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Summary

Device miniaturization and improving the speed of operation are two of the most

challenging frontiers that are encountered in electronics. Speed of operation is

enhanced by moving into the optical domain for signal processing. However,

due to the limit of diffraction in photonics, realizing nanoscale electronic de-

vices still remains a challenge. Spaser (Surface Plasmon Amplification by Stimu-

lated Emission of Radiation) has been introduced as a solution, which opens up a

novel branch of nano-electronics and nano-optics which can overcome the exist-

ing speed barriers and miniaturization limits simultaneously. Nano-electronics,

imaging and bio-optics are some of the potential applications of spasers.

Being the nano-plasmonic counterpart of a laser, a spaser is made by coupling

a nano-plasmonic material, acting as a resonator cavity, to a gain medium pow-

ered by an incoherent pump. The plasmonic resonator generates localized, in-

tense and coherent electric fields called surface plasmons (SP). Due to the use of

conventional two-level gain medium chromophores, many practical limitations

have been encountered, in order to experimentally realize highly efficient, low

threshold, tunable spasers. Therefore, improving the number of SPs generated

per spasing mode to increase the output power, reducing the spasing threshold

requirements and integrating tunability are some of the challenging areas of re-

search in spaser design.

This research is intended towards modelling a coherence enhanced spaser

with three-level gain medium chromophores, which utilizes an additional coher-
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ent optical field with the aim of improving the spaser characteristics. A com-

prehensive numerical analysis has been performed for the continuous wave op-

eration of a silver nano-sphere spaser, where we demonstrate that coherence

enhanced spasing increases the generation of SPs while decreasing the spasing

threshold. Moreover, the performance characteristics such as the number of SPs

per spasing mode, the behavior of the L-L curve under different conditions, the

spasing threshold conditions and the critical pumping requirements are analyti-

cally studied. These studies would enable design optimization at an extremely

low computational cost whilst providing significant physical insights into the

operation of the device. Furthermore, we investigate the interaction of two co-

herence enhanced 3-level spasers. The transient dynamics as well as the steady

state output characteristics are studied both numerically as well as analytically.

This study would provide the basis for implementing a network of interacting

three-level spasers.

The new knowledge created in this research will be extremely valuable in de-

signing and experimentally realizing optimized, highly efficient spasers which

would foster the utilization of spasers in a plethora of nano-plasmonic active

structures.
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Chapter 1

Introduction

1.1 Motivation

Ability to manipulate light at the nanoscale at ultrafast speeds enables various

different applications through the development of efficient, miniaturized optical

circuits and systems. With the evolution of technology in the past few decades,

it was evident that faster operating speeds could be achieved using photons,

surpassing electrons. Photonics has emerged as a promising technology to ad-

dress this issue and it has been utilized for designing high speed electronic de-

vices which operate in THz speeds [1]. However, the dimensions in photonic

circuits are of the order of micrometers, because the fundamental limit of diffrac-

tion has intervened to constrain the miniaturization below the sub wavelength

scale [2, 3]. On the other hand, with the advancement of sophisticated nano-

fabrication techniques, device sizes approaching tens of nanometers have been

designed and manufactured reliably. In essence, light must be confined to un-

precedentedly smaller volumes, enabling very strong light-matter interactions [4]

to realize nano-scale optical devices. These challenges are predicted to be en-

countered successfully in the emerging field of quantum nano-plasmonics. It is

expected to improve the speed and efficiency of optical devices while facilitating

miniaturization beyond the limitations of conventional optoelectronics [5–7].

Quantum nano-plasmonics is a promising active field of research which in-
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volves quantum mechanical control of plasmon resonances, development of ac-

tive plasmonic devices and quantum optical applications using Surface Plasmons

(SP) [8,9]. A Surface Plasmon (SP) is a hybrid particle state between electrons and

photons [10]. SPs are excited at metal-dielectric interfaces [11]. Therefore they

are naturally subjected to intrinsic losses, severely limiting propagation length to

a few wavelengths [10, 12]. Consequently, energy must be transferred from an

external source to SPs to sustain their existence [3]. A spaser (surface plasmon

amplification by stimulated emission of radiation) is the fundamental nano-scale

device conceptualized to serve the above purpose by generating and amplifying

SPs.

The operating principle of a surface plasmonic laser (i.e. spaser) based on

stimulated emission was introduced by Stockman and Bergman in 2003 [13, 14].

Spaser, which is the nano-scale counterpart of a laser, shares many common struc-

tural components with a laser. It is made by coupling a nanoparticle (resonator)

to an active gain medium . The nanoparticle in a spaser is made of a plasmonic

material and it is analogous to the cavity of a macro-level laser. The photons

of a laser are replaced by SPs. The optical losses in the plasmonic resonator are

compensated by gain in the active medium, generating localized, intense, and co-

herent optical fields [14–17], similar to the operation of the laser. Spasing occurs

due to the nonradiative energy transfer from the gain medium to the resonator,

exciting localized SP modes [18–21].

A number of theoretical and experimental work based on spaser are available

in literature, including proposals for different device designs [19,22], such as elec-

trically pumped bowtie spaser [23], V-shaped metallic structure surrounded by

quantum dots [13], electrically pumped spasers made of silver and gold nanopar-

ticles which work in extreme quantum limits [15] etc. Spasers have been the

subject of intensive research in the past few years and it has already been demon-

strated that they are well suited for room and low temperature electronics [16,24].
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The first experimental implementation of the spaser has been demonstrated us-

ing stimulated emission of SPs in a spherical gold nanoparticle surrounded by

dye-doped silica as the gain medium [18]. There have been several other demon-

strations of the spasing process ever since [10, 25–27].

In addition, coupling between the gain medium and resonators, different types

of gain mediums, geometric and material variations of the nano-plasmonic res-

onator designs have been of special interest among the researchers [28,29]. These

approaches are aimed at improving the spaser characteristics such as tunability,

plasmon quality factor etc. [16].

However, there are number of practical limitations that must be addressed, for

practically realizing efficient spasers in view of capitalizing from their numerous

promising characteristics. Spasers have comparatively high thresholds which can

hinder the potential applications [30]. In addition, spasers have low efficiencies

where they generate a relatively low number of SPs per spasing mode [4]. Most of

these limitations are caused due to the 2-level gain medium chromophores used

when modelling the spasers, since the gain medium quickly gets saturated due to

the internal plasmonic feedback. An external coherent drive has been introduced

as an additional controlling field to modify the spaser model with a 3-level gain

medium by Dorfman et al. recently [31]. A significant increase in the surface

plasmon numbers as well as a significant decrease in the spasing threshold is

reported during numerical simulations.

The effect of additional optical fields and the 3-level model on spaser perfor-

mance needs to be characterized analytically. It will enable extensive research

on using the quantum coherence phenomena to enhance spaser properties. The

behavior of critical output characteristics such as output power and threshold

conditions with the variation of input power and device properties have yet to be

investigated extensively. Such a study will enable the scientists to design devices

to suit different output properties. In addition, interactions of the device with
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the operating environment should be modelled with high precision to better de-

scribe the operation of spasers. Properties such as decoherence should be taken

into consideration in the mathematical models. Furthermore, design optimiza-

tion guidelines must be established, while generating physical insights. Such an

analytical characterization of the operation of the device should be simulated on

different spaser set ups for verification. This is what we aspire to achieve in this

thesis. Towards the latter part of the research, the interaction of 3-level spasers

with external plasmonic fields will be studied, paving way for the design and im-

plementation of spaser arrays. Our overall study will accelerate the use of spasers

in a plethora of active nano-plasmonic applications.

This is what we have tried to envisage throughout my PhD research. In brief,

the basic objective of this research is to develop a comprehensive analytical and

numerical framework to analyze and design coherently enhanced 3-level spasers.

1.2 Aims of research

The general aim of my research is to develop a complete characterization on

coherently-enhanced spasers with 3-Level gain medium chromophores to study

the improvements of performance parameters of the device such as the output

power and spasing threshold while adapting the developed models for analysing

various spaser set ups made of different materials and configurations. Our anal-

ysis will enhance the practical realization of spasers for various applications. We

intend to generate new knowledge through 4 different objectives as described

below.

1. Modelling the spasing (L-L - Light out/Light In) curve of a coherently en-

hanced 3-level spaser Apart from the basic numerical simulations that have

been conducted, an analytical approach had not been taken in literature to

quantify the performance parameters in three-level spasers. If analytical
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expressions to characterize the spasing (L-L) curve of a 3-level can be de-

rived, it can be used to characterize the spasing curve, which represents the

output power generated by the spaser. The utility of such a solution stems

from the fact that it can enable optimization of the large set of parameters

associated with spaser designing, a functionality not offered by the methods

currently available in literature. This is vital for the advancement of spaser

technology towards the level of device realization. Moreover, such an ana-

lytical approach will also facilitates the grouping and identification of key

processes responsible for spasing action, whilst providing significant phys-

ical insights. Additionally, this will drastically reduce the computational

cost associated with spaser designing. Therefore, as the first research aim,

we intend to analytically characterize the spasing curve with an acceptable

accuracy to achieve the above goals.

2. Threshold characteristics of quantum coherence enhanced 3-level spasers

During this stage, we intend to study spasing threshold, which is one of the

key output characteristics that require close attention. Given the recent ex-

perimental success in demonstrating the operation of the three-level spaser

[27], we consider an analytical approach to study the spasing threshold is

topical and would enable many promising applications in nano-plasmonics.

We plan to derive explicit analytical expressions for population inversions,

population densities as well as non-zero off-diagonal terms of the density

matrix at spasing threshold. We would then proceed to analytically study

the critical pumping rate required to start spasing.

Such a study will facilitate design optimization of spasers, specially at lower

pumping energies. We also plan to obtain simpler expressions, providing

better physical insights into the operation of the device. Furthermore, we

aim to perform a detailed numerical analysis, quantifying the reduction

of critical pumping requirements due to the coherent drive. Such a study
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would enable us to explore phenomena such as spasing without inversion

in 3-level spasers. Finally, we aspire to scrutinize the effects of decoherence

on the spasing threshold for a better understanding of the spaser perfor-

mance at low power inputs.

3. A generalized study on the behavior of the output power of 3-level spasers

as a framework for design optimization

The most common type of spaser model comprises 2-level gain medium

chromophores, and a much improved version arises by modelling the gain

medium chromophores as 3-level systems. During this stage, as the first

step, we plan to obtain an analytical expression for the spasing curve of a

two-level spaser, which has not been reported in literature thus far. We in-

tend to use the knowledge we obtain in the previous stages to derive the

solution. It would further validate our approach in stage 1 and also provide

better physical insights into the operation of spasers in general.

Furthermore, due to its many perceived advantages such as thermal and

chemical stability, mechanical strength and bio-compatibility, graphene has

been recently proposed as a potential plasmonic resonator for spasers. We

hope to combine the concept of coherence enhanced three-level spasing

with a graphene nano-resonator, to design and explore the first three-level

graphene spaser, as the next aim of the research. We would further demon-

strate the improved characteristics of our design, compared to the conven-

tional 2-level models.

4. Investigate the dynamics of coherently enhanced 3-level spasers under

external plasmonic fields

During the initial and middle phases of the research, the Continuous Wave

(CW) operation of the spaser will be studied extensively in the steady state

regime, with performance enhancement as the basic points of interest. For a
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complete study of the spaser characteristics, we would then have to inves-

tigate the time evolution and steady state output of the interaction of two

such spasers. If we can model the these interactions, it will also enable us to

study the effect of external plasmonic fields on the behavior of individual

spasers.

The feedback due to back-scattering as well as the effect of the external plas-

monic field will be considered in our model. We aim to simulate the initial

transients as well as the steady state properties. We believe that such a

framework may then be scaled up to study the interaction of many spasers

as well, by the careful use of parameters which govern the plasmonic inter-

actions. Since it is predicted that arrays of interacting spasers would be uti-

lized in various promising active plasmonic structures, this final objective

of our research, along with the potential knowledge that we plan to obtain

in the earlier stages will be of utmost importance for the future applications

in nano-plasmonics.

1.3 Thesis outline

Chapter 1 introduces the topic of the research, briefly discussing recent advance-

ments and trends associated with spaser technology. This chapter provides the

details of the motivation and the aims, followed by the outline of the thesis.

Chapter 2 presents the background theory of the spaser, including its design

and components, how it works, major operational characteristics, and a descrip-

tion on the evolution of spasers. A thorough literature review is presented on

theoretical modeling of localized surface plasmons in metal nanoparticles, exci-

tons in quantum emitters and their interactions.

Chapter 3 comprises the fundamental theories and formalism of the spasing

phenomena of a 3-level spaser. With a lof of engineering intuition and mathe-
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matical insight, an analytical characterization of the number of Surface Plasmons

generated per spasing mode has been derived, which represents the power out-

put of a coherently enhanced 3-level spaser. The validation of results demonstrat-

ing the accuracy as well as the drastic reduction of computational complexity is

presented thereafter. In conclusion, the physical insights that can be derived are

also reported along with guidelines for design optimization.

Spasing threshold is another crucial parameter which describes the output

characteristics of spasers. With the recent success of experimental realization of

a three-level spaser, studying the behaviour of threshold conditions as well as

the methods of controlling the threshold characteristics was deemed essential. In

chapter 4, we present an analytical approach as well as a detailed numerical sim-

ulation to study and control the various physical properties at spasing threshold,

as well as the critical pumping requirements.

Chapter 5 provides the much needed basis for spaser design optimization

with a sound analytical framework. A generalized study on the behavior of the

output power for both 2-level and 3-level spasers will be illustrated, providing

significant physical insight. To compliment the study, we analyze a spaser setup

made of graphene, demonstrating the improved output characteristics.

In chapter 6, the feedback due to back-scattering as well as the effect of an

external plasmonic field have been considered to model the interaction of two

spasers made of three-level gain medium chromophores. It provides the much

needed basis to study the interaction dynamics of spasers, which would enhance

the prospect of using arrays of coherence enhance spasers in active nano-plasmonic

systems.

Finally, chapter 7 concludes this thesis by presenting a summary of the major

contributions of this research towards the advancement of active plasmonic nano-

sources. It will be followed by a discussion of suggested future work to conclude

the thesis.



Chapter 2

Theory of spasers

This chapter presents an introduction to the basic components of a spaser, over-

arching principles, the evolution of the technology and potential applications in

the form of a literature survey.

2.1 Surface Plasmon Amplification by Stimulated Emis-
sion of Radiation

2.1.1 Surface Plasmons

A single quanta of the electromagnetic field generated due to the coherent oscil-

lations of electrons on metal-dielectric surfaces can be represented by one sur-

face plasmon (SP) [18]. Geometry of the metal dielectric interface as well as the

permittivities of the metal and the surrounding dielectric govern the nature of

these electron oscillations in general. Basically, there are 2 types of Surface Plas-

mons, namely, Localized Surface Plasmons (LSP) and Surface Plasmon Polaritons

(SPP) [32]. LSPs are analogous to standing waves which are confined to a certain

geometry [33]. They do not propagate in space since the geometry constrains the

propagation. SPPs are not confined to a space and they can propagate.

Therefore, the two main types of SPs serve different purposes in plasmonic

devices. SPPs are used as signal carriers due to their nature of propagating along

9
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wave guide based signal paths. Since SPPs are non-radiative, specific methodolo-

gies such as grating and coupling to a prism are adopted [34]. On the other hand,

LSPs can be excited by direct illumination of light. The incident electric field of

light generates oscillations that can be sustained through continuous supply of

light. For a given geometry, there is a certain frequency of the incident wave

which generates a maximum electric field which causes the creation of a max-

imum number of LSPs. This phenomena is called Surface Plasmon Resonance

(SPR) [35]. Throughout this research, we are focusing on LSPs. Therefore, unless

otherwise specified, SP means LSP throughout this thesis, from here on.

To understand the properties of SPs on materials, several mathematical mod-

els have been proposed. Rigorous analysis as well as back-of –the-envelope type

analysis can be done using such models on how the electrons in a metal interact

with an external electromagnetic field [36,37]. One of the most established simple

models is the Jellium model [10, 38] in which free electrons are modelled to be-

have as a gas and roam around a uniform, fixed distribution of positive charges,

ensuring electrical neutrality of the system.

In contrast, photons cannot be confined to a space less than the diffraction

limit, which is usually in the sub wave length scale [39, 40]. One of the major

advantages of SPs is their ability to be confined into length scales less than the

sub wave length dimensions, which are below 300 nm [34]. Therefore, to fabri-

cate optical devices in the nanoscale, manipulation of SPs is required instead of

photons [8].

2.1.2 Stimulated Emission

Absorption and spontaneous emission are two of the well-known energy trans-

ferring processes that take place in atoms [41–43]. Electrons are placed in discrete

energy levels in atoms. When the energy difference between two energy levels



2.1 Surface Plasmon Amplification by Stimulated Emission of Radiation 11

equals the energy of the incident photon, that energy is absorbed by an electron

to transfer from the lower energy level to the upper energy level. This process

is called absorption. Similarly, an electron in an upper/excited energy level can

relax to come down to a lower level which is known as spontaneous emission. In

addition, there is another process called “stimulated emission” which was pre-

dicted by Einstein [44]. He postulated that the presence of a photon can cause an

electron to relax down to a lower level. Simply, an excited electron in a higher en-

ergy level can drop down to a lower level while emitting another photon which

is identical to the incoming photon which stimulated the process. For this to hap-

pen, the number of photons in the upper level should be larger than the number

of photons in the lower level, which means that there should be a positive popu-

lation inversion. This prediction led to the discovery of coherent amplification of

light. Consequently, this triggered the invention of lasers [45, 46].

The acronym laser stands for light amplification by stimulated emission of ra-

diation. Studying how the laser works gives a lot of insights to study about the

spaser since there are lots of similarities in structure and operation. In a laser

there are excitable atoms which act as a gain medium. The atoms are excited by

pumping energy externally, which is usually incoherent. There is an optical cav-

ity as well which provides feedback for the lasing operation to sustain. When the

external pump continuously supplies energy, electrons in the gain medium get

excited. Some of the excited electrons start to decay by spontaneous emission.

As the external pump continues to provide energy, atoms achieve population in-

version gradually. This causes stimulated emission to occur, through the effect of

photons that have already been generated via spontaneous emission. The num-

ber of emitted coherent photons is multiplied which implies that the output is

amplified as a coherent light beam [46]. Stimulated emission of photons is now a

well-established phenomenon with lots of commercial applications as well [47].
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Stimulated emission of surface plasmons

Bergman and Stockman predicted the possibility of stimulated emission of SPs

in 2003 [19]. Photons are bosonic with a spin 1 intrinsic angular momentum and

they are electrically neutral, while SPs also possess the same properties [48]. That

generally prompted both Stockman and Bergman to form such a claim on stimu-

lated emission of SPs. This was experimentally proven by Seidel et al. in 2005 [49].

2.1.3 Spaser

The acronym spaser stands for surface plasmon amplification by stimulated emis-

sion of radiation. Similar to the generation of coherent light by stimulated emis-

sion of photons in lasers, a spaser is designed as a coherent SP source which

operates through stimulated emission [11]. The structural components are anal-

ogous to those of the laser since a spaser is the nano-scale counterpart of laser.

So there are two main components in a spaser in general, namely the plasmonic

resonator and the gain medium. The plasmonic resonator, similar to the laser cav-

ity, supports SP modes. The gain medium is comprised of quantum emitters (i.e.

chromophores) and it provides amplification to the SPs to sustain the oscillations.

Some of the widely used plasmonic gain mediums are quantum wells [50],

quantum dots [51], dye molecules [52, 53] and carbon nano-tubes [54, 55]. On the

other hand, nano-particles of noble metals [56–58], Aluminium [59], graphene

[60], Molybdenum Disulfide [61] and Plasmene [62] are widely used as plasmonic

resonators.

The gain medium gets excited continuously when it receives sufficient en-

ergy. Therefore, the electrons can absorb the incident energy and travel to excited

states. When population inversion takes place, these electrons are stimulated by

resonant SP modes of the resonator to relax and transfer energy back into the

same SP mode non-radiatively. This process is a feedback which is analogous to
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Figure 2.1: Basic operation of a spaser: gain medium excites SP modes in the
resonator by stimulated emission of SPs.

the cavity in a laser. This feedback mechanism enhances the number of SPs in

a given mode and it creates highly concentrated electric fields within a confined

volume, usually in the range of nanometers [11, 19, 30]. This is smaller than the

confinement that can be achieved by conventional photonic lasers. The energy

flow diagram of a spaser is shown in Fig. 2.1

As indicated in Fig. 2.1, as a result of the energy provided to the gain medium

chromophore via pumping, the state of an electron goes to its higher state (blue

arrow) and relaxes down to a transitional state (dark blue arrow). The resulting

state of the gain medium is called an exiton. These exitons are stimulated by the

SPs and release energy to come back to its original ground state (black arrow).

The energy is transmitted non-radiatively to the SP mode as explained earlier,

creating a feedback mechanism.

Spasers can be designed in different configurations and can be categorized

accordingly. One way of classifying is the dimensionality of confinement, one-

dimensional [63], two-dimensional [25] and three-dimensional [64]. Spasers can

be further divided into two categories as optically pumped [55] and electrically

pumped spasers [65].
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Properties of Plasmonic Resonators

Designing and fabricating a nano-scale laser with photons is impossible since the

size of the laser cavity is restricted by the diffraction limit which is half a wave-

length of the electromagnetic wave we intend to make use of [66]. The wave-

length of light is higher than 300nm and it is expected to reduce device dimen-

sions below 100nm to achieve nano-scale miniaturization [34]. On the contrary,

the diffraction limit does not restrict the surface plasmons (LSPs or simply SPs)

from confining the electromagnetic energy at nano-scale dimensions [67]. Conse-

quently, it is possible to generate intense, coherent and localized plasmonic fields

in nano-meter range using a plasmonic resonator.

The size of the resonator is limited only by its non-locality radius lnl = VF
/

ω,

where VF is the Fermi velocity of electrons in the metal and ω is the plasmon

frequency [68]. Non locality radius is usually in the range of 1 nm for noble metals

such as Silver and Gold, which gives far better miniaturization and confinement

than the photonic resonators [69].

2.1.4 Permittivity models of materials

In order to calculate the response of a free-electron gas on a bulk material sub-

ject to a time varying electric field, a proper estimate of the permittivities of the

plasmonic material as well as the surrounding dielectric is essential.

Johnson and Christy has experimentally calculated the permittivity values of

many bulk materials such as silver and gold [70]. Another widely accepted model

is the Drude model given by the following formula.

εDrude(ω) = ε0 −
ε0ω2

p

ω2 + iγ(ω)ω
, (2.1)

where γ(ω) is the characteristic collision frequency [34]. This formula is valid

if the smallest dimension of the bulk material is larger than the elastic mean-
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free path lef. The corrections for the non-locality effects have been proposed

in [71]. Since we are mostly studying about the geometries whose smallest di-

mensions are larger than the non-locality radius, we will use the Drude model or

the Johnson-Christy model accordingly, and the model will be clearly mentioned

where relevant.

Furthermore, the following requirement should also be satisfied for the exis-

tence of plasmons in a nanoparticle (2.1)

Re(εm) < 0, (2.2)

Im(εm)� −Re(εm), (2.3)

where εm is the permittivity of the nanoparticle [18].

2.2 Theoretical Work

Since year 2003, there has been substantial progress in the research on spasers.

Interactions between the active medium and the plasmonic resonator, various

resonator geometries and materials have been theoretically studied [10,18]. There

has been a few practical realizations as well [30].

2.2.1 Spectral Representation

The ability to estimate the plasmon resonance modes of nanoparticles is essen-

tial for both analysis and design of spasers. The excitable plasmon resonance

modes are decided by several factors such as the particle size, shape, material

composition, and surrounding environment [72]. In 2003, Bergman and Stock-

man used the method called Spectral Representation to explain the operation of

a spaser [10] [18]. Separation of geometrical contributions from those of the di-
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electric and metal properties when describing the plasmonic resonances is the

special property of the spectral representation method, which is really crucial in

obtaining a thorough understanding about spasers. Spectral representation for-

malism provides the ability to separately study the material response and geo-

metric effects and it provides a convenient framework in the design process as

well. Therefore, spectral representation method has been adopted by many in

literature to describe the spaser phenomena [10].

The SP Eigen modes ψn(r) are described by a wave equation

∇[Θ(r)∇n(r)] = sn∇2ψn(r), (2.4)

where sn is a real Eigen value (0 ≤ sn ≤ 1) corresponding to a plasmon mode

n [11,18]. Θ(r) is the characteristic function which is equal to 1 for metal and 0 for

dielectric. Moreover, the SP mode frequency ωn satisfies <(s(ωn)) = sn, where

s(ω) = εd/(εd − εm(ω)) is the Bergmans’ spectral index.

2.2.2 Proposed spaser Geometries

One of the first structures proposed for spasers was a V-shaped metallic nano-

particle coupled to a semiconductor quantum dot (QD) gain medium [19]. An-

other significant contribution was made in terms of the geometry of the plas-

monic resonator when a metallic bowtie structure was introduced in [23]. Some

of the other relevant nanoparticle shapes studied for their plasmonic modes in-

clude spheres [19], truncated spheres [73], hemispheroids [74], nano-shells [75],

cubes [76], tetrahedra [77], nano-rods [78] and disks [79].

Out of the many types of quantum emitters (chromophores), quantum dots

(QDs) have been utilized as the gain medium in most of the spasing configura-

tions, since they have a better thermal stability. There are instances where other

types of gain mediums such as quantum wells and rare earth ions have been
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used [3]. Furthermore, QDs have an atomistic behavior with a well-defined spec-

tral response [80].

2.2.3 Modelling spasers

In order to understand the physics of spasers, several analytical models have been

developed. Most of them model the problem in a quasi-classical approach [11,31]

whereas fully quantum models have also been developed [81].

Stockman et al. have quantum mechanically analyzed the interaction between

a metal nanoparticle and closely located gain elements, which are modeled as

two level systems (TLS), where a pump source is present to continuously excite

them [11,19]. Pumping excites electrons in the ground state to absorb energy and

elevate to levels which are above the 2nd energy level. One major assumption in

modelling the gain medium as TLS is that the decay rate from the higher levels to

the 2nd level is very high so that we do not have any control over such transitions.

That provides a lot of simplification to the spaser equations as well [18]. Dorfman

et al. in [31] have considered an additional 3rd level in the gain medium to achieve

more control over the output.

The Hamiltonian of the system has been derived by treating the Surface Plasmon-

Gain medium interactions quantum mechanically while the interactions between

the pump photons and the gain mediums have been modelled quasi-classically

[11]. The Liouville-von Neumann master equation is written by either assuming a

closed system with no interactions with the environment, or else it has been mod-

ified with suitable Markovian super-operators to derive a set of density matrix

equations to solve the system [11,19,82]. Performance parameters such as thresh-

old pump power, plasmon statistics, spasing frequency, plasmon decay rates and

plasmon Q-factor have been studied extensively for TLS [11].

Apart from the conventional materials such as Silver and Gold, new materials
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such as Graphene and Molebdinum Disulphide have been used to model spasers

recently [55, 83].

2.3 Experimental Realizations and Applications

Seidel et al. proved the concept of stimulated emission of SPs in practice by ampli-

fying the SPs at the interface between a flat continuous Silver film and a liquid of

organic dye molecules [49]. Since then, several experiments have been conducted

to fabricate metamaterials that can compensate losses [26].

Noginov et al. [30] performed the first demonstration of a spaser in 2009 where

they used a gold nano-sphere of radius 7 nm surrounded by dye molecules as

gain mediums. The gain mediums were contained in a 15 nm thick silica shell.

Optical pumping was used as the external incoherent pumping method. The ra-

dius of the whole spaser configuration was 44 nm. Another experimental demon-

stration of nanometre-scale plasmonic lasers, which generated optical modes a

hundred times smaller than the diffraction limit, is reported in [25]. The design

is a nanolaser made of a hybrid plasmonic waveguide consisting of a high-gain

cadmium sulphide semiconductor nanowire, separated from a silver surface by

a 5 nm thick insulating gap. Furthermore, an experimental realization of a three-

level spaser was reported in 2018 by Song et al. [27], where they have utilized

triplet state electrons as the gain medium.

As mentioned earlier as well, a spaser is a nano-scale device which can gener-

ate intense and coherent SPs while achieving miniaturization beyond the conven-

tional diffraction limits. As a result, it can be identified as one of most promising

cornerstones in nano-electronics. Similar to the way the transistor and the PN

junction are identified as the basic devices in semiconductor electronics, spaser

may be identified as one of the basic building blocks of ultra-fast and miniatur-

ized opto-electronics in the nano-scale. There are plenty of potential applications
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for which the spaser can be made use of.

2.3.1 Prospects in nano-medicine

Nano-medicine is broadly the use of nanotechnology for the enhancement of

medicine. It holds an enormous potential towards improving various diagnos-

tic techniques treatment methods [84, 85]. Currently, drug delivery [86], active

implants [87] and cancer therapy [88] are some of the hot topics in the rapidly

evolving domain of knowledge. Due to their ability to confine optical energy to

unprecedented volumes, spasers have been predicted to have good potential to

serve as active implants and drug delivery agents in cancer therapy and medical

imaging [89].

Due to the undesired side effects such as the destruction of healthy tissues

when treating to cancer patients using conventional methods such as chemother-

apy and radiotherapy [90], target tumor destruction methodologies have emerged

[91]. The development of such an effective technique to treat cancer is one of the

major frontiers that medical research.

Since the spaser can generate tightly confined, intense electric fields, it has

been proposed for cancer therapy [55]. However, due to the inefficiency of out-

put generation, higher threshold values and less controllability, spaser technol-

ogy should be improved to suit the needs of nano-medicine. In our presented

in this thesis, we have come up with a much improved spaser model with high

efficiency, lower thresholds and improved controllability, which can enhance the

use of spasers in medical applications.

2.3.2 Quantum Computing

The field of quantum computing has received a lot of attention within the sci-

entific community, for the incomparable processing speeds it promises [92]. The
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basic computational element of a quantum computing is called a qubit, analo-

gous to a bit in conventional computing. Qubits can take more than two states

compared to a bit which takes only ’0’ and ’1’. A qubit can be in superposi-

tion of ′0′ and ′1′. Therefore, a quantum system with observable quantities using

eigenvalues is a contender to implement a qubit. Therefore, there is a significant

potential for the spaser to be a part of a system which produces qubits. On the

other hand, a future quantum computer may requires nano-optical sources, am-

plifiers, modulators and switches since optical devices can operate faster than the

conventional electronic devices. Therefore, it is highly likely that spasers may be

used in super computers. The potential of their use has been enhanced through

the improved characteristics, design capabilities and physical insights generated

through our work, presented in this thesis.

2.3.3 Optical-lithography

Optical lithography is a major branch in nano-lithography, which refers to the

main nano-scale fabrication techniques [93]. Specifically, optical lithography makes

use of very short light wavelengths to change the solubility of certain molecules,

which etches raw nano-materials to form desired structures. Due to the limit of

diffraction, there is a lower limit to the wavelengths that can be generated by

lasers. To achieve much smaller feature dimensions in nano-structures, spasers

can replace lasers in optical lithography. The proposed spaser and the analysis

we conduct in this thesis can enhance the possibility of using the spasers in these

nano-fabrication techniques, whilst providing improved controllability.

2.3.4 Nano-scopy

Nano-scopy broadly refers to the techniques that have emerged to exceed the

boundaries of microscopy, by going below the optical limits of 200-300 nm imag-
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ing [94]. Spaser can become a key device in achieving diffraction unlimited imag-

ing methods [95]. The necessity of a device which can confine optical energy go-

ing beyond the limits of diffraction can be achieved through the manipulation of

the proposed spaser models in this thesis.

The new knowledge presented in this thesis will enrich the domain of active

nano-plasmonics and will significantly enhance the potential of spasers in many

different applications.
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Chapter 3

Analytical characterization of the
spasing curve

In this chapter, we derive approximate analytical expressions to characterize the

spasing (L-L) curve of a coherently enhanced spaser with 3-level gain-medium

chromophores. It enables optimization of the large parameter space associated

with spaser designing, a functionality not offered by the methods currently avail-

able in literature.

Due to the compact nature of the analytical expressions derived in this chap-

ter, grouping and identification of key processes responsible for spasing action

can also be analysed. Significant physical insights have been derived as well. Fur-

thermore, we show that our expression generates results within 0.1% error com-

pared to numerically obtained results for pumping rates higher than the spasing

threshold, thereby drastically reducing the computational cost associated with

spaser designing. All these results would be vital for advancing the spaser tech-

nology towards the level of device realization.

3.1 Introduction

Developing efficient, reliable and easily controllable spasers is one of the major

research areas in nano-plasmonics. Researchers have identified several perfor-

mance parameters to be given attention for improvement. Some of such key pa-

23
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rameters are number of surface plasmons per spasing mode (which represents the

power output), spasing threshold and spasing frequency. All spaser models that

have been proposed have low output efficiency, generating a few plasmons per

spasing mode [11, 19]. Secondly, many of the proposed designs have very high

spasing thresholds, which naturally discourages the utility of spasers in many of

the potential applications [96]. On the other hand, most spasers that have been

designed in literature have fixed spasing frequencies which are decided by the

inherent properties of the plasmonic resonator and the gain medium [10,18]. The

ability to control the spasing frequency from outside is much desirable to expand

the potential applications of spasers.

In most of the research that have been done on spasers, the gain medium has

been modelled as a Two Level System (TLS) which has only one mode of external

input, which is usually through incoherent pumping [26, 97, 98]. Apart from the

analytical simplifications that it brings in for the analysis of spaser dynamics,

many drawbacks have been identified in terms of spaser performance [82, 96].

Many of these effects arise due to the gain saturation caused by the plasmonic

feedback on the gain medium chromophores. Increasing the pumping power as

a solution is not desirable since it increases the ohmic losses due to heating [31].

A bi-stable spaser has been proposed [11] which is also not feasible in terms of

fabrication.

3.2 Three-level model

Dorfman et al. [31] has proposed a new scheme which models the gain medium

chromophores as 3-level systems. One of the main assumptions in a TLS is that

the decay rate of the excited electrons from a higher level to the second energy

eigen state is infinite [11]. That assumption is released in the proposed model,

and the electron transitions between level 3 and level 2 are controlled by a new
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coherent electric field. The introduction of such a control is expected to enhance

the number of SPs per spasing mode while reducing the spasing threshold by an

order of magnitude. Dorfman has numerically shown that this claim is valid for

several cases. However, the model needs an extensive simulation for validation,

due to its potential. Moreover, the operating principles and characteristics of

the device should be further analysed to build a complete model for potential

applications.

Since the new scheme is predicted to enhance the plasmon statistics immensely,

a further analytical characterization of the numerical results will benefit future

research based on the 3-level gain mediums. In this chapter, we have derived

expressions analytically to describe the number of SPs per spasing mode, which

is the physical property that indicates the power output of the device. All the

system properties such as decay rates, number of gain medium chromophores,

material and geometry of the resonator as well as the energy losses to the envi-

ronment have been incorporated in these derivations. The behavior of the output

power of the spaser is what is referred to as the spasing curve [11], which is

analogous to the L-I (Light output (L) vs current (I)) curves in semi-conductor

lasers [99, 100].

3.3 The spasing process

The basic configuration and the energy flow diagram of our system are illus-

trated in Fig. 3.1. A plasmonic nano-structure is surrounded by an optical gain

medium which comprises homogeneously distributed generic 3-level quantum

emitters such as semiconductor quantum dots [101–103], rare earth ions or atoms

[104,105]. We have used the Bra-Ket notation throughout the analysis. An emitter

has a ground state (|1〉) , as well as two excited states, (|2〉 and |3〉). The two inputs

to the spaser are denoted by the incoherent pumping rate g (coupled to the tran-
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sition |1〉 → |3〉) and the Rabi Frequency of the coherent input field Ωa (coupled

to the transition |2〉 → |3〉). Since we are interested in the continuous wave (CW)

operation of the spaser, g and Ωa will be provided continuously as long as the

spaser works, in order to sustain the SPs. The spasing transition |2〉 → |1〉 repre-

sented by the corresponding Rabi frequency Ωb, is coupled with a surface plas-

mon mode in the nano-plasmonic resonator to transfer energy non-radiatively

from the chromophores to the SPs, thereby sustaining the spasing process. The

plasmonic field generated in the nano-structure provides an internal feedback to

the gain medium during operation. The spontaneous decay rates in the 3-level

emitters are denoted by γ21, γ32 and γ31, as indicated in Fig. 3.1. The total num-

ber of 3-level quantum emitters (chromophores) in the gain medium is denoted

by Nc.

3.4 The formalism

To simplify our analysis, we approximate the 3-level emitters as dipoles [10]. Ro-

tating Wave Approximation (RWA) has been deployed to neglect the rapidly os-

cillating terms in the Hamiltonian [18]. Then, the total Hamiltonian of the gain

medium in the interaction picture can be written as

Hint = Σp


−h̄∆(p)

b h̄Ω∗(p)
b 0

−h̄Ω(p)
b 0 −h̄Ω∗(p)

a

0 −h̄Ω(p)
a h̄∆(p)

a

 (3.1)

It can be expressed in Dirac notation for the ease of expression, as follows:

Hint = Σp{−h̄∆(p)
b |1〉 〈1|+ h̄∆(p)

a |3〉 〈3|

− (h̄Ω(p)
b |2〉 〈1|+ h̄Ω(p)

a |3〉 〈2|+ c.c)},
(3.2)
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where c.c. denotes the complex conjugate and h̄ is the reduced Plank’s con-

stant. The Hamiltonian takes into account the summation of all the Nc chro-

mophores (quantum emitters) and that is denoted by Σp. We assume that the

inter chromophore interactions are comparatively weak enough to be neglected

when writing the Hamiltonian [10, 11, 18]. In Eq. (3.2), detunings are defined as

∆a = ω32 − ωa and ∆b = ω21 − ωb [106], where ω32 and ω21 are the frequencies

of the corresponding band gaps of the chromophores and ωa and ωb are defined

as the frequencies of the coherent field and plasmonic field respectively.

Standard semiclassical theory has been adopted in the analysis, where the

gain medium is treated quantum mechanically and the SPs as well as photons are

treated as classical quantities [11,31]. Therefore, we express both plasmon annihi-

lation operator, ân, and the photon annihilation operator, b̂m, as time varying com-

plex numbers (C-numbers) with definitions an = a0n e−iωst and bm = b0m e−iω32t

[10]. a0n and b0m are slowly varying amplitudes whereas ωs is the frequency re-

lated to spasing.

Based on the above information, the number of SPs per nth spasing mode [18]

can be expressed as

Nn = |a0n |2. (3.3)

Ω(p)
b is expressed as −And(p)

21 ∇ψna0n /h̄ where

An =
(
{4πh̄ Re[s(ωn)]}

/
{εd Re[ds(ωn)/dωn]}

)1/2 (3.4)

Here, s(ωn) = εd
/
[εd − εm(ωn)] where εd is the bath permittivity and εm(ωn)

is the permittivity of the metal at plasmon resonance frequency ωn. Dipole mo-

ment element of the gain chromophores is given by d21 and the gradient of the

potential function∇ψn ≈ 1
/√

V where V is the modal volume of the electric field

generated by the plasmon mode, which is directly related to the size and shape

of the nano-particle [31, 107].
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Furthermore, Ωa is considered a constant since we assume that the driving

field is strong enough to maintain the number of photons in mode m constant

under operating conditions [31].

3.5 Density Matrix Equations

The pth 3-level gain medium chromophore is modelled as an open quantum sys-

tem using the Liouville-von Neumann master equation,

ρ̇(p) = −i
/

h̄[Hint, ρ(p)]−Lρ(p), (3.5)

where ρ̇(p) represents the time derivative of the density matrix. L is the Lind-

blad super-operator that quantifies the interactions with the environment such

as, spontaneous decay of the gain medium, incoherent pumping and dephasing

(decoherence) [108]. Lindbladian terms have been extracted from [31, 81, 109].

The off diagonal relaxation rates are

Γ21 =
1
2
(γ21 + g) + γph + i∆b, (3.6)

Γ31 =
1
2
(γ31 + γ32 + g) + γph + i(∆a + ∆b), (3.7)

Γ32 =
1
2
(γ31 + γ32 + γ21) + γph + i∆a, (3.8)

where γph is the dephasing (decoherence) rate of ρij [31]. Hence, the emitter den-

sity matrix elements ρij are given by the following complex valued coupled par-

tial differential equations.

˙ρ11 = γ21ρ22 + γ31ρ33 − gρ11 + i(Ω∗bρ21 −Ωbρ∗21), (3.9)

˙ρ33 = −(γ31 + γ32)ρ33 + gρ11 − i(Ω∗a ρ32 −Ωaρ∗32), (3.10)
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˙ρ21 = −Γ21ρ21 − iΩb(ρ22 − ρ11) + iΩ∗a ρ31, (3.11)

˙ρ31 = −Γ31ρ31 − iΩbρ32 + iΩaρ21, (3.12)

˙ρ32 = −Γ32ρ32 − iΩa(ρ33 − ρ22)− iΩ∗bρ31, (3.13)

ρ11 + ρ22 + ρ33 = 1, (3.14)

We describe the stimulated emission of SPs as their excitation by the coherent po-

larization of the gain medium corresponding to the transition |2〉 → |1〉. There-

fore, the time evolution of the plasmon annihilation operator should be of the

same form as that of a 2-level gain medium [10], which is expressed by invoking

the Heisenberg equation of motion for a0n as

˙a0n = −Γna0n + iΣpρ
(p)
21 Ω̃(p).

b (3.15)

SP relaxation rate Γn is expressed as γn + i∆n where γn is the plasmon decay rate,

and ∆n is the detuning between ωn and the frequency of the |2〉 → |1〉 transition

(ω21). γn generally depends on the optical frequency, permittivities and system

geometry [18].

The value Ω̃(p)
b is the single plasmon Rabi frequency denoted by Ω̃(p)

b = Ω(p)
b /a0n .

Next we assume that all Nc chromophores interact with the SPs identically, hence

we omit the index p and set Σp → Nc in Eq. (3.15). Next, by writing the com-

plex variables and coefficients in Eq. (3.9 - 3.14) and Eq. (3.15) in the form of

z = Re(z) + iIm(z) and by equating the real parts and imaginary parts of the

equations separately, we derive a set of real valued, non-linear, coupled differen-

tial equations (3.16a-3.16k). Note the labeling we have followed: Re(ρcd) = ρR
cd,

Im(ρcd) = ρI
cd, Re(a0n) = A and Im(a0n) = B. Furthermore, ∆a and ∆b are taken

as zero since resonant coupling is assumed between relevant interactions. Hence,
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all Γcds are assumed real [10, 31].

ρ̇11 = γ21ρ22 + γ31ρ33 − gρ11 + 2Ω̃b(BρR
21 − AρI

21) (3.16a)

ρ̇33 = −(γ31 + γ32)ρ33 + gρ11 + 2ΩaρI
32 (3.16b)

ρ̇R
21 = −Γ21ρR

21 + Ω̃bBρ22 − Ω̃bBρ11 −ΩaρI
31 (3.16c)

ρ̇I
21 = −Γ21ρI

21 − Ω̃b Aρ22 + Ω̃b Aρ11 −ΩaρR
31 (3.16d)

ρ̇R
31 = −Γ31ρR

31 + Ω̃b AρI
32 + Ω̃bBρR

32 −ΩaρI
21 (3.16e)

ρ̇I
31 = −Γ31ρI

31 − Ω̃b AρR
32 + Ω̃bBρI

32 + ΩaρR
21 (3.16f)

ρ̇R
32 = −Γ32ρR

32 + Ω̃b AρI
31 − Ω̃bBρR

31 (3.16g)

ρ̇I
32 = Ωa(ρ22 − ρ33)− Γ32ρI

32 − Ω̃b(AρR
31 − BρI

31) (3.16h)

ρ11 = 1− ρ22 − ρ33 (3.16i)

Ȧ = −γnA+ ∆nB − NcΩ̃bρI
21 (3.16j)

Ḃ = −γnB − ∆nA+ NcΩ̃bρR
21. (3.16k)

Nn = |a0n |2 and |a0n |2 = A2 + B2. Surface plasmons are modelled using C-

numbers corresponding to bosonic number state representation where Nn de-

notes the expected number of SPs generated in the spasing mode with frequency

ωn [110]. The total energy output of the spaser is then given by h̄ωn×Nn. Hence,

Nn gives a measure of the total output energy of the spaser. So our aim is to si-

multaneously solve equations (3.16a-3.16k) and derive an analytical expression

for Nn. Such an expression would not only reduce the computational burden of

calculating the output energy (∝ Nn) of the spaser [18], but would also provide

numerous advantages for design optimization whilst providing valuable physi-

cal insights into the operation of the device.
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3.6 Numerical Simulations

To study these equations (3.16a-3.16k) in detail and observe the time evolution

of ρcd, A and B, we carry out some indicative numerical simulations. A silver

nano-sphere of radius 40 nm is used as the plasmonic nano-structure. All param-

eter values are taken from [11, 31, 70, 111], where ωn = 2.5eV, γn = 5.3× 1014s−1.

∆n = 3.2× 1012s−1. γ21 = 4× 1012s−1. γ32 = 4× 1011s−1. γ31 = 4× 1010s−1.

Nc = 6× 104 and εd = 2.25. The bulk permittivity values of silver are obtained

from the Johnson and Christy model [70]. We decided to simulate the proposed

novel scheme on a metal core shell geometry since the structural and dynam-

ical parameters of such configurations have been thoroughly studied in litera-

ture [112].

3.6.1 Results with zero decoherence

Figs. 3.2-3.4 were obtained by solving the system of equations (3.16a-3.16k) for

steady state, assuming γph = 0. One of the main objectives of this stage of our re-

search was to study the effect of coherent drive for the performance parameters of

the spaser, such as the number of SPs per spasing mode (Nn) and spasing thresh-

old (gth). The results shown in Fig.3.2 shows a significant order-of-magnitude

improvement of Nn as Ωa is increased for higher values of g. Furthermore, the

spasing threshold (gth) is also decreased approximately by a factor of 2 for Ωa > 0.

Some of these results have been reported in [31].

It is also observable in Fig.(3.3) that the enhancement of the number of SPs

corresponds to a reduction of the population inversion on the spasing transition.

The total inversion (ρ33 + ρ22 − ρ11) stays positive, as per Fig.3.4.

All these improvements in Nn and gth are possible due to the quantum coher-

ence that is induced on the 3-level gain medium chromophores by the coherent

drive Ωa.
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Figure 3.5: Number of SPs Nn versus the incoherent pumping rate g for different
decoherence rates γph = 0,80,160 and 240 ×1012 for Ωa = 16× 1012s−1

3.6.2 Robustness against decoherence

We conducted a separate set of simulations to study the effects of decoherence

(γph > 0) on the spasing statistics. We have demonstrated the effect of decoher-

ence on the number of SPs in fig.3.5 where the number of SPs get reduced for a

given value of incoherent pumping rate (g) as the rate of decoherence increased.

In fig.3.6, the ability to enhance the number of SPs for a given γph by increasing Ωa

is depicted. Therefore, it is evident that by increasing the strength of the coherent

drive, it is possible to make the 3-level spaser more robust against decoherence

(dephasing) effects.
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Figure 3.7: Time evolution of A when ∆n = 0 and ∆n = 3 × 1012s−1. When
the spasing transition (|2〉 → |1〉) is resonantly coupled with the SP mode, the
complex number representation of the plasmon annihilation operator (a0n) after
the initial transients becomes a constant over time. When there is a significant
detuning (i.e. ∆n 6= 0), a0n varies sinusoidally over time.

3.7 Analytical Characterization

Numerical results provide an understanding about the improvements that can be

made using a coherent drive to control the 3-level gain medium chromophores.

In order to develop an in-depth understanding of the variations of SPs with

the system parameters and the controlling fields, analytical expressions are re-

quired. Not only will it provide an intuitive understanding about the operation

of spasers, but will immensely benefit the use of coherent drives and 3-level gain

mediums to improve the performance of active nano-plasmonic devices. The

time evolution of A is given in Fig. 3.7 for an incoherent pumping rate (g) of

24 ×1012s−1. Due to the inherent slowly varying nature of the C-numbers (a0n

and ρcds for c 6= d) [11], multiple rounds of detailed numerical simulations show

that all time derivatives in Eq. (3.16a-3.16k) do not become zero simultaneously,

even at steady state for any g or Ωa. Since ∆n � γn, ωn, we now assume that the

|2〉 → |1〉 transition and the SP mode are resonantly coupled (i.e. ∆n = 0), and

carry out the same set of numerical simulations. Note that such an assumption is

physically justifiable as well, since the system designers always strive to achieve

near or perfectly resonant coupling. The time evolution of A when ∆n = 0 is
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given in Fig. 3.7, where A becomes constant at steady state, unlike when ∆n 6= 0.

This is the same for all other variables (ρcd and B) for all combinations of g, Ωa

and system parameters. Therefore, it is possible to set all time derivatives in Eq.

(3.16a-3.16k) to 0, which yields a set of algebraic equations that can be solved.

0 = γ21ρ22 + γ31ρ33 − gρ11 + 2Ω̃bBρ21,R − 2Ω̃b Aρ21,I (3.17)

0 = −(γ31 + γ32)ρ33 + gρ11 + 2Ωaρ32,I (3.18)

0 = −Γ21ρ21,R + Ω̃bBρ22 − Ω̃bBρ11 −Ωaρ31,I (3.19)

0 = −Γ21ρ21,I − Ω̃b Aρ22 + Ω̃b Aρ11 −Ωaρ31,R (3.20)

0 = −Γ31ρ31,R + Ω̃b Aρ32,I + Ω̃bBρ32,R −Ωaρ21,I (3.21)

0 = −Γ31ρ31,I − Ω̃b Aρ32,R + Ω̃bBρ32,I + Ωaρ21,R (3.22)

0 = −Γ32ρ32,R + Ω̃b Aρ31,I − Ω̃bBρ31,R (3.23)

0 = −Γ32ρ32,I −Ωaρ33 + Ωaρ22 − Ω̃b Aρ31,R − Ω̃bBρ31,I (3.24)

1 = ρ11 + ρ22 + ρ33 (3.25)

0 = −γn A− NcΩ̃bρ21,I (3.26)

0 = −γnB + NcΩ̃bρ21,R (3.27)

By simultaneously solving the system of non-linear algebraic equations we derive

the full explicit analytical expression for Nn as follows.

Nn =
[
(−8γnF5((Γ21Γ31γn + γnΩ2

a)F10

+ NcΩ̃2
b(Γ31Γ32F4 + Ω2

aF7)) +F 2
8 )

1
2 −F8

] 1
F9

,
(3.28)
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where F1 = Γ32(2γ31 + 2γ32 + g) + 6Ω2
a, F2 = γ21(γ31 + γ32 + g) + γ32g, F3 =

γ21 − 3γ31 − γ32 − 3g, F4 = γ21γ31 + γ21γ32 − γ32g, F5 = 2γ31 + 2γ32 + g,

F6 = γ21 + γ31 + 2g, F7 = 2γ31Γ31 − 2Γ31g + 2Γ31γ21 − γ21g, F8 = 2γnΓ31F1 +

γnΓ21F2 + 2γnΩ2
aF3 + NcΩ̃2

bF4,F9 = 4γnF5Ω̃2
b andF10 = Γ32F2 + 2Ω2

aF6. Eq.(5.19)

can be used to analyze the number of SPs analytically, for g > gth where gth is the

spasing threshold. It gives a fully analytical characterization of the spasing curve

since it contains both controlling parameters g and Ωa as well as all system spe-

cific parameters. We now compare the numerical simulations with the results

generated by our analytical expression for the spaser proposed in [31]. The er-

ror percentage (E ) is defined as (Ns
n − Nn)/Ns

n × 100%, where Ns
n is the value

obtained in numerical simulations.

3.7.1 Comparison of numerical and analytical results

We now compare the numerical simulations with the results generated by our

analytical expression for the spaser proposed in [31]. The error percentage (E ) is

defined as (Ns
n − Nn)/Ns

n × 100%, where Ns
n is the value obtained in numerical

simulations. In order to prove the validity of the analytical expression in Eq.5.19,

we have performed a comparison of the analytical results and the numerical re-

sults. Figs. 3.8(a)-(b) depicts the spasing curve of Nn as g varies. Different curves

have been obtained for various values of Ωa. It is evident that E for the whole

spasing regime (g > gth) remains less than 0.1% in all practical cases [10,11,55,83].

Studying the effect of dephasing (decoherence) on spasing is also of utmost im-

portance for a complete characterization [108]. Therefore, another comparison

is made in Figs. 3.8(c)-(d) to investigate the effect of decoherence (γph) on spas-

ing. While it becomes evident that the robustness of the spaser output against

decoherence has been enhanced as Ωa is increased, it can also be seen that Eq.

(5.19) can be used with an acceptable accuracy (E < 0.1%) to study the effect of
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Figure 3.8: Subfigures (a)-(d) compare the spasing curves obtained both numer-
ically and analytically. Dotted lines in (a) and (c) represent the numerical re-
sults and the solid lines represent our analytical results. (a) shows the spas-
ing curves obtained both numerically and analytically for different values of Ωa
where γph = 0 for all cases. The corresponding error (E ) values are shown in
(c). (b) shows the spasing curves obtained both numerically and analytically for
different values of γph where Ωa = 16x1012s−1 for all cases. The corresponding
error (E ) values are shown in (d). Percentage error (E ) is less than 0.1% for all
cases in the spasing regime (g > gth).

dissipative processes such as decoherence (γph) in a spaser.

3.8 Physical insights

We have ideally assumed a pure state initial condition for the density matrix ele-

ments when obtaining numerical results. There is a slight disagreement between

the numerical and analytical results for very small g values above the threshold,

for high Ωa. This could be due to the inability of the system to produce the ex-
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value of the absolute value of the error (E ) percentage. (a) shows log10(|E |) for
a range of values of g and Ωa when γph = 0. (b) shows log10(|E |) for a range of
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values of Ωa and γph when g = 24× 1012s−1. Error (E ) is less than 0.1% for all
cases in the spasing regime. Non-spasing regimes are shown in white.

pected response to the high Ωa values at very low pumping rates, as the number

of electrons in high energy levels are minute in the initial spasing build up. If

a more practical mixed initial state is assumed instead [3, 34], even this slight

disagreement will no longer be present due to the initial presence of electrons

in the upper energy levels to compensate for the low pumping rates. Further-

more, for practical pumping rates so far reported in literature (g > 5× 1012 s−1)

[10,11,55,83], the values obtained using both types of initial conditions converge

to our steady state analytical solution. Fig. 3.8 and 3.9 also suggest that apart

from accurately characterizing the spaser output with E < 0.1% for g > gth when

∆n � γn, ωn, it is also possible to use Eq. (5.19) to qualitatively understand the

threshold conditions (gth) by setting Nn = 0. When ∆n is comparable or greater

than ωn or γn, the predicted analytical values will not be within the accepted

error bounds, i.e. E > 0.1%. But such off-resonant conditions are not desired

practically from a system designer’s perspective since such conditions do not fa-

cilitate efficient energy transfer and there is some likelihood for system instability

as well [18].
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Eq.(5.19) can be tailored for different nano-particles and gain media by vary-

ing Ω̃b, decay and dephasing rates and Nc accordingly. It is also possible to derive

simpler expressions when the parameters are constrained to specific regimes. For

example, if a certain spaser configuration satisfies the condition g > γ21 � γ32 �

γ31, its spasing curve can be derived in a more simplified form as follows:

Nn ≈
γ32Nc

4γn

(
1− γ21

g

)
− γ21

4Ω̃2
b

(
g +

2Ω2
a

g

)

+
1
4

[(
1− γ21

g

)2 (γ32Nc

γn

)2

+
8gNcΩ2

a
γn

] 1
2

.

(3.29)

To simply model the main physical dependencies of the system, we considered

the Taylor series expansion of Eq. (5.19) for the whole operating regime for fixed

values of Ωa. We could approximate that Nn shows a logarithmic behavior as g

varies, expressed as

k1 ln(g− k2gth), (3.30)

where k1 and k2 depend on system parameters and Ωa. Similar analyses can be

done to simply approximate the relationships between other parameters.

3.8.1 Design optimization

Eq.(5.19) can be used to analytically study the relationship between any selected

pair of parameters by setting others as constants, similar to the way it is done for

g vs. Nn. To demonstrate the versatility of our solution, we have studied how

Nn behaves as the number of chromophores (Nc) is varied in Fig. 3.10-(a). Then

we set Nn = 0 in Eq. (5.19) and express the threshold number of chromophores

Nc,th as a function of Ωa, depicted in Fig.3.10-(b). Such analyses for any set of

parameters can be performed using our analytical solution. This enables the sys-

tem designers to develop highly intuitive and methodical optimization schemes
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Figure 3.10: (a) depicts the variation of Nn as Nc varies for different values of
Ωa. (b) shows the variation of minimum Nc (threshold) required to start spasing
(Nc,th) as Ωa varies in the configuration given in (a). Note that g = 15× 1012 s−1

and γph = 0 for both (a) and (b).

for physically meaningful parameter sets, which is much simpler than full-blown

numerical approaches. In addition, by setting Ωa = 0 and γ32 > g in Eq. (5.19)

for a much faster |3〉 → |2〉 population transfer [31], it is possible to study the

spasing output of a 2-level spaser [11] analytically.

3.9 Spasing frequency

The spasing frequency (vs) can be found with the equations (3.17-3.27) along with

the spasing condition presented in [18], as follows:

vs =
αω21 +Ksωn

α +Ks
, (3.31)

where Ks = (0.5(γ21 + g) + γph)(0.5(γ31 + γ32 + g) + γph) + Ω2
a and

α = [(NcΩ̃2
b/Γ32Γ̃31)n32 − γn/Γ̃31]Ω2

a + γnΓ̃31. (3.32)

Note that Γ̃ij = Re(Γij) and n32 is the corresponding population inversion. Eq.

3.31 is obtained under the assumption of Ωb << Ωa [31].
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Eq. 3.31 shows that vs depends on Ωa. That means we can use the additional

coherent electric field Ωa to control the spasing frequency up to a considerable

extent. This is another advantage of the three-level model. In the conventional

two-level system, it is not possible to tune the spasing frequency dynamically,

when the system configuration is set. The three-level model provides a consider-

able amount of tunability.

3.10 Conclusion

In conclusion, we have derived an explicit analytical expression and simpler ap-

proximations to describe the spasing curves of a coherently enhanced spaser,

whilst providing valuable physical insights into the operation of the spaser. The

method we have followed in deriving the solution itself will aid similar nano-

plasmonic systems to be solved analytically to a very high accuracy. The derived

expression provides the basis to calculate the optimal system parameters and in-

puts required in order to achieve desired spasing outputs, which is a capability

that surpasses numerical solutions. Therefore, the proposed scheme enables the

utilization of spasers in complex nano-plasmonic systems by enabling design op-

timization. In addition, it grants a faster way to determine the output energy gen-

erated by the localized SPs, eliminating the need of computationally expensive

numerical simulations. The error of the spasing curve generated by our expres-

sion is under 0.1% for the whole operating regime above the spasing threshold,

suggesting an almost perfect characterization.
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Chapter 4

Analytical characterization of spasing
threshold

In the study we report in this chapter, we target spasing threshold as one of the

key output characteristics that require close attention. Given the recent experi-

mental success in demonstrating the operation of the three-level spaser, we con-

sider the analytical approach we present here to study the spasing threshold is

topical and would enable many promising applications in nanoplasmonics.

4.1 Introduction

The spasing curve of a 3-level spaser has been analytically quantified in [113],

providing guidelines for design optimization. This breakthrough was reported

in Chapter 3 of this thesis. Less than half a decade since the concept has been

theorized, in 2018, the first experimental realization of a 3-level spaser system

has been accomplished by Song et al. [27], accelerating the progress of spaser

technology.

As a natural continuation of the previous chapter, we then analyse the effects

of the 3-level model of chromophores and the impact of the additional coherent

optical field on the spasing threshold and the minimum pumping requirements.

We obtain an analytical expression for the spasing threshold of a 3-level spaser,

which explains how the threshold changes when all system specific parameters

47



48 Analytical characterization of spasing threshold

are varied. We also derive simpler expressions, which provide better physical

insights into the operation of the device. We then proceed to observe the popula-

tion inversion at spasing threshold and the population densities of each level to

describe the effects of incoherent pumping as well as the coherent drive. Further-

more, we establish a phenomena analogous to lasing without inversion in 3-level

spasers. In addition, we study the extreme limits of the coherent drive, which

maintains the threshold pumping requirements at a lower value compared to a

conventional two-level spaser. The effect of decoherence (phase relaxation) on

the spasing threshold will also be investigated. We also prove that our approach

can lead to the threshold conditions of a two-level spaser, further verifying the

validity of the solution.

4.2 Theoretical formalism

4.2.1 Basic Configuration

The basic configuration and the energy flow diagram depicting the spasing pro-

cess is shown in Fig. 4.1. The same model presented in chapter 3 will be used.

For the ease of following the material, we present a brief overview of the system.

Each emitter has 3 states, namely a ground state (|1〉) and two excited states

(|2〉 and |3〉), respectively. Two inputs are provided to power up the spaser. They

are denoted by the incoherent pumping rate (g) and the Rabi frequency of a co-

herent optical field Ωa. As illustrated in Fig. 4.1, g is coupled with the transition

|1〉 → |3〉, and Ωa is coupled with the transition |2〉 → |3〉.

The gain medium surrounds a plasmonic nano-resonator, which is the other

main component of the system. The spasing transition (|2〉 → |1〉) of the gain

medium is coupled with a SP mode in the nano-plasmonic resonator and the

coupling term is represented by the corresponding Rabi frequency Ωb. As the
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system is continuously powered via g and Ωa, the spasing transition transfers en-

ergy non-radiatively to the SP mode, and the generated plasmonic field provides

a feedback in turn, into the gain medium, thereby arriving at an equilibrium to

sustain the spasing process. The spontaneous decay rates in the 3-level emitters

are denoted by γ21, γ32 and γ31. The total number of 3-level quantum emitters

(chromophores) in the gain medium is denoted by Nc.

4.2.2 Mathematical model

The basic principles, the model and notations are similar to that of chapter 3. Sur-

face plasmons are modelled using C-numbers corresponding to bosonic number

state representation where Nn denotes the expected number of SPs generated in

the spasing mode with frequency ωn [110]. The total power output of the spaser

is then given by h̄ωn × Nn. Hence, Nn gives a measure of the total output power

of the spaser, where Nn = |a0n |
2 and |a0n |

2 = A2 + B2. Therefore, the values of

A and B will be of significant importance in our calculations to arrive at various

properties describing the spasing threshold.

4.2.3 Spasing threshold

As one of the major contributions of this chapter, we derive analytical expres-

sions for parameters such as the incoherent pumping rate (g), population densi-

ties (ρcc’s), population inversions (n21 = ρ22 − ρ11 and n32 = ρ33 − ρ22) and the

off diagonal components of the density matrix (ρcd’s where c 6= d) at the spasing

threshold.

The condition for spasing is taken as Nn ≥ 0 [18]. The equality, i.e. Nn = 0

occurs at the spasing threshold. In other words, when we keep on increasing the

incoherent pumping rate (g) from zero, the point at which the spaser just starts

generating a constant plasmonic field is considered as the spasing threshold. It
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Figure 4.1: Basic operation of a spaser: Gain medium chromophores are excited
using an incoherent pump (g) as well as a coherent drive Ωa. The transition |2〉 →
|1〉 is coupled to one of the SP modes in the plasmonic nano-structure, which
excites SPs via stimulated emission.
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can also be seen as the point where the gain due to stimulated emission becomes

dominant compared to the loss due to plasmonic decay [19]. After that point, the

plasmon annihilation operator (a0n) starts to have a positive value. Therefore, at

spasing threshold, which is the limiting point that seperates the spasing regime

and the non-spasing regime, we take a0n = 0. Therefore, A = 0 and B = 0.

Moreover, since we are solving equations (3.16a - 3.16k) at the spasing thresh-

old, we change the notation of each variable with the subscript ”th”. For exam-

ple, Re(ρ21), which is denoted as ρR
21 becomes ρR

21,th at threshold. Im(ρ21), which

is denoted as ρI
21 becomes ρI

21,th at threshold, etc. The minimum value of the

incoherent pumping rate required to start spasing is denoted as (gm).

After the initial transients in the time domain, the output power of the spaser

(represented by Nn) gets settled into a constant value only in the steady state

regime for a given set of inputs, as indicated in [10, 11, 113]. Therefore, we si-

multaneously solve equations (3.16a - 3.16k) for the steady state operation of the

spaser, after the initial transients are over, where all time derivatives become zero.

Solving Eq. (3.16a - 3.16k) yields ρR
21,th = 0, ρI

21,th = 0, ρR
31,th = 0, ρI

31,th = 0 and

ρR
32,th = 0. Further, we obtain a simpler set of equations as follows:

0 = γ21ρ22,th + γ31ρ33,th − gmρ11,th (4.1)

0 = −(γ31 + γ32)ρ33,th + gmρ11,th + 2ΩaρI
32,th (4.2)

0 = Ωa(ρ22,th − ρ33,th)− Γ32ρI
32,th (4.3)

ρ11,th = 1− ρ22,th − ρ33,th. (4.4)

By solving equations (4.1-4.4) simultaneously, we derive the following results,

which describe some of the crucial physical parameters at the spasing threshold:

ρ11,th =
1

D1

(
Γ32γ21γ31 + Γ32γ21γ32 + 2γ21Ω2

a + 2γ31Ω2
a

)
(4.5)
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ρ22,th =
gm

D1

(
Γ32γ32 + 2Ω2

a

)
(4.6)

ρ33,th =
gm

D1

(
Γ32γ21 + 2Ω2

a

)
(4.7)

ρI
32,th =

Ωagm

D1
(γ32 − γ21) , (4.8)

where D1 = Γ32γ21γ31 + Γ32γ21γ32 + Γ32γ21gm + Γ32γ32gm + 2γ21Ω2
a + 2γ31Ω2

a +

4gmΩ2
a. Equations (4.5-4.7) describe the population probabilities at the threshold,

which are quite essential in understanding the physics of the initial build up of

spasing. For instance, according to Eq. 4.6 and Eq. 4.7, even in the presence of

Ωa, the populations ρ22 and ρ33 will stay at zero when the incoherent pumping

(g) is not present, meaning that the chromophores will not be excited.

According to Eq. 4.8, since the density matrix describing the spaser operation

at threshold has one non-zero off-diagonal term, i.e. ρI
32,th, the coherence between

states |3〉 and |2〉 will be maintained only at the presence of non-zero g and Ωa.

Note that ρ32,th = ρI
32,th since it was earlier shown that ρR

32,th = 0. Furthermore,

using Eq. 4.7 and Eq. 4.6, we calculate the population inversion between |3〉 and

|2〉, which is ρ33,th − ρ22,th, as,

n32,th =
gmΓ32 (γ21 − γ32)

D1
(4.9)

Equation 4.9 suggests that a positive population inversion will always be present

as long as γ21 > γ32. In conventional 2-level spaser designs, the two level atoms

are modelled to have extremely high decay rates from the higher energy levels

to the second energy level |2〉, i.e. γ32 � γ21 [11]. In such cases, n32,th becomes

negative. On the other hand, when modelling the 3-level gain mediums, it has

been considered that γ32 < γ21 [113]. Hence, Eq. 4.9, which we have derived,

suggests that n32,th > 0 for the spaser to start operation.

Population inversion in the spasing transition (|2〉 → |1〉) at the threshold,

n21,th, and the overall inversion at the threshold, ηth = ρ33,th + ρ22,th − ρ11,th, can
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be derived from Eq. (4.5 - 4.7) as,

D1n21,th = 2Ω2
a (gm − 2(γ21 + γ31)) + Γ32 (γ32gm − γ21(γ32 + γ31)) , (4.10)

D1ηth = 2Ω2
a (2gm − (γ21 + γ31)) + Γ32 (gm(γ21 + γ32)− γ21(γ31 + γ32)) .

(4.11)

Using the derived expressions and by referring to the decay rates and typical

minimum pumping rates reported in literature [18, 31, 113], we can show that

ηth > 0 and n21,th < 0 in the vicinity of the spasing threshold for a major part of

the operating regime. These rigorous derivations go in line with the previously

demonstrated numerical simulations of 3-level spasers in chapter 3 as well. Usu-

ally, in 2-level spasers, n21,th should be positive to start spasing, which suggests

that, in 3-level spasers, spasing starts even before the population is inverted in

the spasing transition. It is an analogous phenomena to lasing without inversion

(LWI) in macroscopic lasers [114]. As the next step, we derive the minimum value

of the incoherent pumping rate required to start spasing (gm), analytically. Dur-

ing the earlier derivations for Eq. 4.5-4.8, we set A,B = 0. Since it reduces the

original system of differential equations from Eq. (3.16a-3.16k) to Eq. (4.1-4.4),

using the earlier approach, it is not possible to derive a value for gm indepen-

dent of the population densities, ρ11,th, ρ22,th and ρ33,th. Our objective here is to

derive an expression for gm in terms of the system specific parameters and the

other input, Ωa, such that it enables us to study the possibility of controlling gm

independent of the threshold population densities of the device. Hence, as the

first step, we now make the plasmon annihilation operator’s real part equal to

zero, i.e. Re(a0n) = A = 0, and solve equations (3.16a-3.16k) simultaneously for

the steady state operation of the spaser, and secondly, let B = 0, to obtain the
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Figure 4.2: (a) shows the behavior of the population inversion n21 of the spasing
transition at spasing threshold as the coherent drive (Ωa) varies, for different val-
ues of Nc. The zoomed in figure in subfigure (a) shows how n21 at the threshold
remains positive for very small values of Ωa. (b) shows how the overall inversion
(η) at the spasing threshold varies, as the coherent drive (Ωa) changes, for differ-
ent values of Nc. (c) shows the variation of ρI

32 versus Ωa for different values of
Nc. (d) shows the behavior of n32 as Ωa changes, for different values of Nc. The
legends indicated in subfigure (b) is the same for all 4 subfigures. In all cases, the
decoherence rate (γph) remains a constant at zero.
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following expression for gm.

gm =
K2
(
Γ21Γ31γn + γnΩ2

a + Γ31NcΩ̃2
b
)

NcΩ̃2
b (Γ31Γ32γ32 + (2Γ31 + γ21 − γ32)Ω2

a)− γnK1 (Γ21Γ31 + Ω2
a)

, (4.12)

where K1 = Γ32(γ21 + γ32) + 4Ω2
a and K2 = Γ32γ21(γ31 + γ32) + 2(γ21 + γ31)Ω2

a.

As per Eq. (3.6-3.8), Γ21 and Γ31 are dependant on g. Therefore, the right hand

side of Eq.4.12 is again a function of gm itself. Hence, in order to get rid of this

dependency, we rearrange Eq.4.12 and write it as a cubic equation of gm as,

C3g3
m + C2g2

m + C1gm + C0 = 0. (4.13)

The real-valued coefficients C0, C1, C2 and C3 can be derived as follows. We con-

sider that the rate of decoherence (phase relaxation) is neglegible in our deriva-

tion, i.e. γph ≈ 0.

C0 =
1
4

(
γ21γnK2(γ31 + γ32) + 4γnK2Ω2

a + 2K2NpΩ̃2
b(γ31 + γ32)

)
, (4.14)

4C1 = γ21γnK1(γ31 + γ32) + 2γnK2Γ32 + 4γnK1Ω2
a

− 2γ32NcΩ̃2
bΓ32(γ31 + γ32) + 2K2NcΩ̃2

b − 4NcΩ2
aΩ̃2

b(γ21 + γ21),
(4.15)

C2 =
1
4

(
2γnK1Γ32 + γnK2 − 2γ32Γ32NcΩ̃2

b − 4NpΩ2
aΩ̃2

b

)
, (4.16)

C3 =
1
4

γnK1. (4.17)

Solving Eq. 4.13 using the derived coefficient values for C0, C1, C2 and C3 provides

us with an explicit analytical expression for gm which enables us to comprehen-

sively study the input power requirements to achieve spasing in 3-level spasers.

According to Eq. (4.14-4.17), C0, C1, C2 and C3 contain all system specific param-

eters as well as Ωa, which provides us with an explicit analytical solution for gm

of a 3-level spaser.
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Furthermore, for the special case of Ωa = 0, using Eq. 5.1, we derive the

minimum incoherent pumping rate required to start spasing as,

gm|Ωa=0 ≈ γ21

(
1 +

γ31

γ32

)
. (4.18)

It can be further simplified to obtain the minimum incoherent pumping rate of a

2-level spaser by assuming γ32 � γ21, γ31 [31, 113] as,

gm,2 ≈ γ21, (4.19)

which closely resembles the observed minimum values for the incoherent pump-

ing rate [10,11,115] to start a 2-level spaser. This further verifies that our approach

and the solutions that have been derived are accurate, and can be used to describe

the various physical properties of a spaser at spasing threshold.

4.2.4 Threshold Gain

Plasmonic nano-resonator of the spaser starts generating coherent electric fields

when the stimulated emission of SPs become dominant compared to the spon-

taneous decay of SPs. In order to quantify this further, a dimensionless gain of

the nth SP mode (αn) has been defined in [19] as (An − γn)/γn, where An is the

Einstein coefficient which describes the net stimulated emission of SPs as,

An =
4π

3h̄
s′nsn|d12|2pnqn

εd(Im[s(ωn)])2 γn. (4.20)

pn is the spatial overlap factor between the population inversion and SP mode

intensity given by
∫
[ρ22(r) − ρ11(r)] × [∇ψn(r)]2d3r, where [∇ψn(r)]2 ≈ 1/Vn.

Vn is the mode volume of the nth SP mode. Since we assumed earlier that all gain

chromophores interact with the SP mode identically, we omit the r dependency

and write ρ22(r) − ρ11(r) as n21 to be consistent with the notation we adopt in
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our work. All other variables have the usual definitions as in [18, 19]. Quantum

generation of SPs exists only if αn ≥ 0, i.e.,

An ≥ γn. (4.21)

However, due to the phenomena of spasing without inversion in three-level spasers,

population inversion of the spasing transition at threshold (n21,th) remains neg-

ative. Consequently, the spatial overlap factor, pn should be adjusted to suit the

three-level case, to be consistent with the gain requirement in Eq. 4.21. Therefore,

we modify the n21 term in pn by F(Ωa)n21, where−1 ≤ F(Ωa) ≤ 1. It is a normal-

ized, dimensionless function of Ωa. F(Ωa) at spasing threshold for a three-level

spaser can be obtained with the use of Eq. 5.1 and Eq. 4.21.

Furthermore, in [18], Stockman has used a gain value (G) to describe the gain

medium, which has the dimensionality cm−1. In his work, using the above def-

initions provided in [19], it has been shown that the threshold gain of the gain

medium (Gth) for a two-level spaser depends only on the dielectric properties of

the system and spasing frequency. However, for the three level case, since we

showed that it is required to modify pn by a factor of F(Ωa), the threshold gain

of the gain medium, Gth depends on the additional coherent drive (Ωa) as well.

Since Ωa affects the coherence of states in the gain medium chromophores, mod-

elling Gth with an Ωa dependency is quite justifiable and intuitive.

4.3 Numerical Simulations

4.3.1 Simulation Parameters

In this section, we specify the values we use for the parameters in our numerical

analysis, in order to study the analytical expressions we have derived in detail
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Figure 4.3: (a) shows variation of the minimum incoherent pumping rate required
to start spasing (gm) as the coherent drive (Ωa) varies, for different values of Nc.
(b) shows the top view of the color coded surface plots which depicts the mini-
mum incoherent pumping rate to start spasing (gm), for a large range of Ωa and
Nc. The line plots in subfigure (b) are the contour lines for different values of
gm. In all cases, the decoherence rate (γph) remains a constant at zero. The val-
ues describing the contour plots in subfigure (b) should be scaled by a factor of
1012s−1.

and also for increasing the reproducibility of our work. A silver nano-sphere of

radius 40 nm is used as the plasmonic nano-structure. All parameter values are

taken from [11, 31, 70, 111], where the plasmon resonance frequency (ωn) and the

plasmon decay rate (γn) are taken as 2.5eV and 5.3× 1014s−1 respectively. As the

gain medium, a generic set of quantum emitters is used with decay rates, γ21 =

4× 1012s−1, γ32 = 4× 1011s−1 and γ31 = 4× 1010s−1. The relative permittivity

of the submerging dielectric medium is taken as εd = 2.25, as in [31]. The bulk

permittivity values of silver are obtained from the Johnson and Christy model

[70]. In the analysis that follows, we use these as our default parameters unless

mentioned otherwise.
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4.3.2 Spasing without inversion

Figure 4.2 elucidates the behaviors of n21,th, ηth, ρ32,th and n32,th at the spasing

threshold. Fig.4.2(a) shows that for the entire operating regime of Ωa, except for

a quite small interval near zero, the population inversion of the spasing transition

at threshold is negative. This suggests that it is not essential for n21,th at the spas-

ing threshold to be positive for the spasing operation to start, which is an anal-

ogous phenomena to lasing without inversion (LWI) in macroscopic lasers [31].

The comparatively minute range of values of Ωa near zero where n21,th remains

positive suggests that for much weaker values of the coherent drive (Ωa � γ21),

the populations of the spasing transition are still needed to be inverted for spas-

ing to commence.

When the spasing transition, |2〉 → |1〉, is considered alone, as the coherent

drive Ωa gets stronger, in Fig. 4.2(a), we observe the phenomena spasing without

inversion (SWI). Figure 4.2(b) shows the variation of the overall inversion ηth

at threshold. It suggests that the overall inversion still remains positive for a

considerable portion of the operating regime for the spaser to start. This is due to

the stronger coherent superposition of the two states |3〉 and |2〉. This is described

by the non-zero off diagonal term of the density matrix ρ32,th getting stronger as

Ωa gets stronger, as demonstrated in Fig. 4.2(c). Figure 4.2 further suggests that

as the number of gain medium chromophores (Nc) gets increased, both n21,th and

ηth get decreased, suggesting much lower minimum pumping requirements.

4.3.3 Reduction of the threshold pumping requirements

Due to the phenomena of spasing without inversion that occurs due to the coher-

ent drive Ωa, it is intuitive that the minimum incoherent pumping rate require-

ments to start spasing would be less, compared to a conventional 2-level spaser

setup where Ωa = 0. To perform a comprehensive investigation on the effect of
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Figure 4.4: (a) shows the line plots which illustrates the behavior of the minimum
incoherent pumping rate (gm) required to start spasing, as the rate of decoherence
(γph) varies, for different values of Ωa, where Nc = 60000 for all line plots. (c)
depicts the line plots which illustrate the behavior of gm as the rate of decoherence
(γph) varies, for different values of Nc, where Ωa = 16× 1012s−1 for all line plots.
(b) and (d) show the corresponding gm values in color coded surface plots. The
dotted lines in (b) and (d) show the contour lines for constant values of gm. The
values describing the contour plots in subfigures (b) and (d) should be scaled by
a factor of 1012s−1.
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Ωa on gm, we use the derived cubic equation for gm in Eq. 4.13 and solve for gm

with the use of coefficients, C0, C1, C2 and C3, obtained from Eq. (4.14-4.17). Since

the coefficients C0, C1, C2 and C3 contain all system specific information such as the

coherent drive, decay rates, number of chromophores etc., it is possible to study

the dependance of minimum incoherent pumping rate required to start spasing

(gm) in terms of all such parameters.

Figure 4.3(a) shows the behavior of gm as Ωa varies for different values of Nc.

A drastic reduction of gm could be observed even for much smaller values of the

coherent drive, when compared with the gm values at Ωa = 0. For a much higher

number of chromophores (around 60000), it is evident that gm gets reduced by

more than a factor of 2, over more than 90% of the operating regime of Ωa, for

the spasing setup we have considered. It is also possible to observe the naturally

expected reduction of gm when the number of chromophores increases while Ωa

is kept a constant, through Fig. 4.3(a). It can also be noted that gm reaches a min-

imum in each curve in Fig. 4.3(a) for Ωa values in the vicinity of 2.5× 1012s−1

for the Nc values considered. After this minimum, gm illustrates a trend of in-

creasing gradually. This follows a similar trend as n21,th in Fig. 4.2(a). The ob-

served growth of gm as Ωa reaches much higher values is due to the reduction

of the positive population inversion between |3〉 and |2〉 (n32,th) as Ωa increases,

as per Eq. 4.9. Therefore, for a given number of chromophores (Nc), there ex-

ists a finite range of the coherent drive (Ωa), such that gm < gm,Ωa=0. Assuming

γ21 � γ31, γ32, we derive an approximate value for the maximum of Ωa which

satisfies this condition as,

Ωa,max ≈
Ω̃b
4

√
3Ncγ21

γn
. (4.22)

This suggests that for applications where the incoherent pumping rate is restrained

to smaller values due to practical limitations, it is not possible to use arbitrarily
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Table 4.1: coefficients of the simpler 4th order polynomial approximation of gm
over Ωa for different (Nc).

Nc(×104)R4(×10−35)R2(×10−11)R0(×1012)

1 4.715 1.373 5.389
2 2.835 1.022 4.818
3 2.480 0.943 4.666
4 2.331 0.908 4.595
5 2.249 0.889 4.554
6 2.197 0.876 4.527

high Ωa values, as one might naturally expect. Equation 4.22 further suggests

how to adjust this extreme limit of Ωa through the careful use of other control-

lable parameters.

Apart from the detailed analysis performed using the analytical expression

that can be obtained using Eq. 4.13 which we derived for gm, we could model

the main physical dependencies of the threshold requirements with simpler ex-

pressions using Taylor series expansion for the whole operating regime. After

careful observation of the curves obtained in Fig. 4.3(a) it is possible to gain more

physical insight into the operation of the device through such simpler expres-

sions. We could approximate that gm varies with Ωa as a 4th order polynomial in

the form of R4Ω4
a −R2Ω2

a +R0, where the coefficients R4,R2 and R0 depend

on system specific parameters. We have tabulated the values of the coefficients

for the spaser set up we have considered, for different values of Nc in Table. 4.1.

These simpler approximations provide a vivid understanding of the physics be-

hind the operation of a spaser, and they act as a valuable set of tools in design

optimization as well. Figure 4.3(b) further elucidates the variation of gm over a

wide range of practical values of Ωa and Nc. The contour plots present in Fig.

4.3(b) demonstrate equi-threshold lines for different values of gm. Such curves

present valuable guidelines on spaser design optimization.
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4.3.4 The effect of decoherence

Due to environmental interactions, the spaser tends to loose the coherent super-

position of its states, which yields in the destruction of spasing effect by decreas-

ing the efficiency of energy transfer mechanisms between the plasmons and the

gain medium [116, 117]. We model this phenomena by the parameter γph, de-

noted as the rate of decoherence. Unlike in the previous results in Fig. 4.2 and

Fig. 4.3 where γph was taken as zero, we now consider practical non-zero values

for γph and study how it affects the spasing threshold.

According to Fig. 4.4(a), it is evident that gm increases as γph increases, as

expected. For non-zero Ωa values, gm behaves approximately as a logarithmic

function of γph. It is also noticeable that for a given γph value, gm decreases as

the coherent drive Ωa increases, strengthening the coherence between the energy

states of the system. The amount of this favourable reduction of gm is by a factor

of∼ 2 for the range of values considered in our simulations. Figure 4.4(b) demon-

strates the behavior of gm over a wide range of γph and Ωa using a surface plot.

The dashed lines represent contour plots where gm takes different constant val-

ues as indicated. Such curves provide guidance for the physicists to methodically

optimize spaser designs to increase performance.

As per the line plots shown in Fig. 4.4(c), we could conclude that gm exhibits

a logarithmic increase as the decoherence rate (γph) increases. This is valid for

much larger values of Nc, that have been used in much of the literature [11, 31,

113]. Furthermore, it can also be noticed that, for a constant value of γph, gm

decreases as Nc is increased. Figure 4.4(d) demonstrates the variation of gm for a

much broader range of γph and Nc, where the dashed curves correspond to the

contours where gm is constant for a given curve.

All these numerical analyses were made possible due to the explicit analytical

expressions we derived in Sec. 4.2, which could describe the spasing threshold

of most general spaser setups. Therefore, it is evident that the loss of coherence
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due to the interactions with the environment is properly characterized by our

expressions. Our results also provide significant insights on how to mitigate the

effects of decoherence in the vicinity of spasing threshold, through the optimal

use of the coherent drive Ωa and Nc.

4.4 Conclusion

In this chapter, we have studied physical parameters such as population densi-

ties, population inversions and the off diagonal coherence terms of a spaser at

spasing threshold, by deriving explicit analytical expressions. We further ob-

tained an analytical expression to describe the behavior of the minimum incoher-

ent pumping rate required to start spasing. All these expressions comprise the

many system specific parameters such as chromophore density, decay rates of

the quantum emitters, plasmon decay rate, Rabi frequency of the coherent drive,

rate of decoherence etc., which enables the scientists to extensively study as well

as optimally fine tune the threshold characteristics depending on the application.

Moreover, we obtained an expression for the minimum incoherent pumping rate

required to start a two-level spaser, using the expressions we obtained for the

three-level spaser setup, which reaffirms the validity of our work. We then per-

formed a detailed numerical analysis using a silver nano-sphere based spaser to

demonstrate the reduction of the incoherent pumping requirements due to the co-

herent drive. Here we illustrated another interesting phenomena called spasing

without inversion, which is analogous to lasing without inversion in macroscopic

lasers. We finally demonstrated the effect of decoherence on the threshold char-

acteristics of the spaser to complete our study. All these results and expressions

can be readily used in obtaining desired threshold characteristics for most general

spaser setups for design optimization.



Chapter 5

Generalized study on spasers for
design optimization

5.1 Extension to the 2-level model

We now look at how it is possible to extend the knowledge we obtained in the

3-level model to further analyze the 2-level model. The objective is to develop

a comprehensive analytical framework to analytically characterize both 2-level

and 3-level spasers in order for easier methods of design optimization with an

extremely low computational cost.

5.1.1 Model overview

Note that we have followed the same notation as well as the formalism in the

3-level model. The same C-number approach has been utilized. Invoking the

Liouville-von Neumann Master equation followed by the Heisenburg’s equation

of motion for the plasmon annihilation operator yields us the following complex

equations, which have the same but much simpler form as the 3-level model.

n21 = ρ22 − ρ11, (5.1)

ṅ21 = −4Im(ρ12a0nΩ̃12)− γ2(1 + n21) + g(1− n21), (5.2)

65
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ρ̇21 = −(i(ω−ω12) + Γ12)ρ21 − iΩ̃12a0nn21, (5.3)

ȧ0n = (i(ω−ω12)− γn)a0n + iNpρ21Ω̃12, (5.4)

Using the same conversion from complex equations to real valued eequations,

yield the following set of real-valued equations. We have used the same notation

as in the 3-level model.

ṅ21 = −4Ω̃12(Bρ12,R + Aρ12,I)− γ2(1 + n21) + g(1− n21), (5.5)

ρ̇12,R = −Γ12ρ12,R + Ω̃12n21B, , (5.6)

ρ̇12,I = −Γ12ρ12,I + Ω̃12n21A, (5.7)

Ȧ = −(ω−ωn)B− γn A + Npρ12,IΩ̃12, (5.8)

Ḃ = (ω−ωn)A− γnB + Npρ12,RΩ̃12, (5.9)

ω−ωn is defined as the detuning (∆n) between the spasing transition and the SP

mode. Performing numerous indicative numerical simulations for the scenarios

given in [11], where γph = 15.2 × 1012s−1, we conclude that in order to make

the coupled differential equations which describe the spasing action of a 2-level

spaser at steady state, we need to make ∆n = 0 where the original values was

∆n = 3× 1012s−1. This is by following the same approach we utilized in solving

the 3-level model in chapter 3. Therefore, if the same method can be utilized to

derive an analytical equation to describe the spasing power of a 2-level spaser

accurately, we can then conclude that it is possible to use our method to solve

such sets of coupled differential equations which describe active plasmonic nano-

structures. The following set of equations can be obtained by making all time

derivatives equal to zero at steady state.

0 = −4Ω̃12(Bρ12,R + Aρ12,I)− γ2(1 + n21) + g(1− n21), (5.10)
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0 = −Γ12ρ12,R + Ω̃12n21B, (5.11)

0 = −Γ12ρ12,I + Ω̃12n21A, (5.12)

0 = −(ω−ωn)B− γn A + Npρ12,IΩ̃12, (5.13)

0 = (ω−ωn)A− γnB + Npρ12,RΩ̃12, (5.14)

By solving the above set of algebraic equations yields the following simple ex-

pression for the number of SPs generated per spasing mode (Nn) for a 2-level

spaser.

Nn =
1
4

[Np

γn
(g− γ2)−

Γ12

Ω̃2
12
(g + γ2)

]
(5.15)

Mapping the parameters from the 3-level model to the 2-level model to main-

tain consistency, we arrive at our final equation to describe the spasing power as

follows:

Nn =
1
4

[Np

γn
(g− γ21)−

γph

Ω̃2
12
(g + γ21)

]
(5.16)

5.1.2 Physical insights

In order to study the dependency of Nn versus the incoherent pumping rate (g),

we re-arrange the equation for Nn as follows:

Nn =
1
4

[
g(

Np

γn
−

γph

Ω̃2
12
)− γ21(

Np

γn
+

γph

Ω̃2
12
)
]

(5.17)

Eq. 5.17 represents the equation of a straight line, and it resembles a similar de-

pendency as it is shown in the numerical simulations done in [11, 18]. Further-

more, it is also possible to derive 5.17 from 5.19 by setting Ωa = 0, γ31 = 0 and

γ32 >> γ21. When the above parameters are set, eq. 5.19 provides a similar result

to that of 5.17.
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5.2 Coherence enhanced graphene spaser

5.2.1 Overview

Figure 5.1: Structure and the energy flow diagram of the proposed SPASER: Gain
medium chromophores are excited via incoherent pumping (g) as well as a coher-
ent drive Ωa. The spasing transition |2〉 → |1〉 is coupled to one of the SP modes
in the graphene nanoflake. Decay rates of the corresponding energy levels are
denoted by γ21, γ32 and γ31. The Rabi frequency for the coupling between the
spasing transition and the SP mode is denoted by Ωb.

Due to the many advantages such as thermal and chemical stability, mechan-

ical strength and bio-compatibility, graphene has been proposed as a potential

plasmonic resonator for spasers [55]. On the other hand, to address weaknesses

present in conventional 2-level gain medium based spasers, gain medium chro-

mophores have been modelled as 3-level systems recently [31,113]. Furthermore,

it became monumental for the spaser technology when the first experimental re-

alization of a 3-level spaser came to fruition in 2018 by Song et al. [27].

Therefore, in this section, we present the first spaser design which couples 3-

level gain chromophores with a graphene plasmonic resonator. Enhanced output

power, increased immunity for decoherence, lowering of the spasing threshold
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and more flexibility in design optimization could be observed in the results.

5.2.2 Graphene as a plasmonic material

Ever since the fabrication of new allotropes such as graphene, carbon nano-tubes

and fullerenes [118], carbon has revolutionized the metamaterials research [119].

Due to its remarkable properties such as higher electrical conductivity [120], me-

chanical strength [121] and thermal stability [122], graphene has specifically gained

much attention. One the other hand, due to its two-dimensional nature and the

honey comb lattice structure, it has also been reported that graphene supports SP

excitations with better confinement and low dissipation, compared to SPs gener-

ated on noble metal surfaces. The other most noteworthy feature of graphene is

that its optical properties can be tuned using doping [123]. Therefore, graphene

has become a promising contender for plasmonic resonators in spasers.

The permittivity of graphene can be expressed as

ε(ω) = 1 +
σ(ω)

ε0ω
, (5.18)

where σ(ω) is the optical conductivity at angular frequency ω. σ(ω) can be ex-

pressed as σintra(ω) + σinter(ω), where σintra(ω) and σinter(ω) are the intra band

and inter band conductivities of graphene, respectively. ε0 is the conductivity of

free space.

5.2.3 Model description

Figure 5.1 presents a pictorial illustration of the proposed spaser model. We adopt

the standard semi classical theory along with a density matrix formalism to de-

scribe spasing action, which is similar to the approach presented in chapter 3.

Furthermore, it has been modelled as an open quantum system, in order to ac-



70 Generalized study on spasers for design optimization

count for decaying and dephasing (decoherence). [113].

The quantum emitters are placed homogeneously. Shahbazyan et al. [107] has

proved that this is possible for different mode volumes. Most of the edge effects

(i.e. zigzag, armchair, chiral) of the graphene nano-flake on the distribution of

emitters can be addressed using this method. We also make sure that the dimen-

sions of the graphene nano-flake stay in the limits specified in [124], so that the

conductivity models are accurate enough to neglect the edge effects. Further-

more, same as the previous sections, we assume that the quantum emitters inter-

act with the plasmon mode uniformly. These assumptions are necessary to gen-

erate the insights from our analytical method. It provides a back-of-the-envelope

approach to simply analyse the main output behaviors of the device.

5.3 Results and Discussion

We have derived an exact analytical expression to describe the number of SPs per

spasing mode (Nn), which describes the output power of the spaser by taking

into account both inputs (g and Ωa) as well as all system specific parameters.

Nn =
[
(−8γnF5((Γ21Γ31γn + γnΩ2

a)F10

+ NcΩ̃2
b(Γ31Γ32F4 + Ω2

aF7)) +F 2
8 )

1
2 −F8

] 1
F9

,
(5.19)

where F1 = Γ32(2γ31 + 2γ32 + g) + 6Ω2
a, F2 = γ21(γ31 + γ32 + g) + γ32g, F3 =

γ21 − 3γ31 − γ32 − 3g, F4 = γ21γ31 + γ21γ32 − γ32g, F5 = 2γ31 + 2γ32 + g,

F6 = γ21 + γ31 + 2g, F7 = 2γ31Γ31 − 2Γ31g + 2Γ31γ21 − γ21g, F8 = 2γnΓ31F1 +

γnΓ21F2 + 2γnΩ2
aF3 + NcΩ̃2

bF4, F9 = 4γnF5Ω̃2
b and F10 = Γ32F2 + 2Ω2

aF6 [113].

Γ21, Γ32 and Γ31 are the relaxation rates of the corresponding energy levels of the

chromophores. The parameters γn, Nc and Ω̃b are the plasmon decay rate, num-

ber of gain chromophores and single plasmon Rabi frequency, respectively. For
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the purpose of simulation, plasmon resonance frequency of graphene is taken

as 1.55 eV with a Fermi energy of 0.956 eV and plasmon decay rate of 0.0128 eV

[125, 126]. Figure 5.2 (a) clearly suggests that the proper use of Ωa can signif-

icantly enhance the power output (∝ Nn) of graphene based spasers. Further-

more, it is evident from Fig. 5.2 (b) that the negative effects of decoherence(γph)

on graphene spaser output can be overcome by the use of Ωa. In addition, Fig. 5.2

(c) illustrates the possibility of using Ωa to achieve the same output power with

the use of smaller chromophore densities (ρ). These results provide significant

insights on the operation of spasers, and it is possible to derive many simpler

analytical approximations for the curves given in Fig. 5.2 by limiting the physi-

cal parameters within the practically used regimes. Even though we have illus-

trated a particular spaser set up in this section, it is possible to utilize our scheme

to carefully tailor graphene related parameters such as plasmon resonance fre-

quency, plasmon decay rate, Fermi energy, dimensions etc., to optimally achieve

a wide range of spasing output power requirements.

Whilst the proposed model provides a general framework to design graphene

based 3-level spasers, it can be used to compare the performance of the 3-level

model and the 2-level model. The Ωa = 0 curves in fig. 5.2 gives an approximate

idea on the performance of a generic 2-level model where the only form of input

is the incoherent pumping source, g. For example, a significant output power

enhancement has been achieved in the three-level model, where Nn shows an ap-

proximate 3-fold increase when Ωa = 2× 1012s−1 compared with the correspond-

ing 2-level scenario. It can be observed that the threshold pumping requirement

stays approximately around the same value. Similar observations can be made

to compare the performance of our model and the conventional 2-level structure

by changing chromophore density (ρ) and decoherence rate (γ) as well, using fig.

5.2.
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Figure 5.2: Subfigures (a)-(c) illustrate the behavior of Nn against g, γph and ρ
respectively for different values of the coherent drive, Ωa. All illustrated values
of Ωa are given in units of 1012 s−1.
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5.3.1 Conclusion

We have coupled a graphene nanoflake with a 3-level gain medium and have

powered it using the usual incoherent drive as well as an additional coherent

field to achieve better performance characteristics in spasers. Our work pro-

vides guidelines for design optimization as well as for better understanding the

physics of realizing robust and efficient sources of SPs for nano-technological and

biomedical applications.
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Chapter 6

Effects of external plasmonic fields on
3-level spasers

In this chapter, as the final objective of the thesis, we study the effects of external

plasmonic feedback for the operation of a 3-level spaser. In practice, we would

not be dealing with a single spaser isolated from external plasmonic fields. In-

stead, networked systems of interacting spasers will be utilized in different ap-

plications. Therefore, it is essential that we study the interaction dynamics of

spasers. We have extended the already established knowledge in this thesis to

accomplish this objective using a simple yet effective manipulation of system

configuration. The effect of external plasmonic fields on the operation of a single

spaser will be studied in this chapter. It formulates a framework to study the

interactions of two or more spasers in complex circuits.

6.1 Model Overview

We explore how two coherently enhanced 3-level spasers interact with each other.

Several studies have been performed to explore the interaction between conven-

tional spasers [127,128]. Due to their many promising properties that we have il-

lustrated throughout this thesis, interaction between coherence enhanced 3-level

spasers needs to be investigated.

The schematic diagram of the system is depicted in fig. 6.1, where all relevant

75
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physical parameters are illustrated. The main difference between a single coher-

ence enhanced 3-level spaser and the system under consideration is that there is

a term to describe the interaction between the spasers. We denote it by ΩNP−NP,

the interaction Rabi frequency [129]. The basic mathematical model governing

the behavior of a single spaser is the same as presented in chapter 3. We denote

Sphere 1Gain
Medium 1

Gain
Medium 2

Sphere 2

γ31,1 γ31,2

γ32,1 γ32,2

γ21,1 γ21,2

ΩNP-NP

Ωa1 Ωa2

Ωb1 Ωb2

g1 g2

Figure 6.1: Basic energy flow diagram of two interacting spasers. We ideally
assume that the two spasers are controlled using different coherent drives (Ωa1,
Ωa2) and incoherent pumps (g1, g2). All other decay terms and interaction terms
are similar to what was presented in fig. 3.1. The main difference is the interaction
Rabi frequency (ΩNP−NP)

the effective plasmonic field experienced by spaser 1 by the corresponding Rabi

frequency as Ωeff
b1(t). It can be expressed as:

Ωeff
b1(t) = Ωb1(t) + ΩNP−NP(t) (6.1)

We model ΩNP−NP(t) as c f Ωb1(t− τf ) + cpΩb2(t− τp), where c f is the feedback

strength (from back-scattered plasmonic field from spaser 1) and cp is the attenu-

ation factor of the plasmonic field from spaser 2. τf and τp are the corresposding
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time delays. Therefore, the effective plasmonic field experienced by a spaser can

be expressed as:

Ωeff
b1(t) = Ωb1(t) + c f Ωb1(t− τf ) + cpΩb2(t− τp). (6.2)

6.2 Numerical Simulations

Two identical silver nano-spheres of radius 40 nm are used as the plasmonic

nano-structure. All values of parameters are taken similar to what we used in

chapters 3 and 4, where the plasmon resonance frequency (ωn) and the plas-

mon decay rate (γn) are as 2.5eV and 5.3 × 1014s−1 respectively. As the two

gain mediums, two sets of generic quantum emitters are used with decay rates,

γ21 = 4× 1012s−1, γ32 = 4× 1011s−1 and γ31 = 4× 1010s−1. The relative per-

mittivity of the submerging dielectric medium is taken as εd = 2.25, as in [31].

The bulk permittivity values of silver are obtained from the Johnson and Christy

model [70]. For the simplicity of analysis, we assume that both spasers are given

identical inputs, i.e. Ωa1 = Ωa2 and g1 = g2.

We first study the time evolution of the output power in one of the spasers.

Since we assume that both spasers are identical and they are powered by identi-

cal inputs, studying the dynamics of one spaser is sufficient for a complete under-

standing. Since the output power is indicated by Nn [110], we simulate Nn under

4 different scenarios to understand the physics of these interactions, as described

in fig. 6.2. We set Ωa = 4× 1012s−1 and g1 = g2 = 16× 1012s−1. From fig. 6.2,

it is evident that after the initial transients, Nn reaches steady state, generating a

constant output power in all four scenarios. The times at which they reach steady

state vary with the properties of the external plasmonic feedback. This occurs

mainly due to τp and τf , the delay times it takes for the external plasmonic feed-

back and the back scattering to take effect on the considered spaser. For example,
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Figure 6.2: Time evolution of the output power (Nn) of a spaser which is interact-
ing with another spaser. We have presented 4 possible scenarios in the 4 graphs as
labelled. Scenario (1): c f = 0 and cp = 0, which is effectively a single spaser op-
erating without the effect of any external plasmonic fields. Scenario (2): c f = 0.1
and cp = 0, this is where there is only back-scattering. Scenario (3): c f = 0 and
cp = 0.2 where there is no back-scattered plasmonic field, but there is direct plas-
monic field from the other spaser. Scenario (4): c f = 0.1 and cp = 0.2
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in scenario (1), according to fig. 6.2 (1), where there is no such external plasmonic

effects, the spaser reaches the steady state quicker. Furthermore, for the same set

of inputs and system configurations, the value of Nn changes in each scenario

due to the different feedback strengths (cp) and attenuation factors (c f ).

6.3 Steady state behavior

In order to investigate this we generate the spasing curves for each scenario to

further investigate this phenomena at steady state. The results are illustrated in

fig. 6.3. According to fig. 6.3, we can observe that the plasmonic feedback as well

Figure 6.3: Steady state output power (Nn) of a spaser which is interacting with
another spaser. We have presented 4 possible scenarios in the graph as labelled.
Scenario (1): c f = 0 and cp = 0, which is effectively a single spaser operating
without the effect of any external plasmonic fields. Scenario (2): c f = 0.1 and
cp = 0, this is where there is only back-scattering. Scenario (3): c f = 0 and cp =
0.2 where there is no back-scattered plasmonic field, but there is direct plasmonic
field from the other spaser. Scenario (4): c f = 0.1 and cp = 0.2



80 Effects of external plasmonic fields on 3-level spasers

as external plasmonic fields certainly have an impact on the output characteristics

of coherence enhanced spasers. To analyse this further, we take the effective Rabi

frequency we defined in eq. 6.2. In general, Ωeff
b1(t) is a function of time. How-

ever, through the observations in fig. 6.2, it is clear that Nn becomes a constant

after a sufficient amount of time. This indicates that Ωeff
b1(t) should also become a

constant at the steady state operation. Therefore, at steady state, we can write

Ωeff
b1(T) = Ωb1(T) + c f Ωb1(T) + cpΩb2(T), (6.3)

for a large enough T. Furthermore, since we assume that both spasers are identi-

cal, Ωb1 = Ωb2. As a result, eq. 6.3 can be further simplified as

Ωeff
b1 = (1 + c f + cp)Ωb1 (6.4)

According to the definition in chapter 3, Ωb1 = kΩ̃b. Therefore, by substituting

eq. 6.4 in 5.19, we can perform a quite accurate back-of-the-envelope analysis on

Nn analytically, without numerically solving for the whole system.

This can be used to explain the difference of Nn from scenario (1) to (4), as

depicted in fig. 6.3. Once we move along scenarios, from (1) to (4), the c f and cp

values change. As a result, according to eq.6.4, the effective single plasmon rabi

frequency (Ωeff
b1) has the largest value in scenario (4) among the 4 cases consid-

ered, and scenario (1) has the lowest. Substituting these values in our analytical

characterization in eq. 5.19 explains the difference of output in the 4 scenarios

considered. Therefore, the effective single plasmon rabi frequency (Ωeff
b1) is the

key parameter that governs the output power during this interaction according

to the proposed model.

In addition, using the already established knowledge in this thesis, it can be

concluded that the coherent drive Ωa can be utilized to change the output of the

3-level spaser, under the effect of external plasmonic fields.
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6.4 Conclusion

We have developed a simple, yet effective framework for analysing the inter-

actions between two coherently enhanced spasers. Under certain assumptions,

we have also demonstrated that it is possible to characterize the output of such

spasers analytically, generating a lot of physical insights for design optimiza-

tion. The values of c f and cp depend on the waveguide connecting the spasers

[130, 131] and the dielectric material they are contained in [132]. Therefore, by

carefully selecting the waveguides and the dielectric, it is possible to tune c f and

cp to adjust the output of the interacting spasers, using our approach.
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Chapter 7

Contributions and future work

This chapter summarises the contributions made to the advancement of scientific

literature through the work presented in this thesis, followed by suggestions for

future work.

7.1 Significance of Contributions

Complete analytical characterization of the output power of a 3-level spaser

We derived approximate analytical expressions to characterize the spasing (L-L)

curve of a coherently enhanced spaser with 3-level gain-medium chromophores

in chapter 3. Owing to the compact nature of the analytical expressions, our solu-

tion also facilitates the grouping and identification of key processes responsible

for spasing action, whilst providing significant physical insights. Furthermore,

we illustrated that our expression generates results within 0.1% error compared

to numerically obtained results for pumping rates within the operating regime.

An analytical approximation drastically reduces the computational power re-

quired to calculate the spaser output by several orders of magnitude, compared

to the numerical simulations. One may argue that during the current era of super-

computers that can process up to several peta-flops of information, reduction of

computational cost is insignificant. However, given the fact that scientists are

currently modelling only single spasers or a very few number of spasers at most,

83
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when the technology of nanoplasmonics grows into widespread use, several mil-

lions of such devices might have to be interconnected and modelled. In such

scenarios, computational cost may become extremely vital.

These results have been communicated in Applied Physics Letters [113].

A novel approach to solve systems of coupled, non-linear partial differential
equations

In chapters 3 and 4, we have provided a novel method to transform a set of

coupled differential equations into a set of coupled algebraic equations, which

enables such a system of equations to be solved analytically. This method over-

powers even the most state-of-the-art partial differential equation solvers found

in Matlab and Mathematica, when the systems under consideration are reso-

nantly or near resonantly coupled. This has been illustrated in both chapter 3 and

5, where we solve for both 2-level and 3-level spaser configurations. This unique

approach incorporates considerable engineering intuition and physical insight.

We have proven that the effect of the assumption is negligible by illustrating that

the error between the numerical and analytical solutions is less than 0.1% for the

whole operating regime. Such an approach will enable systems of the same type

to be solved analytically to a very high accuracy.

Analytically characterizing the output power of a 2-level spaser

So far in literature, the output of the conventional 2-level spasers has also been

obtained numerically. Using the method we developed in chapter 3, we obtained

such simpler analytical expressions to describe the output characteristics of a 2-

level spaser. It provides the scientific community with the same set of benefits it

provided for 3-level spasers such as simpler yet effective physical insights, design

optimization capabilities and computational cost reductions.
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Characterization of physical properties at spasing threshold

We have derived explicit analytical expressions for population inversions, pop-

ulation densities as well as non-zero off-diagonal terms of the density matrix at

spasing threshold. Moreover, we have analytically studied the minimum inco-

herent pumping rate required to start spasing. The derived expressions comprise

all system specific parameters, enabling one to gauge how the threshold condi-

tion changes with different values of parameters. It further facilitates design op-

timization of spasers at lower pumping energies as well. We have also obtained

simpler approximate expressions, providing better physical insights into the op-

eration of the device. Furthermore, a detailed numerical analysis was performed,

quantifying the reduction of minimum pumping requirements at spasing thresh-

old due to the coherent drive, whilst demonstrating the phenomena of spasing

without inversion. Finally, we have scrutinized the effects of decoherence on the

spasing threshold to complete the analysis. These generalized results and expres-

sions can be applied to most spaser setups to study and optimize their respective

threshold characteristics.

These results have been drafted to be communicated in Journal of Physics: Con-

densed Matter

Forming the basis for design optimization of spasers

We enable optimization of the large parameter space associated with spaser de-

signing, a functionality not offered by the methods currently available in litera-

ture. This is vital for the advancement of spaser technology towards the level of

device realization. In a numerical approach, even though it is possible to calculate

the output by setting the known inputs and system configuration, it is not easy to

solve for, fine tune and optimize the required inputs and system configurations

to generate a desired output. The crucial role played by simple analytical models
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(e.g. laser L-I curves) in the evolution of semiconductor laser technology is well

renowned. It is natural to assume that various applications in nano-plasmonics

demand such intuitive design models as well. The only way to achieve such de-

sign flexibility is by means of explicit analytical expressions. We believe that the

analytical solution we have derived would cater to this crucial requirement.

An analytical characterization helps to understand the underlying physics be-

hind the operation of a spaser. After deriving an explicit analytical expression, we

have investigated and presented the main dependencies of the spaser output on

the two different inputs, incoherent pumping rate (g) and the coherent drive (Ωa)

respectively, over the whole operating regime. The main dependency of Nn on

all other variables can also be derived using our explicit analytical expressions in

Chapter 3 and Chapter 4. Such simple models would be quite beneficial to study

the general behavior of the spaser output. These new knowledge would cater as

the basis for spaser design optimization.

These results have also been included in our journal article published in Ap-

plied Physics Letters [113].

First implementation of a 3-level spaser based on graphene

Due to various desirable physical properties such as chemical stability, mechan-

ical strength and bio compatibility, graphene has emerged as a potential plas-

monic material. We also have proved that the 3-level model over powers the

2 level model in many aspects. Therefore, in chapter 5 we combined the best

of both worlds by designing and implementing the first 3-level spaser based

on graphene, where we used a 2 dimensional graphene nano flake as the plas-

monic resonator. We further illustrated that it shows improved output character-

istics compared to its 2-level counterpart. These results have been communicated

in Advanced Photonics Congress organized by OSA (Optical Society of America) in

2019 [133].
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Theoretical framework to study the effects of external plasmonic fields

In practice, spasers will not be operated as isolated devices, but as parts of com-

plex plasmonic circuits. Therefore, in chapter 6, we established a simple, yet ef-

fective theoretical framework to study the interaction of 3-level spasers. It takes

into account both the external plasmonic fields as well as the own plasmonic

field which gets reflected, when modelling the behavior of a 3-level spaser un-

der external plasmonic fields. Furthermore, we proved that back-of-the-envelope

calculations can be performed on the output behavior of such spasers, using the

expressions we have derived. This will pave way for the utility of spasers in

many applications, while providing simple and intuitive knowledge on spaser

design optimization as well.

7.2 Suggestions for future work

The work entailed in this thesis can be extended in many experimental and theo-

retical pathways. We have outlined a few such directions as follows.

Analyze the stability of spasers

Throughout our work, resonant coupling was assumed in all the energy transfer

processes which govern the spaser operation. Therefore, all the detunings were

assumed to be zero. Yet, for a practical realization of a spaser, it is essential that

we perform an in depth stability analysis to define the limits of detunings within

which the spaser can safely operate. In that regard, an improved set of expres-

sions can be derived by releasing the assumption of resonant coupling to analyze

the stability of the 3-level spaser. With that in mind, laser, which is the macro-

scale counter part of the spaser, could also be investigated to map the concepts

such as Lyapunov stability [134], pump induced relative intensity noise [135] and
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injection locking [136] since both the devices are closely related in structure and

operation.

Study the response of spasers to modulated inputs

Throughout our thesis, we have studied the Continuous Wave (CW) operation

of the spaser in the steady state regime, with performance enhancement as the

basic point of interest. For a broader understanding of the spaser behavior, dy-

namic characteristics of the device should also be investigated. On that account,

modulation response and pulse response can be studied by varying the frequency

and amplitude of the coherent drive. In addition, the potential of providing the

incoherent pumping as pulses to power the spaser may also be studied. Integrat-

ing such modulation and pulse operation techniques together to generate prac-

tically usable forms of output pulses from the 3-level spaser will be of great in-

terest [137]. It will strengthen the potential of the spaser to be utilized in a lot of

applications such as sensing, imaging, bio-optics etc [89, 138].

Spasers with non-homogeneous gain medium

Throughout our work thus far, we have assumed that the quantum emitters

(chromophores) in the gain medium are identical, hence they interact with the

plasmon mode as well as the external inputs identically. However, when realizing

spasers experimentally, we may have to consider impurities such as differences in

band gaps and variation of coupling coefficients in the emitters. Modelling such

imperfections will be a challenge, and it will definitely enhance the modelling

accuracy of spasers.
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Design and analyse 3-level spasers made of different plasmonic materials

Other than noble metals and graphene, which we have studied in this thesis,

many promising materials have been used in conventional 2-level spasers as the

plasmonic resonator. Some examples are Molybdenum Disulfide [83, 139], black

phosphorus [140] and aluminium [141, 142]. The ability to coherently enhance

the output characteristics of spasers made of such materials can be explored, to

enhance the spectrum of possible applications.

Formulation of a fully quantum mechanical analysis for coherence enhanced
spasers

We started our analysis using quantum mechanical operators to describe the

physical quantities but for the simplicity of analysis, we adopted to standard

semi-classical theory when solving the system. A fully quantum mechanical so-

lution may provide more insights into the operation of the device. This is a com-

pletely abstract area of significant potential towards the advancement of nano-

plasmonics in general. As the high performance parallel computational facilities

get more advanced, such a model can provide a lot more accuracy in the theo-

retical work. Consequently, such a model can enhance the practical realization of

many active plasmonic devices.

Modelling the heating effects of coherence enhanced spasers

Thermal stability and performance variation of spasers at different operating

temperatures have not been studied much. The main channels of heat genera-

tion of a spaser are metal absorption at pumping and spasing wave-lengths and

non-radiative relaxations in the gain material. Most applications in bio-medicine

and cancer therapy requires spasers to work in high temperature environments.

Therefore, the operation of spasers leads to a temperature rise in the spaser itself,



90 Contributions and future work

which might damage the device. However, very little experimental or theoreti-

cal/modeling work in this area is available at present. None of the current mod-

els of spasers consider temperature as an explicit variable of interest in modeling.

Therefore, it will be a significant contribution for the practical realizability and

application of spasers, if temperature effects can be modelled accurately.
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[54] Högele, A., Galland, C., Winger, M. & Imamoğlu, A. Photon antibunch-
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