

X*(H).

The general validity of this upper bound, regardless of the instrument strength, and,
hence consistency of 6,,, is the reason why we resort to CUGMM. This upper bound will

allow us to control the size of our test for weak identification.!

The key intuition for our test of weak identification is the following observation. Un-
der weak identification, there are certain directions of the parameter space where the
CUGMM objective function J, (-, én) is flat in the neighbourhood of én In these direc-
tions, if we distort 6, by some “small” value, say A, € RP, and evaluate Jn(-,én) at
00 = 0, + A,, then the value of J,(0°,0,) should not differ “significantly” from that
of J,(0,,0,). Herein, the concept of “significance” means that J,(62,6,) exceeds some

pre-specified quantile of the x?(H) distribution.

Critically, however, since the objective function scales the squared norm of the sample

!The upper bound (2.16) is generally invalid if a first-step estimator of §° is used to estimate the opti-
mal instrumental functions. The only way to incorporate optimal instrumental functions for a(ys;, x;, 2;)
and b(x;, z;) would be to use them with a free value of 8 like in the weighting matrix of CUGMM. The
discussion of this alternative approach is left for future research. Also, we note that in the just iden-
tified case, the minimum Jn(én, én) of J,(0) is asymptotically, with probability one, equal to zero and
S71(0) is immaterial. In particular, when using the first-order conditions of some M-estimator, including
two-stage conditional maximum likelihood or quasi-LIML, the weighting matrix is irrelevant.
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mean g, (0), by the factor n, when identification is not weak the distortion introduces
a wedge between gn(éz) and gn(én) Therefore, if identification is not weak, so long as
the distortion goes to zero sufficiently slowly with n, the criterion J,(62,6,) diverges
asymptotically and thus exceeds (with probability going to one) the chosen quantile of
the x?(H) distribution. Throughout the remainder, we refer to this testing procedure
as a distorted J-test. It is worth noting that this test is dubbed the “distorted J-test”
because it uses the J statistic proposed by Hansen (1982) in the overidentified case to
test for the validity of a set of moments. The terminology is a bit misleading since our
test may work even in the just identified case (H = p). There are actually two possible
points of view: either one chooses to perform the distorted J-test test in a just identified

setting (H = p), or in the overidentified setting (H > p).

2.3.2. The null hypothesis of weak identification

As already discussed in Section 2.2.3, weak instruments impact estimation of the struc-

tural parameters through the structural moment function
91i (0) = @ (y2i, i, z) 115 (61, 02) , where 1y; (61,02) = y1i—P [(p + @)yas + (B — pm) — pzi€].

The impact of weak instruments can be most easily disentangled under the parameteri-

sation

n= (7717772777é)/: (ﬁ?ﬁ—i_aaﬂl_ﬁﬂ—/),a (217)

which allows us to restate the moment function as

91i(1, 02) = a(yai, i, 2:)715(n, 0), where 71; (1, 02) = y1; — P [—m12i€ + Nay2i + 03] -

Following Staiger and Stock (1997) and Stock and Wright (2000), we use a drifting
data generating process (DGP) to capture instrument weakness, so that population
expectations are viewed as being n-dependent. However, to paraphrase Lewbel (2019),
we do not actually believe that the DGP is changing as n changes, but use the drifting
DGP concept in order to obtain more reliable asymptotic approximations in the context

of weak identification. To this end, we consider that the population expectation of
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G1n(n,02) is defined as

min (7]7 92 Z 3122; Zi, Z?, rll (7]7 02)

Under this drifting DGP, we are obliged to see 63, and hence n°, as n-dependent, so that

the maintained identification assumption should technically be recast as

Min (777 02) =0 < (777 02) (nnu ‘ggn)

However, to keep the notational burned to a minimum, we only make the true-values

dependence on n explicit when absolutely necessary.

Following the approach of Stock and Wright (2000) (see their Section 2.3), the following
decomposition of my, (1, 02) will ultimately allow us to isolate the impact of instrument

weakness

Mip (777 93) = Min (7707 0(2)) + [mln (77, 93) — Min (77?777% 13, 0[2))]

+ [mln (77(1)7 T2, M3, Qg) — Mip (7707 6(2))} :

In particular, since my, (n°,609) = 0, we have

Min (Uyeg) = [mln (77708) — Min (771a772;77379 )} + Mip (771a772a77379 ) : (2]‘8)

As explained in the Section 2.2.3, instrument weakness is encapsulated by the explana-
tory variable ¢; (6°) 2/£°. The impact of this explanatory variable on instrument strength
can be directly obtained by linearising my,, (1,609) around 7} to obtain

omy, ,
min (1,09) —ma, (07, m2,m3,03) = (m—n?)%(mmm,%@g) (2.19)

n

1 - %
= (m—n) ~En > (yai, i, ) 61 (15, m2s s, 09) 20|

=1

where 77, denotes a component-by-component intermediate value, which can vary ac-

cording to the components of the function a(.).
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Equation (2.19) allows us to write the decomposition in equation (2.18) in the following
semi-separable form, which clearly partitions the directions of weakness in the parameter

space: for some real, positive, and deterministic sequence ¢, — oo as n — 00, with

s, = O(y/n), possibly o(y/n),
man (1,68) = quun (0) /s + Gr2.n (12,s) (2.20)

where

q11,n (77> = Sn [mln (na 08) — Mip (77?7 2,13, 98)} )

1 n
q12.n (772,773) = Min (77?,772,773,98) = E ZEn [56 (y%ﬂ?i,zi)fu (77?,772,773798)} .
=1

Given this decomposition of my, (n,09), the identification strength of 7, is entirely de-
termined by equation (2.19) and therefore gi11,(n)/s,. In particular, the rate ¢, can be
thought of as encapsulating the speed with which the curvature of the moments ap-
proaches zero in the n; direction, and thus ¢, determines the degree of identification
weakness. If ¢, diverges like \/n, the speed at which this curvature vanishes is matched
by the rate at which information accumulates in the sample, i.e., /n, and there is no
hope that 7} can be identified from sample information; i.e., 7} is weakly identified.
In contrast, the identification of 7y, 13 is determined by ¢i2., (72, 73) and is not afflicted
by identification weakness. That is, in this rotated parameter space of 7, identification
weakness only occurs in the n; direction and does not permeate the remaining directions
in the parameter space. The representation in equation (2.20) is conformable, but not
equivalent, to the decomposition employed by Stock and Wright (2000) to study the be-

haviour of GMM under weak identification (see Remark 2.3.2 for details). We maintain

the following conditions on my,(n, 63), which has the same form as Assumption C in

Stock and Wright (2000).

Assumption 2.3.1 Forg, = O(y/n), possibly o(x/n), mi, (1,09) = qi1., (7) /Sn+qi2.n (72,13

(a) g1, (n) — qu1(n) as n — oo uniformly in n, where q11 (n°) = 0, and qu1(-) is

uniformly continuous (and hence bounded) in 7.
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(b) G120 (M2,m3) = qu2 (N2,m3) as n — 0o uniformly in nz,mz. For alln > 1, qi2,n (02, 73)
satisfies qian (N2,m3) = 0 <= (n2,m3) = (19, 13), and is continuously differentiable,

with Oqia,, (N2,M3)/0(n2,m5)" full column rank at (09,13’

Remark 2.3.1 Assumption 2.3.1 (a) is justified by the decomposition in equation (2.19)
and Assumptions 2.2.1 and 2.2.2. Secondly, we note that Assumption 2.3.1 is natural in

our context. Assumption 2.3.1 (b) enforces that, for

1 n
Q2,0 (M2,7M3) = n ZEn {d (Y2i> T4, %) [?Ju - (—7]?%{50 + M2Y2i + x;ﬁs)] } )
i=1
we have that

3912n (T]Qa 773) 1 i 5 0 o .,
- = —]En iy Ly <1 % y s ,9 i T
(2, ms) n izla(yQ Ti, %) ¢ (771 12,13 2) (y2i @ x})

has full column rank at (13,79)". This is tightly related to the requirement that the
components of (yo; : ) be linearly independent, since they coincide with the explanatory

variables of the latent structural equation.

For the set,
T(49) := {n eR*2 . = (p,a+p, B —pr”), for some 0, = (p,a, B) € @1} ,

we state the null hypothesis of weak identification as follows.

Null Hypothesis of Weak Identification:

1
Hy (gn = \/ﬁ) :osup —
nex(69) "

E,

Z a (y2i> Ly, zi) ¢Z (777 93) 2250
i=1

‘ -0 <%) . (221)

The set T(69) denotes the set of structural parameters under the parametrisation in
(2.17), so that the supremum over 7 in (2.21) is akin to a supremum over the structural
parameters 0y, given the true value 69 of the reduced form parameters. Both sets of

structural parameters, the initial one ©; and the reparameterised one T (69) are compact
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subsets of R**2 Based on the decomposition of (2.20), the identification strength of
n is determined by the rate ,, and ¢, = O(y/n) implies that even asymptotically, the
population objective function is nearly flat in 7;. Such asymptotic behaviour of the
objective function will lead to inconsistent estimation of 7{ in the rotated parameter

space and for the structural parameter 6, in the original parameter space ©;.

Remark 2.3.2 It is worth noting that this definition of weak identification is a gener-
alisation of Stock and Wright (2000) since it is considered at the true value 6 of the
parameters of the reduced form regression equation. This must be seen as the relevant
extension of the concept of weak instruments for the context of control variables. As
explained in Section 2.2.3, the relevant explanatory variables for the structural equa-
tion are ¢; (1,69) (2/€°, ya;, %)’ In particular, it is the impact 2/£°, at the true value £°,
that matters for identification and the pruning effect of ¢; (1, 69), also at the true value
09 = (7%, €Y. This extension is made possible by the reinforced identification condi-
tion in Assumption 2.2.2 (identification of 69 by the second set of moment conditions in

isolation) and the choice of block-diagonal weighting matrix.

2.3.3. A Distorted J-test (DJ test) for the Null of Weak Iden-

tification
The decomposition in equation (2.20), along with Assumption 2.3.1, clarifies and confines
the weak identification issue to the 7; direction. Therefore, to construct a distorted
testing approach for weak identification along the lines proposed in Section 2.3.1, it is

precisely this direction, and only this direction, that should be distorted. To this end,

and given a CUE 7,,, consider distorting the first component of 7, as
~§ o !
1777/ = 77n + 57’L 0 o .. O:| .

Under the change of basis in equation (2.17), this is equivalent to distorting the CUE 0,

as
0 A O
éfl = Aln + ln , where Ay, = | =6, |,
0y, 0
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which leads to a distortion of the entire structural parameter vector 6;.

As explained in Section 2.3.1, under weak identification, if we distort the CUE 6, by
some small value in the directions of weak identification, i.e., 7y, the value of the GMM
criterion at éfl should not differ significantly from the criterion evaluated at 6,. More

precisely, recalling the definitions of g,(0) and S, () given in Section 2.3.1,

:K‘
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) = %élél Jn(6,0),
we introduce the distorted J-test statistic:

To deduce the behaviour of J° under the null of weak identification, we must maintain
a regularity condition on the Jacobian of the moments. However, given that our null of
weak identification is local about 7;, at the fixed value of 69, we are only required to

maintain the following assumption.

Assumption 2.3.2 Uniformly over Y (69), v/n{0g.(n,09)/0n — E,, [0G,(n,09)/0m]} =
U(n,09), for U(n,09) a mean-zero Gaussian process, and where = denotes weak conver-

gence in the sup-norm.

We note that Assumption 2.3.2 is guaranteed under Assumption 2.2.1 and a functional
central limit theorem. See the proof of Lemma 2.7.2 in the Appendix for details. We

state this result as an assumption to ease the comparison with standard results.

Proposition 2.3.1 (Lack of Consistency) If Assumptions 2.2.1-2.3.2 are satisfied,
and if E,[||a(ya, zi, 2:)2L||?] < oo, then under the null of weak identification, for any
9, = o(1),

plim v/n [3,(03) = gu(00)| = 0.

n—o0

In addition, if supyeg |5, 1(0)|| = O,(1), then

plim [Jg — Jn(b,, én)} —0.

n—o0
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Proposition 2.3.1 demonstrates that under the null of weak identification, the curva-
ture of the objective function is insensitive to a small departure from the CUE, indicat-
ing the lack of consistency of O, By adapting the general testing approach of Antoine
and Renault (2020), Proposition 2.3.1 paves the way for a testing strategy for weak
instruments in discrete choice models. Recall that the number of model parameters is

p =2+ 2k, + k., and H denotes the number of moments.

Theorem 2.3.2 (Distorted J-test: Under the Null) Under Assumptions 2.2.1-2.5.2
and the null of weak identification, for any deterministic sequence 6, = o(1), define the

distorted J-test by the rejection region:
Wy ={Jn>xio(H+1-p)},

where x2_, (H + 1 —p) is the (1 — a) quantile of the Chi-square distribution with (H +
1 — p) degrees of freedom. Under the null hypothesis of weak identification, W? has

asymptotic size of at most .

As discussed in Section 2.3.1, the CUGMM framework allows us to control the size of
our test by ensuring that we can obtain a convenient upper bound for J° under the null
of weak identification. Since there is only a single direction of weakness in the rotated
parameter space, this bound can be based on the x?(H + 1 — p) distribution; please see
the proof of Theorem 2.3.2 for details. While the test statistic J° coincides with the one
given in Section 2.3.1, we have improved the asymptotic power of the test W by using
a critical value calculated from x? (H + 1 — p) instead of x*(H). This power gain is

obviously important since we may be afraid that our test would be overly conservative.

2.3.4. Estimation and Testing Under the Alternative

In this section, we prove that W, the distorted J-test based on J¢, is consistent under
the alternative. Before presenting this result, we first discuss the asymptotic behaviour

of the CUE under the alternative.
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Estimation Under the Alternative

We first deduce the properties of the CUE under the parameterisation defined by (2.17),
and then translate these results to the original parameters. To this end, and for n as
defined in equation (2.17), define ¢ = (1, 65)" with true value °. The vector ( represents

the following change of basis in the parameter space:

1 0 0
Ry O
0 = R(, where R = , Ri=1-11 0
O Ikz k.
i 0 I

In this rotated space, the CUE of ¢ is given by

~

Gn = argmin g,(RC)"S, " (RC)ga(RC).-

(eR-1O

To deduce the properties of é’n under the alternative, we first recall that the null of weak

identification, defined by (2.21), implies that

nEn {Z o = sup

i=1 neY(639)

—0(1/V).

sup
nET(69)

lEn {Z a (yai, i, 2) i (1, 03) 2250} H

n X
=1

The alternative hypothesis to this null implies the existence of a deterministic sequence

s, = o(y/n) such that

limsup sup > 0.

n—o00 nET(Gg)

lEn {Z& (?JQi,l"i, Zz) bi (77, 98) Z;ﬁo} Sn

n 5
=1

To deduce the behaviour of the CUE én under the alternative, we slightly reinforce this

condition as follows.

Assumption 2.3.3 Under the alternative hypothesis, there exists a deterministic se-

quence s, = o(y/n) and a continuous, and deterministic vector function V°(n) such that,
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inf, gy [[VO(0)| > 0, and

lim sup = 0.

n—oo UGT(GS)

lEn {Z a (Yai, i, 2i) @i (777 93) Z{fo} o — VO(n)

n X
=1

Remark 2.3.3 Even though Assumption 2.3.3 arguably limits the scope of the alterna-
tive hypothesis, it is more general than if we were to follow the approach of Staiger and
Stock (1997) and characterise identification strength only through the reduced form re-
gression equation. In the latter case, one would consider that the reduced form regression

evolves according to the drifting DGP
E,[yo: |73, z:] = 2)m® 4 21€0.

Under the null of weak identification, we have that £ = O(1/y/n). In contrast, Assump-

tion 2.3.3 would require that, for some 7° € R*= with ||4°|| > 0 and some ¢, = o(y/n),
lim & =1+ and V°(n) = E, [a(ya:, 7, 2:)0i(n, 09) 2] 7 # 0.
n—oo

However, as explained in Section 2.2.3, this approach to characterise identification strength
is not sufficient in our opinion, since it only accounts for the instrument strength in the

reduced form regression, £, and does not account for the interactions between the in-

1¢0

strumental function a(ya;, x;, 2;) and ¢; (1,69,) 21£°, which may result in the pruning of

large realisations of the instruments via the behaviour of ¢; (1, 63,).

By defining the alternative hypothesis using Assumption 2.3.3, we clearly partition the
two possible cases for estimation of (% (i) if identification is weak, (, is not consistent
(as implied by Proposition 2.3.1), nor are other commonly applied estimators such as

2SCML or Quasi-LIML estimators; (ii) when identification is not weak, én is consistent.

Proposition 2.3.3 (Consistency)
If Assumptions 2.2.1-5 are satisfied, and if sup;cp-1¢ ||, 1 (Q)]| = Op(1), then 1= CO|| =
op(1).

The asymptotic distribution of én depends on the behaviour of the Jacobian for the
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moments. Under Assumptions 2.3.1 and 2.3.3, the scaled Jacobian of the moment func-
tions, as defined below in Lemma 2.3.4, is full rank under the following mild assumption,

/

which, if we take b(2;, %) = (¢ : z!)’ is nothing but the standard rank condition on the

reduced form regression.

Assumption 2.3.4 For alln > 1, E,[b(z;, z;) (2, : 2})] has column rank (k. + k,) =

Lemma 2.3.4 Under Assumptions 2.2.1-2.8.4, for a given sequence s, = o(y/n),

the matrix

a, (C° n o O,
M = plim {8gn(§ )}An, where A\, = : i
n—00 8C Op—l Ip—l

exists and is full column rank.

Given the full-rank nature of the scaled Jacobian, we would expect the CUE to be
asymptotically normal. In particular, under the alternative (as defined by Assumptions

2.3.1 and 2.3.3), we can then deduce the following result.

Theorem 2.3.5 (Asymptotic Normality) If Assumptions 2.2.1-2.3./ are satis-
fied then

VA (G = ¢0) SN (0, [M'STIM]TY) | where S := plim S,,(¢°).

n—oo

As expected, all entries of (, save for 7, are \/n-consistent and asymptotically normal
GMM estimators. In contrast, the direction 7, converges at the {y/n/g,}-rate, which is
possibly slower than y/n. Of course, our goal is not to conduct inference on ¢°, but on
6°. By the change of basis in (2.17), § = R(, and Theorem 2.3.5 implies that the feasible
CUGMM estimator 6, satisfies

Vi R0, — 6°) S N (0, [M'ST M) (2.22)

Importantly, since the matrix R is not diagonal, the slower rate of {\/n/s,} pollutes

the entire vector of structural parameters ¢, = (p, «, '), which follows from the change
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of basis in (2.17). Therefore, all structural parameter estimates in the probit model

converge at the slower {\/n/s,}-rate.

Equation (2.22) itself does not directly provide a feasible inference strategy since the
matrix R depends on the unknown parameter 7. Of course the matrix R may be
consistently estimated. However, as explained by Antoine and Renault (2012) (see the
discussion of their Theorem 4.5), a sufficient condition to ensure that the estimation of R
does not pollute the asymptotic distribution in (2.22) is that the matrix R is estimable at
a rate faster than n'/4. In the case of the probit model, the matrix R only depends on the
unknown true reduced form parameter 7%, which is strongly identified and consistently

estimable at the /n-rate. Therefore, if R,, denotes the matrix R when 7° is replaced by

T, We can conclude that, following Theorem 4.5 in Antoine and Renault (2012),
VA RN 6, — 6°) S N (0, [M'ST MY (2.23)

Remark 2.3.4 The result in equation (2.23) implies that /nA; R (6, — 6°) behaves
like a mean-zero Gaussian random variable, whose variance can be consistently estimated
by

[An R, {0G0(0,)/00'Y S, (02){0G0(0) 06"} R N]

However, Theorem 2.3.5 does not say that the common estimator of the variance-matrix

of \/n(f, — 6°), obtained using the standard formula

[{09u(60,)/00'Y' S, (62){05n (62) /03],

is well-behaved, which follows by noting that the matrix 85%—(000)5; 1(00)&725—(?0) is asymp-
totically singular unless ¢, = O(1). Fortunately, Theorem 5.1 in Antoine and Renault
(2012) allows us to conclude that standard formulas for Wald inference based on the
GMM estimator 6, are asymptotically valid. The main intuition is that the Studentisa-

tion implied by Wald inference cancels out the required rescaling terms. This is all the

more important given that the rescaling factor ¢, is unknown in practice.

We stress that this result is in contrast to the general non-linear case where the asymp-

totic normality requires faster than n'/* convergence rate, and it is only due to the
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specificities of the probit model that we are able to conduct valid Wald inference as soon
as identification is not genuinely weak. That is, any near weakness, even as severe as g,
being arbitrarily close to y/n, will still allow us to compute a consistent GMM estimator

and apply standard formulas for Wald inference based on this estimator.

The Power of the Distorted J-Test

The key to ensuring that the size of W? is asymptotically controlled is the equivalence
between J,, the usual J-statistic, and .J°, the distorted J-statistic, that obtains under the
null of weak identification. However, as demonstrated by Proposition 2.3.3 and Theorem
2.3.5, under the alternative hypothesis the CUE is consistent and asymptotically normal.
Therefore, there is no reason to suspect that J, and J° will be asymptotically equivalent

under the alternative, at least under reasonable choices for the tuning parameter 9,,.

The following result demonstrates that under the alternative, the distorted J-test, W2,
is a consistent test for the null of weak instruments across a wide range of choices for

the perturbation sequence 6,,.

Theorem 2.3.6 (Distorted J-test: Under the Alternative) If Assumptions 2.2.1-
2.3.4 are satisfied, then W2 is consistent under the alternative so long as {~/n/s,}6, —

o0 as n —r OQ.

Remark 2.3.5 Theorem 2.3.6 implies that our choice of §,, has important consequences
for the power of the distorted J-test. All else equal, the test is more powerful the slower
0, goes to zero. However, it is also helpful to understand how fast 9,, can converge to
zero before the result of Theorem 2.3.6 is invalidated. To this end, consider the rate
requirement on d,, that results from parametrising , as g, = n* for some 0 < A < 1 /2.
Using this parametrisation, we see that the distorted J-test is consistent so long as
5,n'/?~* — 00, and clarifies that if 8, goes to zero too fast, i.e., if §,, < n*~1/2, the test

can not be consistent.

Remark 2.3.6 It is worth keeping in mind that Assumption 2.2.2 maintains that both
the structural and reduced form moments are correctly specified. Thus, when the ob-

served data lead to a rejection of W°, we immediately conclude that it is not due to
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masspecification of the moment conditions but due to their identification power. How-
ever, if the model is misspecified, but we reject the null of weak identification, then we
can actually consistently test for model misspecification. Indeed, under the alternative,

the standard overidentification test

{Jn(émén) > X%—a(H - D)},

remains a consistent test for model misspecification. As such, if we reject the null of weak
identification, we can compare the value of Jn(én, én) against x?__(H — p) to deduce a

consistent test for model misspecification.

2.3.5. Testing Procedure

We now explain one approach to implement our distorted J-test in practice. The key
step in the testing procedure is to choose the perturbation (tuning parameter) d,. To
this end, we take §,, = §/r,, and fix r, = log{log(n)}. It is then possible to choose ¢

using a data-driven approach.

To present our approach to choosing d, first recall that the perturbation ¢,, = 6/ log{log(n)}
can be thought of as only being applied to the single direction of weakness in the rotated
parameter space; namely, the parameter 7;, which by equation (2.17) is nothing but p.
Therefore, it is with respect to the magnitude of ,3n that the perturbation ¢, should be

chosen.

To ensure the value of §, is sufficiently close to the magnitude of p,, we design a grid
of m candidate points for § by dissecting the standard confidence interval of p, into m
equal regions, with ¢ then taken to be the midpoint of the m-th region. This results in m

different values for ¢, denoted by d;, 2 = 1,...,m, and produces a grid of perturbations.

Whilst it is possible to use any given 9, ; to conduct the test, we suggest carrying out the
test across the entire grid of 9,,; values and then appropriately modify the critical value
via a Bonferroni correction. In particular, let Jg,i denote the test statistic J° calculated

under the perturbation ¢, ;. This approach would lead us to reject the null of weak
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identification if

max .J?

2
S > _ H+1-— .
el oy i X a/ml )

Using the above decision rule, our approach can be implemented using the following four

steps.
(1) Compute 6, = argming.g J,, (6, 0);

(2) For a given choice of m, choose the sequence of tuning parameter §,, = §/r,, as

described above;

(3) For each i = 1,...,m, compute the test statistic J? ., as defined in Section 2.3.3;

(4) Rejection rule: reject if maxiei. my me- > X%—a/m(H +1—p).

Under the null hypothesis, the testing procedure is size controlled for any choice of
dni = o(1), while under the alternative the choice of ¢, ; only has implications for the
power of the test. Moreover, since the values of §; are chosen from some compact set,

dividing by log{log(n)} ensures that d,,; = o(1) under both the null and alternative.

2.3.6. Generalising the Rule-of-Thumb to Probit Models

We begin our discussion on the so-called “rule-of-thumb”, initially inspired by the work
of Staiger and Stock (1997), in the infeasible situation where the latent endogenous
variable y7; is observable, meaning that we would consider a bivariate linear model. For
sake of expositional simplicity, let us consider a simplification of this model whereby the

vector x; only contains a constant, so that the model becomes

Y, = ayu+ B+ (2.24)

Yo = 7T+Z,£€+’Ui.

The rule-of-thumb starts from the reduced form regression and its OLS estimator for &,

én — (Z/Z)flzl}/é’
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where for 1,, a (n x 1)-vector of ones

YVQ == (y21a~"7y2n)/7 ?2 :YVQ _anlna
Z=(,...,2), Z=2— 17,

LS Y2 and Z,, denotes the (n X k,) matrix whose j"-column has

and where ¥o,, = -

all its entries equal to
1 n
Zjn = — Z Zij-
[
Let F,, denote the F-test statistic for testing the null hypothesis that the vector £ of
coefficients for the variables z; in the reduced form regression are zero. Under the as-

sumption of conditional homoscedasticity for the error term v;, the F-test statistic can

be written as

n—=Fk, 1 [ (22 -
=T 6 (22)6],
nkz Ag’n f’n £

a consistent estimator of variance of v;, 02. The rule-of-thumb amounts to

with &37n
conclude that instruments are strong (i.e., consistent estimation is feasible) if F,, exceeds
a pre-specified threshold value, which differs from the standard critical value used to
test the null hypothesis Hy : & = 0, and which has been extensively documented by
Stock and Yogo (2005). The rationale for this rule can be understood from the drifting
DGP considered in Remark 2.3.3. Under the alternative hypothesis to the null of weak

identification, for n large,

0
1
€0~ AN k.F, ~ %—270/Var (z:)7°. (2.25)

gn n v

Therefore, under the null of weak identification (g, = y/n), F, in equation (2.25) has a
finite limit, whilst under the alternative (s, = o (y/n)) the statistic F,, diverges to infinity
with a slope defined by the squared norm of 4Y and a weighting matrix that is propor-
tional to Var(z;)/Var(v;). This sounds like a natural criterion to measure instrument
strength in the infeasible model (2.24), since the reduced form regression will lead to the

control variable v; = yo; — ™ — 2/ and endogeneity in the structural equation will be
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controlled thanks to the two-stage residual inclusion (2SRI):

Ui = o + B+ plys —m — 2] + e (2.26)

Since identification of 71 = p in equation (2.26) depends on the variation of

o #Y

Zn ~ P
it may sound natural to assess the magnitude of 7° after normalisation by the variance
of z;. As noted by Stock and Andrews (2005), “IVs can be weak and the F-statistic
small, either because v is close to zero or because the variability of z; is low relative
to the variability of v;.” However, the F-test statistic follows a Fisher distribution (and
asymptotically a distribution x? (k) /k.) under the null Hy : £ = 0 only when the reduced
form error term v; is conditionally homoscedastic. When one is concerned with the

presence of conditional heteroscedasticity in this equation (i.e., non-constant Var[v; | z]),

one may consider the heteroscedasticity corrected Fisher test statistic

n—=k,
k.

Fr=""8576],

where 3, is a consistent estimator of the asymptotic variance of v/n(&, — £°). While
Stock and Yogo (2005) propose to extend the use of the rule-of-thumb by using instead
F* in case of conditional heteroscedasticity, several authors, including Andrews (2018)
and Montiel Olea and Pflueger (2013), have documented the disappointing performance
of the heteroscedasticity corrected rule-of-thumb. One may help to clarify this issue by
noting that, denoting Z; to be the i-th column vector of the matrix Z’, for n large and

for 02(z;) = Var[v; | 2],

0
&0~ T k.F' ~ %VO’Var (z:) []E (Eiégog(zi))}_l Var (2;)7°. (2.27)

Sn G2
Equation (2.27) is a straightforward extension of a result provided by Antoine and Re-
nault (2020), and makes explicit how robustifying the test statistic for heteroscedasticity

modifies the rule-of-thumb. This modification is arguably puzzling since what really mat-

ters for identification power, namely the residual inclusion of v; in the structural equation



44 CHAPTER 2. WEAK IDENTIFICATION IN DISCRETE CHOICE MODELS

(2.26), is not fully captured by o2(z;). More precisely, the conditional heteroscedasticity

that intuitively matters in the structural equation is instead
02(2;) = Var|u, |2;] = p*Var[v; |2;] + Varle; | 2] .

This intuition is confirmed by Antoine and Renault (2020) who show that, when nesting
the IV estimation procedure in a GMM framework, the distorted J-test leads to a decision

rule based on the following weighted norm of ~°:

%WO/VM () [E (2:202(2))] ! Var (z:)7°.

In the context of the probit model, where only the sign y;; of yj; is observed, the 2SRI

equation becomes

Y1i = O [ + B4 p (2 — 7 — 28)] + &,

for some error term ¢;, and the conditional heteroscedasticity in the structural equation

takes the form
Varle; lyai, 2] = ®; (90) [1 — P, (00)] , where @; (0) = @ [ayo; + 5+ p(y2s — 7 — 2.€)].

One may then expect that any generalised rule-of-thumb for probit models must account
not only for this conditional heteroscedasticity but also the impact of the non-linearity
in the structural equation. In the simple context of Remark 2.3.3, we may then expect
that the key element to obtain a decision rule about weak instruments in the probit

model is the magnitude of the vector
VO (1) = Ey [ (y2i, z) ¢ (n,03) 2] 7°, where [2°]] > 0.

More generally, since the alternative to weak identification, defined by Assumption 2.3.3,
is tantamount to the non-nullity of the vector V(n), the generalised rule-of-thumb
should be based on a norm of V° (). We argue that we do have a well-suited generaliza-
tion for the standard rule-of-thumb when applying a decision rule that rejects the null of
weak identification if the norm ||U]|, of a certain vector U, exceeds a specified threshold

with the following definition for U.
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(i) U = /nVar ()"? /o,£° for a lincar model with conditional homoscedasticity (i.c.
the standard rule-of-thumb);

(ii) U = Vn[E(5702(z))]"? Var (z) € for a linear model with conditional het-
eroscedasticity (i.e. the generalisation of the standard rule-of-thumb proposed by

Antoine and Renault, 2020);

(iii) U = \/_81_11742 (0°)VE,, [a (yai, 2i) &5 (1, 09) 1] £96,, for the probit model (2.24) (in the
context of Remark 2.3.3) and more generally U = \/551_117{2 (6°) V(1) 6n/sn, where
the perturbation term ¢, is introduced by the design of the distorted J-test.

It is worth realising that this generalised rule-of-thumb is, for n large, precisely what is
performed by our test for the null of weak identification based on the distorted J-test
statistic. To see this, we extend the argument of Antoine and Renault (2020) by noting

that under the alternative, our distorted J-test statistic sets the focus on the norm of
U =52 (6°) Vnga(6;),

where
0

Noting that,

A A a n A
\/ﬁ gln(efL) - gl’fl(gn) - \/ﬁ I (771n7 M2n, T]3n7 9271)577,7
om

where 7}, denotes a component-by-component intermediate value between the first co-

efficient of ,, and éfl, under the alternative hypothesis to the null of weak identification

_8§1n * A ~ %) o aﬁ_]ln 0 no 1
8771 (nlnanZnaUBna92n> = En |:a771 (n ,QQ):| + Op (%)
1 "L ) 1
= EEn {; a (Yoi, 2i) Gi (770, 98) zifo} +0, (%) 7
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and where?

i1 Sn

n 0
%]En {ZCNI (Y2i» 2i) i (77> 9(2]) Z;fo} ~ V()

is the dominant term since ¢, = o (y/n) . To summarise, under the alternative hypothesis

to the null of weak identification, and for a d,, such that {\/n/s,}d, — oo,

which diverges as n — oo and yields a natural generalisation of the rule-of-thumb to

1U1 =

1/2 80) N <95>

S () VO (n H

probit models.

2.4. Monte Carlo: Conventional Weak IV Tests v.s.
Distorted J-test

In this section, we verify the properties of the distorted J-test (hereafter, DJ test) and
compare this test against three commonly used weak IV tests, which, even though they
are not designed for discrete choice models, have been widely applied in the literature
on discrete choice modelling: (i) the Staiger and Stock (1997) standard rule-of-thumb
(SS); (ii) Stock and Yogo (2005) (SY); (iii) the robust weak IV test of Montiel Olea and
Pflueger (2013) (Robust).

We generate observed data according to

=18+ayy+u; >0], yo =m+&z+v, 1=1,2..,n (2.28)

"is i.i.d. homoscedastic and normally

where z; ~ N(0,02) is i.i.d. univariate, (u;,v;)
distributed, and (u;,v;)" is independent of z;. We set § = 0.5, « =1 and 7 = 0.3. In
addition, we take p = corr(u;,v;) € {0.5, 0.95}, and o, = 1//1 — p? (to ensure the
normalisation of Var(u;|ys, z;] = 1). To characterise the potential instrument weakness,

we adjust the value of £ to restrict the correlation between the endogenous regressor ¥s;

and the instrument z; to be corr(ys;, 2;) = v/n?, with v = 1.5 and we consider a grid of

2The O,(1/+/n) term in the expansion of 8G1,(77,, Non, N3n, 03,,)/0m1 can be deduced via a Taylor
series expansion, re-arranging terms, and noting that the derivative of the Jacobian, in the 7; direction,
is also degenerate at the g,-rate.
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values for A € {0.5, 0.4, 0.3, 0.2, 0.1}.

Since the performance of the DJ test and the standard weak IV tests may depend on
o, and o,, we simulate data using the following grids: o, € {0.2, 0.5, 1, 5, 10} and
o, €{0.2, 0.5, 1, 5, 10}. For each Monte Carlo trial, we take the sample size to be one
of n =500, 5000, 10000 and consider N = 1000 Monte Carlo replications.

Across each Monte Carlo design, 0 = (p,«a, 3,7, &) is estimated by CUGMM with a
single degree of over-identification. We choose the instrument functions a; = a(ye;, 2;) =
(1,995, 2, 22,0,0) and b; = b(z;) = (0,0,0,0,1,2). The DJ test is implemented fol-
lowing the procedure presented in Section 2.3.5. For computational simplicity, in the
Monte Carlo simulations, we adopt the perturbation 8, = p/log(log(n)), where / is the
CUGMM estimate of p in each Monte Carlo replication. This procedures is a simplified
version of the data-driven approach developed in Section 2.3.5. Using a 5% significant
level, we reject the null hypothesis of weak instruments in accordance to Theorem 2.3.6;
i.e., we reject the null if J° > y2o:(H + 1 — p), where in this case H = 6, p = 5 and
Xeos(H + 1 —p) = 5.99. Theoretically, the hypotheses of the DJ test corresponds to
Hy : A = 0.5, the alternative to A < 0.5.> However, we note that in finite samples, it is

hardly the case that A alone determines the behaviour of the CUEs.

Given this, to compare the behaviour of the DJ test with the conventional linear tests,
we introduce two sets of criteria to assess the potential impact of instrument weakness in
finite samples: the behaviour of the CUE and the size distortions of the associated Wald
statistic. Specifically, we compute the bias, standard deviation (s.d.) and relative root
mean square error (rrmse) as below (take « as an example) to measure the estimation

performance under different designs:

x 1 = 1L /a— a2
bias = & — o, s.d. = NZ(dl—&)Q, rrmse = NZ< lao ) (2.29)

=1 =1

3We note that the null hypothesis of each test are slightly different: DJ- Hy : A = 0.5; SS- F,, < 10
as an informal null hypothesis; SY- the triple {£, 02,02} is such that 2SLS relative bias or Wald test
size distortion is larger than a given tolerance using the Cragg-Donald statistic; the Robust test regards
that the Nagar bias exceeds a fraction of the benchmark as null. Although the definitions of the
weak instrument are different for each test, their null hypothesis are consistent in the sense to capture
situations under which the instrument is weak.
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where & = 1/N Zl]il &y, &y stands for the I-th Monte Carlo CUGMM estimate and o is
the true value. As proven in Sections 2.3.3 and 2.3.4, under the null the CUE is consistent,
while under the alternative, the estimator will be consistent and asymptotically normal,
albeit with non-standard rates. Unlike Stock and Yogo (2005), who choose the relative
bias of 2SLS to OLS as one criterion to detect weak instruments, here we consider
the bias, the s.d. and the rrmse defined in (2.29) instead, for the following reasons.
For the IV probit model (2.28), the CUE (and other commonly adopted estimation
methods) does not have a closed-from expression. Therefore, the usual notion of ‘bias
towards OLS’ under potential IV weakness in linear models is not valid in this nonlinear
context, with the potential impact of the IV weakness now being complicated by the
nonlinear features of the model. In this case, there is no guarantee that the positive
and negative biases will not offset each other, and lead to a spuriously small overall
bias. Therefore, to capture the instrument strength and the resulting performance of
the CUGMM estimation procedure, we rely on the bias, standard deviation and rrmse

of the estimator.

In addition, to better understand weakness in this discrete choice model, we conduct a
Wald test of Hy : @ = o and compute its size distortion, relative to the 5% significant
level, across all the Monte Carlo designs. We carry out this Wald test for two different
estimation methods: the CUE considered in this chapter and the 2SCML estimator
proposed by Rivers and Vuong (1988). The size distortion of the Wald test is widely
used to capture instrument weakness, see e.g. Staiger and Stock (1997) and Stock and
Yogo (2005). This measure not only reflects the performance of the hypothesis test, but

also the coverage rate of confidence intervals associated with the two estimation methods.

Under the null hypothesis of A = 0.5, the performance of the CUE and the rejection
probabilities for the different testing procedures are collected in Table 2.4.1 (p = 0.5)
and Table 2.4.2 (p = 0.95). For brevity, we only report the estimation results for the
structural parameter of interest, o, and Wald test size distortions under five designs:
(0.,0,) € {(1,0.2), (1,10), (1,1),(0.2,1),(10,1)}. Additional results for all designs can
be obtained from the authors. Figures 2.4.1 and 2.4.2 display the empirical distribution
of the 1000 CUEs of a.
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Table 2.4.1: Estimation and Rejection Rates under A = 0.5 (Significant Level 5%, p =
0.50)

o,=1 o0,=1 o0,=1 0,=02 0,=10
0, =02 0,=10 0,=1 o0,=1 o,=1

bias 0.690 -0.045 -0.050 -0.058  -0.048
s.d. 4.982 0.627  1.307  1.455 1.501
rrmse 5.027 0.628 1.308  1.456 1.501

Wald size distortion (2SCML) -0.003  -0.004 -0.003 -0.004  0.000
Wald size distortion (CUGMM) -0.026  -0.036 -0.037 -0.031 -0.031

n=>500 SS 0.061 0.056  0.061  0.060 0.063
SY (5%) 0.007 0.005  0.009  0.008 0.004
SY (10%) 0.091 0.085 0.090 0.076 0.080
Robust (5%) 0.000 0.000  0.000  0.000 0.000
Robust (10%) 0.000 0.000  0.000  0.001 0.000
DJ 0.018 0.022 0.016 0.010 0.017
bias 0.550  -0.128 0.002 -0.076  0.124
s.d. 4.526 0.301  1.078  1.091 1.260
rrmse 4.557 0.327 1.078  1.093 1.266

Wald size distortion (2SCML) -0.005  -0.023 -0.009 -0.016  0.017
Wald size distortion (CUGMM) -0.030  -0.047 -0.033 -0.040 -0.023

n=5000 SS 0.099 0.069  0.057  0.070 0.085
SY (5%) 0.015 0.008 0.009  0.010 0.003
SY (10%) 0.132 0.088  0.095 0.091 0.119
Robust (5%) 0.000 0.000  0.000  0.000 0.000
Robust (10%) 0.001 0.002 0.001  0.001 0.000
DJ 0.013 0.025 0.012  0.013 0.022
bias 0.581 -0.103 0.046  -0.002  0.130
s.d. 4.354 0.266  1.050  0.993 1.191
rrmse 4.391 0.285 1.051 0.992 1.197

Wald size distortion (2SCML) 0.007  -0.016 0.001 -0.004  0.022
Wald size distortion (CUGMM) -0.026  -0.047 -0.030 -0.032 -0.026

n=10000 SS 0.130  0.072 0.091 0.088  0.103
SY (5%) 0.023 0012 0.016 0.006  0.008
SY (10%) 0.174  0.098 0.129 0.116  0.151
Robust (5%) 0.000  0.000 0.000 0.000  0.000
Robust (10%) 0.001  0.000 0.001 0.000 0.001
DJ 0.013 0019 0.019 0.010  0.018

Note: (a) SS rejects the null if F,, > 10. SY (5%) and SY (10%) reject the null if the Cragg-Donald
statistic is larger than the critical value of a maximal 5% and 10% size distortion of a 5% Wald test,
respectively.

(b) For the Robust (5%) and Robust (10%) tests, reject rates are computed based on critical values in
Table 1 of Montiel Olea and Pflueger (2013), corresponding to the effective degree of freedom one and
tolerance thresholds 5% and 10%, respectively, where the tolerance is the fraction that the Nagar bias
relative to the benchmark.

(¢) The reject rates of DJ test are computed based on perturbation p/log{log(n)} and critical value
X3.95(2) = 5.99.
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Table 2.4.2: Estimation and Rejection Rates under A = 0.5 (Significant Level 5%, p =
0.95)

o,=1 o0,=1 o0,=1 0,=02 0,=10
0, =02 0,=10 0,=1 o0,=1 o,=1

bias 2422  -0.023 -0.117 -0.045  0.008
s.d. 10.316  0.758  2.866  3.145 2.883
rrmse 10.591  0.758  2.867  3.144 2.881

Wald size distortion (2SCML) 0.168 0.003 0.110  0.128 0.126
Wald size distortion (CUGMM)  0.110  -0.022 0.073  0.074 0.090

n=>500 SS 0.072 0.049 0.053  0.062 0.061
SY (5%) 0.006 0.004 0.004 0.010 0.007
SY (10%) 0.105 0.066 0.076  0.088 0.088
Robust (5%) 0.000 0.000  0.000  0.000 0.000
Robust (10%) 0.000 0.000  0.000  0.000 0.000
DJ 0.040 0.044 0.039  0.042 0.047
bias 3.480 -0.072 0.304  0.170 0.405
s.d. 8.506 0.444 2232 2119 2.259
rrmse 9.187 0.449 2251 2124 2.294

Wald size distortion (2SCML) 0.236  0.014 0.151  0.121  0.156
Wald size distortion (CUGMM)  0.158  -0.012 0.091  0.076 0.102

n=5000 SS 0.113 0.050 0.076  0.063 0.087
SY (5%) 0.013 0.005 0.012  0.009 0.007
SY (10%) 0.158 0.068  0.099  0.085 0.120
Robust (5%) 0.000 0.000  0.000  0.000 0.000
Robust (10%) 0.001 0.000  0.000  0.000 0.000
DJ 0.034 0.017 0.026  0.034 0.031
bias 3.329  -0.073 0.533 0.472 0.677
s.d. 8.826 0.459  2.167 1.915 1.988
rrmse 9.429 0.465  2.230 1.971 2.099

Wald size distortion (2SCML) 0.271  0.019 0.164 0.140  0.177
Wald size distortion (CUGMM) 0.171  -0.008 0.112  0.094  0.122

n=10000 SS 0.138  0.047 0.079 0.077  0.090
SY (5%) 0.016  0.004 0.006 0.003  0.008
SY (10%) 0.185  0.074 0.106 0.102  0.116
Robust (5%) 0.000  0.000 0.000 0.000  0.000
Robust (10%) 0.000  0.000 0.000 0.000  0.001
DJ 0.027  0.013 0.031 0021  0.031

Note: (a) SS rejects the null if F,, > 10. SY (5%) and SY (10%) reject the null if the Cragg-Donald
statistic is larger than the critical value of a maximal 5% and 10% size distortion of a 5% Wald test,
respectively.

(b) For the Robust (5%) and Robust (10%) tests, reject rates are computed based on critical values in
Table 1 of Montiel Olea and Pflueger (2013), corresponding to the effective degree of freedom one and
tolerance thresholds 5% and 10%, respectively, where the tolerance is the fraction that the Nagar bias
relative to the benchmark.

(¢) The reject rates of DJ test are computed based on perturbation p/log{log(n)} and critical value
X3.95(2) = 5.99.
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Figure 2.4.2: Kernel Density of Standardised CUE for a (n = 10000, p = 0.95)
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Simulation results in Tables 2.4.1 and 2.4.2 confirm our asymptotic results. When \ =
0.5, CUGMM estimation of o is inconsistent and behaves poorly in general. More
specifically, the biases are unstable, and the s.d. and rrmse do not decrease (in any
noticeable way) as the sample size increases, especially when the endogeneity degree is
high (p = 0.95). However, under the alternative, A\ < 0.5, the s.d. and rrmse drop
dramatically as n increases. In addition, the asymptotic normality of the CUE under
A < 0.5 is verified by viewing the standardised sampling distributions of the estimators
across the Monte Carlo replications, which is given in Figures 2.4.1 and 2.4.2. The
sampling distributions exhibit easily detectable bi-modality when A is 0.5, or close to
0.5, especially when o, is small and p is large, indicating that a standard inference
approach, relying on the normal approximation, is likely to perform poorly in those

cases.

The results in Tables 2.4.1 and 2.4.2 also show that the behaviour of the Wald test varies
across the different designs even when A = 0.5. For a moderate level of endogeneity
(p = 0.5), we see relative small size distortions, less than 5%, in most cases for the
Wald tests based on both 2SCML and CUEs. However, for a high degree of endogeneity
(p = 0.95), the Wald tests are significantly over-sized, with the size distortions for the
Wald test based on 2SCML being much larger than those based on CUGMM. One
exception, however, is the case of (0,,0,) = (1,10) and p = 0.95, where the Wald size
distortions based on both estimation methods is less than 5%. For (0,,0,) = (1,10)
and p = 0.95 case, the size distortion based on the CUGMM is 0.008 when n = 10000,
indicating that the 95% confidence interval coverage rate is quite accurate even though
A = 0.5 (corr(ya;, z;) = 0.015). As such, this design constitutes additional evidence
that the value of X is not the only key in determining inference performance in weakly

identified discrete choice models.

The false rejection rates of SS, SY, Robust and DJ under A = 0.5 are displayed in Tables
2.4.1 and 2.4.2. Firstly, as expected, the DJ test is asymptotically conservative, i.e., the
size is less than the significance level of 5%. The size of the DJ test varies between 1.0%
and 1.9% under p = 0.5, and between 1.3% and 3.1% when p = 0.95. However, we note
that the DJ test is much less conservative than the Robust approach of Montiel Olea and
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Pflueger (2013), which is extremely conservative, and gives virtually zero rejections across
all designs where identification is weak. Therefore, while the DJ test is conservative, we
can conclude that it is much less conservative than the Robust approach, and can be

relatively close to the nominal level (5%) when the degree of endogeneity is large.

In addition, we see that blindly applying conventional weak instrument tests can lead
to poor outcomes. For example, for the design with (o,,0,) = (1,0.2) and a high level
of endogeneity (p = 0.95 in Table 2.4.2), the rejection rates of SS and SY (10%) are
all larger than 10% across different sample sizes, and are 13.8% and 18.5% respectively
when n = 10000. The rejection rate of SY (10%) is computed based on the critical value
of a maximal 10% size distortion of a 5% Wald test, provided by Stock and Yogo (2005).
However, the rrmse in this case does not decrease as n increases, and the rrmese for the
estimated « is between 910% and 1060% of the true value. Moreover, both the Wald
size distortions exceed their nominal size by at least 10%. In particular, the 2SCML size
distortion is between 17% and 27%, while the CUGMM size distortion is between 11% to
17%. Therefore, the identification is weak, while the SS and SY approaches can suggest
the opposite, and hence fail to control size. In addition, false rejection rates for other
designs, not reported here for brevity, demonstrate a similar pattern of over-rejection
for SS and SY tests. Hence, in line with the analysis in Section 2.3.6, when assessing
identification strength in discrete choice models, the conventional weak IV tests of SS and
SY may fail to provide reliable conclusions regarding identification strength, especially

if the degree of endogeneity is high.

Figure 2.4.3 (p = 0.5) and Figure 2.4.4 (p = 0.95) display the power of the four tests.
Due to the conservativeness of DJ test, size adjusted power of DJ and of the conventional
tests are also computed and compared in Figures 2.4.5 and 2.4.6. Size adjusted power
is computed as follows: obtain the 95% quantile of the test statistic from the 1000
Monte Carlo replications when A = 0.5 and use it as the critical value for cases when
A < 0.5. The resulting power curves show that the DJ test is consistent as the sample
size diverges, and as identification strength increases. Moreover, in cases with high
endogeneity (Figure 2.4.4), the unadjusted power of the DJ is higher than that of the

Robust test across most designs. Furthermore, Figures 2.4.5 and 2.4.6 demonstrate that
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the DJ-test displays non-negligible power even when identification is close to being weak,
i.e, when A = 0.4 or A = 0.3, which gives convincing numerical evidence of the results in

Theorem 2.3.6.

2.5. Empirical Application

In this section, we apply our distorted J-test in two well-known empirical examples to
test for the presence of weak instruments. We then contrast the results of our tests with
those obtained from conventional weak IV tests for linear models, namely the SS, the

SY, and the Robust tests.

2.5.1. Labour Force Participation of Married Women

We first study married women’s labour force participation (hereafter LFP) when educa-
tion, measured as the women’s years of schooling, is treated as an endogenous regressor.
We use data from the University of Michigan Panel Study of Income Dynamics (PSID)
for the year 1975, which have been used in several studies. The data is public and avail-
able at Wooldridge (2010) Supplemental Content. Mroz (1987) provides an extensive
analysis of the women’s hours of labour supply, and considers a range of specifications
including potential endogeneity of several regressors, the use of different instrumental
variables and controls for self-selection into labour force participation. As a text book
example, Wooldridge (2010) used the same dataset to study women’s LEP decisions, and
the potential endogeneity of education is tested after estimating an IV probit model using
Rivers and Vuong (1988) two-step conditional maximum likelihood estimator (2SCML).

In what follows we use similar specification as in Wooldridge (2010).

The PSID consists of data on 753 married, Caucasian women who are between 30 and
60 years of age at the time the sample was conducted. The dependent variable LFP is
a binary response that equals unity if the respondent worked at some time during the
year, and zero otherwise. Exogenous regressors include spousal income, the individual’s
work experience and its square, age, the number of children less than six years old, and
the number of children older than six years old. The individual’s education, measured as

years of schooling, is considered to be endogenous. Following the strategy in Wooldridge
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Figure 2.4.3: Rejection Rates under A\ < 0.5 (p = 0.50)

(B) QNH“_._ Q<HHO

\\\\\

0.3
A

1

0.8

0.6

0.4

0.8

0.6

0.3 0.2 0.1 05 0.4 0.3 0.2
A A A

[---:SS == =--SY5% - - - ‘SY10%

Robust5% - - - - Robust 10% —&— DJ |

Note: x-axis is IV strength A. First row n = 500, second row n = 5000, third row n = 10000. The reject rates are computed using critical value x2 95(2) = 5.99.



57

EMPIRICAL APPLICATION

2.5.

"66°G = (g) 902X onrea reorjuo Sursn pognduwiod oxe sojed Joofol oY T, “0000T = U MOI PIIY)} ‘)0)G = U MOI PUOIDS ‘()G = U MOI JSIL] Y [ISUSIS AT SI SIXR-X :0JON

T,DIQI %0T ISNA0Y - = = = %G ISnqoy %0TAS: = = = NWGAS: = = = SS: = = l_
X X X X X
Z0 €0 i ’ ’ 0 €0 ’ ’ ’ 0 € ’

Ageqoid 109ley

Ageqoid 109ley

[ce)
=}
Ageqoid 109ley

1="0'z°0="0 (Q) 1="0 '71="0 (0) 01="0 ‘71="0 ()

(66°0 =¢) G0 > Y Iopun sojyey] uolpaloy g oImsr g



WEAK IDENTIFICATION IN DISCRETE CHOICE MODELS

CHAPTER 2.

58

Figure 2.4.5: Size Adjusted Rejection Rates under A < 0.5 (p = 0.50)
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(2010), the individual’s family education, which are recorded as the years of schooling

for both the individual’s father and mother, are used as instruments for education.

Table 2.5.1: Data Summary of Married Women LFP (Obs. 753)

Mean Std. Dev. Min Max

LFP 0.57 0.50 0 1
Education 12.29 2.28 ) 17
Father educ. 8.81 3.57 0 17
Mother educ. 9.25 3.37 0 17
Experience 10.63 8.07 0 45
Exper. square 178.04 249.63 0 2025
Nonwife income ($1000)  20.13 11.64  -0.029 96
Age 42.54 8.07 30 60
# Kids < 6 years old 0.24 0.52 0 3
# Kids > 6 years old 1.35 1.32 0 8

Note: Education, father/mother education and experience are measured
in years.

Estimated coefficients and the average partial effects on the probability of LFP for all
regressors are presented in Table 2.5.2 using two estimation methods: 2SCML as used in
Wooldridge (2010) and CUGMM. More specifically, for the 2SCML, the first step is to
regress the endogenous regressor on the instruments and all other exogenous regressors to
obtain the reduced form residual. The second step is to run a probit maximum likelihood
estimation of the binary response on the endogenous and the exogenous regressors, and
the reduced form residual. The CUGMM estimation with over-identification degree one
is conducted using a; = (1, yo, 2}, 21, 0,,,)" and b; = (05,4, 1,2, 2})’, where yy;, x; and 2
denote the standardised variables corresponding to the women’s education, exogenous
regressors and two instruments, and k is the number of exogenous regressors and the
intercept. The first step estimation of the 2SCML and the reduced form of the CUGMM
are listed in the first and fourth columns of Table 2.5.2 respectively. Both the two
IVs are highly significant based on both estimation methods. The CUGMM estimation
results are reported in columns four through six. Broadly speaking, the CUGMM and
2SCML results are similar, with both methods providing evidence that education has a
significant positive effect: one extra year of education increasing the probability of LFP
by 5.87 percentage points for both the 2SCML and the CUGMM. Hansen’s .J-statistic
is 0.122 which is less than 3 ¢5(1) = 3.84, therefore we fail to reject the null that all the
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moments are valid.

Table 2.5.2: Regression Results of Labour Force Participation (LFP)

2SCML Probit CUGMM
1st step  2nd step  margin reduced form structural eq. margin
(1) (2) (3) (4) (5) (6)
Dependent Var. Education = LFP Education LFP
Education 0.1503*** 0.0568%** 0.1500%**  0.0569***
(0.0539)  (0.0210) (0.0538) (0.0206)
Experience 0.0930*** 0.1213*%** 0.0310***  0.0929*** 0.1208***  0.0309***
(0.0251)  (0.0194)  (0.0033) (0.0249) (0.0195) (0.0033)
Exper. square -0.0016* -0.0018%*** -0.0016* -0.0018***
(0.0009)  (0.0006) (0.0009) (0.0006)

Nonwife income ($1000) 0.0452%** -0.0132%* -0.0050%*  0.0453%%*  -0.0139%¥*  -0.0053**
(0.0071)  (0.0061)  (0.0022)  (0.0070) (0.0061)  (0.0023)

Age -0.0217** -0.0518*** -0.0196***  -0.0218** -0.0514***%  -0.0195***
(0.0109)  (0.0087)  (0.0034)  (0.0109) (0.0088)  (0.0034)
# Kids <6 years old 0.2268 -0.8733*** _0.3303*** 0.2268 -0.8727F**F  _0.3307***
(0.1570)  (0.1176)  (0.0456)  (0.1561) (0.1210)  (0.0469)
# Kids >6 years old -0.0934* 0.0395 0.0149 -0.0933* 0.0396 0.0150
(0.0554)  (0.0459)  (0.0168)  (0.0551) (0.0475)  (0.0180)
Father educ. 0.1552%*** 0.1551***
(0.0237) (0.0236)
Mother educ. 0.1721%** 0.1724***
(0.0252) (0.0250)
Correlation p -0.0453 -0.0453

(0.1105) (0.1102)
J-statistic — — — — 0.122
Obs. 753 753 753 753 753 753

Note: (a) Standard errors (s.e.) in parentheses. Significance *** p<0.01, ** p<0.05, * p<0.1. The s.e. in
columns (1)-(3) are heteroscedastic-robust. The s.e. in columns (4)-(6) are computed based on Theorem
2.3.5. According to Antoine and Renault (2020), when DJ rejects the null, standard inference procedures
still work for all practical purpose.

(b) For CUGMM estimation, overidentification degree is one. Hansen’s J-statistic 0.122 is less than x2 g5(1) =
3.84. Overidentification test fails to reject the null hypothesis that moments are all valid.

(©) Correlation p is the correlation of errors (u;,v;) in structural equation and reduced form.

(d) Margins in columns (3) and (6) are computed using the sample average of explanatory variables and IVs.

The weak IV test results are collected in Table 2.5.3 for all four tests, SS, SY, Robust
and DJ. The Kleibergen-Paap F-statistic (Kleibergen and Paap, 2006) is 81.89, based
on which the SS rule-of-thumb and the SY test both reject the null that IVs are weak.*

4The Kleibergen-Paap F-statistic is utilised when allowing for heteroscedastic standard error. The re-
duced form regression F-statistic and the Cragg-Donald statistic are 95.70, when assuming homoscedas-
tic standard error. SY rejects its null according to the critical values of the maximal desired size
distortion 5% and 10% of a 5% Wald test.
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For the Robust test, the effective F-statistic is 91.44, the critical values for the tolerance
thresholds {5%,10%} are 11.59 and 8.58, respectively.” Comparing the effective F-
statistic 91.44 to the critical values, the Robust test also rejects the null of weak IV.

Table 2.5.3: Tests of Weak Instruments (Significance level 5%)

SS  SY (5%) SY (10%) Robust (5%) Robust(10%) DJ (min & max)

Statistic 81.89  81.89 81.89 91.44 91.44 0.14 & 17.44
Critical value 10 19.93 11.59 8.58 6.17 11.98
Reject Hy Reject Reject Reject Reject Reject Reject

Note: (a) SS and SY test statistics 81.89 are Kleibergen-Paap F-statistic, which is heteroscedastic-robust.
When assuming homoscedastic standard error, the reduced form F-statistic and the Cragg-Donald F-
statistic is 95.70. SS critical value 10 is the rule-of-thumb. SY (5%) and SY (10%) critical values 19.93
and 11.59 are for i,i.d. errors, the maximal desired size distortions 5% and 10% of a 5% Wald test,
respectively.

(b) Robust test statistics and critical values are computed using Stata command ”weakivtest” (Pflueger
and Wang, 2015) based on heteroscedastic-robust s.e. Robust (5%) and Robust (10%) critical values 8.58
and 6.17 are for 2SLS with 5% and 10% tolerance of the Nagar bias over benchmark, respectively. The
estimated effective degrees of freedom with the tolerance {5%,10%} are 1.82 and 1.84.

(©) The perturbation of DJ test is chosen using the approach in Section 2.3.3. The critical value is
X%—0.05/20(H —p+1)=11.98.

Finally, for the DJ test, the perturbation ¢, is computed as in Section 2.3.5, using
m = 20 candidate grid points. This choice of m leads us to use the critical value
X%—o.os/go(H + 1 —p) = 11.98, where we note that we have used H = 19 moments and
estimated p = 18 parameters. Of the candidate grid points, three lead to a value of the DJ
statistic larger than 11.98, leading us to soundly reject the null of weak identification. The
rejection conclusion of the DJ test is quite straightforward: when perturbing the CUE
0, by d,, the value of the J-statistic increases dramatically from 0.122 to a maximum of
17.44, implying that the CUGMM criterion is sensitive to even small departures. Overall,
results reported in Table 2.5.3 suggest that the DJ test and the three conventional tests

for the linear model agree in this example.

>The estimated effective degrees of freedom of the Robust test for the tolerance thresholds {5%, 10%}
are both about 1.8. See Montiel Olea and Pflueger (2013) for the definitions of the effective F-statistic,
the tolerance threshold and the effective degrees of freedom. The Robust test statistic and the crit-
ical values are obtained using the Stata command ”weakivtest” (Pflueger and Wang, 2015) under
heteroscedastic-robust estimation.
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2.5.2. US Food Aid and Civil Conflicts

In the second example we examine the impact of US food aid on the incidence of civil
conflicts in recipient countries. The research in Nunn and Qian (2014) was motivated
by concerns that humanitarian food aid may be ineffective and may even promote civil
conflicts. The main challenge of this study is the potential endogeneity of US food aid
due to reverse causality and joint determination. Their identification strategy relies on
using the product of the lagged US wheat production and the average probability of
receiving any US food aid for each country as the instrumental variable for wheat aid.
Nunn and Qian (2014) estimate many variations of the basic binary model and consider

different kinds of wars, different controls and alternative specifications.

Herein, we focus on the simple cross-sectional specification considered in Nunn and Qian
(2014). More specifically, we estimate the impact of US wheat aid on the probability of
civil war onset after a period of peace (column (3), Table 7, Nunn and Qian (2014)),
using precisely the same model specification as in Nunn and Qian (2014).5 We examine
the IV strength by applying our DJ test to the model, as well as the three conventional

weak IV tests for linear models.

The dataset in this analysis involves observations on 78 non-OECD countries from 1971 to
2006, and the observations used for the onset analysis are those country-year observations
that have no intra-state civil conflict in the previous period. The event indicator for civil
war onset is set to be one if it is the first period of a intra-state conflict episode, and
zero otherwise. Nunn and Qian (2014) estimate a logistic discrete time hazard model for
the probability of onset of war, controlling for the previous duration of peace up to the
third degree of polynomial. The US wheat aid in year ¢ is instrumented by the product
of US wheat production in year ¢ — 1 and the probability of receiving any US food aid
between 1971 and 2006 for each country. To be consistent with the setup of the chapter,
we estimate a probit link model rather than a logit. Summary statistics for the data

used in the onset analysis can be found in part (a) of Table 2.5.4.

6Data sets used to construct the incidence of conflict, US food aid, US wheat production and other
variables include the UCDP/PRIO Armed Conflict Dataset Version 4-2010, the Food and Agriculture
Organization’s FAOSTAT database and the data from the United States Department of Agriculture.
See Nunn and Qian (2014) for more detailed information.
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Table 2.5.4: Data Summary of US Food Aid and Civil Conflict

(a) Civil Conflict Onset (obs. 1454)

Mean Std. Dev. Min Max

Onset of intra-state conflict 0.063 0.244 0 1
US wheat aid (1000 metric tons) 21.08 59.42 0 791.60
Lagged US wheat production (1000 metric tons) 59187 8754 36787 75813
Average US food aid probability 1971-2006 0.387 0.328 0 1
Peace duration (years) 11.59 9.48 1 46
Instrument 22936 19924 0 75813

(b) Civil Conflict Offset (obs. 709)

Mean Std. Dev. Min Max

Offset of intra-state conflict 0.185 0.388 0 1
US wheat aid (1000 metric tons) 56.07  123.58 0 854.7
Lagged US wheat production (1000 metric tons) 60374 8626 36787 75813
Average US food aid probability 1971-2006 0.503 0.313 0 1
Conflict duration (years) 8.70 8.45 1 42
Instrument 30413 19676 0 75813

Note: An observation is a country and year. Instrument is lag of US wheat production times average
probability of receiving any US food aid during 1971 to 2006.

Part (a) of Table 2.5.5 presents results for the estimated coefficients and average partial
effects from both 2SCML probit and CUGMM with the degree of overidentification equal
to unity. The 2SCML in this example allows intragroup correlation for standard errors,
clustered by countries. For comparison purposes, column (1) of Table 2.5.5 gives the
estimated average partial effect of US wheat aid reported by Nunn and Qian (2014)
using a 2SCML logit approach, which is a key result for their analysis. For CUGMM, we
use a; = (2}, 2z, 22, 2}, 2214, 0),,1) and b; = (0} 3,1, 2, 2})" to construct moments. The
variables x; and z; denote the standardised variables of exogenous regressors and the
instrument, xy; is the non-standardised onset duration, and £ is the number of exogenous
regressors and the intercept. Columns (2) and (5) of Table 2.5.5 demonstrate that the
IV is significantly related to the endogenous regressor of wheat aid at the 1% significant
level by both estimation methods. However, it is worth noting that the estimates of
interest, the effects of the US wheat aid on onset, based on the three different estimation
approaches, are quite unstable and even differ in signs. The statistical insignificance
of the US food aid on onset of civil conflict is pointed out by Nunn and Qian (2014).

However, without reliable evidence of the instrument strength, we should be cautious
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of drawing any inference conclusions according to the standard inference procedures.
Estimates for other coefficients are quite stable and similar across the three sets of
results. Finally, Hansen’s J-statistic is 0.553, less than the critical value x3 ¢5(1) = 3.84,
thus we cannot reject the null that moments are all valid. This evidence leads to the
suspicion that the potential weakness of the IV could be one of the possible reasons for

the unstable estimates of the US wheat aid coefficient.
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Table 2.5.5: Regression Results of US Food Aid and Civil Conflict

(a) Civil Conflict Onset

Nunn & Qian 2SCML Probit CU-GMM
(2014)
margin 1st step 2nd step margin  reduced form structural eq. margin
(1) (2) (3) (4) () (6) (7)
Dependent Var. Onset Wheat aid Onset Onset Wheat aid Onset Onset
Wheat aid 0.000036 0.0011 0.000067 -0.0013 -0.000071
(0.00015) (0.0025)  (0.00016) (0.0028) (0.00027)
Peace dur. -0.00164*** -1.66 -0.18%F%  _0.0018%** -1.66 -0.1815***  -0.0017*
(0.00066) (1.18) (0.041) (0.00072) (1.21) (0.045) (0.0010)
Peace dur."2 0.053 0.0087*** 0.053 0.0085***
(0.066) (0.0026) (0.072) (0.0031)
Peace dur."3 -0.00042 -0.00012%** -0.00042 -0.00011
(0.0011)  (0.00005) (0.0012) (0.00014)
Instrument 0.0012%*** 0.0012%***
(0.0002) (0.0002)
Correlation p -0.0837 0.3109**
(0.1318) (0.1408)
J-statistic - - - - - 0.553 -
Obs. 1454 1454 1454 1454 1454 1454 1454
(b) Civil Conflict Offset
Nunn & Qian 2SCML Probit CU-GMM
(2014)
margin 1st step  2nd step margin  reduced form structural eq. margin
(1) (2) (3) (4) () (6) (7)
Dependent Var. Offset Wheat aid  Offset Offset Wheat aid Offset Offset
Wheat aid -0.000256* -0.0019*  -0.000284* -0.0013 -0.000302
(0.00016) (0.0011)  (0.00017) (0.0021) (0.00029)
Conlflict dur. -0.00801*** 4.97 -0.2794*** -0.00904*** 4.97 -0.2998***  _(.0133%**
(0.0021) (4.65) (0.0525)  (0.00221) (4.34) (0.0690) (0.0053)
Conflict dur.”2 -0.406  0.0164*** -0.406 0.0184**
(0.288) (0.0046) (0.371) (0.0084)
Conflict dur."3 0.007  -0.0003*** 0.007 -0.0003
(0.005) (0.0001) (0.009) (0.0003)
Instrument 0.003*** 0.003***
(0.0007) (0.0006)
Correlation p 0.1277 0.1768
(0.1238) (0.1585)
J-statistic - - - - - 1.500 -
Obs. 709 709 709 709 709 709 709

Note: (2) Standard errors (s.e.) in parentheses. Significance *** p<0.01, ** p<0.05, * p<0.1. For both panels
(a) (b), the s.e. in column (1) is from Nunn and Qian (2014). The s.e. in columns (2)-(4) are clustered s.e.
by countries, based on the 2SCML probit estimation. The s.e. in columns (5)-(7) are calculated by bootstrap
with 1000 replications. Since DJ test fails to reject its null, implying standard inference procedures may no
longer hold, we should be cautious of drawing any inference conclusions based on those s.e reported in the
above tables.

(b) For CU-GMM estimation, overidentification degree is one. Hansen’s J-statistics are less than x2 o5(1) = 3.84.
Overidentification test fails to reject the null hypothesis that moments are all valid in both onset and offset
cases.

(©) Correlation p is the correlation of errors (u;,v;) in structural equation and reduced form.

(4) Margins in columns (4) and (7) are computed based on sample average of explanatory variables and IVs.
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This suspicion is verified by the DJ test. The perturbation for the onset analysis is
chosen as described in Section 2.3.5, again using m = 20 candidate grid points. Panel
(a) of Table 2.5.7 demonstrates that the DJ test cannot reject the null of weak instru-
ment. In contrast to the earlier example in Section 2.5.1, in this example perturbing the
estimators by 9,, does not lead to a significant change in the corresponding J-statistic,
which indicates a lack of curvature and thus identification weakness. Across the entire
grid of candidate 9,, values, the maximum of the DJ statistics is 7.5, which is less than
the corresponding 5% critical value given by X7 s /20(H + 1 —p) = 11.98, and which
is based on using H = 12 moments to estimate p = 11 parameters. However, when we
apply the conventional SS, SY and Robust tests to the onset of the civil conflict case, the
SS and SY tests return a rejection of the weak IV hypothesis and the Robust test also
rejects the null if the tolerance threshold is greater than 10%. As shown in Table 2.5.5,
the reduced form regression Kleibergen-Paap F-statistic for SS and SY is 26.07, much
larger than 10 and the critical values 16.38 and 8.96 of SY.” The Robust test effective
F-statistic 26.39 is also larger than its 10% tolerance critical value 23.11.8 In summary,
for this example, the conventional weak IV tests and the DJ test suggest opposite results.
This serves as a reminder that applying conventional weak IV tests for linear models to

binary outcome models can lead to incorrect decisions in certain circumstances.

"To be consistent with Nunn and Qian (2014), standard errors (s.e.) are computed using clustered
s.e. by countries. Kleibergen-Paap F-statistic (Kleibergen and Paap, 2006) is utilised when allowing
for intragroup correlation s.e. The critical values 16.38 and 8.96 of SY test are based on the desired
maximal size distortion 5% and 10% of a 5% Wald test, respectively.

8The effective F-statistic and critical values are computed using the Stata command ”weakivtest”
(Pflueger and Wang, 2015). The critical value 23.11 is for the case of effective degrees of freedom one
and the tolerance threshold 10%. Robust test fails to reject the weak instrument based on the critical
value of 5% tolerance.
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Table 2.5.7: Tests of Weak Instrument (Significance level 5%)
(a) Civil Conflict Onset

SS SY (5%) SY (10%) Robust (5%) Robust (10%) DJ (min & max)

Statistic 26.07  26.07 26.07 26.39 26.39 0.57 & 7.50
Critical value 10 16.38 8.96 37.42 23.11 11.98
Reject Hy Reject Reject  Reject  Not Reject Reject Not Reject

(b) Civil Conflict Offset

SS SY (5%) SY (10%) Robust (5%) Robust (10%) DJ (min & max)
Statistic 17.29  17.29 17.29 17.49 17.49 1.50 & 9.46
Critical value 10 16.38 8.96 37.42 23.11 11.98
Reject H Reject Reject  Reject  Not Reject  Not Reject Not Reject

For both onset and offset data, SS and SY test statistics are Kleibergen-Paap F-statistic (Kleibergen and Paap,
2006) based on clustered s.e. by countries, to be consistent with Nunn and Qian (2014). SS critical value 10 is
the rule-of-thumb. SY (5%) and SY (10%) critical values 16.38 and 8.96 are for i.i.d. errors, one endogenous
regressor and one IV, desired maximal size distortion 5% and 10% of a 5% Wald test.

Robust test statistics and critical values are computed using Stata command ”weakivtest” (Pflueger and Wang,
2015) based on clustered s.e. by countries. For both onset and offset data, Robust (5%) and Robust (10%)
critical values 37.42 and 23.11 are for 2SLS with 5% and 10% tolerance of the Nagar bias over benchmark,
respectively. The estimated effective degrees of freedom with the tolerance {5%,10%} are both 1.

For the offset data, the Robust test rejects weak IV when tolerance is larger than 20%.

The perturbation of DJ test is chosen based on the process in Section 2.3.3. The critical value is X%70.05/20<H_

p+1) =11.98.

Subsequently, we have repeated this analysis within the other 5 models considered in
Nunn and Qian (2014) (columns (4)-(8) of Table 7, Nunn and Qian 2014), which include
different specifications and exogenous regressors. In most of the cases, our DJ test shows
that we cannot rule out the possibility of weak instruments, whilst the SS and SY tests
all result in a rejection of weak instrument hypothesis. Results are not reported due to
space limitation. SS and SY tests are based on Kleibergen-Paap F-statistic (Kleibergen
and Paap, 2006). DJ test is implemented using the same a; and b; with those used to
get the CUGMM in Table 2.5.5. The perturbation for each model is again chosen as in
Section 2.3.5 with m = 20. The DJ test rejects the null of weak instrument in column
(7), but fails to reject in the remaining columns. The Robust test also rejects the null
in some cases. Based on the critical value 23.11 (7 = 10%), the Robust test rejects
weak IV of the analysis in columns (4) and (8), but fails to reject in columns (5), (6)
and (7). Results are obtained by using the Stata command ”weakivtest” (Pflueger and
Wang, 2015) and clustered s.e.. In part (b) of Table 2.5.7 and Table 2.5.5, we report the

estimation results for the probability of offset of civil war after a period of war (column
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(6) of Table 7, Nunn and Qian 2014), as well as the test results for weak instrument.

One important result to note is that Nunn and Qian (2014) estimate a significant and
negative effect for offset of war, indicating that aid prolongs civil wars with 1,000 MT
extra of US wheat aid reducing the probability of civil war offset by 0.04 percentage point.
However, in this context, if one applies the DJ test using the same methodology as above,
the DJ statistic varies between 1.50 and 9.46, which is again less than the corresponding
critical value of 11.98, and indicates that identification may be weak in this example. If
identification is indeed weak, as the DJ test suggests, conducting standard inference on
the estimated treatment effect is no longer valid, therefore, the conclusion that US food

aid prolongs civil conflict must be interpreted with caution.

2.6. Conclusion

Estimating the causal effects of policy relevant treatment variables is the key goal of many
empirical analyses in economics and other diverse fields. Instrumental variables play a
crucial role in the identification and estimation of treatment effects when the treatment is
endogenous, but weak instruments have been identified as a potentially serious problem,
with consequences including inconsistent estimation and invalid inference. Consequences
and detection of weak identification due to instrument weakness have been extensively
studied for linear models, but similar issues have not been thoroughly studied for non-
linear models, such as discrete dependent variable models. In search for a suitable weak
identification test, empirical researchers have often resorted to the inappropriate use of
linear model weak IV tests for discrete outcome models, or the use of a linear probability
model with a 2SLS estimator treating the discrete variables as continuous. The suitability
of these linear tests in this nonlinear setting is not usually questioned in many empirical
studies (see Dufour and Wilde, 2018 and Li et al., 2019 for additional analysis on the

performance of the Stock and Yogo, 2005 testing approach in binary models).

This chapter proposes a much needed weak identification test in endogenous discrete
choice models. The proposed test has desirable asymptotic properties including size

control under the null of weak identification, and consistency under the alternative.
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Moreover, we demonstrate that once the null of weak identification is rejected, standard
Wald-based inference can be applied as usual. Our Monte Carlo results demonstrate
that, whilst the conventional Stock and Yogo (2005) and Staiger and Stock (1997) tests
are often over-sized and fail to detect weakness, our test always controls size and has
reasonable power. We apply this testing approach to two empirical examples in the litera-
ture, and demonstrate that there are importance instances where our approach produces
contradictory conclusions to the commonly applied linear testing approaches. Analysing
the causal impact of US food aid on civil conflict, our approach fails to reject the null
of weak identification, however, several commonly applied linear testing approaches all

conclude that identification is not weak.

Another key contribution of the chapter is the construction of comprehensive concept
of weak identification in discrete choice models, based not only on the convergence rate
of drifting moments, but also on the respective weight of the key parameters, including
variances of error terms and the level of simultaneity. This allows us to provide a uni-
fied GMM estimation framework for examining both linear and non-linear models, and
for comparing the asymptotic properties of GMM estimators against other conventional
two-step estimators for endogenous discrete models. While building on the general test-
ing strategy of Antoine and Renault (2020), the test proposed in this chapter is based
on a null hypothesis of genuine identification weakness, and not the nearly-strong iden-
tification null hypothesis analysed in, e.g., Andrews and Cheng (2012) and Antoine and
Renault (2020).

The conclusions that this chapter gives to empirical researchers wishing to evaluate
identification weakness in discrete models are clear. The canonical tests developed for
linear models are not suitable for non-linear models, are likely to be overly optimistic,
and can fail to detect genuinely weak identification. Our recommendation is a two-step
approach. Conduct our testing approach in a first step, then, if the null is rejected,
one can be very confident that identification is not weak, and conventional inference
can proceed as usual. If the null of weak identification cannot be rejected, identification
robust inference methods (as proposed in Stock and Wright, 2000 or Magnusson, 2010)

would be more suitable to assert the significance of any estimated causal effects.
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Furthermore, our asymptotic theory is conformable with the point of view on weak
identification defended by Stock and Andrews (2005): “weak instruments should not be
thought of as merely a small-sample problem, and the difficulties associated with weak
instruments can arise even if the sample size is very large.” We do see weak identification
as a population problem (i.e. independent of the sample size): either the GMM estimator
is not consistent (under the null of weak identification) or it is consistent (under the
alternative). In this respect, the trick of using a drifting DGP, as contemplated in the
weak identification literature, can be seen as a way to disentangle point identification
(a maintained hypothesis in the framework of weak identification) and existence of a
consistent estimator. This point of view may look at odds with the one put forward by
Lewbel (2019) where it is stated that: “a parameter that is weakly identified (meaning
that standard asymptotics provide a poor finite sample approximation to the actual
distribution of the estimator) when n = 100 may be strongly identified when n = 1000.”
However, for all practical purpose, the methodological recommendation may not be so
different: in our case, it is only for a large enough sample size that our consistent test may
allow us to reject the null of weak identification. In these circumstances, the researcher

can trust the consistency of the estimator and confidently use Wald inference.

2.7. Appendix

The appendix contains proofs for the main results in the chapter.

2.7.1. Lemmas

We first give several lemmas that are used to prove the main results.

Lemma 2.7.1 Under Assumption 2.2.1, for v,(0) := \/Lﬁ > (gi(0) —Elg:(0))]),
va(0) = v(6),

forv(0) a mean-zero Gaussian process with (uniformly) bounded covariance kernel S(6,0).
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Proof of Lemma 2.7.1. First, recall that for g;(0) = [a;, b;]r:(0), with r;(0) =
[11:(0),72:(62)]’ so that

lg: () = ll[a, bilrs ()] < l[as, bi]ll[lr:(O)-

Under Assumption 2.2.1 (a), [ay, ;] is i.i.d. and E[||[a;, b;]]]?] < co. The result then

follows if we can demonstrate that r;(6) is Donsker.

Consider the re-parameterisation ¢ = (9¥},v5)’, where ¥, := (o + p, 8 — pn’, p&’)’, and
Uy = (7, &Y. By compactness of ©, the new parameter space V := {0 = (¢,0,)" : 0 €
©} is also compact. Denote wy; = (ya;, 2, —21)" and wq; = (2}, 21)". Rewrite ®lyz;(a +
p)+xi(p —pr')—ziEp] = ®(w);¥1). By abuse of notation, define r1;(¢1) = y1; — P(wi,01),

T9i(¥2) 1= ya; — wh; V2, and define the class of functions
JT" = {7"1(19) = (Tlli<191),réi<192))/ : 19 < V},
from the compactness of V| (F, || -||) is totally bounded with || - || the Euclidean norm.

First, focus on ry;(¥;). For every wiy; and for 9,9, € Vi, with Vi a subspace of V

associated with ©;, without loss of generality, suppose w}; > w},J. Then,

[71:(01) — r15(01) || = | (w)d1) — P(w);01)]
wy 91
[ st

=
wi,; V1

= o(0)lwy; (91 — V)| < Cllwy|[|91 — V],

for ¢ € (w};¥1, w);9¥1) and some constant C' > 0. For P the law of (w};, w);), by Assump-
tion 2.2.1 (a), we know that

Ep[flwii?] < oo.

Now, consider ry;()2) and note that, for 05,9, € Vi, with V4 a subspace of V associated
with 192,

[72i(02) — r2:(Da) || < |lwai|[| 92 — Vall.
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It then follows from Assumption 2.2.1 (a) that
Ep|[lwai*] < oc.

Defining L = max{||wy||, ||was|}, ¥ = (94, 9%) and 9 = (9, 7})’, we have that E[L] < oo
and

I (@) = rs (D) < L& = 9]I.

This Lipschitz property, together with the compactness of V' implies that, by Theorem
2.7.11 of van der Vaart and Wellner (1996), F is P-Donsker. For ¢;(0) = [a;, b;]r:i(0), we
then have that

va(0) = V1 (ga(0) — Elg;(0)]) = v(0),

for # € © where v(6) denotes a Gaussian process with zero mean and variance kernel

$(6,0) := E{ (5:(6) ~ Elg:(9)))(0:(9) — Els(8)))'} .

By the continuity of S(#,0) in 6, Assumption 2.2.1 (a), and the compactness of ©, we
have

0 < sup ||S(6,6)|| < oo.
0,00

The following results demonstrates that Assumption 2.3.2 in the main text is satisfied

under Assumption 2.2.1.

Lemma 2.7.2 Under Assumption 2.2.1, if a; := a(yas, 2i, x;) satisfies By, [||a:2:€° (yas, 21, ) ||?] <
00, for W, (n,09) == == S1 {ais(n, 09)2€° — B, [a:di(n, 09) €%},

U, (1, 02) = W(n,65),
for W(n,09) a mean-zero Gaussian process over Y (69).

Proof of Lemma 2.7.2. Similar to the proof of Lemma 2.7.1, it suffices to show that
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the class of functions

= {rs:(n) = aip(n,03) 26"+ n € T(03)},
is Donsker, where 1 := (p, p + a, 8’ — pr®)’. Hence, we only sketch the details.

Let w; := (—2/€°% ya, o). For every w; and for n, 7 € Y(69), without loss of generality,
suppose win > wii. Let ¢'(z) denote the derivative of the density function ¢(x). Then,

for ¢ € (win, win),
laip(n, 09)28° — aid (7, 03)2i€" | = &' ()| aizi€ wi(n — )| < Cllaizig willlln — 7ll,

for some constant C' > 0, and where the equality follows by the intermediate value theo-
rem, and the inequality from Cauchy-Schwartz. For P the joint law of w;, by Assumption
2.2.1 (a), the compactness of Oy (Assumption 2.2.1 (d)), and the moment hypothesis for

.,

Ep([|aizi¢ " wil|*] < co.

The remainder of the proof follows that of Lemma 2.7.1 and is omitted for brevity. m

For A, = RA,,, the following result demonstrates that, regardless of the interpretation for
instrument weakness, for any consistent estimator the sample estimator 9g,(6,)/06' A,

is a consistent estimator of M in Assumption 2.3.3.

Lemma 2.7.3 If {0,} is such that ||0, — 6°|| = 0,(1), then under Assumptions 2.2.1-

2.3.4:
3gn(9n)
M = plim=2g

A,,, where A,, = RA,,.

Proof of Lemma 2.7.3. Let g,(0) = (g1n(9), §2n(0), ..., g.n(6)). The mean value

: gl n en 0
expansion of T at 0" yields

/a2gl,n(5n)
00'00

agl,n (en) o agl,n(eo)

_O
o0~ op (=0

1=1,2,...H

where gn is component-by-component between 6" and 6,,. By the structure of the moment
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gn(0), the smoothness conditions on ®(-) and its derivatives, a; and b; are all measurable,
it is not hard to prove that ||#, — 6°|] = 0,(1) implies the Hessian multiplied by A,,

020u) A, = 0,(1) for | = 1,2,..., H. Therefore, |6, — 0°]| = o,(1) and Lemma 2.3.4

implies the result is satisfied. m

Lemma 2.7.4 Under Assumptions 2.2.1-2.3.4, and for A,, as in Lemma 2.3./, ﬁA;l(fn—
¢°) = Op(1).

Proof of Lemma 2.7.4. The result is a consequence of Proposition 2.3.3 and Lemma

2.7.3, and the following inequality:

Jn(Coago) 2 Jn(énvén) = Jn(&n, CO){l _'_ Op(l)}7

which follows from the definition of ¢, and the consistency of (, in Proposition 2.3.3.

For some component-by-component intermediate value (',

Vit (@) = Vg (¢°) ~ Vil (0 - ),

and we can apply the inequality ||a — b|| > —||a|| + ||b|| to obtain

TG ¢ 2 =IVnga(COlla, + 1Vn05.() /¢ (¢ = Gl

where Q,, = S:1(¢?), ||z]lq, = (2'Q,2)"? and where we have used the fact that (with
probability converging to unity) Auin(€2,) > 0. By the consistency of ¢, proved in
Proposition 2.3.3 and Lemma 2.7.3, and for M as defined in Lemma 2.3.4, we have

— [MVA (G =€)+ 0p (VA (G = ) e,
> C|lvnA, (G — 1+ op(1)}|
for some constant C' > 0, where the last inequality follows from the fact that M

is full column rank and the fact that Ay (€2,) > 0 (with probability converging to
unity). Applying the above inequality into the first inequality, and using the fact that
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Jn(¢% ¢%) = O,(1), we obtain

Op(1) = ClIVaA (G = L+ op (D}

2.7.2. Proofs

Proof of Proposition 2.3.1. First, note that

Vn [gn (ég) —On (@z)] = \/ﬁg—?z (nfm Tans T3ns éQn) On,s

where 7], denotes a component-by-component intermediate value between the first co-

efficients of 6,, and éfl Recall 9, = 0 as n — oo. Thus, we only have to prove that

agn * A~ A~ N _
\/ﬁa_771 (nlna Ton, M3n, 92n> - Op (1) .

For this purpose, we write the Taylor expansion

8gn A . ~ B 8gn . . . 0
\/ﬁa_771 (nlnv M2ns N3n, 92n> _\/58_7’]1 (771717 Non, M3n, 92)
o aey i o s 030) Vit (0o = 02) (2

for some intermediate value 63 . By construction, the separation of estimators of 6; (or
m) and 6, (see Remark 2.2.3 in Section 2.2.2) implies that /7 (6, — 63) = O,(1). It is
also worth noting that application of Lemma A1 of Stock and Wright (2000) would allow

us to prove this result in an even more general context.

To see that the second part of the RHS of (2.30) is O,(1), note the following: (i),
02,,/On 00 is continuous in n and 6y; (ii), T(09) x O, is compact; (iii), verify that
102G, /0 005 || < 2|a(yas, 25, 24) 21|, where By, [||a(yas, 2i, 24)21||]] < oo by hypothesis. From
the i.i.d. nature of the data, the uniform law of large number (ULLN) then implies that

the second derivative in question converges uniformly, and together with the fact that

V(03, — 09) = O,(1) implies that the second term on the RHS of (2.30) is O,(1).
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Finally, it is straightforward to deduce that

X

= (Voo 0|

‘_ sup

sup
neT(69) neT(69) 1
n 8 n
sup ‘\/_ g (n,69) — E, {\/_ag (n,63 }H
77€T 90 n

The first term is O(1) under the null, while the second term is O,(1) under Assumption
2.3.2 (or Assumption 2.2.1 and Lemma 2.7.2). m

Proof of Theorem 2.3.2. The result follows direction from Proposition 2.3.1. To
see this, note that, by definition,

I (é 0 ) < J, [(n?,ﬁ%,ﬁgm@n) ,90] , (2.31)

where (72n, M3, ézn) denotes the infeasible CUGMM estimator of (1,73, 02) that would

result if we knew 7?; i.e.,

<772n7 ﬁ?my é?n) = argmin Jn [(n?; 12,13, ‘92) ) (n?v 12,13, 02)] .
(n2,m3,02)

However, under Assumptions 2.2.1-2.3.1, the standard theory of the J-test for over-

identification test for estimation of (19,73, 602) yields
Jn |:<77?7 ﬁ?na ﬁ?’na é2n> 790} i X2 (H +1-— p) ,

where -% denotes convergence in distribution. Hence, the result in Proposition 2.3.1
implies that J° is asymptotically bounded above by a x*(H + 1 — p) random variable,

which yields the necessary size control for the test W?. m

Proof of Proposition 2.3.3. We work in the rotated parameter space, collected as
¢ = (1/,05), but note that the result can be moved to the original parameters through

the parameterisation § = R(, and the fact that R can be consistently estimated.

Firstly, we demonstrate that there exist a deterministic diagonal matrix Kn, a vector

function ~(¢), continuous in ¢, and a vector function gs(n2,73), continuous in (19, 73),
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such that under our drifting DGP,

E, [gn(C)] = %7(@) + q2(n2,m3),

and

Y(¢) =0 and ga(n2,m3) =0 = (=0,
where Kn has minimal and maximal eigenvalues, denoted by )\min[/~\n] and ,\max[fxn],
respectively, that satisfy:

lim Apin [Kn] = oo and lim )\max[KH] /V/n < oo.
n—oo

n—oo

After this, we can apply a similar strategy to Theorem 2.1 of Antoine and Renault (2012)

to establish estimation consistency for the parameters ¢° := (n”, 69

To simplify the calculations, we establish this result in the case where x; = 1, for all 4,

and scalar z;, which yields the moment functions: ¢;(6) = (g1;(n, 62)’, g2:(9)’)’, where

Yoi — T — &%
G1i(1,02) = a; (yri — P [=1m12:& + M2y2i +m3]) ; g2i(0) =
zi (Yai — ™ — €21)

From the identification condition in Assumption 2.2.2, 69 = (7% &%) can be directly
identified from E,[go;(6)] = 0, which would yield least square estimators

N ﬁn an - énzn

02 = R =

&n Doy (2 = Zn) (Yo — an) [/ 2o (20 — Z0)?

for z, = > 0 zi/n and §a, = D1 Yo;/n, which are clearly \/n-consistent and asymp-

totically normal under Assumptions 2.2.1 and 2.2.2.

Now, define the stochastic process v,(n,02) = (v1,(1, 02), v2,(602))" to be conformable to
gi(n,02) = (g1:(n,02)', g2s(02)"), where by abuse of notation, we write go;(0) as go;(0s).
From the v/n-consistency of (#,,&,) and stochastic equicontinuity of vi, (1, 62), we can
restrict our analysis on the uniform behaviour of vy,,(n, 62) to the set Y, := {(n,6,) : n €

T(0s),05 € Oq,, }, for T(62) as defined above equation (2.21), and where for some § > 0
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and § = o(1),
@Qm = {92n : H92n — 98“ S (5/\/5} .

In the remainder, we take 6,, to be an arbitrary sequence in Og,.

For 65, as above, recall that, using the decomposition in equation (2.18), for some 7

such that n{ <7, < ny,

mln(”y 02n> - mln(ny 8(2)) + mln(na 0271) - mln(na 0(2])

= q11.a (1) /5n + Q2.0 (2, m3) + 0p(n"/?)

I~ _
= (= m)En | = > i 12 153 03) %€ | + G (2, 15) + 0p(n~17%).
i=1
(2.32)
Moreover, by Assumption 2.3.3, uniformly over 7 = (71, 75, 73)" € T(69),
1 n
E, |- a;¢i (7, 09)z:E° | < — VO (1)|| = o(1
n%;a¢ﬁﬁzkflc (M| = o(1)
so that
man(1,020) = 6, (= m3)VO(7) + quan (112, m3) + 0 (n™1/2). (2.33)

Now, decompose \/ngi, (1, 02,) as

\/ﬁgln(n7 92n) = \/ﬁ {gln(nv 9271) - mln(na 9271)} + \/ﬁmln(nv 9211)7

and apply equation (2.33) to obtain

\/ﬁgm(ﬁ, O2n) = vin(n, 93) + \/ﬁmln(nv 93) + 0p(1)
vn

= vin(n,03) + g—nVO(ﬁ)(m — {1+ 0p(1)} + Vnquan (2, 13).-

n

Recall that by Lemma 2.7.1, v,(n,609) = v(n,63), and hence is O,(1) uniformly for
n € Y(09).
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Define )\, := v/n/s,, which satisfies \, — 00, as n — oo, where \, = o(y/n) by the

definition of ¢, in Assumption 2.3.3. Now, define the matrix

/"i o S\nIdim(gl) o
O 2" Laim(g)

n

and the vectors

o (Vi) o (paeem)

E,, [G2n(62)] 0

Then, up to o,(1) terms,

\/ﬁgn(na 02) = \/ﬁ{gn(ﬁ, 02) — Enlgn(n, 02)]} + \/ﬁEn[gn(m 0)]
= vn(n, 02) + Kn’Y(C) + V/nga(n2,m3)-

The remainder of the result follows a similar strategy to Theorem 2.1 in Antoine and
Renault (2012). Let W be a positive-definite H x H matrix, and define ||z||3, := 2’/Wx.
For 1,(¢), A, and ~(¢) as above, we can rewrite the CUGMM objective function in the

rotated parameter space as

2

”jg ; %wo T o)

, for Q,(¢) = S.1(¢)
()

Jn[C, C]/?’L =

By definition of ¢,, J,, (€%, ¢ > J, [én, CAn] which implies

2

V(o) /3 + D (Ga) [N/ + 3 (o Tn) (2.34)

() Vg, o) =

nn)

Define Q0 := Q2,(C%), U = Qu(Ca)y T = va(Ca)s Yo = Ay (C) + V1002 (72 T13n) and
dn = 1 (Co) i (Ga) — v (COY P, (C). Denote Amin[A] and Amax[A] as the smallest

and the largest eigenvalue of a matrix A, respectively. Then, from (2.34), we obtain

02 JalCus Gl = Tal¢% €)= du + llynll3, +2(Q0) v

> dy -+ 1yl A 20| = 20 19022 (2:35)
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Defining z, := ||yx||, and for Ay, [Qn} > 0, we can re-arrange equation (2.35) as

2
zn — 2z

<0

”annH i dn
)\min |:Qn:| )\min [Qn]

Solving the above equation for z, yields:

By [B2 -G <o < But [B2 -], B Ao e
Anin | Q] Aain (2]
(2.36)
where by definition of C,, and B, we know that B> — C,, > 0. From (2.36), the result
follows if

B, = 0O,(1), and C,, = O,(1).

Consider first, B,, and note that

)\max Qn sup 1 )\max[ n(C)]
anuxnnﬁs Sup ()| OB L
Amin [szn] cer-10 infecp-16 Amin [2a(C)]

By the result of Lemma 2.7.1, sup.cg-1g [[/n(C)[| = Op(1). It then follows that B, =

O,(1) so long as, for all n large enough, with probability approaching one,

0< inf Apin [2,(O)] € sup Apax [2,(€)] < 00,
CER-1O CER-1O

which is guaranteed to be satisfied for n large enough under the assumptions of the

result. For C),, recalling that d,, = ||1/n(CAn)H?2n — [ (¢O)I[ , We obtain

SUPcepr-10 Amax [2n(C)]
Cn S 2 sup Vp C 2 . .
Gl CER-1O (Ol infeecp-10 Amin [20(C)]

Repeating the same argument for C,, as for B, yields C,, = O,(1). Applying B, =
0,(1), C,, = O,(1) to equation (2.36), we have

zn = llynll = 1827 (G) + Ve (fizn, isn) || = Op(1)
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It then follows that,

17(G) + @2 (ion, Tisn) || = Oy (1/20) -

Consistency of én now follows by modifying the standard argument (see, e.g., Newey and
McFadden (1994), page 2132). By continuity of v({) + ga(n2,73), for any € > 0, there

exists some ¢, such that

Pr (G = %)l > ¢ < Pr

{2 + @i, sn) } = 1) — i, )| > 8]

However, by Assumption 2.3.3, V°(n) is non-zero uniformly for € Y(69), so that under
the identification condition in Assumption 2.2.2 and the identification of g3, (72, 73) in

Assumption 2.3.1, we can conclude:

[7(€)+a2(n2,m3) || < s V) [l =+ EalGon O2)] [+l g2, (n2,m3) | =0 =
ne 2

Therefore,

Pr [[16, = ¢°ll > €] < Pr 8 < |[7(G0) + @alions n) ] = (1),

where the last equality follows from the fact that [|7(C,) +a2(ons fan) || = O, (1/A,), and

Ap —00aSN —00. M

Proof of Lemma 2.3.4. In the rotated parameter space, the moment function is given

by

9i(€) = airi(C) + birai(0a) = &igy% rE(©) 91i(C)

i(mi, Zi)Tzi(QQ) 921‘(92)

The (H x p)-dimensional Jacobian matrix dg;(¢)/d¢’ is given by

9g1i(¢)/0n"  9g1i(C)/ 00,
O 5921’(92)/895

09:(¢)/0¢" =
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For A, as in the statement of the result,

O (B [ . [5])

= Oyl ¥+ oo+ {B2 |

=o0,(1) + {En [aggégo)} } A, (2.37)

The second equality follows from Assumption 2.3.3, and the uniform convergence of the
remaining derivatives, which follows from Assumptions 2.2.1, 2.2.2 and a ULLN for iid
data. The third equation follows from the fact that ,/v/n = o(1). For Ay, denoting the

diagonal matrix

. O
Aln = A

O I

we decompose the (p X p)-dimensional matrix A,, as

A, (@)
O I s

A, =

From this definition, the last term in equation (2.37) can be stated as

o [0gn(<°>] A —E, [agn(co);agn@“)] A —E, {8%(40) A 99 (2.38)

ac’ o 06, oy T o0

Recalling the functions ¢11.,(n) and qi2(n2,7m3) underlying Assumption 2.3.1, the first

component in equation (2.38) can be seen to be given by

0 n(n®
K [agnw)] @ O (MHSe 0 ) _ (Vi) o
" on’ N dq12(nd.n3) | 9q12(n3 m3)
" O L+ o ) Bma)’
= Mi(1°).

By Assumption 2.3.1 (b) the south-east block of M;(n°) has column rank 1 + k,, while

by Assumption 2.3.3 the north-east block of M (n°) is of column rank 1. Therefore, since
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M;(n°) is block diagonal, conclude that

lim column rank [M;(n")] = 2+ k,.

n—oo

For the second term in (2.38), recalling the Jacobian of 0g¢;(()/9¢’, we have that

E {3971({0)} 0g1n(n°, 63)/ 004 E [(O = alyai, zi, 21)8:i(n°, 63)n)z)]
n Ogion (69) /00, E, [?)(l’“ZZ) (x} - Zz/)]

o0, |~ -

By Assumption 2.3.3, the matrix E,, [b(x;, ;) (2} : z{)] has column rank (k, + k.).

(2

Combing the two Jacobian terms, the H X p dimensional Jacobian matrix in equation

(2.38) can be seen as

99 (¢°) [ M(°) En[(O : alyas, i, 2i)di(n”, 09)17 7))
E”{ ¢’ ]A"_ 0 E, [B(xi,zi)(x; : zf)]

2

The matrix

=l { 0, |

then exists and satisfies

column rank[M] = lim column rank [M;(n")] + lim column rank {En [l;(x,, 2) (2} Z;)]}

n—oo n—o0

=2+ k) + (ks + k) =p.

Proof of Theorem 2.3.5. From the first order condition of the CUGMM objective
function, é’n satisfies

~ ~

n@ggg) S(C) " Ga(Cr) — W - nagflaf“ .6 1gn() = 0 (239
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for W defined as

W) _ oy (3§n<5”)',gn<én>) (109 [5G Vam@)). 240

and where Cov(+)

a_n An/ — /r
COV( ga(g ) 7gn(€n)) =

agln(&n) — r 8§H,n(én) _ /2
Cov ( 8C 7gn(<.n)> [ Cov (a—cagn(gn)) ]

(2.41)

Substituting (3.22) into (2.39), and multiplying both sides of the equation (2.39) by

n~2, we obtain

agn(én)/ A=l (fF 8£_7n(6n)/ —
\/ﬁ 8C Sn(Cn) gn(Cn) — Cov 8C >gn(€n))
% (T ® [S0(G) ™ Viga(G)] ) SulG) 'Gu(G) = 0. (2:42)

~

Apply the mean value theorem to g,((,),

L 03,()

a¢
= gu(¢9) + A A1 (G — 0)

By Proposition 2.3.3, (, is consistent and by Lemma 2.7.4, \/ﬁAgl(fn — (") = 0O,(1).
Then Lemma 2.7.3 and Assumption 2.3.3 yield

a_n ;; —1/r — — _
nt? gag )Ann1/2An1<Cn - CO) =n 1/2M0p<1) + 0p(n 1/2) = Op(n 1/2)7

so that we can conclude
9n(Cn) = 9a(C°) + Op(n™'72). (2.43)

From (2.43), the convergence rate of gn(fn) is determined by g,(¢"), and by Lemma
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2.7.1, and the fact E,[g;(¢°)] = 0 (under Assumption 2.2.2),

Vnga(C%) = v(¢"),

where () is a Gaussian process with mean-zero and variance matrix S(¢°). Therefore,
9n(C%) = O,(n"/2) and together with (2.43), we have that g,((,) = Op(n~"/2). Given
Lemmas 2.7.1 and 2.7.2, and the fact that sup.cp-1g |5, (¢)]| < oo, the above result

then yields:

Cov <39§§n>’,gn<gn>> — 0,1, and Ly ® [S,(6) Wag.(C)] = Ou(1). (240

From g, (¢°) = O,(n"'/2) and the results in (2.44), the second term on the left hand side
of (2.42) is O,(n~1/2). Then, (2.42) becomes

VA s, (G 9,(G) = 0,07, (2.45)

Plugging (2.43) into (2.45) and multiplying both sides by A/, we obtain

0, (n~ 2N, = /A 89"(4") (E) a0

l agn(Cn) agn(C ) 0
R e (O o P (RO} (2.46)

In addition, from to the uniform convergence of S,(¢) to S(¢) over ¢ € R™'O, which
follows from compactness of R710, continuity of ¢;(¢), Assumption 2.2.1, and the con-

sistency of én,

150(Ga) = SO = 115a(Ga) = S(Ga) +5(G) = SO
< [15(Gn) = SEGI + 115(Ga) = SO
< sup [ISu(¢) = SO+ [15(G) = SO

(eR-1O

= 0,(1). (2.47)
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Moreover, by the consistency of én, Lemma 2.7.3 and equation (2.47) imply that

0%(@1) P ,3§n(§n) 109,(C) Pt a—1
o A, > M, N —+ o Sn(Ca) ™ ac N\, = M'ST M.

Because the H x p matrix M is full column rank under Assumption 2.3.3, then the

non-singularity of S and the rank condition of M imply that A/, 69" C" (Cn) 18@5—29)1&”
is invertible for large enough n. Hence, from (2.46) and A/,O,(n _1/2) = O,(|[An/v/]) =

0p(1), we obtain

ﬁA;I(én - CO)

(‘9§n(§n) 109,(C )A A’ Ogn(cn)

S Sn(G)™ =50 Se S Vg (C") +0p(1). - (2:48)

A,

Therefore, based on (2.47), (2.48) and the asymptotic normality of v/ng,(¢°) from

Lemma 2.7.1, the desired results follow. m

Proof of Theorem 2.3.6. First, we recall the parameter rotation ¢ = (1, 6,)’, where

¢ :=R10. For én = Rflén, the perturbed parameter values are defined by

ﬁln 5n 571,
R Non 0 R 0
Cg = 772 + . == 719n + . )
é2n 0 0
02 .= RC’. (2.49)
A mean value expansion of gn(ég) yields, for A,, := RA,,
VG (85) = \/rga(6°) + Z 0905 G5 — g0y
\/_ 89’ O
* * 6n
= V/ngn(6°) + aggé? )A nV/nATH (0, —9°)+\/_89”(6 )R (2.50)

00/ 0, .

where 6 is component-by-component between 0, and 6°. We now analyse each of the

terms in (2.50).
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For the first term in (2.50), by Lemma 2.7.1, v/ng,(0") = O,(1). For the second term,
first note that, under the alternative hypothesis, ||6,, —6°|| = 0,(1) (by Proposition 2.3.3),
which further implies ||} — ¢°|| = 0,(1) for ¢} = R76%. Then, it follows that

8in 9;“1 1A 6771 ;; - %
ga‘(g’ )An\/ﬁAHIWn - 00) = ga(f )A”\/EA”I <Cn B CO)
=M - Op(l)

= Op(l)a

where the second equality follows from Lemma 2.7.3, and the third from the fact that
|M|| < co. Therefore, the second term in (2.50) is O,(1).

Focusing on the last term in (2.50), we have

9gn(67,) on | 37a(C) [ On
v oo 0, 1 - Au/nh, 0,
o (VSR
0,1
0(,,0
_ (V00 VR o) +o0,(1), (2.51)
0,1

where the second line follows from Lemma 2.7.3 and the last from the fact that M is
full rank (Lemma 2.3.4). Applying these order results for the three terms in (2.50), we

obtain

Vg 8) = 0,(1) + VO(”O)Z"W“”} +oyl1),

Since [|[VO(n°)|| > 0 by Assumption 2.3.3, conclude that \/ng, (6°) diverges if {\/n/c, 0, —

Q.

Using the above result, we can now show that J? diverges under the alternative. From

the proof of Lemma 2.7.1,

1n'?{ga(0) — Enlga(0)]} = v(0), (2.52)
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where v(6) is a Gaussian stochastic process on © with mean-zero and bounded covariance
kernel S(6,6). Since 82 £ #° under Assumption 2.3.3, the uniform convergence (2.52)
indicates that the sample covariance matrix satisfies S, (62) 2 S(6°). Thus, for n large

enough, Sn(éi) is positive-definite with bounded maximal eigenvalue. Therefore,

2

T8 = Min [ S:100)] || VRan(@) | (2.53)

where Apin [S;l(éfl)] > 0 for large enough n. Thus, {v/n/c,}d, — oo implies plim J° —

n—o0
oo, Nl



Chapter 3

Decomposing Identification Gains
and Evaluating Instrument

Identification Power for Partially

Identified ATE

3.1. Introduction

This chapter investigates the identification power of instrumental variables for the av-
erage treatment effect (ATE) in partially identified binary outcome models. Binary
outcome models with binary endogenous treatment are widely used in empirical studies.
The role played by the instrumental variable in identifying the ATE in such models has
long been a controversial topic and has been discussed in many papers (see e.g., Freed-
man and Sekhon, 2010; Han and Vytlacil, 2017; Heckman, 1978; Li, Poskitt, and Zhao,
2019; Maddala, 1986; Mourifié and Méango, 2014; Wilde, 2000). In particular, there is
a notion of “identification by functional form”(Li et al., 2019), where such non-linear
models can be point identified even without any IVs based on restrictive parametric as-
sumptions such as a bivariate probit. However, such identification has been described as

“fragile” (Marra and Radice, 2011), as models such as the bivariate probit are restrictive

90
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and hard to verify in practice. Once less restrictive assumptions are allowed, the IVs
have been shown to play a crucial role for meaningful identification in partially identified

models (see e.g., Chesher, 2005, 2010; Li et al., 2019; Shaikh and Vytlacil, 2011).

The literature on partially identified models offers a useful framework for the analysis
of IV identification power. The identified set for the ATE, defined as the collection all
possible values of the ATE from different observationally equivalent structures that can
give rise to the observed data, offers an obvious measure for identification power. For
example, Kitagawa (2009) and Swanson et al. (2018) use the size of the identified set
to measure the identification power of model assumptions. Naturally, the width of the
ATE identified set can also provide a measure to examine the IV contribution to the
identification gains. In this chapter, we use the reduction in the width of the identified
set as a measure for identification gains. Since the pioneering work of Manski (1990),
most of the ATE partial identification studies with an endogenous treatment have relied
on the IVs to bound the ATE (see Chesher, 2010; Chiburis, 2010; Flores and Chen,
2018; Heckman and Vytlacil, 1999, 2001; Shaikh and Vytlacil, 2011; Vytlacil and Yildiz,
2007; Vuong and Xu, 2017). Both Chesher (2010) and Li et al. (2018) show that the
existence and the strength of the I'Vs can significantly affect the identification of the ATE
for discrete outcome models. However, the mechanism through which the IV strength
translates to identification gains in such non-linear models has not been well understood

by researchers.

In endogenous treatment effect models, the IVs exert their influence through their im-
pact on the treatment propensity score. Heckman, Urzua, and Vytlacil (2006) provide a
comprehensive study of the properties of IVs in models with continuous outcomes, and
point out the central role of the propensity scores in such models. Other works that es-
tablish the important role of the propensity score include Rosenbaum and Rubin (1983),
Heckman and Robb (1985, 1986), Heckman (1990), and Ahn and Powell (1993). In con-
tinuous outcome models, it is well known that the “identification at infinity”, namely
the existence of values of the IVs that can produce propensity scores of zero and one,
leads to the point identification of the ATE (Heckman and Vytlacil, 1999, 2001; Imbens

and Angrist, 1994). However, this condition is rarely guaranteed in practice, especially
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when available IVs have limited variation. Thus, it is important to understand how the
achievable variation of the conditional propensity scores determines the ability of the

IVs to shrink the size of the ATE identified set.

The crucial role played by the IVs has also been noted for discrete outcome models. In
particular, it is commonly accepted that Manski’s ATE bounds (Manski, 1990), which
employ no I'Vs and have the support of the “hypothetical propensity score” as an empty
set, can be uninformative. Chesher (2010) has pointed out that the support and the
strength of the IVs play an important role in determining the ATE bounds. Li et al.
(2018) use a version of pseudo R? to measure IV strength and show that the ATE bound
width decreases as the pseudo R? increases. As with linear models, it is natural to expect
that the propensity score variation is also a key component that governs the ability of the
IVs to identify the ATE. However, to the authors” knowledge, no rigorous examinations
have yet been conducted to investigate the factors contributing to the identification gains
of the ATE for discrete outcome models when “identification at infinity” fails. It is part

of the purpose of this chapter to investigate this lacuna.

This chapter presents a rigorous examination of the role of IVs and their interplay with
other factors in the identification gains for the ATE in binary outcome models with an
endogenous binary treatment. Using the bivariate joint threshold crossing model pro-
posed by Shaikh and Vytlacil (2011) (henceforth referred to as the SV model or SV
bounds) as an example, we study the identification gains achieved by the SV bounds
against those from an ATE bounds benchmark, the bounds of Manski (1990) (hereafter
Manski bounds). The rationale for using Manski’s bounds as a benchmark follows from
the observation that if the IVs are irrelevant, then the SV bounds collapse to Manski
bounds. Using this framework, we disentangle the various impacts of IVs on identifi-
cation gains, which yields a novel decomposition of the ATE SV bounds identification
gains. This decomposition provides useful insights into the different sources and nature

of identification gains.

Our chapter makes several contributions. Firstly, we distinguish the concepts of IV
strength and IV identification power for binary dependent variables models. It can be

shown that, as in the case of linear models, the IV strength, measured by the range of the
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conditional propensity score (CPS) that are attributable to the IVs, plays a crucial role
in the identification gains when bounding the ATE. More importantly, we demonstrate
that unlike linear models, the IV identification power is also determined by the interplay
of the I'Vs with the sign and the degree of treatment endogeneity. This is because in such
non-linear models, the ATE bounds are governed by the joint probabilities of the outcome
and the treatment, which are non-linear functions of the endogeneity degree. Thus, the
same information contained in the IVs may be correspondingly scaled up or down via the
leverage induced by the endogeneity. Therefore, the conventional notion of IV strength
no longer provides the full picture of IV identification power, and is not the sole arbiter
of instrument usefulness. Our second contribution is to propose a novel decomposition
of the identification gains into three components. These components are governed by the
IV wvalidity, the IV strength, and the impact of the exogenous covariates via matching.
The proposed decomposition of the ATE bounds is implemented by comparing the SV
bounds (Shaikh and Vytlacil, 2011) to the benchmark of the Manski bounds (Manski,
1990), and by disentangling the different sources of the overall identification gains. This
allows us to analyse the ATE partial identification mechanism and to thereby characterise

the structure of the overall identification gains.

Based on the decomposition, the third contribution of this chapter is to propose a des-
ignated measure for the instrument identification power (hereafter 11P). The I1P mea-
sures the IV contribution to identification gains by quantifying the reduction in the size
of the ATE identified set that can be attributed to the instruments alone. Works that
aim to provide measures of the explained variation in limited dependent variable mod-
els, such as Veall and Zimmermann (1992, 1996), are already available and Windmeijer
(1995) provides a comprehensive review of various pseudo R? goodness-of-fit measures.
In general, pseudo R? statistics are developed for single equation limited dependent vari-
able models, rather than for triangular systems with a binary endogenous treatment.
Although such pseudo R? statistics will yield a measure of the I'V strength (as used in Li
et al., 2018), they are not appropriate measures for IV identification power, as they fail
to capture the critical fact that the IV identification information pertaining to the ATE
varies with the endogeneity degree. Consequently, any suggestion that pseudo R? statis-

tics will be an indicator of the IV identification power would be misplaced. In contrast,
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the I'1P proposed in this chapter is specifically designed to evaluate the identification
gains that can be solely attributed to the IVs.

Finally, our study also provides potential insights into the literature on instrument rele-
vancy, weak instruments and instrument selection. The importance of this /1P measure
is that it enables a ranking of alternative IVs by their identification power, thereby offer-
ing a potential criterion for detection of irrelevant IVs and for selection of sets of IVs for
constructing the ATE bounds. In this way, our measure is akin to existing approaches
in the generalised methods of moment (GMM) literature that seek to determine instru-
ment “relevancy”. The ability of our approach to determine and rank sets of IVs by their
identification gains leads us to document, we believe for the first time, a critically im-
portant feature of binary triangular equations systems: while in the population, adding
irrelevant [Vs can not increase the IV identification power, in finite-samples, using such
IVs to partially identify the ATE could lead to a loss in IV identification power, which
may result in wider ATE bounds especially when the variation of covariates is limited.
We liken this phenomena to the well-known problem of irrelevant moment conditions
in GMM (see Breusch et al., 1999; Hall and Peixe, 2003; Hall, 2005; Hall et al., 2007,

among others) and leave a more rigorous study of this topic for future research.

3.2. Model Setup and the ATE SV Bounds

Following the potential outcome framework, let Y be a binary outcome such that
Y = DY, + (1 — D)Y,,

where D € {0,1} is a treatment indicator with D = 1 denoting being treated and
D = 0 denoting being untreated. The pair Yy, Y; € {0,1} are two potential outcomes
in the untreated and treated states. We observe (Y, D, X, Z), where X denotes a vector
of exogenous covariates and Z represents a vector of instruments that can be either

continuous or discrete. Suppose we are interested in the conditional ATE, defined as

ATE(z) = E[Y;|X = 2] — E[Yo|X = a].
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Because only one of the potential outcomes is observed, we are faced with a missing
data problem. If the potential outcomes are independent of the treatment D then it
can be shown that the ATE(x) is point identified. However, in many empirical studies
D is endogenous and hence correlated with the potential outcomes. Nevertheless, with
the help of IVs we may partially identify the ATE(x) and construct an identified set
for the ATE under mild conditions that are satisfied by a wide range of data generating

processes.

For notational simplicity, henceforth we will use Pr(A|w) to represent Pr(A|W = w)
for any event A, random variable W and its possible value w unless otherwise stated.
For any generic random variables A and B, the support of A is denoted as Q4 and
the support of A conditional on B = b is given by 4. Let F4 p denote the joint
cumulative distribution function (CDF) of (A, B), Fa the marginal CDF of A, and Fa
the conditional CDF of A given B. Corresponding density functions will be denoted

using a lower case f with associated subscript in an obvious way.

We now introduce the model and the identified set of the ATE studied in Shaikh and
Vytlacil (2011), based on which we explore the factors determining the ATE bounds and

how they impact the ATE bound width. Consider a joint threshold crossing model

Y =1[n(D, X) > &), (3.1)
D = 1[1n(X, Z) > &), |

where v4(+,-) and v»(+, ) are unknown functions, and (e1,e2)" is an unobservable error

term with joint CDF F; Threshold crossing models are often used in treatment

evaluation studies (see Heckman and Vytlacil, 1999, 2001, for example), and have been
shown to be informative in the sense that the sign of the ATE can be recovered from
the observable data, and the ATE can even be point identified in certain circumstances;
see Shaikh and Vytlacil (2005, 2011), Vytlacil and Yildiz (2007) and Vuong and Xu
(2017) among others. Bhattacharya et al. (2012) demonstrate that the SV bounds still
hold under a rank similarity condition, a weaker property that allows heterogeneity in

the sign of the ATE(z). Furthermore, as mentioned in Vytlacil and Yildiz (2007), it

is possible to achieve the ATE point identification via the SV bounds if X contains a
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continuous element or the exclusion restriction holds in both equations. Moreover, tests
for the applicability of threshold crossing also have been developed (Bhattacharya et al.,
2012; Heckman and Vytlacil, 2005; Kitagawa, 2015; Machado et al., 2013) for example.
The following assumption summarises the conditions imposed by Shaikh and Vytlacil

(2011).
Assumption 3.2.1 The model in (3.1) is assumed to satisfy the following conditions:

(a) The distribution of error term (1,€2)" has a strictly positive density with respect

to the Lebesgue measure on R?.
(b) (X,Z) is independent of (e1,€32).
(¢) The distribution of vo(X, Z)| X is non-degenerate.
(d) The support of the distribution of (X, Z), Qx, z, is compact.
(e) v1 : Qpx = R, vy : Qx 7z — R are continuous in both arguments.

Assumption 3.2.1 ensures that the instruments in Z satisfy the exclusion restriction, is
independent of the error term (£1,e5)" and relevant to the treatment D. In addition,
Assumption 3.2.1 (a) and (b) are such that Z enters the outcome Y only through the
propensity score, which is called index sufficiency. Conditions (d) and (e) are required

to establish the sharpness of the identified set, and are imposed for analytical simplicity.

Denote random variable P = Pr[Y = 1| X, Z] with support Qp. Under Assumption 3.2.1
(a)-(c), Shaikh and Vytlacil (2011) show that the sign of the ATE(x) is identified: for
any p and p’/ in Qp such that p > p/,

sgn[ATE(z)] = sgn[vi (1, 2) — 11(0,z)] = sgn [Pr[Y = 1]z, p| — Pr[Y = 1|z, p]] , (3.2)

where sgn|[-| is the conventional signum function. Given (3.2), it is apparent that the
sign of the ATE(x) is recovered from the observables if Z is valid in the sense that Z is
independent to (£1,&2) and it has nonzero prediction power for the treatment, meaning

that there exist two different values of p,p" € Qp, such that p =Pr[D = 1|z, 2] and
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p =Pr[D = 1]z, 2/].

More importantly, Assumption 3.2.1 is sufficient to construct bounds for the ATE, re-
ferred to as SV bounds. Let P and P’ are two independent random variables with
the same distribution, and let x,z’ be any two values in Qx. Now, define H(x,z) =

E[h(x,2’, P, P")|P > P'] where

h(z,2',p,p') =Pr[Y =1,D = 1]2',p] — Pr[Y = 1,D = 1|2/, p/]

—Pr[Y =1,D =0|z,p| + Pr[Y = 1,D = 0z, p).

Let Xoy(z) = {2/ : H(z,2") > 0}, Xo_(z) = {2’ : H(z,2') < 0}, Xy (x) = {2 :
H(2',z) > 0}, and X;_(z) = {2’ : H(2/,x) < 0}. Then the SV lower bound is

LY (z) = sup {Pr[Y: 1,D=1lz,p|+ sup Pr[Y = 1,D:O|x’,p]}

peQP|z I/€X1+(I)

(3.3)
— inf {Pr[Y =1,D=0|x,p] +p inf )Pr[Y =1|2',p,D = 1]} :

pEQP‘I .T’EXOJr(fB

and the SV upper bound is

UV (r) = inf {Pr[Y =1,D=1jx,p|+ (1 —p) inf Pr[Y =1]2/,p,D = 0]}

pEQP|z x’€X1,(x)

— sup {Pr[Y =1,D=0|z,p|+ sup Pr[Y =1,D=1|2"p];.
PEQP|2 ' €Xo—(x)

(3.4)
The SV bounds in (3.3) and (3.4) consist of two layers of intersection evaluations. The
first layer is to intersect all possible values of the conditional propensity score, or equiva-
lently, of the IVs. The second layer is to utilise the identifying information contained in
covariates. In particular, for given x, the second layer of intersections are taken over val-
ues of the covariates other than x, say 2/, which lies in a certain subset of Qx, and there
exists a 2’ € Qy|, such that p=Pr[D = 1|z, 2] =Pr[D = 1|2/, 2/]. Thus, both the IVs and
the covariates contribute to the identification gains of SV bounds. It is understood that
in (3.3) and (3.4) the supremum and infimum operators are only taken over regions where

all conditional probabilities are well defined. The probabilities Pr[Y = y, D = d|2’/, p]
and Pr[Y = y|2/,p, D = d] are well defined for y € {0,1} and d € {0,1}, if there exists
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a value 2’ € Qg such that Pr[D = 1|2/, 2'| = p. The supremum over an empty set is
defined as 0, and the infimum over an empty set is defined as 1. Given (3.3) and (3.4),
the width of SV bounds can be defined as

WV (x) = U (z) — LV ().

In the next section, we study the factors that impact the SV bounds and w®V (x).

3.3. The Determinants of ATE Bounds

As discussed in the introduction, for binary dependent variables the propensity of being
treated is a key factor that carries the identification information in the IVs. Therefore,
we start from the conditional propensity score (CPS) of the treatment, defined as Pr[D =
1|X = z, Z], which is a random variable (function) of IV Z, and study the features of
the CPS that are crucial in determining the SV bound width.

3.3.1. The Conditional Propensity Score

In the following proposition, for the sake of completeness, we first restate the sharpness
result in Shaikh and Vytlacil (2011) under a stronger support condition Qx p = Qx xQp,
and then introduce our new results about the connections between P = Pr[D = 1|X, 7]
and the SV bound width. Denote the two extreme values of the support of variable P
by p :=inf{p € Qp} and p := sup{p € Qp} respectively.

Proposition 3.3.1 Let Assumption 3.2.1 hold. If Qx p = Qx X Qp, then the SV bounds

in (3.3) and (3.4) are sharp. In addition, for any given Vx € Qx,
(a) L5V (x) is weakly increasing as p decreases or as P increases;
(b) USY(x) is weakly decreasing as p decreases or as P increases;
and hence

(c) W () is weakly decreasing as p decreases or as D increases.
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Notice that under the restriction Q2x p = Qx x Qp, the support of P is the same to the
support of the CPS Pr[D = 1|X = z, Z] for Vz € Qx. Proposition 3.3.1 shows that the
locations of the lower and upper SV bounds are determined by the extreme values of
the CPS, i.e. p and p. Moreover, the width of the SV bounds w3V (x) weakly decreases
as the support of the CPS “expands”. It means that when the IVs are good predictors
of the treatment status, the identified set of the ATE(x) (SV bounds) is likely to be

informative.

The feature revealed by Proposition 3.3.1 is significant. It indicates that in partially
identified models with binary dependent variables, the property of IVs that determines
their contribution to identification gains is different from that which has hitherto been
held to be important. Key ingredients of conventional measures of IV strength are
the correlation between the IVs and the endogenous regressors (as evaluated via the
first-stage F-statistic for continuous endogenous regressors, or the pseudo-R? for binary
response variables), as well as the variation of the IVs to that of the random noise.
However, Proposition 3.3.1 indicates that two IV sets that have the same CPS end points
will make identical contributions to identification gains when partially identifying the

ATE, irrespective of their correlation with the endogenous regressors or their variability.

The restriction Q2x p = Qx x Qp in Proposition 3.3.1 is utilised in Shaikh and Vytlacil
(2011) to simplify the expression of the SV bound and to prove the sharp result. It
is also one of the sufficient conditions that ensures global identification in a parametric
triangular system model with binary endogenous treatment, see Han and Vytlacil (2017)
Theorem 5.1. Without Qx p = Qx x Qp, the SV bound need not be sharp. Chiburis
(2010) shows that under joint threshold crossing the sharp ATE bounds can only be
implicitly determined by a copula, so that neither a closed form expression nor a com-
putationally feasible linear programming algorithm that solves this problem exists. We
therefore maintain the support restriction. The condition Qx p = Qx X Qp is saying
that for any x, 2" € Qx, we have Qp, = Qpj,/; i.e. there exist possible realisations z, 2/
of Z such that Pr[D = 1|z, 2] = Pr[D = 1|2/, /], which might fail to hold in practice es-
pecially when the variation in Z is limited. One sufficient condition for Qx p = Qx X Qp

to hold is that X is mean independence of D given Z. The necessity of the condition
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Qx p = Qx x Qp here is that without this support restriction, the SV bound may not

exhibit a monotonic relationship with the extreme values of the CPS.

Fortunately, although Proposition 3.3.1 is derived using the support constraint, from the
simulations in Section 3.7 we can see that the SV bound width decreases, on average,
whenever the extreme values of the CPS changes to their endpoints (zero and one).
In fact, as we will now show, without the imposition of the support condition Qx p =
Qx x Qp, a “widest bound” under Assumption 3.2.1 that restricts the size of w°V ()

can be derived for any given x € Qx. Define the two extremes of the CPS as p(z) :=

infzegz‘z{p € Qpjy.} and p(z) = supzegz‘x{p € Qpiz}-

Proposition 3.3.2 Let Assumption 3.2.1 hold. There exists a function @ : Qx +— [0, 1]

such that 0 < wV(x) < w(x) for any given x € Qx. In addition,

if ATE(x) > 0, then W(z) = Pr[Y =1,D = 1|z,p(z)] + Pr[Y =0,D = 0|z, p(x)] ;

if ATE(z) <0, then W(z) = Pr[Y =1,D =0z, p(z)] + Pr[Y =0,D = 1|z, p(z)] .

Moreover, w(z) is weakly decreasing as p(x) decreases or as p(x) increases.

The explicit expressions of the widest bounds, with width @(x), can be found in (3.14)
and (3.16); see the proof of Proposition 3.3.2. From Proposition 3.3.2 we can see that
wW(r) is monotone in the extreme values of CPS, i.e. (p(z),p(z)), and we are able to
conclude that the extreme values of the CPS govern the size of the SV bound width even
without the support restriction. Moreover, under the extreme case of perfect prediction,
Proposition 3.3.2 implies that the ATE(x) is point identified by the SV bounds. Suppose
p*,p*™* € Qpy, are such that Pr[D = 0|z,p*] = 1 and Pr[D = 1|z,p*] = 1. By the
definition of p(z),p(z), we have that p* = p(z) and p™* = p(z). Proposition 3.3.2 then
yields that @w(x) = 0 whatever the sign of the ATE(z), indicating that the ATE(x) is
point identified. From the above discussion it is apparent that perfect prediction in the
binary dependent variables model is equivalent to “identification at infinity”. Similar
discussion can also be found when partially identifying the ATE in models with discrete

outcomes in Chesher (2010).
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3.3.2. The Degree of Endogeneity

The importance of IVs in determining the ATE bounds via the CPS has been recognised
in several studies, but it seems that another crucial determinant, the degree of endogene-
ity, has so far received little attention. The ATE bounds are constructed using the joint
probabilities of the outcome and the treatment, and the IVs affect those joint probabili-
ties not only directly through the CPS but also indirectly through the co-movements of
the outcome and the treatment due to the endogeneity. Thus, it is reasonable to expect
that the information contained in the IVs may be correspondingly scaled via the leverage

induced by the degree of endogeneity.

To facilitate obtaining interpretable relationships between the degree of endogeneity and
the SV bound width, we introduce a family of bivariate single parameter copulae that
specifies the joint distribution of the stochastic error terms in (3.1), while we do not
require the copula nor the marginal distributions to be known. Denote a copula as
C(,+p) ¢ (0,1)* = (0,1), where p € Q, is a scalar dependence parameter that fully
describes the joint dependence between e; and €9, and their dependence increases as
p increases. In the special case of a normal bivariate probit model p represents the
correlation between the error terms and €, = (—1,1), but the parameter space of p
is not necessary (—1,1). It differs along with the copula. It is worth noting that in
our setting, for any given copula, the dependence parameter p can be understood as
indicating the level of endogeneity. We also impose additional dependence structure, the
concordance ordering, on the copula C(-,-; p). Let F, ., and ]551,52 be two distinct CDFs.
Following Joe (1997), we define FL, ., as being more concordant than F., ., denoted by

F€1752 =e Fa1,£z> as

Fa‘l,z’;‘g(el?e?) S F€1782(617€2)7 v (61) 62) e RQ'

For p1 # py and uy,ug € (0,1)2, we say that the copula C(-, -; p) satisfies the concordant

ordering with respect to p, denoted as C'(uy, ug; p1) <. C(uq, ug; p2), if

Cur, uz; p1) < Clua, uz; pa), for any py < po. (3:5)
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The concordant ordering with respect to p is a stochastic dominance restriction. The
concordant ordering is embodied in many well-known copulae, including the normal
copula; see Joe (1997) Section 5.1 for the copulae families where (3.5) holds. Similar
stochastic dominance conditions are employed in, for example, Han and Vytlacil (2017)
and Han and Lee (2019), to derive identification and estimation results for the parametric

bivariate probit model and its generalisations.

Assumption 3.3.1 The joint distribution of (€1,€2)" is given by a member of the single
parameter copula family F., .,(e1,e2) = C(Fy (e1), Fr,(€2); p), for (e1,e2) € R?, where

C(-,+; p) satisfies the concordant ordering with respect to p.

Assumption 3.3.1 defines a class of data generating processes that is sufficient for us to
establish the relationship between endogeneity as captured by the dependence parameter
p, and the widest SV bound width @(z). The derivation of the following proposition does
not require the copula C'(+, -; p) nor the marginal distributions F;, and F, to be specified.

Proposition 3.3.3 Under Assumptions 3.2.1 and 3.3.1, the widest SV bound width @(x)
is weakly increasing in p when ATE(x) > 0, and w(x) is weakly decreasing in p when

ATE(z) < 0.

Proposition 3.3.3 implies that the (widest) SV bound width could be significantly im-
pacted by the degree of endogeneity, even if the extreme values of the CPS are fixed.
In addition, Proposition 3.3.3 also reveals that the effect of endogeneity is asymmetric.
To be more specific, with a positive treatment effect negative endogeneity helps narrow
down the ATE bound width, while the opposite holds true for a negative treatment
effect. Therefore, when measuring IVs’ identification gains in an ATE partial identi-
fication framework, both the sign and the strength of endogeneity play an important
role. A set of “seemingly weak” IVs, judged from the first-stage estimation alone, may
actually achieve significant identification gains if in a problem with certain sign and level
of endogeneity, thus considered as having enough identification power. Conversely, a set
of “seemingly strong” IVs can be surprisingly powerless due to an undesirable sign or
degree of endogeneity, resulting in wide ATE bounds. Thus, the conventional tests for

detecting IV strength, such as F-statistic and pseudo R?, or the associated weak IV tests
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designed for linear models, can be misleading in measuring IV identification power. The
result here shows that I'V strength is a different concept from the IV identification power

in this binary model.

3.3.3. Covariate Support and Variability

As we have seen from the construction of the SV bounds in Section 3.2, both IVs and co-
variates contribute to identifying the ATE under model (3.1). It is perhaps not surprising
to find that there are situations where covariates fail to further tighten the SV bounds, a
feature previously noted in Chiburis (2010). This happens when, conditional on D, the
covariates in X have no additional effects on the outcome Y, leading to w’" (z) = w(x).

The following proposition formalises these statements.

Proposition 3.3.4 Let Assumption 3.2.1 hold. If the random variable v1(D, X)|D is

degenerate, then w°V (z) = W(x).

Proposition 3.3.4 implies that any further reduction in the SV bound width from @(x)
to w®V(z) can be attributed to the additional identification information in the co-
variate X. In particular, if focusing on the second layer of the intersections over
Xos (), Xo—(z), X1+ (z) and X;_(z) in bounds (3.3) and (3.4), we can see that such
identification gain is extracted from the matching pair (z,2), (2, 2') € Qx z such that
Pr[D = 1|z, z] =Pr[D = 1|2/, 2']. Thus, broader support and greater variability in X

increases the probability of finding a matching pair.

To sum up, from the discussion in Section 3.3, we know that the identification power for
the ATE SV bounds is determined by the extreme values of the CPS, the sign and the
degree of endogeneity, and the variability (or support) of the covariates in the outcome

equation.

3.4. Decomposing Identification Gains

Based on the discussions above, in this section we introduce a novel decomposition of

the identification gains of the SV bounds. It disentangles the identification gains into
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components that are attributable to the gains obtained from the IVs and the exogenous
covariates. To construct the decomposition let us first introduce the benchmark ATE
bounds of Manski (1990) (Manski bounds), which are obtained without reference to IVs
and are given by

LM(z) = —Pr[Y =1,D = 0|z] — Pr[Y =0, D = 1]a],

(3.6)
UM(x) =Pr]Y =1,D = 1|z] + Pr[Y = 0, D = 0|z},

where (with obvious notations) L (X) and UM (z) are the lower bound and upper bound
respectively. From (3.6), it is apparent that the width of the Manski bounds, defined
as wM(z) = UM(z) — LM(x), is one for any given x € Qx, with the lower bound and
upper bound falling on either side of zero. Thus, [L(z), UM (z)] is uninformative as to
the sign or location of the treatment effect, and it is often referred to in the literature as
“the worst case scenario” (see Bhattacharya et al., 2012; Chiburis, 2010; Tamer, 2010,

for example).

Our proposed decomposition of identification gains is inspired by the implications of the
theoretical results in Section 3.3. For any given x € {2x, the decomposition consists of
four components, denoted by C}(z) to Cy(x) respectively. Each component corresponds

to the identification gains made by the SV bounds over the benchmark Manski bounds.

(i) Ci(z): Contribution of IV Validity. The first component of the identification
gains is the reduction in the SV bound width relative to the benchmark Manski
bound width, due to the identification of the ATE(z) sign. This contribution is
accredited to IV validity, since by (3.2) we can identify the sign of the ATE(z) if
the IVs are independent of the error term (ey,€2) and v»(X, Z)| X is nondegenerate

(or equivalently, if the IVs are valid) regardless of the IV strength.! For Vx € Qx,
Ci(z) = 1[ATE(x) < 0]UM(z) — 1[ATE(x) > 0] LY (z),

which is equivalent to the width of the negative (positive) part of Manski bounds

f ATE(2)=0 is identified by (3.2), i.e. Pr[Y = 1|z,p] = Pr[Y = 1|z, p'] for any p > p/, then it is
obvious that the first contribution of SV bounds already leads to the point identification of the ATE(z),
and the IV identification power IIP(x), which will be introduced in Section 3.5, achieves its maximum
value one.
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if ATE(z) is identified to be positive (negative).

(ii) Cy(z): Contribution of IV Strength. Conditional on the first component, IV
validity, the second component captures to the further reduction achieved by the
SV bound width via intersecting over all possible values of Z. This is reflected
in the dependence of the SV bounds in (3.3) and (3.4) on the two extreme values
of the CPS, and the closer the extreme values to [0,1] are, the greater is Cy(z).

Therefore, identification gains attributed to IV strength can be measured as

Cy(z) = wM(2) —w(z) — Cy(x).

(iii) C3(z): Contribution of Covariates. The third component is the incremental
reduction in the SV bound width brought about by intersecting over all possible
values of the exogenous covariates X that fall into the areas described by the
sets Xoi (), Xo_(7), X4 (z) and X;_(z) via matching for the same propensity
score values. As implied by Proposition 3.3.4, this component is attributed to the

variation of exogenous covariates:

Cs(z) = o(z) — W (7).

(iv) Cy(z): Remaining SV Bound Width. The last component is due to the unob-
servable error terms, and relates to the remaining SV bound width that cannot be
further reduced by the observable data under the SV modelling assumptions. This
component can be thought of as the signal-to-noise ratio of the error terms. By

construction, we have Cy(z) = wV ().

It is easy to see that Cj(x) + Cy(x) + Cs(z) + Cu(z) = wM(z) = 1. If (X, 2)|X
is degenerate and the IVs have no explanatory power for the treatment, then C}(z) =
Cy(x) = C3(x) = 0 and the SV bounds reduce to Manski bounds. It is worth to note that
although we do not decompose the identification gains based on the sign and the degree
of endogeneity, the magnitude of all the four components varies with them. According to

Proposition 3.3.3, the sign and the endogeneity degree affects @(z), which enters all four
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components either directly or indirectly due that the summation of the four components
is a fixed value one. In addition, C}(z) to C4(x) can always be identified and estimated
from the data. In practice, once the model has been estimated (parametrically or non-
parametrically), the estimates can be used to construct the decomposition. Detailed
numerical illustrations and simulations of the decomposition are presented in Sections

3.6 and 3.7.

3.5. 1V Identification Power (I1P)

By construction, the identification gains decomposition satisfies Cy(x) + Cy(z) + C3(z) +
Cy(z) = wM(z) = 1, Vo € Qx, with each C;(x) representing the proportion of total
identification gains that can be attributed to the corresponding component. Based on
the decomposition, we can then construct a quantitative measurement of IV identification
power in the partial identification setting. Suppose Assumption 3.2.1 holds, bar condition

(c). For Vz € Qx, define the IV identification power I1P(z) as

wM(z) —w(z), if 1s(X,Z)|X = x is nondegenerate
11P() = (z) — w(z) 2(X, Z)]| (37

0, if 15(X, Z)| X = x is degenerate

where @(x) is the widest width of the SV bounds defined in Proposition 3.3.3. Setting
ITP(z) = 0 when 15(X, Z)| X = z is degenerate is equivalent to setting w(z) = wM(z) =
1, meaning that the widest width of the SV bounds equates to the width of the bench-
mark Manski bounds because the IVs are irrelevant.? From the decomposition, we have
II1P(z) = Ci(z) + Cy(z) when the IVs are valid and relevant. Thus /1 P(x) represents
the proportion of the identification gains that is due to the IVs alone and it can be
viewed as an index of the IV identification power. The overall IV identification power

can be obtained by taking the expectation of I1P(x) over Qx, i.e. Ex[IIP(X)].

The following proposition formalises some important properties of I/ P(z) as an indicator

of the IV identification power.

*The definition allows I1P(z) to be discontinuous at Qp|, = p, for some constant p, € [0,1], i..
when Qp|, is a singleton.
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Proposition 3.5.1 The index [1P(x) lies in the unit interval [0, 1], and under Assump-
tion 3.2.1 IIP(x) has the following properties:

(a) ITP(x) always lies in [0,1] and can identify whether at least one of the 1Vs used

to achieve the SV bounds is relevant,

(b) 1IP(x) =0 if none of the IVs in Z are relevant, then the SV bounds reduce to the

benchmark Manski bounds;

(¢) IIP(x) = 1 if the IVs in Z have perfect predictive power for the treatment D
(identification at infinity holds), in the sense that there exists a p* and p™ in Qp|,
such that Pr{D = Olz,p*| = 1 and Pr[D = 1|z,p™] = 1. Moreover, the ATE(x) is
point identified when I1P(x) = 1.

Proposition 3.5.1 indicates that [/P(x) is a meaningful measure of IV usefulness for
improving the ATE partial identification. Therefore, values of I1P(z) can be compared,
across different sets of IVs, or across different values of x given the same set of IVs, since
they are standardised relative to the same baseline benchmark. I7P(z) or Ex[I1P(X)]
can also be compared across various studies if necessary. For example, [IP(z) = 0.4
can be interpreted as that the Manski bound width can be reduced by 0.4 by using
instruments alone. In this sense, the measure of I7P(z) is a meaningful measure in-
dependent of the specific SV bounds. Theoretically, the value of ITP(x) should lie in
[0,1] and the width of Manski bounds is always one. Then ITP(z) can be interpreted
as the percentage points of the identification gains brought by the IVs. In finite sam-
ple settings where the estimated Manski bound width may on longer be exact one, the
sample explanation can be obtained by computing the ratio ITP(z)/w™ (x) using their
associated estimates. In addition, the values of I1P(z) at its end points are intuitively
interpretable; I1P(x) = 0 identifies situations where the IVs are completely irrelevant,
and, when the IVs are able to perfectly predict the treatment status (when identification

at infinity holds,) I7P(x) = 1 and point identification of the ATE(z) is achieved.

Numerical analysis is used in Section 3.6 to illustrate the behaviour of I7P(x) in a class

of representative models. At this point we note that I1P(z) ignores the component
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of identification gains attributable to the exogenous covariates, namely C3(x). In view
of the additivity of the identification gains decomposition, this neglect seems entirely
reasonable since we know, from Section 3.3, that for a given degree of endogeneity and
extremes of the CPS, the value of @(z) does not vary with the identification information
contained by the covariates. This indicates that IIP(z) is a measure of identification
gains due to IVs alone, without the contribution of the additional identification power
provided by the exogenous covariates. It measures the smallest identification gains rela-
tive to the benchmark Manski bound that can be achieved by a given set of IVs. More
importantly, focusing on I7P(z) introduces considerable computational simplification
when comparing sets of IVs, as it avoids the second layer of the intersection bounds

required to compute the SV bounds.

3.6. Numerical Illustration

In this section we illustrate numerically the theoretical results on the decomposition of
SV bounds studied in Section 3.2, and how each component affects the SV bounds. We
consider as our data generating process (DGP) a version of the model in (3.1) with a

linear additive latent structure, which is similar to that studied in Li et al. (2019):

Y =1[aD + X + &1 > 0], (38)

D=1yZ +7X +¢5 > 0],

where the exogenous regressor X and the IV Z are assumed mutually independent,
without loss of generality, X ~ N(0,1) and Z € {—1,1} with Pr(Z =1) = 1/2. In
addition, (X, Z) L (e1,e2) where the error term (g1, 5) is zero mean bivariate normal
with unit variances and correlation p. For this specification, given the distribution of Z,
there is a monotonic one-to-one mapping from the coefficient of the IV, v, to the range of
the conditional propensity score. We capture changes in the extreme values of the CPS
using the parameter grid v = —4 : 0.2 : 4. Different levels of endogeneity were explored
using the grid p = —0.99 : 0.05 : 0.99. We set a = 1 and 7 = 0 across all parameter
settings. Under this DGP, the SV bound width is affected by «, $ and the variation of the

exogenous covariates. Since « and the distribution of X are held fixed, we select 5 from
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the set {0.05,0.25,0.45}, so that changes in [ capture the variation of the exogenous
covariates given the distribution of X. Using the DGP as characterised by (3.8) we
compute the SV bounds [L*Y(z), U5V (x)] and the Manski bounds [LM (z), UM (z)] and
implement the identification gains decomposition according to the true DGP. In what

follows we present the outcomes obtained when z = E[X].

3.6.1. Determination of ATE Bounds

In Figure 3.6.1, the subplots in the first row display the upper and lower bounds of the
ATE(z), and the subplots in the second row present the corresponding bound width.
For the Manski bounds we can see that the width is always one, and the upper and
lower bounds stand on either side of zero, as previously noted. The SV bounds reduce
to the Manski bounds when the IVs are irrelevant with v = 0 (the separate lines in
the graphs at v = 0). When v moves away from v = 0, the SV bound width has a
significant drop. Then, as the magnitude of v increases, i.e. as the ending points of the
CPS expand, the SV bound width decreases. In addition, since o > 0 and the ATE(x)
is positive, the SV bound width increases as p increases. Moreover, comparison of the
plots for different values of [ reveals that [ plays a critical role in determining the SV
bounds in the sense that larger S produces significantly narrower bound width. When
B = 0.05 the SV bound width is non-negligible when the absolute value of 7 is small,
while when 5 = 0.45, point identification of the ATE(z) is achieved for most of the (7, p)
pairs. These indicate that for a given IV strength, as measured by =y or the associated
range of CPS, the lower the value of p in the (—1,+1) range or the bigger the impact
of x, the narrower the SV bounds that can be achieved. In other words, for given IV
strength, a larger identification gain can be achieved if the error correlation p is large in

magnitude and also has an opposite sign from the sign of the ATE(z).

3.6.2. Identification Gains Decomposition

The decomposition of identification gains obtained when v € {1,2}, p € {—0.8,—-0.5,0.5,0.8}
and € {0.05,0.25,0.45} is displayed for x = E[X] in Figure 3.6.2. We can see that
when the ATE(z) is positive, the contribution of IV validity, as measured by Ci(x), is

determined by the Manski lower bound, and decreases as p increases (conversely the nu-
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merical results not reported here show that when the ATE(x) is negative C}(z) increases
as p increases), while C' (z) is invariant to 5. By way of contrast, the contribution of the
component Co(z) also does not change by [, but it increases significantly as the magni-
tude of 7 increases due to the impact of the IVs on the range of the CPS. The component
of identification gains due to the exogenous covariates, C3(x), also contributes signifi-
cantly to the identification gains. When f is relatively large (e.g. 8 = 0.45), the SV

bound width is close to zero and point identification is virtually achieved.

3.6.3. IV Identification Power

Figure 3.6.3 depicts the index ITP(z) as a function of (v, p) on the lattice {—4 : 0.2 :
4} x {=0.99: 0.05 : 0.99}. The plot confirms that, when the ATE(x) is positive, the IV
identification power I1P(x) increases as the IV strength (|y|) increases, but for the same
IV strength, the I1P(z) is higher the lower the value of p. We also found, based on the
results not reported here, that, when the ATE(x) is negative, a rising level of positive

endogeneity drives up I7P(z) and reduces the width of SV bounds.

By way of summary, the theoretical results presented in Sections 3.3, 3.4 and 3.5 are
clearly reflected in the features observed in the numerical outcomes reported here. Firstly,
I1P(x) is bigger when IVs are stronger (|| higher). In addition, for a given IV strength
in the first-stage treatment equation, higher I7P(z) can be achieved if the endogeneity
p has an opposite sign from the ATE(z) and is of high magnitude (|p|). And if the
endogeneity is of the same sign as the ATE(x), then the lower the degree of endogeneity
the better the identification power. Of course adding the additional identification gain
C3(z) to I1P(z) leads to the SV bound width w®"(z), and the Cs(z) depends on the

properties of the covariates.

3.7. Finite Sample Evaluation of IV Strength and

Relevance

Next, we study the empirical performance of our decomposition analysis for alternative

sets of IVs. We present finite sample results to show how I7P(z) can be used to rank
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Figure 3.6.2: Decomposition of Identification Gains (x = E[X])
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Figure 3.6.3: Instrument Identification Power (z = E[X])

i

Note: Three dimensional plot of TP (x) as function of (v, p). The value of 8 does not affect the ITP(z)
in this case because m = 0 and no matches of Pr[D = 1|z, z] =Pr[D = 1|2/, 2'] exist for x = E[X] and
z,2 € {—1,1}. When v = 0, the ITP(x) = 0 because IV is irrelevant.

the identification power of different sets of IVs and to potentially detect irrelevant IVs,
when determining which set of IVs should be used to construct the ATE bounds. The
advantage of this strategy over conventional IV strength evaluations (such as those akin
to the first-stage IV F-statistic or the CPS) is that /1P (z) captures the IV identification
power in terms of their ability to shrink the width of the ATE bounds, incorporating the
IV strength and their interaction with the direction and magnitude of endogeneity in the
nonlinear model. The identification power I1P(zx) can provide testable implication of IV
relevance, but a formal test is out of the scope of this chapter. Consider i.i.d. samples

generated from a similar DGP to (3.8) with two IVs:

Y =1laD + X + &, > 0],
(3.9)
D= 1[7TX —{—’ylzl —|—"}/QZQ + &9 > 0]

where two IVsin Z = (Z;, Z3)" are Z; ~ Bernoulli(1/2) and Z, € {-3,-2,-1,0,1,2, 3}
with probabilities (0.1,0.1,0.2,0.2,0.2,0.1,0.1). Set a = 1, B =1, 7 = —1, (y1,7) =
(0.5,0.2), and assume the error term (£1,€5) is jointly normal with mean zero, variance
one and correlation p € {0.5,0.8}. In addition, Z;, Zs and X are mutually independent,
and also independent to (£1,e3). Consider two cases of covariate variability: case 1,
continuous X ~ N(0,1); case 2, binary X ~ Bernoulli(1/2). We conduct the analysis
in this section at x = 0. The value of the ATE(z) = E[Y; — Y5|X = 0] under the DGP
(3.9) is 0.341.
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In order to evaluate the finite sample performance of I1P(z) as an index for measuring
IV identification power, we consider five alternative sets of IV options. In addition to the
two valid IVs of Z; and Z, in the DGP, we introduce two ”pseudo” 1Vs: To = 1[Zy > 0],
which is a misspecified binary IV that only partially reflects Z5, and an irrelevant IV
Z3 € {0,1} such that Pr[Z; = 1] = 2/3, and Z3 L (e1,e9, Z1, Z2, X). To illustrate the
behaviour of the I7/P(x) estimation, we use sample data for (Y, D, X) generated from
the DGP in (3.9) to estimate models with five alternative IV sets: (1) only one valid
IV Z; (omitting Z5); (2) only one valid IV Zy (omitting Z;); (3) one valid Z; and one
misspecified ZQ; (4) two valid IVs Z; and Zs; and (5) two valid Z; and Z, plus one

irrelevant Zs.

Table 3.7.1: Population CPS Range and ITP(x) (x = 0, cases 1 and 2)
Sets IVs CPS definition CPS Range [IP(z) (p=0.5) IIP(x) (p=0.8)

(1) only Zy Pr[D = 1|z, Z] [0.500, 0.682] 0.305 0.232
(2) only Zy Pr[D = 1|z, Zy 0.367,0.795) 0.493 0.443
(3) Z1,Zy  Pr[D=1|z,2y, 2,  [0.410,0.799)] 0.456 0.403
(4) Z1,Zy  PrlD =1z, 2y, 2,  [0.274,0.864] 0.625 0.594
(5) Zy, 2y, Z3 Pr|D = 1|z, Zy, Zs, Z5] [0.274,0.864] 0.625 0.594

Note: The population CPS and I7P(x) are the same for case 1 and case 2.

Table 3.7.1 presents the theoretical CPS range and IIP(z) for the cases 1 and 2, at
x = 0. Note that the covariate variability does not impact the population CPS nor
IT1P(z), so that the values of CPS range and I1P(z) for case 1 are the same to those
for case 2. Looking at the CPS range as a measure of IV strength, we can see that the
CPS range is the widest when both valid and relevant IVs Z; and Z, are used as in (4).
Adding an irrelevant IV Z3 does not change the theoretical CPS range, so theoretically
(5) has the same IV strength as (4). The CPS range decreases when only one of the
two valid IVs are used as in (1) and (2), with Z being stronger with wider CPS range
than Z;. As expected, when a valid IV is incorrectly specified as a proxy dummy Zg in
(3), the CPS range is narrower than that of the best set in (4), but wider than that in
(1) with Z; alone. Interestingly, comparing IV set (3) with (2), set (2) with only one
valid IV actually results in wider CPS range than that for the two IVs in set (3) with Z,
misspecified, though the CPS interval for (3) is not completely nested within the interval
for (2).
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Whilst the CPS range indicates the IV strength, it is the I7P(x) that captures the
identification power of each IV set, measuring the reduction of SV bound width relative
to the benchmark Manski bound width due to the contribution of IVs. As seen from the
two 1 P(x) columns in Table 3.7.1, the same IV strength can achieve bigger identification
gains for p = 0.5 than that with p = 0.8. This is consistent with the results in Section
3.6: as p and ATE(x) are both positive in this case, the lower absolute value of p, the
higher the I7P(z) is. For example for IV set (4), the Manski bound width can be reduced
by 0.594 (or 59.4%) by the two IVs when p = 0.8, and it increases to 0.625 (or 62.5%)
if p = 0.5. The equally most powerful IV sets are (4) and (5), and the least powerful set
is (1).

We next present the finite sample estimation of the Manski and SV bounds, and conduct
the decomposition analysis based on the estimates of the bounds. Sample size is set to
be n = 500, 5000, 10000 and replicate M = 1000 times. Tables 3.7.2 to 3.7.5 present
the sample average (over M replications) of the estimated bounds, estimated C}(z) to
Cy(z) and IIP(z) of the five IV sets at x = 0. We use the “half-median-unbiased
estimator” (HMUE) of the intersecting bounds proposed by Chernozhukov, Lee, and
Rosen (2013) (hereafter CLR) to estimate the benchmark Manski bounds and the SV
bounds. In particular, we employ maximum likelihood estimation (MLE) to estimate
the bounding functions and to select the critical values for bias correction according to

the simulation-based methodology of CLR.?

The results of Tables 3.7.2 to 3.7.5 relate to the two different covariate distributions
(case 1, X ~ N(0,1); case 2, X ~ Bernoulli(1/2)) and two p values (p = 0.5,0.8). Let
us look firstly the first row in each table, which lists the ATE bounds and decomposition
components under the true DGP. We can see that in case 1 (Tables 3.7.2 and 3.7.3),

3The CLR half-median-unbiased estimator produces a upper bound estimator that exceeds its true
value and a lower bound estimator that falls below its true value, each with probability at least a
half asymptotically. We report the HMUE of the Manski bounds, for comparison purpose. Other
estimation methods for Manski bounds are also available; see for example Imbens and Manski (2004).
Theoretically, the construction of the SV bounds requires the matching of pairs (z,z) and (z', z’) such
that Pr[D = 1|z, z] =Pr[D = 1|2/, 2’]. In practice, it is hard to find such pairs with equal CPS especially
when the variation of covariates is limited. In the simulations, the SV bounds are computed by matching
(z,2) and (2, 2') such that |Pr[D = 1|z, 2] — Pr[D = 1|2/, 2']| < ¢ and ¢ = 1%. Although the estimated
SV bounds depend on ¢, the estimated ITP(z) does not. Therefore the choice of ¢ has no impacts on
the performance of the ITP(x).
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where the covariate possesses sufficient variation, the true SV bounds point identify the

ATE(z) for both p = 0.5 and p = 0.8. In case 2 (Tables 3.7.4 and 3.7.5), the true SV
bounds fail to point identify the ATE(z) due to the limited variation in X.

Next, we focus on the left part of each table, which displays the HMUEs of the ATE
bounds, and the Hausdorff distance between the true bounds and the estimated bounds,
evaluated at = 0. Simulation results of bounds at different values of x display simi-
lar patterns to those at x = 0, therefore are not reported due to the space limitation. The
Hausdorff distance between sets A and B is defined as max {sup,c 4 d(a, B), supycpd(b, A)}
where d(b, A) := inf,ca ||b — a|| and oo if either A or B is empty. Hausdorff distance
is a natural generalisation of Euclidean distance and has been employed to study con-
vergence properties when a set rather than a point is the parameter of interest; see e.g.
Chernozhukov et al. (2007), Hansen et al. (1995) and Manski and Tamer (2002). For
all four tables, we can see that the estimated Manski bounds are the same across all
five IV sets, always include zero, and have a width a little over one. The estimated
SV bounds identify the sign of ATE(x) for all five IV sets. Moreover, the IV sets with
greater identification power lead to narrower estimated SV bounds and also improve the
estimation accuracy in most of the scenarios. More precisely, the Hausdorff distance of
the estimated SV bounds to the true bounds decreases as the IV identification power
increases. Moving to the right part of each of table, first, we note that for each given
IV set, all the estimated Cy(z) to Cy(x) and [1P(x) converges to their true values as
sample size n increases, indicating that the estimated identification gain is more accu-
rate for larger sample size. We also note that the estimated C(x) which is determined
by the Manski bounds, is the same for different IV sets. This result is quite intuitive
because the identification gains brought by the IV validity should not vary with the IV
strength. Comparison of Tables 3.7.2 and 3.7.3 or Tables 3.7.4 and 3.7.5 also reveals
that the impacts of endogeneity degree on IV identification power can be captured by
the estimated /1P (x). Importantly, the true ranking of I P(z) as in Table 3.7.1 can be

correctly revealed by finite sample estimates of 11P(x).

4Because C () to Cy(x) are functions of LM (z), UM (z), @(z) and w3 (z), the estimates of C; ()
to Cy(z) are computed using the HMUE of the bounds or their widths. We compute @w(z) as the width

of the estimated bounds (by HMUE of CLR) [L®Y (x),USV (2)] in (3.14) if ATE(z) > 0 is identified, or
(3.16) if otherwise.
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It is interesting to analyse the effect of adding an additional but completely irrelevant
IV on the finite sample performance of ATE partial identification, by comparing the
results obtained using IV sets (4) and (5). Adding Z3 to (Zi, Z») actually produces a
small decrease of the estimated I1P(x), on average, for almost all different DGP designs
considered in this section. The Cramer-Von Mises test and the Kolmogorov—Smirnov
test confirm that the average values of the estimates of //P(x) under scenario (4) are
significantly different from those obtained under scenario (5), when sample size is n = 500
and n = 5000 for both endogeneity degrees and for both case 1 and case 2. While when
sample size is sufficiently large n = 10000, the estimates of 11/ P(x) under scenario (4) and
(5) are no longer significantly different, except for case 2 with p = 0.8. This suggests that
in practice, the loss of information (efficiency) that arises from using irrelevant IV can
have a statistically significant practical effect on the IV identification power, which can
be captured by our proposed index /7P (z). Such an information loss could lead to wider
ATE bounds, especially when the covariate possesses limited variation. Particularly, from
Table 3.7.4 and Table 3.7.5 we can see that when the covariate X is a binary variable
(case 2), on average, the estimated SV bounds using (7, Z») are significantly narrower
than those estimated by the IV set including the irrelevant IV (7, Zs, Z3), especially for
small sample size. Analysing the results across the replications, we find that about 78%
(for both endogeneity degrees) of the replications give narrower estimated SV bounds
with IV set (Z1, Zs) than those with (Z;, Z,, Z3), for sample size n = 500; and this rate
becomes to 53% (p = 0.5) and 64% (p = 0.8) for sufficiently large sample size n = 10000.

On the other hand, the IV irrelevancy cannot always be detected by simply comparing
the estimated SV bound width under different IV sets. That is, adding an irrelevant IV
in (5) could further shrink the SV bound width when the covariate X is continuous, al-
though the improvement happens at the third decimal and the degree of the improvement
decreases as sample size increases.The shrinkage of the estimated SV bounds using the
irrelevant Z3 is due to the finite sample estimation error. In particular, because the esti-
mates of the coefficient of the irrelevant Z3 will be nonzero with probability one, it results
in more matched pairs of (z, z) and (2/, 2’) such that |Pr[D = 1|z, z]-Pr[D = 1|2/, 2']| < ¢
(see footnote 3) especially when covariate is continuous. For case 1 in Table 3.7.2 and

Table 3.7.3, we find that when sample size is n = 500, (i) there are 22% (p = 0.5) and
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17% (p = 0.8) of the 1000 replications where at least one (either lower or upper) esti-
mated SV bound using (7, Z3) is closer to its true value, compared to that obtained by
using the irrelevant IV; and (ii) 12% of the replications yield wider estimated SV bounds
when using the irrelevant IV, for both endogeneity degrees. These outcomes reinforce
a-fortiori the warning that simply adding extra IVs without assessing their identifica-
tion power is unlikely to be a good practical modelling strategy, but the finite sample
estimates of our proposed I1P(x) is more reliable in detecting the loss of efficiency of

IV irrelevancy.
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Table 3.7.3: Case 1. True and Estimated Bounds, and Decomposition of Identification Gains (p = 0.8, X ~ N(0,1), = = 0)

Bounds Decomposition
Manski SV

[LM(x),UM(2)] dm(z) [L°V(2),U%V(2)] du(z)  Ci(z) Ca(z) Cs(z) Cu(z) IIP(x)
True DGP Z1, 2y [—0.096,0.904] [0.341,0.341] 0.096 0.498 0.406 0.000 0.594
(1) only 7y [0.124,0.873] 0.532 0.205 0.041 0.750  0.362
(2) only Z [0.233,0.559] 0.229 0.382 0.288 0.326  0.539
n=>500 (3) 7, Zs [-0.157,0.996]  0.098 [0.191,0.848] 0.507 0.157  0.246 0.093 0.657  0.403
(4) Z1, Z [0.291,0.437] 0.107 0.495 0.355 0.146  0.652
(5) Z1,7Z2,Z3 [0.298,0.431] 0.100 0.482 0.382 0.133  0.639
(1) only Z; [0.128,0.860] 0.519 0.149 0.042 0.732 0.271
(2) only Z [0.254,0.357] 0.088 0.346 0.475 0.103  0.467
n =15000 (3) Z, Mw [-0.121,0.924]  0.028 [0.208,0.853] 0.512 0.121 0.210 0.068 0.645 0.332
(4) Z1,Z> [0.312,0.378] 0.043 0.489 0.369 0.066 0.610
(5) Z1, %22, Z3 [0.315,0.373] 0.038 0.486 0.380 0.058  0.607
(1) only Z; [0.129,0.860] 0.519 0.146 0.042 0.731  0.263
(2) only Z [0.258,0.357] 0.083 0.346  0.473 0.099  0.463
n = 10000 (3) 7, Zs [-0.117,0.918]  0.022 [0.212,0.851] 0.510 0.117  0.209 0.071 0.639 0.326
(4) Z1,Z> [0.316,0.369] 0.034 0.491 0.374 0.0563  0.607
(5) Z1, 75, Z3 [0.319,0.365] 0.030 0.491 0.381 0.046 0.607

Note: The estimated bounds, the Hausdorff distance dg(z) and the decompositions are the averages over 1000 replications.
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Table 3.7.5: Case 2. True and Estimated Bounds, and Decomposition of Identification Gains (p = 0.8, X ~ Bernoulli(1/2), x = 0)

Bounds Decomposition
Manski SV

[LM(2),UM(2)] du(z) [L°V(2),U%V(2)] du(z)  Ci(z) Ca(z) Cs(z) Ca(z) IIP(x)
True DGP AWA) [—0.096, 0.904] [0.319,0.593] 0.096 0.498 0.132 0.274 0.594
(1) only Z; [0.077,0.868] 0.276 0.183 -0.001 0.790 0.348
(2) only Z [0.114,0.751] 0.212 0.330 0.006 0.637  0.495
n=>500  (3) 7, 75 [-0.165,0.972]  0.084 [0.133,0.863] 0.270 0.165 0.243 -0.001 0.730  0.408
(4) Z1, Zo [0.209,0.732] 0.154 0.458 -0.008 0.523  0.623
(5) Z1, 22, Zs [0.200,0.738] 0.164 0.441 -0.007 0.538  0.606
(1) only Z; [0.086,0.861] 0.268 0.149 0.001 0.776  0.266
(2) only Zo [0.144,0.720] 0.175 0.340 0.010 0.576  0.457
n=15000 (3) 7y, Mm [-0.117,0.925]  0.026 [0.154,0.848] 0.256 0.117  0.232 -0.001 0.694  0.349
(4) Z1,Z5 [0.255,0.694] 0.102 0.48 0.001 0.439 0.603
(5) Z1, 22, Zs [0.255,0.696] 0.105 0.483 0.001 0.440  0.600
(1) only Z; [0.087,0.860] 0.267 0.146  0.000 0.773  0.257
(2) only Zs [0.148,0.713] 0.171 0.338 0.015 0.565  0.450
n =10000 (3) 7, Zs [-0.111,0.919]  0.019 [0.158,0.846] 0.253 0.111  0.230 0.000 0.688  0.342
(4) Z1,Z5 [0.263,0.693] 0.100 0.491 -0.002 0.430 0.603
(5) Z1,Z2,Z3 [0.263,0.692] 0.100 0.489 0.001 0.429 0.601

Note: The estimated bounds, the Hausdorff distance dg(z) and the decompositions are the averages over 1000 replications.
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3.8. Empirical Application: Women LFP and Child-

bearing

In this section, we apply our novel decomposition and IV evaluation method to study the
effects of childbearing on women’s labour supply. The dataset analysed here is from the
1980 Census Public Use Micro Samples (PUMS), available at Angrist and Evans (2009).
We follow the data construction in Angrist and Evans (1998), where the sample consists
of married women aged 21-35 with two or more children. The dateset contains 254,652
observations; see Table 2 in Angrist and Evans (1998) for more details and descriptive
statistics. The binary outcome Y indicates if a individual was paid for work in the year
prior to the census (Y = 1), or otherwise (Y = 0). The treatment effect of interest is the
impact of having more than two children on the labour force participation Y. Thus, the

binary treatment is D € {0, 1}, with D = 1 denoting having more than two children.

Following Angrist and Evans (1998, Table 11) we use as continuous regressors woman'’s
age, woman’s age at first birth, and ages of the first two children (quarters), and binary
regressors for first child being a boy, second child being a boy, black, hispanic, and
other race, as well as the intersections of the above mentioned continuous and indicator
variables. For computational simplicity, we reduce dimension of covariates by utilising
the conditional propensity score Xp := f’;[D = 1|X] as a covariate, where f);[D = 1|X]
is estimated via a probit model and X includes all of the regressors mentioned above.
Three sets of IVs are considered in this section: (1) the binary indicator that the first
two children are the same sex (“Samesez”), (2) the binary indicator that the second
birth was a twin (“Twins”), and (3) both indicators (“Both={Samesex, Twins}”). To
provide a basis for comparison of SV bounds with other ATE bounding analyses, we
also compute the ATE bounds in Heckman and Vytlacil (2001) (hereafter HV bounds)
and Chesher (2010) (hereafter Chesher bounds). To be consistent with our previous
numerical analyses in Section 3.7, we use the method of CLR to compute all the four
bounds of interest, via MLE for estimating bounding functions and the simulation-based

method for correcting the bias of the intersecting bounds.

Table 3.8.1 reports the weighted average of the HMUE and of the CLR two-sided confi-
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dence intervals (at 90%, 95% and 99% significant level) of the four bounds of ATE(Xp),
with weights given by the estimated kernel density of Xp. Panels (a), (b) and (c) display
the results using IV Samesez, Twins and Both, respectively. The estimated average of
the Manski bounds in all three panels are essentially identical, since the Manski bounds
do not depend on IVs. In all panels, the HV bounds make an improvement over the
benchmark Manski bounds, with the HV bound width using Twins being narrower than
that using Sameser, and the HV bound width using Both being the narrowest. The
Chesher bounds using Samesex fail to identify the sign of the ATE(Xp), as it is a union
of both negative and positive intervals. When the IV Twins or Both is used instead, the
weighted average of 95% confidence interval of the Chesher bounds is [—0.349, —0.019]
(using Twins) or [—0.335, —0.026] (using Both), revealing negative effects of having a
third child on women’s labour force participation. For the SV bounds, the results using
the IV Twins or Both dramatically outperform those using Samesexr. The 95% confi-
dence interval using Samesexr, Twins and Both are [—0.548, —0.022], [—0.272, —0.031]
and [—0.269, —0.042], respectively. The SV bounds estimates confirm the negative effect
of a third child on women’s labour force participation. The two-stage least square (2SLS)
estimates of Angrist and Evans (1998, Table 11) give an ATE estimate of -0.123 with
95% confidence interval of [—0.178, —0.068] using IV Samesez, and an estimate of -0.087
with 95% confidence interval of [—0.120, —0.054] using IV Twins. As would be expected,
the 95% two-sided confidence intervals of all four bounds cover the 2SLS estimates and
their associated 95% confidence intervals for both IVs. To summarise the results above,
we can see that for ATE bounds in which the IV plays a key role in extracting identify-
ing information, i.e. HV, Chesher and SV bounds, the IV Both gives us the narrowest

bounds (on average).

The ranking of the IV identification power of the three available IVs revealed by the
discussion above is confirmed and explained by the identification gains decomposition
and the ITP reported in Table 3.8.2. The results based on the 95% confidence interval
show that given the same contribution of IV validity for the three IVs, which is 44.6%
on average, the identification power of Twins (68.2%) is significantly larger than that
of Sameser (47.1%). Closer inspection of the data reveals that the contribution of

Twins to the identification gains exceeds that of Samesex, because whenever Twins= 1
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the treatment D = 1, i.e. Twins is a perfect predictor of being treated, whereas this
is not the case for Samesex. It is this feature, of course, that explains the superior
performance when the HV, Chesher and SV bounds are evaluated using Twins rather
than Samesex. Moreover, when both IVs Samesexr and Twins are used, the identification
power of Both (70.3%) also exceeds that of either one of the single IV Samesex or Twins.
It indicates that although the identification power of Sameser is dominated by Twins,
Samesexr can still make extra contributions when identifying the ATE. It is intuitive
because the mechanisms of the two IVs driving the probability of having a third child
are different. One remark on the above analysis is that, for other ATE bounds that
exploits the identification information of IVs, for example the HV and Chesher bounds,
IVs with higher TP clearly leads to narrower bounds for the ATE. It indicates that
although the IIP is constructed to measure the IV’s contribution to the SV bounds,
it is also a meaningful measure for the IV identification power and can be utilised to

indicate the IV relevance in other ATE bounds.
Table 3.8.1: Average of the Estimated Bounds

(a) IV: Samesex

Manski HV Chesher SV
HMUE [-0.560,0.439] [-0.537,0.401] [-0.537,-0.011] U [0.011,0.401] [-0.538,-0.030]
90% CI [-0.566,0.445] [-0.546,0.411] [-0.546,-0.005] U [0.005,0.411] [-0.546,-0.023]
95% CI [-0.567,0.446] [-0.548,0.412] [-0.548,-0.004] U [0.004,0.412] [-0.548,-0.022]
99% CI [-0.569,0.448] [-0.551,0.416] [-0.551,-0.001] U [0.001,0.416] [-0.551,-0.020]
(b) IV: Twins
Manski HV Chesher SV
HMUE [-0.560,0.439] [-0.304,0.113] [-0.305,-0.061] [-0.185,-0.101]
90% CI  [-0.566,0.445] [-0.341,0.151] [-0.342,-0.026] [-0.259,-0.042]
95% CI [-0.567,0.446] [-0.349,0.158] [-0.349,-0.019] [-0.272,-0.031]
99% CI [-0.569,0.448] [-0.364,0.172] [-0.365,-0.004] [-0.299,-0.012]
(c) IV: Both={Samesex, Twins}
Manski HV Chesher SV
HMUE [-0.560,0.439] [-0.295,0.097] [-0.295,-0.065] [-0.200,-0.105]
90% CI1 [-0.566,0.445] [-0.329,0.131] [-0.329,-0.032] [-0.259,-0.051]
95% CI [-0.567,0.446] [-0.336,0.137] [-0.335,-0.026] [-0.269,-0.042]
99% CI [-0.569,0.448] [-0.349,0.151] [-0.349,-0.011] [-0.289,-0.027]

Note: The first row of panels (a)-(c) reports the weighted average of the HMUE of the four ATE bounds, and
the second to fourth rows report the weighted average of the CLR two-sided confidence interval at different
significant levels.
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Table 3.8.2: Decomposition of Identification Gains and Instrument Identification Power

(a) IV: Samesex

Cy Cy Cs Cy I1IP
Based on HMUE 0.439 0.034 0.019 0.508 0.473
Based on 90% CI 0.445 0.026 0.018 0.523 0.472
Based on 95% CI  0.446 0.024 0.018 0.526 0.471
Based on 99% CI 0.448 0.021 0.019 0.532 0.471

(b) IV: Twins

4 Cy Cs Cy I1IP
Based on HMUE 0.439 0.317 0.163 0.081 0.756
Based on 90% CI 0.445 0.250 0.100 0.216 0.695
Based on 95% CI  0.446 0.236 0.090 0.242 0.682
Based on 99% CI 0.448 0.209 0.075 0.286 0.657

(c) IV: Both={Samesex, Twins}

C Cs Cs Cy I1IP
Based on HMUE 0.439 0.330 0.134 0.096 0.769
Based on 90% CI 0.445 0.270 0.090 0.206 0.715
Based on 95% CI  0.446 0.257 0.085 0.226 0.703
Based on 99% CI  0.448 0.232 0.078 0.260 0.681
Note: C1-Cy and IIP are the weighted average of their associated conditional estimates given Xp, with the

kernel density of Xp as weights. For both panels (a) to (¢), C; to C4 are computed as described in the footnote
4, and the estimates in each row correspond to different significance levels of the CLR estimation.

To explore the heterogeneity of the treatment effects, Figure 3.8.1 graphs the four bounds
of interest against Xp. From Figure 3.8.1, we can see that when the more powerful of
the three IVs are employed, namely Twins or Both, the HV bounds narrow down the
possible range of the ATE(Xp) relative to the benchmark Manski bounds, especially
for individuals with a small probability of having a third child. In addition, they can
even identify the negative effect for individuals with a propensity score Xp close to zero.
Similar properties are exhibited by the Chesher bounds. The SV bounds indicate that
for women who are less likely to have more than two children, it is more probable that
there will be a negative effect on their labour force participation once they have a third
child, roughly in the region of -10% to -15%. For individuals who are more likely to have
more than two children, the effect of having a third child is still negative but with larger
possible range, roughly from -10% to -40% when their propensity score is about 0.6, and

roughly from 0% to -30% when their propensity score is close to one.
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To check the heterogeneity of the IV identification power, Figure 3.8.2 displays the
decompositions plotted against Xp. It is obvious that the IV identification power of
Twins and Both are significantly larger than that of Samesez, across all possible values
of Xp. Furthermore, the contribution of the covariate appears to be amplified when
Twins is involved in deriving the bounds, leading to a further reduction in the width of

the unexplained part relative to the benchmark.
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Figure 3.8.1: Estimated Bounds of ATE(z)

(a) IV: Samesex

Manski Bounds HV Bounds Chesher Bounds SV Bounds
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Note: Panels (a)-(c) plot the estimates ATE(z) as functions of the propensity score Xp. The red lines are the upper bounds and blue lines are the lower

bounds. The blue shaded area represents the 95% confidence regions.
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3.9. Conclusion

In this chapter we explore the factors that determine the identification gains for the ATE
in models with binary endogenous variables. We use the reduction in the size of the ATE
identified set as a measure for identification power, and conduct our analysis with the
identification gains achieved by the SV bounds (Shaikh and Vytlacil, 2011) against the
benchmark Manski bounds (Manski, 1990). We decompose the identification gains into
the impacts of the IV validity, the IV strength and the variability of the exogenous
covariates. More importantly, we construct an index of “IIP” as a measure for the IV

identification power.

We have developed theoretical results to show the complex mechanism through which
IVs affect the identification of the ATE. We find that the IV identification power in a non-
parametric and partially identified model is fundamentally different from the traditional
understanding of the IV strength as in a parametric linear model, which is measured, for
instance, by the pseudo R? or F-statistic from the reduced form treatment equation. We
have shown that in partially identified non-linear models it is not only the traditional I'V
strength that determines the identification gains obtained when bounding the ATE, but
also the interplay of the IVs with the degree of endogeneity and the variability of exoge-
nous covariates. The conventional notion of IV strength or weakness no longer provides
a full picture of the IV identification power, and is not the sole arbiter of IV usefulness.
More specifically, we demonstrate that for the same IV strength given by the first-stage
treatment equation, having the endogeneity with an opposite sign from that of the ATE
can produce greater IV identification power, relative to the case when the endogeneity
has the same sign as the ATE. That the endogeneity plays a similar role when testing
IV weakness in binary outcome models with continuous endogenous regressors has been

noted previously in Frazier, Renault, Zhang, and Zhao (June 28, 2019).

Our proposed index I P provides a more appropriate measure of IV identification power,
namely, the contribution made by the IVs in shrinking the ATE identified set. Impor-
tantly, we illustrate how the range of the conditional propensity score and the I1P relate
to the ATE bounds for different levels of endogeneity, finite sample sizes and covariate

variabilities. The results show that the ITP works well in finite sample settings as a
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tool for measuring the IV identification power and for providing guidance on detecting
irrelevant IVs. We find that missing IVs, or misspecification of relevant IVs can result
in wider ATE identified sets and identification power loss. We also find that the loss of
efficiency in finite sampl from adding an irrelevant IV can be more reliably detected by
the estimated I1P(x), even irrelevant IV could sometimes result in narrower SV bound
width. The empirical application also demonstrates the practical usefulness of our novel

decomposition of the identification gains and of the 1P index.

The study of 1P in this chapter sheds new light on IV relevancy in partial identification
frameworks, and offers a potential criterion for IV selection in high dimension settings.
It also raises new questions as to what constitutes an adequate definition of weak IVs in
conjunction with ATE bounding analyses. Explorations of these issues are left for future

research.

3.10. Appendix

Throughout the proof, let P = Pr[D = 1|X, Z] with support Qp and let p(z,z) =
Pr[D = 1|z, 2].

3.10.1. Lemmas

Lemma 3.10.1 Under Assumption 3.2.1 (a) and (b), for any p,p’ € Qpj, such that

p > p', we have

Pr{D = 0|x,p] + PrY =y, D = 1|z, p| — {Pr{D = 0|z,p| + PrlY =y, D = 1|z, p]} <0,

PriD =1|z,p] + PrlY =y, D = Olz,p] — {Pr[D = 1|z, p'| + Pr{Y =y, D = 0]z, p]} > 0,
fory € {0,1}. In addition,

PrlY =y, D = 1|z,p| — Pr{Y =y, D = 1|x,p'] > 0,

PrlY =y, D =0|z,p] — PrlY =y, D = 0]z, p'] <0,
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fory € {0,1}. Lastly, if vi(1,z) > 11(0,x) given x € Qx, then PrlY = 1|z, p| — Pr]Y =
L, p'] > 0. Ifin(1,2) <1y(0,2) given x € Qx, then PrY = 1|z, p|]—PrlY = 1]z, p'] < 0.
Strict inequalities hold if Assumption 3.2.1 (c) is imposed on the DGP.

Proof of Lemma 3.10.1. Under Assumption 3.2.1 (a) and (b), for p,p" € Qp, with

p > p/, we have

Pr[D = 0|z, p] + Pr[Y’ = 1, D = 1|z, p] — {Pr[D = 0|z, p'] + Pr[Y’ = 1, D = 1[z, p']}
=Prle; < i(1,2),p' < F.,(e2) < p] — Pr[p < F.,(e2) < p
= - Pr[gl > 1/1(1,17>,p/ < F62(52) < p]

<0.

Similar manipulations show that

Pr[D = 0|z,p] + Pr[Y =0, D = 1|z, p] — {Pr[D = Oz, p| + Pr[Y = 0, D = 1|z, p]} <0,
Pr[D = 1|z, p] + Pr[Y = 1,D = 0|z, p] — {Pr[D = 1|z,p] + Pr[Y = 1,D = 0|z, p']} > 0, and

Pr[D = 1|x,p] + Pr[Y = 0, D = 0|z, p] — {Pr[D = 1|x,p| + Pr[Y =0, D = 0|z, p']} > 0.

In addition, using relatively straightforward if somewhat tedious algebra, we can obtain

the following inequalities

Pr[Y =0,D = 1|z,p| — Pr[Y =0, D = 1|z, p'] = Pr[e; > v1(1,2),p' < F.,(2) < p] >0,
Pr[Y =1,D = llz,p| = Pr[Y = 1,D = 1|z,p'] = Prle; <wi(1,2),p' < Fi,(e2) <p] >0,
Pr[Y =0,D = 0lz,p] — Pr[Y =0, D = 0|z, p'] = —Prle; > 11(0,2),p' < F.,(e2) < p] <0, and

Pr[Y =1,D = 0|z,p] — Pr[Y = 1,D = 0|z, p'] = —Prle; < 11(0,x),p’ < F.,(e2) < p] <0.

Now suppose that v1(1,z) > v1(0,z) given x € Qx. Then it follows that

PrlYy’ = 1]z, p] — Pr[Y = 1z, p/]
=Pr[Y =1,D = 1|z,p] + Pr[Y =1, D = 0|z, p|
—Pr[Y =1,D =1|z,p] — Pr[Y = 1,D = 0z, p/]

=Pr[e; <1 (1,2),p < F.,(e2) < p] — Prle; < 11(0,2),p" < F.,(g2) < p]
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=Pr[v1(0,2) <& <vi(1,2),p < F.,(g2) < p]

>0.

Finally, using a parallel argument in the case where v (1,z) < 14(0,x) given x € Qx, we

can conclude that the inequalities stated in the lemma hold. m

Lemma 3.10.2 Under Assumptions 3.2.1 and 3.3.1, the following results hold. Joint
probabilities PrlY = y,D = d|x,p| for y,d € {0,1} are functions of the dependence

parameter p. In addition,
(a) PrlY =1,D = 1|z,p] and PrlY = 0,D = 0|z, p] are weakly increasing in p;
(b) PrlY =1,D = 0|x,p| and PrlY =0, D = 1|z, p| are weakly decreasing in p.

Proof of Lemma 3.10.2. For any given p € Q)p,

PI‘[Y = ]-7D = 1|£L‘7p] = Pr[51 < V1<1,ZL')7F62<52) < p|$,p]
= Prle; < 1y(1,x), F.,(g2) < p)

_C< 81(V1<1 )),p;p)- (310)

Because the copula C(+, -; p) satisfies the concordant ordering with respect to p, we know

that Pr[Y =1, D = 1|z, p| is weakly increasing in p. Since

Pr[Y =0,D = 1|z,p| = Pr[D = 1|z,p] — Pr[Y = 1,D = 1|x,p| = p — C(F, (11 (1,2)),p; p),

Pr[Y =0, D = 1|z, p| is decreasing in p. In addition,

PrlY =0,D = 0|z, p] =Prle; > 11(0,2), F.,(22) > p|, ]
=Prley > 11(0,2), Fr,(e2) > p]
=Prle; > 11(0,2)] — Pr[ey > 14(0, ), F.,(e2) < p]
=Prle; > 11(0,2)] — Pr[FL,(e2) < p] + Prler <11(0,2), F,(£2) < p]
(0, z)

=1 (Vl 0,z ) p+0( al(Vl(O ‘T))ap§ P)‘ (311)
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From (3.11) we can see that Pr[Y = 0,D = 0|z, p] is weakly increasing in p, which
immediately implies that Pr[Y = 1, D = 0|z, p] is weakly decreasing in p. m

3.10.2. Proofs

Proof of Proposition 3.3.1. To begin, let us first introduce the following notation:
Lo(z,p) =Pr[Y =1,D =0|x,p]+ sup Pr[Y =1D=1|2,p],
z'eXo_(x)

Li(z,p) =Pr[Y =1,D =1|z,p]+ sup Pr[Y =1,D=0[z,p],

z'eXi4(x)

Uo(z,p) =Pr[Y =1,D =0|x,p]+p inf Pr[Y =1la',p,D =1],

z'eXo4(x)
Ui(z,p) = PrY = 1,D = 1|z,p] + (1 — p) inf )PY[Y = 1|',p, D = 0].
r’'eXi_(x

Then the SV bounds become
LSV(Z') = Ll(l",Z_?) - U()(ZL',B) and USV(x) = Ul(xaz_?) - L0<ZU,£), (312)

and under Assumption 3.2.1 the SV bounds are sharp if Qx p = Qx x Qp (Shaikh and
Vytlacil, 2011, Theorem 2.1).

Next we show that Ly(z, p) is weakly decreasing in p (ceteris paribus). Under Assumption
3.2.1 and Qx p = Qx x Qp, for Vo € Qx there exists z}), € Xo_(z), such that v (1,2}) =

SUD,ex, () Y1(1,7) and
Lo(z,p) =Pr]Y =1,D = 0|z, p] + Pr[Y = 1,D = 1|2}, p],

(For detailed particulars see the proof of Shaikh and Vytlacil, 2011, Theorem 2.1 (ii)®).

For p,p’ € Qp and p’ < p, we have now have

Lo(x,p) — Lo(x,p') =Pr[Y = 1, D = Ola, p] + Pr[Y = 1, D = 1, p]
—Pr[Y =1,D = 0|z,p'] — Pr[Y =1,D = 1|}, 7]

=Pr[e; < 1/1(1,1’%)),]9/ < ey <p)—Prle; <vi(0,2),p < &g <p)

®The proof is contained in the supplementary material of Shaikh and Vytlacil (2011).
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=Pr[11(0,2) < e; < vi(1,28),p < &3 < p)

<0, (3.13)

where the last inequality follows because x, € Xo_ (), and the Lemma 2 in Shaikh and
Vytlacil (2011) shows that z{, € Xo_(x) implies v, (1, z}) > 11(0,z). Thus, from (3.13),

Lo(z,p) is weakly decreasing in p.

Similar arguments show that L;(x, p) is weakly increasing in p, Uy(z, p) is weakly increas-
ing in p, and Uy (z,p) is weakly decreasing in p. Hence L%V (x) is weakly increasing in p
and U5V (x) is weakly decreasing in . On the other hand, L%V (x) is weakly decreasing
in p and U SV(x) is weakly increasing in p- This completes the proof of the proposition.

Proof of Proposition 3.3.2. Suppose that ATE(z) > 0 for x € Qx. Under Assumption
3.2.1, from the definitions of Xy, (z), Xo_(z), X141 (x) and X;_(x), we know that X, ()
and Xj(x) are nonempty for Vo € Qx, since x itself belongs to these two sets. While,
Xo-(z) and X;_(z) may be empty for some x € Qx. Recall that the supremum and
infimum are defined as zero and one over an empty set, respectively. Thus, for the four

functions defined in the proof of Proposition 3.3.1 we have

Lo(z,p) > Pr[Y =1,D = 0|z, p],

Ly(x,p) = Pr[Y = 1]z, p],

Uop(x,p) < Pr[Y = 1|z, p|, and

Ui(z,p) < Pr[Y =1,D = 1|x,p] + Pr[D = 0|z, p].

SV

The ATE SV bounds are therefore bounded by [L°Y (z), UV (2)] c [L°Y (), U (z)],

where

L%V (z) = sup Pr[Y =1|z,p| — inf Pr[Y =1|z,p], and

pEQP|z peQP\z
Usv(x) = inf {Pr[Y =1,D = 1|z,p| + Pr[D = 0|z, p|} — sup Pr[Y =1,D = 0|z, p),
pEQP|z peQP\a:

(3.14)
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SV

and the widest possible width @(z) := U (z) — LY (2) is

w(z) = inf {Pr[Y =1,D = 1|z, p| + Pr[D = 0|z, p|} — sup Pr[Y =1,D = 0|z, p]

peﬂp‘z peQP\z

— sup PrlY =1|z,p|+ inf Pr[Y =1z,p].

pEQP‘w peQP\z

From Lemma 3.10.1 it follows that

W(r) =Pr[Y =1,D = 1|z,p(z)] + Pr[D = 0|z,p(z)] — Pr[Y =1, D = 0|z, p(x)]
—Pr[Y = 1]z, p(x)] + Pr[Y = 1|z, p(z)]

=PrlY =1,D = 1|z, p(x)] + Pr[Y =0, D = 0|z, p(x)]. (3.15)

Now consider the case where ATE(xz) < 0. In contrast to the positive ATE(z) case,
Xo—(z) and X;_(x) are nonempty for Vz € Qx since x itself belongs to these two

sets, while Xgy(z) and X;4(z) may be empty for some x € Qx. Thus, the following

inequalities hold

Lo(z,p) = Pr[Y = 1|z, p],

Li(z,p) > Pr]Y =1,D = 1|z, p|,

Up(z,p) < PrlY =1,D = 0|z, p| + Pr[D = 1|z, p], and
U(z,p) < PrlY’ = 1]z, pl,

based on which we can bound the SV bounds as [L°Y (z), UV (z)] C [LSV(x),USV(x)],

where

Usv(x) = inf Pr[Y =1|z,p] — sup Pr[Y =1|z,p|, and

peQP\z peQP\x

LV (z) = sup Pr[Y =1,D = 1|z,p] — inf {Pr[Y =1,D = 0|z,p] + Pr[D = 1|z, p]}.
pEQP\z pEQP|w

(3.16)
The widest possible width of the SV bounds is now therefore

W(z) = inf Pr[Y =1|z,p] — sup Pr[Y =1|z,p] — sup Pr[Y =1,D = 1|z, p|
peQP\m pGQP‘I peQP|z
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+ inf {Pr]Y =1,D = 0|z, p|] + Pr[D = 1|z, p|},

peQP\z

and from Lemma 3.10.1 we have that

() =Pr[Y = 1]z, p(x)] — Pr[Y = 1|z, p(x)] — Pr[Y =1, D = 1|z,p(x)]
+Pr[Y =1,D = 0|z, p(z)] + Pr[D = 1|z, p(z)]

=PrlY =1,D = 0|z, p(x)] + Pr[Y =0, D = 1|z, p(x)]. (3.17)

The nature of the relationship between w(z) and p(x) and p(x) follows directly from the
expressions in (3.15) and (3.17) upon application of Lemma 3.10.1. m

Proof of Proposition 3.3.3. The proof follows directly from the expression for @w(x)

in Proposition 3.3.2 and Lemma 3.10.2. =

Proof of Proposition 3.3.4. Without loss of generality, assume that the distribution of
g9 has been “normalised” to be uniform over [0, 1]. Degeneracy of v1(D, X)|D indicates
that there exists a function m; : {0,1} — R such that v,(d,z) = my(d) for all (d,z) €
{0,1} x Qx. Take ATE(z) to be positive. When H (z, 2) is well defined and v, (D, X) =
mi(D), Xoy(z) = X4 (2) = Qx, and Xo_(z) = X;_(z) = 0. Since &, is continuously
distributed we can conclude that V(z, z), (z/,2') € Qx 7 such that Pr[D = 1]Z/,2'] =

Pr[D = 1|z, z] we must have vy(z, 2) = vo(2', 7).

For L% (x), consider sup,cx,, () Pr[Y =1, D = 0|2/, p]. If Xy () is empty, or if there
does not exist a 2’ such that Pr[D = 1[2’, 2'] = p, then sup,/ex,, () Pr[Y =1, D = 0], p|
is set to zero. Since Xi,(z) equals Qx because vy (D, X) = m(D), we have Pr[D =
1]a', '] = p for at least (',2') = (7, 2), and thus sup,cx,, ) Pr[Y = 1,D = 0[2', p] is
well-defined. It follows that

sup Pr[Y=1,D=0]|z",p]= sup Pr[n(0,2") > e, (2, 2") < ey, p]
x’EXH_(x) I/EX1+(I)

= sup Pr[my(0) > ey, 0(x, 2) < ]2, p]
I/EX1+(I)

= sup Pr[mi(0) > e1,v2(z, 2) < 2]z, p|
I/EX1+(I)
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=Pr[Y =1,D = 0|z, p], (3.18)

where the second equality arises because the CDF of ey is the strictly positive and
v1(0,2") = my(0) is degenerate. The third equality is due to the assumed independence
of (X, Z). Similarly,
inf Pr[Y=1l2/,p,D=1]= inf Pr[Y =1D=1]|,
P, nf P 2", p I=_Anf Pl 7', p]

= inf  Pr{y(1,2") > 1,02, 2) > ]’ p)
z'€Xo4 ()

= inf  Primi(1) > ey, 10(x, 2) > ea|z, p]
x’€X0+(x)

=Pr[Y =1,D = 1|z, p]. (3.19)
By virtue of equations (3.18) and (3.19), and Lemma 3.10.1, L5V (x) can be rewritten as

L%V (z) = sup {Pr[Y =1,D = 1|z,p] + Pr[Y =1, D = 0|z, p|}

peQP\z

— inf {Pr[Y =1,D =0|z,p| + Pr[Y =1,D = 1|z,p|}

pEQP\CL‘

= sup Pr[Y =1|z,p] — inf Pr]Y =1z,p|

pEQP‘I peQPlft

= PrlY = 1|z, p(z)] — Pr[Y = 1|z, p(z)]. (3.20)
For USY(z), because Xo_(x) and X;_ () are empty, from Lemma 3.10.1 we get

USVi(z) = inf {Pr[Y =1,D=1|z,p]+ (1 —p)} — sup Pr[Y =1,D = 0|z,p]

pEQP|1 pEQP|z

=Pr[Y =1,D = 1]z,p(z)] + (1 = p(x)) — Pr[Y = 1,D = Oz, p(x)].  (3.21)
THe expressions in (3.20) and (3.21) now yield the result that

w* =Pr[Y =1,D = 1|z,p(z)] + (1 = p(z)) — Pr[Y =1, D = 0|z, p(z)]
— PrlY = 1|z,p(x)] + Pr[Y = 1|z, p(2)]

=Pr[Y =0,D = 0|z, p(x)] + Pr[Y =1, D = 1|z, p()],
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which is equal to @w(z). The proof for the negative ATE(z) case is completely analogous,

the details are omitted. m

Proof of Proposition 3.5.1. (a) We first show that [/P(x) is well-defined in the
sense that we are able to identify whether Z is relevant or not. If, for a given x € Qy,
there exists a z and 2’ in 0y, such that z # 2’ and Pr[D = 1|z, 2] # Pr[D = 1|z, 2],
then the IV Z is relevant. If Z is relevant then I1P(z) = 1 — @(x) where @(z) is the
widest possible width defined in Proposition 3.3.2. Otherwise, Z is irrelevant, and by
Proposition 3.3.4, if Z is irrelevant the SV bounds reduce to the benchmark Manski
bounds and we have [/P(x) = 0.

Next, we prove that ITP(z) € [0,1]. Since w(z) is a summation of some conditional
probabilities Vo € Qx, it follows that W(z) > 0 and 1P (z) < 1. Whenever Z is relevant
the sign of ATE(x) is identified, and from Lemma 3.10.1 it follows that if ATE(z) > 0
then

W(r) =PrlY =1,D = 1|z,p(x)] + Pr[Y =0, D = 0|z, p(x)]

<PrlY =1,D = 1|z] + Pr[Y = 0,D = 0|z], (3.22)
which is less than one, and if ATE(z) < 0 then

W(x) =PrlY =1,D = 0|z,p(x)] + Pr[Y =0, D = 1|z, p(x)]

<PrlY =1,D=0|z]+Pr[Y =0,D = 1|z], (3.23)

which is also less than one. Thus, [IP(z) = 1—w(x) > 0, Va € Qx, and [1P(zx) € [0, 1].

(b) If Z is irrelevant, by definition we have IIP(x) = 0 and the SV bounds reduce to
the benchmark Manski bounds by Proposition 3.3.4. To establish necessity we will show
that the presumption that the events Z is relevant and I1P(z) = 0 occur simultaneously
leads to a contradiction. If Z is relevant, then the index I7P(x) = 1 —w(x). The goal,
therefore, is to show that relevant Z leads to strictly less one w(x), by verifying the

inequalities (3.22) and (3.23) are strict. Take (3.22) as an example and the result for
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(3.23) can be verified analogously. Since

PrlY =1,D = 1jz] — Pr[Y = 1,D = 1|z, p(z)]

:/ [Pr[Y = 1,D = |z,p] — PrY = 1, D = 1|z, p(a)]] dPr[P = p|X = 1]
peQP|z B

—/ Prle; < (1, ), p(z) < es < p] dPr[P = p|X = ], (3.24)
pEQPkL'

the relevance of Z guarantees that there exists a p € Qpj, such that p # p(x) and
Pr[P = p|X = z] > 0. Then, the continuity of the joint distribution of the (1, e5)
with support R? implies that (3.24) is strictly positive. Similar arguments can be ap-
plied to show that Pr[Y = 0,D = 0O|z] — Pr[Y = 0,D = 0|z,p(x)] > 0. Therefore,
w(z) < PrlY =1,D =1|z] + Pr[Y = 0,D = 0]z] < 1, leading to IIP(z) > 0.

(c) If Z is a perfect predictor of the treatment D in the sense that there exist a z* and a z**
in Qg such that Pr(D = 0|z, 2*) = 1 and Pr(D = 1|z, 2**) = 1, this obviously implies
Z is relevant and I1P(x) = 1 —w(z). Furthermore, p(x) = p(z, 2*) and p(x) = p(x, ).
Hence, it can be easily shown from the expressions for w(z) that perfect prediction
by Z leads to the equality @w(z) = 0 for both ATE(z) > 0 and ATE(x) < 0. Thus
IIP(z)=1—-w(z) = 1.

Moreover, since w(x) is the widest possible width for the SV bounds, we have 0 <
w3V (x) < w(z), and when w(x) = 0 it follows that w’(z) = 0. The ATE(z) is point
identified if I/P(z) =1. m



Chapter 4

Spillovers of Program Benefits with

Mismeasured Networks

4.1. Introduction

In the literature on treatment effects, the SUTVA (Rubin, 1990) is widely adopted
for causal inference. It states that the treatment of one unit does not affect others’
outcomes. However, the spillover effects of the treatment via network interactions have
been documented in many applications, for example, cash transfer programs (Barrera-
Osorio et al., 2011), health programs (Dupas, 2014), public policy programs (Kremer and
Miguel, 2007), education programs (Opper, 2019), and information diffusion (Banerjee
et al., 2013). In these studies, spillovers are conceived as a mechanism through which a
treatment could propagate and affect many others’ socioeconomic behaviour. Therefore,
correctly measuring the spillovers of a program intervention is incredibly relevant for
understanding whether and how the treatment influences individuals’ outcome through
their social interactions, and providing meaningful policy advice for effective treatment

allocation (Angelucci and Di Maro, 2016; Viviano, 2019).

Existing methods of studying spillover effects typically assume that accurate informa-
tion about the network connections of all the sampled units is available (e.g. Leung,

2020b; Ma et al., 2020; Vazquez-Bare, 2019; Viviano, 2019). However, this assumption
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is difficult to verify in practice and questionable in many settings (Savje, 2019). In-
creasing evidence has shown that social connections are substantially misreported. For
example, Comola and Fafchamps (2017) document a massive discrepancy (about 73%)
between the responses of inter-household transfers reported from givers and receivers in
the village of Nyakatoke, Tanzania. The ratio 73% is computed as the number of re-
ported transfers coming from only giver or only receiver (1250) over the number of total
reported transfers (1721), see Comola and Fafchamps (2017) page 560-561. These trans-
fers are oft-used to construct risk-sharing networks; therefore, the nonnegligible portion
of network links are nonreciprocal due to the discrepancies. Ignoring or mis-connecting
either side of the responses may lead to misclassified networks. Similar non-reciprocal
problem has also been found in other survey data, e.g. 40% of risk-sharing network links
from rural Philippines (Fafchamps and Lund, 2003) and more than 10% of the friend-
ship among adolescents in Add-Health dataset (Calv6-Armengol et al., 2009; Patacchini
et al., 2017) are non-reciprocal. When constructing generational family network links in
the PROGRESA data via the respondents’ surnames, Angelucci, De Giorgi, Rangel, and
Rasul (2010) find various forms of measurement errors. They include poor recalling of
and typos in the surnames, false connections of two genuinely unrelated families sharing
the same surnames, and misspecification of network boundary by restricting the network
within the same village. In the study of technology diffusion among pineapple farmers in
Ghana, Conley and Udry (2010) also notice the potential misclassification of information
neighbours, due to the lack of precise definitions of the information neighbours and the

existence of multi-contextual social connections.

This chapter investigates the identification and estimation of the treatment and spillover
effects of a program intervention with mismeasured network data. There are several
attractive features of the proposed method. First, it allows flexible forms of heterogeneity
in the treatment and spillover effects, which is important to inform how the treatment
response varies across population (Manski, 2001). Second, the analysis can be applied
to settings with a large network that is not block-diagonal and that contains missing or
misreported links. Moreover, modelling the network formation or its misclassification

probability is not required to implement the proposed method.
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We focus on a randomised program intervention and a superpopulation model studied
by Leung (2020b). If a network is correctly measured, the direct treatment effect can
be identified from the variation of the ego unit’s own treatment status, and the spillover
effect can be identified via the variation of a statistic summarising the exposure to the
treated peers. However, the network measurement errors introduced in this chapter
sophisticate the identification by contaminating the true channels of the network inter-
ference. Ignoring those errors will lead to biased estimation. The measurement errors
considered in this chapter are nonclassical; that is, they depend on the network inter-
actions. In addition, the measurement errors are assumed to be independent of the
potential outcomes and the treatment, conditional on the statistic of the network and
exogenous covariates. This independence assumption is referred to as “nondifferential”,

and is often invoked in the literature studying measurement error models (e.g. Bound,

Brown, and Mathiowetz, 2001).

In this chapter, we propose a novel strategy to nonparametrically point-identify the
treatment and spillover effects with a mismeasured network proxy, when an instrumental
variable for the latent network (or equivalently, an additional network proxy) is available.
The identification consists of two steps. Firstly, we adopt the matrix diagonalisation
method proposed by Hu (2008) to identify several distributions of the true number of
network neighbours (hereafter degree), under the help of the instrument network proxy.
Secondly, the distribution involving the true number of treated network neighbours, which
measures the exposure to the treated peers, is identified. The identification in the second
step relies on the observation that, network proxies in some studies might satisfy one
assumption: there is only one type of measurement error. It means that the network
proxy either includes no false links while allowing missing ones (“no false positive”),
or includes no missing links but allowing false ones (“no false negative”). This one
type of measurement error assumption dramatically simplifies the interdependence of
the observed network-based variables with their latent counterparts, which is the main

difficulty of identification. Testable implication of such an assumption is also available.

Inference in network settings is nonstandard due to the data correlation induced by

the network interaction. In particular, outcomes of two units are correlated if they are
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connected or share common network neighbours (Leung, 2020b). In this chapter, the
mismeasured network adds to the complication by introducing an extra source of corre-
lation, through the spillover of the measurement errors. Such spillover occurs, because
a false network connection of two units will alter both their observable exposures to the
treated neighbours. In addition to the above network-induced correlation, this chapter
also considers data dependency due to general forms of heteroscedasticity, autocorrela-
tion and clustering, so that units that are not friends and do not share common friends
may also correlate with each other. Such correlation may be caused by, for instance, fam-
ily background, school culture, or community diversity. All sources of data correlation

described above generate distinct technical issues for the causal inference.

We propose a semiparametric estimation approach, which overcomes the difficulty caused
by the spillover of measurement errors, and the resulting estimator is shown to be con-
sistent and asymptotically normal. To derive limit theorems, we extend the univariate
central limit theorem (CLT) of Chandrasekhar and Jackson (2016) to multivariate set-
tings. The estimation approach in this chapter possesses several advantages: (i) it fits
situations where there may be no clear spatial or ordered structure; (ii) it does not
require a large number of independent subnetworks and allows general forms of data de-
pendence; and (iii) it allows a sufficiently large number of units have nonzero correlation

with an increasing number of other units.

In the simulation exercises, we verify the advantages of the proposed methodology over
the naive estimation that ignores the network measurement errors. The bias reduction
provided by the semiparametric approach is substantial and its causal inference is more
reliable than that of the naive estimation. Moreover, it is confirmed that the semi-
parametric method still outperforms the naive estimation, even if its key identification

assumption, for example, the one type of measurement error, is mildly violated.

4.2. Literature Review

This chapter is among a few papers that have studied the spillover effect of a program

intervention with mismeasured networks. Hardy, Heath, Lee, and McCormick (2019)
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consider a parametric model for the potential outcomes and for the network misclas-
sifications, and use a likelihood-based approach to estimate the spillover effect. In a
nonparametric setting, when only a network proxy is available, He and Song (2018)
provide a lower bound for the spillover effect under the restriction that the spillover is
nonnegative. This chapter is substantially different from the papers above, because it
does not rely on modelling the network misclassifications, and more importantly, it pro-
vides a formal solution for the nonparametric point-identification of the spillover effect,

when two network proxies are available.!

One study of the structural model of social interactions with mismeasured networks
is related to this chapter. Gao and Li (2019) explore the endogenous and exogenous
peer effects via the linear-in-means model with two mismeasured network proxies. Their
identification result depends on three key assumptions. First, there exist two different
latent network structures for the same group of individuals. Second, the error con-
taminated network-based variables are assumed to be independent conditional on their
latent counterparts, which implicitly requires the networks to be non-stochastic. At last,
a copula is used to capture the dependence between the mismeasured network effects.
Like the study in this chapter, Gao and Li (2019) exploit the matrix diagonalisation
method, however our analysis focuses on the reduced-form treatment response function
that is modeled nonparametrically, enabling flexible forms of heterogeneous treatment
and spillover effects. See Hardy et al. (2019), Leung (2019a) and Manski (2013) which
also emphasise the difference between the structural model of social interactions and
the reduced-form model focusing on the treatment response function. In addition, the
identification strategy in this chapter does not require different network structures for
the same set of individuals, the non-stochastic network, or a copula structure for the
network-based variables. Instead, identification in this chapter is achieved by restrict-
ing the network measurement errors. Other related papers are, for example, Advani
and Malde (2018), Chandrasekhar and Lewis (2011), Goldsmith-Pinkham and Imbens
(2013), and Lewbel, Qu, and Tang (2019).

1Sivje, Aronow, and Hudgens (2017) find that when there is limited or moderate degree of network
interactions, ignoring the network interference would not impact the asymptotic properties of the average
treatment effect estimators. Chin (2018) studies the average treatment effects under unmodeled network
interference. However, neither of them explore the spillover effect.
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Consequences and solutions of misclassified networks on estimating network statistics
or network formation are discussed by, for example Breza, Chandrasekhar, McCormick,
and Pan (2020), Candelaria and Ura (2020), Comola and Fafchamps (2017), Kossinets
(2006), Liu (2013) and Thirkettle (2019). However, it is not clear how to apply these

methods to identify treatment and spillover effects in a causal setting.

The literature exploring limit theorems using network-dependent data is developing
rapidly. Some papers assume that the social network can be partitioned into a large
number of disjoint and independent subnetworks (e.g. Lewbel et al., 2019; Vazquez-
Bare, 2019). However, this independence assumption may not be plausible in practice,
because it ignores the links across subnetworks. Chandrasekhar and Lewis (2011) adopt
mixing conditions to restrict the dependence of network connections, while, in many
contexts, there is no underlying metric space to define the standard “mixing” forms of
dependence. Leung (2020b) introduces the notion of “dependence graph” to capture
the network-correlated effects, and derives limit theorems under the conditional local
dependence; that is, the outcomes of two units are independent if they are not network
neighbours nor share common network neighbours. However, in the setting considered in
this chapter, the measurement errors disrupt the true network dependence structure, so
that some seemingly uncorrelated units may actually correlate with each other due to the
latent network connections, and vice versa. Therefore, an alternative data dependence
structure is needed. We adopt the “dependence neighbourhoods” structure proposed
by Chandrasekhar and Jackson (2016) to control the data correlation, which does not
require the correct network links to be observed and employs less restrictions on the
dependence structure. The dependency neighbourhood used in this chapter is similar
to the dependency graph of Leung (2020b) in the sense that they both aim to control
the data dependence. Nonetheless, they are different, since the dependency neighbour-
hoods can capture more general forms of correlation induced by network measurement
errors and unobservables. Other papers study limit theorems of network dependent data
include Chin (2018), Kojevnikov, Marmer, and Song (2019), Kuersteiner (2019), Lee
and Ogburn (2020), Leung and Moon (2019), Leung (2019b, 2020a), Liu and Hudgens
(2014), Song (2018), van der Laan (2014) and references therein.
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4.3. Model Setup

Let D = {D;}icp and Z = {Z;}iep denote vectors consisting of units’ (or individuals,
nodes, agents) treatment status and observable characteristics for a super-population P,
respectively. Denote A* as the true, latent and binary adjacency matrix, corresponding
to an unweighted and undirected random network over the super-population P. Each
row of A* denoted by A}, represents unit i’s network connection with unit j.> Let
Ay; = 1if 7 and j are linked (or equivalently, network neighbours®), otherwise Af; =0 .
As a convention, self links are ruled out, i.e. A}, = 0 for Vi € P. Given the adjacency
matrix A*, we define the set of unit ¢’s first-degree network neighbours by N = {j €
P Aj; = 1}. Denote F =3, Aj; as the cardinality of N, and F;" is usually referred

to as the “network degree” of unit i. For each ¢« € P, the outcome Y; is defined as
Y =7(i,D,A* Z,¢;), (4.1)

where 7 is a unknown real-valued function and ¢; is an unobservable error term. The
Y; in (4.1) acknowledges that one unit’s outcome depends on not only his or her own
treatment status, but also the treatments assigned to other units, i.e., the spillover

effect. We impose the assumption below to restrict the dependence of the outcome Y;

on (i,D,A* Z,¢;).

Assumption 4.3.1 (Network Interference) ForVi,k € P,V(D,A* Z) and V(ﬁ, A,

7(i,D,A*, Z,e) = #(k,D,A* Z,e),

for all e € Q., UQ,,, if the following conditions hold simultaneously: (i) D; = Dy; (ii)
ZjeP Afj - ZjeP A}Zj;’ (1i1) Zjep A:ij - ZjeP ~Zij;' (iv) Z; = Zk

Assumption 4.3.1 is the equivalent to model (2) in Leung (2020b). It states that the

outcome is fully determined by (i) unit’s own treatment status; (ii) the network degree;

2The vectors of treatment status and observable characteristics, and the adjacency matrix are infinite-
dimensional. We follow Leung (2020b) and obviate further details to ease the illustration.

3Tt is worthy to notice that there are two different definitions of neighbours utilised in this chapter.
The first one, which is referred to as “network neighbours”, is defined by the network links D. The second
one, which is referred to as “dependent neighbours”, is defined via the dependency neighbourhoods and
is used to characterise correlations of random variables of interest (see Section 4.5.1 for more details).

Z

),
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(iii) the number of the first-order treated network neighbours S; := 3., A7;Dj; and

(iv) unit’s own covariates.

Assumption 4.3.1 substantially reduces the dimensionality of the outcome and reveals
two crucial features of the network interactions. First, the interference occurs locally,
only among the first-order network neighbours. Thus, (D;,S}) can be viewed as the
“effective treatment” (Manski, 2013). Second, the outcome is invariant to any permuta-
tions of the treatments received by the first-order network neighbours, meaning that the
interactions are anonymous. The anonymous interaction is also referred to as “stratified
interference”, see Baird et al. (2018), Basse and Feller (2018) and Hudgens and Halloran
(2008) among others. Aronow and Samii (2017), Leung (2019a) and Savje (2019) con-
sider the possible mis-specification of models similarly defined by Assumption 4.3.1, and
tests for Assumption 4.3.1 are feasible in Athey et al. (2018). Under Assumption 4.3.1,

equation (4.1) can be simplified to
}/; = T(Di, SZ*, Zi) ‘F‘i*? 61')7 for Vi € P (42)

where r represents a real-valued unknown function. Such an outcome structure permits
adequate controls for the observable and unobservable heterogeneity of the treatment
response. Given (4.2), it is easy to see that unit i’s outcome Y; is directly affected by
his or her own treatment status D; (treatment effect), and is also affected by S because
of the exposure to the treated peers (spillover effect). The network N} affects the
outcome via two pathways: the network degree F; and the treated network neighbours
incorporated in S;. The network degree is a critical attribute because it quantifies the
influence of each unit in the social network and controlling ;" in (4.2) enables us to target
subpopulation based on different levels of influence. Besides, it acts as a control variable
for the degree heterogeneity to allow the correlation between the network formation and
the potential outcomes. The notion of “degree heterogeneity” is proposed by Graham

(2017). Similar control variable method is used in e.g. Johnsson and Moon (2015).

The following notations will be used throughout the chapter. For any generic random
variables X and Y, denote fx and fx|y as the probability distribution function of X and

the conditional probability distribution function of X given Y, respectively. 2x denotes
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the support of the random variable X. By notation abuse, |B| denotes the cardinality
of any set B, or the absolute value for any scalar B. For any vector a € R?, let ||a|; =
SP | |a;] beits L norm, ||a]| = (a’a)*? be its Euclidean norm and ||a||o, = maxi<;<, |a,).
Given a matrix A = (a;;), we set || Al = [tr(A’A)]*/? and [|A||o = max;<; j<p |ai;|. More
generally, for an array (or a vector) of functions, say a = {a;} with a; : Qx — R, denote
@]l = sup,cq, sup;|a;(z)|, where i could stand for a multiple index. For an arbitrary

parameter 3, denote dg = dim(f). L means statistical independence.

4.3.1. Treatment and Spillover Effects

To motivate the potential identification issues, let us begin by defining key concepts and

introducing basic assumptions.

Definition 4.3.1 (CASF) ForV(d,s,z,n) € {0,1} x Qg+ z 7+, the conditional average
structural function (CASF) is defined as

m*(d,s,z,n) =& [r(d,s, ZZ',.E*,{:‘,')}ZZ' =z, F = n] )

In this chapter, we focus on treatment and spillover effects, measured the average change
in potential outcomes in response to the counterfactual manipulation of the treatment
assigned to the ego unit and network peers, respectively. Similar definitions measuring
the direct effect and the spillover effect of treatment are also introduced in Hudgens
and Halloran (2008) and Sobel (2006) to name a few. See Tchetgen and VanderWeele
(2012) for a discussion about relationships between various notions of causal effects in the
presence of network interference. The analysis in this chapter can be straightforwardly

extended to studies dealing with other notions of treatment effect estimands.

Definition 4.3.2 (Treatment and Spillover Effects) For V(s,z,n) € Qg+ z 7, de-
fine

treatment effect: 74(s,z,n) =m*(1,s,z,n) —m*(0,s, z,n),

spillover effect: 75(s,z,n) =m*(0,s,z,n) —m*(0,0,z,n).



150 CHAPTER 4. SPILLOVERS WITH MISMEASURED NETWORKS

The assumption below introduces the ignorability conditions that account for network
interference, based on which the causal effects of interest can be recovered if the actual

network data is available.

Assumption 4.3.2
(a) (Randomised Treatment) {D;}icp are i.i.d. and {Di}icp L {cj, Zj, N} }jep.
(b) (Unconfounded Network) ForVi € P, g; L (N7, {D;}jen) | Zi, F;.

Assumption 4.3.2 (a) states that the treatment is randomly assigned and independent
of the potential outcomes, and does not affect the network. Randomised intervention
has been used in a wide range of experimental contexts, including Miguel and Kremer
(2004), Aral and Walker (2012), Oster and Thornton (2012), Cai et al. (2015b) to name
a few, and see Athey and Imbens (2017) for a review. Therefore, Assumption 4.3.2 (a)
is a straightforward starting point for the analysis. Assumption 4.3.2 (b) requires the
unconfounded network, which is weaker than the fully exogenous network, by allowing
the correlation between the degree F; and the unobservable characteristics, for example,
through the spillovers of unobservables. See Leung (2020b) for a similar assumption and
supportive examples. The network unconfoundedness to the treatment and the potential
outcomes is likely to hold in randomised experiments where the network data is collected

before the intervention.

Assumption 4.3.3 (Distribution)
(a) {Z;}iep are i.i.d. and F} given Z; is identically distributed across i € P.
(b) For¥i € P, ¢; given (Z;, F}) is identically distributed.

Assumption 4.3.3 (a) implies that the covariate Z; is of randomly drawn samples, which
is standard in the literature on network effect models, e.g., Johnsson and Moon (2015)
and Auerbach (2019). In the analysis of this chapter, it is feasible to relax the i.i.d. of
Z; and allow it to possess dependent structure under the framework described in Section

4.5.1. We maintain such an i.i.d. assumption only for illustration simplicity. It also



4.3. MODEL SETUP 151

requires the conditional distribution of the network degree to be invariant across units.
An example of the dyadic network formation in Appendix 4.9.1 can be used to verify
the existence of such an identical distribution. Also see a strategic network formation
model in Leung (2020b) that satisfies (a). Moreover, the identical distribution of the
error term ¢; given (Z;, F;) in condition (b) permits that the expressions of the CASF,

the treatment effect 7; and the spillover effect 7, are all identical for any unit ¢ € P.

If the actual network N;* is correctly observed, under the assumptions introduced so far,

the CASF can be identified by*
m*(d, 8,277’2,) =K [K}Dz = d’ SZ* — S,ZZ‘ — Z)«F;‘* _ ni| ’

which ensures that the treatment and spillover effects are also identifiable. However, it
appears that, in many applications, we fail to obtain fully accurate network information.
Ignoring the missing or misclassified network links may lead to biased estimation and

misleading causal implications.

4.3.2. Bias of CASF with Mismeasured Network

This subsection presents the potential bias of the CASF identified from the mismeasured
network data. Suppose that researchers randomly draw N units from the population P,
and collect their outcomes of interest, treatment status, covariates, network information

and treatment assignments of their network neighbours. Thus, researchers can observe:
(}/;7 Di7 Ziw/\/‘i) {D]}]ENZ)7 for i = 17 27 ) Na

where N; denotes the observed identities of unit i’s network neighbours with cardinality

Fi, and the convention of no self connections is maintained, i.e. 7 ¢ N;. Note that

4For V(d, s,z,n) € {0,1} x Qg~ z 7+, it can be shown that

(D;, S}, Zi, Ff o ei)|Di = d, 57 = s, Z; = 2, F} =]
(d, s, z,n,ai)|Zi =z, F =n]

=m*(d, s, z,n),

E|r

E[Yi|Di:d7Sz?k:57Zi:Z7]:; :n] =E [7‘
[

where the second equality is due to the unconfoundedness of (D;,S;) in Lemma 4.9.12 and the last
equality is by Definition 4.3.1.
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there are no restrictions on the sampling scheme of the network data. Namely, N
can be obtained from a single and fully observed network, or from a (possibly partially
observed) sampled network. In addition, N; can be either self-reported, acquired from the
administrative data, or constructed by researchers based on specific rules. Throughout
the chapter, N; is referred to as the “network proxy”. Given N, the number of observed

treated network neighbours is denoted by S; = >~ . D;-

The assumption below extends Assumption 4.3.2 to accommodate the observable network

proxy by restricting the misclassification of the network links.
Assumption 4.3.4 (Nondifferential Misclassification)
(a) {Di}iep L {ej, Zj, N} Nj}jep:
(b) ForVi€ P, e; L (N7, {D;}iens, Ni,{D;}jen:) | Zi, Fr.
(¢c) For¥i e P, F; given (Z;, F}) is identically distributed.

Assumption 4.3.4 (a) and (b) indicate that, given the actual network information and
individual’s characteristics, the observed proxy N; does not contain relevant information
to predict the outcome. This is often referred to as “nondifferential misclassification” in
the measurement error models literature, e.g. Battistin and Sianesi (2011), Hu (2008)
and Lewbel (2007). In addition, Assumption 4.3.4 (c¢) holds in many contexts, for exam-
ple, when units fail to respond with probability proportional to their actual degrees (“the
load effect”), or inversely proportional to their actual degrees (“the periphery effect”)
(Kossinets, 2006). A set of sufficient conditions for Assumption 4.3.4 (c) is provided in
Appendix 4.9.1.

Now, denote the conditional mean of the outcome given the observables as
mi(d,s,z,n) =E[Y;|D; = d,S; = 5, Z; = 2, F; = ),

where the subscript ¢ of m; represents the possibly non-identical conditional mean of the

outcome given the observables, which is caused by the unknown dependence between
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the error contaminated network-variables (S;, F;) and their latent counterparts (S}, F;).

The relationship between m; and m* can be obtained by the proposition below.

Proposition 4.3.3 Under Assumptions 4.53.1-4.3.4, for¥i € P and¥(d, s, z,n) € {0,1} x

Qsz 7,

ml(dv S, 2, n) = Z m*<da 8*7 Z, n*)fS:,}—i*|Di=d,Si:s,]:i:n,Z¢:z(5*7 n*)
(S*,n*)EQS*’}—*

Proposition 4.3.3 characterises the bias in the CASF estimand if ignoring the measure-
ment errors of the network links. The expression of m; makes it clear that the bias of
m; is governed by the latent distribution of the actual network-based variable (S}, F;)
given its observed counterpart (S;, F;). This bias will be larger, if the misclassification
probability of (S;, F;) is higher. Importantly, due to the nonparametric setting of m*,
simply differencing m;(1, s, z,n) and m;(0, s, z,n) in general cannot give the treatment
effect 74(s, z,n), even though the treatment is randomised and correctly-observed. How-
ever, it will be true if the response to the variation of the ego unit’s treatment status
is homogeneity in both the observables and unobservables, relying on strong structural
restriction. Similar weighted average expressions of the identifiable parameter are pre-
sented by Gao and Li (2019) for the endogenous peer effects and by Hardy et al. (2019)

for the treatment spillover effects.

4.4. Identification

Let us first introduce a key lemma in decomposing the latent distribution fs: 7p, s, 7.2

into identifiable components.
Lemma 4.4.1 Under Assumption 4.3.2 (a) and 4.3.4 (a),

(a) N LS;

Zi, Fr and F; L S}

ZZ’?‘F"L’*;
(b) Ni L Si|Z;, Fi and F; L Si|Z;, F;;

(¢) forV(s,n) € Qs r, fs:7r=nz(8) = [s)F=nz(5) = C,fp(1)*fp(0)""*, for fp(d) :=
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Pr(D; = d) with d € {0,1}.

Lemma 4.4.1 (a) delivers two implications. First, the distribution of the number of
treated network neighbours, S}, is fully determined by the true network degree and
exogenous covariates, instead of the identity of network neighbours or the observable
network degree. It further restricts the anonymous interactions. Lemma 4.4.1 (b) states
the similar properties of S;. The identifiability of fs: 7 z in (¢) is intuitive, because the
treatments are randomly assigned and the summation of any given n i.i.d. treatment

status follows a binomial distribution.

Given Proposition 4.3.3 and Lemma 4.4.1, to identify the CASF m*, we can first decom-

pose the latent distribution function fs- 7+ \p, s, 7,z as follows.

Proposition 4.4.2 Under Assumptions 4.3.2 and 4.3./

fSi\S;*,}'i*,]-'i,Zi X fS;*l]—"j,Zi X f}'i|]-'i*,Zi X f]—'j\Zi

fsz 710,80, 2: = (4.3)

fSi|-7'—i7Zi X f]:ilzi

It is clear that fr,z and fs, 7, 2z can be identified directly from the observables under
the assumptions exploited in the previous sections, and fs- 7 z, s identifiable based on

Lemma 4.4.1.

In what follows, we will deal with the identification of the remaining distributions in
the decomposition in two steps. First, suppose that two network proxies are available
for each sampled individual i € {1,2,..., N}, denoted by N; and N;. They may come
from repeated observations of a sampled network over time, different dimensions of
connections (e.g., kinship and borrowing-lending), multi-contextual interactions (e.g.,
various social events or afflictions), or self-reported and administrative network data.
Intuitively, the additional network proxy N; can be understood as an instrument for the
true latent network (Hu, 2008; Hu and Schennach, 2008), that is conceptually similar
to the ones utilised in conventional instrumental variable methods. Following the same
construction, for N;, denote its cardinality as F; and the number of treated network
neighbours as S, = > eN; D;. Given the two observed network proxies N; and N, apply

the method of matrix diagonalisation of Hu (2008) to achieve the identification of fx, 7+ 7,
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and fzs z,. Due to the complex and unconstrained interdependence between the observed
(S;, Fy), (S;, F;) and their latent counterpart (S, F) through the underlying network
N, it is not feasible to identify the latent distribution fs, s+ 7= 7,z by simply repeating
the matrix diagonalisation approach. Therefore, in the second step, we introduce a
crucial assumption on the network measurement errors, which dramatically simplifies

the interdependence and ensures the identification of fs, s+ 7+ 7, z,-

4.4.1. Identification via Matrix Diagonalisation

Assumptions 4.4.1 to 4.4.4 below are crucial when establishing the identification results
via the matrix diagonalisation technique similar to that used by Hu (2008). Modifications
to the assumptions and method are made, to fit the network setting considered in this

chapter.
Assumption 4.4.1 (Exclusion Restriction) F; L .ﬁ’ZZ,.E*

Assumption 4.4.1 can be interpreted as a standard exclusion restriction that F; does not
provide extra information about F; than the actual degree F;* already provides. It can
also be understood as that the instrumental variable A is conditionally independent of
the measurement errors in N;. It rules out the situations where both network proxies
are mismeasured due to random omission of the same group of units when constructing
the networks. A set of sufficient conditions for Assumption 4.4.1 is given in Appendix

4.9.1. The exclusion restriction is the key to implementing the matrix diagonalisation

method.
Assumption 4.4.2 (Sparsity) Qz = Qr = Qz with finite cardinality Kr.

Assumption 4.4.2 requires that the network is sparse, i.e. each individual has finite
friends, and that the number of friends does not increase with the sample size. Sparse
networks are commonly observed in empirical applications (Chandrasekhar, 2016), and
are a standard assumption in the literature on network effects, e.g. De Paula, Richards-
Shubik, and Tamer (2018), Qu and Lee (2015) and Viviano (2019). By the i.i.d. of the

treatment assignment, it is clear that Qg = (2 = Qg-.
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To illustrate the basic idea of the matrix diagonalisation technique, let us introduce the
following notations. Without loss of generality, set Qr = Qr = Q2 = {0,1,..., K — 1}.

Denote the Kz x Kr matrix Frr- 7 as

ffi\fi*:QZi(O) T fﬂl]—'i*:K;—l,Zi(O)
Fripez = : : . (4.4)
friFr=0z(Kr = 1) -+ frirp-kr12,(Kr—1)

Similarly, define F'zz. , via replacing fz, 7 z in (4.4) by fz z 7. In addition, define

two observable K x K matrices

F]:—,]:‘Z = {f]:'l,]-'l|Zl(Z’j)}7 a’nd E]':,]:,Y‘Z - {/ Q yfﬁ,,.}—l,}/”zl(l7]7 y>dy}7
yeily
with 4,7 =0,1,..., Kr — 1, and define a K X Kr diagonal matrix
Ty 7 =diag (BIYi|FF = 0, Z) BV F =1, 2], EYIF = Kz —1,2]).

The main idea of the matrix diagonalisation method is to identify the latent distributions

of interest via diagonalising the matrix of directly observable distributions Ez Fy|z X
—1

Fs 77 8

— -1 - -1 -
Tyirez = Fgz. % (Ef,f,Y\Z x Fﬁ,ﬂz) X Fpipez

Then, recover the latent distributions in Firz+ 7 and F r. , via the eigen-decomposition
approach: columns of F'g r. , are the eigenvectors of the matrix Ez ., X F;lf‘ ,» and
diagonal elements of Ty r- z are the corresponding eigenvalues. Note that the discussion
above is based on the preassumption about the invertibility of F'r 7+ z and F’ FlF 20 which

is formalised by Assumption 4.4.3 below.
Assumption 4.4.3 (Rank Condition) The ranks of Frrir« 7 and Fz r. , are both K.
The next assumption is the key to identifying latent probabilities via eigen-decomposition.

Assumption 4.4.4 (Eigen-decomposition)
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(a) ForN¥n,n' € Qz« such that n # n', we have E|Y;|F} = n, Z;] # E[Y;|F; =n', Z}].

(b) For ¥n* € Qg+ and any n # n*, we have

ffilfi*:n*,Zi (n*) > ffilfi*:n*,Zi (n), ffi|]-';‘:n*,Zi<n*) > ffi|]-'j:n*,Zi (n).

Assumption 4.4.4 (a) is a sufficient condition to avoid duplicate eigenvalues so that the
eigen-decomposition is unique. It is automatically satisfied if E[Y;|F, Z;] is monotone
in F} and it also holds for more general scenarios. Noticing that the condition (a) is
a special case of a more general condition E[w(Y;)|F; = n, Z;] # Elw(Y;)|F; = n', Z],
where the transformation function w(+) can be user-specified, such as @w(y) = (y—E[Y;])?
(variance) or w(y) = 1[y < yo] (quantile) for some given yy. Assumption 4.4.4 (b)
permits that the order of the eigenvectors is identifiable. It indicates that the observable
network degrees are informative proxies for the latent degree, which implicitly assumes
that the probability of correctly reporting is higher than that of misreporting. Similar
restrictions are widely invoked in the literature on measurement error models. See, for
example, Battistin and Sianesi (2011), Battistin, De Nadai, and Sianesi (2014), Chen,
Hong, and Nekipelov (2011), Hu and Schennach (2008), Lewbel (2007) and Mahajan

(2006).

Theorem 4.4.3 Suppose Assumption 4.3.4 is satisfied by N; and N;. Under Assump-
tions 4.3.1-4.3.3 and 4.4.1,

(a) [Fiz.: [7. 72, and [z 7 v,z are identical acrossi € P.

(b) If further assume Assumptions 4.4.2-4.4.4 hold, then fr«z,, fr,7: z and fz17: 2,

are nonparametrically identified.

4.4.2. Identification via One Type of Measurement Error

Next, let us proceed with the identification of fs,s: 7, 77 z,- The matrix diagonalisation
method is infeasible in this step, because of the violation of the exclusion restriction

analogue to Assumption 4.4.1. In other words, the conditional independence S; L S;
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given (57, Z;) with 2, = (Z;, F}) does not hold. To be more specific, consider the

expression of S; in terms of S} below

S;=S— Y Di+ > D (4.5)
JENT /N FEN /N

where for any sets A and B, let A/B := A(| B® with B¢ being the complement of B. The
set N*/N; contains all the missing network links of i (false negative), and the set N; /N
includes all the false network links (false positive). Similarly, S; = S¥ — > e ~e s D+
Zje/\ﬁ-//\f; D;. Given (S?, Z;), the remaining parts in S; — S} and S; — S} contain two
sources of randomness: (i) the network measurement errors and (ii) the treatment status
of the missing and falsely connected network neighbours. Although the measurement
errors of the two network proxies are conditional independent as implicitly implied by
the exclusion restriction, without further restrictions, however, we cannot rule out the
dependence arising from those mismeasured network neighbours’ treatment status, which
may appear in both S; and S;. Therefore, S; and S; are correlated conditionally on

(S7, Z;), contradicting the exclusion restriction.

Based on the discussion above, the main issue in identifying fs,|s: 7, 7r z, arises from the
dependence between (S;, F;) and (Sf, F;). Their dependence is not easy to characterise,
because (S;, F;) and (SF, FF) relate to each other via the underlying network N;* which
is unobservable, and the arbitrary measurement error further complicates their relation-
ship. The latter occurs because, without imposing any constraint on the measurement
errors, given (S = s*, F* = n*, F; = n), there will be various realisations of N; and N},
each of which may lead to a substantially different S;. For example, when n = n*, all
network links may be classified correctly, therefore N; = N;*. If so, S; would be entirely
determined by its latent counterpart S;. However, it is also possible that not a single
element in AV; and N will be the same, although they have the same cardinality. If that
is the case, then S; would be solely governed by the treatment status of the misreported
false network neighbours .\, D;, and would no longer depend on (S, F;). Therefore,

without further restricting the measurement error, there will be too little information

and too much uncertainty to pin down fg; % FiFr Zie
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For any given n € Qz and n* € Qz, the (n + 1) x (n* + 1) unknown conditional
probabilities of S; which characterise the dependence structure between (S;, F;) and

(Si, F), can be formalised by the following (n + 1) x (n* + 1) matrix:

fsisr=0,Fi=nFr=n*2,(0) -+ fsisr=n* Fi=nFr=n=2(0)
Fsis+ 7. 7e 7z = : : . (4.6)

fsisi=0Fi=nFr=n=z:(n) -+ fss;=nt FimnFr=nv,z,(10)

Denote a (n + 1) x 1 vector Fgr z and a (n* 4 1) x 1 vector Fg«z« z by

Fsir,z =|fsi1F=nz0), -, fsF=nz(n)],

Fserez =[[s:17r=n*2,(0), -, fsrFr=nz,(n")],
where both the vectors are identifiable. This yields a system of (n + 1) linear equations

with (n+1) x (n*+1) unknowns from Lemma 4.4.1 (b) and the law of total probability:®

Fs\r,z = Fsis+ 7 7+2 X Fs+ |7+ 7, (4.7)

which, however, is underdetermined because there are fewer equations than unknowns.
Therefore, it is necessary to impose restrictions to reduce the number of unknown pa-
rameters to get a unique solution for the system (4.7). Fortunately, this goal is achieved,

if the possibility of either false negative or false positive can be ruled out.

Without loss of generality, suppose that no false negative holds (i.e. N C N;), which
essentially requires the observed network to be larger than the true network. Firstly,
N C N enforces a sparsity constraint on the unknowns: given S; = s*, the probability
of S; = s with s < s* should be zero, as the only source of misclassification in .5; is from

those false connections. Therefore, the elements above the main diagonal of the matrix

®Equation (4.7) is because

= Z fSi\S;‘:s*,]:i:n,ff:n*,Zi (S) X fS;‘l]:i:n,f::n*,Z,; (S*>
s*EQgx

= Z fsi\s;:s*,fi:n,f;:n*,zi(3) X fs;|f;:n*,zi(3*)-
s*EQg*
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Fgs+ 7,7+ 7 are all zero. Secondly, N C N; also dramatically simplifies the dependence
structure between (S;, F;) and (S;, F;) via limiting the possible realisations of N; and
N}, so that the elements in each k-diagonal (k = 0, —1, ..., —n) of the matrix Fgs« 7 7+ z
will be the same. It is because, under the no false negative assumption, the treated true
network neighbours are all observed as treated network neighbours, and the untreated
true network neighbours are all observed as untreated. Hence, the S; —S; extra observed

treated neighbours can only come from the F; — F; falsely connected neighbours. Due

that the treatment assignment is randomised, intuitively,

fSi|S;‘:s*,}'i:n,}';‘:n*,Z,~(5) = fSifSﬂ]:if}'i*:nfn*,Zi(S —5"),

indicating that the distribution of interest reduces to the probability of randomly choos-
ing s — s* units out of n — n* units, which does not vary with the realisations of S} as
long as the difference S; — S/ is the same. Denote AS; = S; — S} and AF; = F;, — F}.
Now, under the no false negative assumption, for any n* < n, the matrix Fgg« 7 7= z

can be simplified to

fASi‘A}—iZAn,Zi (O> O tt O
Iasiari=an,z(1) fas)ari=anz,(0) - 0

fasjar=anz(1) . 0

' : fas,ar=an,z(0)
Fs\5+ 7 F7e 72 = ‘ ‘ :
fASi|A]:¢:An,Z¢ (A’I’L) : . fASi|A]:¢=An,Z¢(1)

| fasiari=anz(n)  fasgari=anz(n—1) - fasiar=anz(An)

(4.8)

with (n 4+ 1) unknowns, the same as the number of equations, which ensures a unique
solution for (4.7) and the identification of fg, s+ 7, 7+ z,- Under no false negative, we do
not consider the case n < n*, because N;* C N; implies that the event (F}, F;) = (n*,n)
with n < n*is a zero probability even, and a conditional probability conditional on a zero
probability even is undefined. Similarly, under no false positive, we do not consider the

case n > n*. It is worth to note the equivalence between fs, s+ 7, 7+ z, and fs:|s, 7. 77,2,
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via re-scaling:

fS¢|S;:s*,f¢:n,Fi*:n*,Z¢ (S) = fs; |Si=s,F;=n,F}=n*2Z; (8*)fsz'|]'—i=n,Zi (5)/fsg | Fr=n*,Z; (S*),

where the equality is based on Lemma 4.4.1. Therefore, similar arguments can be applied
when no false positive assumption holds. The discussion above only requires one of the
two network proxies satisfying the desired property, and does not impose any restriction
on the measurement errors of the other proxy, except for those assumed previously.
Without loss of generality, hereafter we use N; to denote the one that satisfies the

requirement.

Assumption 4.4.5 (One Type of Measurement Error) For each unit i € P, the
proxy N satisfies either no false positive, i.e. N; C N, or no false negative, i.e.

N eN;.

Borrowing the terminology from Calvi et al. (2018), Assumption 4.4.5 is referred to
as “one type of measurement error”. As can be seen from the next lemma, exploiting
Assumption 4.4.5 benefits us the significant simplicity of the interdependence between
the observable (5;, F;) and the latent (S}, F;), which dramatically reduces the number

of unknown probabilities.

Lemma 4.4.4 Suppose Assumptions 4.5.2, 4.3.4 and 4.4.5 hold. Let As = |s — s*| and
An = |n —n*[. For V(s*,n*) € Qg- 7= and ¥(s,n) € Qs 7, we have that fs:|s, 7+ 7, z, i

identical across i € P.6

(a) If no false negative N C N; holds, then for n* < n,

CRs fp(1)2s fp(0)An=2s if s* < s and As < An

fsisp=s Fp=n* Fi=n,z,(s) =
0, otherwise.

6The conditions (s*,n*) € Qg~ 7~ and (s,n) € Qg x implicitly imply that 0 < s <nand 0 < s* < n*.
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(b) If no false positive N; C N¥ holds, then for n < n*

CR2 fp(1)2 fp(0)A"=25 if s < s* and As < An

[sz18=s,F 7 =n* Fi=n,z,(s") =
0, otherwise.

It is perhaps not surprising that S; conditional on (S}, FF, F;, Z;) follows a binomial
distribution, given the equivalence of fs,sr=s+ 7,=n Fr=n*, 7:(s*) to the probability of ran-
domly assigning treatment to As out of An units. The result in Lemma 4.4.4 enables a
faster and easier way to compute fs-|s; 7 7,z without solving the linear system. Nev-
ertheless, the linear system greatly facilitates the identification analysis and determines
the identification status of fs:|s, 77 7, z,, and the solution of the system produces the

same result as that obtained by simply exploiting the binomial distribution.

Theorem 4.4.5 Under Assumptions 4.5.2-4.3.4 and 4.4.5, fs: r2\p; 5,72, 1S identical

across © € P and is nonparametrically identified.

“No false positive” assumption is satisfied in many situations, for instance, when the
mismeasurement is caused by sampling-induced errors, such as missing links (“induced
subgraph” in Kossinets, 2006); restricting the network within a village (Angelucci et al.,
2010); or limiting the maximum number of nominated friends (Cai et al., 2015b). It
is also satisfied when non-sampling-induced errors arise, for example, when a survey re-
spondent becomes uninterested in naming the full list of the friends due to survey fatigue;
when there exists a lack of measurability of abstract but meaningful connections (e.g.
esteem or authority); when constructing networks by intersecting repeated network ob-
servations, assuming that the overlap includes those effectual interactions; when keeping
only the reciprocated network links while non-reciprocated or undirected network links
exist (Comola and Fafchamps, 2017); when collecting data in certain contexts where
participants are unwilling to cooperate, like criminals’ connections or adolescents’ sexual
network (Kossinets, 2006); or when constructing a network measure based on a partic-
ular dimension of social connections, while ignoring other relevant interactions (Conley

and Udry, 2010).
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“No false negative” is also a reasonable assumption. It may be the case when observing
a large network that includes ineffectual interactions, such as social media friends, email
connections, and virtual communities; when simply assuming all units within a certain
geographical boundary are linked; when the observed network is formed as a union of
multi-dimensional networks (e.g. kinship, borrower-lender relationships, and advice-
giving in Banerjee et al., 2013); when assuming a link exists if either side of the two
nodes reports an interaction; or when constructing a network based on participation in

multiple social events or affiliations (“multicontextual approach” in Kossinets, 2006).

If the network proxy N satisfies the one type of measurement error assumption, the
matrix Frz- 7 in (4.4) should be upper triangular if there is no false positive, and
lower triangular if there is no false negative. Based on Theorem 4.4.3, since Frr- 7 is
identifiable, it is possible to test the one type of measurement error assumption via testing
the null hypothesis that all elements in either the upper or the lower triangular of matrix
Fr| - 7 are zero. One possible testing approach is the subsampling or bootstrap method
proposed by Romano and Shaikh (2012) with proper adjustments to accommodate the
network data. Other possible testing approaches may be established following Leung
(2020a) if the v/N convergence rate of estimator for Fx z- » is satisfied. It might be the
case if the outcome Y; and covariate Z; are discrete, then a smooth kernel estimation is
not needed and the v/ N convergence rate can be achieved based on the proof of Theorem

4.5.2 in Section 4.5. A formal test if left for future research.

Given the results in Theorem 4.4.3 and Theorem 4.4.5, the identification of the CASF,

the treatment and spillover effects can be achieved.

Theorem 4.4.6 (Identification) Suppose Assumption 4.3.4 is satisfied by N; and N;.
Let Assumptions 4.3.1-4.5.3, and 4.4.1-4.4.5 hold.

(a) Forv¥(d, s,z n) € {0,1}xQg 7z 7 such that fr, 7,—.(n) > 0, m;(d, s, z,n) = E[Y;|D; =
d,S; = s, F; =n,Z; = z] is identical for all i € P.

(b) The CASF m*, the treatment effect 7, and the spillover effect 75 are nonparamet-
rically identified wherever they are well-defined.
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4.4.3. Discussion and Extension
Anonymous Interactions

As implied by Lemma 4.4.1, the anonymous interactions S; 1 N;*|Z;, FF is critical for
the identification of m*. The key factor to ensure the anonymous interactions is that,
for any given unit ¢, the treatment assignments to units other than ¢ (i.e. {D;};ep jzi)
conditional on (Z;, ) are i.i.d. across j. It might be violated if some covariates not
only enter the network formation process, but also influence the treatment assignment.
It is because, if one would like to believe that the homophily exists in the network
formation, i.e. individuals are more likely to establish a link if they are similar, then
unit i’s characteristics and the peers’ identity will reveal relevant information about the

characteristics of the peers and non-peers. In this case, conditioning on the covariate Z;,

the i.i.d. of {D,};ep ;- would fail to hold.

Unconfounded Treatment

Given the discussion in Section 4.4.3, it is apparent that there exist two settings where
a fully randomised treatment assumption can be relaxed to allow stratified randomisa-
tion based on individuals’ characteristics. The first setting accounts for homophily and
requires that there exists a subset of individual’s characteristics Z;; C Z; such that Z; ;
does not affect the network formation. Then, the treatments can be randomly assigned
based on Z; ;. For example, in the microfinance program, interventions can be allocated
randomly given the participants’ social status, e.g. occupation; it is unlikely that the
network measured by “go to pray together” will be affected by the occupation, because
people with whom a individual goes to pray would rely on their religion, gender and caste,
rather than the social status. The second setting suits situations where it is reasonable
to believe that the network is formed following the random graph model of Erdos and
Rényi (1959); that is, each link is formed independently with the same probability. In
this case, the treatments can be randomly assigned based on Z;. It would be interesting
to study the consequences of further relaxing this condition and adopting more general

unconfounded treatment assignments.
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Directed or Weighed Links

The analysis so far does not require the network N;* to be undirected, and the general-
isation to the directed network is straightforward. If the unweighted restriction is also
relaxed, then the spillover effects can be captured by S} = ZjeN; 7(Z1;)D; where Z ;
is a subset of Z; and = (+) is a known weighting function. For the same reason discussed
in Section 4.4.3, it is required that Z; ; does not impact the network formation in the
presence of homophily among units. For example, in the microfinance program, a unit
with a higher degree of financial literacy might be assigned a higher weight. However,
financial literacy is unlikely to directly affect the network connections of women from
South India, because the network data is collected before the microfinance program is

implemented.

4.5. Asymptotic Properties

Section 4.5 is organised as follows. Section 4.5.1 introduces the concept of dependency
neighbourhood, which helps to define the distance of correlated samples and to establish
the asymptotic properties of the estimation approach. Section 4.5.2 presents the non-
parametric kernel estimation and Section 4.5.3 discusses the semiparametric estimation

procedure.

4.5.1. Dependency Neighbourhoods

Let W; be an observable random variable or vector. For sample size N, the dependency
neighbourhood of unit 4, denoted by A(i, N), satisfies A(i, N) C {1,2,..., N}, i € A(i, N)
and conditions in Assumption 4.5.1. Any unit j such that j € A(i, N) is referred to
as unit ¢’s dependent neighbour (hereafter DN), while the dependent neighbour is not
necessarily a network neighbour. Following Chandrasekhar and Jackson (2016), we define
the dependency neighbourhood by restricting the relative correlation of {W;}¥, inside
and outside {A(i, N)}Y,. For any integrable function b, denote the sum of covariance

of all pairs of units in each others’ dependency neighbourhoods as

N

=Y > Cov(b(Wi),b(W;)), (4.9)

i=1 jEA(:,N)
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which captures the variation of b(W;) for all the N units and the dependence across all
pairs (b(W;),b(W;)), where j is the dependent neighbour of i. The assumption below

characterises the two principal properties of the dependency neighbourhood.

Assumption 4.5.1 (Dependency Neighbourhood) For any integrable function b :

QwHRdb,
(a) X% — 0o as N — oo,

(6) Y201 X jgaq Coulb(W:),b(W;)) = o(=).

Condition (a) ensures that the dependence of units in each others’ dependent neighbour-
hoods contains sufficient information that is necessary for deriving asymptotic properties
using these dependent variables. Intuitively, condition (b) requires that A(i, NV) is a col-
lection of units with a relatively high correlation with unit ¢, compared to those in its
complement. The set A(i, N) may not be unique, because it is defined asymptotically. In

addition, the size of A(i, N) may change (generally expand) as the sample size increases.

As mentioned in Chandrasekhar and Jackson (2016), there is substantial freedom in con-
structing these sets in different studies. For example, the dependency neighbourhoods
can be defined based on individuals’ participation in common actions, affiliations, and
social events, regardless of their network interactions; individuals’ identities that lead to
strong social norms and clear barriers across groups, such as caste, tribe or race (Cur-
rarini et al., 2009, 2010); or social or geographical locations, such as occupation, class,
school, village or community. Essentially, the dependency neighbourhoods {A(i, N)} Y,
can be understood as defined by individuals’ exogenous attributes and the analysis in
this chapter is conducted conditional on these attributes: that is, the dependent neigh-

bourhoods are treated as non-stochastic.

4.5.2. First Step Kernel Estimation

The nonparametric kernel estimation of density function has been extensively studied; see
Newey and McFadden (1994), Newey (1994) and Li and Racine (2007) among others.
To ease illustration, denote the observable variable by W; = (W¢, W) where W¢

(2 (2
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represents the vector containing continuous variables and W¢ is the vector containing
discrete variables. Recall that the supports of W and W¢ are Qe and Qyy«, respectively.
Note that W; may be used to denote different observable variables at different places.

For a bandwidth h > 0 and Yw = (w®, w?)" € Qe yya, denote

where k() is the univariate kernel function and @) is the dimension of vector W¢. Denote

the nonparametric kernel estimator of fy, as

fwi(w) = % Z K(Wfw)1 [Wf =w?]. (4.10)

For expositional simplicity, we restrict the bandwidth for all continuous variables to be
the same. In practice, our method also allows for different bandwidths, while a data-
driven method for bandwidth selection is not the focus of this chapter. Given (4.10), the

estimators for the nuisance parameter 7 is:

~

N N . . Y
TN = f]:'i,]-'i,Yi,Zi: f]:'i,]-'i,Zp fsi,]:i,Zw f]:zyZm sz] :

Assumption below is employed for deriving the uniform convergence of the nonparametric

kernel estimator.
Assumption 4.5.2 Let W¢ = (Y;, Z¢) and W = (D;, Z%, S;, Fi, S’Z,]:"Z)’
(a) Qe CRY is a compact and convex set and the cardinality of Qya is finite.

(b) Each element in ¥° is bounded and continuously differentiable in w® to order two

with bounded derivatives on an open set containing Qyye.

(c) k(-) is nonnegative kernel function and is differentiable with uniformly bounded

first derivative. In addition, for some constant K1, Ko > 0

/ k(v)dv =1, K(v) = r(—v), / V2r(v)dv = K, / k(v)2dv = Ko.
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(d) h—0, Nh? — oo, In(N)/(Nh?) =0, as N — oo.

(e) Let Ty = sup ;< |A(i, N)|. The cardinalities of dependency neighbourhoods sat-
1sfy
1/2 1 & 9
Py [In(V)/(NED] Y = 0, 1+ 37 1AG M) = 0(1).
i=1

Conditions (a) and (b) state the regularity conditions of the support and data distri-
bution. Conditions (c) and (d) describe features of the kernel function and the band-
width, which are standard for nonparametric kernel estimation. In addition, to ac-
commodate the dependence across units, we need to impose restrictions on the size of
dependency neighbourhood. Condition (e) allows the situation where a sufficiently large
number of units possess an increasing number of DNs, say O([In(N)N/h%?]/2) units with
O(INh%/In(N)]*/*) DNs, and the rest with a bounded number of DNs. Although we

require a sparse network, the number of DNs may increase with the sample size.

To address issues arising from the dependence between observations and to derive the
uniform convergence rate of the first-step kernel estimation, we adopt the method of
Masry (1996), which is based on the approximation theorems developed by Bradley
et al. (1983) to approximate dependent random variables by independent ones. Let us
first introduce a partition of samples, based on which a notion of “distance” can be
developed. Intuitively, the dependence strength among the units’ observable variables
can be used to describe their relative distance: units are far away from each other when
they are less correlated. Therefore, the dependency neighbourhood would be a useful tool
to construct the distance measure. For any given sample size N, partition the index set
{1,2,..., N} into ¢y mutually exclusive subsets Sy, ..., Sgy with [, o, St ={1,2, ..., N}.
The subscript N of gy means that gy may go to infinity as N — oco. Without loss
of generality, suppose that ¢y is an arbitrary unit from the N observed samples and

I := {io}. For k =1,2,...,qn, define

L= aemUfiet2 N ig | AGN) and | AGNAGN) #0},

1€l 1 J€lk-1 J€lk—1
N TV - N TV

DNs of I 4 DNs of DNs of Ix_1

(4.11)
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where () denotes an empty set. Apparently, I, includes all the DNs of the units in Tj_,
including I,_; itself and all the units who are not DNs of the units in I,_; but share
common DNs with them (hereafter DNs of DNs). In other words, I consists of units
that are closely correlated to those in I ;. Because I,y C [J;¢;, | A(7, N) by definition
of the dependency neighbourhood, I; C ---I;_; C I --- C I, is an increasing sequence.

Given I, ..., I, let S; =1} and Sy, = I /Ix_; for k =2, ..., qn.

Importantly, I /T;_; = () may occur in two scenarios. First, when each of the N units
are included in at least one of the sets I, ...,I,_1, so that there are no DNs of I,_; or
DNs of DNs of I;_1, that are not included in I,_;. In this scenario, we have obtained the
desirable partition with ¢y = £ — 1. Second, it may also occur when the units in I;_,
form an isolated cluster that is disjointed from other units. That is, when none of the
units in I;_; have DNs outside I;_; or share common DNs with units outside I,_;. If so,
we can pick an arbitrary unit i, € {1,2,..., N} such that iy & I;_;. Then, define I as
(4.11) via replacing I, _; with {ix}, and repeat the above process until all the observed
units are exhausted. For any given sample size N, the partition exists and every unit is
included in exactly one set of Sy, ...,S,,. The largest possible value of gy can be N, for

example, when all observations are i.i.d. and each A(i, N) is set to be a singleton {i}.”

The above partition helps to order the units so that their dependence strength becomes
weaker (or equivalently, their distance becomes larger), when they belong to far apart sets
in Sy, ...,S4,. Given such an ordering, we can then introduce the dependence coefficient

that is an analogue of the strong mixing coefficient of a stochastic process:

ar= sup |Pr(A, B) — Pr(A)Pr(B)|,

k—2 k
Aerk=2 Berk

where I'} ™ = o ({W;, i € Ui<i<io Si}) and I'f = o ({W;, i € Sy}) for k = 1,2,...,qy

are the o-fields on sets of random variables of units in (J;,.,_,S; and Sy, respectively.

"The partition is constructed in a similar vein with the “dependency graph” in Leung (2020b),
which is introduced to capture data correlation and is built upon the true network connections. The
key idea of the dependency graph is that potential outcomes of two units are independent if they
are neither network neighbours nor share common network neighbours. In this chapter, we use the
dependency neighbourhoods to define distance, because the true network is not available and the network
measurement errors induce extra data correlation.
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Assumption 4.5.3 (Local Dependence) Let Ly = [N/(In(N)h@*2)]|9/2. The depen-

dence coefficient oy, satisfies

N 1/2 qn 00
\I/N::LN(IH(N)) > o v <oo

N=1

Assumption 4.5.3 requires that the dependence coefficient «y, converges to zero, meaning
that the observable variables of the units in (J, <l<k_2 S; and in S; tend toward being
independent as the sample size increases. It is the case, for example, when the units are
only locally dependent upon their DNs and those with whom they share common DNs,
while their dependence with others who are not their DNs nor DNs of DNs is negligible
and goes to zero. It is also the case when there are many independent clusters and
only finite dependent ones. This assumption controls the asymptotic dependence among
observables and is akin to the mixing coefficient decaying condition but in a setting
with network-induced data dependence. It ensures that the uniform convergence of the
first-step kernel estimation holds, even when a relatively large scale of local dependency
among units exists. A similar assumption is exploited in Masry (1996) to restrict the
time series data, and in Savje (2019) to control the dependence of network measurement

erTors.
Lemma 4.5.1 provides two sufficient conditions under which Assumption 4.5.3 holds
Lemma 4.5.1 Assumption 4.5.3 is satisfied, if either of the following conditions hold.
(a) {W;, VieSy} L{W;, VieSy} foranyk#k and k, k' =1,2,....qy;
(b)) {W;, VieSy} L{W;, Vi€ Sppa} and k=1,2,...,qn — 2.

The proof of Lemma 4.5.1 is trivial therefore omitted. Condition (a) indicates that
Assumption 4.5.3 holds if the population consists of many disjoint and independent
clusters, and each S, represents one of those clusters. In this case, we rule out the
possibility of the network interference or more general forms of data dependence across
clusters. Condition (b) requires that the units are independent, if they are not DNs

and do not share common DNs. Condition (b) is weaker than (a), because it allows the
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possibility of data dependence across clusters, although the dependence is limited to the
“nearby” clusters connected by the DNs or the DNs of DNs. It also allows a single large

network where no clear boundaries can be drawn to divide the population into clusters.

Given the local dependence assumption, the uniform convergence result of the kernel

estimation can be established.

Theorem 4.5.2 Let Assumptions 4.5.2 and 4.5.3 hold, then

v =1 = Op ([(N)/ (VAT + 12)

The uniform convergence rate of the kernel estimation in Theorem 4.5.2 is consistent
with that of the conventional kernel estimation under i.i.d. or strong mixing settings

(e.g., Newey, 1994; Li and Racine, 2007; Masry, 1996).

Let ¢ := ¢(9n) represent the estimator of the latent distribution function fg. F*|Di,Si. 20, Fi-
According to Proposition 4.4.2, we can obtain a plug-in estimator éN via replacing the
distributions on the right hand side of (4.3) by their kernel estimators based on 4y in
(4.10). Denote ¢° = ¢(+") as the true latent distribution function. Given the uniform
convergence of 4y in Theorem 4.5.2, we only need to consider the convergence of <5N in

a small neighbourhood of +°.

Corollary 1 Let Assumption 4.53.1-4.3.4 and 4.4.1-4.4.5 hold. Under assumptions in
Theorem 4.5.2, suppose that there exists a constant € > 0 such that fr,z, > €. Then, for

n—0as N — oo,

sup
195 =7°llco <

ox =" = Oulllan = +lL0)

4.5.3. Semiparametric Estimation

In this subsection, we study the estimation of CASF m* by simplifying m* = m*(+; 0) as
a known function up to the unknown parameter # € © C R%. Consequently, m;(-) =

m(-) = m(-;0,¢) is also known up to (0,¢). Based on Theorem 4.4.5, we know that
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m;(+) is identical across all ¢. Thus, we can suppress the subscript i, i.e. m;(-) = m(-).
In addition, m(-) = m(+;0, ¢) is because of m(-) being a function of the CASF m*(-;0)
and nuisance parameter ¢. Note that the identification of m* in Section 4.4 does not
rely on such an simplification. More importantly, imposing such a parametric structure
on m* still allows flexible heterogeneity of the treatment and spillover effects, which can
be captured by interactions of D; and S;, with covariate Z; and network degree F;, as

well as their polynomials.

Consistency

For notational simplicity, let X := (D;, S¥, Z;, F) and X; := (D;, S;, Z;, F;)" with sup-
port Qx- and Qx, respectively. In addition, denote T} = (S}, ;). Let z} := (d, s}, z,n})

with 5 = (s},n}) € Qg-7-, and j € {1,2,..., K1} represents the lexicographical or-

dering of the possible values of T} as described in Appendix (4.9.79). Similarly, let

z; = (d,s;,z,n;) with t; == (s;,n;) € Qgr. By definition of m(-;0,¢), the following

moment condition holds:
E [Y: — m(X;;0,¢)|X;] =

From Proposition 4.3.3, m(-; 6, ¢) and the CASF m*(-; ) are linked through the formula
Kr

m(z;0,¢) = > m*(x};0) frrx,=.(t;). Recall that X; is identically distributed for all
=1

1 under the assumptions in Section 4.3. Denote the objective function and its sample

analogue as
N
£(97¢) =K {Ti [Y; _m(Xla9>¢)]2} ) and EN Z Y m Xzae ¢)]

where 7; := 7(X;) is the non-negative weight. Following Newey (1994), we use the weight
function 7 to focus the optimisation problem on regions where the kernel estimation is
relatively reliable. Hu (2008) also adopts the weight function and sets it as a fixed
trimming 7(z) = 1]z € X] with X C Qx a fixed set. Other types of weight functions
such as data-driven weight functions or methods for selection of weight functions are out

of the scope of this chapter. Then, 6 is estimated by minimising £y (6, ggN) given the
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estimator QAS ~ from Theorem 4.5.2:

~

On = argmin Ly (0, oy ). (4.12)
0cO

Let W; = (Y, X])' be the vector containing all the observed variables and w = (y,2')’ €
Q.

Assumption 4.5.4

(a) © C R¥ is compact, 0° € int(©) and 6° is identifiable from the weighted conditional
0.

moment function L(6, ") =
(b) 7(-) is nonnegative and sup,cq. |7(x)| < C for some constant C' > 0.

(c) m*(x;0) is continuous in 0 for all x € Qx, and is an integrable function of X; for

allf € ©.

(d) Denote the random variable x}; = (D;, s}, Zi,n}) with t; = (s7,n}) € Qp- and

j=1,2,.... Kp. There exists a function hi(x) such that |m*(x;0)|*> < hy(x) for all
0 € ©, and E[h,(z};)] < co for all j =1,2,..., Kr.

(e) Let e(w,0) := 7(x)[y — m(x;0,8")]* and e;(0) := e(W;,0). For any given constant
n > 0, denote Ui(0,1) = subgeco, |o—o<y €i(0) — €i(0)]. There ezists a function
ha(w) such that le(w,0)| < hao(w) for all @ € © and E[he(W;)] < co. In addition,

Supgeo Ellei(0)*°] < C' for some constants § > 0 and C' > 0.

Theorem 4.5.3 (Consistency) Let assumptions in Theorem 4.4.6 hold. Under As-
sumptions 4.5.1- 4.5.4, we have |0y — 6°| = 0p(1).

Asymptotic Normality

To show asymptotic normality of the estimator éN, we need to account for the presence
of the nuisance parameter ¢ and the data dependence arising from the mismeasured
network, which requires a significant generalisation of the classical CLT. In particular,

the often used CLT developed for mixing processes does not work for our purpose, as it
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relies on some ordering structure to measure the “distance” between units. Therefore, we
adopt and extend the univariate CLT for the network data proposed by Chandrasekhar
and Jackson (2016) to a multivariate setting, which will be applied in this section to

derive the asymptotic normality for fx. See Lemma 4.9.7 in the Appendix.

Let g(W;;0,0) = 1]V — m(X5;0, ¢)]am (Xi:09)  From the first order condition of the
optimisation problem (4.12), O solves Nzizlg(ﬂ/i;éN,ngﬁN) = 0. Then, by the mean

value theorem we can obtain

N N N
1 A 1 0 1 VVZaQNaqu) 0
0= 2 o(Wilv,on) =7 3 o(Wis", o) + N; g (Ox =),

(4.13)

where y is between Oy and 6°. If L ZN W is invertible, rearranging (4.13)

leads to

-1

\/N(éN _ 90) _ [_ Z ag(Wl,eN, ¢N ] \/_ Zg Wi 00, QbN)

N 4 00’

Let us introduce some useful notations. Recall that ¢(-) = ¢(-;v). We set t =
(t1y oo tiey) and G(6:9) = [frepe,(tr), oo fropws (Erep)]. Let 1g, be a dy x 1 vector of
ones. Denote v(w;6,v) = E [T(X) T R(Wi 0, 0) 75 8¢(t ) ’y:’y(w)ld’ylw] and §(W;;0,v) :=
v(Wi;0,v) — E[v(W;;0,v)], where

!/

Y — m(X5;0,0)] m* (x5 6)
R(Wi;0,¢) = :
[Yi = m(Xi; 0, 0)] m* (2] .5 0)

Assumption 4.5.5

(a) m*(x;0) is continuously differentiable in 6 up to order three with bounded third
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order deriwative uniformly in x, i.e. for any r,q=1,2,...,dy,

9 (82m*(3c;6))

50 20,0, < C, foralld € ©.

sup
TEQx

2

2, % . 2 * .
(b) There exist functions Hy(x) and Hy(x) such that H d Z;d(;’e) H < Hy(z), “’md—((fm <
Hy(x) for all 0 € © and E[Hy(x; ;)] < 0o, E[Hs(z;;)] < 0o for all j =1,2, ..., Kr.
2
(c) E [‘Mwé—;;o’w)} exists and is nonsingular. In addition, E U BQ(W+;O’¢U) ] < 0.

Assumption 4.5.5 (a) and (b) introduce regularity conditions on the smoothness of the
CASF m*(+,0). Condition (c) ensures that the limit of the Hessian matrix exists and is in-

vertible. To simplify notation, denote v(W;) := v(W;;0°,7°) and §(W;) := 6(W;;6°,+°).
Assumption 4.5.6
(a) NY2[In(N)/(Nh?)] = 0 and Nh* — 0 as N — oco.

(b) v(w;0,v) = v(we, w; 0,v) is continuously differentiable in w® almost everywhere

and satisfies deEde [ lv(w)||dw® < oo. In addition, || Varly(W;)]]| < co.

Assumption 4.5.6 implies that the convergence rate of 4y is faster than N4, It is a
typical restriction on the bandwidth to guarantee the asymptotic normality for semi-
parametric two-step estimators that depend on kernel density, for example Newey and

McFadden (1994).

N 9g(Wi;fn,0n)

We first show that the dy x dy Hessian matrix % Yot 2 converges in probability

uniformly.
Lemma 4.5.4 Let the assumptions in Theorem 4.5.3 hold.

(a) Under Assumption 4.5.5, for a small enough n — 0 as N — oo, we have

N

1 < 9g(Wi;0n, 0g(Wy; 6°, ¢°
N : o5 N)_E[ (aef 'l =0

=1

sup
178 = llo<n
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(b) Under Assumption 4.5.6, we can get

N 1 N
g(Wi; 6° _§ : (Wi; 0%, ¢°) W,
; 1’0 7¢N \/N =1 2,9 ’¢ +5( Z)] +Op(1)'

o

Denote the dependence neighbourhoods covariance matrix

SIS E{ [g(Wi0°,6") + 5(W)] [g(W;56°,6°) + 5(W)]' }.
=1 jeA(i,N)
Denote the dg x 1 vector g; = g(W;;60% ¢°) + 6(W;) with §; = (Giay -y Gigp)'- Then,
¥ =N > jenin) El9:9;]. In addition, by notation abuse, let Sf =31, v ;- For
any vector a, let a > 0 mean that each of its entries are nonnegative. For any matrix

A ={a;;}, vec(A) denotes the vectorisation of A and |A| = {]a;;|} -
Assumption 4.5.7
(a) Foralli € P, A(i, N) is symmetric such that j € A(i, N) if and only ifi € A(j, N).

(b) There exists a finite, strictly positive-definite and symmetric matriz Q € R% x R
such that ||%E]§V —Q —0as N — .

(c) The following conditions hold for {g;},.

N

(c1) || 5 Ef|vec(dig;)d]

i=1 jkeA(i,N)

(e

W

) |> T T B[ -Ead) Gl - Ead)]

(|4

o0

[e.9]

o ([t

J

[e.9]

(c3) fj > Cov(gi, ;) %%

(c4) E[3:S¢|S5] > 0 for all i € P.

Assumption 4.5.7 (a) guarantees that the covariance matrix E‘?V is symmetric. Condition

(b) ensures that the samples possess sufficiently large variation so that the CLT holds.
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Meanwhile, it requires the limit of Z]gv /N being a constant matrix (2, instead of varying
with the sample size, which imposes restriction on the allowable divergence rate of E?V
to some degree. Similar assumptions are used to study the asymptotic properties of

covariance matrix estimator by White and Domowitz (1984).

Moreover, Assumption 4.5.7 (c) is crucial for the multivariate CLT under the dependency
neighbourhood structure. Similar assumption is used in Chandrasekhar and Jackson
(2016) to establish the asymptotic normality for univariate random variable with support
[0,1]. We extend the assumption to accommodate general multivariate random vectors
without imposing any restrictions on their support. In particular, conditions (c1) and
(c2) restrict the rate of dependency between the dependency neighbourhoods, while (c3)
limits the rate of dependency outside the dependence neighbourhoods. Besides, condition
(c4) states that on average, units outside each others’ dependency neighbourhoods do

not tend to interact negatively.®

Theorem 4.5.5 (Asymptotic Normality) Suppose assumptions in Theorem 4.5.3,
Assumptions 4.5.5-4.5.7 hold. Then

VN(Oy — 6°) 5 N(0, H'QH ™),
where H = E [0g(W;;0°,¢°)/00'] and N represents the normal distribution.

Given that the function form of §(w) is known, following Newey and McFadden (1994),
we construct the estimator of §(W;) by substituting (Ay,4y) for (0°,¢°), ie. 6(W;) :=
§(W;;0xn,4n). Notably, the consistency and asymptotic normality of 6y only require
the existence of dependency neighbourhoods. If how the dependency neighbourhoods
{A(i, N)}Y | are defined in a given study is known, it suffices a consistent variance
estimator. The corollary below provides a consistent estimator of the variance-covariance
matrix H~'QH !, which is essential when constructing asymptotic confidence intervals

and conducting hypothesis tests.

8Chandrasekhar and Jackson (2016) also use condition that is similar to Assumption 4.5.7 (c4) to
ease their proof. We note that the condition (c4) is not necessary for the asymptotic normality in this
chapter and can be replaced by more primitive assumptions.
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Corollary 2 (Variance Estimator) Under assumptions in Theorem 4.5.5, we can get

HFI;QNI:I; —H‘K)Hﬂ

where

Wzv eNa (bN)
oo’ ’

Mz

_ ﬁ: S [ WZ,GN,¢N)+5(W)} [g(Wj;éN,qBNH(?(Wj)/

JEA(L,N)

2 |

Note that the consistency of the variance estimator ﬁﬁQNIf[;,l is robust to a mild
degree of misspecification of the dependency neighbourhoods. For example, if there
are only finite units whose dependency neighbourhoods are misspecified, the variance
estimator is still consistent due to the consistency of (éN, QAS ~,Yn) and Assumption 4.5.7
(¢3). Moreover, if the knowledge of the dependency neighbourhoods is not available, one
may resort to the resampling method proposed by Leung (2020a) to conduct inference

for the parameter of interest. Rigourous study is left for future research.

4.6. Simulation

In this section, we illustrate the finite-sample behavior of the proposed estimation pro-
cedure via Monte Carlo. The data generating process (DGP) and network formation
design for this Monte Carlo is similar to Leung (2020b). However, in contrast to Le-
ung (2020b), the observed network proxies are contaminated by measurement errors.

Consider the following DGP for the outcome Y;:

where D; "% " Bernoulli(0.3) and Z; "r " Bernoulli(0.5) are generated independently. In
addition, the error term ¢; = £!4° 4" where £/ denotes the idiosyncratic disturbance,
and /" = .5 Aj;v; captures the unobservable peer effects where v; "% N(o, 0.5) is

a random error. Set 6 = (0, 061,02,03,04,05,06) = (0,1,1/3,1,—1,—1/2,1)’. We aim
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to estimate the treatment effects 74(0,0,3) and 74(0,1,3) (with true value 1 and 2,
respectively) and the spillover effects 74(1,0,3) and 74(1,1,3) (with true values 3 and
2.5, respectively), as in Definition 4.3.2.

We allocate units on a [0, 1] x [0, 1] space according to their exogenous geographic lo-
cations p; = (pi1, pi2) S Uniforml0,1] x Uniforml0,1]. The actual network links are

generated as follows:

Afj =1[B1 + Ba(Zi + Z;) + Bsd(pi, ps) + Cij > 0] x 1[i # j],

where (;; = (j; is a random shock that is i.i.d. N(0,1) (across dyads) and is independent
of (Z;, p;) for all ¢ and j. In addition, d(p;, p;) indicates the distance between two units

0, ifr i —pyll < 1
d(p27 pj) = ?
oo, otherwise

where the scaling constant r = (r4,/N)'/? guarantees the network sparsity and the

parameter rg, controls the average degree: E[F/] is an increasing function of r4,. Con-

sider two levels of sparsity rq4, = 5 and 8. Set 8 = (4, 2, 83) = (—0.25,0.5, —1).
Statistics of the latent network A* = {A};}Y,_, are summarised in Table 4.6.1. Sup-
pose two self-reported and mismeasured network proxies are available for all units: for

i,j=1,2,... N,

Wi [UijA:j + Vij(l - A:j)} + (1 - Wz‘)AT

Ay ij
Aj; = & [Ug Al + Vig(1 = A7) + (1 — @) A,
where w;, Us;, Vij, Wi, Uij and f/ij are mutually independent and randomly generated
binary indicators, taking value one with probabilities p*, pU, p, p®, p¥, p", respectively.
In particular, taking A;; as an example, w; indicates whether unit ¢ ever misreports his or
her links, and p“ captures the overall level of misreporting. If unit ¢ misreports, there are
two types of classification errors: U;; = 0 indicates that units ¢ and j will be misclassified

as unlinked if they are actually linked with A}, = 1 (false negative); Vj; = 1 indicates

that units 7 and j will be misclassified as linked if they are in fact unlinked with A7, =0
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(false positive). Therefore, 1 — pY and p" are the probability of false negative and false

positive, respectively.

Following the design of Leung (2020b), assume the full network is collected for both
proxies, meaning that P = {1,2,..., N}. Given the DGP design, the dependency neigh-
bourhood of each unit i can be set as a collection of units that are located close to unit

i with distance less than r, i.e., A(z, N) ={j € {1,2,..., N}, |lpi — pjl1 <7}

We generate data using sample size N € {1000, 2000, 5000} with replications M = 1000.
In the first-step kernel estimation, we set the bandwidth to be h = N—3/8.

Table 4.6.1: Statistics of Latent Links

Tdeg = 5 Tdeg = 8
Fr St total Fr St total
N avg. max avg. max avg. max avg. max
1k 5.65 15.52 1.69 7.31 5649 892 2145 268 9.53 8919
2k 573 16.36 1.72 790 11458 9.08 2254 272 10.26 18167

bk 580 17.39 1.74 855 29018 9.23 23.78 277 11.07 46165

Note: statistics reported in this table are the average over 1000 replications.

4.6.1. Semiparametric Estimation with Two Network Proxies

The overall misclassification rates are set as p* = p* = 0.6. For the first proxy, let
1—pY €{0.2,0.4} and p¥ = 6V /N with 6V € {0.1,0.5} to ensure the network sparsity.
For the second proxy, set 1 — pU € {0.2,0.4} and pV = 0. Then, the first proxy possesses
both the false negative and false positive classification errors, and the second one contains
no false positive errors. Table 4.6.2 reports the statistics of the two mismeasured network
proxies for different misclassification rates. We can see that when pY or pU is 0.2, the

misclassification rates are relatively low, varying from 12% to 17%. While when pY or

pY is set to be 0.4, the misclassification rates become quite high, varying between 24%

to 29%. In what follows, we compare three estimation procedures:
(1) SPE: the semiparametric estimation studied in Section 4.5.3 using two proxies;

as well as two naive estimation procedures (ordinary least square (OLS)) that ignore

potential misclassification errors:
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(2) Naive 1: OLS of Y; on (1, D;, D;F; Z;, S;, S?, S:Z;, Si.Fy);

(3) Naive 2: OLS of Y; on (1, D;, D;FiZ;, S;, 52,5, Z;, Si.F3).
Tables 4.6.3 to 4.6.6 display the estimation results for the treatment and the spillover
effects obtained using the above three approaches. The bias, the standard deviation (sd),
the mean squared error (mse), and the coverage rate (cr) of the 95% confidence interval

for the true value of the causal parameter are reported.

For the treatment effect 7,(0, 0, 3) (Table 4.6.3), the three estimation methods are roughly
comparable in terms of the mse and cr. This finding is not surprising given that the
treatment status of each ego unit is correctly observed and the network measurement

errors do not impact the naive estimation of 74(0, 0, 3) for the units with Z; = 0.

Analysing the results for the treatment effect 7,(0,1,3) (Table 4.6.4), and the spillover

effects 74(1,0,3) (Table 4.6.5) and 74(1,1,3) (Table 4.6.6), several interesting patters

emerge. First and most importantly, the bias of the SPE is significantly lower than the

bias of the two naive estimations in most cases. This is especially true if the network
U

degree is relatively small (r4, = 5), the misclassification rate is relatively low (1 —p” =

1— p0 = 0.2), or the sample size is sufficiently large (N = 5000).

In addition, as expected, the bias of the SPE decreases as the sample size increases for
most cases. While, the two naive estimations are biased in all settings, and the bias is
quite severe when the misclassification rate is relatively high (1 —p¥ =1 — pU = 0.4)
or the network degree is relatively large (74, = 8). Increasing the sample size fails to
mitigate the bias of the two naive estimations. For instance, consider the estimation
of the spillover 74(1,0,3) under 74, = 8 in panel (b) of Table 4.6.5. Under the low
misclassification rate 1 — p¥ =1 — p[7 =0.2, 6 = 0.1 and N = 1000, the bias of SPE
(0.076) is 11.6% of the bias of Naive 1 (0.653), and is 9.7% of the bias of Naive 2 (0.780).
When sample size increases to N = 5000, the bias of SPE (-0.034) decreases to 5.2% of
the bias of Naive 1 (0.650) and 4.5% of the bias of Naive 2 (0.753). While, in the case
of a high misclassification rate 1 — pU = 1 — pU = 0.4 and §¥ = 0.1, the naive estimators

have even larger bias: the biases of Naive 1 and 2 are roughly double the biases in the
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Table 4.6.2: Statistics of Misclassified Links (p* = 0.6, p¥ = §"/N)
(a) Tdeg = 5
Vo 1-p"  pY” N Fi Si Misclassified links

%) avg. max |avg. max | 1to0 Oto1l total ratio (%)
0 1k | 4.97 14.84 | 1.49 6.95 | 677.5 0 677.5 12.01
0
0

2k | 5.04 15.63 | 1.51 7.51 | 1371 0 1371 12.00

5k | 5.11 16.66 | 1.53 8.12 | 3482 0 3482 12.01

0.010 1k | 5.03 14.87 | 1.51 6.97 | 677.5 59.64 737.2 13.05
0.1 20 0.005 2k | 5.10 15.67 | 1.3 7.56 | 1371 119.1 1490 13.01
0.002 b5k | 5.17 16.66 | 1.56 8.17 | 3482 299.5 3782 13.03

0.050 1k | 5.27 15.02 | 1.58 7.08 | 677.5 298.2 975.7 17.28

0.5 20 0.025 2k | 534 15.81 | 1.60 7.65 | 1371 596.3 1968 17.18
0.010 b5k | 541 16.81 | 1.62 8.28 | 3482 1501 4983 17.17

0 1k | 429 14.70 | 1.29 6.81 | 1356 0 1356 24.03

0 40 0 2k | 435 15,53 | 1.31 7.37 | 2746 0 2746 24.00
0 5k | 441 16.56 | 1.32 7.99 | 6961 0 6961 24.02

0.010 1k | 435 14.72 | 1.31 6.79 | 1356 59.64 1416 25.07

0.1 40 0.005 2k | 4.42 1555 | 1.32 7.38 | 2746 119.1 2865 25.01
0.002 b5k | 4.47 16.52 | 1.34 7.99 | 6961 299.5 7260 25.02

0.060 1k | 4.59 14.74 | 1.38 6.84 | 1356 298.2 1654 29.29

0.5 40 0.025 2k | 4.65 15.56 | 1.40 7.42 | 2746 596.3 3343 29.18
0.010 b5k | 4.71 16.54 | 1.41 8.03 | 6961 1501 8462 29.16

(b) rdgeg =8

sV 1-pV  pv N Fi S; Misclassified links

%) avg. max |avg. max | 1to0 Otol total ratio (%)
0 1k | 7.85 20.50 | 2.36  9.08 1069 0 1069 12.02
0
0

2k | 7.99 21.55 | 2.40 9.75 | 2177 0 2177 12.01

ok | 8.12 22.83 | 2.44 10.58 | 5540 0 5540 12.01

0.010 1k | 7.91 20.52 | 2.37 9.07 | 1069 59.45 1128 12.65
0.1 20 0.005 2k | 8.05 21.55 | 2.42 981 | 2177 1189 2296 12.64
0.002 b5k | 8.18 22.82 | 2.45 10.55 | 5540 299.3 5839 12.65

0.050 1k | 8.15 20.60 | 2.45 9.15 | 1069 297.3 1366 15.32

0.5 20 0.025 2k | 8.29 21.64| 249 988 | 2177 595.3 2772 15.26
0.010 b5k | 8.43 22.90 | 2.53 10.62 | 5540 1500 7039 15.25

0 1k | 6.78 20.40 | 2.03 892 | 2139 0 2139 24.03

0 40 0 2k | 6.90 21.48 | 2.07 9.62 | 4356 0 4356 24.01
0 ok | 7.02 22.75 | 2.10 10.45 | 11078 0 11078 24.02

0.010 1k | 6.84 20.43 | 2.05 8.87 | 2139 59.45 2199 24.65

0.1 40 0.005 2k | 6.96 21.48|2.09 9.66 | 4356 1189 4475 24.63
0.002 b5k | 7.08 22.77 | 2.12 10.41 | 11078 299.3 11377 24.64

0.050 1k | 7.08 20.43 | 2.12 890 | 2139 297.3 2437 27.32

0.5 40 0.025 2k | 7.20 21.48 | 2.16 9.67 | 4356 595.3 4951 27.25
0.010 b5k | 7.32 22.77 | 2.19 10.43 | 11078 1500 12577 27.24

Note: The results in this table can be applied to both (F;i,S;) and (Fi, S;).



4.6. SIMULATION 183

case of a low misclassification rate. Although the bias of SPE also increases in cases with
high misclassification rate compared to that in cases with low misclassification rate, it
diminishes as the sample size increases. Hence, the simulations verify that ignoring the
network classification errors results in non-negligible bias that does not abate as the

sample size increases.

In addition, we can see that the sd and the mse of SPE decrease as the sample size
increases. The mse of SPE outperforms those of Naive 1 and Naive 2 in most cases when
the sample size is relatively large. Moreover, the coverage rate of the SPE is closer to the
nominal level than either naive method and approaches the nominal level as the sample
size increases. In contrast, the coverage rates of the naive approaches drop rapidly as
the sample size increases or as the misclassification worsens. For example, when the
misclassification rate is low 1 — p¥ =1 — pU = 0.2 and 6V = 0.1, for the spillover effect
75(1,1,3) under r4, = 8 (panel (b) in Table 4.6.6), the cr is 11.9% for Naive 1 and 6.2%
for Naive 2, while it is 93.1% for SPE. When N = 5000, the cr is 0% for both Naive 1
and 2, but is 93.8% for SPE.

However, it is important to note that, relatively speaking, the accuracy of the SPE de-
creases as T4y increases, or as the misclassification rate increases. To sum up, the SPE
works significantly better than the naive estimators that neglect network misclassifica-

tions, especially if the sample size is relatively large.



184

CHAPTER 4. SPILLOVERS WITH MISMEASURED NETWORKS

Table 4.6.3: Estimation of Treatment Effect 74(0,0,3) (p = p® = 0.6, p¥ = §"/N)

(a) Tdeg = 5
V1 —pY,pY) (1-pY,pY) N SPE Naive 1 Naive 2
(%) (%) bias sd mse cr | bias sd mse cr | bias sd mse cr
(20, 0.010) 1k [-0.060 0.349 0.125 0.931|-0.073 0.292 0.091 0.943|-0.063 0.294 0.090 0.935
0.1 (20, 0.005) (20,0) 2k|-0.027 0.245 0.061 0.941{-0.077 0.206 0.048 0.933|-0.071 0.208 0.048 0.931
(20, 0.002) 5k|-0.016 0.133 0.018 0.937]-0.060 0.132 0.021 0.924|-0.063 0.130 0.021 0.916
(20, 0.050) 1k{-0.053 0.354 0.128 0.941{-0.076 0.319 0.108 0.942|-0.061 0.284 0.084 0.946
0.5 (20, 0.025) (20,0) 2k|-0.032 0.243 0.060 0.941(-0.097 0.219 0.057 0.925|-0.061 0.205 0.046 0.939
(20, 0.010) 5k|-0.028 0.133 0.019 0.942(-0.083 0.139 0.026 0.909|-0.062 0.133 0.022 0.922
(40, 0.010) 1k| 0.075 0.538 0.296 0.950{-0.035 0.405 0.165 0.952{-0.016 0.390 0.153 0.948
0.1 (40, 0.005) (40,0) 2k| 0.051 0.384 0.150 0.942(-0.018 0.276 0.076 0.948|-0.019 0.273 0.075 0.955
(40, 0.002) 5k| 0.038 0.236 0.057 0.938(-0.013 0.173 0.030 0.948| 0.004 0.182 0.033 0.945
(40, 0.050) 1k| 0.059 0.547 0.303 0.940{-0.040 0.398 0.160 0.958|-0.012 0.399 0.160 0.950
0.5 (40, 0.025) (40,0) 2k|0.040 0.368 0.137 0.941(-0.047 0.280 0.081 0.954(-0.015 0.283 0.080 0.953
(40, 0.010) 5k| 0.022 0.219 0.048 0.940(-0.052 0.189 0.038 0.944| 0.012 0.175 0.031 0.952
(b) Tdeg =8
V1 —-pY,pY) 1—pY,pV) N SPE Naive 1 Naive 2
(%) (%) bias sd mse cr | bias sd mse cr | bias sd mse cr
(20, 0.010) 1k|0.060 0.574 0.334 0.953]-0.161 0.527 0.304 0.941|-0.142 0.507 0.277 0.949
0.1 (20, 0.005) (20,0) 2k|-0.048 0.284 0.083 0.940(-0.140 0.359 0.148 0.929|-0.130 0.392 0.170 0.928
(20, 0.002) 5k|-0.020 0.180 0.033 0.954-0.141 0.237 0.076 0.910{-0.139 0.233 0.074 0.908
(20, 0.050) 1k{-0.016 0.535 0.287 0.930{-0.170 0.518 0.298 0.938|-0.170 0.522 0.302 0.938
0.5 (20, 0.025) (20,0) 2k| 0.019 0.399 0.160 0.954|-0.141 0.394 0.175 0.935|-0.155 0.361 0.154 0.934
(20, 0.010) 5k|-0.019 0.169 0.029 0.963|-0.162 0.241 0.084 0.899|-0.144 0.243 0.080 0.902
(40, 0.010) 1k|0.383 0.792 0.774 0.934|-0.119 0.776 0.617 0.946(-0.120 0.756 0.585 0.942
0.1 (40, 0.005) (40,0) 2k| 0.356 0.569 0.451 0.933|-0.118 0.574 0.343 0.946|-0.103 0.560 0.325 0.945
(40, 0.002) 5k|0.280 0.343 0.196 0.897|-0.101 0.354 0.135 0.935|-0.086 0.354 0.133 0.938
(40, 0.010) 1k| 0.367 0.794 0.765 0.919]-0.184 0.757 0.607 0.948(-0.121 0.749 0.575 0.949
0.5 (40, 0.025) (40,0) 2k| 0.323 0.556 0.413 0.934|-0.148 0.552 0.326 0.937|-0.115 0.550 0.316 0.950
(40, 0.010) 5k|[0.211 0.342 0.162 0.910|-0.154 0.348 0.145 0.928|-0.103 0.362 0.141 0.945

Note: SPE lists the semiparametric estimation results proposed in Section 4.5.3. Estimates of Naive 1
are computed using OLS with {Y;, Dy, S, Z;, Fi}N_|; and estimates of Naive 2 are computed using OLS
with {Y;, D;, S;, Z;, F; }}¥.,. True value of the treatment effect 74(0,0,3) = 1.
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Table 4.6.4: Estimation of Treatment Effect 74(0,1,3) (p* = p® = 0.6, p¥ = §"/N)

(a) Tdeg = 5
SV 1-pY.p") 1 -pY,pV) N SPE Naive 1 Naive 2
(%) (%) bias sd mse cr |bias sd mse cr |bias sd mse cr
(20, 0.010) 1k [-0.068 0.313 0.102 0.948|0.131 0.279 0.095 0.921]0.120 0.268 0.086 0.936
0.1 (20, 0.005) (20,0) 2k|-0.059 0.215 0.050 0.939(0.121 0.195 0.053 0.897|0.140 0.190 0.056 0.883
(20, 0.002) 5k|-0.052 0.126 0.019 0.930(0.132 0.122 0.032 0.815|0.133 0.126 0.034 0.818
(20, 0.050) 1k [-0.066 0.323 0.108 0.944|0.078 0.283 0.086 0.941|0.133 0.270 0.090 0.920
0.5 (20, 0.025) (20,0) 2k|-0.059 0.209 0.047 0.946(0.075 0.201 0.046 0.943|0.136 0.195 0.057 0.892
(20, 0.010) 5k|-0.057 0.114 0.016 0.931]0.081 0.124 0.022 0.907|0.135 0.115 0.031 0.778
(40, 0.010) 1k | 0.040 0.528 0.281 0.953|0.287 0.405 0.247 0.885|0.318 0.408 0.268 0.882
0.1 (40, 0.005) (40,0) 2k| 0.007 0.350 0.123 0.949(0.299 0.293 0.175 0.834|0.303 0.291 0.176 0.825
(40, 0.002) 5k| 0.001 0.209 0.044 0.957]0.305 0.181 0.126 0.600(0.316 0.183 0.133 0.581
(40, 0.050) 1k| 0.054 0.522 0.276 0.946|0.255 0.393 0.219 0.898|0.303 0.411 0.261 0.892
0.5 (40, 0.025) (40,0) 2k| 0.027 0.325 0.106 0.953[0.252 0.286 0.145 0.863|0.325 0.275 0.181 0.788
(40, 0.010) 5k| 0.003 0.196 0.039 0.952{0.248 0.181 0.094 0.730(0.322 0.185 0.138 0.590
(b) Taeg =8
V1 -pY.p") 1—pY,p") N SPE Naive 1 Naive 2
(%) (%) bias sd mse cr |bias sd mse cr |bias sd mse cr
(20, 0.010) 1k[-0.024 0.516 0.267 0.953|0.071 0.445 0.203 0.941|0.083 0.446 0.205 0.944
0.1 (20, 0.005) (20,0) 2k|-0.061 0.323 0.108 0.951|0.084 0.319 0.109 0.937|0.078 0.335 0.118 0.941
(20, 0.002) 5k{-0.089 0.190 0.044 0.939(0.077 0.200 0.046 0.936|0.087 0.202 0.048 0.938
(20, 0.050) 1k| 0.062 0.629 0.400 0.966|0.062 0.448 0.204 0.955|0.075 0.454 0.212 0.943
0.5 (20, 0.025) (20,0) 2k|-0.054 0.373 0.142 0.960|0.058 0.330 0.112 0.945/0.082 0.305 0.100 0.943
(20, 0.010) 5k|-0.096 0.177 0.041 0.937|0.044 0.208 0.045 0.942|0.078 0.210 0.050 0.927
(40, 0.010) 1k|0.329 0.813 0.768 0.932]0.267 0.703 0.565 0.938|0.279 0.709 0.581 0.933
0.1 (40, 0.005) (40,0) 2k|0.299 0.571 0.416 0.932|0.300 0.511 0.351 0.908|0.306 0.502 0.346 0.901
(40, 0.002) 5k|0.173 0.336 0.143 0.916|0.272 0.318 0.175 0.877|0.285 0.322 0.185 0.851
(40, 0.010) 1k| 0.300 0.814 0.752 0.934|0.244 0.655 0.488 0.939(0.298 0.700 0.579 0.933
0.5 (40, 0.025) (40,0) 2k| 0.256 0.538 0.355 0.925|0.240 0.474 0.282 0.912/0.298 0.500 0.339 0.903
(40, 0.010) 5k|0.119 0.327 0.121 0.937|0.218 0.316 0.147 0.888|0.284 0.330 0.190 0.863

Note: SPE lists the semiparametric estimation results proposed in Section 4.5.3. Estimates of Naive 1
are computed using OLS with {Y;, D;, S;, Z;, F:}N |; and estimates of Naive 2 are computed using OLS
with {Y;, D;, Si, Z;, 3 }.,. True value of the treatment effect 74(0, 1, 3) = 2.
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Table 4.6.5: Estimation of Spillover Effect 7,(1,0,3) (p* = p® = 0.6, p¥ = §"/N)

(a) Tdeg = 5
SV 1-pY.p") 1 -pY,pV) N SPE Naive 1 Naive 2
(%) (%) bias sd mse cr | bias sd mse cr |bias sd mse cr
(20, 0.010) 1k[0.035 0.488 0.240 0.957|0.270 0.214 0.119 0.749|0.366 0.215 0.180 0.582
0.1 (20, 0.005) (20,0) 2k|0.040 0.373 0.141 0.961| 0.254 0.160 0.090 0.628|0.351 0.155 0.147 0.365
(20, 0.002) 5k|0.073 0.209 0.049 0.945| 0.252 0.102 0.074 0.306|0.342 0.100 0.127 0.074
(20, 0.050) 1k [0.050 0.543 0.297 0.947(-0.096 0.220 0.058 0.924|0.355 0.211 0.170 0.596
0.5 (20, 0.025) (20,0) 2k|0.054 0.354 0.128 0.952{-0.091 0.159 0.033 0.919|0.352 0.151 0.147 0.360
(20, 0.010) 5k|0.082 0.209 0.051 0.930{-0.104 0.105 0.022 0.841|0.346 0.102 0.130 0.089
(40, 0.010) 1k[0.051 0.750 0.565 0.945|0.436 0.283 0.270 0.650|0.533 0.301 0.375 0.562
0.1 (40, 0.005) (40,0) 2k|0.079 0.607 0.375 0.949| 0.432 0.209 0.230 0.441|0.532 0.216 0.330 0.299
(40, 0.002) 5k|0.165 0.351 0.150 0.923| 0.415 0.138 0.192 0.144|0.507 0.138 0.276 0.046
(40, 0.050) 1k[0.037 0.753 0.568 0.952| 0.082 0.289 0.090 0.948|0.519 0.309 0.364 0.611
0.5 (40, 0.025) (40,0) 2k|0.086 0.557 0.317 0.942| 0.079 0.212 0.051 0.936|0.517 0.204 0.309 0.285
(40, 0.010) 5k|0.175 0.369 0.167 0.927| 0.057 0.138 0.022 0.932(0.505 0.138 0.274 0.044
(b) Taeg =8
V1 -pY.p") 1—pY,p") N SPE Naive 1 Naive 2
(%) (%) bias sd mse cr |bias sd mse cr |bias sd mse cr
(20, 0.010) 1k| 0.076 0.861 0.748 0.935|0.653 0.367 0.561 0.544|0.780 0.354 0.733 0.392
0.1 (20, 0.005) (20,0) 2k| 0.051 0.675 0.459 0.947|0.651 0.283 0.504 0.358|0.769 0.269 0.664 0.176
(20, 0.002) 5k|-0.034 0.403 0.163 0.945|0.650 0.171 0.451 0.040/0.753 0.167 0.595 0.010
(20, 0.050) 1k|0.119 0.891 0.809 0.943|0.265 0.368 0.205 0.885|0.774 0.372 0.737 0.459
0.5 (20, 0.025) (20,0) 2k| 0.029 0.746 0.557 0.941|0.263 0.263 0.138 0.833|0.764 0.267 0.655 0.181
(20, 0.010) 5k|-0.013 0.375 0.141 0.951|0.245 0.176 0.091 0.730|0.745 0.174 0.586 0.014
(40, 0.010) 1k| 1.270 1.023 2.659 0.789]1.260 0.535 1.872 0.335|1.348 0.517 2.085 0.254
0.1 (40, 0.005) (40,0) 2k| 1.040 0.831 1.772 0.796|1.244 0.367 1.683 0.104|1.314 0.379 1.869 0.063
(40, 0.002) 5k| 0.743 0.602 0.915 0.787|1.179 0.253 1.454 0.008|1.269 0.255 1.676 0.001
(40, 0.010) 1k|1.171 1.045 2.462 0.823|0.873 0.506 1.019 0.581|1.356 0.516 2.106 0.231
0.5 (40, 0.025) (40,0) 2k|0.993 0.854 1.715 0.843|0.814 0.368 0.798 0.401|1.298 0.369 1.822 0.053
(40, 0.010) 5k| 0.653 0.620 0.811 0.845|0.803 0.241 0.702 0.090|1.270 0.253 1.678 0.002

Note: SPE lists the semiparametric estimation results proposed in Section 4.5.3. Estimates of Naive 1
are computed using OLS with {Y;, D;, S;, Z;, F:}N |; and estimates of Naive 2 are computed using OLS
with {Y;, D;, Si, Z;, i }I.,. True value of the treatment effect 74(1,0,3) = 3.
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Table 4.6.6: Estimation of Spillover Effect 7,(1,1,3) (p* = p® = 0.6, p¥ = §"/N)

(a) Tdeg = 5
SV 1-pY.p") 1 -pY,pV) N SPE Naive 1 Naive 2
(%) (%) bias sd mse cr |bias sd mse cr |bias sd mse cr
(20, 0.010) 1k[0.060 0.846 0.719 0.942(0.617 0.243 0.440 0.272|0.709 0.246 0.564 0.172
0.1 (20, 0.005) (20,0) 2k|0.028 0.522 0.273 0.957|0.603 0.173 0.393 0.064|0.693 0.181 0.513 0.029
(20, 0.002) 5k|0.021 0.284 0.081 0.954|0.605 0.112 0.379 0.001{0.695 0.112 0.496 0.000
(20, 0.050) 1k[0.127 0.928 0.878 0.941(0.289 0.246 0.144 0.768|0.690 0.246 0.537 0.203
0.5 (20, 0.025) (20,0) 2k|0.090 0.555 0.316 0.952|0.299 0.186 0.124 0.633|0.704 0.173 0.525 0.025
(20, 0.010) 5k|0.047 0.306 0.096 0.954|0.294 0.117 0.100 0.275|0.703 0.114 0.507 0.000
(40, 0.010) 1k[0.619 0.979 1.342 0.897(1.273 0.343 1.739 0.037|1.386 0.359 2.050 0.030
0.1 (40, 0.005) (40,0) 2k|0.377 0.864 0.889 0.915|1.288 0.242 1.718 0.000{1.406 0.249 2.038 0.000
(40, 0.002) 5k|0.232 0.591 0.403 0.937|1.277 0.167 1.658 0.000{1.385 0.164 1.944 0.000
(40, 0.050) 1k[0.564 1.016 1.351 0.905(0.865 0.344 0.866 0.297|1.370 0.369 2.013 0.041
0.5 (40, 0.025) (40,0) 2k|0.272 0.869 0.829 0.926|0.875 0.247 0.828 0.053|1.387 0.249 1.986 0.000
(40, 0.010) 5k|0.207 0.588 0.388 0.949|0.868 0.156 0.777 0.000{1.389 0.167 1.957 0.000
(b) Tdeg =38
V1 -pY.p") 1—pY,p") N SPE Naive 1 Naive 2
(%) (%) bias sd mse cr |bias sd mse cr |bias sd mse cr
(20, 0.010) 1k| 0.382 1.416 2.150 0.931|1.320 0.419 1.919 0.119|1.456 0.403 2.281 0.062
0.1 (20, 0.005) (20,0) 2k|0.139 1.055 1.133 0.950|1.345 0.321 1.912 0.013|1.480 0.304 2.282 0.007
(20, 0.002) 5k|-0.053 0.621 0.389 0.938|1.369 0.191 1.912 0.000|1.489 0.196 2.256 0.000
(20, 0.050) 1k| 0.498 1.411 2.239 0.940{0.921 0.412 1.019 0.396|1.474 0.424 2.353 0.066
0.5 (20, 0.025) (20,0) 2k{0.029 1.003 1.007 0.944/0.928 0.293 0.947 0.111]1.470 0.304 2.255 0.004
(20, 0.010) 5k|-0.019 0.627 0.393 0.950(0.931 0.201 0.908 0.002|1.476 0.201 2.220 0.000
(40, 0.010) 1k|2.673 1.634 9.812 0.647|3.000 0.618 9.379 0.001{3.120 0.631 10.136 0.001
0.1 (40, 0.005) (40,0) 2k|2.185 1.432 6.826 0.704|2.974 0.443 9.041 0.000|3.113 0.449 9.892 0.000
(40, 0.002) ok|1.437 1.152 3.391 0.779|2.997 0.301 9.072 0.000|3.125 0.294 9.851 0.000
(40, 0.010) 1k| 2.540 1.698 9.335 0.724(2.482 0.607 6.526 0.012{3.125 0.613 10.140 0.001
0.5 (40, 0.025) (40,0) 2k| 2.135 1.460 6.692 0.727|2.459 0.423 6.225 0.000/3.109 0.441 9.860 0.000
(40, 0.010) 5k|1.262 1.175 2.974 0.837|2.489 0.279 6.274 0.000/3.120 0.295 9.821 0.000

Note: SPE lists the semiparametric estimation results proposed in Section 4.5.3. Estimates of Naive 1
are computed using OLS with {Y;, D;, S;, Z;, F:}N |; and estimates of Naive 2 are computed using OLS
with {Y;, D;, Si, Z;, i}, . True value of the treatment effect 74(1,1,3) = 2.5.
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4.6.2. Robustness of the Semiparametric Estimation

Two key identification assumptions, i.e. the exclusion restriction and the one type of
measurement error, may be violated in some applications. In this section, we assess the
following empirical questions using additional Monte Carlo experiments: Is SPE robust
to the violation of these two assumptions? Does SPE still perform better than the
naive estimation if any violation is present? To answer the above questions, we consider
a Monte Carlo exercise that analyses the behaviour of the SPE when the observable
networks are generated according to one of the following empirical relevant departures

from the above identification conditions:

(i) violation of the “exclusion restriction”: generate random errors (U, Vi3, U, Vii)'

from a joint normal distribution for all 7,7 =1,2,..., N,

Uy, 0\ (1000
Vil o l]0] [0 1o e | Ua=tews) < 1-p vy = Le(v)) <
0 ol o010 Uy = 1[0(U) < 1—p7), Viy = 1[&(V) < p
V;j 0 0 o 01

where ¢ € {0.05,0.1} controls the correlation between the misclassification errors;

(ii) violation of the “one type of measurement error”: generate f/ij via pf/ =6V /N

with 6V € {0.05,0.1};

while all remaining elements of the Monte Carlo are precisely as in Section 4.6.1. Results
for the three approaches are reported in Table 4.6.7 and 4.6.8. Table 4.6.8 displays the
results for cases with relatively large sample size (N = 5000), which is sufficient to

illustrate the asymptotic performance of the SPE relative to the naive approaches.

To check the robustness of the SPE method, compare the results in Tables 4.6.3 to 4.6.6
with their counterparts in Tables 4.6.7 and 4.6.8. We can see that the violation of either

assumptions deteriorates the performance of SPE, but only at a limited degree.

Take the spillover 74(1,0,3) as an example. When r4, = 5, N = 5000 and misclassifi-

cation rate is relatively low (1 —p¥ =1 —pU = 0.2, §V = 0.1), the bias and the mse
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of SPE under the point identification condition are 0.073 and 0.049, respectively, with
the coverage rate 94.5%. When the exclusion restriction fails to hold (o = 0.1), the bias,
mse and coverage rate are 0.101, 0.097 and 92.0%, respectively. When the one type of
measure error is violated (5‘7 = 0.05), the bias, mse and coverage rate are 0.104, 0.103

and 93.3%, respectively.

The question whether SPE still outperforms the naive estimation can be answered by
comparing the results in Tables 4.6.7 and 4.6.8. For the treatment effect 74(0,0,3),
the bias and the mse of SPE are smaller than those of the two naive methods when
the misclassification rate is relatively low (1 —p¥ = 1 — U = 0.2); while the SPE
produces a slightly larger bias compared to that of the two naive methods when the
misclassification rate is relatively high (1 —pY =1 — pU = 0.4). For the treatment effect
74(0,1, 3), the spillover effects 75(1,0,3) and 74(1, 1, 3), the bias and the mse of the SPE
are better than those of the two naive estimators across almost all designs. Notably, the
coverage rate of the SPE is much closer to the nominal level than either of the naive
estimators. For example, consider the case where r4., = 8 with low misclassification rate
1-pV=1- p[7 = 0.2). If the exclusion restriction is violated, the coverage rate of the
spillover effects 7,4(1,0,3) and 74(1,1,3) obtained by the SPE method lies in the range
of 93.0% to 94.3%, while for the native estimators, the coverage rate is less than 6%
for 75(1,0,3) and can even be 0% for 74(1,1,3). If the one type of measurement error
assumption fails, the SPE’s coverage rate of 74(1,0,3) and 74(1, 1, 3) varies from 94.9%

to 95.5%, while it varies from 0% to less than 4% for the naive estimations.

The results in this section show that (i) the SPE approach is robust to mild violations
of the one type of measurement error assumption; and (ii) the SPE is superior to the
naive methods except in rare cases, in the sense that the bias reduction provided by the

SPE is substantial and its causal inference is much more reliable.
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Table 4.6.7: Robustness Check for Exclusion Restriction (p¥ = p® = 0.6, p¥ =
SV/N, p¥ =0,8" =0.1, N = 5k)

(a) Tdeg = 5
o (1—=pYp") (1-pY,p") SPE Naive 1 Naive 2
(%) (%) bias sd mse cr | bias sd mse cr | bias sd mse ecr
74(0,0,3)]-0.020 0.118 0.014 0.915|-0.067 0.128 0.021 0.910|-0.054 0.135 0.021 0.929
0.05 (20,0.002) (20,0) 74(0,1,3)]-0.053 0.118 0.017 0.931|0.123 0.118 0.029 0.834|0.140 0.124 0.035 0.800
' o ’ 75(1,0,3)[0.145 0.184 0.055 0.865| 0.249 0.097 0.072 0.273| 0.347 0.099 0.130 0.063
7s(1,1,3)]0.095 0.301 0.100 0.935| 0.604 0.111 0.377 0.000| 0.701 0.114 0.504 0.000
74(0,0,3)]-0.021 0.110 0.013 0.934|-0.065 0.129 0.021 0.917|-0.062 0.131 0.021 0.923
0.1 (20,0.002) (20,0) 74(0,1,3)]-0.059 0.112 0.016 0.910| 0.131 0.120 0.032 0.802| 0.132 0.120 0.032 0.815
' o ’ 75(1,0,3) | 0.157 0.200 0.065 0.869| 0.247 0.098 0.070 0.296| 0.346 0.099 0.129 0.060
7s(1,1,3)]0.101 0.295 0.097 0.920| 0.596 0.109 0.368 0.000| 0.696 0.115 0.497 0.000
74(0,0,3)]0.049 0.219 0.051 0.917|-0.019 0.175 0.031 0.950{-0.001 0.180 0.032 0.949
74(0,1,3)]0.005 0.210 0.044 0.945| 0.306 0.186 0.128 0.620| 0.318 0.184 0.135 0.606
0.05 (40,0.002) (40,0) 75(1,0,3)]0.245 0.329 0.168 0.877|0.424 0.130 0.196 0.101|0.513 0.136 0.281 0.032
7s(1,1,3)]0.347 0.545 0.417 0.910| 1.290 0.155 1.687 0.000| 1.397 0.164 1.979 0.000
74(0,0,3)]0.070 0.225 0.055 0.930| 0.005 0.182 0.033 0.956|0.014 0.174 0.030 0.951
0.1 (40,0.002) (40,0) 74(0,1,3)] 0.010 0.208 0.043 0.954|0.307 0.187 0.129 0.613]0.313 0.182 0.131 0.586
' o ’ 75(1,0,3)]0.236 0.330 0.165 0.882| 0.413 0.139 0.190 0.153| 0.499 0.134 0.267 0.053
7s(1,1,3)10.344 0.509 0.377 0.886| 1.282 0.161 1.670 0.000| 1.388 0.157 1.951 0.000
(b) rdgeg =8
o (1—=pY,p") (1—-pY,p") SPE Naive 1 Naive 2
(%) (%) bias sd mse cr | bias sd mse cr | bias sd mse cr

-0.049 0.192 0.039 0.959-0.143 0.243 0.080 0.908|-0.141 0.241 0.078 0.923
-0.093 0.193 0.046 0.943| 0.078 0.211 0.050 0.930| 0.089 0.208 0.051 0.922
-0.026 0.394 0.156 0.939| 0.647 0.183 0.452 0.059| 0.751 0.173 0.594 0.007
-0.050 0.612 0.377 0.930| 1.364 0.206 1.904 0.000| 1.482 0.203 2.236 0.000
-0.048 0.177 0.034 0.960(-0.144 0.241 0.079 0.914|-0.143 0.243 0.079 0.911
-0.102 0.191 0.047 0.929/| 0.080 0.213 0.052 0.929| 0.082 0.207 0.050 0.926
-0.030 0.356 0.128 0.943| 0.634 0.180 0.434 0.069| 0.754 0.179 0.601 0.015
-0.046 0.591 0.351 0.937| 1.352 0.201 1.868 0.000| 1.488 0.203 2.256 0.000
0.284 0.341 0.197 0.888|-0.098 0.349 0.132 0.943|-0.073 0.354 0.131 0.952
0.184 0.343 0.151 0.933| 0.274 0.323 0.180 0.863| 0.300 0.322 0.193 0.851
0.786 0.597 0.975 0.774| 1.180 0.250 1.454 0.002| 1.269 0.255 1.675 0.003
1.581 1.114 3.741 0.749|2.997 0.298 9.071 0.000| 3.121 0.299 9.829 0.000
0.310 0.312 0.193 0.855|-0.086 0.346 0.127 0.944|-0.065 0.349 0.126 0.942
0.195 0.325 0.144 0.917|0.285 0.333 0.192 0.861] 0.306 0.325 0.199 0.851
0.781 0.618 0.992 0.796| 1.178 0.249 1.449 0.004| 1.270 0.249 1.674 0.000
1.498 1.131 3.522 0.776| 2.995 0.290 9.057 0.000| 3.119 0.293 9.813 0.000

== O Ol kOO OORRRFEOO
= O = Ol OOl OOk OO
W W W WW WWWwWwwWwwwwwww

0.05 (20,0.002) (20, 0)

0.1 (20,0.002) (20, 0)

0.05 (40,0.002) (40, 0)

0.1 (40,0.002) (40, 0)

doaddlddddRaddadd
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Table 4.6.8: quustness Check for One Type of Measurement Error (p* = p* = 0.6, p¥ =
SV/N, p¥ =6V /N, N = 5k)

(a) Tdeg = 5
sV 8V (1-pY.pY) (1 -pY,p") SPE Naive 1 Naive 2
(%) (%) bias sd mse cr | bias sd mse cr | bias sd mse cr

-0.027 0.124 0.016 0.930|-0.069 0.136 0.023 0.908|-0.063 0.132 0.021 0.928
-0.055 0.115 0.016 0.923|0.125 0.122 0.031 0.818]0.133 0.119 0.032 0.803
0.125 0.204 0.057 0.880| 0.248 0.102 0.072 0.312]0.298 0.107 0.100 0.200
0.104 0.303 0.103 0.933| 0.600 0.116 0.373 0.001|0.646 0.119 0.432 0.002
-0.027 0.129 0.017 0.934|-0.062 0.134 0.022 0.925|-0.059 0.132 0.021 0.920
-0.053 0.116 0.016 0.927|0.124 0.123 0.031 0.825|0.131 0.122 0.032 0.809
0.098 0.221 0.058 0.904|0.247 0.099 0.071 0.289]0.251 0.101 0.073 0.303
0.104 0.306 0.104 0.942| 0.600 0.108 0.372 0.000| 0.602 0.111 0.374 0.001
0.049 0.231 0.056 0.941-0.018 0.180 0.033 0.958|-0.003 0.178 0.032 0.945
-0.007 0.208 0.043 0.959| 0.295 0.177 0.119 0.634| 0.306 0.186 0.128 0.617
0.183 0.342 0.150 0.910| 0.415 0.136 0.191 0.157|0.466 0.135 0.235 0.066
0.320 0.540 0.394 0.909|1.278 0.156 1.656 0.000| 1.342 0.159 1.826 0.000
0.026 0.232 0.054 0.939(-0.013 0.184 0.034 0.947]-0.019 0.175 0.031 0.945
-0.012 0.211 0.045 0.954| 0.293 0.186 0.120 0.634|0.290 0.184 0.118 0.663
0.159 0.348 0.146 0.927|0.424 0.134 0.198 0.121]0.412 0.135 0.188 0.132
0.282 0.524 0.354 0.926| 1.293 0.159 1.698 0.000| 1.281 0.156 1.666 0.000

— = OO~ R OO, OO~ OO
HO R OFRF OO ORORFEORFO
W W W W WWWWwWwwWwwwwwww

0.1 0.05 (20,0.002) (20,0.001)

0.1 0.1 (20,0.002) (20,0.002)

0.1 0.05 (40,0.002) (40,0.001)

0.1 0.1 (40,0.002)  (40,0.002)

N N AN

—~ e~~~ |~~~ |~~~

— — o O N T
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(b) rdgeg =8
sV 8V (1-pY,pv) (1 -pY, pY) SPE Naive 1 Naive 2
(%) (%) bias sd mse cr | bias sd mse cr | bias sd mse cr

-0.052 0.202 0.044 0.956|-0.141 0.239 0.077 0.911]-0.129 0.244 0.076 0.922
-0.097 0.201 0.050 0.943| 0.074 0.205 0.047 0.934| 0.090 0.216 0.055 0.926
-0.040 0.419 0.177 0.955| 0.641 0.178 0.443 0.058| 0.697 0.178 0.517 0.035
-0.027 0.669 0.448 0.949| 1.355 0.206 1.878 0.000| 1.417 0.202 2.048 0.000
-0.061 0.180 0.036 0.959-0.147 0.225 0.072 0.910|-0.153 0.237 0.080 0.899
-0.105 0.186 0.046 0.934| 0.066 0.194 0.042 0.936| 0.069 0.206 0.047 0.934
-0.049 0.379 0.146 0.955| 0.642 0.172 0.442 0.041] 0.644 0.168 0.443 0.039
-0.026 0.644 0.415 0.949| 1.358 0.196 1.883 0.000| 1.363 0.194 1.896 0.000
0.264 0.338 0.184 0.903|-0.077 0.347 0.126 0.941]-0.068 0.335 0.117 0.943
0.169 0.318 0.130 0.917| 0.305 0.320 0.195 0.843] 0.311 0.316 0.196 0.825
0.728 0.646 0.947 0.817|1.178 0.243 1.447 0.001| 1.227 0.251 1.568 0.002
1.359 1.150 3.168 0.802] 2.988 0.291 9.011 0.000| 3.047 0.292 9.368 0.000
0.254 0.349 0.187 0.909-0.094 0.351 0.132 0.943|-0.108 0.360 0.141 0.932
0.165 0.330 0.136 0.916| 0.286 0.322 0.185 0.852] 0.284 0.325 0.187 0.868
0.737 0.636 0.948 0.831|1.176 0.246 1.443 0.004| 1.184 0.250 1.465 0.002
1.446 1.134 3.377 0.787|2.987 0.292 9.009 0.000| 2.992 0.295 9.038 0.000

== O QO kOO OORFRRFEOO
= O = Ol OOk OOk OO
W W W WW WWWwWwwwwwwww

0.1 0.05 (20, 0.002) (20, 0.001)

0.1 0.1 (20,0.002) (20, 0.002)

0.1 0.05 (40, 0.002) (40, 0.001)

0.1 0.1 (40, 0.002) (40, 0.002)
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4.7. Empirical Application: Diffusion of Insurance

Information among Rice Farmers

This section applies the proposed SPE method to data on social network of rice farmers
from 185 villages in rural China. The data was collected by Cai, De Janvry, and Sadoulet
(2015b) to investigate the take-up decisions of a weather insurance, which typically has
low rates of adoption even when the government provides heavy subsidies. The primary
interest of Cai et al. (2015b) is to study whether and how the diffusion of weather
insurance knowledge through social networks affects the insurance take-up rate.” Thus,
two rounds of sessions are offered with a three-days gap to allow information sharing
by the first round participants. In each round, there are two types of sessions held
simultaneously: the 20-minute simple session where only the contract is discussed, and
the 45-minute intensive session where the details of how the insurance operates and
the expected benefits are explained. About 5000 rice-producing households from 185
villages are randomly assigned to one of the two information sessions aiming at generating
household-level variation in insurance knowledge. The authors are particularly interested
in the spillover effects: whether the second round participants’ take-up decisions are
affected by their friends who are invited to the first round intensive session. Hence, the

baseline model for the treatment and spillover effects is:

Takeup;y =0y + 01 Intensive;; + Oy Network;, + 03Cov;y + 04 NetSize,y + 1y + €ig,
(4.15)

where T'akeup;, is a binary indicator of whether household ¢ in village g decides to buy
the insurance, Intensive;, is a dummy variable taking value one if the household is
invited to an intensive session, Network;, is the fraction of household i’s friends who
have been invited to the first round intensive session, NetSize;, is a set of dummies
indicating network degree, Cov;, includes household characteristics and 7, represents
village fixed effect. If household i nominates zero friends, then Network;, is set to be
zero. Household characteristics in C'ov;4 include gender, age and education of household

head, rice production area, risk aversion and perceived probability of future disasters.

9Data is available at Cai, De Janvry, and Sadoulet (2015a) https://doi.org/10.3886/E113593V1.
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Dummies in NetSize;, are indicators of the number of nominated friends, where the
dummy of zero nominated friends is dropped to avoid collinearity. Instead of the baseline
model (4.15), we also consider an alternative model specification where the interaction
term Intensive; x Network;, is included. In the same spirit of Cai et al. (2015b), because
Intensive;, is whether household is invited to an intensive session, the treatment and
spillover effects are studied from an intention-to-treat perspective. Nevertheless, almost
90% of households who are invited to one of the sessions actually attend. Therefore, the

dropout is not a main concern.

Data from the social network survey is used to construct the household-level network
measures. The social network survey requires the sampled household heads to nominate
five friends with whom they discuss rice production or financial issues, while not all
the respondents list up to five friends. No geographical restriction is imposed, which
means the nominated friends can either live in the same village with the respondent
or outside the village. This network measure is nonreciprocal and is referred to as the
“general measure” in Cai et al. (2015b). The general measure may contain two types of
measurement error: those with less than five friends are likely to report false friends (false
positive) and those with more than five friends may censor the number of network links
(false negative). Another household-level network measure used in Cai et al. (2015b),
referred to as the “strong measure”, is defined as the bilaterally linked friends (reciprocal)
using the same information from the social network survey. The social network survey is
conducted before the experiment, therefore the network formation should not be affected

by the treatment assignments or the take-up decisions.

The analysis in this section utilises both these two measures, and assumes that the
strong measure includes only false negative links. It is worth noting that although the
two network measures are probably correlated even conditional on the true network in-
formation, according to the simulation results in Section 4.6.2, the SPE can be viewed
as a bias-reduction method in the presence of network measurement error. Estimation

is implemented as described in Section 4.5.'° In this application, the dependence neigh-

10T mitigate estimation error arising from small sample size, the first step estimation uses samples
from both the first and the second rounds and their network data based on the social network survey,
with sample size 4588.
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bourhoods can be set as villages, meaning that the DNs of a respondent i are those from

the same village with 7.

Two further remarks are worth noticing. First, as verified by Cai et al. (2015b), the
second round participants should not be affected by the take-up decisions made by the
first round participants if this information is not revealed to them (see Table 6 column
7 and Table 7 column 6 of Cai et al., 2015b). According to the survey, only 9% of the
households who are not informed of any first round take-up information know at least
one of their friends’ decision. Thus, the endogenous peer effects (i.e. the spillovers of
friends’ take-up decisions) should not be a major concern in this application. Secondly,
the first round simple session also exhibits no significant spillover effects on the second

round participants (see Table 2 column 3 of Cai et al., 2015b).

Table 4.7.1: Effect of Social Networks on Insurance Take-up

Naive SPE Naive SPE
General Strong General Strong

(1) (2) (3) (4) () (6)

Intensive 0.0298 0.0228  0.0265 0.0809** 0.0409  0.0556
(0.0332) (0.0334) (0.0462) (0.0397) (0.0341) (0.0735)

Network 0.291"* 0.113* 0.196  0.444** 0.231"*  0.244
(0.0820) (0.0606) (0.2492) (0.1089) (0.0859) (0.2472)
Intensive*Network —0.329" —0.221"  -0.106
(0.161) (0.111)  (0.189)

Mg Yes Yes Yes Yes Yes Yes

Covig Yes Yes Yes Yes Yes Yes

Note: Samples are from the second round sessions “Simple2-NoInfo” and “Intensive2-Nolnfo” as defined
and used by Cai et al. (2015b). Number of observations is 1255. Standard error (se) is reported in the
parenthesis. For the naive method, column “General” shows the result using the general measure of the
network and column “Strong” displays the result using the strong measure of the network. The SPE
method is implemented by assuming the network classification error is correlated to literacy. The se of
the naive method is computed using clustered se with villages as clusters. The se of the SPE method is
calculated based on Corollary 2 with villages as dependency neighbourhoods.

Estimation results are summarised in Table 4.7.1. The baseline model (columns (1) to
(3)) and the alternative model with an interaction term of the treatment and network
exposure (columns (4) to (6)) are estimated using the household-level samples from the
second round sessions, where no overall attendance/take-up rate or individual insurance

purchase resulting from the first round sessions in their village are revealed to the partic-

ipants. The results for the naive method using the general measure of the network data
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in columns (1) and (4) in Table 4.7.1 are the same to those in Table 2 columns (2) and
(4) of Cai et al. (2015b), based on which they draw two conclusions. First, the spillover
effect on insurance take-up is significantly positive. For example, column (1) (or column
(2)) in Table 4.7.1 reveals that a 20% increase in the ratio of friends attending the first
round intensive session will lead to a 29.1% x 20%=5.82% (or 11.3% x 20%=2.26%)
increase in farmer’s own take-up probability. Second, people are less likely to be affected
by their friends if they attend the intensive session themselves. Column (4) (or column
(5)) in Table 4.7.1 reveals that for farmers who have been directly educated about the in-
surance details, if the ratio of friends attending the first round intensive session increases
by 20%, their own take-up probability will increase by (44.4%-32.9%) x 20%=2.3% (or
(23.1%-22.1%) x 20%=0.2%); while this probability increases by 44.4% x 20%=8.88%

(or 23.1% x 20%=4.62%) for farmers who have not attended the intensive session.

If the general measure and the strong measure possess network misclassification, then
the estimates of the naive approach are biased. The SPE method can then be used
to provide some guidance of the degree and direction of the potential bias. The SPE
estimates in Table 4.7.1 are obtained by assuming that the measurement errors of the
two network measures (both general and strong) are dependent on the household-head’s
literacy. By comparing the results in columns (1) and (2) to those in column (3), we
can see that the SPE estimate of the spillover effect induced by a 20% increase in the
ratio of treated friends is 19.6% x 20%=3.92%. Thus, the naive method using the
general measure may overestimate the spillover effect, while the naive method using the
strong measure is likely to underestimate the spillover effect. In addition, based on the
SPE results in column (6), people who attend the intensive session themselves have a
(24.4%-10.6%) x 20%=2.76% increase in their take-up probability when extra 20% of
their friends are exposed to the intensive insurance-information education. While this
change increases to 24.4% x 20%=4.88% for people who do not attend the intensive
session. Hence, the comparison between columns (5) and (6) indicates that the results
for the naive method using the general measure underestimate the spillover effect for
the treated individuals, and overestimate the spillover effect for the untreated ones. In
addition, the naive method using the strong measure dramatically underestimates the

spillover effect for the treated individuals, but only slightly underestimates the spillover
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effect for the controlled individuals.

4.8. Conclusion

Motivated by applications of program evaluation under network interference, this chapter
studies the identification and estimation of treatment and spillover effects when the
network is mismeasured. The novel identification strategy proposed in this chapter
utilises two network proxies, where one of them is used as an instrumental variable for the
latent network and the other is assumed to contain only one type of measurement error. A
semiparametric estimation approach is proposed to estimate the causal effects of interest.
Simulation results confirm that the proposed estimation approach (i) outperforms the
naive estimators that neglect the network misclassification, and (ii) is preferred to the
naive approaches, even if its key assumption is mildly violated, at least in terms of bias,
mse and coverage rate. Therefore, the proposed estimation approach constitutes an
effective method to reduce the bias caused by network measurement errors, and provides

reliable causal inferences.

The proposed semiparametric estimation approach exploits a parametric structural as-
sumption of the outcome variable to avoid the curse of dimensionality, which opens new
questions on the trade-off between the potential model misspecification and the network
mismeasurement-robust estimation. It is also meaningful and feasible to investigate the
estimation in a more flexible semiparametric setup, including partially linear models,

index models and random-coefficient models.

This chapter is particularly suitable for studies where the treatment is randomly assigned
with perfect compliance. While, for some empirical studies, it is reasonable to allow
for non-compliance (Vazquez-Bare, 2020). Future research will explore the impacts of
relaxing the perfect compliance assumption, and develop methods for the identification

and estimation of spillover effects that can accommodate the non-compliance.

Finally, this chapter assumes that the exposure to the treated peers that affects the
outcome is correctly specified, meaning that the spillover effect is local through the first-

order network neighbours. The literature on network effects often stresses the existence
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of higher-order interference, i.e. the interference with friends of friends. The inclu-
sion of higher-order interference complicates the analysis in this chapter by introducing
higher-order spillovers of the treatment and of the measurement errors. It also further
complicates the dependence structure among the observable and latent network-based
variables. Given these complications, it is a nontrivial exercise to extend the analysis in
this chapter to deal with higher-order interference. However, for studies where the treat-
ment response is primarily governed by the first-order spillover, it is possible to apply the
analysis of this chapter via assuming the higher-order spillover effects can be relegated
to the unobservable error terms. The rationale is that, based on the studies of Leung
(2019a) and Sédvje (2019), the exposure misspecification that results from ignoring the
higher-order interference does not alter the estimation results, if the specification errors
are well counterbalanced by the deceasing data correlation as the order of the interference

increases. Rigorous exploration along this direction is left for future research.
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4.9. Appendix

We first introduce notations used in the Appendix. Ix is the K x K identity matrix.
Amaz(A) and A\ (A) denote the largest and the smallest eigenvalues of a square matrix
A, respectively. We use C' to represent some positive constant and its value may be

different at different uses. s.o. denotes the terms of smaller order.

4.9.1. Examples

This section provides sufficient conditions or examples for the assumptions in the main

text.

Example 1 (Assumption 4.3.3 (a)) Suppose the network links follow the dyadic for-

mation below:

Af = 1w(Zi, Z;) > ) - i # j), withi,j € P

where w : Q% +— R and the unobserved link specific error term n;; is independent to
{Zi}iep and is i.i.d. across (i,j). Then, A3, given Z; is a function of (Zj,ni;), which
s 1.9.d. across j and F} = Ejep Aj; s identically distributed following the binomial
distribution. Such a network formation is considered in for example Johnsson and Moon

(2015).

Example 2 (Assumption 4.3.4 (c)) For any given latent Aj;, consider the following

data generating process of the observable A;;
Aij = Uy Al + Vi (1= AY),  withi,j €P (4.9.16)

where N; = {j € P : A = 1} and the classification errors (U, Vi;) are random

indicators taking values from {0,1}. From (4.9.16), we can obtain that

Fi=) Ay=) Uy —=Vi)AG+Y Viy= Y (Uy—=Vy)+ ) Vi

jEP JEP jEP JEN} JEP

Let two vectors U; = {Ui;}jep and V; = {Vi;}jep. If the random vector (U;, V;) is

conditionally independent to N} and identically distributed across i € P given (Z;, F}),
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then the identical distribution of F; given (Z;, F;) holds.

Example 3 (Assumption 4.4.1) For each i € P and any given latent Aj;, suppose

the observable links are generated as
{1” - [[{”A:j ! ‘N/”(l ~A jepP (4.9.17)
Ay = & [Uy Af; + Vi (1 = A7)
with Uy;, Vij, ﬁij, f/l-j, w; and w; are all binary random variables taking values from {0,1}.
w; and W; can be understood as indicators of sampling-induced errors, e.g. w; = 0 means
unit j is not sampled when constructing N;, while only links among pairs of sampled
units are accounted for. (U;;,Vi;) and (Uij,f/ij) can be understood as indicators of non-
sampling-induced errors, e.g. Uij = 0 represents unit i’s misreporting of her link with
unit j when constructing N;. Then, the observed sets of links are N = {jeP: A;=1}
and N; = {j € P - Ay = 1}. Therefore,

Fi=> Ay = (U= Vi + Y wiViy = > (Uy = Vigwj + > Vigwy,

JEP JEP JEP JEN} JEP
Fi= Ay= U= Vi) Ay + Y @V = > (Uy = Vig)aoy + ) Vigoy.
jeP jep jep jeN; jer
(4.9.18)

Then, one set of sufficient conditions for Assumption 4.4.1 is provided by the lemma

below.

Lemma 4.9.1 Let Assumption 4.3.4 (a) holds for both N; and N;. Suppose the random
vector (Ui;, Vij, Uij, ‘Z-j,wj,&)j) given (Z;, F}) is i.i.d. across j for alli € P. If

(a) {Usj, Vij,witier L {Uik, Vie, @i brep| Zis N7

(b) {Uij, Vij, Usj, Vij, ws, @5} jep L N

Zi7 }-z'*;‘
then Assumption 4.4.1 is satisfied by F; and F; given in (4.9.18).

Proof of Lemma 4.9.1. (i) From condition (a) that {U;;, Vi;,w;}jep L {Uik, Vir, @k}kep‘Zi,./\/;*,
we have N, L M‘Zi,/\/;*, which implies F; L ﬁ|Zl,M* If we can further show that
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Fi LNy|Zi, Ff and F; L N

Z;, F; hold, then the desired result follows, because

fx, \Fr Fi, z( Z fx, \Fr FiNi =T, 2 (n) x fN;|f;,ﬁL-,Zi(~7)
T EQpr+
= Z ffi\ﬁﬁM*iJZi(”) X f-/\/‘i*lfi*azi<‘7>
T EQpr+
:f]-'i|}';‘,Zi<n)a

which indicates F; L .7:",~|Zi, Fr.

Given the expressions in (4.9.18), based on the i.i.d. of (Ujj, Vij,w;) across j, applying
the same arguments used to prove Lemma 4.4.1 (a), we can show that given (Z;, F;), the

distribution of >\ (Ui — Vij)w; does not depend on N, ie. D75z (Uiy — Vij)w; L

i (b) we can obtain the independence of } . Vjjw;
to N given Z;, FF. Thus, it follows from the above results and (4.9.18) that F; L

N;|Zi, Ff. Similarly, F; L N7|Z;, F also holds. m

4.9.2. Lemmas

This section introduces some useful lemmas which are used in the proofs of Appendix

Section 4.9.3.

Lemma 4.9.2 Denote H as a set of measurable functions such that |h| < 1 for Vh € H,
and denote sign(xz) = 1z > 0] — l[x < 0] for any real value x. For any random
variables X and Z, a solution to maxuey |E[Xh(Z)]| is h(Z) = sign(E[X]|Z]), and
masycr [E[XA(Z)]| = E[Xsign(X|2)].

Proof of Lemma 4.9.2. By the law of iterated expectation
E[Xh(Z)]| = ‘/ X|Z]h(Z)dPr(Z ’ /|E X|Z1h(Z)| dPr(Z) < /|E[X|Z]| dPr(Z).
Then, by |E[X|Z]| = E[X|Z]sign(E[X|Z]), it is clear that h(Z) = sign(E[X|Z]). =

Lemma 4.9.3 (Uniform Law of Large Number under Dependency Neighbourhood)
For any function b : Qy x © — RP, if the following conditions hold
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(i) © is compact;
(i1) b(w; ) is continuous in 6 over O;

(7ii) there exists a function h(w) with ||b(w;0)|| < h(w) for all @ € © and E[h(W;)] < oo;

(iv) for some constant n > 0, define

u(w;0,n) = sup  ||b(w;0") — b(w;0)]],
0'€0, ||o'—0||<n

Z > Cou(b(Wi;6),b(W;;6)),
=1 jeA(i,N)
N

S0 = > Cov(w(Wi6,m), u(Wy;6,m)).
i=1 jEA(i,N)
(a) for all O € © and any fized n,

Z S Coud(Wis0),b(Wy50)|| = o (I=5)]]).

i=1 jZA(i,N)

Z > Cov(u(Wi;0,n), (Wj;&n))ZO@“N(@,n))-

i=1 j¢A(i,N)

(b) 1/N YL, A N)| = O(1); (c) supgee E[[B(W;0)[*7] < C for some con-
stants 6 > 0 and C > 0, and all i;

2.

%

then E[b(W;;0)] is continuous in 6 and suppee H]%[ SOV {b(Wi; 6) — E[b(

Proof of Lemma 4.9.3. This proof is based on the proof of Lemma 1 in Tauchen (1985).
Let b,(W;; 6) be the r-th element in vector b(W;;0), r = 1,2, ..., p. Define a matrix A;;(6)
such that its rqg-th entry is corr(b,(W;;0),b,(W;;0)), r,q = 1,2, ..., p. Denote a diagonal
matrix V;(6) = diag(Var[b, (W;; 6)], ..., Var[b,(W;; 0)]).

By condition (iv) (c), for all ¢ and given 7, there exist constants Cy,Cy > 0 such that
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SUPgpeo Var|b,(W;;0)] < Cy for all r =1, ..., p, and supgeg Var[u(W;; 6,n)] < Cy. Then,

=56 Z ICov(b(Wis ), b(W;:0))]

A(i,N)

Z [Vi(0) 2 A55(0)V;(6)?

A(i,N)

| A

<3

gclpz |A(i, N)| = O(N),

where the last line follows from 1/N Zf\il |A(7, N)| = O(1) in condition (iv) (b). Simi-
larly, 3% (0,n) = O(N). Applying Chebyshev’s inequality, we have that for any € > 0

N
1
Pr(ﬁ >(—:>

Z{b(%@ — E[b(W;;6)]
Z{b (Wi; ) — E[b(W;; 0)]}

52 N2

2N2 Z > Cov (b(Wi; 6), b(W;6)) +Z > Cov (b(Wi;0),b(W;;6))

=1 jeA(i,N) i=1 j¢A(i,N)

=5 (1% @)] + 5.0)
o(ev)

where the second equality comes from that tr(A) < p||A|l« < p||A|| for any p X p square

matrix A, and the third equality is due to condition (iv) (a). By choosing € such that
e — 0 and 2N — oo as N — oo, we can get
L

N > AW 0) — Ep(W;; 9)]}“ = 0,(1).

=1

Similar arguments can be used to show that - SN {u(Wi6,n) — E[u(W; 6,10)]} =
0p(1). By condition (ii) the continuity of b(w; #) in 6, we have that with fixed 6, lim u(w; 8,7) =

0 as 7 — 0. Thus, by dominated convergence theorem, for any € > 0, there exists a 77(6)
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such that
E[u(W;;0,n)] < €, whenever n < 7(0). (4.9.19)

Let B(#) be an open ball of radius 77(¢) about 6. Due to the compactness of O, there exist
a finite sequence of open balls By, := B(f;) with k = 1,2, ..., K such that © C U?Zl By.
Let ny = 7(6x) and uy = E[u(W;; 0k, k). By (4.9.19) and dominated convergence theo-
rem, if @ € By, then uy, < € and ||[E[b(W;;0)] — E[b(W;;6')]|| < €. Next, for V0 € ©, there
exists a k such that § € By, then

N

1
N Z b(W;; 6) — E[b(W;; 0)]

% Z b(Wi; 6) — E[b(W;; 04)]

=1

I\E[(Wz,@k)] E[b(W;; 0)]]

ZI
= + \\Mz

jlv > " b(Wi: 01,) — E[b(W;; 6]

=1

1
<o > u(Wii O, me) — g+ wi +
=1

2

<de (4.9.20)

whenever N > Ny(e), by ug < e. Thus, whenever N > max;, N, (¢), we have that

N

% Z{b(m; 0) — E[b(W;;0)]}

=1

sup < 4e.

0cO

Lemma 4.9.4 (Theorem 3 of Bradley et al. (1983)) Suppose X and Y are ran-
dom wvariables taking their values on a Borel space T' and R, respectively. Suppose U
is a uniform [0,1] random wvariable independent of (X,Y). Suppose p and ~y are posi-
tive numbers such that pu < ||Y], < oo. Let Y|, = (E[|[Y]"])Y?. Then there exists
a real-valued random variable Y* = g(X,Y,U) where g is a measurable function from

' x R x [0,1] into R, such that

(i) Y* is independent of X ;
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(ii) the probability distributions of Y* and Y are identical;

(iii) Pr([Y* = Y| > o) < 18(|Y|l,/u)/ D [a(B(X), B(Y))?/ D,

where for any two o-fields By, Ba, a (B, Bs) = sup |Pr(B1(B2) — Pr(B,) Pr(B,)|.

The following lemmas are pioneered by Stein (1986) and utilised in for example Chen
et al. (2010), Ross (2011) and Goldstein and Rinott (1996) among others, to derive
central limit theorems for dependency graphs. We re-state them here such that the

proofs are self-contained.

Lemma 4.9.5 (Meckes et al. (2009) Lemma 1) Let Z € R? be a standard normal

random vector with mean zero and covariance matrix 1.

(i) If a function f : RP — R is twice continuously differentiable with compact support,

o[ (212 29Dy

then

dzdz' dz

(i1) If a random vector X € RP is such that

[ (55) -2

for every f € C*(RP) that is twice continuously differentiable with finite absolute
mean value E[|tr (d*f(X)/dzdz") — X'df (X)/dz|] < oo, then X is a standard nor-

mal random vector.

Lemma 4.9.6 (Goldstein and Rinott (1996) Lemma 3.1) Let Z € R? be a stan-
dard norm random vector and let h : RP — R have three bounded derivatives. Define
(Tuh)(x) = E[h(ze "+V1 — e~2Z)] forx € RP. Then f(x) = — [;"[Tuh(z)—E[(Z)]]du

solves
tr (%chx’)) — x’% = h(z) — E[h(Z)].
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In addition, for any k-th partial derivative we have that

0" f(z)

1
<
Hj:l d;

- k T€EQx

d*h(x)
dxdz’

Further, for any A € RP and positive definite p X p matriz 32, then f*, denoted by the
change of variable f*(x) := f(X7V%(x — X)) solves

i (EV2f* (1) — (2 = NV f*(x) = h(S™(z — X)) ~ E[h(2))

and

OFfrx) | _p* e
R < =2V R o
Hj:l O k

The lemma below is based on Theorem 1.4 of Goldstein and Rinott (1996) which aims
at providing a bound on the distance to normality for any sum of dependent random

vectors whose dependence structure is formed via dependency neighbourhoods.

Lemma 4.9.7 (Multivariate CLT under Dependency Neighbourhood) Let {W;}¥,
be random vectors in RP with E[W;] = 0 and Z € RP be a standard normal random vector.

Denote

SN_ZWz and EN_Z Z

=1 jeA(i,N)
In addition, denote S§ = stZA(i,N) W;. Assume Xy is symmetric positive definite. If
the following conditions hold,

(i) there exists a finite, strictly positive-definite and symmetric p X p matriz ) such

that ||+Xn — Q| = 0 as N — oo;

SE

(ii) (a) E [Joec(W, W))W

=o (=)

[e.9]

i=1j,k€A(i,N)

(v) B[ (W) — EW,w)) (W — EW)) |

0 (1Z¥ o)

I M2

seRm el

€A(k,N)

N)1

[e.9]

N

(c) |22 > Cou(W;, W)

i=1 j¢AGi,N)

=o(1Enll);

o0
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(d) E[W;S¢|S5] >0 for all i € P;
then $5*Sy -5 N(0,1,).

Proof of Lemma 4.9.7. Denote S{, as the ¢g-th element of S{. Let h : R” — R be a
function with bounded mixed partial derivatives up to order three. Denote V*h the k-th
derivative of h. Let V. f*(z) = 0f*(x)/0x, and V? f*(x) = 0°f*(x)/dx,0x,. It follows

directly from the proof of Theorem 1.4 in Goldstein and Rinott (1996) that
‘]E [h (2;/2SN) - E[h(Z)]} ‘
p2 —1/2 2 2
<[22 | 1v2hls 3

r,q=1

+ DY EWi, V. fr(S9)]

r=1 =1

2 fae o 3 S

r,qu=1 i=1

(i Z (Wi Wjg — E[Wi,rwj,m”

Wzr Z Vqu Z Wku

JEA(,N) keA(i,N)

], (4.9.21)

where f* is defined as in Lemma 4.9.6. Consider the second term on the right hand side

of (4.9.21)

YD EWLV(S))

r=1 =1

Z Z E {VVi,r [vrf*(sf) -

r=1 =1

p N _
=13 YR [WLs, V28] |

r,q=1 i=1

VAN

0) Z E [Wi,]

(4.9.22)

where §f is between S¢ and 0 and the last equality comes from the mean value theorem
and the fact that E[W;,] = 0. Without loss of generality, suppose there exists a function
f such that gf — f(S¢). Then, we can further bound (4.9.22) as below:

P N
> Y B (WSt V2 (5] ‘

r,g=1 i=1

Z Z]E [Wi,rsiqquf ’ (f (59)] |

r,q=1 i=1
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2 p N
<EASVPIZNVhlle D D B WSt sign (B [Wi,|S] 85,) (4.9.23)

r,q=1 i=1
where the inequality is because of Lemma 4.9.2 and |V, f* o f| < ”72||E]_V1/2||§O||V2h||oo
by Lemma 4.9.6. Therefore, we have that

‘]E [h (21;1/2SN) _ E[h(Z)]} ‘
E (ZN: Z (Wi,rvvj,q - E[M/i,rwj,q])> 2]

i=1 jEA(,N)

p N
I Y ZE{Wi,rSf,qsz‘gn (B [w,|s]s5,) }

r,g=1 i=1
N
]EA@N) keA(i,N)

r,q,u=1 1=1

p

I Y

r,q=1

2
p —1/2
<5 =

2
=

HZ—1/2

] o (4.9.24)

for some constant p > 0. Let us start from the first term. By the Cauchy-Schwarz

inequality
» 2
Z E (Z (WirWig _E[WH’WJ q])) ]
r,g=1 =1 jeA(i,N)
p N 29\ 1/2 / 1/2
(2e(x ¥ o -mmma) ) (3]
r,q=1 i=1 jeA(i,N) r,g=1
N 29 1/2
—pE|| > (WirWjg — E[Wi:Wig]) ] :
i=1 jeA(i,N)
where
— N 2
E Z (VVZ',TVVM - E[VVi,er,q]) ]

i=1 jEA(i,N)

r N N
=E tr(Z (Wi Wig E[WWWM])/Z (Wi Wig E[VVWI/VM]))]

L i=1 jEA(,N) i=1 jEA(,N)

N

=tr( > E| (Wi, Wiy = EIWi W) (Wi, e E[WMWZM)
i,k=1jeA(i,N) leA(k,N)
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<p Z > [ WieWijq = EIWi, W gl) (Wi e Wig — E[Wk,rm,q])}

ik=1jEA(i,N) IEA(K,N)

o0

(4.9.25)

Besides, since E [Wi,T}Sﬂ S¢ >0foralle=1,...,N and r = 1, ..., p, the second term

becomes to

> D E[Wisi] ZZ S Cov (Wir, W)

r,qg=1 i=1 r,q=1 i=1 j&ZA(i,N)
N

Z Z Cov (WZ, WJ>

i=1 jZA(i,N)

<p’ (4.9.26)

o0

For the last term, we can obtain

VVzr Z I/qu Z Wku

JEA(L,N) keA(i,N)

>y

r,q,u=1 i=1

]< SN N LWl

r,q;u=1 i=1 jkeA(i,N)

<p? Z Z ’vecWW)WkH

=1 j,keA(i,N)

(4.9.27)
Moreover, since ||[N7'Xy — Q|| — 0, implying that there exist ¢, € such that
0<e< 1)\ (En) < 1/\ (Xn) <€e<
€> N min\ ~N N max \ ~N € Q.
In addition, by the property of norm and the symmetry of ¥y, we have that
e < s = o (25) = o070 < i) = 0,
where \,.(Xy) means the r-th largest eigenvalue of matrix ¥y. Similarly,
2
I=xlZ = o), |52 o), =L = (4.9.28)

Now, plugging (4.9.25), (4.9.26) and (4.9.27) into (4.9.24) gives us

’E [h (2;/QSN) _ E[h(Z)]] ‘
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1/2
oS S % s - Eww) on - s |
i k=1 jeA(i,N) leAk,N) 0
vof= Z S Cov (Wi, W))
= 1]€A(2N o
+ ||z 3 Z S E [Joec(WiW W]
=1 jrea,N)
oo st ) « [ )

:O(l)v
: : ~1/2 d
implying that ¥, /“Sy — N(0,I,). =

In what follows, we first present several lemmas that will be used to show the asymptotic

properties of the jacobian and hessian matrix of the objective function.

Lemma 4.9.8 Under Assumptions 4.5.4, 4.5.5 and the i.i.d. of x;; across i for any
gwen j =1,2,..., K, we have that

2

d*m*(w;;6) 1 dm*(z; j;6)
0,(1 — : = 0,(1
bco N N dedef o1 sup ; do (L)
and for Oy 2 6°,

|
Nz m* (255 0n) —m (:cwﬂo)‘ = 0p(1);

=1
1SN [ dm* (25 0x)  dm* (x5 6°) i

iy ON i

— — = 1
N ; d do ' (1)

N . 2
lz d2m*(l’i7j;91\7) B d2m*($i7j;90) — 0 (1)
N — dode dode o

Proof of Lemma 4.9.8. By Assumption 4.5.5 and the uniform convergence of i.i.d.

samples (Lemma 2.4 of Newey and McFadden (1994))

2
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1 d*m*(z; ;;0) 2 d*>m*(z;.;;0) 2 d*m*(z; ;;0) 2
< — — B N ||| — E ||| &0 i, 7
N ; 040’ ‘ 040’ o 940"
dPm*(z;.:0)
=0, (1 E | ||[—==0 2| 4.9.2
op( )+3telg ‘ o (4.9.29)

NP
%H } < E[Hi(z;;)] < oo by Assumption 4.5.5, (4.9.29)

Because supgeg E [

becomes to

2

= 0,(1). (4.9.30)

nga

d&d@’

sup
IS

Similar arguments can be used to show that supgeg v > iy

dm*(x; ;0 2
Il — 0,(1). Be-

sides, the mean value theorem gives
* n 2
om (xi,j; 0 N)

J__ no
B (O = 07)

1 & 2 1Y
* N * .00 o
N; ‘m (@ig;On) — m (@i ;0 )‘ _Nz

=1

om*(z;
<sup — ” ! HOH
ey Z |75

=0,(1), (4.9.31)

for Oy between 0 ~ and #°. Similarly, we can also obtain that

om*( x” QN) 8m*(xij 6°) om*( x” H 0

_ ) 57 < _ ) 0 o 6 H — )
Z o0 ilelg N Z 00’ N = 0p(1)

(4.9.32)
Moreover, since

d6,.de, o.do, o0

d2m*(a:,~7j;0~N) d2m*(:vi7j;90) B 0 (dzm*(xi,j;éN)) (éN B 90)

by the uniformly bounded third derivative of m*(zx; ),

~ 2
EPm (i 0n)  dPm*(iy;0°)
dodo’ dodo’
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dg N 5 2
1 d>m*(x; ;;0n)  d*m*(x;;;0)
< 1,79 . 1,59
-N ; Z dé,de, dé,.de,
dg N
1 8 d2 ZL‘ QN 2
oL 0", o1
TN A Z o0 ( do, dQ )
( ‘HN 7 ) = 0,(1). (4.9.33)

Lemmas 4.9.9 to 4.9.11 show the key steps for establishing the asymptotics for the jaco-
bian of the objective function. The proofs are based on Section 8 of Newey and McFadden

(1994) and extended to adopt data under dependency-neighbourhoods structure.

Lemma 4.9.9 (Linearisation) Under assumptions in Lemma 4.5.4 (b), there exists a

function G(;7) : Qw + R% which is linear in v and satisfies

Proof of Lemma 4.9.9. Recall that g(W;; 0, ¢) = 7;[Y; — m(X;; 0 ¢)]M Then,

ﬂ\

Z [ VVZ,Q ¢N - g(VVu@O ¢0) G(Wi AN — 70)} H = 0p(1).

N
\/L_Z (Wi 6%, ) — Zg (Wi 0°, 6°)
15 o o 0m(Xi6°, ) e m(Xs 0%, 6
(4.9.34)

where making use of the identity ab — ab = (& — a)b+ a(b—b) + (@ — a)(b— b) leads to

(Wlae(]?(bN \/—Zg Wz7607¢0)

5=
H'Mz

om(Xi;0°, ¢°)
00

(X6, G) — m(Xi: 6, ")

am(XZ, 90, QASN) . 8m(Xz; 90, ¢0)
a0 o

s
o

- av

[V — m(X;;6°,¢")] [
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_ \/LN; [m(Xi;QO,qiEN) —m(Xi;90,¢°)} lﬁm(ng ,On) 8m(Xg(99 ,9°)
1 I om(X;;0°, ¢°
i O30 Zm 55t 0) (Bt = o ()] ZEE 8D
+ \/LN ; 3 [Yi — m(X;;6°,¢°)] ; W [fT*\X (t;) — frox,(t; )]
K am*(xl,],eo)
Zﬂzm 7450 [fT*\X (tj) — fr=1x,(t; )} ZT [fT “1x; (t5) — frox,(t; )]
=G, + Go + Gs. (4.9.35)

Firstly, consider Gs. By the Cauchy—Schwarz inequality, (4.9.116) and Lemma 4.9.8,

IN712Gs
o O (x4:6°) [
ZZ “(wig; 0 [fT*|X( ) — fT;Xi(tj)]%[fT;‘Xi(tZ)—fT;Xi(tl)}H
=1 j,l=1

i) 7S s iQH

]llzl

2 K 1 N —1/2 1 N
(bN_QbH ) — [N lm ngu [N
7 1= B

< sup
18 =7°lloo<n

51 1/2
< sup
195 =7 lloc<n

=0, (3w —°11%.) - (4.9.36)

om*(z;,; 6°)
00

i=1

Thus, given (4.9.36) we can get that ||Gs|| = O,(NY2||9x —7°||%) = 0,(1) by Assumption
4.5.6.

Next, let us consider G; + Ga. Recall that the 1 x Kp row vector R(W;; 0, ¢) is defined
as

!/

[Y; - m(Xi; 0, ¢)] m* (fEi,l; 0)
R(Wi; 0, ¢) = :
[Y; = m(Xi; 0, 9)] m* (2 k,: 0)

Denote d)(t,’A)/N) = [fTi*\Xi(t1)7 vy fo\Xi(tKT)]/ and ¢(t7’70) = [fTi*‘Xi(t1)7 SERS) fTi*\Xi(tKT)]/'
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Then, simple calculations yield that

1 & “r om*(x; 4;60°)
_ E . § L .0 A0V 2 AT T T

_ m*(xi,j;eo)a (ngeo ¢0)> [fT \X( ) fT*\X (t )] ]

\/Lﬁ D7 [—R (Wi 6°,6°) ((t54w) — ¢(t;7°))1
\/LN ; 7i {—R Wi 6°, ¢°)¢g—;70) (v — 70)} + Gr, (4.9.37)

where the reminder term
N (9 a
Gr :_\/LN > rimg RO 6", ¢) {Qﬁ(t; ) — (i) — 22T (5 vo)}
i=1
N )
-1 > IV + RS 9t 3m) ~ 0(6:7°) - %j) (="

with ZR(W;;6°,¢°) := VRy + VR, and

VR = [¥i (X 0, )] |2t St
om(X;;0°, ¢°
VR, = — ( 90 ¢ ) [m*(mi71;90) ce m*(xi,KT;eo)} )

Next, we show that Ggr = 0,(1). Due to Theorem 4.5.2, we can focus on a small neigh-

bourhood of 4Y and bound the reminder term as follows:

IN"V2Gg| < sup
18 =7Clleo<n

(on —¢") - 8((@(;0) (3w =1°)

N
1
i=1

o0

2 1 & 1 &
I12) [NZ IVRill+ 5 27 vau] ,

<0, (|15

where the O,(]|[9x — 7°||%) is due to (4.9.113), and applying the Cauchy-Schwarz in-
equality to each of the term inside the bracket leads to

N N
1 1 0 0)| || 2 iase” Om* (@117 6°)
N;ﬁHVRlﬂ SNZE‘Y m(X;;0°, ¢ ‘H[—l) #]”

00
i=1
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1/2
om*( x”, )

N
% Zﬂ' [YE —m(X;; 0, ¢O)]
i=1

jll].

:Op(1)7

where the last line follows from (4.9.117) and Lemma 4.9.8. Similarly, from the Cauchy—Schwarz

inequality and Lemma 4.9.8, we can also get that

- 9 1790, °)
ALE DY e i )|
i=1
. 2 KT N 2
] 18]
=1 7j=1 =1
_OP(1)7

Therefore, it yields from the above results and Assumption 4.5.6 that
IGr|l =0, (N'2|An = °II%) = 0,(1). (4.9.38)

To fulfil this proof and find the function G, let o(W;) := 7, [@R(W" 6° 9250)(% | and
G(Wivy) = v(Wy)y = 7 [%R(VVZ«;6’0,@0)8‘2S ]7, then by construction G(W;;~) is
linear in . Moreover, based on (4.9.36) and (4.9.38),

N
H%WZ (007300, 6x) — g 0,6%) — GWisdy =10 | <ol + 16l = 1.

=1

(4.9.39)

Lemma 4.9.10 (Stochastic Equicontinuity) Let Fy (w) be the true probability dis-
tribution function of W;. Suppose assumptions in Lemma 4.5.4 (b) hold, then

1

—Nz[ Witdy =1%) = [ Glwiin — 10w ()| = o,(0)

=1
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Proof of Lemma 4.9.10. By the linearity of G(w;v) = v(w)y in 7, we can get

LN é {G<W177N —") - /G(w;%v - vo)de(w)] H
-~ i W) ~ V)] (e — )
<C %N Zl [ﬁ(m) - E{ﬁ(vvi)ﬂ ‘ [9v =7 - (4.9.40)
Denote #,(W;) as the r-th entry of the vector #(W;). Then,
E ‘%NZ [ows) - Elpv)]| ]
= E EN; (sv) - E[ﬂw])'f; (70%) - Elo(w))

i
I
.
i
1L
<
m
>
b4
=
2
2

i=1 j&A(i,N)

I
=
= =
M
™
&
iy
$
£
5
E
SN—
+
WE
™
&
<
=
§
vtz
=
=

ﬁ
Il
—
o
I
—
.
m
>
>
&

==

Cov(ﬁr(Wi), ﬁT(Wj)) +s.0., (4.9.41)
)

where the last line comes from Assumption 4.5.1. Note that due to Var[z,(W;)] < co as

in Assumption 4.5.6 and 1/N Zf\;l A7, N)| = O(1),

%Z > Cov(m(Wh), 5(W;)) g%;\A(i,NM—O(l). (4.9.42)

=1 jeA(i,N)

Given (4.9.42), together with the consistency ||[9x — 7°||,, = 0,(1), we know that

\/_1N Z {G(Wﬁ AN —1°) - /G(w; AN — VO)de(w)} H = 0,(1). (4.9.43)

Lemma 4.9.11 (Mean-square Differentiability) Under assumptions in Lemma 4.5.4
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(b), there exists a function § : Qu — R% such that

[ 6wy = dFw(w) = [ sw)ifivw)

VRE || [ stw)ifwtw) - [ stwitiw)] = o

where Fy (w) is the kernel estimator of Fyy(w) and Fy (w) := 1/N Zf\il 1W; < w] is

the empirical distribution of W;.

Proof of Lemma 4.9.11. Following the derivations of Theorem 8.1 or (Theorem 8.11)
in Newey and McFadden (1994), it is apparent from the linearity of G(wj;~) in 7 that

and the law of iterated expectation,

[ Gtwmavw) = [viwpwo,

where recall that the dy x d, matrix v(w) is defined as

0
00

96(t;7)

0y ‘7=7(w) dy

R(Wi;6°, 6°)

v(w) =E P(X)

]
In addition, let §(w) := v(w) — E[v(w)], we have

with Eyy (w) being the kernel estimator of the distribution of W;.

At last, recall the empirical distribution Fyy(w) = 1/N 1, 1[W; < w]. By an abuse
of notation, we denote k(%2 ;= H (wg ) Consider the difference between the

two integrals 6(F) defined as below, which can be interpreted as a smoothing bias term,

/5 JdEy (w /5 JdFy(w

N
=1 wdEQ
N

ZIH

ZIH
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N
1
= Z&(F). (4.9.44)
Because the identical distribution of W; across 4, it follows from (4.9.44) that

VNE[§(F)] = VNE[§(F)]
Q
:\/NIE/ (W + ho, W T [ & (vg) dv — v(W, )]

Q
:\/N//V(ﬁ)c—i—hv w? HFL vy) dvd Fyy (0 \/_/ w)dFyy (w
q=1

:\/N//y( f[ﬁ (vg) dvdFyy (0 — ho, %) \/_/ w)dFy (w

:\/N{ / / y(wc,md)ﬁﬁ(vq) dvd Fyy (a5 — ho, @) — / / V(w)lg[lﬁ(vq)dvde(w)}

q=1
Q
=V N Z //V( )[fWic’Wld(wc—hv,w) fwe wa(w®, w ]HH v,) dvdw®
deQWd q=1
(4.9.45)
which together with (4.9.89) and Assumption 4.5.6, implies that
VN [E[(F)]|
Q
<VN > /H )| H/ [fwic,wg(wc— ho, w?) — fWicywid(wc’wd)} 1~ (vg) dol| dur
deQ q=1
<CVNI® ) /H )| dw®
wileQ,

—o(1). (4.9.46)
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Next, let 0(F) = (6:(F), ..., 0a, (F))" with 6,(F) = 1/N Zfil 0r.i(F) and consider

|

E U(JRS(F) — VNE[§(F)] 1 :iE U\/Ndr(F) — VNE[5,(F)]

NdZeE[

(4.9.47)

where the last line follows from Assumption 4.5.1. Due to the identical distribution of

W; and (4.9.44), we can bound the covariance in (4.9.47) by

Cov (8,4(F), 6,.;(F))| <Var [§,;(F)] <E [|6,,(F)]

_E < / [ (WE + ho, W) — v (W)] T 5 (0y) dv)

g=1

(4.9.48)

From Assumption 4.5.2 we know that [ zk(z)dz = 0 and [ 2?k(z)dx = K, and Assump-
tion 4.5.6 that v(w) is twice continuously differentiable in w¢. Expanding v,(W¢+hv, W)

around W, then there exists a constant C' > 0 such that

Vv (WE + w*, W) i
|Cov (8,i(F), 6,5(F))| <h'E |:</ Ula T(;lec;(wfl)’/m >UH’L€(Uq> dv) ] < Ch'.

q=

(4.9.49)

Substituting (4.9.49) into (4.9.47), since 1/N 32 |A(i, N)| = O(1) as in Assumption
45.2,

E {Hﬁaw) - \/NE[é(F)]Hz} —O(h') = o(1). (4.9.50)

Based on (4.9.46) and (4.9.50), since both the mean and variance of v N§(F) are o(1),
by Chebyshev’s inequality, it follows directly that E [H\/N I(F )H] 20 m
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4.9.3. Proofs

Proofs of Section 4.3

Lemma 4.9.12 Under Assumption 4.5.2, we have that for Vi € P, e; L (D;, S¥)

Zi, Fr.

Proof of Lemma 4.9.12. If we can show that Pr(s; < e|D;, SF, Z;, Ff) = Pr(e; <
e|Z;, F}), then the stated result follows. By the law of total probability, we have for
Ve € .,

Pr(e; < e|Di, 57, Zi, F})
=E [Pr <5i < e‘Di,Sf, Zi, F N, {Dj}jg/\/;> ‘Di, S Zm}_i*] ) (4.9.51)

where the expectation is with respect to fNi*,{Dj}je Wi DisST 20, By definition, S} =
> e ~: Dj, therefore, ST becomes fixed when given (N7, {D;}jen). In addition, since
Assumption 4.3.2 (a) implies that D; is independent to (g, Z;, F;', Ni*, {D; }jenrs). Then,
we know that (D;,S}) can be eliminated from the conditional probability of &; < e in

(4.9.51), i.e.

Pr<€i < 6|Di7 51*7 ZZ7‘F;,*> =E [P’f’ (61' < e’Zia‘E*7/\/;*v {Dj}jENi*) |Dza Sz*7 Zl?‘a*]
=E [Pr(e; < e|Z;, F})|Di, S}, Zi, F ]
=Pr(e; <e|Z;, F}), (4.9.52)

where the second line is from Assumption 4.3.2 (b) and the last line implies &; L

(Dia Sz*) Zia ‘E* |

Lemma 4.9.13 Under Assumptions 4.3.2 and 4.3.4, e; L (D;, Sf, Si, Fi)|Zs, Fi for Vi €
P.

Proof of Lemma 4.9.13. Denote P* = (N, {D;}jen+) and P, = (N;, {D;};en;).

)

Then, we know from Assumptions 4.3.2 (a) and 4.3.4 (a) that D; L (P, P;), because
of the facts that ¢ & N, i € N, Dy L ({Dj}jenz, {Dj}jen:) NI, Ni and {Di}iep L

(N, N;). Moreover, since Si and S; are functions of P and P;, respectively, we have
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D; L (S;,S;). By the law of total probability,

Pr (e < e|D; 51,8, F 20, F)

=Pr <€i <e

St Si, Fis Z, f)

=K [Pr <5i <e

Sgka S’iaﬂ? Ziaﬂ*a Pz*7Pz>

S:7Si7-E7Zi7~E* 5 (4953)

for Ve € ()., where the expectation is with respect to fpr p,s s, 7,27 We know that

St,S;, Fi are fixed given (P}, P;). Thus, equation (4.9.53) becomes to

Pr (51' <el|D;, S}, Si, Fi, Zz‘7“7:i*> =E [PT <6i <€z Fi, Pi*’Pi> 5755 Fi Zi’fi*}
=K |:PT <5z‘ <e Zm]:z*> Sz*vS’u'/—-hZH”F-z*}
=Pr <ei <e Zi,FZ-*> ,

where the second equality above is due to Assumption 4.3.4 (b). =
Proof of Proposition 4.3.3. By Assumption 4.3.1 and the law of iterated expectation,

m;(d, s, z,n)
=E [r(D;, S}, Zi, F; &) | Di = d, S; = 5, Z; = 2, F; = n]

= Z E[r(d,s*,z,n*,gi)‘Di:d,Si:s,Zi:z,fi:n,S;‘:s*,]—"i*:n*}

(5*,77/*)695*“7:*

X fop Fe\Di=d,5=s.Zi=2 Fi=n(8", 7). (4.9.54)

Based on Lemma 4.9.13 that ¢; L (D;, S;, S;, Fi)|Zi, F;, we have that (4.9.54) becomes
to

m;(d, s, z,n)
= Z E [T<d7 5*7 <, n*, €Z)|Zl =z, -/—:z* = n*} fS;,fi*|Di:d,Si:s,]—'i:n,Zi:z<S*7 n*)
(s*n*)EQgx, Fx

- Z m” (d7 3*7 2y n*)fS:‘ ,]-—f\Dizd,Sizs,]-'i:n,Zi:z(S*a TL*), (4955)

(s*,n*)GQS*J_—*

where the last equality is by Definition 4.3.1. m
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Proofs of Section 4.4

Lemma 4.9.14 Under Assumption 4.53.2 (a), suppose Assumption 4.3.4 (a) and (b) are
satisfied by both N and N. Then, Y; L (E,ﬁ)|Zz,E* holds.

Proof of Lemma 4.9.14. First, same arguments used in the proof of Lemma 4.4.1 (a)
can be applied to show that S; L (E,ﬁ)‘Zl,}'Z* Second, rewrite Y; in terms of the

potential outcomes:

Yi= Y UDi=d.S =slr(ds 2 F ),
(d,s)€{0,1}xQgx

where by the randomness of the treatment assignment and S} L (F;, .7:_¢)|Zi, F, we know
that 1[D; = d,Sf = s] L (E,]}Z)}Zl,}'f Then, because Assumption 4.3.4 (b) implies
that (F;, ]-11) is independent to the potential outcome r(d, s, Z;, F;, ;) given (Z;, F}), we
can conclude that Y; L (F;, .7:",-)|Z,-, Fr.om

Proof of Lemma 4.4.1. (a) If we can show that for any (s, J) € Qg+ x+ the equation
below holds,

fsrnr1Fr=nz,(8, T) =fsr17r2n,2:(8) X fnriFr=nz2(T), (4.9.56)

then the desired result follows. First of all, if either s > n or |J| # n, (4.9.56) holds
trivially. Therefore, we consider (s,J) such that s < n and |J| = n. Because for any
fixed J, {D,};jes is independent to (Z;, F;, N;) by Assumption 4.3.2 (a), then by i.i.d.
of D;

fSi*|]:f:n7J\f,i*:J,Zi<S) :fzjej Dj|.7:f:n,Afi*:J,Zi(S) = fzjej Dj(S) = Oiff)(l)fD(O)("_s).
(4.9.57)

where fp(d) = Pr(D; = d) with d € {0,1}. On the other hand, by the law of total
probability,

fSﬂ]-'l.*:n,Zi(S) = Z ijeg Dﬂf;:n,/\/;:J,Zi(S) X fj\/;\f;:n,zi(j)

jEQN*, s.t. |\7|:TL
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- Z fzjej D; (5>f/\fi*\}'i*:n,zi(j)

TEQprx, s.t. |T|=n

—C3 (1) fo(0)), (4.9.58)

Therefore, (4.9.57) and (4.9.58) lead to

fsr Nr\Franz2.(5, T) =fs: 1 Frannr=7.2:(8) X fnr|Fr=nz,(T)

=for|Franz,(8) X fas\Frenz,(T).

In addition, due to S} = . N D; and Assumption 4.3.4 (a), it is easy to see that
F; L S¥|Z;, N}¥. Thus, similar arguments used to show (4.9.60) give us

fss|FimnFron>z,(8) = Z Iss1FimnFrens No=7,2,(8) X N Fi=nFr=n=2,(T)
TEQprx, s.t. |T|=n*

= Z fS;‘|]—'i*:n*,/\/'i*:j,Zi (s) x f/\/; | Fi=n,FF=n*Z; (J)

TEQpr*, s.t. |T|=n*

= fs:Fr=n2,(5) Z fns 1 F=nFr=ne 2,(T)

jEQN’*, s.t. \J\:n*

= fsr|Fr=n=2,(5), (4.9.59)

where the second equality is due to F; L Sf|Z;, N, the third equality is because of
N L Sf|Z;, Ff in proof (a). Hence, (4.9.59) permits that F; L Sf|Z;, Fr.

(3

(b) Given S; = >, x. Dj, according to Assumptions 4.3.2 (a) and 4.3.4 (a), {D;}iep are
i.i.d. and independent to (Z;, N;). Thus, applying the same arguments used to show (a),
we can obtain for s < n, fs,r-nn;z () = fsmznz(s) = Cif3(1)fp(0)"~%), leading
to N; L Si|Z;, Fi.

Moreover, because S; = 3\, D; is a function of (N, {D;}jen;), the randomness of S
given N; only comes from D; for j € N;. In addition, since {D,};ep are independent

to (Z;, N}, N;) as in Assumption 4.3.4 (a), it implies that FF L S;|Z;, N;. Hence, for
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V(s,n,n*) € Qg r r«,

fSil]—‘i:n,]-‘i*:n*,Zi(S) = Z fSA]i‘ZTL,]‘?Zﬂ*,MZJ,Zi (S) X f./\/:g‘f»;:n,]:i*:n*,zi (j>
TEQN, s.t. |T|=n

= Z f5i|fi:n,Ni:J,Zi(3) X fM‘Fi:nyfi*ZN*,Zi(j)

TEQpN, st |T|=n

= fsiF=nz(s) Yo Inmensee z(J)

TEQn, s.t. |T|=n

= fs,|Fi=nz:(8), (4.9.60)

where the second equality is because F; L S;|Z;, N;, the third equality is due to N; L
Si|Z;, F; as shown at the beginning of this proof. Therefore, S; L F}|Z;, F; from (4.9.60).

(c) The proof in this step follows directly from the proofs in (a) and (b). m

Proof of Proposition 4.4.2. Recall that by Bayes’ Theorem, we have

Is.FiDss2. 72,2 X fsx 72 \Di 2

fsrFripisiFz = (4.9.61)

fSiy-Fi\DwZi

In what follows, we further rewrite the distributions in the numerator and the denomi-
nator to achieve the desired result. Based on Assumptions 4.3.2 and 4.3.4, we know that
{D;}iep is i.i.d. and independent to {Z;, N, N;}iep. Thus, from the fact that i ¢ N}

and 7 ¢ N;, we can conclude that

It further yields that D; L S;|(S;,Z;, F;,F;) and D; L F;|(S;, Zi, F;). Therefore,

consider the first term in the numerator, for any (s,n) € Qg r

fSi,}'i|Di,S§,}‘i*,Z,-<San> :fSi\Di,Sf,ff,}}:n,Zi(S) X ffﬂD,-,Sg‘,f;,Zi(n)
:fsi\s;,f;,fi:n,zi(s) X f}'i|Sj,]-';‘,Zi(n)

=[s,15: Fr Fi=n,z,(8) X fr 72, 2:(n), (4.9.63)

where the last equality is because of F; L S} ‘Zi, F7 in Lemma 4.4.1. Besides, again by
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(4.9.62), we have D; L S;“Zi, Frand D; L Ff

Z;. For the second term in the numerator,

fSZ.*,]—'i*|D¢,Z¢(Sa n) :fS;‘\Di,fi*:n,Zi(S> X f]—'i*|D,~,Zi (n)

=fs:17:=n.2.(5) X frr12,(n). (4.9.64)

Similarly, by (4.9.62), we can rewrite the denominator

f5i7~7:z‘|Di7Zi(S’n) :f5i|-7:i:n,Zi<S) X f-FL'\Zi (n) (4965)

Now, substituting (4.9.63), (4.9.64) and (4.9.65) into (4.9.61) leads to the stated result.

Proof of Theorem 4.4.3. (a) Due to the Assumption 4.3.3, it is clear that
[z:s J771200 T#)75 200 JFi77,2:, are all identical across i € P. (4.9.66)
Now, according to Fi L FilZ;, FF in Assumption 4.4.1, we can obtain

ff;,ﬁi,fi,zi - fﬁi,fiwf;,zi X [Frz, = fﬁi|f;,zi X frFs.2 X 7.2,

Because all the terms on the right hand side of the above equation are identical for all 7,
then fr. 7 r , is identical for all 7, so as all the marginal and conditional distributions

of (]—"Z-*,]}i,]:i, Z;), which include fr,z and [7 72

In addition, recall that Y; = r(D;, Sf, F, Z;,&;) as in Assumption 4.3.1. By Lemma
4.9.13 and (4.9.62), we have (e;, D;) L (SF,F;, F)|Zi, Fr. Moreover, from Lemma 4.4.1
we know that S L (F;, Fi)|Zi, F¥. Therefore,

f]'—i*,ﬁifz‘755‘7€i,Di7Zi :ffiyfiysZ75i7Di|fi*yzi X f]:i*in
=fD X feyFr.2, X fﬁi,fi,smfg,zi X fFr.z;

=fp X feiFr.z: X [sp177.20 X J7) 50,2, X JRAFr 2 X JFr 2,

By the identical distribution of ¢; given Z;, F" in Assumption 4.3.3, and fg:| 7=+ z,(5*) =
Cs f5 (1) fp(0)™ =) together with (4.9.66), we can conclude that (F*, F;, Fi, S¥, i, Ds, Z;)
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is identically distributed and so as (F;, Fi. F.. Y, Z;).

(b) In this proof, we first show that fz r. , and fz 7 7 are identified. We then verify
the identification of fr: 7. By the law of total probability, for any (7, n, y) € Q EFY

f]”_- Fi y.‘Z.(ﬁ;nay)
- Z J#7, 7 v Fr=nn 2, (01, Y) X fFr12,(n)

n*eQ rx

- Z sz‘|]:f:"*7]:—i:ﬁfi:n7Zi (y) X fﬁi,fz‘|~7:f:”*7zi (ﬁ’ n) X ffi*|Zi(n*)

’I’L*EQ}-*

= Z SyaFz=n,2,Y) X [ 70 —pe 2,(0) X [ 77222, (0) X [7r12,(n"), (4.9.67)

TL*GQ]:*

where the last equality is due to Assumption 4.4.1 and Lemma 4.9.14. Integrate both
sides of (4.9.67)

/ yfﬁi,fi,mz,- (n,n,y)dy
yeQy

= Y EBYilF =0, Z] X frpeene 7, (8) X [riF—ns 2.(0) X frriz,(n").  (4.9.68)

TL*EQ]:*

Besides, for any (72,n) € 2z z, because of Assumption 4.4.1

f}‘]—‘\z n,n) Z f]—‘f\]—‘_n*z(nn)xf}"lZ( n*)

n EQ}-*

D Frirrene 2 (@) X fripmne 2:(n) X freiz,(n7). (4.9.69)

n* GQ]:*

Recall that the notations below from the main text: for Vy € Q2y, the K x K matrices

f yfﬁi’]:i’n‘zi (07 O’ y)dy T f yfﬁm]'—i,n‘zi (07 K]: - 17 y)dy
yEQy yer
Eﬁ,f,wz =
_yeﬂy yeﬂy
fﬁivfi|zi(0’0) U fﬁi7}—i|Zz‘<Oa KJ: - 1)
Fzriz = : : :
_ffnfi\Zi(Kf —-10) -- fﬁi,filzi(Kf -1,Kr—1)
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In addition, recall and denote two Kz x Kz diagonal matrices

Tz =diag (fr:2,00), frr12,(1), -, frr2,(Kr — 1)) .

Then, given the notations above, (4.9.67) and (4.9.69) can be rewritten in the following

expressions:

Fz riz =Fg17. 2 X Troz X Fripe g, (4.9.71)

where F FlF 2 and Frz- 7 are defined in the main text. Based on Assumption 4.4.3, we

know that F FiFez and F'r - 7 are invertible. In addition, based on Assumption 4.4.4

(b), we have that fr:z,(n) > n > 0 for Vn € Qz- indicates the invertibility of Tz«

Hence, (4.9.71) implies that Fz z , is also invertible. It then yields from (4.9.70) and
9. that the square matrix £z X = can be factorised as

4.9.71) that the sq ix Bz ryz X Fz. be factorised

F.F|Z

_ -1
Ez ryiz X Iz

Friz = Fripe s X Tripez < Fg| (4.9.72)

FlFe2

where the matrix Ez ry, X F}_-1]:| , on the left hand side of the above equation is
identifiable from the observed data, and the right hand side corresponds to its eigen-

decomposition, whose eigenvalues are the diagonal entries of Ty 7« .

By Assumption 4.4.4 (a), all the K eigenvalues in the diagonal matrix Ty |z« ; are
strictly positive and distinct. Thus, given the eigen-decomposition of matrix Ez Fy|z X
F ;;‘ , in (4.9.72), its Kr eigenvectors are linearly independent and are corresponding
to the K columns of Fj r. ,. By simple algebra, we can solve the Kz eigenvectors,
meaning that the columns of Fzz. , are identifiable. Moreover, Assumption 4.4.4 (b)
ensures there is an unique maximum entry of each eigenvector, and its location re-
veals which eigenvalue it corresponds to. For example, if the largest value in some
eigenvector appears in its first entry, then this eigenvector gives the latent probabilities
[f;i|f;:072i(0), ff-ilfg‘:O,Zi(l)’ o fﬁiIF;=0,Z¢(Kf — 1)) and corresponds to the eigenvalue

EY;|F =0, Z;]. Because the summation of each column in the matrix Fr - » is natu-
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rally normalised to be one, there is an unique solution for each eigenvector. The above
discussions verify that F’ 17+, can be nonparametrically identified. Same arguments can

be use to show the identification of Firz« 7.

Next, let us move on to fzsz,. Define two Kz x 1 vectors as

Frojz = |:f-7:i*|Zi(O) froz(1) - f]-';‘\Zi(K_F_lﬂ )

F]'-\Z - [ffi|Zi(O) f]:i|Zi<1) e ffi|Zi(K}— B 1)]/‘

Based on the law of total probability, it is easy to get Frz = Frr- 7z X Fr+z. Since

Fr 7+ 7z is invertible, multiplying both sides of the above equation by F ;ﬁP 4 gives

F]—'*\Z = F;\;*,Z X F}'|Z7 (4973)
which indicates the identifiability of F'r« ;. m

Proof of Lemma 4.4.4. Recall that AS; := S; — Sf. (a) Consider the case N C N;.

For ¥(s,n) € Qg r and (s*,n*) € Qg #+ such that n* <n

fSi|Sf:s*,]-'i:n,]:i*:n*,Zi(S) - fASi\S;‘:s*,]-'i:n,]-'i*:n*,Zi (3 - 8*)

= Z fASz|S::s*7-Fl:n7fz*:n*7'/\/7,*:3*7-/\/’2:\—7’21 (8 - 8*>
(T*,J), st. T*CT, |T*|=n*|T|=n

X fM*,Ni|S;‘=s*,]-—i:n,]-'i*:n*,Zi(\7*7 j)a (4974)

where the last line is based on the law of total probability. Because N;* C N, we have
that "/ N is empty and AS; = 3.\ ~ Dj- In addition, N; /N and N are mutually
exclusive, i.e. if i € N;/N; then i € N. Due to the i.i.d. of {D;};cp (Assumption
4.3.2), and the independence between {D;};cp and (Z;, N;*, N;) (Assumption 4.3.4), we
have that AS; L S¥|Z;, N, N;. Therefore,

fASi|S;‘:s*,Fi:n,Fi*:n*,/\fl.*:j*,/\/'i:J,Zi(3 - 8*) = fASi\E:n,fi*:n*,J\/Z.*:j*,/\/i:j,Zi(3 - 8*)-
(4.9.75)

Again by the independence of {D;};cp, once conditional on N;/N; = J/J*, we know
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that AS; = Zj 7/ 7" D; follows a binomial distribution if s* < s and As < An, and is
independent to the identity of network neighbours contained in (N, ;). Then (4.9.75)

becomes to

fas|FimnFr=ns Ni=g* Ni=7,2,(5s = 5)
=S| Frmn* Fie Frmn—n* Nz = Ni/N; =7 /72 (8 — §")

:fASiL/—'i*]:i*:An,Zi(AS)) (4976)

where the last equality follows the same arguments used to show Lemma 4.4.1 (a).

Substituting (4.9.76) into (4.9.74) gives the desired result.

(b) Similar arguments used in proof for the case N C N; can be applied to obtain the

result for the case NV; C Nf. Therefore, we omit the proof. m

Proof of Theorem 4.4.5. (a) From Proposition 4.4.2, we know that

fSilsg*,J-';‘,}',-,Zi X fS;"|}'i*,Zi X f]-‘i\}'i*,Zi X f}'i*|Zi
fsy 7r\pisi 7z = . (4.9.77)
fsiF,z X fr)z,

*

Based on Lemma 4.4.1, we know that fg:rr=pz/(s*) = Cs f3 (1) fp(0)™ =) and

fsiiFien,z,(s) = C2 f5(1) fp(0)"=*). Similarly, from Lemma 4.4.4,

fSi|Sf:5*v-7:i*:"*a]:i:n1Zi (S> :Cﬁrsz l%s(l)fD<0)(AniAS)‘ (4978)

Because D; is i.i.d., by Assumptions 4.3.3 and 4.3.4, fz+z,, [F,r: z and [,z are iden-
tical for all i. Therefore, all distributions on the right hand side of (4.9.77) are identical
across i, together with Theorem 4.4.3, fs,|5:=s+ F,=n, s =n", 7:(s) can be nonparametrically

identified. m

Proof of Theorem 4.4.6. (a) From Theorem 4.4.5, we know that fs: 7+|p, s, 7,z is
identical for all 7, together with Proposition 4.3.3, we know m; is also identical for all

1€ P.

(b) To ease the notation, denote T; = (S;, F;) and T;* = (S}, F;)". According to Assump-

tion 4.4.2, the support of T; and T7* are the same, and we denote it as Qp = {t1,ta, ..., tx, }
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with t = (sk,nx) € Qs r. Let us rank the possible values in Q7 by the lexicographical

ordering, according to the natural order of the integers in {1g r, i.e.

ty = (07 1)7 i3 = (17 1)7
ts=(0,2), ts = (1,2), ts = (2,2), (4.9.79)

t(K;;l)KF+1 =(0,Kr—1),--- ,t<KF71)2(K]_-+2)+1 =(Kr—1,Kr—1).

Because by result in (a), m;(-) is identical for all ¢, thus we suppress the subscript i,
ie. m(d,s,z,n):=ElY;|D;, =d,S; = s,Z; = z, F; = n]. By notation abuse, we ignore
the arguments (d, z) in functions m and m*, and introduce the following notations. For
any (d, z) € {0,1} x Qy, denote My|r, p=q,z—- and My|r+ p—q z—- as two Kp x 1 column

vectors

My|,p=a.z=-(m) = [m(t),m(ts), -, m(tw,)] , (4.9.80)

My 1+ p=dg z=-(m") = [m*(t), m*(t2),- - -, m*(tx, )], (4.9.81)

where m(t;) represents the mean function m(d, sy, z,nx) = E[Y;|D; = d,S; = sy, Z; =

z, F; = ng). Define the Kt x Kp matrix

from=n.pi=az=-(t1) -+ frrm=t,Di=dzi=:(tKs)
Frorp=dz—> = : : ) (4.9.82)

fTi* |Ti=tr,,Di=d,Z;=z (tl) T fTi* |Ti=trk,,Di=d,Z;=z (tKT)

From Proposition 4.3.3 and the notations in (4.9.80)-(4.9.82), we have for any (d, z) €
{0, 1} X QZ

My\pp=d,z=-(m) = Fr«1,p=q,7=> X My|p+ p—d,z=-(m"). (4.9.83)

Given Proposition 4.4.2, for ¥(d, z) € {0,1} x Qg, the elements in the main diagonal of
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Frerp—a,z7--

[s F#\Di=d,Si=s,Fi=n,zi==(5,1)
_ Tsisi=s Fr=n Fizn,2i=2(5) X fs:inzi=n2i=2(5) X [r1R=n2,=:(n) X frr12:=2()
- fSi"F;k:nin:Z(S) X f}‘i\Zi:z(n)
_ffi*|fi=n,Zi=Z(”) X frr1zi==(n)
- [r1zi=-(n) ’

where the second equality is because of Lemma 4.4.1 and Lemma 4.4.4. In addition,
based on Assumption 4.4.4 (b), we know that fr:|r—n z=:(n) > 0, which also leads to
frr1z,=-(n) > 0. Therefore, by the preassumption that fz,z.(n) > 0, we can conclude

that

fsz’]-‘;"Di:d’si:s’]-‘i:n’zi:z(s, n) >0 for V(s,n) € QS*,]—'*- (4984)

In what follows, we prove the desired result in two steps. Firstly, we show that the square
matrix Fr«p p_qz—. is invertible. Secondly, we show that the CASF m* is identifiable

from (4.9.83).

Step 1. Consider any t* = (s*,n*) and t = (s,n) such that 0 < s* <n* and 0 < s < n.

Under Assumption 4.4.5, we need to consider two cases.

Firstly, suppose N C N; holds. Then, we know that S < S; and F; < F;. Thus,
fro1,=t.0,=d,2,=-(t") = 0 if at least one of the restrictions s* < s and n* < n is vio-
lated. Similarly, when N; C N;* holds, we have that S; < S¥ and F; < F;. Then,
fTZ_*‘TZ:t’DZ:d’Zi:Z(t*) = 0 if at least one of the restrictions s < s* and n < n* is violated.
Given the lexicographical ordering of the elements in {27, it is easy to see that the ma-
trix Fiper p—q z—. is lower triangular if N;* C N, and is upper triangular if N; C N}
Moreover, (4.9.84) implies that all the elements on the main diagonal of the triangular
matrix Fr« 7 p—qz—. are strictly positive. Since the eigenvalues of a triangular matrix

are its diagonal entries, the matrix Fr« 7 p—q z—. is therefore invertible.

Step 2. Next, we show that the CASF m* is identifiable. Suppose m* is not identifiable,

then there exists m* # m* such that m* is observationally equivalent to m*, in the sense
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that (4.9.83) also holds for m*:
My1,p=d,z=-(m) = Fr«1.p=4,z=-My|1* p=d,2—-(M"). (4.9.85)
It then yields from (4.9.83) and (4.9.85) that
0= Fre1,p=d,7=- [MY|T*,D:d,Z:z(m*) — MY\T*,D:d,Z:z(m*>] . (4.9.86)
Since Fr-|r,p—d,z—- is invertible, it follows from (4.9.86) that
MY|T*,D:d,Z:z(m*) = MY\T*,D:d,Z:z(m*)y

meaning that m*(ty) = m*(tx) for all & = 1,2,..., Kp, which contradicts m* # m*.

Therefore, we can conclude that m* is identifiable. m

Proofs of Section 4.5

Proof of Theorem 4.5.2. For illustration simplicity, by notation abuse, we denote
W; as any generic vector of observable variables of interest, where W; = (Wf’, VVid')’ €
Qwe X Qura, with the @ x 1 vector W := (Wg, ..., W)’ containing continuous variables
and the vector W¢ containing discrete variables. In this proof, we focus on the uniform
convergence rate of the kernel estimation fw,- (w). Then, replacing W; by the observable

variables of interest gives the stated results.
Denote w = (w, w®)" with w® = (ws, ..., wg)" and fw,(w) =1/N SV fher (w), where
frer(w) == K(We,w)1 [W = w?], (4.9.87)

[ i

with K(W§E, we) = h=9 H(?Zl Kk (Wg —ws)/h). Let fw,(w) be the true distribution of
W;. For any w € Qyy,

fiw) = fir(w)] < |f(w) = B [fw(@)] | + [E [fw(w)] = fir(w)].

Given the inequality above, we prove the uniform convergence of ‘ fWi(w) — fw, (w)’ and

its rate in two steps. In Step 1, we show that the bias of fir,(w), i.e. [E[fw,(w)]— fw, (w)],
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is O(h?) uniformly. In Step 2, we show the uniform convergence of fWi(w) to E[fi, (w)]

and establish its convergence rate.

Step 1. Firstly, let w® and w** := (w{*, ., wg)" be any generic element in Qe and

Quye, respectively. Then, for w = (w®, w® )’

B [flker(w)} _5-Q Z ll[wd* — /f[ﬁ (M) J— (e, w®) dwc*] 7

wd* egwd

by changing of variables using v = (vy, ..., vq)" with v, = (w§* —wg)/h and ¢ = 1, ..., Q,

Q
E [fiker(w)] = Z [ /l_Iln Vg) fwe,wa(w’ + ho, w™ )dv]

wd* ede

Q
:/ch wa(w’ + ho, w? H/{ (4.9.88)
qg=1

where we denote the shorthand notation w® + hv := (w§ + hvy, ..., wg + hvg). Let the
@ x 1 vector fél)(w) = O fw, (w) /0w’ represent the first order derivative of fyy, (w) with
respect to we, and let the Q x @ matrix f\* (w) == 02 fw,(w)/OwOw® be the second
order derivative of fy, with respect to w®. Consider the Taylor series expansion of

fwewa(w + hv, w?) around w:
Ffwewa (W +hv,w?) = frye ya(w®, w?) = hfD (w)'v + h* {2 (@)v (4.9.89)

where w is between (w°+ hv, w?) and (w¢, w?). Since W is identically distributed based
on Theorems 4.4.3 and 4.4.5, we have E[fy,(w)] = E[f*"(w)]. Plugging (4.9.89) into
(4.9.88) gives

Q
E ()] = fw(w) = [ (b w)o + 120 5 @)e] [ (e

q=1

Q
:hfc(l)(w)’/vnka(vq)dv+h2/v/f§2)(w)vnm(vq)dv
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Q
SC}LQ/"U/UHK(’Uq)dU
q=1
Q
:ChQZ/Ugli(Uq)qu, (4.9.90)
qg=1

where the inequality is because that each element in f(§2) is bounded uniformly in w¢,
and the symmetric kernel function £(-) in Assumption 4.5.2 (c¢) implies [ x(vq)v dv, =0,
thus vaqul Kk(vg)dv = ([ v1k(v1)dvy, ..., [vgr(vg)dug) = (0, ...,0)". From (4.9.90), we
get

sup ‘E [le(w)} - fWZ(w)‘ < sup

wEW wew

< CKQh* = O(h).

Q
C’hZZ//@(vq)vgdvq
q=1

(4.9.91)

Step 2. Next, we show the uniform convergence of |fy. (w) — E[fw, (w)]|. Since Q-
is compact and €y« has finite dimension as in Assumption 4.5.2 (a), for some constant
C > 0, Qu can be covered by less than Ly = Cl;,Q open balls of radius [y, where for
any w = (v, w?) 0 = (@, w%)" in the same ball, we let w? = @w?. Denote the centers
of these open balls as wj. with j = 1,2,...,J(e) and J(e) < Ly. For any w, @ in the

same ball, the mean value theorem implies that

N
¢ R ~ 1 c c c ~c
W fw,(w) = fw, (@) S” Sup NZWw(me ) — Kw (W, w°)
w—wl|<e w—w||<e i=1
N | Q Q -
c c Wc . ’LU
[[lw—w||<e NhQ ; }_[1 H
~/
<Clyh™ @+, (4.9.92)

where wi* denotes some intermediate value between (WS —w®)/h and (W¢ —w°)/h, and
7 (v) represents the first order derivative of [[¢ =1 K(vg) to v = (v1,...,vq)". The last line
of (4.9.92) is because of the boundedness of (-) and the uniform boundedness of its first

order derivative (Assumption 4.5.2). Let w;. denote the center of an open ball containing



234 CHAPTER 4. SPILLOVERS WITH MISMEASURED NETWORKS

w. Then,

sup | fw,(w) — E[fw, (w)]| < max  sup
weQy LSTSIN w—w | <e

fwi (@je) — El fu, (w;e)]

E[ fw, (w)] — E[fw, (w;c)]

A

fWi (w) - ]EWZ (wje)

+ max
1<j<LnN

+ max sup
PSTSEN || <e

By (4.9.92), we find immediately that R, and R can be bounded as below
Ry <Cylyh~ @Y and Ry < Cslyh™ (@D, (4.9.94)

for some constants C7,C3. The main task is then to find the convergence rate of Rs.

Denote

~ ~

Qn,i = Qui(w) = (ff(w) — E[f}*" (w)])/N,

where to east the notation, we suppress the argument w in Qn;(w). Then, fWi (w) —
E[ fW(w)] = Zf;l Qn,i- Following the method of Masry (1996), which aims at approx-
imating dependent random variables by independent ones, we further divide the proof

for Ry into two parts:
e Step 2.1 construct the approximation process;

e Step 2.2 shows that the independent random variable approximation converges

uniformly and verifies the uniform convergence for the reminder term.

Step 2.1. Recall that Sq,...,S,, are the mutually exclusive partitions of index set

» 4N
{1,2,..,N} with U, S = {1,2,... N}. Define Vi(k) = s @y, for k =

''''' qNn
1,...,qn and
QN/Q . qN/2
Wy = > Ww@k—-1), Wy= > Vn(2k), if gy is even
k=1 k=1
(gn+1)/2 (gn—1)/2

1"

Wy= > W@k—-1), Wy= > Vy(2k), ifqgyisodd
k=1 k=1
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so that fuy, (w) —E[fuw, (w)] = Wi + Wy, with W4 and Wy, are the sums of Q; over the
odd-numbered subsets {So;_1} and even-numbered subsets {Sqx}, respectively. Then,

for any n > 0,

;) "o,
Py > 1) <pr (| max Wiyl > /2) + Pr (| mox [Whtoo] > n/2)

<2Ly sup Pr(|Wx(w)| >n/2). (4.9.95)

’LUEQW

Next, we bound Pr (|W} (w)| > n/2) by applying Lemma 4.9.4 and approximating the
odd-numbered {Vy(2k — 1)} series by independent random variables. Enlarging the
probability space if necessary, let us introduce a random variable sequence {Uy, Us, ...}
of mutually independent uniform [0, 1] random variables, which is also independent to the
odd-numbered sequence {Vy(2k — 1)}. Define V3(0) = 0 and V(1) = Vy(1). Then by
Lemma 4.9.4, for each k > 2, there is a random variable V3 (2k — 1) that is a measurable

function of {Vy(1), Va(3),...Vn(2k — 1), Ux} satisfying the three conditions below:
(a) V3 (2k — 1) is independent of {Vi(1), VN (3), ..., Vi (2k — 3)};
(b) V3(2k — 1) has the same distribution as Vy(2k — 1);

(c) for any p such that 0 < p < ||[Vy(2k — 1)]|oc < 00,

Pr(|Vy(2k — 1)=Vn(2k — 1)| > )
<18(||Vw (2k = 1) ||oo/12)"/? sup [Pr(AB) — Pr(A)Pr(B)|, (4.9.96)

where the inequality follows by setting the 7 in Lemma 4.9.4 as infinity, and the supre-
mum is over all possible sets A and B, for A, B in the o-field of events generated by
{VN(1),Vn(3), ..., VN (2k — 3)} and by Vi (2k — 1), respectively. Most importantly, such
construction of V3 (2k — 1) guarantees that V3 (1), V¥ (3), ..., Vi (2k — 1) are mutually in-
dependent with each other based on condition (a) above. Up to here, we have established
the approximation of the dependent random sequence {Vy(2k — 1)} by the independent
one {Vy(2k —1)}.
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Step 2.2. Without loss of generality, let ¢y be an even number. Then,

Pr((Wa(w)l >n/2)

QN/2 qN/2
=Pr | [Vw(2k — 1) = V3 (2k — )] + > Vi (2k — 1)| > /2
k=1 k=1
QN/2 qN/2
<Pr | D Vi@k—1)|>n/4 | +Pr (| [Va(2k — 1) = Vi (2k - 1)]| > n/4
k=1 k=1
Firstly, we bound Ryi(w) as follows. Denote r; = [A(4, N)|, then Ty = sup;<;<y 7i.

Noting that () is bounded, let sup,ccq,,. | Hqul k(vg)| = A for some constant A; > 0.

Then, by construction,
1Qn.i(w)| <24, (Nh9)™Y and [Viy(k)| < 2r,Aj(NRC) ™ < 27y A (NA9)™E (4.9.98)

Let Ay = C[Nh?In(N)]"/? and we have that for N large enough, by choosing C' properly,

_ [In(N)\"?
)\N|VN(1€)| = QCAlTN ( NhQ ) S 1/2,

because of 7x[In(N)/(Nh?)]Y? = O(1) in Assumption 4.5.2. By the inequality that
exp(r) <1+ x + z* when |z| < 1/2, we can get

exp (EANVa(2k — 1)) < 1T+ AnVa(2k — 1) + 23 V3 (2k — 1).

Thus, it yields from E[AxVxn(2k — 1)] = 0 and the same distribution of V3 (2k — 1) and
Vi(2k — 1) that

E [exp(EAnVr(2k — 1))] =E [exp(EAnVN (2k — 1))] < 1+ ME[VE(2k —1)]. (4.9.99)
Moreover, because 1+ x < exp(z) for x > 0, let z = E [A\3,VZ(2k — 1)] we have

E [exp(£AnV3(2k — 1))] <exp (E [A\}Va(2k — 1)]) = exp (E [MNA VA2 (2k — 1)]) ,
(4.9.100)
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From the Markov inequality, for any generic random variable X, constants ¢ and a > 0,

we have Pr(X > ¢) < % Consequently, based on the independence of {V3(2k —

1)}/2 and (4.9.100),

an /2
Ror(w) =Pr [ | V3(2k —1)| > n/4
k=1
an /2 an /2
=Pr | ) Vik—1)>n/4| +Pr |- Vi(2k—1)>n/4
k=1 k=1
an /2 an /2
<SE fexp [ Av > Vi(@k—1) | | +E |exp | =Ay > Vi(2k—1) / exp(Ann/4)
k=1 k=1
an /2 an /2
<S ] Elexp 0wV 2k = D)) + [ Elexp (=AnVi(2k = 1))] ¢ / exp(Axn/4)
k=1 k=1
an /2

<2 H exp (E A V2(2k — 1)]) / exp(Ann/4)

an /2
<2exp [ —Awn/4+ A% D E[Vi*(2k —1)] (4.9.101)
k=1

where the first inequality is obtained by letting a = Ay and ¢ = n/4 in the Markov
inequality. Due that {Vy(2k — 1)} and {V3(2k — 1)} have identical probability and
VN<k) = ZiGSk QNvi’

qn /2 an /2 an /2
SEVRE-D] =) EVZk-1D]=> >  Cov(Qn:Qun,)-
k=1 k=1 k=1 4,j€Sok_1

Given that the density function fyye is uniformly bounded (Assumption 4.5.2 (b)), there

exists a constant Ay such that |fye| < Ay. Then, because

7

we have
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~wir /H”( )fwc( e

As
_NthH/ (vg) dvy = 55515 (4.9.102)

with Ay = A,KY and Az < oo due that [?(v)dv = K, < oo. Recall that r; =
|A(i, N)|. By the Cauchy—Schwarz inequality and (4.9.102)

qn /2 an /2
> Cov(@Qui @) <D D ICov(Qni, Qny)l
k=1 4,jESor_1 k=1 1,j€ESor_1

an/2

SZ Z Var [Qn ]

k=1 i,j€Sak—1
an/2

_2N2hQ Z [Sar—1[([Sek-1] = 1),

substituting ZZ/:Q 1 [Sak—1] < N and |Sox—1| < 14y, _, into the above inequality,

qn /2 qn /2

Ay
Z Z COV QNZ> QN] _2N2hQ Z L = N—hQ, (4.9.103)

k=1 i,jESor_1

for some constant A, > 0, because S92 p2 < YV r2 < SN |AGL NP = O(N)

7/21@1_

(Assumption 4.5.2). Given (4.9.103), it is easy to see that (4.9.101) becomes to

AN Ay A
Ry (w) <2exp < e A?VNhQ) = 2exp (—%ﬁ + Ay ln(N)) . (4.9.104)

Let = 4A5[In(N)/(Nh?)]'/? for some constant A5 > 0. Then, we have Ayn = AsIn(N).

We can bound Ry (w) uniformly as

sup Roi(w) <2exp((Ay — As)In(N)) = 2N~ (4.9.105)

wew

and we choose Aj large enough such that a > 0 with a = A5 — Ay.

At last, we deal with Rgo(w). Let Box_3 € o{Vn(1),Vn(3),..., VN (2k — 3)}, B, €
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o{Vn(2k — 1)} and

age—1 = sup  |Pr(Boy_s, Bhy_y) — Pr(Bay_3)Pr(Bh,_,)| .

Boy, 3B2k 1

Making use of (4.9.96), we can obtain that the reminder term

an /2
Rys(w) =Pr [ | Y [Vw(2k — 1) = V3 (2k — 1)]| > n/4
k=1
an /2 7
<7 Pr ([Va(2k — 1) — V(2 — 1)) > —L
N (T
an /2 1/2
2 2% — 1)
ngZ( a [ Vir( )l ) Q. (4.9.106)
k=1 n

Furthermore, applying (4.9.98) and 7 = 445[In(N)/(Nh%)]'/? to the above inequality,

nNh® n(N)Nh?

N 1/29n/2
<Ag | —— _ 4.9.1
<u(g) o @

qn /2 2N AxTop 1 1/2 INTN 1/2an/2
Ryo(w) <18 Z ( ) Qo1 <Ag ([l ( ]1/2> Z Qo1
k=1 k=1

uniformly in w for some constant Ag > 0, where the last line is due to 7y = O([NA?/In(N)]*/?)

and gy < N. Now, substitute (4.9.105) and (4.9.107) into (4.9.97),

1/24n/2
sup Pr(Wy(w)] > /) <28+ Ao (150 ) 3w

wWENy

k=1
which, together with (4.9.95), further implies that
N 1/2 an/2
Pr(Ry > ) <ALyN ™ + 246Ly (W) > st (4.9.108)

k=1

Let Iy = [In(N)A@+2 N2 = pp@+l — 0, then Ly = 1/I% = 1/[ph@tV]Q —
oo as N — oo. By properly choosing a, we can obtain the result that L,N~¢ is
summable, i/.2e. Y v LnN™® < oo. In addition, by Assumption 4.5.3, we know that
Ly <ln(N)> S {2 o1 18 also summable. It then follows from the Borel-Cantelli
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lemma that

In( N1V
Ry =0O(n) =0 ({ ( )] ) almost surely. (4.9.109)
Together with (4.9.91) and (4.9.94), we arrive the conclusion that
sup | forr (w ‘ - N)/(NAQ)Y2 4+ h2) . (4.9.110)

wWENW

Proof of Corollary 1. We prove the desired result in two steps. Step 1 aims at the
uniform convergence of JEEI Fx.z;- Step 2 fulfils the proof by establishing the uniform

convergence of fs« 7\, s, 7, 7

Step 1. From (4.9.72) we know that Fz r vz % Fflﬂz Fripez X Ty ez % FF_“E*
Denote B(Y°) := Fz zy; X Pt Frz and let A\(7") and 1(7°) represent the eigenvalues

and eigenvectors of B(7°). Then, we have <B(70) — )\(WO)IKT>¢(70) = 0.

Furthermore, recall that Ty z- 7 is a diagonal matrix with all entries on its diagonal
strictly positive. It then yields from the eigendecomposition that for the eigenvalue
M) = E[Yi|F; = n*, Zi], its eigenvector is ¥(1°) = [f5 7722, (0)s -, [ 7r=n= 2, (K~
1)]". Andrew et al. (1993) shows the existence of a neighbourhood of 7° in the parameter
space, denoted by My, such that for any v € M, there exist an eigenvalue function
A(7) and an eigenvector function () that are both analytic functions of . Given the
uniform convergence of 4y to 7 proved in Theorem 4.5.2, we only need to consider the
convergence of 1(y) over a small neighbourhood of 7° such that ||y — 7%||c < 7 with
n = o(1). The rest of the proof is exactly the same with the proof of Lemma 3 in Hu
(2008), therefore ignored here due to space limitation. Let ¢y 1= 1(3x) and g := 1(~°),

then we can show the uniform convergence

sup b = o =0y (Il =1l -
H'S/N_'YO”OOSU
A 0 0 R
S (. g@ Jaw =2 =0, (I —1"I)-
198 =7 llec<n 00
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Step 2. Again, because of the uniform convergence of 4y, in Step 2 we consider only a
small neighbourhood of 4°. Denote ¢ = (i1, ..., )’ where each of its elements represents

one probability distribution on the right hand side of the equation (4.3):

¥1 :fSi|S;‘,]-'§,]-'i,Zi; Y2 = fs;|f;<,zi, ¥3 = ffi\f;,zi, Y4 = ff;|zia

Ps :fSi|fi,Zi: Pe = f}'i|Z,--

where we actually have that p3 = 1. Given Proposition 4.4.2, ¢ = ¢(¢) = 1920304/ (©506),
which is a twice continuously differentiable function of ¢ by Assumption 4.5.2. Be-
side, its estimator is constructed by ¢y = &(pn) with true value ¢° = ¢(¢°). Let
the true value of p be ¢ = (7%, 9% = (¢Y,...,2)" and let its plug-in estimator be

on = o(in, ¥n) = (P1,N5 -, P6,n) . Then,

do(p) _ (<p2903s04 PLP3P1 P1P201 P19203  P1O2P3Pa _sow2903904> (4.9.111)

dy’ V5P | PsPe | PsPe | P56 ©ipe 58

Recall that there exists a € > 0, such that 2 are uniformly bounded from below by e
based on the condition stated in Corollary 1. We also know that ¢2 = C2 3 (1) fp(0)"=*) >
¢’ uniformly over Qy, for some constant €. Moreover, since ¢; to ¢4 are all conditional
probabilities of discrete random variables, their true values ¢! to ¢J all lie in [0,1].
When we consider a uniform o(1) neighbourhood of +°, by the uniform convergence of
1/A)N in Step 1, we know that for large enough sample size, 1 x to ¢4 y are also uniformly
bounded from above and ¢5 ny and ¢g y are uniformly bounded from below. There-
fore, any intermediate value ¢ between ¢° and ¢y is uniformly bounded. Thus, for
the derivative in (4.9.111) evaluated at ¢, there exists some constant C' > 0 such that

|do(@)/d¢’|| < C uniformly over Q. By the mean value theorem, we then have that

sup oy — Pl = sup  [|6(&n) — d(¢") [l
v =70 lloo<n I7n =7 lloo<n
do(p) R
< || ov = ¢l
AN =0llsc<n Il C¥" |l
<C  sup ||on — 0o (4.9.112)
43 =0l <n

where @ is an intermediate vector between ¢° and ¢y. Besides, because ¢n = @(Jn, )
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and ¢ = ¢(7°,9?), together with the fact that ¢(v,) is continuously differentiable in
(7, ¢) with uniformly bounded first order derivative, we get that (4.9.112) can be further
bounded by

sup [l — ¢°)loe <C' ( sup  [|vhw — ¥lloo + Ay — VOHOO)

178 =7 lloo<n 13N =7Clloo<n

=0, (I13v =7 ll) .

for some constant C’' > 0, and the last line is from in Step 1. Furthermore, recall that
¢ = ¢(v), where ) = (v, ) and ¢ = @(7). Thus, ¢ can be regarded as a function of ~

only. Applying similar arguments, we can also obtain that

- 0
on — " — —¢(?N )

X =0, (A~ =°1%) - (4.9.113)

o0

sup
wWENy

Proof of Theorem 4.5.3. Now, from m(x;0,¢) = Z;(Tlm (25 0) fre|x,=2(t;) With

z; = (d,s;,z,n;) and t; = (s;,n;), we can get

>

Ln(0,0n) — Lx(0,6°)

Mz

% Tl{ Y m nge ¢N>:|2_ [Y;_m(Xi;ea(bO)]2}

1

.
Il

ZIH
Mz

2
% [m (Xz,e ch) —m (X0, ¢0)}

N

7

%;;Tz [Y; = m (X::0,6°)] [m (Xi30, ) = m (X:0.¢") |
:%i {im ;i 5;0 [f:mx( ) — frox,(t; )]}
%;n [V; —m (X:;0,¢%)] {Zm ;0 [fmx( i) = Jrzix (1 )]}

(4.9.114)

where z; ; = (D;, s;, Z;,n;). Because of the uniform convergence of 4y, we only need

to focus on a small neighbourhood of 7. Due to the boundedness of 7(x) and the
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Cauchy—Schwarz inequality,

O N Kr Kr 9
SNZ m*(i530)° > [fT 1x, (8) = Sreix, (4 )]
=1 j5=1 =1
J - J
+ = ZZTZ‘Y m XZ,Q gbo Hm JZH, |‘fT |X fTi*|Xi<tj)
i=1 j=1
<o Jon-o] ) LSS e
17N —7°lec<n o0 =1 i=1
v2p o 1/2
v2 ap ¢N—¢°H [Nzn\y m (X556, ¢°)}] [N;W(;ﬁi,j;ew]

(4.9.115)

Because (D, Z;) is ii.d., then z;; = (D;,s;, Z;,n;) is also i.i.d. for any given j =
1,..., Kp. Then, by Assumption 4.5.4 and the uniform convergence of i.i.d. samples

(Lemma 2.4 of Newey and McFadden (1994))

1 al * * *
21618 i ; m*(z;4;0) < (s;elg Z m*(z;;;0)° —E [m (@i 0)2} + 21618 |E [m (@i 0)2] ‘
—0,(1), (4.9.116)

because supgeg E[m*(z;;;0)?] < E[hi(z;;)] < oo by Assumption 4.5.4. Similarly, the
uniform convergence of data with dependency neighbourhood structure in Lemma 4.9.3

leads to

N
sup — ZTZ‘Y m (X;; 6, ¢0)| =0,(1), (4.9.117)

because of Assumption 4.5.1 and Assumption 4.5.4 (e). Hence, we can conclude that

sup | (6, 6) — Lx(6,6")| =0, ( T

€0 195 =7 lloo<n

Oo) = 0, (Jiw —"ll=)-

(4.9.118)

Next, we show the uniform convergence of Ly (6, ¢°) to L(6,¢°) by verifying the uniform
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law of large number for dependent data as in Lemma 4.9.3. Firstly, condition (i), (ii),
(iii) and (iv)-(c) of Lemma 4.9.3 are trivially sanctified by Assumption 4.5.4 (a), (c¢) and
(e). Secondly, (iv) (a) of Lemma 4.9.3 holds because of Assumption 4.5.1. In addition,
we have that 1/N 32N |A(G, N)| < 1/N SN JA(i, N)[> = O(1) as in Assumption 4.5.2.

Hence, we have verified that all required conditions of Lemma 4.9.3 are satisfied, implying

sup | Ly (6, ¢°) — L(6,¢")| (4.9.119)
0cO
1 = 0 0
:21618 N;TZ [Y m(X;; 0, ¢ )} [Tz [Y; m(Xi; 0, )] ]
=o0,(1). (4.9.120)

Then, making use of (4.9.118), (4.9.119) and Theorem 4.5.2, we can bound

sup |£(6, ¢") — ﬁN(ngN)‘

0co

=sup| £(0,6°) = Lu (0, 6") + Lu (0. 6) = Ln(0.6)

6cO
<sup |L(0,¢°) — Ln(0,9°)]| +sup [Ln (0, ¢°) — Ln (0, CEN)‘
0co 6co
—oup [£(0, %) — L(6, )| + 0, (I~ ll)
S
—o,(1). (4.9.121)

As assumed in Assumption 4.5.4, 6° uniquely minimises the objective function £(6, ¢°)
over ©. Then, for any § > 0, there exists a e > 0 such that |0y — 6°] > & implies
L(Oy,8°) — L(6°,¢°) > e. Thus, by the definition of Oy,

o (-]
<Pr <£ (On, %) — L(6°,¢°) > e>

<Pr (E 91\/, ¢°) — »CN(HN, on) + L (O, ¢N) L(6°¢%) > 6)

<Pr (ﬁ O, 0°) — L (O, dn) + L0, ) — L(6°, 6°) > e)
sup |L(0 Ly (0 ¢N)‘ e)
0O

-0, (4.9.122)
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where the last line is due to (4.9.121). It then follows from (4.9.122) that |0y — 6°||

op(1). m

Proof of Lemma 4.5.4. (a) Based on Theorems 4.5.2 and 1, we know that ¢y

o(yn) and Ay 2 7%, Hence, in what follows, we can establish the consistency

1 N 9g(Wibn,0n)
N Zizl a6’

triangular inequality,

N o
1 = 0g(Wi;0n, on) {3Q(W¢; 0°, ¢°)
sup — ; —E p
=0 lloo<n || IV ; 09 09
N % - N 5
1 Og(Wi; 0N, 0n) 1 dg(Wi; O, ¢°)
< sup — R —
v —0lloo<n || V ; o0’ N ; 90’
ME i dg(Wis O, ¢°) 1 i Dg(Wy;6°,¢)
N o N o
N
1 0g(Wi;6°,¢°) dg(W;;6°, ¢°)
TV Zl o0 E o0
=H1 + Ho + Hs.

|

|

245

in a small neighbourhood of 4Y. For a small constant n > 0, by

(4.9.123)

of

Given (4.9.123), it suffices to show that H;, Ho, Hs are all 0,(1). In what follows, we

divide the rest of the proof into three steps.

Step 1. First, consider H;. By definition of g(W;; 0, ¢), we have

1 Z ag(Wi; éN; éN)
0o’

1 iagmémw)
N & 0’

de(XiQ éN7 ¢EN)

dzm(XZa éNa qu)

:% in { [Y; — m(X;; 0y, éN)}

i N ' dm(Xi;éN,ggN)dm(Xi;éN7$N)
NZTZ

— | Y; — m(Xi; O, ¢0)}

dody’ dody’

do de’ do de’

dm(X; O, 0°) dm(X;; On, Cbo)]
(4.9.124)

~

Making use of the identity ab — ab = (@ — a)b+ a(b — b) + (& — a)(b— b) and applying it

}
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to both terms on the right hand side of (4.9.124) give us

1 Z@g(Wi70~N,g§N i WzyeNu(bO)

N & 00’ 00’
N ~
! [ Xs: B, & o go] LK by, 6")
= — — . - _ X.: 0 ) )
¥ ;T m(Xii O, ) = m(Xii Oy, 0")| =
N ~ ~ ~
1 [ .0 0 d2m(Xl)0N7¢N) d2m<XZ,9N,¢O)
i ZIT Vi = (X O, )} [ 4040’ 400
N ~ ~ ~
1 [ g g o] | (X Oy, on)  dPm(Xi; O, ¢°)
T 2 Tt ov) R0 ) [ dody’ dodo’
L& [dm(Xi by, dy)  dm(Xiby,¢) | dm(Xi; 0y, 6")
N < T deo do do’
d

=1
1 ZN: dm(X; 0, ¢°) | dm(X;;0n, d) _ m(Xi; Oy, ¢°)
o ae’ ae’

do do

ag dy

|
zl=
A

dm(X;; Ox, o) dm(Xi;éNa¢D>] [dm<Xi§9~N7§Z§N) dm<Xi§‘§N>¢0)]
(4.9.125)

Recall that m(X;;0,¢) = ZJKTlm (2345 0) fro1x,(t;) and 2,5 = (Di, 85, Zi,nj). We can
further rewrite (4.9.125) as

iiag(mémm —iZ g(Wis O, 6°)
, a0’ N & a0’

Tz{zm (z1:0n) [fT x,(t) = frox, (¢ )}}Z%ﬁim(tﬁ)

j=1

X de*(a:m; QNN) ~
| Y —m( XZ,QN,QbO)] {E;W [fTi*‘Xi(tj) - fT;Xi(tj)]}

1=

{fm (55 0n) [fT,-*lXi(tj) - fTi*|Xi<tj)i|}

A
L——

7j=1

{Z%[f ) = Pt >}}

1 & “r 8m*(mi-'§N) . :UZ 0N
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y {ZM Frety) = fropx(t)] } (4.9.126)

Because that for a k x k matrix A = ab’ where a,b € R¥, then ||A| = ||al|/||b]|, the
boundedness of fr-x, and (4.9.126),

d m*(xu; 9]\7)
mse, o Jov-el, ?_?‘m Sl
*m*(x; 5, 0n)
+ C\\@N—Sﬁ)ﬁw@ on — cbOH ;;% Yi—m XZ)9N7¢O>‘ Tdej’ ‘
~ ~ de*<xi,l; éN>
ro( vl 3 ; 3~ [ s | 2|
om*(x; -;HN) dm*(mil;éN)

20 40 »J ,
LA on — 0 H ]lzl z; Y, ' dor
(o AL P g

175 =7 lloo<n o0 N Gl=1 i=1 o0 de’
=M1+ Hia + His + Hia + His. (4.9.127)

By the Cauchy—Schwarz inequality, we can further bound Hi; as

1/2 1 N d2 ( 0~ ) 2 1/2
~ m*(;; On
Hi <C  sup ) —(;§0H ‘m i1 0n) il o A\mLYN)
T e Z DN N; dodo’
SOp sup QBN - ¢OH
155 =70 lloo<n o0
=0,(1), (4.9.128)

where the second line is due to (4.9.116) and Lemma 4.9.8, and the last line is because of

Corollary 1. For H;s, it follows again from the Cauchy-Schwarz inequality and Corollary



248 CHAPTER 4. SPILLOVERS WITH MISMEASURED NETWORKS

1 that
. N 1/2 N B 9 1/2
1 5 1 dZm*(l' HN)
< 1 v .0 40 il I \TW T
Hqo _Op(l) ]Zl N iZITl ‘YZ m(Xz; 0°, o )‘ ] N Zzl d0do’
o), (4.9.129)

where the last line is due to the uniform convergence in (4.9.119) and that proved in
Lemma 4.9.8. Given Hi; = 0,(1), it is apparent that H;3 is also a 0,(1). Similarly, if
we know that Hi4 = 0,(1), then Hy5 = 0,(1). Again, by the Cauchy-Schwarz inequality
and Lemma 4.9.8,

2] 1/2

—o0,(1), (4.9.130)

dm* (iL'“; 9]\7)
do’

Kr

Has <op(1) ) [% Z

J,l=1

dm*(x2-7j; éN)

do

Thus, based on (4.9.128), (4.9.129) and (4.9.130), we can conclude that H; = o,(1).

Step 2. Consider the term inside the absolute value in H,

1 i g(WisOn,8") _ 1 i Og(Wi:0°, ¢°)
N & 00" N £ o0’
~ i
1 50 9*m(X;; 0N, ¢°) .0 40 0*m(X;; 6, ¢°)
N ;T { [Y" - m(Xi;On, ¢ )} 9000 = Y= ml(X5 6% 0] — 5500

o0 o0’ B o0 o’

om(X;; Oy, @°) Om(X;; Oy, %) Om(X;;6° ¢°) Om(X;; 6°, gzﬁo)]

(4.9.131)

Applying again the identity ab — ab = (& — a)b+ a(b — b) + (& — a)(b — b) to (4.9.131)
and substituting m(X;; 0, ¢) = Zle m* (x5 0) frrx, (t5) give us

SR8 e o[22

i KZ de*(fL'iJ'; éN) _ d2m* (xi,j; 90)
Lo dodo’ dodo’

(xl Is 90)
dodo’

ZIQ

|V — m(Xi; 6% 0%

ZIQ

|
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d*m* (x;; éN)

249

d*m*(x; ;5 0°)

|

N Krp
TN ZWZI [‘m CHUSESICHLY dodo’ d0do’
N Kr * n * 0 0

L2 3 dm*(ziz; 0n)  dm* (w3 07) || || dm* (2i; 6°)

N 2 d d a6
+ g iv: iT: dm” (w; éN) _ dm*(%l;eo) dm*(ﬂfi,HéN) _ dm* (z;; 90)

N & 4 do a0 a0’ do'

(4.9.132)

=Ho1 + Hoa + Haz + Hoa + Hos.

By the Cauchy—Schwarz inequality and Lemma 4.9.8, it is easy to show Hs; to Hos are

all 0,(1). Consequently, we know that Hs = 0,(1).

Step 3. Next, consider Hs. Let g,.(W;;6,¢) be the r-th element in the column vector

I}

g(W;i;0,¢). Then, we can rewrite H2 as

Og(Wi;6°,¢°) {89(W¢;9°,¢°)

Hs = N Zl o0 o0
2
D9, (Wy; 6, ¢°) 0gr (Wi 6°, ¢°)
_gjl [ Z ( %, -E { 20, D] (4.9.133)

Because E[|0g, (W;; 6°, ¢°)/06,]?] < oo as in Assumption 4.5.5, the variance of dg,.(W;; 6°, ¢°) /06

exists and is finite for all r,¢ = 1, ..., dg. Then, the Chebyshev’s inequality implies

N
1 agr(m7907¢0) agr<Wl700>¢o)
P — —E
! [ N z_; a9, a0, -
Agr( Wﬁ ,¢0)
<Var NZ /€
0gr(Wis 0°,¢°) g, (Wy;6°,6°)
S D ( e R
=1 jeA(i,N)
C .
sz |A<Z,N)| + s.o.
i=1

1
e2N

-0(4y).

where the second equality comes from Assumption 4.5.1, and the last line is because that

1/N SN |A(G, N)| = O(1) (Assumption 4.5.2), and set € such that ¢ — 0 and €2N — oo
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as N — oo. Thus,

_Zﬁgr (X;:6°,6°) E{agr(Xi;é)O,cbo)

50, forallrg=1,....,dy,  (4.9.134)
90,

leading to Hsz = 0,(1). Based on the results in the above three steps, we can make the

conclusion that the stated result holds.

(b) This proof is analogue to the proof of Theorem 8.1 in Newey and McFadden (1994).
All the sufficient conditions are verified in the Lemmas 4.9.9, 4.9.10 and 4.9.11. Re-
call that Fy(w) = 1/NS.NV, 1[W; < w] represents the empirical distribution and
[ 6(w)dFy(w) = 1/N ZZ L 0(W;). By triangular inequality, we have

%é (Wi, ) — g(Wis", %) — 5, H
< \/L—ZJ::[ (Wi; 0%, ) — (Wi;90,¢0)—G(Wi;’~YN—’YO)]'
" %é{G(Wu’m [ Gwsin — >]
+ \/Lﬁi{/G(ww— )dEw (w /5 YdEyw (w }
+ \/N{/é(w)dﬁw( ) /5( YdFy }H
—0,(1), (4.9.135)

where the last line follows from Lemmas 4.9.9, 4.9.10 and 4.9.11. m

Proof of Theorem 4.5.5. By Assumption 4.5.4 and the construction of d(w), we
know that E[g;]=0. Since the dependency neighbourhood A(i, N) is symmetric as in
Assumption 4.5.7, we know that E]gv is symmetric: because for Vr,q = 1,2, ..., dy, its
(7, q)-th entry

N

> Y Elidid = Z Z E[3),Gi.q) = Z > Elgigdisl:

=1 jeA(i,N) J=l1ieA(j,N =1 jeA(4,N)

where the first equality follows from change of index and the second equality is due to
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the symmetry of A(i, N). Under Assumption 4.5.7, the sufficient conditions for the CLT
under neighbourhood dependent data required in Lemma 4.9.7 are satisfied. Thus, we

_q-1/2
can show that [va] s%, % N(0,1,,). Next, we show the asymptotic normality for

VN Oy — 6°).

From (4.13) and Lemma 4.5.4 (b), we have

N N ~ 2

1 . 1 dg(Wi; On, o) A 0

LSy Ly VN by - ).

S| - o M

Since from Lemma 4.5.4 (a), we have that — ZN W = E [w], where
- 141

by Assumption 4.5.5 E [M} is invertible. Thus, [% Zfil M] exists

for large enough N. Moreover, recall that Qy is symmetric and Qy - Q with Q being
positive definite and nonsingular. It indicates that Q;,l/ ? also exists for large enough .

Then, because [|Q23"?]| = O(1) and Q3""* = VN[2%]~Y/2, we can obtain

VN @by — 0°) = — %Z ag(Wiész’ o) [ . DG+ op(l)]

=1

N .
1 dg(Wi; On, édn) 1/2
=~ v 0" i

e T
1 89 Wue a¢ g 1— 7}
= | Do PR O o (15728 4 0,(1)]

ol

4N, H'QH™Y,

where the last line is because of

N N

1 0 Wme 7¢ 0 Wi;907¢0 g 1— g

[NZ g(WVsi b N)] &E[—g( )| and (59,7287, 4 N(0,L,,).
=1

00’ oo’

Proof of Corollary 2. To simplify notation, denote §; = g(W;; 0y, dn) +6(W;). Then,

N
v -0 =5 X (36 - Eaa)
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LYY ()| X 6o -Ea)

=1 jeA(i,N) =1 jeA(i,N)

=AQ; + AQ,. (4.9.136)

Step 1. Consider Af); and by simple algebra

AQ, < Z Z [( ) (ﬁ; - §;> + gi <f]§ - 95) + (.éz - §z‘> 9;}

1=1 jeA(i,N)

¥E % [l

i — Gi

IN

+ ng - g]

lg;l]] (4.9.137)

Given (4.9.137), it suffices to show AQ; = o,(1) by verifying that (a) §; and g; are
bounded, and (b) + Zf\il D jeA(N) 1G: — Gill = 0,(1).

Firstly, (a) is satisfied if |g(w; 8, ¢) + 6(w; 0, ¢)| is uniformly bounded over Qy and © x
[0, 1]. We know that m*(z;0) is continuous differentiable in 6 to order three (Assumption
4.5.5) and © is compact, implying for Vx € Qx

0?m*(x;0)

2000 are bounded uniformly over ©.  (4.9.138)

a0l |20,

00

Furthermore, since v(w;#,y) is almost everywhere (a.e.) continuously differentiable in
w® (Assumption 4.5.6), it implies (by definition of v(w;6,~)) that m*(z;0) and 87”6—;9)
are also continuous in w® a.e. within the compact Q. Therefore, for V6 € O,

om*(x; 0)
06

9*m*(z; 0)

5090 are bounded uniformly over Qx. (4.9.139)

)

(3 ), \

Then, (4.9.138) and (4.9.139) together indicate the uniform boundedness of |m*(z;60)|

and its first and second derivatives over {2x and ©. Thus,

om*(x; 0
wp gt = swp |e()(y - mlz.e) i)
wew, (0,9)€0x[0,1] wew, (0,0)€0x[0,1]
om*(x: 0
<c sup ;ﬂiﬁl‘gch
wey, @.p)coxply| 00

where the first inequality is because the maximum of y and m(x;0, ¢) are finite since
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Qe is compact, and 7(-) is bounded (Assumption 4.5.2).

For §(Wi;0,¢) = v(Wi; 0, ¢) — E[u(Wi; 0, ¢)], with v(W;; 6, ¢) = 7(X,) RUe00) 001,

oy’ v

and the dy x K vector

!/

om(X;;0, * o
_$m (z:1;0) + (Y — m(X;; 9%@)%

00 N ' ’

mAq;0, * . om” > i
_Wm (@i k3 0) + (Yi — m(X5; 0, ¢))%

it is easy to see that 6(W;; 6, ¢) is a function of m*(x;0), am;((f;@) and ag(J), and it is

linear in ¢. Moreover, ¢ is the probability function of discrete random variables therefore
strictly lies in [0, 1]. Hence, the above dicussion together with the uniform boundedness
of 82—27) provided in the proof of Corollary 1 leads to sup,,cq,, . (9,¢)cox[0.1) [0(w; 8, @) < Co
for constant Cy > 0. So far we have established that (a) holds.

Secondly, move on to (b). For 0% between 6° and y, the triangular inequality and the

mean value theorem lead to

< [l g(Wii O, d) = g(Wis6°,6)| + || a(Wis0°, ) — (Wi 0%, %)
|63 v ) = 8 0, )| + || (W55 0, 6) — (W35 0°,67) |

ag(Wz‘; 97\/, &N)

o0’

A5(Wi; 0, o)
o0’

9i — 9i

IN

| = 0] + ||z 8, éw) — g%, 60)|

[ = 00 =+ || sz 6°, o) — s 00, 67)|.

(4.9.140)

Start from the first term of (4.9.140), when sample size is large enough (i.e. ¢y is close

to ¢°),

89<Wi; 97\7; </3N)
08’

00 o0y’

‘ :HT(XZ) [_ 8m<X27‘9}‘V795N) om(X;; Q}KVa(ZEN)

2 x4
+ [V = (X503 )| ‘0 m<X“9N’¢N)] H

0000
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K K
~ || om* (i 45 08) || || Om* (2445 0%) ~ || 0*m*(z; 45 0%)
< 3 9
=¢ <Z o o || 2| asom
Ji=1 J=1
<Cj, (4.9.141)

where the last line is because of (4.9.138) and (4.9.139). For the second term of (4.9.140),
it yields from the calculation in (4.9.35) that

s .6 s < o ] [z\m ) |75

+7; |Y m(X;;60°, gb0)| Z MH + s.0.
7=1

cofon- o 2 o

<0y |l én —gbOH . (4.9.142)

where the second inequality is because of the compactness of €2y which implies both
m*(z;;;60°) and |Y; — m(X;; 6°, ¢°)| are bounded, and the last inequality is due to (4.9.138)
and (4.9.139). To bound the third term of (4.9.140), by the dominated convergence the-

orem, we have

DS(Wii O, n) o\ O [ OR(Wis Oy, d) D(t; Aw)
BY =7(Xi) 5 90 9y La,

0 OR(Wii by, ow) 99(t: 4w)
T(XJ% ( 90 a,y ]‘dw>] :

Based on similar arguments used to obtain (4.9.141) and the uniform boundedness of
agiw) over 7 € [0, 1] provided in the proof of Corollary 1, we can get H%(W’é—WH < Cs

for some constant C5 > 0. At last,

UGS BN
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20 0y 20 B
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<|7(Xy)]

<o

1,

)
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Given the results above, by Corollary 1, (4.9.137) can be bounded as
o
Ay < 301G N (I = 600+ [ = 7L, ) = op(1),
i=1

based on the consistency of fy and 4y, and the fact that 1/N sz\il |A(i, N)| = O(1).

Step 2. Next, let us deal with AQ,. Based on (4.9.25) and Assumption 4.5.7,

mao <y v % E| (33 - Bl3:d)) (3431 — Elgeii]) |

i,k=1jEA(i,N) IEA(K,N)

Sm (H (=40

o0

) = o(1), (4.9.143)

where the last line comes from (4.9.28) that o(||[2%]?||ec/N?) = o(1). Hence,
op(1). m

o=



Chapter 5

Conclusion

This thesis explores issues regarding the identification and estimation of causal treatment

effects using the instrumental variable (IV) approaches.

Chapter 2 proposes a weak IV test for discrete outcome models employing a distorted
version of the J-statistic, and generalises the notion of rule-of-thumb to accommodate the
nonlinear nature of the models. We find that blindly applying the conventional weak IV
tests for linear models to the discrete choice models would over reject the truth of weak
IVs, which may further lead to misleading causal implications in certain circumstances.
These findings demonstrate the importance of the test proposed in this chapter, as it
provides the practitioners with a feasible weak IV test when working with discrete choice

models.

One caveat of the proposed test should be noted. By construction, the distorted J-test is
conservative in the sense that its rejecting rate under the null hypothesis (i.e. the size of
the test) is lower than the nominal rate, resulting in a relatively low power for detecting
those IVs with moderate strength (i.e. the IVs that are neither weak nor sufficiently
strong). Therefore, one possible extension of this chapter is to improve the power of the
distorted J-test, by deriving the asymptotic distribution of the test statistic and adopting

critical values that make the test less conservative.
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Chapter 3 studies an important topic related to IV strength. We use the reduction in the
size of the ATE identified set as a measure for the identification power, and conduct the
analysis of the identification gains achieved by the ATE bounds. We show that, when
the ATE is only partially identified, it is via the extreme values of the conditional treat-
ment propensity score that the instruments exert their influence. It indicates that two
instrument sets producing the same propensity score range will actually make identical
contributions to the ATE identification gains, regardless of their conventional measures
of the IV strength, such as the F-statistics or the pseudo-R?. In addition, we find that
the endogeneity degree plays a key role in determining the IV identification power. Thus,
the traditional notion of IV strength, measured by the explanatory power of IVs in the
first-stage regression is no longer a suitable measure of the IV identification power in the

context considered in this chapter.

We emphasise that the usefulness of the proposed IV identification power (I1P) for
selecting irrelevant IVs is preliminary, and rigorous investigation of its finite sample
performance and its theoretical asymptotic properties are left for future exploration.
The study in this chapter also opens new questions, such as what instruments can be
regarded as weak IV in the framework of ATE bounding analyses. Explorations along

this direction are also left for future research.

Chapter 4 proposes a nonparametric point identification strategy for the treatment and
spillover effects of a randomised intervention, when the network data suffers from mea-
surement errors. The point identification is achieved if there exist two network proxies,
one of which acts as an instrument for the latent network. In addition, it also requires
that the two proxies contain relevant and distinct information of the true network struc-
ture. The identification result relies on two sufficient conditions, the exclusion restriction
and the one type of measurement error restriction. Nevertheless, the simulation results
have shown that the proposed method outperforms the naive approach ignoring the

measurement errors, when either of the sufficient conditions is mildly violated.

There are several extensions worth exploring. They include more flexible estimation
methods to mitigate the possibility of model misspecification; accommodating situations

where there is imperfect compliance; and exploring the consequences of higher-order
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network interference.

Exploration of these potential extensions is left for future research, and hopefully the

current thesis will be useful for any future endeavours in related fields.
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