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Summary

PLasmonic biosensors have gained significant research interest in the past

decades due to their unprecedented sensing capabilities, which allow sens-

ing even at the single molecule level. The main component of the plasmonic

biosensor is the nanoresonator that is conventionally a metal nanoparticle. Under

coherent illumination, the nanoresonator gives rise to localized surface plasmon

resonances (LSPRs) that are sensitive to the refractive index changes in the sur-

rounding environment. Recently, due to tighter confinement and higher tunabil-

ity of LSPRs, graphene resonators are widely explored as potential candidates for

biosensing. Quantum emitters such as quantum dots and carbon nanotubes are

extensively used for fluorescence-based imaging and sensing applications. When

coherently illuminated, excitons, which are electron-hole pairs, are generated in

the quantum emitter. If a nanoresonator and a quantum emitter are brought

closer to each other, LSPRs of the nanoresonator and excitons in the quantum

emitter interact with each other, and they behave like a single composite system,

which is known as a nanohybrid. Due to the exciton-plasmon interactions, the

scattering properties of nanohybrids are significantly distinct and have high tun-

ability compared to that of their constituents. Because of the superior scattering

properties, nanohybrids show great potential as biosensors in extremely accu-

rate and minute imaging and sensing applications. The scattering properties of

the nanohybrids can be easily tuned by tailoring the nanoresonator parameters,

interparticle separation and quantum emitter properties. For nanohybrid based

sensors to become mainstream, it is critical to find improved nanohybrid systems
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with enhanced and tunable scattering properties. However, a majority of the pre-

vious theoretical studies were mostly focused on modelling and analysing scat-

tering properties of nanohybrids with spherical metal nanoparticle resonators.

This thesis, therefore, intends to theoretically model and analyse novel nanohy-

brid systems with non-spherical nanoresonators that provide additional tuning

of scattering properties. It presents an elegant, versatile analytical model which

can be used to analyse scattering properties of nanohybrid systems with differ-

ent types of nanoresonators such as ellipsoidal, spheroidal, and disk-shaped res-

onators. The developed analytical model is used to investigate the scattering

properties of several nanohybrid designs. The research presents an all-carbon

nanohybrid with high biocompatibility and tunability that is highly suited for

biosensing applications. The thesis concludes by discussing the prospect of us-

ing scattering characteristics of the proposed nanohybrid designs as biosensors

in tumour detection applications.
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Chapter 1

Introduction

1.1 Background and Motivation

When a nanoresonator (NR) and a quantum emitter (QE) are under coherent illu-

mination, localized surface plasmon resonances (LSPRs) are generated at the NR

and excitons are generated at the QE [1–3]. If the QE and the NR are sufficiently

close to each other, due to exciton-plasmon interactions, they act as a single hy-

brid system which has unique and enhanced optical properties compared to its

constituents [4, 5]. The optical properties of these nanohybrid systems are easily

tunable using various system parameters such as interparticle distance, resonator

size, resonator shape. Because of their remarkable optical properties, nanohy-

brids hold great potential for a plethora of applications such as metamaterials,

optoelectronic devices and sensing applications [4, 6–10].

The scattering properties of a nanohybrid are highly sensitive to the refractive

index changes in the surrounding environment. This property can be exploited

in sensing applications such as biosensing where the scattering signatures from

the nanohybrids can be used to image and detect tumours. However, most of the

previous research work has focused on studying the optical properties of nanohy-

brid systems with spherical metal nanoparticle (MNP) resonators [6, 9, 11, 12].

Modelling and analysing optical properties of nanohybrids with non-spherical

nanoparticle resonators can increase the understanding, further development,
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2 Introduction

and potential applications of nanohybrids.

This thesis theoretically studies the scattering properties of nanohybrid sys-

tems with non-spherical NRs and different QEs. It aims to develop a generalised

mathematical model using a cavity quantum electrodynamics (cavity QED) based

approach to describe the scattering properties of nanohybrids with an ellipsoidal

NR coupled to a QE. The mathematical model is highly versatile and can be used

to analyse nanohybrids with different NRs such as ellipsoidal, spheroidal, spher-

ical, and disk-shaped NRs. Using the developed analytical model, the research

investigates the scattering properties of several nanohybrid designs, including a

novel all-carbon nanohybrid system that has enhanced and tunable optical prop-

erties. The thesis concludes by discussing the prospect of using nanohybrids as

biosensors for the detection and classification of tumours.

1.2 Research Aims and Thesis Scope

Developing an analytical model to describe the scattering properties of a nanohy-
brid comprising an ellipsoidal nanoresonator coupled to a quantum emitter

In this stage, we aim to develop an analytical model to describe the scattering

properties of a nanohybrid system with an ellipsoidal NR and a coupled QE.

We use a cavity QED based formalism when deriving the optical response of

the nanohybrid where the nanohybrid is modelled as an open quantum system,

considering the effects from the external environment. We plan to analyse how

scattering properties of a nanohybrid system with a gold spheroidal NR and a

quantum dot are affected when the aspect ratio of the resonator is changed. We

also aim to perform numerical simulations to investigate how different system

parameters influence the scattering properties of the nanohybrid.



1.2 Research Aims and Thesis Scope 3

Studying the scattering properties of a nanohybrid with a spheroidal metal
nanoshell resonator

In this stage, we aim to analyse the scattering properties of a nanohybrid system

with a spheroidal metal nanoshell resonator. The LSPR of a solid homogeneous

MNP resonator can only be changed by altering its size or material. Therefore,

if an application imposes both size limitations and resonance requirements, us-

ing homogeneous MNP resonator-based nanohybrids might not be feasible. In

this stage, we aim to investigate the possibility of overcoming this limitation by

using nanoshell resonators in the nanohybrid designs. The LSPRs of nanoshell

resonators can be controlled by changing the core to shell ratio of the resonator.

We plan to use an effective permittivity model based on internal homogenization

to model the polarizability of a spheroidal metal nanoshell resonator. We aim to

investigate how the choice of core and shell materials, core to shell ratio, and bath

permittivity affect the scattering properties of the nanohybrid.

Investigating the scattering characteristics of an all-carbon nanohybrid

Due to their remarkable optical and mechanical properties and high biocompati-

bility, carbon nanotubes (CNTs) and graphene nanoflakes (GNFs) are extensively

considered for use in biomedical applications. Therefore, by combining them,

we can create a nanohybrid that is highly suitable for biosensing. In this stage,

we aim to analyse the scattering properties of a novel all-carbon nanohybrid de-

sign where a monolayer GNF resonator is coupled to a single-walled CNT. As

LSPR properties of the GNF can be controlled using electrostatic or chemical gat-

ing without changing any of the physical dimensions, we expect the scattering

properties of the novel all-carbon nanohybrid systems to have a higher tunability

than conventional MNP resonator-based nanohybrids. We plan to perform nu-

merical simulations to investigate how CNT and GNF dimensions, the distance

between the GNF and the CNT and the Fermi energy level of the GNF affect the
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scattering properties of the proposed all-carbon nanohybrid. We also aim to dis-

cuss the possibility of using the proposed all-carbon nanohybrid for biosensing

applications.

Comparing the permittivity sensing capability of GNF resonator-based nanohy-
brid and a MNP resonator-based nanohybrid

The permittivity sensing capability of a nanohybrid mainly depends on the type

of resonator used inside the nanohybrid. There are a large number of NRs that are

being investigated for building nanohybrids. Among these, gold MNP resonators

and GNF resonators have been widely studied and found to have desirable prop-

erties. The structural and material differences between the two resonators make

their optical properties significantly different from each other. In this stage, we

aim to compare the permittivity sensing capability of a GNF resonator-based

nanohybrid and a MNP resonator-based nanohybrid.

Investigating the prospect of using nanohybrids as biosensors

In the final stage, we aim to investigate the prospect of using nanohybrids as

biosensors. Using a simple tumour tissue model, we plan to discuss different

ways the scattering properties of nanohybrids can be utilised to obtain the un-

derlying permittivity distribution of a tumour.

1.3 Thesis Outline

This thesis comprises eight Chapters which are organised as follows.

Chapter 1 introduces the thesis topic by presenting the background and moti-

vation for the research followed by the research aims.

Chapter 2 introduces the main components of nanohybrids, the NR and the
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QE. First, it provides a brief introduction to surface plasmons and LSPRs. Then

it discusses various factors that influence the LSPRs of plasmonic resonators and

introduces different NRs used in this work. Next, it provides a short overview

of excitons in QEs, followed by a brief introduction to different QEs used in the

study.

Chapter 3 presents a detailed analytical modelling of the scattering proper-

ties of a nanohybrid with an ellipsoidal NR coupled to a two-level QE. Then,

using the developed analytical framework, it shows that scattering properties of

a nanohybrid system with a gold spheroidal NR and a quantum dot are highly

controllable using various system properties. Finally, the chapter also shows that

the scattering properties of the nanohybrid are highly sensitive to the permittivity

of the surrounding medium.

Chapter 4 analyses the scattering properties of a nanohybrid system com-

prises a gold nanoshell resonator and a coupled quantum dot. It shows that by

selecting a suitable core to shell ratio, nanohybrids can be designed to operate in

the near-infrared regime, which is important for biosensing applications. It also

discusses how core to shell ratio, bath permittivity, and choice of shell and core

materials affect the scattering properties of the nanohybrid.

Chapter 5 presents a novel all-carbon nanohybrid design where a monolayer

GNF resonator is coupled to a CNT. It shows that the scattering properties of

all-carbon nanohybrids have better tunability compared to that of nanohybrid

systems with conventional MNP resonators. It discusses how different system

parameters can be used to manipulate the scattering properties of the all-carbon

nanohybrid. Chapter 6 compares the permittivity sensing capability of all-carbon

nanohybrids and conventional MNP resonator-based nanohybrids.

Chapter 7 discusses the prospect of using proposed nanohybrids in biosensing

applications. It shows how to exploit the frequency separation between the peaks

in the scattering spectrum and the scattering intensities of the nanohybrid to re-
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construct permittivity profile of a skin tumour. Finally, Chapter 8 summarises the

research contributions and provide directions for future research work.



Chapter 2

Components of Nanohybrids

The main constituents of a nanohybrid are the nanoresonator (NR) and the cou-

pled quantum emitter (QE). When the nanohybrid is excited using an external

light source, surface plasmons are generated at the NR and excitons are gener-

ated at the QE. The interaction between these surface plasmons and excitons is the

main reason for the unique properties of nanohybrids. Therefore, to understand

the research presented in this thesis, it is crucial to understand the background

and basic properties of these components. This chapter provides the essential

introduction to surface plasmons, excitons and their properties.

2.1 Surface Plasmons

Surface plasmons are collective oscillations of conduction band electrons at the

surfaces of plasmonic materials [1,3]. Surface plasmons have attracted significant

research interest due to their remarkable optical properties. Plasmonics, the field

dedicated to the study of surface plasmons and related sciences, has emerged as

an important field with an enthusiastic research community [13]. Although the

popularity of Plasmonics as a scientific field is quite recent, first uses of surface

plasmons dates to ancient Romans, where they used noble metal nanoparticle

(MNP) embedded glass to manufacture beautiful, colour-changing effects in win-

dows and cups. One of the classic examples is the Lycurgus cup, shown in figure

7
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2.1, which changes colour when illuminated differently. Researchers have found

that the main reason behind this colour variation is the nanometre-sized gold and

silver particles embedded in the glass. The Lycurgus cup is also considered as one

of the earliest uses of nanocomposites by humans [14].

Figure 2.1: This figure shows the Lycurgus cup, which is made by glass embed-
ded with noble MNPs. The glass appears red and translucent when illuminated
from inside of the cup (a), and green and opaque when illuminated from outside
(b).

Wood reported the first scientific observation of surface plasmons in 1902

where he observed light and dark light distribution from the light reflected from a

mirror with a diffraction grating on its surface. However, Wood could not explain

this phenomenon and these observations were later referred to as Wood’s anoma-

lies [15]. In 1941, Fano was able to explain these anomalies theoretically [16].

However, the term surface plasmons is first used by Stern and Ferrell in 1960 to

describe plasma oscillations of a degenerate electron gas of a material surface [17].

In the past few decades, due to the advancements in computational and analyti-

cal frameworks and nanoparticle fabrication techniques, many researchers have

shown an interest in the field of Plasmonics, resulting in a rapid growth, paving

the way to application areas such as nanoscale optoelectronic devices [10, 18],

photovoltaic devices [19], metamaterials [20, 21] and sensing [22].



2.2 Localized Surface Plasmon Resonance (LSPR) 9

In terms of their propagation characteristics, surface plasmons can be cate-

gorised into two, (1) propagating surface plasmons are known as surface plas-

mon polaritons (SPPs), and (2) non-propagating surface plasmons are known as

localized surface plasmons (LSPs) [23]. The SPPs are propagating along the inter-

face between the plasmonic material and the dielectric material. SPPs are excited

when phase-matching conditions between the coupling light and the surface-

guided mode have been met, which can be achieved by using prisms or by grated

interfaces [24]. Exciting LSPs, on the other hand, require much less complexity in

optics and can be done by direct illumination [25]. When the nanoparticle size is

much smaller than the incident wavelength, LSPs are excited in the nanoparticle

which are non-propagating excitations of the conduction band electrons [26].

2.2 Localized Surface Plasmon Resonance (LSPR)

When excited by an external electric field, as shown in figure 2.2, the conduction

band electrons of the nanoparticle undergo a displacement from its equilibrium

position with respect to the positively charged ions. This generates a Coulomb

restoring force that pulls back these electrons to their original position, which cre-

ates collective harmonic like oscillations [10, 27, 28]. The maximum displacement

amplitude can be obtained at the resonant frequency, which is known as the local-

ized surface plasmon resonance (LSPR) frequency. At LSPR, the oscillation of the

conduction electron cloud generates a dipolar response in the direction parallel

to the external electric field [29]. Furthermore, at this frequency, the nanoparti-

cle exhibits highly enhanced scattering and absorption properties along with a

strong electric field confinement in and around the nanoparticle [26].

When nanoparticle dimensions are very small compared to the wavelength

of the external electric field, an equation can be obtained for the LSP field of the

nanoparticle by employing the quasistatic approximation. It has been shown that
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Figure 2.2: Formation of localized surface plasmons on a MNP resonator under
the influence of an oscillating electrical field.

for nanoparticles with dimensions less than 100 nm this approximation can yield

accurate results [30]. Within this approximation, the external field is constant over

the entire nanoparticle volume, so that the system can be solved as a particle in

an electrostatic field. In the presence of an external electric field~E0(λ) the electric

field distribution for a spherical nanoparticle with radius a is given by [26],

~E(r) =


3εb

εm + 2εb
~E0, for r < a

~E0 +
α

4πr3

[
3
(
~E0 · r̂

)
r̂−~E0

]
, for r ≥ a

(2.1)

where εm is the optical constant of the nanoparticle, α is the polarizability of

the nanoparticle, εb is the relative permittivity of the medium surrounding the

nanoparticle, and r is the distance measured from the nanoparticle centre to the

point in the electric field. The polarizability of the nanoparticle depends on the

geometry of the nanoparticle, and for a spherical nanoparticle it is given by [1,9],

α = 4πa3 εm − εb
εm + 2εb

. (2.2)

When the denominator of the Eq. (2.2) is a minimum, the polarizability un-
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dergoes a resonance enhancement. The εm of the MNP is a complex, frequency-

dependent function. Therefore, when the imaginary part of the εm is small, the

resonance condition simplifies to the well-known Frölich condition [3]:

Re[εm(ω)] = −2εb. (2.3)

where frequency ω is the LSPR frequency of the nanoparticle. Eq. (2.1) shows that

at LSPR frequency, both internal and external dipolar electric fields undergo a res-

onance enhancement which can be used in sensing applications to detect changes

within a few nanometres. Furthermore, by inspecting Eq. (2.2) and Eq. (2.1), the

LSPR depends on factors such as shape, size, composition, and the permittivity

of the medium surrounding the nanoparticle. Therefore, by selecting suitable pa-

rameters, it is possible to tune the LSPR to obtain a frequency response that meets

the requirements of a certain application [22, 31].

2.2.1 LSPR dependence on nanoparticle shape

The polarizability of a nanoparticle depends on the shape of the nanoparticle. Eq.

(2.2) shows that there is a direct relationship between the polarizability and the

LSPR field of a spherical nanoparticle. It has been shown that the nanoparticle

shape can influence the position, width, and number of LSPRs of a nanoparticle

[32]. The sophisticated fabrication technologies available today have made it pos-

sible to synthesise plasmonic nanoparticles with high complexities. For instance,

it is possible to fabricate complex metallic nanostructures such as nanorods [33,

34], nanostars [33, 35], nanotubes [36] and nanospheres [37], with highly varying

LSPR characteristics. The main motivation for using complex nanostructures is

to improve LSPR quality and achieve LSPR tunability [38]. For example, particles

like nanorods, spheroidal particles allow LSPR tuning by aspect ratio and the pos-

sibility of obtaining LSPR at lower frequencies compared to that of a sphere [27].
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LSPR at lower frequencies, particularly in near-infrared regions, is highly useful

in biosensing applications.

2.2.2 LSPR dependence on nanoparticle size

The nanoparticle size is another important factor which influences the LSPR. For

example, Eq. (2.2) shows that the LSP field outside the spherical nanoparticle

depends on its radius. Therefore, the LSP field of the nanoparticle can be con-

trolled by altering the size of the nanoparticle [39]. However, at larger particle

sizes, retardation effects become significant [40]. When the nanoparticle is very

small compared to the incident field wavelength, the effect of the electric field

over the whole volume of the nanoparticle is uniform, and the resulting LSP field

has dipolar characteristics [26]. However, when nanoparticle size becomes com-

parable or even larger than the incident field wavelength, the influence of the

electric field is non-uniform over the nanoparticle volume, which results in mul-

tipolar LSP excitations [41]. Therefore, in such cases, retardation effects must

be taken into consideration. Due to retardation effects, the absorption spectrum

of the nanoparticle undergoes spectral broadening and redshift in the LSPR fre-

quency [42].

Moreover, the optical constant of metal nanoparticles has a strong relationship

to the particle size [43]. When the size of the nanoparticle is reduced, it becomes

comparable to the electron mean free path. This introduces additional losses such

as free electron scattering at the nanoparticle surface, which in turn modifies the

optical constant of the nanoparticle [44]. Such effects can be incorporated into

LSP calculations by using a size-dependent relaxation frequency in the optical

permittivity model of the nanoparticle. Finally, nonlocal effects become relevant

when the particle size is a few nanometres. These nonlocal effects change the

optical constant of the nanoparticle and blueshifts the LSPR frequency [45]. The
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nonlocal effects are known as quantum effects because they can only be observed

in quantum models and cannot be captured by classical models. Therefore, the

LSPR dependence on the particle size is a crucial factor to consider when engi-

neering LSPs for applications.

2.2.3 LSPR dependence on nanoparticle composition

The dielectric function of the nanoparticle depends on its composition. As men-

tioned earlier, and as shown in Eq. (2.3), the LSPR frequency mainly depends

on the dielectric function of the nanoparticle [26]. Therefore, changing the com-

position of the nanoparticle is another way to control the LSPR properties of the

nanoparticle. The trivial way to change the composition is to select different plas-

monic materials. In terms of metals, gold and silver are considered as the best

available plasmonic materials, and they are utilised in various applications [46].

It is also possible to combine several materials to obtain plasmonic materials with

different compositions. The LSPR frequency for a gold-silver alloy nanoparticle

would lie somewhere in between the LSPR frequency values corresponding to

the pure metals [47]. By changing the percentage of each metal of the alloy, the

LSPR frequency of the metal alloy nanoparticle can be tuned. Furthermore, dop-

ing is another way to change the composition of a nanoparticle. In graphene res-

onators, it is possible to change the LSPR by using chemical or electrostatic dop-

ing [23]. It has been shown that it is possible to enhance the absorption properties

of the nanoparticle in near-infrared frequencies when gold is doped by iron [48].

Therefore, it is possible to utilise nanoparticle composition as a means to obtain a

suitable LSP response for different plasmonic applications.
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2.2.4 LSPR dependence on the surrounding medium

The LSPR properties are highly sensitive to the changes in the medium surround-

ing the nanoparticle (see Eq. (2.3)). Due to the nanoscale size of the particles, a

higher fraction of the total atoms of the nanoparticle is in the surface and have

direct contact with the environment [27]. This makes LSPR of the nanoparticles

sensitive even to the minute changes in the surrounding medium. Some studies

have found that for some types of nanoparticles, the LSPR frequency has an in-

verse relationship to the medium permittivity values [49]. When the permittivity

value increases, the restoring force applied on the electrons reduces because of the

polarisation build up at the dielectric medium surrounding the nanoparticle [50].

This leads to a frequency redshift in both the scattering and absorption spectra

of the nanoparticle [49]. Because of these medium sensitive LSP properties, the

nanoparticles have been suggested and explored as sensors in chemical and bi-

ological sensing applications [50, 51]. For example, in biosensing applications,

nanoparticles with a functionalized surfaces can bind with specific molecules

and can be used to detect the presence of biological particles, sometimes even at

the single-particle level [50]. Furthermore, the medium sensitive scattering spec-

tra of the nanoparticle are also used for imaging and detecting tumours [52, 53].

Therefore, by controlling and utilising LSPR sensitivity to the changes in the sur-

rounding medium, it is possible to realise highly precise and efficient LSPR based

sensors for sensing applications.
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2.3 Different Types of Nanoresonators

This section discusses different materials that can be used for the resonator in

nanohybrid designs.

2.3.1 Metal nanoparticle resonators

There is a large number of metals that are being considered for various plasmonic

applications. In particular, gold (Au), Silver (Ag), Copper (Cu), and Aluminium

(Al), have attracted a lot of interest due to their favourable optical properties [46].

Among these, gold, silver, and copper are noble metals which have fully occupied

d-valence electron bands [54].

The dielectric losses and stability are two main factors consider when choos-

ing a particular metal for a plasmonic application. The Ohmic losses and in-

terband transitions are two leading causes of dielectric losses inside the metal.

Among these, losses from interband transitions are caused by bound electrons,

which become significant after a critical frequency. Therefore, in applications, it

is recommended to operate at LSPR frequencies below this critical frequency. The

losses due to electron-ion scattering, electron-electron scattering and other scat-

tering mechanisms due to impurities are collectively identified as Ohmic losses

[46]. The damping rate of the metal characterises these Ohmic losses. For plas-

monic applications, it is preferable to use a metal with lower damping rate.

Gold and silver are the most frequently used metals in plasmonic applications.

Silver has the lowest damping rate among these metals, which implies that it

has the lowest losses [46]. Silver is widely used for applications in optical and

near-infrared frequencies. However, the main limitations associated with silver

are that it degrades relatively quickly compared to gold, and it is challenging to

fabricate uniform continuous silver films with few nanometre thicknesses [46].

Gold is the next best metallic plasmonic material after silver, due to its excellent
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chemical stability and less toxicity. These properties make gold the ideal material

for biomedical applications [55].

However, the cost of these metals is very high compared to the other two

metals. Copper is a noble metal which has a high electrical conductivity, inferior

only to silver. Also, the cost of copper is relatively cheap compared to gold and

silver. These features make copper an attractive alternative for gold and silver for

plasmonic applications. The LSPR in copper is narrow and sharp compared to

that of the silver and gold. Although it has many desirable properties, oxidation

effects which convert Copper to CuO or Cu2O limit its applicability in plasmonic

applications [46].

Aluminium is more suited to use in LSPR applications in ultraviolet frequen-

cies, mainly because in this frequency range, the permittivity of aluminium has

a negative real part and a relatively small imaginary part. However, its onset

frequency for losses from interband transitions is the lowest among other metals,

making it unsuitable for LSPR applications in near-infrared and visible frequen-

cies. Similar to copper, the applicability of aluminium is hindered by oxidisation

effects which form an oxidation layer (Al2O3) quickly when exposed to the at-

mosphere. Due to this oxide layer, LSPR in aluminium acquires a frequency shift

which can be problematic when designing plasmonic applications [56].

Alkali metals like sodium have also been explored for plasmonic applications.

The losses in sodium are comparable to that of gold and silver. However, sodium

is highly reactive to environments which contain water or air. Therefore, in order

to use sodium for applications, highly controlled environments are needed. Due

to this reason, plasmonic applications of sodium is mostly limited to theoretical

studies [46].

Nobel MNP resonators, mainly gold and silver resonators, have thoroughly

studied for their potential applications in chemical and biological sensing. Such

applications rely on the medium sensitive LSPR properties of the resonator. For
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example, scattering signatures from functionalised gold nanoparticles were used

to detect cancer cells [47, 57, 58]. Moreover, the LSPR frequency shifts are also

used to detect other living cells and molecules, even at the single particle level.

When LSPR changes occur in the visible regime, they can be observed as colour

changes that can be used for various sensing applications. Such colorimetric

sensing mechanisms are used to detect proteins, DNA, and other organic materi-

als [59–61]. On the other hand, the absorption properties of the MNP resonators

have been used in cancer therapeutic applications where the heat generated from

MNP resonators is used to destroy cancer cells [62, 63].

2.3.2 Characterizing the dielectric function of metals

The optical properties of a metal are highly dependent on its dielectric function.

One of the widely used dielectric functions for metals is the Drude model, where

the conduction electrons in the metal are modelled as a gas or plasma which

flows in a lattice with fixed positive ions. How this free electron gas responds to

external electromagnetic fields governs the optical properties of the metal. The

polarization density of the medium ~P and the electric field ~E is related to the

displacement field ~D through the following constitute relation

~D(ω) = ε0~E(ω) + ~P(ω), (2.4)

where ε0 denotes the vacuum permittivity and ω denotes the frequency. Assum-

ing negligible magnetic effects, the polarization density inside the metal can be

written as [64],

m~̈P + mγ0~̇P = e2n~E (2.5)

where n is the electron density in the free electron gas, e is the charge of an elec-

tron, m is the effective mass of the electrons and γ0 is introduced to account
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for the damping of electron motion due to collisions with stationary ions. The

Drude model do not consider the electron-electron interactions or other impu-

rities present in the metal. By taking the Fourier transform of the Eq. (2.5), an

equation for the frequency-dependent polarization density can be obtained. Sub-

stituting that in the Eq. (2.4), ~D(ω) can be obtained as [65]

~D(ω) = ε0~E(ω)−
(

e2n
m

)
1

ω2 + iγ0ω
~E = ε0

Drude Model︷ ︸︸ ︷(
1−

ω2
p

ω2 + iγ0ω

)
~E (2.6)

where the plasma frequency (wp) is the natural oscillation frequency of the free

electron gas, which is defined as

ωp =

√
e2n
ε0m

. (2.7)

The Drude model in Eq. (2.6) is derived by assuming no contribution from

positive ions. However, there is a constant background electric field arising due

to these stationary positive ions. This positive background field can be incor-

porated into the Drude model by introducing a constant ε∞ (≥ 1), which com-

pensates for the effects of the positive ions. The modified Drude permittivity

εD which takes into account the background field of the ions can be written

as [64, 65],

εD(ω) = ε∞ −
ω2

p

ω2 + iγ0ω
. (2.8)

The complex permittivity described by the modified Drude model can be sep-

arated into the real and imaginary components as follows.

εD(ω) =

(
ε∞ −

ω2
p

ω2 + γ2
0

)
+ i

(
ω2

pγ0

ω3 + ωγ2
0

)
. (2.9)

The imaginary part of the permittivity is associated with the dielectric losses
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in the medium. The real part of the permittivity is an indication of the strength

of the polarization in the metal caused by an external electric field. When mod-

elling, it is possible to use the analytical equation in Eq. (2.8) or use tabulated ex-

perimental permittivity values to obtain the dielectric values of the metals. The

experimental work published by Jonson and Christy [66] can be considered as

one of the most well-known sources of experimental permittivity values for noble

metals. When compared with experimental values, the Drude model can accu-

rately provide permittivity values for frequencies below the interband transition

onset frequency. For higher frequencies, the Drude model fails to explain large

imaginary values that can be seen in experimental data. The higher imaginary

component of permittivity is attributed to the contributions from interband tran-

sitions caused by bound electrons that are not included in the Drude model. The

Drude-Lorentz model aims to overcome this limitation by adding Lorentz oscil-

lators to the Drude model. The Drude–Lorentz model has the following form,

εm(ω) = ε∞ −
ω2

p

ω2 + iγ0ω
−

M

∑
m=1

Gmω2
p

(ω2 −ω2
m) + iγmω

(2.10)

where Gm is the strength, γm is the damping constant and ωm is the resonance fre-

quency of the mth Lorentz oscillator [67]. The dielectric functions discussed so far

does not change with the particle size and are fixed for a specific material. How-

ever, when particles become smaller, the free electron scattering at the surfaces of

the nanoparticles becomes significant, which increases the imaginary part of the

permittivity. Such contributions can be accounted for in Drude models by using

a size-dependent relaxation frequency [27, 68].

2.3.3 Graphene resonators

Graphene has shown great promise for plasmonic applications since its discovery

in 2004 [69]. Before that, no one imagined the possibility of stable free-standing
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graphene due to inherent thermal instabilities associated with 2D materials [70].

Graphene is the two-dimensional (2D) allotrope of carbon with a 2D honeycomb

lattice structure. Due to its conical band structure, the charge carriers in graphene

act as massless Dirac fermions, which are in part responsible for fascinating prop-

erties of graphene [23,71]. It has been shown that LSPRs in graphene have a much

stronger field confinement than LSPRs in noble MNPs, mainly due to their 2D

nature [23]. Furthermore, the LSPRs in graphene are known to have lower losses

and higher tunability compared to LSPRs in noble MNPs [72]. Due to its remark-

able optical, mechanical, and thermal properties, graphene is being considered

for many potential plasmonic applications such as sensing, light-harvesting and

metamaterials [23].

A monolayer graphene nanoflake (GNF) resonator can be obtained when a

graphene nanosheet is cut into a specific shape. Such resonators can produce

LSPRs which are strongly confined compared to that of MNP resonators. When

the frequency of the light incident on a noble metal decreases, the imaginary part

of the dielectric constant, which accounts for the Ohmic losses, significantly in-

creases [73]. In contrast, owing to the smaller imaginary part and the penetration

depth, graphene is more suitable to sustain LSPRs in lower frequencies, espe-

cially the infrared regime, which is vital for biosensing applications, in compar-

ison with noble metals [74, 75]. When compared to MNP resonators, the LSPR

properties of GNF resonators can be easily tuned via electrostatic gating or dop-

ing without altering any physical dimensions [76]. However, in MNP resonators,

LSPR properties can only be changed by altering its physical properties like size

or shape. Therefore, if an application imposes both size and LSPR requirements,

GNF resonators are more suitable than MNP resonators.
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2.3.4 Characterizing the dielectric function of the graphene

This section provides equations which are used to model the relative permittivity

of the monolayer GNF (εg) in the numerical simulations. The GNF permittivity

is related to its frequency dependent three-dimensional (3D) conductivity σ3D as

[76],

εg(ω) =

(
1 +

iσ3D(ω)

ωε0

)
, (2.11)

where ε0 is the permittivity of the free space. The two-dimensional (2D) con-

ductivity (σ2D(ω)) of the GNF can be modeled using the Kubo formula. In the

Kubo formalism, σ2D(ω) has contributions from both interband and intraband

processes, and can be written as

σ2D(ω) = σinter(ω) + σintra(ω). (2.12)

The contribution from intraband conductivity σintra(ω) in Eq. (2.12) becomes

dominant in the high doping regime where Fermi energy EF � h̄ω [77]. The

intraband contribution to the 2D conductivity can be expressed as [78, 79]

σintra(ω) =
ie2

0|EF|
πh̄2(ω + iτ−1)

, (2.13)

where e0 is the charge of an electron, h̄ is the reduced Planck constant and τ is the

intrinsic relaxation time of the carriers in graphene. The, interband conductivity

σinter(ω) in Eq. (2.12) becomes dominant [77] in the low doping regime where

Fermi energy EF � h̄ω. In Kubo formalism the interband contribution to the 2D

conductivity is given by [78]

σinter(ω) =
ie2

0
4πh̄

ln
(

2|EF| − (ω + iτ−1)h̄
2|EF|+ (ω + iτ−1)h̄

)
. (2.14)

Finally, the three-dimensional (3D) conductivity of graphene which accounts
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for the thickness of the graphene flake d can be obtained using the following

formula [23, 76].

σ3D(ω) =
σ2D(ω)

d
. (2.15)

The conductivity equations in Eq. (2.13) and Eq. (2.14) are valid for mono-

layer GNFs. Various conductivity models for bilayer and multilayer graphene

nanoflakes have been proposed in the literature by taking in to account the addi-

tional effects such as tunnelling between layers [80–82].

2.4 Excitons
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Figure 2.3: (a) Illustration of an exciton formation in a QE. The area marked by
the dotted region shows the electron-hole quasiparticle where the electron and
the hole are attracted to each other by a Coulomb force. (b) Effective two-level
system of the QE. The excited level has Ee energy and the ground level has Eg
energy.

When a QE is excited by an external electric field, an exciton is created. In

general, QEs have semiconducting properties and have an electronic band struc-

ture consisting of a filled valence band and an empty conduction band. The two

bands are separated by an energy band gap that prohibits electrons moving from

the valence band to the conduction band [83]. If sufficient energy is provided to
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the valence band electrons, they can cross the energy band gap and move to the

conduction band. As shown in the figure 2.3(a), upon leaving the valence band,

an electron leaves behind a hole in the valence band. The negatively charged

electron in the conduction band and the corresponding positively charged hole

in the valence band are attracted to each other by a Coulomb force [84]. The elec-

trically neutral quasiparticle generated by this bound state of the electron-hole

pair is called an exciton [85]. The radiative decay of the exciton leads to recom-

bination of the electron and the hole which causes photoluminescence [86]. Such

photoluminescence effects of QEs are exploited in various imaging and sensing

applications. Furthermore, excitons are also being used in numerous application

areas such as light-harvesting, quantum computing, optoelectronic devices, and

exciton transistors [87–91].

As shown in the figure 2.3(b), the excitons in a QE can be modelled as an

electronic two-level system. Even though real QEs have many energy levels, the

two-level approximation for QEs is widely used in the literature and provides a

simple yet extremely useful way to analytically model the excitons. As shown in

the figure 2.3(b), the two states of the two-level system are defined as the excited

state |e〉 and the ground state |g〉. With no excitations, the electrons are residing

in the ground state. The energy required to excite an electron from the ground

state to the excited state is given by h̄ωQE = (Ee − Eg) where Eg is the ground

state energy and Ee is the excited state energy. These energies are related to their

corresponding states as,

Ĥ|g〉 = Eg|g〉

Ĥ|e〉 = Ee|e〉
(2.16)

where the system Hamiltonian,H, is given by [92],

Ĥ = Eg|g〉 〈g |+Ee| e〉 〈e|. (2.17)
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Since the energy difference between the states is the quantity of interest, the

ground state energy (Eg) can be safely set to zero, which modifies the system

Hamiltonian to:

Ĥ = h̄ωQE|e〉〈e| (2.18)

Finally, by defining the annihilation operator of the excited state as σ̂ = |g〉 〈e|

and its creation operator as σ̂† = |e〉 〈g|, respectively, the Hamiltonian of the QE

can be rewritten as [93],

Ĥ = h̄ωQEσ̂†σ̂. (2.19)

As mentioned earlier, in reality, QEs have many more energy levels, however,

for closely resonant monochromatic electric fields, the two-level approximation is

sufficient, as other levels are far detuned from the field and will not be populated

[9].

2.5 Different Types of Emitters Used in Sensing
Applications

This section discusses different materials that can be used as the quantum emit-

ters in nanohybrid designs. Among various emitter materials studied in the lit-

erature, quantum dots (QDs) and carbon nanotubes (CNTs) have attracted much

attention over the past decades for their unique optical and chemical properties.

2.5.1 Quantum dots

Quantum dots are one of the most popular emitters studied in the literature. The

QDs have sizes ranging from 1 nm to 10 nm and have distinct optical properties

compared to that of bulk materials [86]. The QDs are usually composed of bi-
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nary compound materials which are taken from groups II-VI (e.g., CdSe, CdS

and ZnSe) and III-V (e.g., GaAs, InP, InSb and GaP) [83]. The band structure of

QDs can be controlled using their size, which allows one to tune their optical

properties to meet application needs. In terms of fabrication, the colloidal syn-

thesis is more frequently used and can provide QDs with smaller size and better

fluorescent properties. In colloidal synthesis, reactions occurring in solutions that

contain various ionic or molecular precursors are used to form QDs. Lithography

techniques are also available to synthesise QDs, and in these techniques, QDs are

fabricated using semiconductor substrates [94]. Unique properties such as high

resistance to photobleaching and tunable optical properties make QDs more ap-

pealing for fluorescence applications compared to organic dyes which suffer from

rapid photobleaching [95].

Recently, there is a significant growth of applications that use QDs for biolog-

ical imaging and sensing applications [86, 95]. The tunable optical properties of

QDs in near-infrared frequencies have been used in various in vivo applications

including imaging of different tissues in the body, tracking and labelling biologi-

cal cells and imaging tumour cells [86,96,97]. Similarly, in vitro applications have

used QDs to label and image fixed tissues and cells, which is vital for reliable

clinical diagnostics [86]. Due to the high resistance to photobleaching, QD-based

imaging techniques can produce images with high contrast and sharpness [98].

Although it is being considered for numerous biological applications, the toxicity

of QDs still remains a concern. Various efforts have been made to understand

the toxicity of the QDs and find materials with minimal toxicity [99]. Apart from

biological applications, QDs have shown promising applications in various fields

ranging from quantum computing [100] to light-harvesting [101].
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2.5.2 Carbon nanotubes

Carbon nanotubes are made by rolling graphene sheets into cylindrical struc-

tures. Due to similar structural properties to graphene, CNTs also exhibit remark-

able optical and mechanical properties [102]. Two types of CNTs are multi-walled

carbon nanotubes (MWCNTs) and single-walled carbon nanotubes (SWCNTs).

MWCNTs have two variants; the first variation is made by rolling a graphene

sheet like a newspaper roll in a spiral shape, and the other variation comprises

nested SWCNTs [83]. The SWCNTs are defined using chiral vector ~Cn,m where

n and m are known as chiral indices. The circumference of the CNT is given by

a
√

n2 + nm + m2 where a is the lattice constant [83]. The optical properties of the

SWCNTs are highly dependent on the way they are rolled up, therefore, can be

determined by their chiral indices. If |n−m| is a multiple of 3, the CNT has metal-

lic properties, and otherwise, it has semiconducting properties [103, 104]. Semi-

conducting SWCNTs have wide bandgaps which facilitate the formation of exci-

tons that make it possible to use them as QEs in nanohybrid designs [102,105,106].

The most common way to synthesise CNTs is by using carbon vapour deposition

(CVD) techniques [107–109].

Due to its extraordinary physicochemical and optical properties such as pho-

toluminescence, high absorption capabilities and tunable surface chemistry, car-

bon nanotubes have been thoroughly investigated for potential applications in

a wide range of diagnostic and therapeutic applications [102, 110]. Biosensors

based on carbon nanotubes have been used to detect biological molecules, DNA,

proteins, and cancer biomarkers [111–115]. Various studies have shown that

CNTs can be used for in vivo tumour imaging and vascular imaging [116–118].

Furthermore, CNTs are also suggested for targeted drug delivery [119] and hy-

perthermia therapy [120] applications. Compared to QD emitters, CNTs have

shown low cytotoxicity and greater resistance to photobleaching, making them

suitable for biosensing applications over QDs [121–124].



Chapter 3

Analytical Modelling of a Nanohybrid
With an Ellipsoidal Nanoresonator

3.1 Overview

In this chapter, we develop an analytical model for the scattering properties of

a nanohybrid, which comprises an ellipsoidal NR coupled to a QE. This analyti-

cal model is used to analyse various nanohybrid designs in subsequent chapters.

In this formalism, the nanohybrid system is treated as an open quantum sys-

tem and take into account its interaction with the external environment. When

a nanohybrid is formed by coupling a QE to a NR, it depicts scattering prop-

erties that are enhanced and tunable compared to that of its constituents [9, 11].

These unique optical properties are attributed to the exciton-plasmon interactions

occurring between the QE and the NR [7]. A cavity quantum electrodynamics

(cavity QED) based formalism is used when deriving the optical response of the

nanohybrid. This analytical model is highly versatile and can be used to analyse

various nanohybrid designs with different NRs with spherical, spheroidal and

disk geometries.

27
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Figure 3.1: The schematic of the nanohybrid system.

3.2 Model Description

A nanohybrid system with an ellipsoidal NR and a QE is considered, as shown in

figure 3.1. The system contains a tri-axial ellipsoidal NR with semi-axes dimen-

sions Lx, Ly and Lz. The NR is coupled to a QE, which is modelled as a two-level

system, placed Ls distance away from the centre of the NR. The nanohybrid sys-

tem is submerged in a dielectric medium with a real positive relative permittivity

εb. The minimum distance between the QE and NR surfaces is kept greater than

2 nm to avoid tunnelling effects [4,11,30]. A coherent, monochromatic laser beam

incident along the z-axis is used to drive the nanohybrid system. The system and

the submerging medium are assumed to be non-magnetic. Hence the external
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illumination can be modelled with an electric field E(ω, t) = ẑE0(e−iωt + eiωt)

where ω is the angular frequency, i is the imaginary unit, E0 is the magnitude

of the electric field, t is the time and ẑ is the unit vector perpendicular or along

the axis of the nanohybrid. It is assumed that both NR and QE undergo dipolar

polarization along the direction of external illumination [7,9]. The dimensions of

the nanohybrid are significantly smaller than the near-infrared and visible range

wavelengths used in many sensing applications. Hence, the quasistatic approxi-

mation is used when modelling the optical response of the nanohybrid. [9, 11].

3.3 Formalism

This section explains the cavity QED based approach that was used to derive

quantum field operators under the influence of the external electric field. The

Hamiltonian of the nanohybrid system can be written as

Ĥ = ĤNR + ĤQE + ĤNR-QE + Ĥfield, (3.1)

where ĤNR, ĤQE, Ĥfield and ĤNR-QE are Hamiltonians for the surface plasmon

field of the NR, the two-level QE, the interaction of the nanohybrid system with

the external electric field and interaction between the NR and QE, respectively.

Next, each of these Hamiltonians are derived separately.

First, we derive the Hamiltonian that describes the surface plasmon field of

the NR. Surface plasmons are excited when NR is excited by an external electric

field. Here, the surface plasmon field of the NR is quantum mechanically mod-

elled by quantising each mode as a quantum harmonic oscillator. These quan-

tum harmonic oscillators are defined by the corresponding number states and

the number of surface plasmons in the particular mode. In the quasistatic regime

where particle dimensions are much smaller than the wavelength of the external
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electric field, dipole mode corresponds to the LSPR of the NR [4, 125]. Therefore,

in calculations, we only consider the dipole mode of the surface plasmon field.

Assuming that the energy of the vacuum state is zero, the Hamiltonian for the

dipole mode of the surface plasmon field of the NR (ĤNR) can be written as

ĤNR = h̄ωNR â† â, (3.2)

where â and â†are the annihilation and creation operators of the dipole mode [93],

respectively, and ωNR is the LSPR frequency.

Next, the Hamiltonian is derived for the two-level QE. Excitons are created

when the QE is excited using an external electric field with a frequency nearly

equal to the frequency separation of the two energy levels. By labelling two en-

ergy levels as ground state |g〉 and excited state |e〉, the Hamiltonian of the iso-

lated QE (ĤQE) can be written as ĤQE = Eg |g〉 〈g|+ Ee |e〉 〈e|where energy of the

ground state is considered to be zero and the energy of the excited state is given

by Ee = h̄ωQE with ωQE being the resonant frequency related to the transition

between the two states. The raising and lowering operators for the QE can be

defined as σ̂† = |e〉 〈g| and σ̂ = |g〉 〈e|, respectively [93]. Then the Hamiltonian

for the two-level QE can be rewritten as

ĤQE = h̄ωQEσ̂†σ̂. (3.3)

Let us now obtain an expression for the Hamiltonian describing the dipole-

dipole interaction between the NR and the QE. The charge oscillations between

the ground state and the excited state, which occur from decays and excitations,

create a transition dipole moment in QE. Assuming that the QE transition dipole

moment element µQE is real, the dipole operator for the QE, d̂QE, can be repre-

sented as

d̂QE = d̂−QE + d̂+QE, (3.4)
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where d̂−QE = µQEσ̂† and d̂+QE = µQEσ̂ denote the negative and positive frequency

components that will oscillate as eiωt and e−iωt, respectively, in the interaction

picture [126]. The dipole moment in the QE interacts with the dipole mode of

the surface plasmon field of the NR. It is assumed that the surface plasmon field

radiated by the NR resembles that of a plasmonic cavity [11, 30]. In the cavity

QED approach, the positive frequency component of the surface plasmon field

operator Ê+
NR experienced at the centre of the QE can be written as

Ê+
NR ≈ iE â, (3.5)

where E is the electric field amplitude coefficient of the dipole mode of surface

plasmon field [11, 127, 128]. Then, the interaction Hamiltonian for QE and the

NR, ĤNR-QE, can be expressed as, ĤNR-QE = −d̂QE · ÊNR [129, 130]. Substitut-

ing ÊNR and d̂QE from Eq. (3.5) and Eq. (3.4), and applying the rotating wave

approximation [93], ĤNR-QE can be written as

ĤNR-QE = ih̄g
(

σ̂â† − σ̂† â
)

, (3.6)

where coupling constant for the interaction between the QE and the NR is defined

as,

g =
µQEE

h̄
. (3.7)

The last term of the Hamiltonian in Eq. (3.1) describes the interaction of the

external electric field with the induced electric dipole moments of both NR and

the QE. The dipole moment operator of the QE is already defined in Eq. (3.4).

The induced electric dipole moment in the NR is a result of the displaced charge

on its surface. The electric dipole moment operator of the NR d̂NR is given by

d̂NR = d̂−NR + d̂+NR, (3.8)
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where d̂−NR = µNR â† and d̂+NR = µ∗NR â denote the negative and positive frequency

components of the dipole moment operator of the NR, respectively, with µNR

being the dipole moment element of the NR.

Using dipole moment operators of the NR and the QE, under the dipole ap-

proximation, the Hamiltonian for the interaction between the nanohybrid and the

external electric field Ĥfield can be written as Ĥfield = −E(d̂NR + d̂QE). By sub-

stituting relevant values and applying the rotating wave approximation, Ĥfield

obtained as

Ĥfield = −E0

(
µNR â†e−iωt + µ∗NR âeiωt

)
− µQEE0

(
σ̂†e−iωt + σ̂eiωt

)
. (3.9)

Now we have obtained expressions for all four terms in the system Hamil-

tonian. Next, this system Hamiltonian is transformed to the interaction picture

Hamiltonian. Detunings of the QE and the NR from the external driving field are

defined as ∆NR = (ωNR − ω) and ∆QE = (ωQE − ω), respectively. Using stan-

dard transform methods [131], the Hamiltonian in Eq. (3.1) can be transformed

to interaction picture Hamiltonian ĤI which is in a frame rotating at frequency ω

as [4, 132]:

ĤI = h̄∆NR â† â + h̄∆QEσ̂†σ̂ + ih̄g(â†σ̂− âσ̂†)− E0

(
d̂NR + d̂QE

)
. (3.10)

The eigenstates of ĤI are dressed states [93, 133] which correspond to the be-

haviour of the composite system.

The interaction Hamiltonian ĤI treats the nanohybrid system as a closed sys-

tem and it does not take in to account the interactions with the external envi-

ronment. However, the aim of the nanohybrid based sensors is to sense the sur-

rounding environment. Therefore, it is essential to incorporate effects from the

external environment into the model. Furthermore, the steady-state dynamics of

the nanohybrid system is mainly dependent on the dielectric properties of the
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submerged medium [131]. Therefore, to incorporate dielectric bath effects in the

model, the nanohybrid system is modelled as an open quantum system using

the Lindblad master equation where interactions with environments are treated

as Markovian processes [134]. The Lindblad master equation for the nanohybrid

system which takes in to account the effects of external environment can be writ-

ten as [135]:
∂

∂t
ρ̂ =

i
h̄
[
ρ̂, ĤI

]
+ L̂NR + L̂QE, (3.11)

where ρ̂ is the density matrix of the nanohybrid system and square brackets de-

note the commutation operation between the operators. The Liouvillian terms

L̂NR and L̂QE account for the bath induced decays in NR and QE, respectively.

Defining γNR and γQE as decay rates of the surface plasmon and exciton, respec-

tively, the Liouvillian terms can be derived as [11]:

L̂NR = γNR

(
2âρ̂â† − â† âρ̂− ρ̂â† â

)
/2, (3.12)

L̂QE = γQE

(
2σ̂ρ̂σ̂† − σ̂†σ̂ρ̂− ρ̂σ̂†σ̂

)
/2. (3.13)

Now expectation values are obtained for the quantum operators â and σ̂. In

quantum mechanics, the expectation value of any observable (Ô) can be calcu-

lated by using the following formula,

〈Ô〉 = tr
(
ρ̂Ô
)

, (3.14)

where tr denotes the trace of the matrix. In the interaction picture, the time

derivative of the expectation value of an operator can be obtained as [131]:

∂

∂t
〈Ô〉 = tr

(
Ô

∂

∂t
ρ̂

)
. (3.15)

Substituting ρ̂ from Eq. (3.11) to Eq. (3.15) and assuming that 〈σ̂〉 and 〈â〉

commute with each other [11, 30], the equation of motion for operators â and σ̂
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can be obtained as :

∂

∂t
〈â〉 = MNR + g〈σ̂〉 − DNR, (3.16)

∂

∂t
〈σ̂〉 = (2〈σ̂†σ̂〉 − 1)(g〈â〉 −MQD)−DQE. (3.17)

whereMNR,MQE, DNR and DQE are given by

MNR = iµNRE0
/

h̄, (3.18)

MQE = iµQEE0
/

h̄, (3.19)

DNR =
(
i∆NR + γNR

/
2
)

, (3.20)

DQE =
(
i∆QE + γQE

/
2
)

. (3.21)

To derive an expression for the steady state solution for the expectation value

of â, we make the Eq. (3.16) equal to zero and obtain:

〈â〉 = MNR + g〈σ̂〉
DNR

. (3.22)

Similarly, to derive an expression for the steady state solution for the expec-

tation value of σ̂, we make Eq. (3.17) equal to zero and use the fact that in the

weak field regime, the excited state population of QE denoted by 〈σ̂†σ̂〉 is negli-

gible [6, 136]. Then, we obtain:

〈σ̂〉 =
MQE − g〈â〉
DQE

. (3.23)

Substituting for 〈â〉 in Eq. (3.23) from Eq. (3.22) , the steady state expectation

values of σ̂ can be obtained as,

〈σ̂〉 =
DNRMQE − gMNR

D + g2 . (3.24)
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where D is defined as DQEDNR.

Similarly, substituting for 〈σ̂〉 in Eq. (3.22) from Eq. (3.23), the steady state

expectation values of â can be obtained as,

〈â〉 =
DQEMNR + gMQE

D + g2 . (3.25)

3.3.1 Calculation of the NR dipolar response

In this section, expressions for the electric dipole moment element of the NR (µNR)

and the coupling constant for the interaction between the QE and NR (g) are ob-

tained. In the derivation, we use the fact that the expectation values of quantum

electric field operators equal to their classical electric field values [137]. First, the

electric field components of the NR and QE are classically obtained. In the qua-

sistatic regime, the surface plasmon field generated by the NR is purely electric

at the resonance [138]. The QE can be considered as a point dipole source with

dipole moment dQE located at a Ls distance from the NR. Therefore, the positive

frequency component of the electric field produced by the QE at the NR position

is given by

E+
QE =

skd+QE

4πε0εbL3
s

, (3.26)

where sk is the orientation parameter, d+QE is the positive frequency component of

the dipole moment of the QE and ε0 is the dielectric permittivity of the free space.

The orientation parameter sk is a scalar whose value depended on the direction

of the polarization of the external electric field and the separation vector between

the NR and the QE. When the external field is perpendicular to the separation

vector sk = −1 and when it is parallel to separation vector sk = 2. Furthermore, k

denotes the direction of the external field which can take values x, y or z. For the

system shown in figure 3.1, k is equal to z as the external field is parallel to the

z-axis.
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Similarly, the positive frequency component of the classical electric field pro-

duced by the NR at the QE position can be expressed as

E+
NR =

skd+NR
4πε0εbL3

s
, (3.27)

where d+NR is the positive frequency component of the dipole moment of the NR.

The dipole moment of the NR can be classically obtained using the polarizability

of the NR (αk) as,

d+NR = ε0εbαkE+
i,NR, (3.28)

where Ei,NR is the total electric field at the NR centre, which is given by,

Ei,NR = E + EQE, (3.29)

and has contributions from both external electric field and the QE dipole electric

field [6, 7]. Substituting Eq. (3.29) in Eq. (3.28) and applying relevant values, we

obtain,

d+NR = ε0εbαk

(
E0 +

skd+QE

4πε0εbL3
s

)
. (3.30)

In the nanohybrid design, we use an ellipsoidal shaped NR. The advantage

of using an ellipsoidal NR is that the resulting analytical model can be used to

analyse a wide variety of nanohybrid systems with different NR shapes. For ex-

ample, the analytical model developed in this section can be directly applied to

analyse the optical response of nanohybrid systems with spherical and spheroidal

nanoparticles, as shown in the next chapters. Furthermore, the polarizability

equation of an ellipsoidal nanoparticle can be used to analyse optical properties

of metallic nanodisks [139, 140] and graphene nanoflakes [7, 141], and the results

were found to be in good agreement with experiments [7,139]. The polarizability
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of an ellipsoidal NR is defined as,

αk =
4πLxLyLz[εNR(ω)− εb]

3NkεNR(ω) + 3εb[1− Nk]
, (3.31)

where εNR(ω) is the dielectric permittivity of the NR and Nk is the depolarization

(geometrical) factor given by [26, 125, 142, 143]

Nk =
LxLyLz

2

∫ ∞

0

ds

(L2
k + s)

√
(L2

x + s)(L2
y + s)(L2

z + s)
. (3.32)

The three depolarization factors corresponding to the x, y and z axes must satisfy

the relation, Nx + Ny + Nz = 1. For the special case of a spheroid where Lx and

Ly are equal, the depolarization factor along the z-axis can be written as

Nz =
1− e2

NR

e2
NR

[
1

2eNR
ln
(

1 + eNR

1− eNR

)
− 1
]

, (3.33)

where the eccentricity of the spheroidal NR (eNR) is defined as 1− 1/r2 with the

aspect ratio (r) is given by Lz/Lx. For a spheroid, the depolarization factors for

x-axis and y-axis directions are equal and given by [7, 125],

Nx = Ny =
1− Nz

2
. (3.34)

Eq. (3.33) and Eq. (3.34) are valid for both prolate (Lx < Lz) and oblate (Lx > Lz)

spheroids.

The classical electric fields which were derived in this section are equal to

the expectation values of the quantum field operators [137, 144]. Therefore, by

comparing the classical electric field of the NR at the QE position (Eq. 3.27) with

the expectation value of the relevant surface plasmon field operator (Eq. 3.5), E+
NR

can be obtained as

E+
NR = 〈Ê+

NR〉 = iE〈â〉. (3.35)
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Similarly, by comparing the expectation value of the dipole moment operator for

the QE (Eq. 3.4) with its classical counterpart (Eq. 3.26), d+QE can be obtained as

d+QE = 〈d̂+QE〉 = µQE〈σ̂〉. (3.36)

Let us now derive an equation for the coupling constant between the NR and QE.

An equation for the positive frequency component of the classical electric field

produced by the NR at the QE position E+
NR can be derived as

E+
NR =

sk
4πL3

s

[
αk

(
E0 +

skµQE

4πε0εbL3
s
〈σ̂〉
)]

(3.37)

by substituting Eq. (3.28), Eq. (3.29) and Eq. (3.36) in Eq. (3.27). Another equation

for E+
NR can be obtained as

E+
NR =

iE
DNR

(
iµNR

h̄
E0 + g〈σ̂〉

)
, (3.38)

by substituting for 〈â〉 in Eq. (3.35) using Eq. (3.25). Comparing the field coeffi-

cients of 〈σ̂〉 in Eq. (3.37) and Eq. (3.38), the coupling constant between the NR

and the QE can be obtained as,

g =
skµQE

4πL3
s

√
αkDNR

iε0εbh̄
. (3.39)

Similarly, by comparing the field components of the external field E0 in Eq.

(3.37) and Eq. (3.38) the dipole moment element of the NR can be obtained as

µNR = −
√

ih̄ε0εbαkDNR. (3.40)

Using the value of µNR from above equation and 〈â〉 from Eq. (3.25), an expres-
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sion for µNR〈â〉 can be derived as,

µNR〈â〉 = −ε0εbαk

(
E0 +

skd+QE

4πε0εbL3
s

)
. (3.41)

By comparing Eq. (3.41) with Eq. (3.30), it can be seen that d+NR = −µNR〈â〉.

However, an expression for the same quantity can be obtained from Eq. (3.8) as

d+NR = 〈d̂+NR〉 = µ∗NR〈â〉. (3.42)

Therefore, the consistency condition for the NR to satisfy the cavity QED model

is [11, 30]:

µ∗NR = −µNR. (3.43)

Next, an expression is obtained for µNR which satisfy this consistency con-

dition. First, we define the real part of the NR permittivity as ε′NR(ω) and the

imaginary part of the NR permittivity as ε′′NR(ω). In order to have pronounced

surface plasmons, the real and imaginary parts of the NR permittivity should

satisfy εNR(ω)′ < 0 and ε′′NR(ω)� −εNR(ω)′ conditions. At the LSPR, the polar-

izability of the NR undergoes a resonant enhancement. When ε′′NR is small, from

the denominator of Eq. (3.31), the real part of the permittivity at LSPR frequency

(Ω) can be obtained as,

ε′NR(Ω) = −1− Nk
Nk

εb. (3.44)

Therefore, if the depolarization values are known, the LSPR can be calculated

given that the dielectric permittivity values of the NR are known. For example,

for spherically shaped NR, due to the symmetry, Nk in every direction is equal to

1/3. When this value is applied to Eq. (3.44), we obtain ε′NR(Ω) = −2εb, which

is the well-known Frölich condition [3, 26]. The resonance enhancement of the

polarizability at the LSPR is mainly restricted by the magnitude of the imaginary

part of the NR permittivity.
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Furthermore, the rate of energy loss from the surface plasmon mode is propor-

tional to ε′′NR(ω). Due to this energy loss, surface plasmons have a finite lifetime

which corresponds to a decay rate (γNR) at the LSPR frequency. The decay rate

can be obtained as [3, 11],

γNR = 2ηε′′NR, (3.45)

where η = (dε′NR(ω)/dω)−1|ω = Ω. When dielectric losses in the NR are rel-

atively small, η is positive [3]. When surface plasmons in the NR and external

electric field are near resonance, the corresponding detuning value ∆NR ≈ 0.

Then Eq. (3.39) and Eq. (3.40) can be simplified using Eq. (3.44) and Eq. (3.45) as,

g =
skµQE

L3
s

√
ηLxLyLz

4πε0h̄Nk
, (3.46)

µNR = −iεb

√
4πε0h̄ηLxLyLz

Nk
. (3.47)

With these analytical results, we have the full analytical model for the nanohy-

brid system. We emphasise that µNR, now satisfies the consistency condition in

Eq. (3.43). Furthermore, if dielectric permittivity of the NR is known, this analyt-

ical model can be used to analyse a range of nanohybrids consisting of NRs with

different shapes such as disk-shaped nanoparticles, spherical nanoparticles and

spheroidal nanoparticles. In order to demonstrate this, we substitute depolariza-

tion values for a spherical NR (Nk = 1/3) and Lx = Ly = Lz = r to Eq. (3.46) and

Eq. (3.47), and obtain µNR = −iεb
√

12πε0ηr3h̄ and E = (sk/L3
s )
√

3h̄ηr3/4πε0,

which agree with the relevant expressions for a nanohybrid comprising a spheri-

cal NR which were obtained in previous studies [4, 11, 30].

Finally, we derive an equation for the Rayleigh scattering from the nanohybrid

system. In the quasistatic regime, where Eq. (3.46) and Eq. (3.47) are valid, the

coherent Rayleigh scattering component corresponding to the elastic scattering

becomes dominant. The scattering intensity of the coherent part of the Rayleigh
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scattering from the nanohybrid is proportional to [11, 12]:

I ≈| d+QE + d+NR |
2= | µQE〈σ̂〉+ µ∗NR〈â〉 |2 . (3.48)

These analytical equations are used to analyse sensing capabilities of different

nanohybrid designs in the following chapters.

3.4 Importance of Using Ellipsoidal NRs in
Nanohybrid Designs

The nanohybrid system studied in this chapter comprises an ellipsoidal NR which

is coupled to a QE. The ellipsoidal shape is a generalised shape which can rep-

resent spheres, spheroids, and even disk-shaped particles. The LSPR of a NR is

mainly dependent on its shape and composition. For a spherical NR, due to its

symmetry, the depolarization factor (Nk) is 1/3 in any direction. Therefore, ac-

cording to Eq. (3.44), the LSPR is fixed for a sphere of specific material. However,

for a generalised ellipsoidal NR, the axial symmetry is absent, and different Nk

values are obtained depending on the dimensions. Therefore, the LSPR frequency

of such NR can be changed by varying its aspect ratio.

In order to understand how aspect ratio affects the LSPR frequency of the NR,

the LSPR frequency of a gold spheroidal NR was calculated for various Lz values.

Spheroid is a special case of an ellipsoidal where two axes have equal lengths.

Even though our model can be used to analyse any general type of ellipsoidal

NR, we focus our analysis on spheroidal NRs because that makes understanding

the physics and relationships much easier. The same analysis can be done for any

general ellipsoidal NR as well. When Lz > Lx, Ly the spheroid is called an prolate

spheroid and when Lz < Lx, Ly the spheroid is called a oblate spheroid. A sphere

is a variant of a spheroid where all dimensions are equal in length (Lz = Lx = Ly).
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Figure 3.2: The LSPR frequency variation of a gold spheroidal NR (Lx = Ly =
10 nm) for various aspect ratios. The black, red and blue markers show LSPR
frequencies for prolate spheroidal NR (Lz = 12 nm), spherical NR (Lz = 10 nm)
and oblate spheroidal NR (Lz = 8 nm), respectively. The red and blue lines corre-
spond to real and imaginary parts of the gold permittivity, respectively. The NR
is submerged in a medium with permittivity of εb = 5.45.

Figure 3.2 shows the LSPR frequency variation with the Lz for a spheroidal

gold NR. Here we have used a spheroid NR with two equal axes Lx = Ly =

10 nm which is submerged in a dielectric bath with εb = 5.45. The experimental

permittivity values of gold were used in the simulation [66]. The NR is excited

by an external electric field in the z-direction.

The lowest LSPR frequency is obtained for the prolate spheroidal NR which

has Lz = 12 nm. For these dimensions, Nz is equal to 0.39. If Lz is increased and

the NR is made highly prolate, LSPR frequency can be redshifted even further.

With its lower Nz value of 0.29, the oblate spheroidal NR has its LSPR frequency
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closer to 2.1 eV, which is the highest observed value among these NRs. The Nz

value can be decreased even further by reducing Lz, which leads to a further

blueshift of the LSPR frequency. The LSPR frequency of the spherical NR lies in

the middle. Due to axial symmetry, Nz remains at 0.33 for a sphere of any radius,

which makes the LSPR frequency invariant to the size of the NR.

Therefore, the LSPR properties of the ellipsoidal NR can be controlled by

changing its aspect ratio. Hence, when an ellipsoidal NR used in a nanohybrid

design, the aspect ratio of the NR can be used to control the optical properties of

the nanohybrid system. This tunability is not present in the nanohybrid systems

which use spherical NRs as they have size invariant LSPR frequencies. Therefore,

by using ellipsoidal NRs, nanohybrid systems with tunable optical properties can

be constructed. In the next section, we show how various system parameters af-

fect the scattering properties of the nanohybrid.

3.5 Nanohybrid Scattering Properties

The analytical model developed in the previous section can be used to analyse the

sensitivity of the nanohybrid scattering properties to various system changes. In

this section, we numerically analyse how the scattering properties of the nanohy-

brid can be controlled by changing different system parameters. This analy-

sis uses the prolate spheroidal NR from the previous section with dimensions

Lx = Ly = 10 nm and Lz = 12 nm. The experimental permittivity of gold is used

in the analysis. Quantum dot with decay rate γQE = 50 meV and dipole moment

µQE = 33.62 D is used as the QE of the nanohybrid system. The distance between

the NR and QE is taken as Ls = 16 nm and the orientation parameters is set to

sk = 2. The nanohybrid system is excited by an external electric field with an

amplitude of 100 Vm−1. The relative permittivity of the submerging medium is

εb = 5.45. In the analysis that follows, these are used as the default parameters
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unless mentioned otherwise.
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Figure 3.3: The normalized scattering spectra for nanohybrid systems with differ-
ent NRs. The blue, red and orange lines show scattering spectra for nanohybrids
with prolate spheroidal NR, spherical NR, and oblate spheroidal NR, respectively.
The dimensions of each NRs are the same as that were used to obtain figure 3.2.
All plots are normalized by the maximum scattering intensity value in the figure.

3.5.1 Dependence on the aspect ratio of the NR

Figure 3.3 compares the normalized scattering spectra of three nanohybrid sys-

tems which contain the NRs discussed in section 3.4. The blue, red and orange

lines show normalized scattering spectra for nanohybrids comprising the prolate

spheroidal NR, the spherical NR and the oblate spheroidal NR, respectively.

All scattering spectra show a similar shape, where a Fano-like line shape can

be observed around the QE excitation frequency. The asymmetric Fano-like scat-

tering spectrum of the nanohybrid is caused by dipole-dipole interactions be-

tween the excitons and the dipole mode of the surface plasmons. The strength
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of dipole-dipole interaction is characterized by the coupling constant g, which

is defined by Eq. (3.7). Due to these interactions, constructive and destructive

interference patterns can be observed in the scattering spectrum of the nanohy-

brid. The constructive interference causes the scattering enhancement near QE

excitation frequency, and the destructive interference causes the suppression of

scattering intensity near the QE excitation frequency.

The largest scattering peak intensity is obtained from the nanohybrid with the

prolate spheroidal NR. The lowest scattering intensity values are observed from

the nanohybrid with oblate spheroidal NR. The nanohybrid with the spherical

NR shows a moderate scattering intensity peak compared to the other configura-

tions. With the largest negative real part of dielectric constant at LSPR, the LSPR

of the prolate spheroidal NR are more pronounced compared to other NRs which

lead to higher scattering intensity values.

Therefore, by changing the aspect ratio of the NR, the scattering peak posi-

tions and the corresponding intensity values in the scattering spectrum can be

controlled. When the Lz is increased and the NR is made more prolate, the scat-

tering peak not only redshift but has a higher scattering intensity value. Hence,

nanohybrid systems which can operate in lower frequencies such as near-infrared

frequencies can be achieved with prolate spheroidal NR, which can be useful in

various sensing applications.

3.5.2 Dependence on the polarization of the external electric field

The scattering spectrum variations of the nanohybrid with prolate spheroidal NR

for different polarizations is shown in figure 3.4. The blue line shows the normal-

ized scattering spectrum when external electric field incident along the axis of the

nanohybrid (sk = 2) and the red line shows the scattering spectrum when the in-

cident field is perpendicular to the axis of the nanohybrid (sk = −1). Other than



46 Analytical Modelling of a Nanohybrid With an Ellipsoidal Nanoresonator

1.8 1.9 2 2.1 2.2
 (eV)

0

0.5

1

I N

z-polarization
x-polarization

Figure 3.4: The normalized scattering spectra of the nanohybrid for different po-
larizations. The blue line shows the scattering spectrum for the parallel polariza-
tion and the red line shows the scattering spectrum for the perpendicular polar-
ization. All plots are normalized by the maximum scattering intensity value in
the figure.

the polarization, all the other parameters take values specified at the beginning

of the section 3.5.

It can be observed that the Fano-like line shape, which originates from the

dipole-dipole interactions between the QE and the NR is affected by the polariza-

tion change. When polarization is parallel to the axis of the nanohybrid, the ef-

fect of constructive and destructive interference is clearly visible in the scattering

spectrum where a sharp and enhanced scattering intensity peak can be observed.

In contrast, when the polarization is perpendicular to the axis of the nanohy-

brid, the effect from constructive interference is barely visible, and the scattering

enhancement is significantly suppressed. Although the effect from destructive

interference is present, the dip of the intensity is not significant nor complete

compared to the case of parallel polarization.
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When perpendicularly polarised, the nanohybrid scattering spectrum under-

goes a significant blueshift compared the parallel polarization. This happens be-

cause the prolate spheroidal NR has different depolarization factors for the two

polarizations (Nz > Nx, Ny) which correspond to different LSPR frequencies. The

frequency blueshift is absent in nanohybrids with spherical NRs as LSPR frequen-

cies of spherical NRs are invariant to the direction of polarization due to the axial

symmetry.
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Figure 3.5: The normalized scattering intensity variation of the nanohybrid at
different external medium permittivities. The blue, red, orange, purple and green
lines correspond to scattering spectra for submerging permittivity values εb = 6,
εb = 5.5, εb = 5, εb = 4.5 and εb = 4, respectively. All plots are normalized by the
maximum scattering intensity value in the figure.

3.5.3 Dependence on the submerging medium permittivity

Figure 3.5 shows how the normalized scattering intensity of the nanohybrid af-

fected by the permittivity variations of the submerging medium permittivity. It
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can be observed that when the medium permittivity value increases, the fre-

quency that corresponds to the peak intensity of the scattering spectrum shifts

towards lower frequencies. The permittivity change of the submerging medium

also affects the magnitude of the peak scattering intensity value that gets ampli-

fied with the increasing medium permittivity.

These changes arise due to NR LSPR sensitivity to the medium permittivity.

According to Eq. (3.44), the LSPR frequency of the NR highly depends on the

submerging medium permittivity. Therefore, as external medium permittivity

increases, the LSPR frequency of the NR shifts to lower frequencies which explain

the analogous frequency redshift observed in the nanohybrid. Furthermore, as

shown in figure 3.2, at lower frequencies, the magnitude of the real part of the

gold dielectric constant becomes larger. This leads to more pronounced surface

plasmons at the NR that amplify the scattering intensities of the nanohybrid.

The medium sensitive frequency and magnitude variations of the scattering

signatures can be used to detect changes in the environment around the nanohy-

brid. For example, in biosensing, the scattering signatures from nanohybrids can

be used to detect the presence of a tumour in a patient. The tumour regions have

a higher permittivity value compared to healthy regions of the body that redshift

and amplify scattering signatures compared to the scattering signatures coming

from healthy parts of the body. If the relationship of the scattering intensity and

the medium permittivity is known, the permittivity profile of the tumour can be

reconstructed from the scattering signatures that can be used for tumour detec-

tion and classifications.

3.5.4 Dependence on the separation distance and the QE dipole
moment

Figure 3.7 shows how the scattering spectrum of the nanohybrids changes with

the separation distance between the NR and QE. The subfigures 3.7(a), 3.7(b),
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Figure 3.6: (a) Variation of the interaction energy between the NR and the QE
(g) for various separation distances. (b) Scattering intensity of the nanohybrid
compared to that of the isolated NR for varying separation distances. The y-
axis of the graph shows the ratios of the maximum scattering intensity of the
nanohybrid to that of the isolated NR at specific distances. The blue line and red
line correspond to the values obtained for the nanohybrids comprising QEs with
dipole moments µQE = 33.62 D and µQE = 24.01 D, respectively.



50 Analytical Modelling of a Nanohybrid With an Ellipsoidal Nanoresonator

1.8 1.85 1.9 1.95 2
 (eV)

0

0.5

1

I N

QD= 33.62 D

QD= 24.01 D
INR

1.8 1.85 1.9 1.95 2
 (eV)

0

0.5

1

I N

QD= 33.62 D

QD= 24.01 D
INR

1.8 1.85 1.9 1.95 2
 (eV)

0

0.5

1

I N

QD= 33.62 D

QD= 24.01 D
INR

1.8 1.85 1.9 1.95 2
 (eV)

0

0.5

1

I N

QD= 33.62 D

QD= 24.01 D
INR

(a)

(b)

(c)

(d)

Figure 3.7: The normalized scattering intensity of the nanohybrid for different
separation distances (Ls). The blue line and red line correspond to the scatterings
intensity of the nanohybrids comprising QEs with dipole moments µQE = 33.62 D
and µQE = 24.01 D. The dashed orange line shows the scattering intensity from
the isolated NR. (a) Ls = 16 nm (b) Ls = 28 nm(c) Ls = 40 nm (d) Ls = 100 nm.
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3.7(c) and 3.7(d) show the scattering spectra for separation distances Ls = 16 nm,

Ls = 28 nm, Ls = 40 nm and Ls = 100 nm, respectively. Figure 3.6(a) shows how

the separation distance affects the interaction energy between the NR and QE.

Figure 3.6(b) shows the scattering enhancement of the nanohybrid when com-

pared with the scattering intensity of the isolated NR. The scattering enhance-

ment at a given separation was calculated by taking the ratio of the peak inten-

sity value of scattering spectra of the nanohybrid and the isolated NR at that

specific separation distance. The blue and red lines in figure 3.7 and figure 3.6

correspond to values calculated for a nanohybrid containing a QE with a dipole

moment µQE = 33.62 D and a nanohybrid containing a QE with a dipole moment

µQE = 24.01 D, respectively.

The interaction energy has an inverse third power relationship to the separa-

tion distance between the NR and QE. Therefore, as shown in figure 3.6(a), the

interaction energy reduces significantly when the separation between the NR and

QE increases. Figure 3.7(a-c) shows how the scattering spectrum of the nanohy-

brid changes for different separation distances. When NR and QE are close to

each other, the destructive interference dominates the constructive interference,

which leads to a larger, broader kink in the scattering spectrum. However, as

separation distance increases, constructive interference becomes more substan-

tial compared to its counterpart, which leads to a narrower kink in the scattering

spectrum. However, at larger separation distances, the negligible interaction be-

tween the NR and the QE results in a scattering spectrum similar to that of the

summation of isolated QE and the NR scattering spectra. This is evident from

figure 3.6(b) which shows that the scattering enhancement from nanohybrid in-

creases up to an intermediate distance value and beyond that value, it continues

to decline to a constant value. Therefore, positioning of the QE and NR controls

the scattering enhancement from the nanohybrid and is a crucial factor to con-

sider when designing nanohybrids for applications.
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The QE dipole moment (µQE) has a linear relationship with the interaction en-

ergy (g) between the QE and NR. Therefore, as shown in figure 3.6(a), for a given

separation distance, QE with the larger dipole moment leads to more interaction

energy between the NR and QE. The stronger interactions resulting from the QE

with larger dipole moment cause a broader kink in the scattering spectrum, as

shown in figure 3.7(a) compared to that for the other QE. Figure 3.6(b) shows

that when a QE with a lower dipole moment is used, the maximum scattering

enhancement from the nanohybrid can be observed at a shorter distance. In con-

trast, the much stronger destructive interference originates from the QE with the

larger dipole moment is capable of suppressing the scattering enhancement for

longer distances. Therefore, this shows that by varying the dipole moment of

the QE, the amount and type of interference effects in the nanohybrid scattering

spectrum can be controlled.

3.6 Summary and Conclusion

In this chapter, we analytically modelled the scattering properties of a nanohy-

brid consisting of an ellipsoidal NR and a QE. The nanohybrid system was mod-

elled as an open quantum system, and a cavity QED formalism was used to de-

rive the analytical expressions for the dipole moment operator of the NR and

the coupling constant for the interaction between the QE and NR. Then, the de-

rived analytical equations were used to characterise the Rayleigh scattering spec-

trum of the nanohybrid. The final analytical equations are highly versatile and

can be used to analyse scattering properties of nanohybrids with different NRs

such as ellipsoidal, spheroidal, spherical and disk-shaped NRs. Next, we per-

formed through numerical simulations to investigate the scattering properties of

a nanohybrid with a gold metal spheroidal NR. It was shown that the scattering

spectrum of the nanohybrid has an asymmetric Fano-like spectrum as a conse-
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quence of the exciton plasmon interactions in the nanohybrid. It was also shown

that the nanohybrid scattering signatures are highly sensitive to various parame-

ters like separation distance, QE dipole moment, and the aspect ratio of the NR,

which can be used to tune scattering properties of the nanohybrid. Moreover, it

was demonstrated that the scattering spectrum is also sensitive to the changes

in the medium surrounding the nanohybrid, which can be exploited in sensing

applications.
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Chapter 4

Scattering Properties of a Nanohybrid
with a Spheroidal Nanoshell

Resonator

The solid, homogeneous metal NRs studied in the previous chapter have limited

LSPR tunability as their LSPR can only be varied by changing the aspect ratios

and the materials of the NRs, which limits their usability in applications which

imposes both size and resonance requirements.

In contrast, the LSPR properties of nanoshell resonators can be changed by

varying the core to shell ratio of the resonator. Furthermore, LSPRs of nanoshell

resonators can be designed to operate in the near-infrared regime, which is highly

relevant in biological applications because of the high tissue penetration observed

in these frequencies. Due to these reasons, gold metal nanoshells have been used

in numerous in vivo biomedical applications. The highly tunable scattering prop-

erties of the nanoshells have been used for in vivo imaging and sensing appli-

cations, and their absorption properties have been used in photothermal cancer

therapy applications [145–148]. Therefore, nanohybrids with highly tunable op-

tical properties and operate in the near-infrared regime can be made by incorpo-

rating nanoshell resonators in the nanohybrid designs.

This chapter investigates the scattering properties of a nanohybrid with a

spheroidal metal nanoshell resonator. The resonator is coupled to a QD which

acts as the QE. First, the polarization and the effective permittivity of the nanoshell

55
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resonator is modelled using internal homogenization. Then various numerical

simulations are performed to identify key scattering characteristics of the nanohy-

brid, which can be exploited when designing nanoshell resonator-based nanohy-

brids for sensing applications.

4.1 Polarizability and Effective Permittivity of an El-
lipsoidal Nanoshell Resonator
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Figure 4.1: (a) The ellipsoidal nanoshell resonator. The permittivity values of the
core and shell of the resonator are ε1 and ε2, respectively. The semi-axes dimen-
sions of the core are Lx,i, Ly,i and Lz,i, and the dimensions of the shell are Lx, Ly
and Lz. (b) The effective homogeneous NR with semi-axes dimensions Lx, Ly and
Lz.

The ellipsoidal nanoshell resonator is shown in the figure 4.1(a). The permit-

tivity values of the core and shell of the resonator are ε1 and ε2, respectively. The

semi-axes dimensions of the core are Lx,i, Ly,i and Lz,i, and the dimensions of the

shell are Lx, Ly and Lz. The nanoshell resonator is submerged in a medium with

permittivity εb. In the quasistatic approximation, the polarizability in the k (k =

x, y or z) direction of the nanoshell resonator is given by [142],

αk =
4πa2b2c2

(
(ε2 − εb)

[
ε2 + (ε1 − ε2)

(
N(i)

k − f Nk

)]
+ f ε2 (ε1 − ε2)

)
3
([

ε2 + (ε1 − ε2)
(

N(i)
k − f Nk

)]
[εb + (ε2 − εb) Nk] + f Nkε2 (ε1 − ε2)

) ,

(4.1)
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where depolarization factors of the inner and outer ellipsoids are given by N(i)
k

and Nk, respectively. The f is the core to shell volume ratio of the nanoshell

resonator and is given by

f =
Lx,iLy,iLz,i

LxLyLz
.

Next, the effective permittivity of the ellipsoidal nanoshell resonator is de-

rived using internal homogenization [149]. In the quasistatic regime, where the

wavelength of the external electric field is much larger than the dimensions of the

NR, the scattered field from the nanoshell resonator is similar to that of an elec-

tric dipole. Therefore, the nanoshell resonator can be replaced by a homogeneous

NR with an effective permittivity εeff with the same outer dimensions whose po-

larizability is equivalent to that of the nanoshell resonator [149]. Figure 4.1(b)

shows the parameters of the effective homogeneous NR. The dipolar responses

of the two NRs are identical as long as they operate in the quasistatic regime. The

polarizability of the effective NR is given by

αk,eff =
4πLxLyLz[εeff − εb]

3Nzεeff + 3εb[1− Nk]
, (4.2)

which is similar to the Eq. (3.31). By equating the polarizability of the nanoshell

resonator to that of the effective NR, the effective permittivity εeff can be obtained

as

εeff = ε2

1 +
f (ε1 − ε2)

ε2 + (ε1 − ε2)
(

N(i)
k − f Nk

)
 . (4.3)

Next, the analytical model developed in chapter 3 is used to investigate scat-

tering properties of a nanohybrid with a spheroidal nanoshell resonator and a

quantum dot.
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Figure 4.2: The nanohybrid system with the gold spheroidal nanoshell resonator
and the QD. The nanohybrid system is submerged in a medium with relative
permittivity εb = 5.45.

4.2 Numerical Model Overview

Figure 4.2 shows the nanohybrid system with the coupled gold spheroidal nanoshell

resonator and the QD. The outer dimensions of the NR are Lx = Ly = 10 nm and

Lz = 12 nm. The dimensions of the core are calculated using the core to shell ratio

(r), defined as

r =
Lx,i

Lx
=

Ly,i

Ly
=

Lz,i

Lz
,
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where r = 0.7. The permittivity of the gold is calculated using Drude model (Eq.

2.8) using ωp = 8.7694 eV, γ0 = 0.0871 eV and ε∞ = 6.2137 [150]. The QD has

a decay rate γQE = 50 meV and a dipole moment µQE = 33.62 D. The detuning

between the QD and NR is taken as −30 meV. The nanohybrid system is under

the influence of an external electric field (E) with an amplitude 100 Vm−1 along

the z-axis. The distance between the NR and QD is Ls = 16 nm and the orien-

tation parameter is sk = 2. The relative permittivity of the submerging medium

is εb = 5.45. In the analysis that follows, these values are used as the default

parameter values unless mentioned otherwise.

4.3 Scattering Spectrum Dependence on the Core to
Shell Ratio

Figure 4.3(a) shows how core to shell ratio (r) can alter the scattering spectrum of

the nanohybrid. The effective permittivity variations of the nanoshell resonator

for ratio changes is shown in figure 4.3(b), where solid and dotted lines in the

graph represent the real (Re(εeff)) and the imaginary (Im(εeff)) parts of the effec-

tive permittivity. Figure 4.3(c) shows the maximum scattering value obtained for

each of the ratios. Finally, figure 4.3(d) depicts the LSPR frequency variation of

the nanoshell resonator for a range of ratio values.

When the core size increases (higher ratio value), the scattering spectrum red-

shifts, and the scattering peaks are observed at lower frequencies. However, si-

multaneously the maximum scattering intensity magnitude obtainable from the

nanohybrid decreases, as shown in figure 4.3(c). When the ratio value is increas-

ing, the metallic shell becomes thinner, and the dielectric core size increases. As

shown in figure 4.3(b), the ratio change has a substantial effect on the effective

permittivity. The Im(εeff) is not significantly affected by the ratio changes. How-

ever, for a given frequency, the magnitude of the Re(εeff) is larger for nanoshell
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Figure 4.3: (a) and (b) show normalized scattering spectra and εeff variation for
different ratio values. The dotted and solid lines in (b) represent the imaginary
and real parts of the εeff. The blue, red and orange lines correspond to the core
to shell ratio values r = 0, r = 0.5 and r = 0.8, respectively. (c) The maximum
scattering intensity values obtained for a range of ratio values. (d) The LSPR
frequency variation of the gold nanoshell resonator for different ratio values.
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resonators with a thicker shell. The largest negative Re(εeff) is observed for the

homogeneous NR where the dielectric core is absent. As shown in figure 4.3(d),

the LSPR frequency of the nanoshell resonator is susceptible to the changes in

the core to shell ratio. When shell thickness is large (smaller ratios), the LSPR

frequency is weakly sensitive to the ratio changes. However, when the shell be-

comes thinner (larger ratios), LSPR frequency becomes highly sensitive to the

ratio changes.

The frequency redshift of the intensity peaks in the scattering spectrum shown

in figure 4.3(a) can be explained by plasmon hybridization theory. According to

plasmon hybridization theory, the nanoshell resonator supports two surface plas-

mon modes, a low-frequency mode with symmetric charge distribution and a

high-frequency mode with antisymmetric charge distribution on the inner and

outer surfaces of the metal-dielectric interfaces [151]. When the thickness of

the metal shell decreases (r increases), the antisymmetric mode shifts towards

higher frequencies and the low-frequency symmetric mode shifts towards lower

frequencies. Therefore, when excitons of the QD are coupled to the symmetric

plasmon mode of the nanoshell resonator, the nanohybrid scattering spectrum

acquires a redshift with the increasing core to shell ratio. By varying the ratio

value, it possible to tune the scattering response of the nanohybrid to lower fre-

quencies such as near-infrared frequencies, which is quite useful in biosensing

applications.

As shown in Chapter 3, the only way to tune the LSPR of a homogeneous

NR (of a specific material) is by changing its shape or size. However, the LSPR

properties of a nanoshell resonator are highly sensitive to the changes of the core

to shell ratio. Therefore, it is possible to build nanohybrid systems with tunable

scattering properties using nanoshell resonators.
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Figure 4.4: (a) and (b) show normalized scattering spectra and εeff variation for
different core materials. The dotted and solid lines in (b) represent the imagi-
nary and real parts of the εeff. The blue, red and orange lines correspond to core
materials air (hollow), silica and silicon. (c) The maximum scattering intensity
variation of the nanohybrid for a range of core permittivity values. (d) The LSPR
frequency variation of the gold nanoshell resonator for different core permittivity
values.

4.4 Scattering Spectrum Dependence on the Core
Material

Variations of the scattering spectra for different core materials are shown in figure

4.4. Subplots (a) and (b) show normalized scattering spectra and εeff variations
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when hollow (n = 1), silica (n ≈ 1.5) and silicon (n ≈ 3.4) used as the core

of the nanohybrid. The dotted and solid lines in subplot (b) correspond to the

imaginary and real part of the εeff, respectively. Figure 4.3(c) and 4.3(d) show the

maximum scattering values of the nanohybrid and the LSPR frequency variation

of the NR for a range of core permittivity values.

As shown in the figure 4.4(a), nanohybrid comprising the NR with the hol-

low core has the highest scattering intensity followed by nanohybrids with silica

and the silicon cores. Besides scattering intensity variation, with the increasing

core permittivity, a frequency redshift of the scattering spectrum can also be ob-

served. As core materials with real dielectric values are used in the simulation,

when the core material is changed, Im(εeff) is unaffected. However, the magni-

tude of the Re(εeff) reduces with the increasing core permittivity value. Owing

to these changes, as shown in figure 4.3(c), suppression of scattering intensities

is observed at larger core permittivity values. Figure 4.3(d) shows that the LSPR

frequency of the NR has an approximately inverse linear relationship with the

core permittivity. This explains the spectrum redshift observed for larger core

permittivity values.

Selecting a suitable core material is an important decision to make when de-

signing a nanohybrid with a nanoshell resonator. If maximum scattering en-

hancement is the main requirement, hollow nanoshell resonator can be used in

the nanohybrid. However, by using core materials with higher permittivity val-

ues, the scattering spectrum can be shifted to lower frequencies without changing

the core to shell ratio. As both core and shell materials affect the magnitude and

the peak positions of the scattering spectrum, they should be carefully selected

when designing nanohybrid systems with nanoshell resonators.
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Figure 4.5: The normalized scattering spectra of the nanohybrid for different
shell materials. (a) and (c) show the normalized scattering spectra when gold
nanoshell resonator is used. (b) and (d) show the normalized scattering spectra
when silver nanoshell resonator is used. (c) and (d) depict the scattering intensity
surface plots for the entire r and frequency range. All plots are normalized by the
maximum intensity peak in the relevant subplot.
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4.5 Scattering Spectrum Dependence on the Shell
Material

Figure 4.4 compare the scattering properties of nanohybrids that have NRs with

different shell materials. The permittivity of the silver is calculated using the

Drude model (Eq. (2.8)) using ωp = 9.2 eV, γ0 = 0.0212 eV and ε∞ = 65 [149]. As

shown figure 4.4(a) and figure 4.4(b), the nanohybrid with the gold nanoshell res-

onator have broader scattering spectra compared to that of the nanohybrid with

the silver nanoshell resonator. Silver is well known for its better plasmonic prop-

erties, and it can exhibit more pronounced surface plasmons compared to gold.

For the chosen QD detuning, the two peaks in the gold nanoshell based nanohy-

brid have different intensity values, where the scattering peak at the QD exci-

tation frequency is larger compared to the other peak. In contrast, the intensity

peaks in the silver nanoshell-based nanohybrid have approximately equal mag-

nitudes. However, peak scattering intensity magnitudes of the silver nanoshell-

based nanohybrid are much larger compared to their gold counterparts.

Moreover, as shown in figure 4.4 (c), due to the broader line shape of the

LSPRs of the gold nanoshell resonator, there is a large spectral overlap between

the gold nanoshell resonator and QD. This makes it hard to separate the two

peaks in the scattering spectrum. However, as LSPRs in the silver nanoshell res-

onator have a much narrower line shape, the frequency overlap between the NR

and the QD is small. As shown in figure 4.4 (d) this makes it easier to distinguish

the two peaks in the scattering spectrum of the silver nanoshell based nanohy-

brid. It is possible to obtain more distinguishable scattering peaks in the gold

nanoshell based nanohybrid by increasing the detuning between the NR and the

QD.

Due to the high biocompatibility of the gold, the gold nanoshell resonator-

based nanohybrids are more suitable for biosensing applications. However, if

biocompatibility is not an issue, silver nanoshell resonator-based nanohybrids
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can be used to obtain much brighter scattering intensities, and the peaks in the

scattering spectrum are more detectable compared to those in the gold nanoshell

based nanohybrids.

4.6 Scattering Spectrum Dependence on the Medium
Permittivity

This section discusses how the scattering spectrum of the nanohybrid is affected

by the medium permittivity variations. Figure 4.6(a) is obtained by keeping

the QD detuning from the NR fixed at −30 meV for each permittivity value.

When the medium permittivity increases, the maximum scattering intensity of

the nanohybrid also increases. This result is similar to the one obtained for the

nanohybrid with homogeneous gold NR, except for the positions of scattering

peaks. However, in a practical sensing application, it is difficult to change the

QD excitation frequency to maintain the detuning at a fixed value.

Figure 4.6(b) shows scattering spectrum variations when the QD excitation

frequency is fixed at 1.43 eV. When medium permittivity value is 5, the overlap

between the NR and the QD is minimal. Therefore, the magnitude of the scat-

tering peak at the QD excitation frequency is relatively small. However, with the

increasing medium permittivity, the detuning between the QD and NR decreases

and the NR dipolar electric field magnitude increases. This leads to increased

dipole-dipole interactions between the NR and the QD, which causes larger scat-

tering enhancement at the QD excitation frequency. The highest scattering inten-

sity value at the QD excitation frequency is observed when the medium permit-

tivity value is 6.

When compared to the fixed detuning scenario, the varying detuning scenario

shown in figure 4.6(b) is more practical. Because after a nanohybrid is fabricated,

it is not possible to change the QD excitation frequency. When the QD excitation
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Figure 4.6: The normalized scattering spectra for various medium permittivity
values. (a) The normalized scattering spectra when the detuning between the
QD and NR is fixed at −30 meV. (b) The normalized scattering spectra when
the QD excitation frequency is fixed at 1.43 eV. All plots are normalized by the
maximum intensity peak in the relevant subplot.

frequency is fixed, scattering enhancement at the QD excitation frequency can

be used to find the underlying medium permittivity. This is more convenient

as it is guaranteed that one of the scattering peaks always occurs close to the

QD excitation frequency. And as QD excitation frequency is fixed, it is easier to

measure the scattering intensity of the peak, unlike the case shown in the Figure
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4.6(a) where QD excitation frequency is varying. Therefore, when designing a

nanohybrid, it is essential to find a QE with an excitation frequency which is

suitable for the requirements of the sensing application.



Chapter 5

Scattering Properties of an All-Carbon
Nanohybrid

5.1 Introduction

In Chapter 3 and Chapter 4, optical properties of nanohybrid designs with MNP

resonators were analysed. However, the only way available us to change the

LSPR of an MNP resonator is to change its size, shape, material or other struc-

tural properties. Furthermore, MNP resonators suffer from relatively large ohmic

losses [23]. This is evident at lower frequencies, where the imaginary part of the

dielectric constant of MNP resonators which accounts for the ohmic losses, be-

comes significant [73]. These limitations of MNP resonators can restrict the us-

ability and tunability aspects of MNP-QD nanohybrids.

Graphene nanoflake (GNF) resonators, due to their remarkable optical and

mechanical properties, are a promising alternative to MNP resonators in nanohy-

brid systems [23]. In the THz frequency range, GNF resonators are more suited

for surface plasmon applications than MNP resonators [74, 152]. It is possible to

change the LSPR properties of a GNF resonator via electrostatic or chemical gat-

ing [74, 153] without altering its dimensions. These features combined with the

high biocompatibility [123, 154] make GNF resonator an ideal candidate for the

resonator in nanohybrid systems. When compared to QD emitters used in con-

ventional MNP-QD nanohybrids, carbon nanotubes have shown low cytotoxic-

69
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ity issues, making them suitable for biosensing applications over QDs [121–123].

Furthermore, both graphene and CNTs have also shown greater resistance to pho-

tobleaching compared to MNPs and QDs [123, 124].

There is an increasing experimental research interest in fabricating nanohy-

brids made by combining graphene flakes to CNTs. The first experimental real-

isation of graphene-CNT nanohybrids was reported by Kondo, where a multi-

layered graphene sheet is self-assembled perpendicularly to multi-walled CNTs

using chemical vapour deposition (CVD) [155]. Similarly, vertically aligned CNTs

have been grown on top of a monolayer or few-layer graphene using CVD [156].

Among various fabrication methods [157–160] that can be used to create graphene-

CNT nanohybrids, CVD approaches provide structures with better stability and

mechanical strength [161]. The ability to create highly aligned graphene-CNT

nanohybrids [162,163] with tunable electrical and mechanical properties [155,156,

164] enables a wide range of potential applications.

In this chapter, we analyse the optical properties of an all-carbon nanohybrid

system comprising a monolayer GNF resonator and a single-walled semiconduct-

ing CNT. As shown in figure 5.1, an elliptically shaped monolayer GNF resonator

is considered, and its polarizability is approximated to an ellipsoidal NP using

Eq. (3.31). This approximation is used in several previous works to calculate the

polarizability of GNF resonators [4, 7, 141], and the results were found to be in

good agreement with experiments [7, 139]. Furthermore, the CNT is modelled

as a two-level quantum system [165, 166], considering only the lowest electronic

excitation in its energy bands, and the relevant parameters are obtained using

the density matrix theory-based study outlined in [102]. With these approxima-

tions, the generalised optical model derived in chapter 3 can be used to study the

scattering spectrum of the all-carbon nanohybrid.
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Figure 5.1: The schematic diagram of the GNF-CNT nanohybrid system.

5.1.1 Overview of the GNF-CNT nanohybrid system

As shown in figure 5.1, we consider a nanohybrid system comprising an ellip-

tical GNF resonator with semi-axes Lx and Ly and thickness 2Lz, coupled to a

single-walled semiconducting CNT with length Lcnt. It is submerged in a dielec-

tric medium with a real positive relative permittivity εb. The GNF and CNT are

separated by a distance of Ls, which is measured from the midpoint of the CNT

to the midpoint of the GNF, as shown in figure 5.1. In this nanohybrid system,

the surface separation between the GNF and the CNT is greater than 2 nm where

tunnelling effects are negligible [11, 30]. The nanohybrid system is driven by an

external coherent laser beam in the z-axis.
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5.1.2 Numerical simulation parameters

This section defines the parameter values used in the numerical simulations. In

order to neglect the edge effects, the GNF diameter should exceed 10 nm [7].

Furthermore, it needs to be 25 nm-100 nm in size for the conductivity model to

be accurate [76]. Therefore, an elliptical GNF with semi-axes, Ly = 18 nm and

Lx = 14 nm is used. The monolayer GNF is considered to have a thickness of

0.35 nm which makes Lz = 0.175 nm [7]. The electron relaxation time and the

Fermi energy of GNF are taken as τ = 10 ps [76] and EF = 0.956 eV, respectively.

The permittivity values of the GNF are calculated using the equations introduced

in the section 2.3.4. We are using a semiconducting CNT of type (8, 0) which

has a squared exciton transition dipole matrix element per unit length of 2.8 au,

intrinsic exciton radiative lifetime of 8.1 ps and an excitation energy of 1.55 eV.

These CNT parameters are calculated using density functional theory in [102].

The length of the CNT is taken as Lcnt = 4 nm. The centres of GNF and CNT are

separated by Ls = 10 nm and the orientation parameter sk is set to 2. The permit-

tivity value of the submerging medium is taken as εb = 5.45. In the analysis that

follows these are used as the default parameters unless mentioned otherwise.

5.2 Results and Discussion

In this section, we show that the exciton-plasmon interactions between the GNF

and the CNT give rise to a Fano-like scattering spectrum. We then show that the

scattering amplitudes and the shape of this spectrum are tunable using various

parameters.
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Figure 5.2: The normalized scattering intensity calculated for the parameters
specified in section 5.1.2. Red, green and blue solid lines indicate scattering inten-
sities for the GNF-CNT nanohybrid, isolated GNF and isolated semiconducting
CNT, respectively.

5.2.1 Enhanced scattering intensities of the nanohybrid

Figure 5.2 compares the isolated scattering intensity spectra of the GNF and the

CNT with the scattering spectrum of the GNF-CNT nanohybrid. The spectra

of the isolated GNF and CNT are centred around their common resonance fre-

quency 1.55 eV, with the GNF having a larger and broader spectrum compared

to the CNT. The nanohybrid has a larger maximum scattering intensity than both

isolated GNF and CNT due to interference and self-feedback effects. The inten-

sity spectrum of the nanohybrid shows an asymmetric Fano-like signature with

two intensity peaks separated by a clear minimum. For the chosen parameters,

there is a significant intensity difference between the two peaks, while isolated

GNF peak intensity lies somewhere in between. Constructive interference effects

can be observed at frequencies below the CNT excitation frequency, while de-

structive interference effects reduce the intensity values above it. The minimum

point of the nanohybrid scattering spectrum is closer to the CNT excitation en-



74 Scattering Properties of an All-Carbon Nanohybrid

11 nm
18 nm
24 nm

0.20.
2

0.
4

0.4

0.40.61.54 1.55 1.56

1.54 1.55 1.56 1.54 1.55 1.56

0.2

(c)

(b)

(f)
ω (eV)

ω (eV)

ω (eV)

L C
N

T 
(n

m
)

L s (
nm

)
L y 

(n
m

)
(d)

I N 0.5

0

1

(e)

I N 0.5

0

1

(a)

I N 0.5

0

1

0.2

0.2

0.2

0.2

0.2

0.2

0.40.4

0.4

0.6

0.8
1.54 1.55 1.56

ω (eV)

ω (eV)

ω (eV)

1.54 1.55 1.56

8

6

5

7

25

15

10

20

4.80 nm
6.50 nm
8.20 nm

(a) 16.50 nm
18 nm
19.50 nm

1.54 1.55 1.561.54 1.55 1.56

16.5

17.5

18.5

19.5 0.4

0.4

0.4

0.2

0.2 0.2

0.6
0.8

0 0.2 0.4 0.8 10.60.1 0.3 0.5 0.7 0.9
(g)

Figure 5.3: (a) and (b) show the normalized scattering intensities calculated by
varying Ly from 16 nm to 20 nm. The initial Lx/Ly ratio 7/9 is kept constant dur-
ing this analysis. (c) and (d) show the normalized scattering intensity calculated
by varying the length of the CNT Lcnt from 4.5 nm to 8.5 nm. (e) and (f) show
the normalized scattering intensity calculated by varying the separation distance
Ls between CNT and GNF from 10 nm to 25 nm (Fermi energy maintained at
EF = 0.96 eV, which corresponds to a detuning of 5 meV). (g) The colour bar
used in the surf plots. (a), (c) and (e) are the line plots of normalized scatter-
ing intensities at different values of Ly, Lcnt and Ls, respectively. (b), (d) and (e)
depict the top view of the colour coded scattering intensity surface plots for the
entire Ly, Lcnt and Ls range. The dotted lines correspond to the relevant coloured
line plots depicted in (a), (c) and (e). All plots are normalized by the maximum
intensity peak in the relevant subplot.
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ergy. The spectrum of the nanohybrid seems to follow the isolated GNF spectra

for frequencies far away from the CNT excitation frequency due to negligible in-

terference originating from the CNT.

5.2.2 Scattering spectrum dependence on GNF size, CNT size
and interparticle distance

Next, we will investigate how different system parameters affect the nanohy-

brid scattering spectrum. As shown in Eq. (3.7), increasing the GNF and CNT

dipole moments increases the system coupling constant g. As g increases, so does

the amount of system interference due to the increasing exciton-plasmon interac-

tions. The presence of system interference governs the properties of the scattering

spectra shown in figure 5.3(a-f). The observed behaviour of the normalised scat-

tering intensity (IN) with varying GNF size and CNT length is shown in figure

5.3(a-b) and figure 5.3(c-d), respectively. It is noted that increasing the size of the

GNF and extending the length of the CNT increases the dipole moment of each

individual element. Furthermore, it is observed that as g increases, the frequency

separation between the scattering peaks also increases. However, the larger and

the smaller peaks of the spectra behave differently in the two scenarios as de-

picted in figure 5.3(a) and figure 5.3(c). As the GNF size increases (figure 5.3(a)),

both the larger and smaller peaks depict amplification characteristics. However,

when the CNT length increases (figure 5.3(c)), the larger peak depicts amplifica-

tion characteristics, whereas the smaller peak depicts diminishing characteristics.

As seen in Eq. (3.46), the separation distance between the GNF and the CNT

(Ls) has an inverse cubic relationship with the coupling constant. This explains

the scattering intensity behaviour shown in figure 5.3(d) where the larger and

the smaller peaks approach each other as the separation distance increases. Fur-

thermore, it is observed that as the coupling constant reduces, the larger peak

diminishes, and the smaller peak amplifies. Increasing Ls further will result in
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negligible interference in the nanohybrid, rendering the scattering spectrum to a

summation of the isolated GNF and CNT scattering spectra. It is important to

note that changing Ls or Lcnt will not alter the resonance frequency of either the

GNF or the CNT. Therefore, the observed changes in the scattering spectra are

mainly due to the variations of the system coupling constant.
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Figure 5.4: (a) and (b) show the normalized scattering intensities calculated by
varying Fermi energy of the GNF EF from 0.95 eV to 0.97 eV. (c) and (d) show
the normalized scattering intensities calculated by varying the bath permittivity
εb from 3 to 8. (a) and (c) are the line plots of normalized scattering intensities at
different values of EF and εb. (b) and (d) depict the top view of the colour coded
scattering intensity surface plots for the entire EF and εb range. The dotted lines
correspond to the relevant coloured line plots depicted in (a) and (c). All plots are
normalized by the maximum intensity peak in the relevant subplot.

5.2.3 Tailoring the scattering properties using Fermi energy level

The optical properties of the GNF are easily controllable using the Fermi energy

level, which can be changed at the fabrication process using chemical or elec-
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trostatic gating [23]. In conventional MNP resonators, the only way to change

the LSPR frequency is to change its size or material. Therefore, the conventional

MNP-QD nanohybrids inhibit the ability to tune both resonator size and LSPR

frequency simultaneously, making them less suitable in applications which im-

pose both size and resonance requirements. For example, in biosensing applica-

tions, the size of the nanohybrid may be restricted by cell penetration require-

ments [167]. When attempting to meet such size requirements, the LSPR might

deviate away from the desired region as it is strictly determined by the MNP size.

However, in GNF resonators, the desired LSPR frequency can be easily obtained

by selecting the relevant Fermi energy level at the fabrication process for any size

requirement.

Figure 5.4(a) and 5.4(b) demonstrate the tunability of the scattering spectrum

using the Fermi energy level of the GNF while keeping the dimensions of the

nanohybrid unchanged. For the GNF dimensions specified in section 5.1.2, it was

found that the GNF needs to have EF = 0.956 eV to be resonant with the selected

CNT. LSPR frequency and corresponding LSPR amplitude of the GNF resonator

increase with the increasing EF value. When Fermi energy level has a lower value

than its value at resonance (i.e. EF < 0.956 eV), GNF has a negative detuning with

the CNT. With the increasing EF value, LSPR frequency blueshifts and detuning

decreases. When EF increases beyond 0.956 eV, GNF acquires a positive detuning

with the CNT. As shown in figure 5.4(b), with the decreasing detuning between

the GNF and CNT, the frequency separation between the two scattering intensity

peaks in the spectrum diminishes. Inset in figure 5.4(a) shows that the minimum

point in between the two peaks reduces at higher Fermi level.
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5.2.4 The sensitivity of the scattering properties to the medium
permittivity

Finally, the way bath permittivity variations can change the scattering spectrum

of the nanohybrid is analysed. The value of εb depends on the medium submerg-

ing the nanohybrid. For the case of an in vivo therapeutic procedure, the relevant

εb is the tissue permittivity. Figure 5.4(c) and figure 5.4(d) show the normalized

scattering intensity spectrum for various εb values. Increasing εb alters the in-

tensity spectrum in two ways. First, the scattering intensity values of the whole

spectrum increases as the GNF dipole moment is linearly proportional to εb ac-

cording to Eq. (3.47). Second, spectrum acquires a small redshift as the GNF

resonance frequency depends linearly on −εb from Eq. (3.44).

5.3 Summary and Conclusion

In this chapter, we studied the scattering characteristics of an all-carbon exciton-

plasmon nanohybrid in which an elliptical monolayer GNF resonator is coupled

to a semiconducting CNT gain element. A detailed numerical analysis was per-

formed to demonstrate that the proposed nanohybrid possesses a Fano-like spec-

trum. This spectrum was shown to be highly tunable using various system pa-

rameters such as the Fermi energy of the GNF, component dimensions, GNF-CNT

separation distance and the permittivity of the submerging medium. The GNF

surface plasmon properties are highly tunable using the Fermi energy and the

size of the flake. Furthermore, the emission wavelength of the CNT is easily con-

trollable via its length and chiral indices. Thus, the scattering spectrum of the

proposed GNF-CNT nanohybrid possesses much higher tunability than that of

the conventional MNP-QD nanohybrid. The Fano-like scattering spectrum is in-

herently sensitive to the variations in the local environment. Small changes of

the refractive index of the submerging medium can induce dramatic variations
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in scattering intensities which render the proposed nanohybrid attractive for a

range of applications [168] such as optoelectronic devices and nanosensors.
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Chapter 6

Comparison of the Permittivity
Sensing Capabilities of

Graphene-based Nanohybrids and
Metal Nanoparticle-based

Nanohybrids

6.1 Overview

The results of the previous Chapters (3-5) show that the scattering properties of

the proposed nanohybrids are highly sensitive to the permittivity changes in the

surrounding medium. Nanohybrids inherit this property from their NRs which

have LSPRs that are sensitive to even the minute changes in the surrounding

medium. Therefore, the permittivity sensing capability of a nanohybrid is mostly

dependent on the properties of the associated NR. Investigating how the choice

of NR affects the sensing capability of the nanohybrid can help to choose the

right NR depending on the application. Among the large number of NR types

that are being investigated for building nanohybrids, gold MNP resonators and

GNF resonators have widely been studied and found to have desirable properties

[11, 169, 170]. The structural and material differences between these resonators

make their optical properties significantly different from each other. The sens-

ing capabilities of a MNP resonator-based nanohybrid against a GNF resonator-

81
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based nanohybrid are compared in this Chapter.

6.2 Simulation Parameters

Figure 6.1: Nanohybrid systems used in the comparison. (a) MNP-CNT nanohy-
brid (b) GNF-CNT nanohybrid. Both systems are using the same CNT and are
submerged in a dielectric medium with real positive relative permittivity ε and
excited by a coherent external laser beam E.

Figure 6.1 shows the nanohybrid systems used for the comparison. As the QE

in both nanohybrid designs, a single-wall semiconducting CNT of type (8,0) is

used. The CNT length is (hcnt) is 4 nm and the radiative lifetime of its excitons

(γcnt) is 8.1 ps [102]. The nanohybrid systems are excited by a coherent external

laser beam with an electric field magnitude of (E) 100 V m−1. A gold spheroidal

MNP resonator is used in the nanohybrid system shown in figure 6.1(a). It has

semi-axes dimensions r = 5 nm and az = 10 nm. The permittivity values for
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the gold are obtained from [66]. The GNF resonator-based nanohybrid is an

all-carbon nanohybrid which was studied in the previous chapter. An elliptical

monolayer GNF with dimensions Lx = 20 nm, Ly = 24 nm is used as the GNF res-

onator. The thickness (t), Fermi energy level and the electron relaxation time (τ)

of the GNF are taken as 0.956 eV, 0.35 nm [7] and 10 ps, respectively. The dielectric

function of the GNF resonator is modelled using Eq. 2.11. For both nanohybrid

designs, the surface separation between the corresponding NR and QE (d) is kept

at 8 nm. The separation distance for the GNF resonator-based nanohybrid (Ls,gnf)

is calculated as d + hcnt/2 + t/2 and the separation distance for the MNP based

nanohybrid is calculated as d + hcnt/2 + az. The analytical model from Chapter 3

is used to compare the scattering properties of the two nanohybrid systems. Dur-

ing the numerical simulations, the medium permittivity value is varied at around

ε = 5 to investigate how scattering characteristics of each nanohybrid is affected

by the medium permittivity change.

6.3 Numerical Results and Discussion

As shown in figure 6.2(a) and figure 6.2(b), the scattering spectra of both nanohy-

brid systems have a Fano-like line shape. The brown line plots show the scatter-

ing spectrum of the isolated CNT, which has its excitation frequency at 1.55 eV.

As shown by the solid green lines in figure 6.2, when medium permittivity value

is 5, NRs and QEs from both nanohybrids are nearly resonant with each other.

This leads to strong exciton-plasmon interactions inside the nanohybrids that

make their scattering intensities enhanced compared to their constituents.

The solid and dotted purple lines in figure 6.2 show scattering spectra of

nanohybrids and their isolated NRs when medium permittivity value is 4. When

the medium permittivity decreases, the LSPR frequency of the MNP resonator

acquires significant blueshift from its original position. Therefore, the MNP res-
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Figure 6.2: Scattering spectra of each nanohybrid compared to that of their iso-
lated components. (a) Scattering spectrum of the MNP-CNT nanohybrid for
medium permittivity values 4 (solid green line) and 5 (solid purple line). When
ε = 4, the scattering intensities from the MNP-CNT nanohybrid has no signif-
icant enhancement over the isolated MNP resonator scattering intensity values.
(b) Scattering spectrum for the GNF-CNT nanohybrid for medium permittivity
values 4 (solid green line) and 5 (solid purple line). For both values, scattering
intensity values from the GNF-CNT nanohybrid show improvement over that of
the isolated GNF resonator. Dotted lines in (a) and (b) show the scattering spec-
tra for the isolated resonators at the corresponding permittivity values. The solid
brown lines in (a) and (b) show the scattering spectra for the isolated CNT.
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Figure 6.3: The response of the isolated MNP and the isolated GNF resonators
to the medium permittivity variations. (a) The maximum scattering amplitude
variation for different medium permittivity values. (b) LSPR frequency variation
for different medium permittivity values.

onator and the CNT have a large frequency detuning from each other. This causes

weaker exciton-plasmon interactions between the MNP resonator and the CNT

that decrease the scattering enhancement of the MNP resonator-based nanohy-

brid. As shown in figure 6.2(a), when compared to scattering intensities of the iso-

lated MNP resonator, scattering intensities of the MNP resonator-based nanohy-

brid fails to show a significant improvement. In contrast, the change in the per-

mittivity has a minimal impact on the LSPR frequency of the GNF resonator.

As shown in figure 6.2(b), even at ε = 4, the GNF resonator and the CNT are

nearly resonant with each other. Therefore, the scattering intensities of the GNF

resonator-based nanohybrid have enhanced scattering intensities compared to its

constituents, even for the lower permittivity value.

Figure 6.3(a) shows the variation of the maximum scattering intensity values

of each of the isolated NRs with the medium permittivity value. It shows similar

behaviour in both NRs where the maximum scattering obtainable from the iso-
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Figure 6.4: Comparison of the maximum scattering intensity values from the
nanohybrid systems (INH) to that of their constituents for different medium per-
mittivity values, ε. (a) and (b) Nanohybrid scattering intensity values compared
to that of their isolated CNT (ICNT) and isolated NRs (INR), respectively. The red
lines correspond to the MNP resonator-based nanohybrid (NHMNP) and the black
lines correspond to the GNF resonator-based nanohybrid (NHGNF).

lated NR increases with the increasing medium permittivity. However, as shown

in figure 6.3(b) the LSPR frequency of the NRs respond differently to the medium

permittivity changes. It shows that the LSPR frequency of the GNF resonator

has a minimal impact from the permittivity variation, whereas the LSPR fre-

quency of the MNP resonator decreases with the increasing medium permittivity.

Therefore, for the selected medium permittivity range, as the GNF resonator and

CNT emitter are in resonance, the GNF resonator-based nanohybrid can provide

higher scattering enhancement compared to the MNP resonator-based nanohy-

brid.

Figure 6.4 compares the scattering intensity enhancement of nanohybrids to

that of their constituents. As shown in figure 6.4(a), when compared to the scat-

tering intensities of isolated QEs, both nanohybrids provide higher scattering in-

tensities. However, figure 6.4(b) shows that the maximum scattering intensities
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of the MNP-CNT nanohybrid are mostly similar to that of the isolated MNP. The

only exception is when the medium permittivity is closer to 5 at which the CNT

and the MNP resonator are in resonance. It also shows that the maximum scat-

tering intensities of the GNF-CNT nanohybrid are always higher than its con-

stituents for the entire permittivity range.

Besides the scattering enhancement, the LSPR properties of the GNF resonator

have greater tunability than those in MNP resonators, which provides us with ex-

ceptional control over the nanohybrid scattering properties. As shown in Chapter

3 and Chapter 4, to change the LSPR properties of MNP resonators, in both solid

homogeneous and nanoshell types, their structure has to be changed in some way

(changing size, shape, material, core to shell ratio). However, using electrostatic

gating, the LSPR properties of the GNF resonators are easily tunable without al-

tering its physical size [23].

The GNF resonator-based nanohybrid can provide scattering enhancement

over a broader permittivity range and have greater tunability than MNP resonator-

based nanohybrids. Therefore, for sensing applications that depend on scattering

intensities, the GNF resonator-based nanohybrids are more suitable.
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Chapter 7

Nanohybrids for Biosensing
Applications

This chapter discusses the prospect of using nanohybrids for biosensing appli-

cations. By using a simple tissue model and nanohybrid designs from previous

chapters, we demonstrate how scattering properties of nanohybrids can be used

to detect tumours and reconstruct tumour permittivity profiles.

7.1 Nanohybrid-based in vivo Tumour Detection
Procedure

In this section, we describe the general procedure of nanohybrid-based in vivo

tumour detection. The main stages of sensing application are shown in figure

5.1. As shown in figure 5.1(a), we have a patient with a tumour, and we aim to

use scattering signatures of the nanohybrids to detect the presence of the tumour

in the patient. As the first step, we inject a nanohybrid sample into the patient’s

body. After injecting, the nanohybrids can reach to any part of the body through

the vascular system [171, 172].

When compared to healthy parts of the body, tumours have different biolog-

ical characteristics. For example, tumour cells grow and multiply rapidly com-

pared to healthy cells. To grow quickly, tumours need more blood, and they

get it by increasing the growth of blood vessels around the tumour. Because

89
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(a) (b) (c) (d) (e)

Light
sourceDetector

Nanohybrids

Tumor

Figure 7.1: Nanohybrid based in vivo tumour detection procedure. (a) Patient
with the tumour. (b) Injecting nanohybrid sample to the patient. (c) Nanohybrids
are starting to accumulate inside the tumour due to the EPR effect. (d) After
some time, most of the nanoparticles are accumulated inside the tumour. (e) The
nanohybrids are excited by a light source, and the detected scattering intensities
are used for tumour detection.

of poorly aligned cells, the muscular layers of blood vessels at the tumour are

not smooth and have openings. These openings allow small particles such as

nanohybrids to leak into the tumour and accumulate inside it. This is known as

the enhanced permeability and retention (EPR) effect, which is widely used in

nanomedicine [172, 173]. Therefore, due to the EPR effect, the injected nanohy-

brids will passively accumulate inside the tumour [171, 174].

The accumulated nanohybrids can be excited using an external light source,

and the scattering signatures of which will have a high correlation to the cor-

responding tumour characteristics. It is known that the dielectric permittivity

inside a tumour is higher than that of the surrounding healthy tissues [175].

Therefore, if the relationship between the scattering intensity and the medium

permittivity is known, the presence of tumours in the body can be detected. Fur-
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Figure 7.2: (a) Artistically illustrated skin cancer on a hand. The tumour area is
marked using the red outline. (b) The grayscale pixel intensity values of the tu-
mour region are linearly mapped to permittivity values (5-5.45) and colour coded.

thermore, the scattering intensity values can be used to reconstruct the permit-

tivity profile of the tumour, which can be used for tumour classification. The

nanohybrid-based approaches provide localized imaging of tumours with min-

imal damage to the healthy tissues around the tumour. The same approach is

even suitable for detecting tumours in multiple places in the body.

7.2 Exploiting Nanohybrid Scattering Properties in
Biosensing

As discussed in the previous chapters, nanohybrids possess unique and tunable

scattering properties compared to their individual components. Nanohybrids

with different NRs and QEs have distinctly tunable scattering characteristics.

This section discusses how the scattering intensities and frequency separation

of the two peaks in the scattering spectra of nanohybrids can be used for tumour

detection.

In the numerical simulations, a simple tumour model is used to demonstrate
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the prospect of using the nanohybrid scattering properties in tumour detection.

We consider a skin tumour that is two-dimensionally distributed in the epider-

mis and dermis (E-D) layer. Figure 7.2(a) shows the artistically illustrated skin

tumour on a hand where the boundary of the skin tumour is marked using the

red outline. It is known that tumour tissues have a higher optical permittivity

compared to healthy tissues. The optical permittivity of the healthy E-D tissue

is found to lie between values 5 and 5.12 [175]. The skin tumour tissues have

an optical permittivity value of 5.45, which is higher than that of the healthy tis-

sues [175]. The permittivity values of cells immediately adjacent to the tumour

are higher than the normal healthy cells but lower than tumour cells [176]. There-

fore, in the simulation, it is assumed that the permittivity values of the skin tu-

mour model range from 5 to 5.45 and the greyscale pixel intensity values of the

tumour region have a linear relationship with the underlying tumour permittiv-

ity values. Following these assumptions, the colour coded permittivity distri-

bution of the tumour region is drawn, as shown in figure 7.2(b). Although this

is an artificial setup, this tumour model demonstrates the prospect of using the

nanohybrid as a biosensor. When the nanohybrid sample is intravenously in-

jected into the patient body, most of them localized in the tumour because of the

EPR effect described earlier. In the simulations, we assume a uniform distribution

of nanohybrids inside the tumour region, and the scattering intensity values are

calculated for the localized nanohybrids under a perpendicular excitation from

an external electric field. Next, the techniques of reconstructing the permittivity

distribution of the tumour using the received scattering spectra are discussed.

7.2.1 Tumour detection from the frequency separation of the two
peaks

This section discusses how the frequency separation between the peaks in the

scattering spectrum of the nanohybrid can be used to reconstruct the permittiv-
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Figure 7.3: Tumour permittivity reconstruction using the frequency separation of
the two peaks in the scattering spectrum of a nanohybrid with a nanoshell res-
onator and a QD. (a) Scattering spectra of the nanohybrid for medium permittiv-
ity values 4.8, 5, 5.2, 5.4 and 5.6. Dp is the frequency separation of the two peaks
in the scattering spectrum. The dotted line shows the scattering enhancement at
the QD excitation frequency. (b) Variation of the peak frequency separation Dp
with the medium permittivity value. (c) Normalized peak frequency separation
Dp,N variation with the medium permittivity. (d) Reconstruction of the tumour
permittivity profile shown in figure 7.2(b) using the externally measurable Dp,N
values.
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ity profile of the tumour. The results in figure 7.3 are obtained for the nanoshell

resonator-based nanohybrid discussed in Chapter 4. The nanohybrid has the de-

fault system parameters defined in the section 4.2 except for the excitation fre-

quency of the QD which was taken as 1.4 eV. As shown in figure 7.3(a), the fre-

quency separation of the peaks in the scattering spectrum is highly sensitive to

the medium permittivity changes. For different medium permittivity values, the

location of the scattering peak at the QD excitation is stationary (enclosed by the

dotted lines), while the location of the other peak varies. The frequency separa-

tion between the peaks Dp decreases with the increasing medium permittivity. It

is assumed that the nanohybrid can be used to sense medium permittivity values

from 4.8 to 5.6, which includes permittivity range of the tumour model.

Figure 7.3(b) shows how frequency separation between the peaks changes

with medium permittivity values. We can normalize the Dp value as

Dp,N(εb) =
D+

p − Dp(εb)

D+
p − D−p

, (7.1)

where Dp(εb), D+
p and D−p are peak frequency separation values obtainable for

medium permittivity value εb, for the largest medium permittivity measurable

from the nanohybrid and for the smallest medium permittivity value measurable

from the nanohybrid. The Dp,N(εb) variation with medium permittivity is shown

in figure 7.3(c). This graph can be thought of as a reference graph for this partic-

ular nanohybrid. For example, once we measure frequency separation between

the peaks, we can use Eq. 7.1 to obtain the Dp,N(εb) and from it the underlying

permittivity value.

Figure 7.3(d) shows the simulated Dp,N values for the nanohybrids accumu-

lated in the tumour. The reconstructed profile has a high resemblance to the tu-

mour permittivity profile shown in figure 7.2(b). This shows that the frequency

separation between the two peaks in the scattering spectrum can be used for tu-
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mour permittivity profile reconstruction. Several design considerations should

be taken when designing nanohybrid for this type of sensing application. First,

the excitation frequency of the QD should always be less than the LSPR frequency

of the NR at the highest permittivity value. If this condition is violated the ref-

erence graph can become multivalued as the LSPR frequency of the NR becomes

lower than the QD excitation frequency. Next, it is important to use a NR whose

LSPR frequency has a higher sensitivity to the medium permittivity variations.

When these conditions are satisfied, the measured Dp,N values from nanohy-

brids can be used for detection and reconstruction of tumour permittivity pro-

files. Next, we discuss how scattering intensity values of nanohybrids can be

used for tumour detection.

7.2.2 Tumour detection from the magnitude of the scattering in-
tensity

This section explains how to use the scattering intensities of nanohybrids to re-

construct the permittivity profile of the tumour. The proposed all-carbon nanohy-

brid from Chapter 5 is used, and the same system parameters specified in section

5.1.2 are used for the simulation. Similar to the previous section, it is considered

that this nanohybrid is used to sense the medium permittivity values from 4.8 to

5.6. This permittivity range covers the permittivity values of the tumour model.

Figure 7.4(a) shows the scattering spectra of the nanohybrid for various medium

permittivity values. For the all-carbon nanohybrid, a significant variation of Dp

cannot be observed; however, the scattering intensities are profoundly affected

by the permittivity change. Therefore, in sensing applications, these magnitude

variations can be used to find the underlying medium permittivity values.

The dotted line in figure 7.3(b) shows the variation of the maximum scatter-

ing intensity of the nanohybrid (max(IN)) for the entire permittivity range. The
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Figure 7.4: Tumour permittivity reconstruction using the scattering intensity from
an all-carbon nanohybrid. (a) Normalized scattering spectra of the nanohybrid
for medium permittivity values 4.8, 5, 5.2, 5.3, 5.4 and 5.6. (b) Red line shows the
normalized peak scattering intensity magnitude (PN) variation with the medium
permittivity value. PN was calculated using the Eq. (7.2). The dotted line shows
max(IN) variation with medium permittivity value. (c) Reconstruction of the tu-
mour permittivity profile shown in figure 7.2(b) using the externally measurable
scattering intensity values.
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normalized peak scattering intensity magnitude (PN) can be defined as

PN(εb) =
Imax
εb
− I+

I+ − I−
, (7.2)

where Imax
εb

, I+ and I− are maximum scattering intensity values obtainable for

medium permittivity value εb, for the largest medium permittivity measurable

from the nanohybrid and for the smallest medium permittivity value measurable

from the nanohybrid. Figure 7.3(b) shows the PN variation of the nanohybrid and

provides the relationship between the nanohybrid scattering intensity value and

the medium permittivity.

Assuming a uniform distribution of nanohybrids inside the tumour region,

the scattering intensity values were calculated for the accumulated nanohybrids.

The externally measurable normalized peak scattering intensity variation for the

accumulated nanohybrids is shown in figure 7.3(c). Comparing with figure 7.2(b),

it can be seen that the reconstructed profile has a close resemblance to the tumour

permittivity profile. This shows that the scattering intensity values of the accu-

mulated nanohybrids can be used to detect tumour regions.

7.3 Summary and Conclusion

In this chapter, the prospect of using scattering properties of nanohybrids in the

EPR effect-based tumour detection applications was demonstrated using two dif-

ferent approaches. First, the frequency separations of the peaks in the scattering

spectrum of gold nanoshell-QD nanohybrids were used to reconstruct the tu-

mour permittivity profile and identify tumour regions. Next, the various aspects

that should be taken into consideration when designing nanohybrids for such

applications were discussed. Finally, the techniques for exploiting the scattering

intensities of all-carbon nanohybrids in tumour detection were explained. The
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scattering-based nanohybrid sensors are highly versatile as their scattering prop-

erties are easily tunable using various system parameters. Therefore, nanohy-

brids show great potential as biosensors in extremely accurate and minute imag-

ing and sensing applications.



Chapter 8

Contributions and Future work

This chapter summarises the contributions of the work presented in the thesis

and recommendations for future research work.

8.1 Summary of Contributions

Research objective 1 - Developing an analytical model to describe the scatter-
ing properties of a nanohybrid comprising an ellipsoidal nanoresonator cou-
pled to a quantum emitter

In this stage, the scattering properties of a nanohybrid with an ellipsoidal NR and

a coupled QE were analytically modelled using a cavity QED based approach.

The nanohybrid system was modelled as an open quantum system, and equa-

tions were obtained for the dipole moment operator of the NR and the interaction

energy between the NR and QE. Then, an equation was derived for the Rayleigh

scattering spectrum of the nanohybrid. The developed analytical model is highly

versatile and can be used to analyse scattering properties of nanohybrid designs

with different NRs such as ellipsoidal, spheroidal, spherical and disk-shaped

NRs. It was shown that by changing the aspect ratio of the ellipsoidal NR, the

scattering properties of the nanohybrid could be changed; a feature that is not

present when spherical NRs are used. Numerical simulations were performed

to investigate how different system parameters affect the scattering spectra of a

99
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nanohybrid with a gold spheroidal NR and a coupled QD. The results showed

that the scattering properties of the nanohybrid could be controlled by chang-

ing the polarisation direction and interparticle distance, and they are extremely

sensitive to the permittivity changes of the local environment.

Research objective 2 - Studying the scattering properties of a nanohybrid with
a spheroidal metal nanoshell resonator

In this stage, we improved the tunability of the scattering properties of the nanohy-

brid design from the previous stage, where we used a homogeneous solid metal

NR. The LSPR of the homogeneous solid metal NR can only be changed by alter-

ing its size or material. Therefore, if an application imposes both size limitations

and resonance requirements, using a solid metal NR-based nanohybrid might

not be feasible. In this stage, it was found that it is possible to overcome this

limitation by using metal nanoshell resonators in the nanohybrid designs. An ef-

fective permittivity model based on internal homogenization was used to model

the polarizability of a spheroidal metal nanoshell resonator. Then the scattering

properties of a nanohybrid system comprising a gold nanoshell resonator and a

QD were numerically analysed. The results show that the nanoshell resonator-

based nanohybrids possess highly versatile scattering properties that can be eas-

ily tuned by changing the core to shell ratio of the NR and without changing the

overall system size. It was also shown that higher scattering intensities could be

obtained by using hollow metal nanoshell resonators than using NRs with filled

dielectric cores. Furthermore, it was also shown that it is possible to design a

nanohybrid which operate in the near-infrared frequency regime, which is useful

for biosensing applications, using metal nanoshell resonators.
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Research objective 3 - Investigating the scattering characteristics of an all-carbon
nanohybrid

In this stage, a novel all-carbon nanohybrid design was proposed where a mono-

layer GNF resonator is coupled to a single-walled semiconducting CNT. Due to

their remarkable optical and mechanical properties and high biocompatibility,

CNTs and GNFs are extensively considered for biological applications. There-

fore, by combining them, we can create a nanohybrid that is highly suitable

for biosensing. Thorough numerical simulations were performed to find out

how different system parameters affect the scattering properties of the proposed

nanohybrid. Results showed that system parameters such as CNT and GNF di-

mensions, the distance between the GNF and CNT affect the scattering properties

of the nanohybrid. It was shown that the scattering properties of the nanohy-

brid could be easily controlled using the Fermi energy level of the GNF resonator

without changing any of its physical dimensions. Therefore, all-carbon nanohy-

brid systems have a higher tunability than conventional metal NR based nanohy-

brids. It was also shown that the scattering intensity of the all-carbon nanohybrid

is highly sensitive to the refractive index changes in its environment.

Research objective 4 - Comparing the permittivity sensing capability of GNF
resonator-based nanohybrid and a MNP resonator-based nanohybrid

In previous stages, it was observed that the scattering properties of nanohybrids

are sensitive to the permittivity variations of the surrounding medium. Nanohy-

brids inherit this sensing capability from their NRs, whose LSPR properties are

sensitive to the permittivity changes in the surrounding medium. Therefore, the

medium sensing capability of the nanohybrids are highly dependent on the prop-

erties and the type of NR used inside. In this stage, the medium sensing capabil-

ities of a GNF resonator-based nanohybrid and a MNP resonator-based nanohy-

brid were compared. The results from the numerical simulations showed that
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the scattering intensities of the GNF resonator-based nanohybrid are always bet-

ter than its constituents for the selected medium permittivity range. However,

the scattering enhancement from the MNP resonator-based nanohybrid dimin-

ishes when the medium permittivity value changes from its resonant value. Be-

cause of this reason, if sensing applications depend on the scattering intensities

of the nanohybrid, the GNF resonator-based nanohybrids can be used to detect a

broader permittivity range than MNP resonator-based nanohybrids.

Research objective 5 - Investigating the prospect of using nanohybrids as
biosensors

As the final stage, we have shown the prospect of using the proposed nanohybrid

designs in biosensing applications to detect and reconstruct the permittivity pro-

files of tumours. Using a simple tumour permittivity model, we demonstrated

two methods through which we can exploit scattering properties of nanohybrids

to obtain the permittivity profile of the tumour. First, the frequency separation

between the peaks in the scattering spectra of gold nanoshell resonator-based

nanohybrids were used for tumour detection. Then, it was shown how to use the

enhanced scattering intensities of all-carbon nanohybrids in tumour permittivity

reconstruction. It was found that both methods can successfully reconstruct the

tumour permittivity profile. The results illustrate the prospect of using nanohy-

brids for minimally invasive biosensing applications.

8.2 Suggestions for Future Work

The work presented in this thesis can be further extended in both theoretical and

experimental areas. We outline a few suggestions for future work below.
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Modelling and analysing the absorption properties of proposed nanohybrid
designs

In this work, we have focused on analysing the scattering properties of several

nanohybrid designs and their applications in sensing. Due to exciton-plasmon

interactions, the absorptions properties of nanohybrids can also possess excit-

ing features that can be useful in application areas such as cancer hyperther-

mia, where the heat produced by nanohybrids is used to destroy cancer cells.

Therefore, modelling and analysing the optical absorption properties of proposed

nanohybrid designs can extend their applications to new directions.

Modelling scattering properties of nanohybrid designs with multiple nanores-
onators and quantum emitters

In this work, we have focused on nanohybrid systems with a single NR and a

QE. However, when there are multiple NRs and QEs, the interactions and coop-

erative effects among the constituents can give rise to new scattering features.

Therefore, we believe that modelling nanohybrid systems with multiple NRs and

QEs will improve our understanding of the nanohybrids and will improve the

applicability of nanohybrids in practical scenarios.

Modelling the optical response of the nanohybrids comprising quantum emit-
ters with three or more energy levels

In this thesis, when developing the main analytical equations, the QE was mod-

elled as a two-level system. However, QE with three or more levels can show in-

teresting optical phenomena such as electronically induced transparency. There-

fore, analytical modelling of nanohybrids with three or higher level QEs will im-

prove our understanding of nanohybrids.
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A comprehensive modelling of nanoshell resonator-based nanohybrids

In chapter 4, an effective medium theory-based approach was used to model the

polarizability of the nanoshell resonator. It is possible to improve the analytical

model even further by quantum mechanically modelling the optical response of

the nanoshell resonator and its interaction with the QD. Such models will allow

us to study quantum effects in such systems and will improve our understanding

of nanohybrids with nanoshell resonators.

Incorporating nonlocal effects when modelling nanohybrids with ellipsoidal
NRs

When nanoparticle size becomes very small, nonlocal effects become important.

Nonlocal effects cause a frequency blueshift in the scattering spectrum [27, 45].

Although there are analytical models available to model the nonlocal response of

spherical nanoparticles, most of the studies that focus on the nonlocal responses

of non-spherical nanoparticles have used numerical simulations. It is possible

to improve the analytical model by considering nonlocal effects when modelling

the scattering properties of a nanohybrid system with an ellipsoidal NR and a

coupled QE.

Comprehensive modelling of the scattering properties of all-carbon nanohy-
brids

In chapter 5, the scattering properties of GNF were modelled by approximating

its polarizability to that of a disk. This assumption is widely used in previous

studies and has good validity with experimental results. However, it is possible

to model the optical response more accurately using quantum mechanics and in-

corporating additional structural effects such as skin effects. It is also possible to

extend the analytical model to analyse nanohybrids with multilayered graphene
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sheets. We can also improve the analytical model by modelling the CNT as a

three or multilevel QE.

Developing advanced tissue model and investigating the biosensing capability
of nanohybrids by modelling the scattering properties of clusters of nanohy-
brids

When demonstrating the prospect of using nanohybrids for biosensing applica-

tions, a simple tissue permittivity model was used. However, it is important to

use an advanced tissue model with high complexity and accuracy to validate

their use for sensing applications even further. As explained in Chapter 7, in

nanohybrid based biosensing applications, a large number of nanohybrids accu-

mulate inside the tumour. Therefore, interactions among them can be considered

to improve the accuracy of the model.

Experimental realisation and validation of proposed nanohybrid designs and
their practical applications

Following our theoretical analysis and numerical results, it is essential to exper-

imentally validate these nanohybrid designs and investigate the possibility of

using them in sensing applications.
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