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Abstract

Many tailings slurries comprise of fine particles that are suspended in a carrier fluid. In

concentrations levels that are high, the fines and water combine to form a non-Newtonian

slurry. In a number of important applications, these slurries also contain larger, denser

particles that are able to settle under shear. It results in inhomogeneity in the flow and

can potentially significantly increase the pressure gradient required to drive it. A critical

unanswered question is that of how the settling rate of large particles is related to the

rheology of the fluid and the local shear in the vicinity of the particle. Although a small

number of works on particle settling in non-Newtonian fluids exists in the literature, there

is very little available on how imposed fluid shear modifies particle settling.

A computational fluid dynamics (CFD) model is developed that allows the prediction of

the settling rate (and hence, the drag coefficient) for any particle size, density and fluid

rheology. To validate the computational model, experimental measurements in a purpose-

built shear rig were compared to the predictions of the settling rate by the model. Past

findings about particle settling in unsheared and sheared mediums were compared and

found to be in good agreement with the predictions. The CFD model is subsequently

used to predict the settling rate across a wide range of particle sizes, densities and fluid

rheologies (power-law and Herschel–Bulkley model).

In this numerical investigation, results are presented in two parts. In the first part, we

considered the power-law fluids, and in the second part, we examined the fluid rheology

that is fitted by Herschel–Bulkley fluids. The two parts are further divided into unsheared

(or undisturbed) and sheared settling. The applied shear was increased to study the parti-

cle settling rate. The study is limited to the low-Reynolds number range (Re ≤ 1), and a

simple correlation that describes this relationship to accuracy is proposed. It can be used

to predict the settling rate in simple laminar flows of power-law and yield stress fluids

under unsheared and sheared conditions. This result has implications in the estimation of

particle settling under transport and in the possible distance before complete stratification

under laminar flow.
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Chapter 1

Introduction

I N the mineral processing industry, the most common processes are grinding and

milling of mineral ores. The mineral rocks are reduced to fine particles after they

undergo various stages of crushing. In these processes, rock particles are usually mixed

with a carrier fluid (normally water). This mixture moves through process equipment

during processing. At this stage, when the mixture contains large rock particles, they

are subjected to abrasion, chipping, compression, and most importantly, they accumulate

inside the equipment. There would be significant cost reduction if there is a possibility

to prevent the accumulation either by a pre-treatment to eliminate the stratified layer or

by imposing an inlet force to the fluid medium so that it can prevent the particle from

settling. However, the former (eliminating the stratified layer of settled particles) is pre-

ferred in mineral processing industries for two reasons. The first reason is the relatively

low power consumption that is required to drive a homogeneous mixture. Secondly, there

is a significant amount of mineral recovery when the stratified layer is recirculated to the

initial stages of crushing. Prior to investigating the elimination of the stratified layer of

large rock particles, a detailed understanding of particle motion in a slurry medium is cru-

cial. In other words, information about how fast the large rock particles settle in the slurry

medium is required initially to design the unit operation that would handle such complex

slurries. Some of the specific applications that benefit from this current study are the

transport of mine tailings in pipelines, removal of swarf in oil and gas well drilling, con-

crete pumping and transport of food materials with inclusions. Some of the suspensions

of fine particles and slurries that is used in the mineral processing industries possesses

non-Newtonian flow behaviour.
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2 Introduction

Large rock particles in the slurry medium respond differently to different shear rates;

hence, an externally imposed shear is considered to impact particle settling. In slow set-

tling particles, settling can be induced by imposing shear. This phenomenon is when there

is an increase in the total shear rate around the particle. The orientation of the imposed

shear also plays a prime role in influencing the particle settling. However, a planar shear

along a Z-plane has been considered throughout the study. Through simulations, it is pos-

sible to determine whether the particle is influenced by the induced shear prior to being

used in applications, which would save considerable time and money.

1.1 Overview of the thesis

The aim of this study is to demonstrate the settling particle in various complex rheolo-

gies and their associated flow fields that yield for different fluid rheology parameters, in

particular settling in shear induced flows. This is achieved by solving a 3D computa-

tional model fluid flow by using the finite volume solver in OpenFOAM (open source

CFD package). The solver predicts the settling velocity of the particle, and hence, its

drag. This thesis begins with a review of the literature in Chapter 2, which is followed by

a description of 3D model flows. The computational methods are described in Chapter 3

followed by results section.

Particle settling in non-Newtonian fluid that behaves as a power-law fluid is dis-

cussed in Chapter 4 in two categories. In the first category, particle settling in unsheared

power-law fluid and the predictions by the model that are in accordance with the previous

works. It was then extended to a wide range of rheology parameters related to mining

slurries. Subsequent to that,in the second category, the investigation of particle settling in

sheared power-law fluid and its predictions are discussed in Chapter 4.

Chapter 5 presents a study of particle settling in Herschel–Bulkley fluids, the critical

particle size for settling and the settling behaviour under sheared conditions. The chapter

also demonstrates that the unsettling particles begin to settle due to imposed shear. Fi-

nally, the key conclusions of this thesis and the future research directions are discussed in

Chapter 6.



Chapter 2

Literature Review

N ON-Newtonian fluids are identified by their complex fluid rheology. Several groups

have studied particle transport in fluid flows in the past decades. The flow of past

different bodies such as a sphere, a cylinder and an elliptical cylinder was studied to

analyse the settling behaviour of such bodies and their interaction with other particles in

the vicinity. The investigation commenced with an exploration of low Reynolds number

flows and then used different non-linear viscosity models depending on the rheology of

the fluid. New fluid rheology models which incorporate more fluid properties were de-

veloped (Shi and Napier-Munn (1996) and Wang et al. (2004)) for accurate prediction of

fluid behaviour, which would lead to accuracy in the prediction of the particle settling.

The foundation of the fluid rheology is set by particle-particle and particle-fluid

interaction and its inherent flow field during bulk flows. Although there are many rheology

governing parameters, the non-Newtonian fluid flow attributes are characterized mainly

into flow index (n), consistency (k) and yield stress (τy). For a range of low n (0.1 < n <

1), findings were recorded in the past (Chhabra et al. (1980)) and generally they observed

that a particle settles faster than in Newtonian fluids. This is due to the increased strain

rate around the particle, and hence has the ability to reduce its viscosity, allowing the

particle to settle faster. Predictions in the past for a distinct range of Re are discussed in

this chapter in detail in the order mentioned below.

After a brief introduction to the relevant background material in §2.1, the literature

related to unsheared and sheared settling flows is discussed. Specific studies performed

using analytical or experimental methodology can be categorised according to the rheol-

3
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ogy model that is used to predict the viscosity of the fluid under flow. These categories

will be discussed broadly in §2.2.

It will be shown that unsheared settling in power-law fluids and Herschel–Bulkley

fluids are well understood since there is plethora of theory, experimental and numerical

techniques that can be used to understand the particle settling in such fluids. On the

contrary, there is lack of theory and a lack of knowledge of the mechanisms for sheared

particle settling, which are more subsequential to settling. Only three citations on induced

shear settling exist thus far, and they are reviewed extensively in §2.3.

2.1 Background

In the 1940s, it was observed that the viscous stress in a complex fluid depended non-

linearly on the rate of deformation. Complex fluid flows have widespread applications in

engineering and science, ranging from processes such as suspended food solid transport,

drilling mud, concrete casting in natural phenomena such as debris flows and lava flows.

Complex fluid flows can be present both in laminar and turbulent regimes. However, stud-

ies began with a simple laminar flow to illustrate the non-linearity and its interactions with

different bodies. Due to the increased popularity of fluid applications, the phenomenon

was analysed at a much deeper level through various experiments, and later on, through

numerical techniques. Ever since then, research to discover more about complex fluid

flows at different flow regimes and the interactions of those with other bodies has contin-

ued.

Different rheology models were brought up to the area of non-Newtonian fluids.

The rheology model that depicts the fluids behaviour is discussed in §2.1.1. Out of the

numerous rheology models, a few were found to be more prevalent in presenting the fluid

rheology predictions. The two commonly generalised rheology models are Power-law

and Herschel–Bulkley. These models exhibit the inherent fluid properties of most types

of non-Newtonian fluids. This is due to the nature of the flow index: if their value is

greater or lesser than one, it shows the shear-thickening or shear-thinning behaviour of

the fluid. When fluids are highly viscous (when large particles are embedded in the fluid),

they possess an inherent property termed ‘yield stress’. This property is accounted for

in the Herschel–Bulkley model, it exists to be the primitive model, although many other
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models were demonstrated to support the intrinsic changes in behaviour by adding an

extra empirical constant into the functional form of the model.

2.1.1 Rheology models

A rheology model is used to predict the fluid behaviour and interactions of fluids

such as mine tailings, oil and gas well drilling fluids, and other slurries, with other bodies.

A detailed tabular representation of some of the most commonly used rheology models

that were developed since 1920s is presented in Figure 2.1.

Figure 2.1: Different rheology models developed for non-Newtonian fluids

Comprehensive understanding has been gained on the flow behaviour of particles in

the power-law, Ellis model and Carreau model fluids has been recorded by Wasserman
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and Slattery (1964), Slatter (1997), and Chhabra et al. (1980), respectively. In this study,

the non-uniform viscosity used are the power-law model (Eqn 2.1) and the Herschel–

Bulkley model (Eqn 2.2), in which the shear stress is related to the strain rate through an

effective viscosity η.

η =
τi j

γ̇i j
= kγ̇n−1 (2.1)

η =
τi j

γ̇i j
=
τy

γ̇
+ kγ̇n−1 (2.2)

where k is the consistency, and n is the flow index. The second invariant of the rate of the

strain tensor, γ̇ ,is given by:

γ̇ =

√
γ̇i jγ̇i j

2
(2.3)

To illustrate the high concentration of solids in the flow behaviour of the fluids (typ-

ically thick pastes), various fluid models were developed to predict their behaviour. The

most prominent fluid models are those that were developed by Bingham (1922), Herschel

and Bulkley (1926), and Casson (1959). When thick slurries are subjected to shear stress

up to a certain magnitude, their rate of deformation is zero. The threshold shear stress

beyond which the fluid starts to move corresponds to the property termed yield stress.

The fluid models mentioned feature this property and other rheological parameters such

as consistency and flow index. Of all the models that have been proposed in the past,

Slatter (1997) examined and found that the Herschel–Bulkley fluid model yields the best

representation of the slurries.

The basic rheology model that was used to incorporate this property is the Herschel–

Bulkley equation in which the viscosity is dependent on four parameters: τy, k, n and γ̇.

In simple shear flow, the Herschel–Bulkley equation takes the following form:

τ = τy + kγ̇n f or |τ| > τy (2.4)

γ̇ = 0 f or |τ| ≤ τy (2.5)

where τ is the shear stress. The range for each of the parameters is discussed in the section

below.
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2.1.2 Choice of rheology

The type of fluid examined in this research work is mineral tailing. Some of the ex-

amples of the fluids considered in this study are coal tailings, gold tailings, nickel tailings

and the like, which can be seen in Figure 2.2. Parameters of the Herschel–Bulkley model

fitted to rheometrical data that were obtained for various mining slurries are illustrated

below.

.

Figure 2.2: Coal (left) and copper (right) tailings depicts the highly viscous nature of the
fluid V.Boger (2013).

Figure 2.3: Graphical representation of parameter space for mining slurries fitted to
Herschel–Bulkley model
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The range for each parameter that relates to mining slurries such as bauxite tailings,

red mud, uranium mill tailings, coal suspensions, fresh concrete , clay based tailings and

the like was obtained from Bakker et al. (2009), Sofrá and Boger (2002), Turian et al.

(2002), Mendes and Dutra (2019), Coussot et al. (1998), Bartosik (2010), Alehossein

et al. (2012), and Nguyen and Boger (1998). From the rheology data, a range of param-

eters that covers a majority of these slurries are used in this study. As can be seen from

Figure 2.3, the range of consistency (Pa sn) is 0.1 < k < 2 , for flow index is 0.3 < n < 0.7

and for yield stress 0 < τy < 10 (Pa).

2.1.3 Single spherical particle

Most studies to date have investigated settling characteristics of a spherical parti-

cle. However, certain studies have examined different shapes of a bluff body such as

elliptical cylinders that have different aspect ratios along the horizontal and vertical axes.

Although there is potential for the study of sheared settling in particles of different aspect

ratios, we begin with a spherical particle to understand the fundamental physics of settling

in non-Newtonian fluids. Therefore, the current study focuses on the spherical particle,

the findings for which are reported in this thesis. Before finite volume fractions can be

considered, the underlying physics of an isolated particle must be characterised. Hence,

studies of an isolated particle are reported in this chapter.

2.1.4 Drag coefficient

An elementary hydrodynamic property to investigate the motion of particle settling

is the drag coefficient, CD. A detailed understanding of CD is of utmost importance in

terms of theoretical and practical value, because it allows the prediction of terminal falling

velocities, V, for a fluid of any rheology.

The Drag, FD, on a sphere in a quiescent fluid was first examined by Stokes, which

lead to the familiar result that is presented through Equation 2.6. Stokes’ result is valid

only in an unconfined/unbounded fluid medium and a slow Newtonian flow (Re→0, that

is, Stokes flow).

FD = 3πdηV → CD =
24
Re

(2.6)
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However, in the current case, we are considering non-Newtonian fluid in non-

creeping flow regime in a confined fluid medium. The relationship between CD and Re in

the case that was considered in this study cannot have a simpler correlation. Therefore, in

this thesis, the drag coefficient for each case (including imposed planar shear conditions)

is treated as the core property for the prediction of particle settling.

2.2 Particle settling in Power-law and Herschel–Bulkley

fluids

A large array of literature has been presented from studies about particle settling in non-

Newtonian fluid flows. Drag correlations that are available in the literature can be divided

into studies that use numerical, analytical, and experimental methods. Scientific findings

that use these methods are discussed below in §2.2.1 and §2.2.2

2.2.1 Experimental studies

Particle settling is influenced by various parameters such as domain size, fluid rheol-

ogy and particle material property (density, porosity etc). Usually, the settling predictions

were found for unbounded domain or negligible effects on the wall. Of the dimension-

less parameters, the domain size is unaccounted for. Therefore, the results are presented

in-terms for distinct domain sizes, and we notice the manner in which the drag coefficient

varies due to the effect of confining walls. The experimental approach is discussed in the

sections below in two categories, in the presence and absence of wall effects.

2.2.1.1 Bounded experiments

In a finite domain, the fluid flow is hampered. There is a backward movement of the fluid

due to the entrainment effect near the particle combined with viscous friction near the

boundary walls. The backward movement drastically slows down the settling speed of

the particle (Song and Gupta (2009)).

Some researchers from those who have described drag on spheres in non-Newtonian flu-

ids, have ignored the effect of domain walls, while others have insisted that the same wall

correction are pertinent only only to Newtonian fluids.
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A well known early study by Valentik and Whitmore (1965) measured the terminal

velocities of spheres falling in clay suspensions. The study also applied corrections to the

retarding effect of the walls of the containing vessel. Other early studies have been those

by Ansley and Smith (1967a)

Apparently when a particle is settling in a narrow column or a small width channel,

the fluid is pushed upwards along the side of the column that is subjected to extra frictional

force (Lali et al. (1989)). However, Chhabra (2006) points out from his works that the

wall effect considerably decreases as Re increases.

In this context, Andres (1961) consolidated a review of studies that deal with this phe-

nomenon of unbounded and bounded solutions. He proposed a relationship to determine

the wall correction factor on the settling velocity of particles. Felice and Parodi (1996)

also developed a model for a similar case. However, this model depends on the Reynolds

number and on the ratio between the particle size and the settling fluid medium. As an

extension to this model, Kelessidis (2004) further investigated the development of an esti-

mate for the error in the particle settling speed due to the entrainment effect that is induced

by the wall; the magnitude was found to be approximately 5.5%. Additionally, cha (1980)

predicted that, in an extreme case, the error could reach as high as 7%.

Apart from the wall correction factor, Andres (1961) also showed that for a parti-

cle to settle in a highly viscous fluid, its buoyant weight has to exceed the yield stress

of the fluid. The applicability of this theory was reviewed both experimentally and the-

oretically by various researchers such as Boardman and Whitmore (1961) and Brookes

and Whitmore (1968). Later, experimental studies were carried out by Graham and Jones

(1994), Atapattu et al. (1995a) and Chhabra (2006). They predicted the settling velocities

in undisturbed Bingham-plastic fluids. Additionally, the experimental works by Atap-

attu et al. (1995a) has yielded useful insights, particularly ,into the wall effects, drag

behaviour, and the sizes of yielded and unyielded region in the case of the yield stress

fluids.

2.2.1.2 Unbounded experiments

In an infinite media, particle motion is unhampered and particle settling induces velocities

at every point of a fluid in the same direction as a result of which the entraining effect

completely disappears.
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Wall effects disappear completely when the value of (D/d) is beyond a certain critical

value. The value was found to be about two times the size of the sheared zone that was

normalised with respect to the particle diameter.

Atapattu et al. (1995b) summarised that wall effects were minimised by maintaining

a D/d ratio greater than 15. Tabuteau et al. (2007a) also confirmed the magnitude of

the ratio through their experiments. Additionally, it has been shown that the wall effects

diminish with an increasing pseudo-plastic behaviour (increasing yield stress) Missirlis

et al. (2001).

Although the extent of the wall effects on a sphere settling in shear-thinning fluids in cylin-

drical tubes even in creeping flow conditions is not very strong, it cannot be neglected.

Therefore, an unbounded experiments for a wide lower and upper range of Reynolds num-

ber has been reported in the literature. At a broader perspective, in an unlimited domain,

the terminal settling speed is relatively greater than that in a column.

2.2.1.3 Criterion for particle settling

It has been observed in the case of yield stress fluid, the rate of deformation is zero when

the fluid is subjected to shear stress that is lower than the yield stress value. Here, the

particle is embedded in the fluid without movement. There is a critical weight or size of

the particle at which its own weight can exceed the yield stress of the fluid and begin to

move.

Dedegil (1987) and Jossic and Magnin (2009) looked at the critical particle size.

They measured the drag force that is exerted on objects in a yield stress fluid when the

velocities become infinitely slow where the yield stress effects are predominant. On the

basis of these results, a critical criterion is proposed for the object in the fluid, to estimate

the yield stress that is needed to balance buoyancy force. On the contrary, Beris et al.

(1985) and Blackery and Mitsoulis (1997) proposed a different critical criterion through

numerical simulations. This stability criterion was found to be in good agreement with

experimental works by Tabuteau et al. (2007a).

2.2.1.4 Particle Interaction

Merkak et al. (2006) provided data on the interactions between two spheres (of the same

diameter), which move at very low velocity in a yield stress fluid. Other recent innovative
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experimental studies conducted in this field examine the way the falling spheres interact

with each other (Tran and Horsley (1993); Liu et al. (2003); Wilson et al. (2003); Horsley

et al. (2004); and Gumulya et al. (2007)). In these studies, the drag force on two moving

spheres was examined as a dependent variable of the distance between the two particles.

These studies concluded that the degree of particle interaction increases more in the case

of an increase in the viscoplastic behaviour.

2.2.2 Numerical studies

Under numerical investigation, a majority of the studies reported predictions for

the unbounded medium either by considering a domain independence study or using the

critical ratio of the particle to the domain size as defined by Atapattu et al. (1995a).

Numerical simulations were used to study the detailed flow field that surround a

falling particle (Blackery and Mitsoulis (1997); Beaulne and Mitsoulis (1997)). The ex-

perimental works of Atapattu et al. (1995a) were compared with a numerical simulation

of these flows by Beaulne and Mitsoulis (1997), and it was found that there was agreement

between the numerical and experimental data.

Missirlis et al. (2001), and Beris et al. (1985) have examined the experimental mea-

surements and followed their results with numerical simulations. Missirlis et al. (2001)

compared with Dazhi and Tanner (1985), Cho and Hartnett (1983) and Wasserman and

Slattery (1964) and found to be in good agreement with their drag prediction.

Reynolds and Jones (1989), Graham and Jones (1994), Atapattu et al. (1995a), and

Dazhi and Tanner (1985) have reported correlations that predicts the terminal velocity

of spheres in power-law fluids. On the contrary, Wilson et al. (2003) resolved for non-

Newtonian materials a new curve that is used with an ‘equivalent Newtonian viscosity’,

which would produce the same particle terminal velocity.

In yield-stress fluids, numerical studies show that the creeping motion of a particle

in an unbounded Bingham fluid (yield stress with constant viscosity and no thixotropy),

there is an envelope of fluid whose size depends on the yield stress value of the fluid. The

envelope of fluid is due to the confined flow around the surface of the particle. In the zone

outside the envelope, the stress is smaller than the yield stress and hence, the fluid does

not move. This zone is known as the unyielded region. A detailed insight on the size
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of the unyielded/ yielded region for Bingham and yield stress fluids is discussed in the

section below.

2.2.2.1 Yielded and unyielded region

From the yield stress fluids, the motion of a particle causes certain changes in the molecu-

lar structure of the fluid when under stress. This molecular distortion in the fluid medium

results in the coexistence of solid-like zones at a macroscopic level. The solid-like zones

are known as the ‘unyielded region’ in the fluid domain. Therefore, in the velocity con-

tours, distinct zones of yielded and unyielded regions are seen.

The yielded and unyielded regions vary according to the yield stress property of the

fluid. The aspects of the unyielded region in the fluid medium were primarily addressed

by Chhabra in 1995 through his experiments, and it was then investigated through com-

putational studies by Taibi and Messelmi (2018).

Chhabra showed the shape of the yielded region depends on both the sphere to col-

umn diameter ratio as expected and the variations in the viscosity with the shear rate. For

particle settling in yield stress fluid, it is found that unyielded region appears on both sides

of the particle.

Putz et al. (2008) conducted a computational study to understand this behaviour by

using polymeric shear thinning yield stress fluids. It has been found that the size of the

yielded region is inversely proportional to the yield stress.

HB =
τy

kγ̇n (2.7)

Bi =
τy

kγ̇
(2.8)

The dimensionless approach of representing the yield stress property of the fluid is

referred to as the Herschel–Bulkley number (HB). If the shear thinning behaviour is ab-

sent i.e., n = 1, it is referred to as the ‘Bingham number (Bi)’ (described in Equation 2.7

and 2.8). Generally, the dimensionless parameters that govern the flow are obtained by

considering scaling analysis of the governing partial differential equations and using its

appropriate non-linear viscosity function (rheology model). In all the past studies, the

results were represented in terms of Re, CD and Bi or HB. For dealing with yield stress
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fluids settling measurements representation, Ansley and Smith combined two dimension-

less groups - Re and Bi to a single parameter , Q∗ as:

Q∗ =
Re

1 + kBi
(2.9)

The value of constant k has been postulated to be unity for Bingham fluids. Later, the

values of k are presented based on the blockage ratio of the fluid domain. For an un-

bounded medium, the value of k for shear thinning-yield stress fluids was given as 0.818

by Atapattu et al. (1995a).

It has been reported and confirmed through experimental measurements that the

size of the unyielded surface increases with increasing Bi or HB. Increasing unyielded

region proves the diminishing viscous deformation induced in the flow. Therefore, it is

demonstrated that unyielded region around the particle surface implicate the zero shear or

the rest region. However, if we apply shear, the unyielded region shrinks and disappears

due to the viscous deformation throughout the fluid domain.

2.3 Sheared settling

Particle settling under gravity in various non-Newtonian fluids is well explored, and sev-

eral studies are recorded in the past. However, particle settling under ‘induced shear’ has

been addressed by less than a handful of researchers in the past. The idea of that imposed

shear on the fluid medium distorts the fluid viscosity around the particle surface and al-

lows the particle to settle even faster. Gheissary and van den Brule (1996) addressed the

manner in which the total shear rate can be written for a particle settling under induced

shear.

The total effective shear rate was defined to incorporate the imposed shear rate. The

total shear rate is the superimposition of the settling shear rate and shearing plane shear

rate. The orientation of the imposed shear could act on the particle in fluid differently

(planar shear imposed oriented either orthogonal or non-orthogonal to the settling direc-

tion). Experiments have not investigated the shift in Re and its corresponding drag based

on the imposed shear (which is the focus of the current work). Some of the other recent

relevant findings recorded are discussed in this section in the following order.

• Sheared Newtonian fluid Stokes flow
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• Sheared settling in power-law and Herschel–Bulkley fluids

2.3.1 Sheared Newtonian fluid Stokes flow

In 1906, Einstein addressed the shear flow of a single, non-Brownian, inertia-less

and buoyancy-free sphere in an infinite Newtonian fluid medium. In shear flow the particle

rotates at a speed, ω, which is a function of the applied shear rate, γ̇applied. The functional

relation for ω is given by Equation 2.10.

ω =
γ̇applied

2
(2.10)

Trevelyan and Mason (1951) and Avino and Maffettone (2015) confirmed experi-

mentally that the constant angular velocity of spherical particles, which is proportional

to the shear rate, is independent of particle size, and is in excellent accord with theory

proposed by Einstein (1906).

The result was derived from zero net torque on the sphere surface due to the steady

state flow. After several experiments, it has been found that the relation between ω and

the applied shear rate (γ̇applied) is in agreement with the theoretical prediction given in

Equation 2.10. As a consequence of the reversibility of the Stokes equations, symmetric

streamlines were observed throughout the flow. In addition, the velocity profile appeared

symmetric due to a set of closed orbits around the sphere.

2.3.2 Sheared settling in power-law and Herschel–Bulkley fluids

2.3.2.1 Experimental studies

Godinez et al. (2014) considered the case of a rotating and a settling particle in yield

stress fluids. Rotation was induced magnetically in his experiments. The superposition

of two shear rates from particle settling and rotation has been given by Godinez et al.

(2014). Experimental investigation by imposing shear were conducted to determine the

rheology of the fluid, particularly to predict the shear thinning or shear thickening fluid

and the value of the consistency. This study was most relevant to our research work. It was

relevant due to the fact that the viscosity around the particle vicinity is changed through

externally/magnetically induced particle rotation. In such a setup, the flow around the

sphere is given by the combination of the motion that is produced by translation or by
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the rotation of the particle. Therefore, the resulting effective viscosity around the particle

surface is the lowest and it gradually increases as we move away from the particle. The

drag decreases as a result of the low viscosity region around the particle surface, the

particle in turn settles faster in the fluid. Hence, the translating rotating particle settled

faster in a shear thinning fluid.

Dazhi and Tanner (1985) and Snijkers et al. (2009, 2011) addressed the superposing

rotation and translation in shear thinning fluids. Although, this experiment was conducted

to act as a rheometer for power-law fluids, the correlation between the drag coefficient,

the Reynolds number and flow index is not completely explored for non-Newtonian fluids

of all flow regimes.

Herschel–Bulkley fluids were investigated for its particle settling flow under sheared

conditions by Ovarlez et al. (2012) through experiments. They studied how induced shear

can increase the settling rate in these type of fluids by inducing magnetic rotation to the

spheres that are sedimenting in a Couette geometry. A background simple shear flow of a

Herschel–Bulkley fluid could induce settling in systems that were at rest in the quiescent

case, and that the settling velocity increased with the background shear rate.

2.3.2.2 Analytical study

Under the assumption of negligible inertial effects, the case of particle settling within a

background simple shear flow of a power-law fluid was examined by Childs (2013). The

problem was analytically solved by using a three-dimensional pseudospectral method.

The particle settling velocity was found to have two distinct dependencies on the dimen-

sionless parameters of the flow, corresponding to regimes of a dominant background shear

flow or gravitational settling force. The results suggested an empirical settling law, for the

settling velocity of a spherical particle within a background simple shear flow.

2.3.2.3 Numerical study

Thus far, no work has used a numerical approach, and our current work aims to fill this gap

in the literature. The delineation of the different flow regimes under sheared conditions

is reported in this study. The functional form of the drag coefficient is well understood in

the case of sheared shear-thinning and yield stress fluids. Additionally, direct influences
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of imposed shear and, in particular, the values of critical Reynolds numbers denoting the

onset of the separation of flow are reported in this work.

2.4 Summary

For unsheared particle settling, extensive results on drag, surface pressure distribution,

and streamline patterns have been discussed. In the past, the drag coefficient at different

flow regimes was presented. These observations are also consistent with the experimental

and numerical findings.

For sheared particle settling, there are a limited number of studies. Only three (Ovar-

lez et al. (2012); Childs (2013); Godinez et al. (2014)) discuss the increase in the particle

settling velocity due to the applied shear. Although all these researchers examined sheared

settling for different applications, they reported an increase in settling velocity due to in-

creased shear and lower viscosity. However, the drag behaviour with respect to Reynolds

number was not discussed in any work.

In our numerical study, we aim to bridge the gap and extend the literature to present

a drag coefficient on the sheared particle that has never been examined before, to our

knowledge.





Chapter 3

Methodology

E XPERIMENTAL measurement of settling in sheared non-Newtonian fluids is diffi-

cult for a number of reasons. In this thesis, the open source computational fluid

dynamics (CFD) tool - OpenFOAM was chosen to simulate the settling. CFD provides

the ability to theoretically simulate any physical condition. CFD allows great control over

the physical process, and provides the ability to isolate specific phenomena for study.

The basic concept in the physical interpretation is the subdivision of the mathematical

model into non-overlapping components of simple geometry called finite volumes. The

response of the mathematical model is then considered to be approximated by that of the

discrete model that is obtained by connecting or assembling the collection of all elements.

However, this approximation is normally considered representative enough for most sys-

tems and physics. CFD methodologies required to solve the particle settling in sheared

non-Newtonian fluid is discussed in this chapter.

The development of the CFD model in OpenFOAM requires a number of utilities

that could identify the rotation and the settling rate of a particle. A numerical algorithm

was newly developed in order to determine the particle rotation in non-Newtonian fluids.

This algorithm was used along with the CFD model to solve the problem of particle set-

tling under a sheared fluid medium. The model was first developed for unsheared particle

settling to investigate its efficacy and accuracy. The model was validated by comparing it

with the previously published predictions for particle settling in non-Newtonian fluids.

After rigorous validation for the unsheared case, the model for the sheared case

was developed by adding a planar shear boundary condition. A review of the literature

showed that little or no quantitative experimental data was available to validate the model

19
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in the sheared case. However, the model was validated against the available analytical

solution for sheared power-law fluids under negligible inertial effects Childs (2013). In

yield-stress fluids, the model was validated using experimental measurements (conducted

by CSIRO, Australia) in a purpose-built shear rig. Predictions of the settling rate by the

CFD model were compared to the experiments by CSIRO. Once the confidence in the

model is developed, useful predictions about the flow behaviour in different cases can be

presented.

3.1 Governing equations for non-Newtonian fluids

In an incompressible laminar flow of a non-Newtonian fluid, the equations of motion are

the continuity and momentum equations.

∂ui

∂xi
= 0 (3.1)

ρ
∂ui

∂t
+ ρ

∂(uiu j)
∂x j

= −
∂p
∂xi

+
∂τi j

∂x j
(3.2)

τi j = η(γ̇)γ̇i j (3.3)

γ̇ =

√
1
2
γ̇i jγ̇i j (3.4)

where ui is the component of the velocity in the xi−direction, ρ is the fluid density, η is the

effective viscosity, p is the pressure and τi j is the stress tensor. The rate of deformation

tensor is γ̇i j, and it is equal to ∇u+∇uT . The challenge in the modeling of non-Newtonian

flows is the absence of a simple linear relationship between the stress and strain rate of

the fluid. The rheology model that is used to specify the non-Newtonian fluids that are

used here is the Herschel–Bulkley model, in which the effective viscosity is

η = τy/γ̇ + kγ̇n−1 (3.5)

where τy is the yield-stress of the fluid, k is the consistency and n is the flow index.

When the yield-stress is zero ( τy = 0), the fluid is referred to as a power-law fluid. The

equations of motion (Eqn. 3.1 and 3.2) are solved using the finite-volume–based-solver,

simpleFoam, which is a branch of OpenFOAM 3.1.0. SimpleFoam is a steady-state solver
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for an incompressible, turbulent flows, and it uses the SIMPLE (Semi-Implicit Method for

Pressure Linked Equations) algorithm to solve the momentum and pressure equations.

3.2 The computational model

The aforementioned differential equations have been solved using a finite-volume–based

solver, OpenFOAM. The factors required to set up the numerical solution methodology

for particle settling in sheared non-Newtonian fluids is discussed in this section. To set up

a numerical model for particle settling in sheared non-Newtonian fluids in OpenFOAM,

certain assumptions need to be made about our model. We setup the model as a single

sphere settling in a cubical box which acts the fluid domain. Here the sphere represents the

particle in the fluid. It is not possible to simulate particle settling in an infinite medium;

therefore, a finite domain must be chosen. We consider the problem of particle settling

in an unbounded medium by using the approximation of a single sphere at the centre of a

cubic box that as a side length of D. The box and sphere are idealised to the domain size

and the particle, respectively. For the settling problem in the computational setup, a frame

of reference is usually attached to the domain boundaries, for which a complex moving

mesh has to be considered. To reduce computational complexity, the analogy is reversed.

We perform the simulation in a frame of reference that is attached to the particle; thus,

the boundaries of the box move upwards with respect to the stationary particle. When we

change the frame of reference to be set on the particle, the particle is stationary and the

boundaries of the box move upwards. The boundaries of the box are defined as moving

non-slip boundaries that will simulate fluid flow around the sphere. The sphere is then

assumed to have this moving boundaries’ velocity as the settling velocity of the particle.

The boundaries that do not move are defined as ‘periodic boundaries’ which implies that

the continuity of fluid flow between opposite boundaries is maintained. This model would

duplicate realistic conditions, which would be experienced when particles fall in a non-

Newtonian fluid.

3.2.1 Setup for differences between unsheared and sheared cases

Figure 3.1 shows a schematic representation of the computational setup for a un-

sheared settling problem. The left and right (x) boundaries of the box are defined as
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no-slip boundaries that move vertically (y−direction) with a speed equal to the settling

velocity V. This will drive a flow around the sphere, which is equivalent to the flow due

to particle settling. However, V is the settling velocity we seek in the first place; hence,

an algorithm to identify the settling velocity for a given particle density is required, and it

is discussed below.

Figure 3.1: Schematic representation for unsheared settling

Figure fig. 3.2 depicts a schematic representation of the computational setup for

sheared settling problem. Similar to the unsheared case, each pair of boundaries in the box

acquires a certain boundary condition. The left and right (shaded blue region in Fig. 3.2)

boundaries of the box are defined as no-slip boundaries that move vertically (y−direction)

at a velocity equal to the settling velocity, V; the boundaries and also move in the opposite

direction with the velocity, W, in the z− direction to impart planar shear of 2W/D to the

fluid medium whereas W = 0 for unsheared settling. Therefore, the boundary conditions

for the left and right boundaries are (0 V -W) and (0 V W), respectively.
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Figure 3.2: Schematic representation for sheared settling

Periodic boundary conditions are used on the two other pairs of boundaries (top

and bottom (y) and front and back (z)) of the box. This approximation is equivalent to

simulating an infinite 2D array of particles that settle between two infinite moving plates,

and it has the potential to introduce errors. The domain width plays an important role in

the drag that is experienced by the particle. A domain independence study was carried

out to eliminate the entrainment effect that is induced by the boundaries. The effect of

this approximation is discussed in the following section.

3.2.2 Boundary conditions

With reference to the problem mentioned above, the setup defined in the previous

section, which is a pictorial summary of the boundary conditions, is given in Figures 3.3

and 3.4.
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Figure 3.3: Color code for domain walls’ boundary conditions demonstration in Table 3.4

Figure 3.4: Boundary conditions for each pair of domain walls.

3.3 Archimedes number

There are many means of non-dimensionalising the results. The use of Archimedes and

Reynolds number is one of the ways in which to represent in terms of. In this section,

we demonstrate how a dimensionless parameter ‘Ar’ is inter-replaceable with CD,Re, by

some studies. The incorporating of the density difference into Ar’s formulation for a

power-law fluid medium is defined in Equation 3.6 Chhabra et al. (2001).
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Ar =
3
4

CDRe(2/(2−n)) =
gd(2+n)/(2−n)∆ρρn/(2−n)

k(2/(2−n)) (3.6)

In our numerical investigation, density differences 500 ≤ ∆ρ ≤ 4000, were considered in

this study. It is evident from Equation 3.6, that the representation can be inter-changed to

glean information about the particle density simply from the CD − Re correlation.

For example, for a given Re, the corresponding drag could be determined from the

final correlation, and their
3
4

CDRe(2/(2−n)) would be its corresponding Ar. Using its for-

mulation, the particle density or density difference can be further calculated. Finally, we

could say that the representation of the CD − Re correlation is interchangeable, which en-

ables the extraction of its Ar and, ultimately, data on particle density or density difference.

This interchangeability was intended to check using our results; hence, a behavioural

analysis of Ar and CDRe(2/(2−n)) was carried out. Their behaviour was found precisely

linear, and this again adds to the reliability of the root-finding algorithm on the model.

3.4 Scaling analysis

It is important to view the results in terms of dimensionless parameters; hence, there

is a need to non-dimensionalise the governing parameters using scaling analysis. The

dimensionless parameters are developed by carefully choosing a scaling variable for each

parameter. Details are discussed in this section.

Choosing a density scale given by the fluid density, a length scale equal to the parti-

cle diameter d, a velocity scale given by the settling velocity V , and a viscosity scale given

by the viscosity at a shear rate of V/d, the dimensionless form of the momentum equation

leads to two different particle settling Reynolds number for power-law and yield-stress

fluids.

The governing equations(Eqn. 3.1 and 3.2) are non-dimensionalised using the fol-

lowing dimensionless variables:

∇ =
1
d
∇∗ u = Vu∗ P = τyP∗ η = (

dτy
V

+
kWn−1

dn−1 )η∗ t =
d
V

t∗
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The governing equations are rewritten in dimensionless form using the dimension-

less variables as mentioned above.

∇∗.u∗ = 0 (3.7)

Using the dimensionless variables, the momentum equation takes the following

form:

ρ
d(Vu∗)

d(
dt∗

V
)

= −(
τy

d
)∇∗P∗ +

1
d

(∇∗.(
dtauy

V
+

kVn−1

dn−1 )η∗
∇∗

d
Vu∗) + ρg (3.8)

Replacing u with Vu∗, t with
d
V

t∗, P with τyP∗, η with (
dτy
V

+
kWn−1

dn−1 )η∗ and ∇

with
1
d
∇∗ u = Vu∗, we get the above equation. And on further rearranging we get

Equation 3.9.

ρV2

d
du∗

dt∗
= −(

τy

d
)∇∗P∗ +

V
d2 (

dτy
V

+
kVn−1

dn−1 )∇∗.(η∗∇∗u∗) + ρg (3.9)

Taking
τy

d
common on R.H.S, we get,

ρV2

d
du∗

dt∗
= −(

τy

d
)∇∗P∗ + (

τy

d
)(1 +

kVn

dnτy
)∇∗.(η∗∇∗u∗) + ρg (3.10)

Taking
τy

d
common on all terms of R.H.S, we get,

ρV2

d
du∗

dt∗
= (

τy

d
)
{
−∇∗P∗ + (1 +

kVn

dnτy
)∇∗.(η∗∇∗u∗) +

ρgd
τy

}
(3.11)

Rearranging to get
du∗

dt∗
on L.H.S, we obtain the following equation.

du∗

dt∗
= (

τy

ρV2 )
{
−∇∗P∗ + (1 +

kγ̇n

τy
)∇∗.(η∗∇∗u∗) +

1
Y

}
(3.12)

Grouping the dimensionless parameters, we get equation 3.13

du∗

dt∗
= (

HB
Re

)
{
−∇∗P∗ + (1 +

1
HB

)∇∗.(η∗∇∗u∗) +
1
Y

}
(3.13)

du∗

dt∗
=

HB
Re
{−∇∗P∗} +

1 + HB
Re

{∇∗.(η∗∇∗u∗)} +
{ HB

ReY

}
(3.14)
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From Eqn 3.14, we obtain the dimensionless parameters that govern the flow, namely

Reynolds, Herschel–Bulkley and yield-gravity numbers, respectively, given by:

Reynolds number, Re =
dVρ
kγ̇n−1 =

dnρV2−n

k
(3.15)

Herschel–Bulkley number, HB =
τy

kγ̇n (3.16)

Yield-gravity number, Y =
τy

∆ρgd
(3.17)

We reduce to three dimensionless parameters (Re, Y and HB) that will be used to

present our results in terms of in upcoming chapters.

3.5 Special cases in scaling

3.5.1 Case: 1 Scaling for plastic regime:

In very high HB, that is, when HB tends towards ∞, the flow regime is termed a

plastic regime. This phenomenon can be written numerically as

τy

γ̇
>> kγ̇n−1

The scaling for such a flow regime can be carried out by considering the parameters that

are dominating the flow and by eliminating the ones that are negligible. The dimensionless

variables for the plastic regime are given below.

∇ =
1
d
∇∗ u = Vu∗ P = τyP∗ η = (

dτy
V

)η∗ t =
d
V

t∗

The dimensionless governing equation that uses the above dimensionless variables is cal-

culated for the plastic regime.

du∗

dt∗
= (

HB
Re

)
{
−∇∗P∗ + ∇∗.(η∗∇∗u∗) +

1
Y

}
(3.18)
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3.5.2 Case: 2 Scaling for Viscous regime:

In very low HB, that is, when HB tends towards zero, the flow regime is termed a

viscous regime. This phenomenon can be written numerically as

kγ̇n−1 >>
τy

γ̇

The dimensionless variables for the viscous regime are given below.

∇ =
1
d
∇∗ u = Wu∗ P = kγ̇nP∗ η = kγ̇n−1η∗ t =

d
V

t∗

The dimensionless governing equation that uses the dimensionless variables that are men-

tioned above is given by the following equation.

du∗

dt∗
= (

1
Re

) {−∇∗P∗ + ∇∗.(η∗∇∗u∗)} +
HB
ReY

(3.19)

3.5.3 Case: 3 Scaling for Intermediate regime

When the yield-stress and the Herschel–Bulkley viscosity equally dominate, that is,

when HB tends to one, both the terms have to be considered for scaling. The scaling for

pressure and viscosity changes as shown below:

∇ =
1
d
∇∗ u = Wu∗ P = (τy + kγ̇n)P∗ η = (

τy

γ̇
+ kγ̇n−1)η∗ t =

d
V

t∗

du∗

dt∗
=

1 + HB
Re

{−∇∗P∗ + ∇∗.(η∗∇∗u∗)} +
{ HB

ReY

}
(3.20)

3.5.4 Case: 4 Scaling for imposed shear

Two different shear rates are experienced by the particle. One is the shear rate due

to the settling of the particle, and the other is due to the imposed shear. The formulation

of the shear rates due to the settling and the applied shear will be γ̇settling =
V
d

(where

V is the settling velocity and d is the particle diameter) and γ̇applied =
2W
D

(where W is

the velocity of the shearing plane and D is the distance between the moving boundaries),
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respectively. Since both the shear rates share the same units, a scaling analysis will result

in the same dimensionless equations.

When the shear from the applied shear and the shear from the particle settling are

normal to each other, the total shear rate, γ̇T , will be a vectorial sum of both (Gheissary

and van den Brule (1996)). Therefore the resulting shear rate will be as follows

γ̇T =

√
γ̇2

settling + γ̇2
applied (3.21)

For investigating settling under imposed shear, we begin by validating our compu-

tational model by using experiments that have been carried out by CSIRO. They have

conducted experiments for particle settling in plane shear in a yield- stress fluid, which is

fitted by the Herschel–Bulkley rheology model. We non-dimensionalise imposed shear in

two different ways to present our results which is discussed in next Chapter.

3.6 Determination of settling velocity for a given ∆ρ

The determination of the terminal settling velocity for particle settling in power-law fluids,

the rheological parameters of which closely relates to mining slurries have been compu-

tationally solved using the grid resolution and the domain size mentioned above. Theo-

retically, the forces acting on a settling sphere are drag, buoyancy and its own weight. For

a steady flow, the net force acting on the particle is zero. Therefore, the net drag experi-

enced by the particle will be equal to buoyancy force (
π

6
d3∆): Whey they are found to be

equal, their corresponding velocity is the estimate for the settling velocity for the density

difference between the particle and the fluid.

For a given particle density ∆ρ and its buoyancy (FB), the drag force is computed

with an initial guess of settling velocity. The settling velocity is then adjusted until the

drag force matches the buoyancy so that the net force is zero. The adjustment of the set-

tling velocity is employed using a root-finding algorithm outside the solver (simpleFoam)

in OpenFOAM.

The algorithm uses the secant method, which is a root-finding method, with two

initial guesses; it throws a new guess that is higher or lower than the initial guesses, de-

pending on the position of the root. The flow chart of this process is outlined in Figure 3.5.
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For clarity in representing settling velocity, we use settling velocity under unsheared con-

ditions is denoted as VU and under sheared conditions as VS h.

 Mesh 

Inital guesses settling velocity: V
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Figure 3.5: Flow chart for determination of settling velocity for a given ∆ρ

3.7 Determination of particle rotation

In the case of an imposed shear, the boundary conditions for the left and right boundaries

are (0 V -W) and (0 V W), respectively, which yields an applied shear of 2W/D. When

the enforced shear is applied to the stationary sphere, a torque is observed along the y-

axis. This is due to the applied shear that produces a spin on the sphere. Under sheared

conditions, the particle will also rotate about the y−axis at a rotational velocity ω.

In the computational model, to study sheared particle settling, the rotational velocity,

ω is applied to the sphere, and its corresponding torque is noted.

Since for a steady flow there is a zero net torque, we need to limit this value. In

order to limit this value, ω is varied to the sphere to reduce the calculated torque, τ, such

that τ (ω) ∼ 0. Therefore, in the simulations, ω is varied until the net torque on the sphere

is zero. This zero torque is achieved by the ‘secant method’.

In a Newtonian fluid in the Stokes regime, the particle rotational velocity is given

by half the imposed shear, that is, ω = W/D. In viscoplastic fluids and non-creeping
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Newtonian fluids, this rotation is unknown. The rotational velocity that provides zero net

torque is found by using the secant algorithm. The root-finding process begins with initial

guesses of ω = W/D and 0; it then progresses to predict a new guess with respect to

the net torque value for the guesses that are shown in Figure 3.6. In order to determine

the particle settling and rotational rate, the algorithm to determine, Vs, as shown in the

Figure 3.5, is coupled with the secant algorithm to find ω, as can be seen in Figure 3.6.

Convergence criteria that are used for a steady-state incompressible non-Newtonian flow

for pressure and velocity have been maintained low at 1e−8. To computationally solve

non-linear viscosity models, the initial conditions that are provided should be a converged

solution of the previous flow index or consistency. This is done to avoid the large amount

time that is taken for convergence.
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Figure 3.6: Flow chart for determination of particle rotation
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3.8 Grid and domain independence

The finite size domain is only an approximation to particle settling in the infinite domain

and the presence of the wall will influence settling. Atapattu et al. (1995b) showed that

the ratio of the domain length (D) to the particle size (d) needs to be greater than 15 for

boundaries to not matter; however, this needs to be investigated here to ensure that the

results are domain-independent. In order to avoid wall effects in the results, a domain-

independence study was carried out.

Grid resolution is also a key pre-requisite to ensure reliable results. In particular

regions of the highest variations near the surface of the particle, must be adequately re-

solved. In order to ensure that the solution is independent of the grid resolution, a grid

resolution study should be carried out to address this issue.

The effect of the walls and the resolution around the particle surface could affect

the coefficient of drag, CD. The domain independence and the grid resolution study was

conducted by studying CD for increasing the domain size and various grid resolutions.

Therefore, we use rigorous validation with a benchmark solution of the Stokes drag coef-

ficient to obtain a domain and grid-independent solution that would ensure a cost-effective

and accurate simulation.

3.8.1 Grid generation

Although a large array of options that are available for mesh generation in Open-

FOAM, snappyHexMesh and blockMesh (in-built tools in OpenFOAM) were used in this

study.

1. BlockMesh - The geometry of this setup was generated using this utility. The number

of nodes mentioned in a blockmesh ,which is a utility used to create simple block-based

fully structured hexahedral meshes. A three-dimensional box (which acts as the fluid

domain) was generated using this utility.

2. SnappyHexMesh -requires an already existing base mesh (a simple-block,fluid

domain in this case that was created using blockmesh) to work with. Depending on the

options in the input file (snappyHexMeshDict), it can: refine the mesh; adjust the mesh

to fit onto provided geometries (sphere in this case); and add boundary layers near the
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requested patches. The stereolithography (STL) object of a sphere was introduced at the

centre of the base mesh, and appropriate adjusting from the base mesh was done.

3.8.1.1 Grid resolution parameters

There are a number of interacting parameters that control the quality of the grid that is

used in this study. The independence of the solution for the grid resolution was consid-

ered. To study the effect of the grid resolution, a fixed box size (10D big) was used, and

key geometric parameters were modified, such as the number of surface elements on the

sphere (Ns), the thickness of the first shell of elements on the surface of the sphere (∆1)

and the expansion factor for the element thickness that move away from the surface (re).

1. Number of Surface cells : Number of 3D elements that are attached on the surface

of the sphere.

2. Expansion ratio : Expansion factors are controlled by a mesh expansion ratio.

The expansion factor is the change in volume between two neighboring cells, more

specifically, between two sub-control volumes on neighboring cells.

3. First cell height : The thickness of the first layer that is attached to the surface of

the sphere.

4. Refinement region: A region of refinement around the particle surface is intro-

duced to investigate the drag prediction performance. In this case, it is a spherical

refinement region of a size twice the particle diameter.

Details about the setting up of some of the above parameters were used to inter play to

conduct this study.

3.8.1.2 Number of surface cells

The surface of the sphere is discretised with an Ns element in which we choose values,

200 ≤ Ns ≤ 80000. The surface length scale (Ls) for a mesh element on the surface of the

sphere is defined by:

Ls =

√
4πr2

Ns
(3.22)
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(a) (b) (c)

Figure 3.7: Surface cells varied on the object-sphere (a) Coarse -200 cells (b) Medium-
6000 cells (c) Refined -40,000 cells

OpenFOAM performs simulations in physical co-ordinates; therefore, there is a need

to choose d. However, results will be presented in a non-dimensional form and can be

scaled to any particle size of choice at scale parameters. For instance, the number of nodes

in blockMesh and the level of refinement in snappyHexMesh specification to increase

the number of surface cells is given Table 3.1 for a one cm particle in a ten-centimeter

box, the results of which can later be translated to a dimensionless form. For a different

sized box or particle, the number of cells in blockMesh and the level of refinement in

snappyHexMesh would vary. Once the surface cells are varied in the mesh by increasing

the nodes as shown in Table 3.1, the number of surface cells is examined by certain

methods in OpenFOAM. The data of surface cells data was gleaned by referring to the

log file that was generated during meshing (log.snappyHexmesh).
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Nodes at BlockMesh Level of refinement in snappyHexMesh Number of surface cells(Ns)

(20 20 20) level (2 2) 200

(20 20 20) level (3 3) 744

(30 30 30) level (3 3) 1584

(20 20 20) level (4 4) 2768

(25 25 25) level (4 4) 4344

(30 30 30) level (4 4) 6120

(20 20 20) level (5 5) 10904

(30 30 30) level (5 5) 24312

(35 35 35) level (5 5) 33176

(40 40 40) level (5 5) 42936

(50 50 50) level (5 5) 67400

Table 3.1: Meshing input specification in OpenFOAM to increase the surface cells ranging
between 200 -67000 cells

3.8.1.3 Expansion ratio

The ratio of heights from one layer to the next consecutive layer in a direction away from

the surface,that is,
∆2

∆1
=

∆3

∆2
=

∆4

∆3
=

∆5

∆4
as can be seen in Figure 3.8.

Figure 3.8: Expanding of layers and total thickness (∆L)
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3.8.1.4 Setting up layers around the sphere

The first layer of cells that are adjacent to a sphere, and the thickness of the nearby cells

that are attached to the surface of the particle are referred to as the ‘first layer thickness’.

Multiple layers were added that progresses from the first layer.

In OpenFOAM, layer addition is a function of the expansion ratio, final layer thick-

ness (fLT) and the number of required layers. As can be seen in Figure 3.9, multiple

layers were added around the surface of the particle to increase the grid resolution around

the sphere. The near resolution at the surface of the sphere (∆1) is set to a fixed fraction

(ε) of the mean length surface scale (Ls) - ε * Ls and a fixed expansion factor away from

the sphere 1.3 until the wall normal spacing becomes equivalent to the tangential spacing,

and then have elements approximately uniformly sized in all directions until the radius is

equal to a single particle diameter, after which the element size can continue to expand.

The mathematical representation of this approach is explained below by first defining first

layer thickness (∆1) and ratio of consecutive layers’ thickness (re) to derive the final layer

thickness ( f LT ).

The first layer thickness at the surface of the sphere (∆1) is set as:

∆1 = εLs (3.23)

The ratio between two consecutive layers’ thickness is given by the product of first layer

thickness and the expansion ratio, re.

∆i+1

∆i
= re

nεLs (3.24)

We consider the last layer thickness at the surface of the sphere to be Ls,

∆n = re
nεLs = Ls (3.25)

re
n = 1/ε (3.26)
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Therefore, the number of surface layers required is given by,

n =
log 1

ε

log re
(3.27)

f LT = re
n−1ε

√
4πr2

Ns
(3.28)

where re is the expansion factor and f LT is the final layer thickness.

Figure 3.9: On the left image, zoomed view of the slice of 3D mesh used in the simula-
tions. On the right, the layers around the particle surface widen according to the expansion
ratio re=1.3

Once grids were generated for a range of surface resolutions, predictions of the

drag coefficient were noted. To increase the refined meshes using a range of each of the

grid-controlling parameters, the drag was compared with the Stokes drag to determine

when the results converged, that is, asymptote beyond a specific magnitude. Values of

Ns ≥ 10000, ∆1=one tenth of the length scale of the surface mesh and re=1.3 are found

to provide converged results and are subsequently used in all simulations. It was found

that the ratio of the domain size (D) to the particle size (d) needed to be D/d ≥ 15 to

provide converged results . This result is in agreement with the results of wall effects for

yield-stress fluids, which was presented by Atapattu et al. (1995a). Approximately three

million grid cells and D/d = 30 were used in the simulations.
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Number of surface elements(Ns) Surface length scale Final layer thickenss

200 2.51e-3 2.05e-3
744 1.3e-3 1.06e-3

1584 8.91e-4 7.3e-4
2768 6.7e-4 5.5e-4
4344 5.4e-4 4.4e-4
6120 4.53e-4 3.7e-4

10904 3.4e-4 2.77e-4
24312 2.27e-4 1.85e-4
33176 1.95e-4 1.58e-4
42936 1.71e-4 1.4e-4
67400 1.37e-4 1.12e-4
81456 1.24e-4 1.013e-4

Table 3.2: Layer thickness calculated using Equation 3.28 for a range of Ns studied

Figure 3.10: The grid resolution around the sphere was maintained constant and the box
size was varied

To increase Ns, the first layer becomes thinner. When ε = 0.1, the height of the

first layer is 0.1 ∗ Ls, the layer grows with respect to the expansion ratio. The final layer

thickness for a range of Ns with respect to their corresponding surface length scale is

given in Table 3.2.
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3.9 Mesh types

The importance of grid resolution around the particle surface is discussed in the previous

section. The mesh quality at a certain defined region around the particle is investigated.

The defined region considered here is twice the particle size from the center of the domain

and is refined at different levels to determine the manner in which the solution varies or

remains independent of the additional cells that are responsible for refinement.

3.9.1 Levels of refinement

The level of refinement around the particle is increased to understand if there is any

significant difference in the predicted solution. The mesh was created in such a way that

there are around two to five levels refinements at increasing levels around the surface of

the particle. As the cells move away from the particle, the cells grow farther and wider.

The predicted solution using the mesh, shown in Figure 3.11, was compared with the

mesh without any levels of refinement. The percentage difference from the solution was

observed to determine an optimum grid for all further numerical investigation.

Figure 3.11: Mesh type 1 - slice view: Level of refinement at 5 stages
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Figure 3.12: Mesh type 2 -slice view : Intense refinement at a selected circular region - 2
times the particle diameter

The two mesh types that are shown in Figure 3.11 and 3.12 have been studied, and

a combination of both the features was found to provide accurate results; in addition, its

corresponding coefficient of drag (CD) was measured.

3.10 Grid resolution study at a different Re

It is logical to consider the grid resolution study for a fluid flow, the viscous stress of

which dominates the pressure, that is, for Re of less than one. This is because the study

will be primarily about the effects of the deformation of the viscous stresses around the

surface of the particle. Therefore, a grid resolution study at a low Re in which the viscous

force is dominant is sufficient.

However, in this case, a slightly different Re (in this case Re 0.2) was also inves-

tigated. We found that the results of an optimum grid appeared to be the same. As can
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be seen in Figure 3.13, the drag coefficient converged for Ns > 10000, as in the previous

case.

Figure 3.13: Percentage difference with Stokes drag versus number of surface elements
on the sphere, Ns

3.11 Domain independence and grid resolution study for

non-Newtonian fluids

A grid resolution study for non-Newtonian fluids was also undertaken. A similar approach

of investigating the predicted drag for each domain size was studied. This is was done

to find domain independent grid. The domain independence study was carried out for

power law fluids (discussed in Chapter 4) and yield stress fluids (discussed in Chapter 5).

In summary, it was found from the study that 30D was more suitable for the numerical

investigation on non-Newtonian fluids as the solution predicted by our computational

model converged beyond 30D.
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3.12 Experimental methodology used by CSIRO

An important requirement for any computational study is an indication of the validity

of the simulation results. In a number of earlier studies of particle settling in sheared

fluids, experimental equipment based on cylindrical Couette flow was used, which does

not supply a constant, uniform shear field (e.g. Wilson (2000)), which complicates

the combined effects of particle applied shear and applied shear. Talmon and Huisman

(2005) approximated a uniform linear shear field by using a very large cylindrical Couette

rig and produced consistent results, although the size of such an apparatus can become

prohibitive in large particles. An alternative is a moving belt planar Couette arrangement

that is able to provide a defined volume of constant shear stress/shear rate. Some previous

work of this type is available in the literature. For example, S. Caserta et al. (2011)

describe a rig to investigate shear induced particle migration at the micro scale, at which

the fluid used was a highly elastic non-Newtonian fluid. Typical gaps were 300–700

micron, and the particles were rigid spheres of 90.9 micron.

An experimental rig that was designed and fabricated here was informed by the

limitations of earlier experimentation, and is shown in Figure 3.14. The approach is to

generate shear using two parallel belts that are fully submerged in a liquid that is held

inside a transparent-walled box with a volume of 0.6 m3. The belts move in opposite

directions; each belt has an equal and opposite velocity that can be varied. This design

results in a zero-net velocity on the centre-plane between the belts. This is desirable

to minimise horizontal translation of the particle during fall experiments McLaughlin

(1991). A large measurement zone is included to increase the region of uniform shear and

to allow particles to reach terminal velocity. Each belt is 450 mm high (in the direction

of the fall) and has a straight length of 1300 mm (in the direction of the belt motion). The

shear rate between the belts can be varied by changing the speed of the two independent

drive motors and/or by varying the gap (D) between the belts (from 10 to 400 mm). The

fluids used in the experiments are transparent fluids that allow optical access, which

facilitates the photographing of the settling particles using the Particle Image Velocimetry

(PIV) of the flow field. Once the belts are set in motion, the test particle is released on
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the centre plane, half way along the belt.

Figure 3.14: CAD drawing and photograph of the sheared settling rig developed at
CSIRO.

In settling experiments the proximity of boundaries can affect the settling behaviour,

and several authors, (e.g. Missirlis et al. Missirlis et al. (2001)) have suggested that, in

cylindrical settling chambers, the particle-to gap-ratio should be less than 0.05 to ensure

that the falling velocity is within 90 % of the unhindered terminal settling velocity. To

test for the effect of sphere diameter to gap ratio (d/D), tests were conducted at a constant

shear rate with varying gaps. No measurable effect of the gaps that were used in these

experiments (not shown) was observed. For analysis, the conditions in the measurement

zone are, thus, a good approximation in the case of infinite parallel plates (planar Couette

flow), which is assumed from henceforth.

The generally accepted value of the Reynolds number at which the Couette flow

becomes unsteady is approximately 370 Dou et al. (2007), based on the gap width, D, and

the velocity difference between belts, 2Vb. However, for the shear-thinning fluids used in

the study, this transition value is not known, and a number of velocity measurements were

undertaken in the gap between the belts using PIV. These measurements (not shown)

indicated that, provided Re was less than approximately 230, a stable region of uniform
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shear could reliably be attained in the central part of the sheared zone. However, there

were some edge effects at the top and bottom of the belt, which reduced the effective

measurement zone by approximately 40 mm. These factors were taken into consideration

when running individual experiments.

A high-speed camera (Phantom v210 operating at 400 frames per second at a

resolution of 1280×800 pixels) was used to record the particle fall and to estimate its

settling velocity. The video was recorded with a horizontal view of the gap between the

belts; the falling sphere’s position was determined by measuring the pixels. A typical

calibration for the image pixel to real-world dimension is shown in Figure 3.15. The full

recordable distance is 130 mm with no distortion over that range. The available distance

allowed for steady-state velocity to be achieved (as measured from video images), and

any experiment where this was not the case was rejected. In the experiments, digitised

video images were used to determine the height as a function of time, which allowed

instantaneous velocity to be calculated. For each particle and applied shear rate, a

minimum of five runs were measured and averaged. The digitisation process also allowed

confirmation that steady-state settling had been achieved.

The properties of the different particles used are shown in Table 3.3. The densities

were measured by a pychnometer and the diameters (in three axes) were measured by

Vernier calipers to within 10, µm. This allowed an estimate of sphericity to be made,

which in all cases, was greater than 99 %.

Table 3.3: Particle parameters used in the experiments.

Material ρ (kg m−3) D mm

Steel 8042 3.96

Steel 8042 4.7

The fluid that was used in the validation measurements was a 0.1 % solution of Car-

bopol 980. Accurate rheological characterisation of this fluid is essential to match the

simulation with the experimental data. The range of shear rates required could be cov-

ered with a Haake Rheostress RS1 rheometer by using a concentric cylinder (Couette)



3.12 Experimental methodology used by CSIRO 45

R²	  =	  1.0000

0

200

400

600

800

1000

1200

1400

0 20 40 60 80 100 120 140

Pi
xe
ls
	  (-‐
)

Vertical	  distance	  (mm)

Calibration	  1

Calibration	  2

Figure 3.15: Calibration curves for translating images to distance traveled. Both examples
show high linearity, that is, no distortion with position.

geometry that comprises a 38 mm inner cylinder and a 41 mm outer (stationary) cylin-

der. Temperature control was maintained via a recirculating water bath; test temperatures

were matched with those in the sheared settling measurements within ±0.1 C. The upper

range of the measurements in the concentric cylinder geometry was limited due to the in-

accuracies that were caused by the onset of Taylor-Couette vortices, which is a secondary

flow effect at high shear rates (Taylor (1923)). In the unaffected region, the correct shear

rate (allowing for the non-Newtonian fluid effect) was obtained by using an integration

approach for the Couette inverse problem( MacSporran (1986)). This method is generally

more successful than a differential approach due to the inevitable noise that is present in

real data. Repeat results were combined and averaged. The measured rheology of the

Carbopol solution was fitted to a Herschel-Bulkley model, and the model parameters are

shown in Table 3.4. Validation against shear-thinning Carbopol solutions will provide

good validation data. The comparison of CFD with experimental results will be discussed

in subsequent chapters.
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Table 3.4: Fluid rheology.

Material τY (Pa) k (Pa sn) n (–)

0.1 wt % Carbopol 980 10.0 2.19 0.50

In CFD actually used 9.76 2.41 0.48

3.13 Summary

The numerical methods that were used in this study are elaborated in this chapter. The

governing equations to solve the problem of particle settling under sheared conditions in

non-Newtonian fluids are discussed.

The overview of the grid and domain independence study determine the grid of

appropriate resolution and domain size that would ideally yield the same drag coefficient

(total force acting on the particle) as we moved to a higher mesh resolution or domain

size. This would result in a cost-effective grid resolution for the computational study.

Other flow behaviors have not analysed, and only the Stokes drag coefficient has

been examined at this point. Drag coefficient CD predictions were compared to determine

the point at which the results converged. Values of Ns ≥ 10000, ∆1=one tenth of the

length scale of the surface mesh and re=1.3 were subsequently used in the simulations.

Predictions of the drag coefficient, CD, for different box sizes (at the converged resolution

mentioned above) were compared. From this it was determined that the ratio of domain

size (D) to particle size (d) needed to be ≥ 15 to provide converged results. This result is

in agreement with the results that are presented in Atapattu et al. (1995a) for yield-stress

fluids. Approximately three million grid cells were used in the simulations. A similar

approach for non-Newtonian fluids was considered. The results showed that a mesh that

was slightly more refined than the mesh used in Newtonian fluids was more suitable for

computational simulations of non-Newtonian fluids.

Once a cost-effective mesh was established, the methodology to identify the un-

known variables such as particle rotational velocity and settling velocity for a given den-

sity difference were developed using external scripts to vary the input variable until the

solution for a steady-state was obtained. The methodology used external scripts to vary

the input variable until the solution of a steady-state was obtained. Therefore, all the nec-
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essary tools have been equipped for the intended numerical investigation of a wide range

of parameters such as fluid rheology, particle size and density difference.





Chapter 4

Settling in power-law fluid

I N this chapter, particle settling with and without imposed shear in a power-law fluid is

described. These unsheared and sheared conditions in particle settling form the basis

of this study, and the study consist of drag prediction for unsheared and sheared flows,

respectively. Firstly, we verify the model for predictions under an unsheared condition.

This is done by comparing our drag predictions with a set of known previous findings for

particle settling in power-law fluids. Once the model is found to be reliable, predictions

for a wide range of parameters that pertain to mining slurries (that are fitted by power-law

model) are presented. Next, the method that is used to determine the particle settling rate

(and hence, the drag coefficient) in an unsheared condition is outlined. We then validate

the model for predictions under sheared conditions using experimental measurements by

CSIRO. After stringent validation of the model, a detailed investigation of particle settling

in power-law under sheared conditions is discussed. We studied the manner in which the

imposed shear altered the settling rate by modifying the shear-thinning viscosity around

the particle boundary. In essence, the consequence of the imposed shear elevates the

settling rate in power-law fluid depending on the applied shear. Then, the effect of shear

on other fluid rheologies is discussed. Finally, sheared settling predictions are presented

with respect to the applied shear. using the governing dimensionless numbers.

4.1 Validation of unsheared power-law fluids

In the investigating of the significance of imposed shear on particle settling, the motivation

is to understand particle settling under an unsheared condition first. It is important to

49
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consider settling without shear because the shear-thinning behaviour of the fluid , which

essentially is the functions of n, needs to be taken into account.

In the steps of investigating unsheared settling in power-law fluids, we begin with

validating the model by using the previous findings. As discussed in Chapter 2, a broad

range of the settling rate measurements have been published for various ranges of power-

law fluids since the 1960s. They are used to validate the model in this study. Finally, the

validated model paves the way for further exploration of a wide range of parameters that

pertain to mining slurries that can be fitted by the power-law model.

In order to validate the model outlined in Chapter 3, the particle settling velocity was

determined for different fluid consistencies, k; flow index, n; and density difference, ∆ρ.

In our numerical investigation, density difference, 500 ≤ ∆ρ ≤ 4000 kg/m3; flow index,

0.3 ≤ n ≤ 1.0; and consistency, 0.1 ≤ k ≤ 2.0 Pasn, were considered.

As expected, the particle settling velocity increases as the density difference (∆ρ)

increases, as shown in Figure 4.1. Unsurprisingly, the effect of fluid consistency, k on VU ,

is approximately linear, with a higher consistency resulting in a lower velocity. The effect

of decreasing flow index is to increase the settling velocity as n decreases.

Graham and Jones (1994), Atapattu et al. (1995b) and Dhole et al. (2006) all pre-

sented a relationship between CD and Re for power law fluids at finite Re by using exper-

imental and numerical methods. Graham and Jones (1994) and Dhole et al. (2006) used a

numerical approach to establish an empirical relationship for drag prediction. They used

experiential studies by Koziol and Glowacki (1988) and Dennis and Walker (1971) to

validate their approach. Although it is crucial to compare the results with experimental

studies, the results are compared with other numerical predictions by Graham and Jones

(1994) and Dhole et al. (2006). This is due to the fact that they have already validated

their prediction with experimental measurements by Dazhi and Tanner (1985) and Koziol

and Glowacki (1988).

The results presented in Figure 4.1 were appropriately non-dimensionalised and are

plotted in Figure 4.3 to compare. We notice that the relationship between CD and Re is a

function of the flow index. It is interesting to ascertain again from the dimensionless plot

that the drag coefficient reduces as the flow index increases.

The reported results of Graham and Jones (1994) in predicting the drag coefficient is

given by Equation 4.1, and it is compared with the results obtained in this study, as shown
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Figure 4.1: Settling velocity as a function of density difference

in Figure 4.2.

CD =
12
Re

2(1−n)(2 − n) Re ≤ 0.2

CD =
35.2

Re1.03 + n{1 −
20.9

Re1.11 } 0.2 ≤ Rep ≤ 24

CD =
37

Re1.1 + 0.25 + 0.36n 24 ≤ Re ≤ 100

(4.1)

Similarly, the results were compared with Dhole et al. (2006) for a higher Reynolds

number. The expression given by Dhole et al. (2006) is given in Equation 4.2. The

results of the work show excellent agreement with the correlations in Equation 4.2. This

agreement establishes the confidence to proceed with further investigation.

CD =
24
Re

[1 + aRebn/(cn+d)] 5 ≤ Re ≤ 250

a = 0.148, b = 2.346, c = 2.423 and d = 0.918
(4.2)
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Figure 4.2: Comparison with Graham and Jones (1994) for 0.2 ≤ Re ≤ 1

Figure 4.3: Comparison of our numerical results with Dhole et al. (2006) for 5 ≤ Re ≤ 24
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Results from Graham and Jones (1994) and Dhole et al. (2006) were compared. It

was found that the experimental results by Graham and Jones (1994) agreed well within a

maximum percentage difference of 13% with the numerical results. Although Dhole et al.

(2006) presented an expression for Re range (5 ≤ Re ≤ 250) that was not covered in this

study, attempts to compare the prediction by our model were made and found that it was

within 5%. Atapattu et al. (1995b)’s prediction for creeping flow was also considered.

Since Atapattu et al. (1995b) through his experiments confirms the prediction by Dazhi

and Tanner (1985). We compared with Dazhi and Tanner (1985) and it matches with

the predicted values within a maximum deviation of 5.06%. Comparison with Dazhi and

Tanner (1985) is later discussed in this chapter since we use an approach that is slightly

similar to theirs to present our results.

Therefore, the results here show good agreement with previously published corre-

lations. This agreement provides clear evidence of the reliability of the computational

model; it also suggests that subsequent results for settling under imposed shear will be

similarly reliable. Although, further validation for settling under imposed shear will be

undertaken to verify this.

4.2 Validation of sheared power-law fluids

After investigating an unsheared power-law fluid, we proceed to examine the sheared set-

tling. Before investigating the sheared settling, we validate the model from two different

sources, (i) experiments and (ii) analytical prediction.

From the validated model, we extend to present a functional form for predictions

for a range of parameters in this study. Firstly, the predictions for the settling rate are

presented in terms of the ratio of sheared settling velocity to unsheared settling velocity to

quantify the scale-up of particle settling due to the induced shear. Secondly, the imposed

shear is scaled without the unsheared shear rate scale to provide prediction.

4.2.1 Validation of sheared settling with analytical prediction

Childs (2013) developed an analytical expression for creeping flow with the particle

settling in flows of power-law fluids with an applied background shear (Γ). The settling

velocity was found to have two distinct dependencies on a dimensionless combination
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of the flow parameters, that corresponded to regimes of dominant background shear flow

or settling force of the particle. Using dimensional analysis, the dimensionless settling

velocity, ûs related to actual settling velocity, us which is given by

us =

{
(d/2)(n+1)∆ρg

k

}1
n ûs (4.3)

Similarly, background shear rate is non-dimensionalised as, Λ, that is the ratio of the

timescale of the particle settling velocity to that of the background shear rate. Λ is given

by

Λ =
1
Γ

{
d3∆ρg

2kd2

}1
n (4.4)

The dimensionless settling velocity, ûs is expressed as a function of two dimension-

less parameters Λ and n.

ûs = f (Λ, n) (4.5)

ûs = α(n)Λn−1 + β(n) (4.6)

where α and β are fitting constant for different flow index, n, the numerical values

of which can be seen in Table 4.1.

Table 4.1: Value of fitting constants, α and β for the Equation 4.6 for various flow index
given by Childs (2013)

n α β

1 0 2/9

0.8 0.18 0.055

0.6 0.22 0.023

0.4 0.24 0.0029

0.2 0.28 8.4e−6
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This settling law was shown to provide a good approximation of the variation in the

settling velocity with Λ over a wide range of Λ. By comparing our numerical settling

velocity data with the empirical settling law given in Equation 4.6, the results in this work

are in good agreement, as can be seen in Figure 4.4.
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Figure 4.4: Comparison of numerical results for 0.4 < n < 0.8 with Childs (2013) for a
range of ∆ρ (500 –4000)

We found good agreement with prediction by Childs (2013) for low Re. Although

Childs (2013) examined particle settling with a background shear, it was only for creep-

ing flow regime. Our work extends to laminar flow regime of the range 0.001 ≤ Re ≤ 1.

Before we proceeded with our numerical investigation, another set of validation was per-

formed using experimental measurements by CSIRO to ensure the reliability of the model.

4.2.2 Validation of sheared settling with experiments

To investigate settling under imposed shear, we also validate the computational

model against experimental data for settling velocity in a sheared yield pseudo-plastic

fluid by using the experimental technique described in §3.11. Although this fluid that is

described with a rheology model is different from that which is considered in this study,
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it is still a shear-thinning fluid and the only reliable data that is available. A comparison,

in this case, will provide a solid basis for validation. Experimental measurements were

made by using the Herschel–Bulkley fluids detailed in Table 3.4 for a range of imposed-

shear rates. In the experiments, plane shear was imposed by placing moving conveyor

belts in a settling tank with width, D. The conveyor belts move in opposite directions

at velocity, ‘W’, imparting a shear rate of 2W/D on the particle. Imposed shear is in-

creased either by decreasing the distance between the conveyor belts or when the belt

speed increases. Experimental measurements were available for Herschel–Bulkley fluids

(τy = 9.76; k = 2.41; n = 0.48) for a range of imposed shear rates (0–16.5 s−1) on the par-

ticle sizes 4.7 and 3.96 millimetres. For each particle and applied shear rate, a minimum

of five runs were measured and averaged. The experimental measurements were com-

pared with our predictions by the model. The comparison, which is shown in Figure 4.5,

shows that there is good agreement, with a maximum discrepancy of 10 %. On the basis

of this agreement, we conclude that both our overall modeling approach that is discussed

in Chapter 3, and the OpenFOAM implementation of the Herschel–Bulkley model can

reliably model the settling of the spherical particles in non-Newtonian fluids (for a broad

spectrum of rheology parameters) as well as different fractions of imposed shear.

Figure 4.5: Comparison between the experimental settling rate in sheared medium and
that measured by the numerical study. Fluid rheology:τy = 9.76 Pa, k=2.41 Pa sn, n=0.48,
ρp = 8042 kg/m3. The corresponding Re for the settling rate is denoted beside the solid
marker.
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As can be seen in §4.2.1 and §4.2.2, the model is in good agreement with Childs

(2013) and CSIRO experiments. This provides the confidence that is needed to proceed

with our numerical investigation over a range of rheology parameters relevant for mining

slurries and to provide predictions for higher Reynolds numbers that are unexplored.

4.3 Flow field

4.3.1 Unsheared settling

Drag depends on n, Re and δ′, however the base cause of these differences is the

underlying flow field. To understand the effect of Re on settling flow structures, the

velocity and viscosity fields for flow around the particle under unsheared conditions for

low and high Re were compared. Further information on the structure of the detailed flow

field can also be obtained by examining the streamline patterns for different values of the

dimensionless system parameters.

A typical flow field for a power-law fluid, is shown in Figures 4.6 to illustrate differ-

ences in the variation of the y−component of velocity for the flow index (n = 1 and 0.5)

and the Reynolds number (Re = 1 and 50). Due to the no-slip boundary conditions, the

velocity magnitude is zero around the particle surface, and its magnitude increases across

the fluid domain.
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Figure 4.6: Contours of y-component velocity for (a) Re = 1; n=1, (b) Re = 1; n=0.5, (c)
Re = 50; n=1, and (d) Re = 50; n=0.5

We can see from Figure 4.7-(left) that there is obvious symmetry around the particle

surface for Re∼ 1. At a higher Re, the symmetry breaks, as can be seen in Fig 4.7-(right).
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Figure 4.7: Viscosity contours for Re = 1 (left) and Re=50 (right) for n = 0.5.

As shown in Figure 4.7, the viscosity is, unsurprisingly, the lowest around the sur-

face of the sphere (except at the rear stagnation point). The high-viscosity exterior fluid

at the particle sides indicates low shear region.

4.3.1.1 Flow separation

At around the surface of the particle, flow separation causes the viscous drag to become

negative and the pressure drag to increase. This results in a total increase in the drag in

shear-thinning fluids. We noticed that a wider wake causes an increase in the pressure

drag. The width of wake area keeps increasing as we move towards the shear-thinning

nature of the fluids, that is, n < 1. At a low Re, streamline profiles indicate that the flow

is attached to the surface of the sphere. At a higher Reynolds number (here, Re ∼ 50 ), we

observe a region of negative velocity, when the flow separates and turns to flow backward

at a stagnation point, as can be seen in the Figure 4.8.

As we compare low Re (Re = 1) to high Re (Re = 50), we observe flow separation

for Re ≤ 40 for all values of n that are covered in this study, as shown in Figure 4.8.

There is a critical point in the Re range (for each n) beyond which flow separation starts.

For low n, it was observed that the critical Re at which the flow separation is below the

Newtonian range. The critical Re beyond which the flow separates is around 30 for the

lowest n covered in this study.
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Streamline patterns here exhibit behaviour that is similar to the findings from the

literature. This shows that a complete fore and aft symmetry prevails in the creeping flow

region, whereas a wake appears in the rear of the sphere at about Re 20–30, this wake

grows in size with increase in the Reynolds number.

The effect of the flow index on the streamline patterns for a sphere is found to be

small, except for the fact that the wake formation is delayed for increasing n, and the

resulting wakes are slightly smaller in size than those in the case of a Newtonian fluid.

Re ~ 1 Re ~ 50

Figure 4.8: Effect of Re on streamline contours for n=0.5 showing flow separation for
higher values of Re

For example, when n = 0.3, the critical Re beyond which the flow separation lies

between 25-30, and it increases as the flow index increases. We also observe that the

recirculation length increases for higher Re and for decreasing n. In Figure 4.9, for incre-

ments of Re, the flow separation for a given flow index (in y axis) is indicated by an ‘o’

and the unseparated flows by ‘x’.
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Figure 4.9: Flow separation map as a function of n and Re. Separated flow indicated by
‘o’ and the unseparated flows by ‘x’ at higher Reynolds number for various flow index.

4.3.2 Sheared settling

The application of external shear to a shear-thinning fluid through which a particle is

settling will modify the viscosity and hence velocity field at the particle surface. In turn,

these changes will modify the distribution of surface forces on the particle and thus the

total drag. Because the steady-state settling velocity is a balance between drag and body

forces, we expect the application of shear to modify the settling velocity. The aim of this

section is to begin to quantify the way in which applied shear (here characterised by δ′)

changes the settling velocity and the coefficient of drag.

Before quantifying the effect of applied shear, we first present a qualitative picture

in terms of the flow field so that the key generic features can be clearly understood. It

is worthwhile to examine the differences in the velocity y-component between Re=0.001

and Re=1 for various n and at the highest δ′ that has been covered in this study.

For rheology where n = 0.5, a comparison between the sheared flow field (δ′ = 1)

and unsheared flow field is shown in Figure 4.10. A significant increase in velocity and a

decrease in viscosity in comparison to those in the unsheared case can be clearly seen.
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(a) (b)

(c) (d)

Figure 4.10: Contours of (a) unsheared velocity y component (b) sheared velocity y com-
ponent (δ′ = 1) (c) unsheared viscosity distribution (d) sheared viscosity distribution
(δ′=1) (for Re = 1, n = 0.5 )

For an imposed shear of δ′ = 1.0, Re ' 0.001 and Re ' 1.0, n=1.0 , the velocity

on the centre plane is shown in Figure 4.11. The particle surface shows zero velocity

because the boundary condition is applied and we observe that the velocity is uniformly

distributed along the flow domain.

A similar flow pattern for sheared settling at n=0.9, n=0.7, and n=0.5 is found; that

is, the velocity magnitude is the minimum around the particle surface, and it increases

uniformly across the domain length, as can be seen in Figure 4.12, 4.13 and 4.14.
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When we see the velocity field from the least shear-thinning fluid to the most shear-

thinning fluid, the uniform expansion is shortly attained as we move along the more shear-

thinning fluid. The contour scale that displays mentioning ‘0.9’ in 4.11, 4.12, 4.13 and

4.14 shrinks as n increases; and it further shrinks at a higher Re.

It is interesting to note that the onset of velocity attaining "uniformly even" is shorter

at Re=1 at a lower Re. Similarly, at a low n, becomes uniformly faster than Newtonian

fluids.

Figure 4.11: Velocity contour for Re =0.001 and Re=1 at δ′ = 1 and n = 1

Figure 4.12: Velocity contour for Re =0.001 and Re=1 at δ′ = 1 and n = 0.9
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Figure 4.13: Velocity contour for Re =0.001 and Re=1 at δ′ = 1 and n = 0.7

Figure 4.14: Velocity contour for Re =0.001 and Re=1 at δ′ = 1 and n = 0.7

4.3.2.1 Comparison between maximum and minimum Re / δ′

Under sheared conditions, one way to better understand the effect of Re on δ′ is to subtract

the two fields and plot the difference. The distinction between two flow fields is achieved

by considering a point-wise differencing of the image at the same scale. In this way, we

are able to identify the flow pattern differences between the different conditions in this

study. As mentioned earlier, this comparison study is conducted in two categories; the

difference between (i) high and low Re and (ii) high and low δ′. The former category is

discussed in Section §4.3.2.2, and the latter in Section §4.3.2.3, respectively.
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4.3.2.2 Effect of Reynolds number

For the velocity field between Re=1 and Re=0.001 for a given flow index and δ′, we notice

two things. Firstly, the flow field is zero on the particle surface, as expected. Secondly,

we observe that the zero (in dark blue) field after differencing after uniformly decreasing

from the particle surface as can be seen in Figure 4.15. For low n, the high difference

zone (in pink and red) reduces due to the shear-thinning behaviour of the fluid.

n=1.0  n=0.9  

n=0.7  n=0.5  

Figure 4.15: Comparison between contour of y− component of velocity at Re=0.001 and
Re=1.0 for δ′ = 0.1
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n=1.0  n=0.9  

n=0.7  n=0.5  

Figure 4.16: Comparison between contour of y− component of velocity at Re=0.001 and
Re=1.0 for δ′ = 1

We examine by comparing the velocity contour at the minimum non-zero δ′ covered

in this study. We also investigate by comparing the velocity contour at the maximum δ′,

that is, δ′ = 1.0. Similar to Figure 4.15, in this case, we observe that in Figure 4.16 the

high difference region reduces as n uniformly decreases and becomes zero everywhere.
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4.3.2.3 Effect of imposed shear

For a given Re, by analysing the contours’ difference between δ′ = 0.1 and δ′ = 1 in

Figure 4.17, it can be seen that as we note a greater amount of shear-thinning fluid from

n=0.9 to n=0.5 , we observe a highly sheared region beside the particle due to the shearing

wall speed,W. Additionally, around the particle surface is zero as it becomes more shear

thinning.

n=1.0  n=0.9  

n=0.7  n=0.5  

Figure 4.17: Comparison between contour of y− component of velocity at δ′ = 0.1 and
δ′ = 1 for Re=1
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Examples of the flow field results with δ′ = 0 and δ , 0 proves the significance of

the applied shear across the fluid domain and as a result of which the particle settling is

affected. We now proceed to investigate the results in terms of drag coefficient, CD or

settling rate, VS h and quantify in terms of the range of parameters covered in this study.

4.4 Results

Imposed shear increases the settling rate of the particle in shear-thinning power-law fluids.

We examine the manner in which different imposed shears, when combined with the

natural settling due to gravity, create an impact due to the shear-dependent fluid on the

particle.

4.4.1 Non-dimensionalising imposed shear

Since applied shear modifies viscosity in the neighborhood of the particle, and it has

already been shown to affect the settling velocity by Childs (2013), the aim of this section

to quantify the effect of shear. It is expected that results can be collapsed by suitable non-

dimensionalisation, and two different non-dimensionalised parameters are considered.

First, the applied shear (specified by velocity difference divided by box size) is com-

pared to a normal shear rate, which is given by the settling velocity without shear (VU)

divided by the particle diameter, d. The non-dimensional shear is then given by

δ =
2W/D
VU/d

(4.7)

where W is the shearing plane velocity, D is the domain size, d is the particle size, and VU

is the unsheared settling velocity.

Secondly, the applied shear is compared to the shear rate that is given by settling

with shear (VS h) divided by d. The non-dimensional shear is then given by

δ′ =
2W/D
VS h/d

(4.8)

where VS h is the settling velocity with imposed shear.

Using the dimensionless imposed-shear to vary the fraction of imposed-shear, we

conduct a numerical investigation of particle settling in power-law fluids. Based on this
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dimensionless parameter, we quantify the increase in the settling rate and also the drag

coefficient decrease.

4.4.2 Functional form for the settling rate in an unsheared medium

The Stokes settling velocity for a Newtonian fluid (VS t) is given by Equation 4.9.

We present an expression for settling velocity prediction, which is similar to Eqn 4.9 for

the range of Re covered in this study. Instead of the constant 1/18 and η in the Eqn 4.9,

we introduce C = f (n) and power-law viscosity, respectively to obtain an expression for

settling velocity for power-law fluid in an unsheared medium (VU), as shown in Eqn 4.10.

VS t =
1

18η
gd2∆ρ (4.9)

VU =

(
C g∆ρdn+1

k

)1/n

(4.10)

The value of C in Eqn 4.9 is equal to 1/18 in a Newtonian Stokes flow. By incorpo-

rating the shear rate scale as VU/d in the power-law viscosity (see Eqn 2.1), Equation 4.10

is obtained. The value of C, in this study, was investigated in a range of rheologies and

density differences. For creeping flow regime, it is found that the value of C is a function

of the flow index and its function is given by Equation 4.11. Therefore, the expression for

VU is given by Equation 4.12.

C =
1

18XUn
(4.11)

VU =

(
∆ρgdn+1

18k XUn

)1/n

(4.12)

In order to account the value of C for the unsheared power-law fluids, a correction

factor XUn is introduced as a function of flow index n and its values are tabulated in

Table 4.2. A similar approach of XUn in the creeping flow limit was given by Dazhi and

Tanner (1985) and their values listed in Table 4.3. The value of XUn from our numerical

results was compared with Dazhi and Tanner (1985) and the results show good agreement,

as shown in Figure 4.18.
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Figure 4.18: Comparison with Dazhi and Tanner (1985) and our numerical measurements

The results were compared with Dazhi and Tanner (1985) in Figure 4.18. The drag

coefficients from the results and literature were compared, and the results were found ex-

tremely consistent, with a maximum difference of ∼ 5.06 % between them, as can be seen

in Figure 4.18. In addition, the values compare well with the experimental measurements

by Leclair (1970), Chhabra (1993) and Jaiswal et al.(1991).

n XUn

1 1.00

0.9 1.113

0.7 1.33

0.5 1.461

Table 4.2: The values of the drag correction factor XUn



4.4 Results 71

n XUn Tanner

1 1.00

0.9 1.140

0.8 1.240

0.7 1.320

0.6 1.382

0.5 1.420

0.4 1.442

0.3 1.458

0.2 1.413

Table 4.3: XUn given by Dazhi and Tanner (1985) for unbounded flow

4.4.3 Functional form for the settling rate in a sheared medium

At any imposed shear on the particle, the local shear in the entire flow, particularly

in the vicinity the particle, is affected. As expected, the low viscosity region around the

particle aids in faster settling than in an unsheared medium. To quantify the tendency of

the particle to settle faster under sheared conditions, we apply shear based on δ.

The results for a one-millimetre of particle settling in sheared power law fluids with

n = 0.3 and 0.7 for 100 < ∆ρ < 2000 and 0.1 < δ < 10 are shown in Figure 4.19. As

can be seen, for a given rheology, as the imposed shear rate ratio δ increases, the particle

settling velocity also increases. As expected, the impact of the imposed shear, δ, decreases

the viscosity across the entire computational domain, but the local effect in the vicinity of

the particle enables the particle to settle faster.
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Figure 4.19: Settling velocity as a function of density difference for different δ.

4.4.3.1 Ratio of sheared to unsheared settling velocity

We present the results of sheared settling in terms of the ratio of the settling velocity

in the case of imposed shear (VS h) with that in the unsheared case (VU). The results of

VS h/VU for a given value of k (= 2.0 Pa sn) are shown in Figure 4.20a as a function of the

imposed shear rate ratio, δ. Important to note is that each of the curves in Figure 4.20a is

indistinguishable for every density ratio considered, that is, the results in Figure 4.19 for

a fixed n collapse for all ∆ρ. This then means that the results appear to be independent of

Re, at least over the range of Re of the simulations (10−6 to 1). The second result is that,

similar to the results in Figure 4.19 for VS h, the ratio, VS h/VU , increases with decreasing

n, that is more shear-thinning fluid result in higher relative settling in a sheared fluid.

Although not obvious from Figure 4.20a, our results also predict that the settling velocity

of a Newtonian fluid is affected by applied shear, although this is quite a weak effect being

approximated by VS h/VU = (1 + 0.003δ).

The effect of consistency k (0.1, 2), on the ratio, VS h/VU , is shown in Figure 4.20b

for a single flow index, n = 0.5. Again, these results cover the full range of density
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differences. It is clearly seen is that k has no direct influence on the ratio of sheared

to unsheared settling velocities, which is a consequence of the viscosity being a linear

function of k. It confirms that the ratio, VS h/VU , is not a strong function of Re.

Figure 4.20: VS h/VU a function of δ (a) for flow index 0.3 < n < 1.0 at constant k=2.0 (b)
for k=0.1 and 2 Pasn at constant n=0.5

From the results for imposed shear, we observe that the velocity ratio is primarily

a function of the imposed shear and the flow index. Based on this understanding, we

collapse the data to determine the following unified correlation:

VS h

VU
= (1 + 0.003δ)(1 + 1.56δ)(1−n) (4.13)

Equation 4.13 incorporates the effect of shear due to both settling, and the imposed

shear through δ; the equation was obtained using non-linear least square regression analy-

sis. The first term arises from a need to recover the Newtonian result. The functional form

of the second term is based on the ratio of the viscosity scale, ηS h (see Equation 4.15), in

the case of the imposed shear to that in the unsheared case ηU (see Equation 4.14). This

ratio takes the form, (1 + aδ)1−n, and it is used to determine the correlation.

ηU = k
(VU

d

)n−1

(4.14)

ηS h = k


√(VS h

d

)2

+

(
δVU

d

)2


n−1

(4.15)
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The surface that represents this fit of the velocity ratio as a function of δ and n is

shown in Figure 4.21. It indicates excellent between the correlation and our results.

Figure 4.21: Surface fit for VS h/VU as a function of δ and n

4.4.4 Drag prediction

It is clear from the section described above that imposed shear has a significant

influence on the particle settling rate. However, it is also important to discuss the drag

that is exerted on the particle in the shear-thinning sheared medium. Therefore, for a

deeper understanding of the drag force that is experienced by the particle under sheared

conditions, an investigation of particle settling over a range of Re (0.001 ≤ Re ≤ 1),

0.1 ≤ δ′ ≤ 1 and 0.5 ≤ n ≤ 1.0 was carried out. The non-dimensional shear δ′ is used

here. To investigate without the use of unsheared data, we intended to use δ′, that is

scaled with the sheared settling rate and imposed shear rate. However, our results based

on δ collapsed with δ′ and is discussed in the later section.
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The drag on the particle in sheared power-law fluids, was obtained in the following

order:

• Unsheared Newtonian fluid

• Unsheared power-law fluid

• Sheared Newtonian fluid

• Sheared power-law fluid

When developing an expression for CD (or VS h) for sheared power-law fluids, there

are a number of conditions that must be satisfied. First, as δ′ → 0, the unsheared results

must be recovered. Second, as n → 1, the Newtonian results must be recovered. This

suggest several possible ways of developing the required expression. The choice used

here is (i) unsheared Newtonian, (ii) unsheared power-law fluid, (iii) sheared Newtonian

fluid and, (iv) sheared power-law fluid. Therefore, the final correlation would satisfy all

the conditions. In this section, we observe the manner in which each condition affects

the particle drag in the order discussed above. We develop a consistent methodology to

assimilate all the unsheared and sheared conditions into our prediction for drag.

To elucidate the sphere drag in different cases, we consider the study by Dazhi and

Tanner (1985), which represents drag on a sphere in terms of the values of the drag correc-

tion factor, XUn = f (n), and Stokes drag coefficient, CS t, as written in Equation 4.16. The

value of XUn is shown in Table 4.2. We introduce a similar mechanism to illustrate our

numerical data, and extend it to represent the effect of shear in an expression for future

prediction.

CD = XUn(n)CS t (4.16)

4.4.4.1 Drag prediction in the unsheared case

As mentioned previously, Dazhi and Tanner (1985) presented the settling behaviour of

power-law fluids from Newtonian fluids through the inclusion of a dimensionless factor,

XUn. The drag results obtained for unsheared power-law is expressed in terms of XUn, that

is, CD/CS t. The flow regime is considered valid for a low Reynolds number or a creeping

flow, that is, Equation 4.16 is valid up to an Re of less than one (Tripathi et al. (1994)).

Although the work by Dazhi and Tanner (1985), with which our was model was

compared and found to be in good agreement, it is valid only in the creeping flow regime.
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When Re increases, we clearly see a trend of drag coefficient not longer equals XUn CS t, as

shown in Figure 4.22. When our data of higher Re (0.001 ≤ Re ≤ 1) was compared with

Dazhi and Tanner (1985), the percentage difference was found to be around ∼ 5.06 %.

Figure 4.22: X versus log Re for the range: 0.001 ≤ Re ≤ 1

To accommodate the slight dependency on Re, especially for high n, the Eqn 4.16

must be modified. We observe that the value of X, as written in Equation 4.17, does not

behave as a constant for Re that is greater than 0.1 approximately, from the Figure 4.22.

On this note, we proceed to predict by adding a first order term into the Equation 4.16,

which will be valid for 0.001 ≤ Re ≤ 1.

X =
CD

CS t
(4.17)

4.4.4.2 Unsheared Newtonian fluids

Our study examines Re that is less ≤ one; therefore, we take into account the study by

Clift et al. (1978) on Newtonian fluids to support our prediction for unsheared Newtonian

fluids. Clift et al. (1978) presented an expression for CD in an unsheared Newtonian fluid.

We use a similar expression, that is, (1 + A ReB). From our computational results for drag,

we predict an expression for particle settling in Newtonian fluids under an unsheared

condition, as can be seen in Equation 4.18. The model for unsheared Newtonian fluids
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was obtained using non-linear regression fit, and the vale of fitting constants, A = 0.06

and B=1.6, were found The accuracy was more than 99% with the data points.

X/XUn = (1 + A ReB) (4.18)

where A = 0.06 and B=1.6

4.4.4.3 Unsheared power-law fluids

In order to predict a functional form for unsheared power-law fluids, we use the Equa-

tion 4.18, and we modify for power-law fluids by considering ‘A’ as a function of the

flow index (say A′). Also, ‘B’ is considered a constant since the range of Re examined is

Re ≤ 1. From our results, by using data fitting, we obtain a value for A’. The functional

form for unsheared power-law fluids is given by Equation 4.19, and its accuracy is well

above 94 % with the measured points, as shown in Figure 4.23. As Equation 4.19 was

modified from Equation 4.18, we see that the shear-thinning results collapse on Equa-

tion 4.18.

Figure 4.23: Comparison between predicted functional form in Equation 4.19 versus the
numerical data for unsheared power-law fluid
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X/XUn = (1 + A′ ReB) (4.19)

where A′ = 0.06 n4.947 and B=1.6

4.4.4.4 Sheared Newtonian fluids

Starting from the unsheared Newtonian fluid functional form in Equation 4.18, we extend

the correlation to include the effect of imposed shear. Interestingly in Newtonian fluids,

we observe there is a slight increase in the settling rate due to the changes in the pressure

field, although the viscous stresses do not affect the settling. In order to accommodate this

effect, we modify Equation 4.19 to a functional form, (1+ A′ ReB)(1+Reδ′)b). We modify

in such a way that it retains the unsheared functional form for power-law fluids, that is,

(1 + A′ ReB) and accommodates the change in CD in sheared Newtonian fluids. Initially,

the term that was intended to include the effect of CD for imposed shear was ((1 + δ′)b.

From the data analysis, it was found that the behaviour (1 + A′ ReB)((1 + δ′)b changed

for a given Re. So, it was modified to (1 + A′ ReB)(1 + Reδ′)b) for better accuracy. The

modified functional form is given in Equation 4.20, and its accuracy is close to 98 % with

our data.

X/XUn = (1 + A′ReB)(1 + Reδ′)b (4.20)

where b = 0.05 and the values of A’ and B remain the same as mentioned in Equation 4.19,

that is A′ = 0.06 n4.947 and B=1.6.

CDNewt =
24
Re

X (4.21)

where the expression for X is given in the Equation 4.20.
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Figure 4.24: Comparison between predicted the functional form in Equation 4.20 versus
the numerical data for sheared and unsheared Newtonian fluid

4.4.4.5 Sheared Power-law fluids

We now examine the manner in which imposed shear affects particle settling in power-

law fluids. A prediction functional form for this is proposed by retaining the sheared

Newtonian functional form (Equation 4.20) and including another multiplier - total shear

rate scale( (1 + βδ′)((n−1)/2)). This additional term arises from the total shear rate that is

experienced by the particle. Because the particle experiences shear that is induced by

imposed shear (2W/D), and the shear resulting from the settling of the particle (VS h/d),

the total shear rate can be written as the vectorial sum of both (Gheissary and van den

Brule (1996)). The total shear can be written as Equation 4.22, which inturn modifies to

Equation 4.23 when δ′ is introduced.

γ̇T =

√
(VS h/d)2 + (2W/D)2 (4.22)
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γ̇T =
VS h

d

√
1 + δ′2 (4.23)

Re =
ρ f dVS h

η
(4.24)

Using the total shear rate in the power-law viscosity function (η), that is, η = kγ̇n−1
T ,

Re modifies to ReU/
√

1 + δ′2
n−1

. The total shear rate scale is incorporated to the predic-

tion functional form. Empirical constant, β, was introduced to the dimensionless imposed-

shear to address the effect of imposed shear for sheared power-law fluids. The final func-

tional form for sheared power-law fluids is given by Equation 4.25. The first two terms in

the Equation 4.25 are the same as the functional form of unsheared power-law fluids and

sheared Newtonian results. This was kept same so that the results for δ′ = 0 or n = 1 can

be recovered.

X/XUn = (1 + A′ReB)(1 + Reδ′)b(1 + βδ′)((n−1)/2)) (4.25)

In the process of identifying constant values of β for each n by using non-linear

regression, we obtain β, which is tabulated in Table 4.4. In the Table 4.4, for Newtonian

fluids (n = 1), β disappears, as the power of the third term, ((n − 1)/2)) becomes zero

when n = 1. Therefore, the final prediction functional form that incorporates all the four

conditions (unsheared Newtonian, sheared Newtonian, unsheared and sheared power-law

fluids) is given by Equation 4.26. To demonstrate the accuracy of the functional form

in Equation 4.26, we present the graphical representation of the numerical data, and the

functional form in Figure 4.25, 4.26, and 4.27. From the Figures 4.25- 4.27, we notice

that as n becomes smaller, Re makes less difference.

CD =
24
Re

XUn(1 + A′ReB)(1 + Reδ′)b(1 + βδ′)((n−1)/2)

(4.26)
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Table 4.4: Fitting parameter β from the final functional form(Eqn 4.26 for varying flow
index n)

n β

1.0 -

0.9 17.25

0.7 10.09

0.5 7.573

Figure 4.25: Comparison between the predicted functional form in Equation 4.25 versus
the numerical data for sheared and unsheared PL fluid n = 0.9
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Figure 4.26: Comparison between predicted the functional form in Equation 4.25 versus
the numerical data for sheared and unsheared power-law fluid n = 0.7

Figure 4.27: Comparison between predicted the functional form in Equation 4.25 versus
the numerical data for sheared and unsheared power-law fluid n = 0.5
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In summary, the results suggested the final equation (Equation 4.25), for the settling

velocity of the spherical particle that progressively includes all the unsheared/sheared and

Newtonian/power-law results, as can be seen in Figure 4.28. Finally, we compared the

final Equation 4.26 and all our data, as shown in Figure 4.29. This final expression was

shown to provide a good approximation of the settling velocity over a wide range of δ′ ≤ 1

and Re ≤ 1 with 95% accuracy.

Unsheared Newtonian

Unsheared power-law 

Sheared Newtonian 

Sheared Power-law 

Eqn:4.16

Eqn:4.17 Eqn:4.18
Eqn:4.22

Figure 4.28: The prediction functional form for different conditions.

4.5 Pressure and viscous force

The drag force is a summation of pressure and viscous forces that act on the surface of the

particle. We intend to understand the manner in which the pressure (Fp) and viscous (Fv)

forces contribute due to the imposed shear. We also see how the different contributions

scale differently so that we can possibly understand how to non-dimensionalise our results

better. We investigate the individual forces for each case that is considered in this study.

The pressure and viscous force coefficients are given by Equation 4.27 and 4.28. Since

these coefficients are an inverse function of Re, we remove this effect by representing in

terms of Cp ∗ Re and Cv ∗ Re, and we term them Zp and Zv, respectively.

Cp =
2Fp

ρVS h
2A

(4.27)
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Figure 4.29: Predicted values of X/XUn from Equation 4.25 versus actual values of X/XUn.

Cv =
2Fv

ρVS h
2A

(4.28)

Firstly, for unsheared Newtonian fluids, the resulting magnitude for Zp(= Cp ∗ Re)

and Zv(= Cv ∗Re) is 6 and 18, respectively. This explains the fundamental Stokes solution,

CD = Cp + Cv = (6 + 18)/Re = 24/Re, which can be seen in Figure 4.30 for n = 1. The

value of Zp and Zv for power-law fluids decreases in different cases such as for low n and

high δ′. This difference in the values of Zp and Zv with respect to the flow index and

the imposed shear is discussed in this section. From Figure 4.30, we observe that as the

shear-thinning behaviour of the fluid increases, the pressure and viscous forces increase

as well. For example, in n= 0.7, for small Re, Zp ≈ 12 and Zv ≈ 20, as can be seen in

Figure 4.30. Although attempts were made to bring out the expressions separately for

pressure and viscous in the sheared case, since both increase with increase in imposed

shear, their sum-total drag was found sufficient.

In a sheared Newtonian fluid, Zp and Zv decrease very marginally as δ′ increases,

up to an Re of less than approximately 0.1; they then gradually increase with δ′ as Re
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Figure 4.30: Zp and Zv values for 0.7 < n < 1 under unsheared conditions

increases, as can be seen in Figure 4.31. Two things can be observed in this case (see

Figure 4.31). Initially, when the Re is low (Re < 0.1), the coefficients (Zp and Zv) decrease

leading to faster settling than that in the unsheared case. When Re is greater than 0.1, the

trend of the coefficients reverses due to the changes in the pressure field at higher δ′,

which causes a higher drag on the particle.

Lastly, in sheared power-law fluids (n < 1), we notice in Figure 4.31, that Zp and Zv

decrease with δ′ for all Re unlike a sheared Newtonian fluid. This is because the applied

shear impacts the total shear rate, allowing it to settle consistently for very low Re, and

then rapidly for higher Re.
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Figure 4.31: Zp or Zv values for for n = 1, 0.9, 0.7 and 0.5.

4.5.1 Ratio of pressure to viscous force

This section is concerned to illustrate the behavior of dimensionless parameter

Cp/Cv. This was intended to understand its dependency on other dimensionless parame-

ters especially Reynolds number. The ratio Cp/Cv shows a weak dependency on Re for

all flow indices, as can be seen in Figure 4.32. Additionally, it is also observed that the

ratio Cp/Cv is a strong function of δ′ and flow index. In the Figure 4.32, we observe that

the value of Cp/Cv is higher for small n and much higher as δ′ → 0.

4.6 Relationship between applied shear rate and ω

A spherical particle in an unbounded inertia-less Newtonian liquid that is subjected to

a shear flow was addressed by Einstein (1906, 1911). Particle rotation is predicted due

to the shear flow with the rotational speed, ω, dependent on the applied shear rate γ̇.
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Figure 4.32: Cp/Cv values for n = 1, 0.9, 0.7 and 0.5.

The particle rotation rate for the Stokes Newtonian fluid is half the imposed shear rate.

However, at higher Reynolds numbers and in non-Newtonian fluids, the value of ω is

unknown.

When we examine the particle rotation rate based on the imposed shear rate, ω

predicted from simulations for shear imposed settling is found to be approximately equal

to half the applied shear rate (γ̇imposed) for all n and Re that are covered in this study, as

shown in Figure 4.33.
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Figure 4.33: Comparison between ω and 1/2(2W/D) -half the imposed shear for 0.001 ≤
Re ≤ 1 and 0.5 ≤ n ≤ 1.0

4.7 Comparison of results in terms of δ and δ′

In our study, the applied shear was scaled was non-dimensionalised in two different ways

and a comparison between their prediction was intended. In order to compare the results

in terms of δ and δ′, we convert the non-dimensional equation, Equation4.26 in terms

of VS h. We obtain an implicit expression for settling rate, VS h, from the CD, Re, and δ′

correlation described in the Eqn4.26 using a solve function in matlab. The approach to

obtain an implicit expression for VS h is discussed in §A.1. The resulting expression is

given in Equation A.9.

For 500 ≤ ∆ρ ≤ 4000, 0.5 ≤ n ≤ 1.0, and k=0.1 and 2, the value of VS h was

obtained using the two equations (Eqns A.9 and 4.13) and compared to observe the

manner in which they relate. A maximum of 5.32% difference was found between the

two equations, as shown in Figure 4.34.
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Figure 4.34: Comparison between the prediction in terms of δ (Eqn 4.13) and δ′ (Eqn4.26)

4.8 Summary

A detailed investigation of particle settling in unsheared and sheared power-law fluids has

been discussed, and it was found that imposed shear plays a significant role in particle

settling. Computational predictions by the model for unsheared settling were found to

be in good agreement with past studies. For sheared conditions, a stringent comparison

between the experimental measurements by CSIRO and our numerical results has been

made using the same fluid rheology, and it was found to be in excellent concordance with

the measurements. Similarly, a comparison with the analytical solution that is available

for non-inertial flow by Childs (2013) was found to produce consistently good results.

Prior to quantifying the settling rate, the flow field is analysed to show the manner

in which the imposed shear affects the velocity field. A point wise differencing between

the different flow fields of different cases provided an insight into the effect of Re and the

imposed shear. With the imposed shear, the particle rotates with a rotational speed that is

almost half of that of the imposed shear rate (=2W/D) for all n, Re, and δ′.
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The validated computational model was then used to investigate a range of n and Re.

For unsheared settling in the Re < 1 flow regime, the settling velocity data that was ob-

tained was used to provide a prediction based on the Newtonian Stokes flow formulation,

as described in Equation 4.11.

An expression for predicting the settling rate in terms of the unsheared settling rate

for a given ∆ρ has been presented for a range of imposed shear δ. In sheared settling, it

was observed that the ratio of the settling velocity to the unsheared settling velocity is a

strong function of δ and n. It was found that the ratio was a weak function of Re. There-

fore, the predicted ratio of VS h/VU for a range of δ and n was provided in the condensed

form presented in Equation 4.13.

The approach to represent drag coefficients in terms of drag correction factor,

‘X/XUn’, was obtained from Dazhi and Tanner (1985); the original was subsequently

modified to account for imposed shear δ′. The final functional form in Equation 4.26 in-

cludes all the different factors that were considered in this study and provides an accurate

prediction of settling for Re ≤ 1,0.5 ≤ n ≤ 1.0 and 0 ≤ δ′ ≤ 1.0.

This result has implications in the settling time and, importantly, in the settling dis-

tance that is required for the stratification of a homogeneous coarse particle suspension.

This study will be further extended in the next Chapter to consider the effect of shear rates

on the yield-stress fluids.



Chapter 5

Settling in Herschel–Bulkley fluids

U Nlike previous studies, there has been little work on yield-stress fluids at high shear

rates, and it remains to be fully characterised and understood. The focus of this

chapter is the the impact of shear on particle settling in yield stress fluids that can be

modeled by the Herschel–Bulkley model. Similar to the previous chapter, the scaling of

the governing equations that lead to the dimensionless groups, based on which, results are

presented. Firstly, the unsheared settling is discussed in three parts: (i) the condition for

settling, (ii) flow visualisation and (iii) settling predictions. Secondly, the sheared settling

is discussed in three parts: (i) dimensionless parameters due to the applied shear, (ii) de-

scription on the aspects of the flow field and (iii) settling predictions by our computational

model. Therefore, in the imposed shear, the manner in which the shear affects the viscous

stress in fluids that have a low to high yield stress is examined and discussed in detail in

this chapter.

Here, it is shown that the applied shear affects the particle in such a way that it al-

lows to move through the fluid; this is relevant because; the particle, typically, does not

move in certain cases. Therefore, determining a critical particle size under sheared condi-

tions is not important. An expression for the prediction of settling velocity for unsheared

settling was established using dimensionless numbers that accounts for the yield-stress

property of the fluid. Additionally, based on the computational measurements, the ex-

pression for sheared settling is developed as a function of the flow index, imposed shear

and the dimensionless numbers.

91
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5.1 Domain independence study

Although domain independence has been discussed previously for Newtonian and power-

law fluids, it was revisited here for Herschel–Bulkley fluids to ensure the same result was

applicable. Therefore, a domain independence study using Herschel–Bulkley model was

performed to ensure that result is independent of domain size. A similar grid resolution

that was previously used for power-law fluids was considered for the domain indepen-

dence study.

Firstly, for unsheared particle settling, a known finding from the literature (Tabuteau

et al. (2007a)) is used to conduct this study. Tabuteau et al. (2007a) proposed to ex-

press the drag coefficients for the unsheared particle settling without the influence of the

boundary walls in creeping flow regime. The difference percentage between Tabuteau

et al. (2007a) and our numerical model was calculated. It can be seen from Figure 5.1,

that the appropriate ratio of domain size (D) to particle diameter (d) is 25 or higher.

Figure 5.1: Percentage difference of drag prediction with Tabuteau et al. (2007a) for
increasing domain size.
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Secondly, for sheared settling, a set of experimental measurements by CSIRO at

different imposed shear are used to conduct the domain independence study. The experi-

mental measurements were made in a sufficiently large container to ensure the influence

of the container was absent. For the fluid rheology, τy = 8.133; k = 3.78; n = 0.373, and

imposed shear of 16.5 s−1, the drag difference between the experimental measurement

and our model is given in Figure 5.2. Therefore, we ascertain from the domain indepen-

dence study that the appropriate domain to particle size ratio could be 30 or higher. Other

grid resolution parameters were the same as those from the previous setup that was used

in sheared power-law settling computation. Although Atapattu et al. (1995b) found that

the settling velocity to be constant when D/d ≥ 15 within a 10% deviation with the large

D/d, in our computational study we consider D/d = 30 in order to further reduce the

deviation upto 1.2%.

Figure 5.2: Drag prediction for increasing domain size for yield-stress fluid τy =

8.133; k = 3.78; n = 0.373 for imposed shear rate of 16.5s−1
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5.2 Critical particle size

When a particle sits in a quiescent yield stress fluid, if the stress resulting from is less

than the fluid’s yield stress, then the fluid’s deformation rate will be zero and the particle

remains stationary. In such cases, the particle is found to be embedded to the fluid and

will remain suspended indefinitely. The likely conditions for this phenomenon to occur

are low particle size, weight, and high yield stress. Therefore, a critical particle size for

particle to settle in a yield stress fluid is investigated.

Previously, the critical particle size for settling was investigated by Dedegil (1987)

through analytical methods and Atapattu et al. (1995b), Jossic and Magnin (2009), and

Tabuteau et al. (2007a) through experimental approaches. Yield-stress effects were stud-

ied in association with varying particle weights/sizes and fluid density. On the basis of

these results, a stability criterion is proposed by Dedegil (1987), as shown in Equation 5.1

and by Atapattu et al. (1995b), as given in Equation 5.2.

1. Dedegil (1987) proposed an analytical expression for critical particle size.

dcrit =
3π
2

τy

∆ρg
(5.1)

2. Atapattu et al. (1995b) proposed another expression for critical particle size through

experimental data.

dcrit =
21 τy
∆ρg

(5.2)

The former criterion is five times smaller than the latter. An investigation was carried

to determine which criterion the results here most closely follow. To determine the critical

particle size for settling, we examine the drag force that is exerted on the particle in a

yield stress fluid when the velocities become infinitesimally slow. For a given rheology,

the drag was plotted as a function of settling velocity. It has been found that the drag

asymptotes to a certain value as the limit Vs → 0, as can be seen in Figure 5.3 and 5.4.

We hypothesise that the drag for infinitesimally slow particle asymptotes to a constant

and when this asymptotes, then the critical particle density will be given by buoyancy

balance. That is, as the value of drag for the limit as Vs → 0 exists and is non-zero, we

believe this force when balanced with buoyancy will provide the value of ∆ρ at which the

particle will be just suspended. Therefore, from the asymptotic value of the drag, we are
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able to identify the critical density difference. A sample calculation for determining ∆ρ

that proves that our model predicts close to the Equation 5.2, is demonstrated in §A.4.

Although the works by Dedegil (1987) and Atapattu et al. (1995b) are in terms of dcrit,

we interpret the same criterion but the particle size is considered constant here and ∆ρ as

the varying entity, as shown in Equation 5.3. Therefore, it has been found from our study

that, our model predicts close to the stability criterion proposed by Atapattu et al. (1995b).

Furthermore, Beris et al. (1985) and Blackery and Mitsoulis (1997) agreed with Atapattu

et al. (1995b) through their numerical simulations. This agreement has been proved with

the help of examples of two fluid rheologies in section below (§5.2.1).

∆ρcritical =
21 τy
dg

(5.3)

5.2.1 Calculation of asymptotic force

Normal and tangential forces act opposite to the weight. It is known that the integral

that takes over the surface of the normal force due to hydrostatic pressure leads to the

buoyant force, which is independent of the particle shape. As mentioned before, we

consider the value of drag obtained for the limit as Vs → 0 and balanced by its buoyancy

to obtain the critical density difference. Additionally, in this case, we assume that the wall

of the container has no effect on particle settling; that is, we consider the domain size to

be unbounded (since we use the domain to particle size ratio D/d equal to 30).

Richardson extrapolation was used to ascertain the value of the drag force of an

infinitely slow-moving particle (VU → 0) in yield stress fluid. A python algorithm for

Richardson extrapolation was used to achieve this, and its output was FD at VU = 0.

After equating the extrapolated value of drag for VU = 0 with the buoyancy force,

we obtain the corresponding ∆ρ. This was the critical ∆ρ for the particle size and fluid

rheology that was considered in the numerical study.
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Figure 5.3: Drag force asymptotes as the settling rate decreases for one mm particle for
the fluid rheology, τy = 0.1 k = 0.1 n = 0.3

Figure 5.4: Drag force asymptotes as the settling rate decreases for one mm particle for
the fluid rheology, τy = 1 k = 0.1 n = 0.3
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For the fluid rheologies, τy = 0.1 k = 0.1 n = 0.3 and τy = 1 k = 0.1 n = 0.3,

the value of the drag force of an infinitely slow-moving particle (VU → 0) is 2.77e−6

and 1.6ee−5, respectively, as can be seen in Figure 5.3 and 5.4. From our investigation

into the determining of the critical density difference (∆ρcritical) for settling in yield-stress

fluids, we have found that our results match well with Equation 5.2, and the numerical

tolerance is within 3 % of difference. Therefore, to represent this criterion in terms of

the dimensionless parameter, we observe that the Yield-gravity number ‘Y’ (defined as

shown in Equation 5.4) should be not greater than
1

21
. Above this yield parameter there

is no motion of the particle in the fluid.

Y =
τy

∆ρgd
(5.4)

5.3 Definition of Reynolds number

In the process of investigating yield stress fluids, there are two ways of defining Re, one

without including the yield stress, which is same as the power-law Re and the other with

the inclusion of yield stress.

The definition of Re with the inclusion of yield stress incorporates the Herschel–

Bulkley number (HB, defined as shown in Equation 5.5). To define Re including the

yield stress, Herschel– Bulkley viscosity model (Eqn 5.6) is used in place of ηS h in the

definition of Re. Additionally, the total shear rate scale (γ̇T ) for sheared settling is given

by Eqn 5.7, where δ′ =
2W/D
VS h/d

.

HB =
τy

kγ̇n
T

(5.5)

ηS h =
τy

γ̇T
+ kγ̇(n−1)

T

= kγ̇(n−1)
T (

τy

γ̇T

n
+ 1)

= kγ̇(n−1)
T (HB + 1) (5.6)
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γ̇T =
VS h

d

√
1 + δ′2 (5.7)

When ηS h (Eqn 5.6) and γ̇T (Eqn 5.7) is used in the definition of Re, we get Equa-

tion 5.8. It can be seen that the resulting Reynolds number (ReHB) is equal to the product

of power-law Re and 1/(HB + 1). Since, the definition of Re including yielding yield

stress (ReHB) incorporates HB explicitly and to be consistent with our power-law results,

we intend to use the power-use Re in our investigation. However, the term 1/(HB + 1)

is included in the correlation that used for the prediction, which is discussed in the later

section of the chapter. Certain previous works (Atapattu et al. (1995a),Patel and Chhabra

(2013), Beaulne and Mitsoulis (1997), Gavrilov et al. (2017), Burgos and Alexandrou

(1999), and Ahonguio et al. (2014)) on the Herschel–Bulkley fluid have also used power-

law definition for Reynolds number, that is, without the inclusion of yield stress.

ReHB =
dVS hρ f

ηS h

=
dVS hρ f

kγ̇(n−1)
T (HB + 1)

=
dVS hρ f

k
Vn−1

S h

dn−1 (
√

1 + δ′2)n−1(HB + 1)

=
dnρ f VS h

2−n

k(1 + δ′2)(n−1)/2(HB + 1)

=
Re

(HB + 1)
(5.8)

OpenFOAM requires dimensional inputs, so for a given simulation, in order to fix

Re and HB, one has to set the dimensional parameters and work it backwards. In this

case, the dimensional parameters have to be ensured in such a way that they fall under

the rheology parameter space as discussed in the Section §2.2.1.1. For 0.001 ≤ Re ≤ 1,

0.5 ≤ n ≤ 1 and 0.1 ≤ HB ≤ 10, we obtain the simulated drag and represent our data as

shown in Equation 5.9. When the simulated drag is scaled with Stokes drag coefficient,

24/Re, we obtain the scale factor for drag, X, as shown in Equation 5.10.
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CD = f (Re, n, δ′,HB)

= CDS tokesXUn ∗ f (Re, n, δ′,HB) (5.9)

CD

CDS tokes
= X (5.10)

X/XUn = f (Re, n, δ′,HB) (5.11)

The value of X is a function of Re, n, δ′, and HB. We represent our data in terms of

X/XUn, where XUn is a function of n. The values of XUn is given by Table 5.1 and is same

as the values used for sheared power-law fluids’ investigation. Therefore, to quantify the

drag on a sphere in yield-stress fluids under sheared conditions, we represent our results

in terms of X/XUn, which is a function of imposed shear, flow index and yield stress, as

can be seen in Equation 5.11.

Table 5.1: The values of the drag correction factor XUn

n XUn

1 1.00

0.8 1.24

0.65 1.351

0.5 1.461

5.4 Flow field

Ultimately, the forces on a settling particle arise from the pressure and viscous forces on

its surface which in turn depend on velocity and viscosity field. Therefore, an understand-

ing of these is an essential part of the investigation of the results. In the contour plots, we

demonstrate the regions of deformation of the fluid around the particle for both unsheared

and sheared settling in §5.4.1 and §5.4.2, respectively.
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5.4.1 Flow field under an unsheared condition

To illustrate the effect of particle settling other than in terms of drag, we demonstrate

the regions of deformation of the fluid around the particle. When a particle’s weight is able

to overcome the yield stress, it deforms the fluid structure and settles. However, there are

some regions on the fluid domain with a zero shear rate, there is no fluid motion in those

regions. The solid-like zones are known as the ‘unyielded region’ in the fluid domain.

The main objective of investigating the flow fields under an unsheared condition is to

understand the manner in which the undeformed region is dependent on the properties

of fluid rheology mainly in terms of the yield-stress property of the fluid (discussed in

§5.4.1.1) and the flow index (discussed in §5.4.1.2).

5.4.1.1 In terms of Herschel–Bulkley number

The aspects of the unyielded region in the fluid medium was primarily addressed by At-

apattu et al. (1995a) through experiments. It was found that the size of the unyielded

region increases as the yield stress of the fluid increases. Putz et al. (2008) conducted

a computational study to understand this behaviour by using polymeric shear- thinning

- yield-stress fluids to prove the same. A kidney bean like structure on the sides of the

surface of the particle is referred as the unyielded region. The unyielded region appears

symmetrical to both the sides around the particle in the fluid domain and its size increases

as HB increases, as can be seen in Figure 5.5.

5.4.1.2 In terms of flow index

For a given HB, we examine the effect of flow index on the size of the unyielded re-

gion. We observe that for a given HB (here HB=10), the size the of the unyielded region

decreases as n decreases, as can be seen in Figure 5.6. This is because, when the un-

yielded region increases, it proves that the viscous deformation that is induced in the flow

diminishes at a high n.
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Figure 5.5: Contour of y− component of velocity that represents the yielded and the
unyielded regions for n = 1.0 and n = 0.5 for various HB covered in this study.

Figure 5.6: Contour of y− component of velocity that represents the yielded and the
unyielded regions for range of n covered in this study at HB = 10.
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Therefore, it is evident that the size of the unyielded region around the particle sur-

face decreases as HB and n decreases. However, the most interesting part is that, in our

study, when we apply shear, that is, δ′ = ε > 0, the unyielded region disappears and

increase the viscous deformation throughout the fluid domain.

5.4.2 Flow field for sheared settling

For a fluid with yield stress, the flow field in unsheared settling shows unyielded and

yielded region, as discussed in §5.4.1. When a particle settles under a sheared condition in

the yield-stress fluid, the velocity field is not expected to have any apparent unyielded re-

gion due to the applied shear. In addition, we expect the region of unyielded zones would

disappear as we impose shear (for any value of δ′ > 0). In this section, we demonstrate

the flow field for Bingham and shear-thinning fluids using a range of yield stress values.

Figure 5.7: Contour of y− component of velocity for Bingham fluids for 0 ≤ δ′ ≤ 1 at
HB=0.1 and 10.

As soon as the imposed shear of δ′ is non-zero, we observe that the region of un-

yielded zone disappears. This is because the applied shear affects the viscous stress

throughout the fluid domain.

At a low flow index, it is interesting to examine the variation in flow fields between

unsheared and sheared condition. Two things may be observed in Figure 5.8, a) at a low
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HB (here HB=0.1) there is no unyielded zone in the unsheared case and b) gradually, the

unyielded zone grows as the yield stress of the fluid increases (see left bottom figure -

n=0.5, HB=10, and δ′ = 0 ).

Figure 5.8: Contour of y− component of velocity for n=0.5 for 0 ≤ δ′ ≤ 1 at HB=0.1 and
10.

5.5 Results

In our investigation, particle settling is quantified under an unsheared and a sheared con-

ditions. Firstly, we illustrate the unsheared particle behaviour for a range of yield stresses

in a fluid. We then compare with the data that is available in the literature on creep-

ing flow. Secondly, we analyse the particle settling under imposed shear. The imposed

shear significantly influences the particle settling, the effect of imposed shear is quanti-

fied and also, investigate the flow field of velocity and viscosity contours for a range of n,

Herschel–Bulkley numbers (HB) and imposed shears (δ′) covered in this study.
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5.5.1 Unsheared settling

A particle can settle under gravity when Y ≤ 1/21(∼ 0.048). In a creeping flow

(Re << 1), we observe the drag force increase for increasing yield- stress in a fluid. As

expected, the particle settles more slowly as HB increases.

In order to examine the unsheared case, 168 simulations were run that covered a

range of n (n = 0.5, 0.65, 0.8, and1), HB (HB = 0.1, 0.5, 1, 2, 5, and10) and Re (Re =

0.001 − −1.0).

Figure 5.9 represents the unsheared data in terms of X/XUn for the range of HB and

n covered in this study. It is found that the value of X/XUn is the same for all Re (Re=

0.001–1.0). Therefore, X/XUn is not a function of Re over the range of Re covered in this

study.

Figure 5.9: Unsheared settling for various n and HB represented in terms of X/XUn

Ansley and Smith (1967b) proposed the value of drag coefficient for unsheared set-

tling in creeping flow regime. It is given by the product of power-law drag co-efficient
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(CD = 24XUn/Re) and (1 + a HB). The value of ‘a’ to be 7π/24 ∼ 0.916 for Bingham

fluids (Ansley and Smith (1967b)) and 0.823 for Herschel–Bulkley fluids (Tabuteau et al.

(2007a)) .

From the scaling, (1+ HB) was initially formulated to express our data. It has

been found that the slope varies for each n. Hence, the functional form was modified

to (1 + a n HB). From our data, we also noticed that the behaviour of X/XUn with HB ap-

peared slightly concave upward and hence, in the functional form, HBconstant was intended.

Therefore, the final functional form used to represent unsheared settling was (1+a n HBb).

Using our computational measurements and non-linear regression fit, we obtain the value

of empirical constants ‘a’ and ‘b’. The unsheared data fit in Equation 5.12 is in excel-

lent agreement with our numerical measurements. As can be seen from Figure 5.10, the

numerical measurements are represented by an asterisk (∗) and the model fit, which is

(Equation 5.12) represented by solid lines. Therefore, for shear-thinning yield stress flu-

ids, we express the drag coefficient as 24XUn(1 + a n HBb)/Re. It has been found that

this is the best form that predicts the drag on the sphere for the various HB that have been

covered in this study as its accuracy in predicting our data was above 97 % (R2 = 0.97).

A comparison between the predicted and actual values of X/XUn is shown in Figure 5.11.

X/XUn = (1 + a n HBb) (5.12)

where a= 2.793 and b= 0.8404

5.6 Drag prediction for sheared settling

When δ′ , 0, we represent the drag as X/XUn, that is, a function of δ′ and other parameters

such as Re, n, and HB. When we analyse the data, we observe that the drag coefficients

or X/XUn appear to be a constant for the range of Re that is covered in this study within

the minimum permissible range. Therefore, we consider X/XUn = f (n, δ′,HB); hence,

X/XUn is considered a constant for 0.001 ≤ Re ≤ 1, as can be seen in Figure 5.13 and

5.14.

As per the scaling analysis, the dependency of the settling rate is assumed to be of the

form, (1+ a n HBb) (1+cδ′d). The first term in the form, (1+ a n HBb), was chosen because

when δ′ = 0, the model asymptotes to unsheared settling prediction (Equation 5.12). The
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Figure 5.10: Comparison between model in Equation 5.12 and calculated data(∗)

second term in the form, (1+cδ′d) was chosen from the total shear rate scale. The constants

‘c′ and ‘d′ were introduced to improve the accuracy. We use the non-linear regression fit

to provide a prediction that accurately predicts the drag on a sphere at different imposed

shears. The resulting equation is given in Eqn 5.13, which predicts the observed data with

an accuracy of 96 % (R2 = 0.96). The comparison between the predicted and the actual

values of X/XUn is shown in Figure 5.12. Therefore, the final expression for CD is given

in Equation 5.14. The final step of consolidating the whole range of 680 data points that

was valid for 0.001 ≤ Re ≤ 1 constitutes in concisely providing a functional form that

allows precise predictions, as in Equation 5.13 and 5.14.

X/XUn = (1 + a n HBb)(1 + cδ′d) (5.13)

CD =
24
Re

XUn(1 + a n HBb)(1 + cδ′d) (5.14)

a=2.793, b=0.84, c=-0.5 and d=0.258
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Figure 5.11: Predicted values of X/XUn from Equation 5.12 versus actual values of X/XUn

From the model that is obtained using the non-linear regression fit for sheared set-

tling, which is given in Equation 5.13, we compare with our numerical measurements.

This comparison is expected to show a good agreement between the calculated data and

the model. However, it is much more interesting to observe the behaviour of the model

for a range of different parameters covered in this study.

Firstly, we begin by examining as a function of Re for various HB. For δ′ = 0.1, 0.5

and 1.0, the value of X/XUn against the range of Re shows consistent agreement, as can

be seen in Figure 5.13 and 5.14.
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Figure 5.12: Predicted values of X/XUn from Equation 5.13 versus actual values of X/XUn

5.7 Drag variation in terms of imposed shear

We now examine the behaviour of the model with the data as a function of δ′. As expected,

the value of X/XUn decreases as the values of imposed shear increase. We begin by

considering Bingham fluids (n=1.0). For various HB, in Figure 5.15, we clearly see a

trend of decreasing drag force, which is as expected.

For shear-thinning fluids (n < 1), the value of X/XUn is examined as function of

δ′. The trend is similar for all other flow indices covered in this study. The variation of

X/XUn with δ′ is shown for n = 0.8, 0.65, and 0.5. For various HB, in Figures 5.15, the

drag decreases as δ′ increases for all Re covered in this study.
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Figure 5.13: Comparison between calculated data of X/XUn and prediction model using
Equation 5.13 for n = 1.0, various HB and δ′
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Figure 5.14: Comparison between calculated data of X/XUn and prediction model using
Equation 5.13 for n = 0.65 and various HB and δ′



5.7 Drag variation in terms of imposed shear 111

Figure 5.15: X/XUn versus δ′ for 0.1 ≤ HB ≤ 10 for n=1.0, 0.8, 0.65, and, 0.5
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5.8 Drag variation in terms of Herschel–Bulkley

number

For a given n, for 0.1 ≤ δ′ ≤ 1 and 0.1 ≤ HB ≤ 10, we investigate the value of X/XUn.

The increase in the value of δ′ implies that the imposed shear at each stage increases. At

a high value of the yield stress, the settling rate decreases for a given δ′. The prediction

was begun by the break down of the results from unsheared settling to settling under the

maximum applied shear that is covered in this study, that is, δ′ = 0–1.0 . From unsheared

settling (δ′ = 0) to sheared settling , we can clearly observe that the value of X/XUn

gradually decreases as n decreases and as δ′ increases. This phenomenon can be observed

in Figure 5.16.

Figure 5.16: X/XUn versus HB for various δ′ and n
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5.9 In terms of flow index

It was shown from the previous sections that for increasing imposed shear the drag re-

duces. However, the effect of n for a given imposed shear needs to be investigated. For

various HB, we observe that as flow index n decreases the drag decreases. The depen-

dency on n is not strong over 0.5 ≤ n ≤ 1 when HB is small. This phenomenon can be

observed in Figure 5.18. We also notice that for a given δ′, the slope gets steeper as HB

increases. For this reason, the form: (1 + a n HBb) is used as the best estimation for the

prediction of unsheared settling.

5.10 Comparison with power-law results

When power law results (that is, when HB=0) is the included to the yield stress fluids,

we observe a non-linear trend line between log HB and log X/XUn as can be seen in

Figure 5.17. The drag behavior cuts off into two different slopes at high HB and low

HB. Due to this, the expression for predicting yield stress results (Eqn 5.14) does not

asymptote to power-law results.

Figure 5.17: log HB versus log X/XUn for n=1 and δ′ = 0 - 1
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Figure 5.18: X/XUn versus n for 0 ≤ δ′ ≤ 1 at various HB
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5.11 Summary

In this chapter, the unsheared and sheared settling behaviour of a particle in shear-thinning

yield-stress fluids was investigated. This part of the study began with a domain indepen-

dence study to provide a solution that was equivalent to the unbounded medium. It was

found that the ratio of the domain size to the particle diameter needed to be greater than

20. In addition, other grid-controlling parameters such as the number of particle surface

elements and the number of layers around the surface of the particle were maintained

same as power-law fluids. Therefore, the domain independence study was conducted, and

a cost-effective mesh was developed.

Firstly, in unsheared particle settling, in some cases, the yield-stress property of the

fluid suspends the particle and it stays embedded in the fluid. In this case, the particle

weight was low and could not overcome the yield stress of the fluid. Therefore, a critical

condition accounted for when the particle is still. The critical particle size for a given

yield stress was presented in the literature using experimental methods (Atapattu et al.

(1995b), Equation 5.2) and analytical approaches (Dedegil (1987), Equation 5.1). From

our numerical approach, it was found that the criterion that was proposed by Atapattu

et al. (1995b) matched with ours. A method to determine the critical particle size or a

critical density difference for a given particle size was discussed in detail.

Secondly, we examined the flow field for particle under the sheared and the un-

sheared conditions. For the unsheared settling, the size of the unyielded region decreased

as n decreased and increased as HB increased. For the sheared settling, it was observed

that the unyielded zone disappeared at an increasing imposed shear and that the zone did

not exist at low HB or in fluids that were close to power-law fluids.

Finally, we quantify the settling results. To represent yield stress results, it was found

that apart from Re and n, two more dimensionless parameter Herschel–Bulkley number

(HB) and Yield-gravity number (Y), were required to quantify the yield stress of the fluid

and the particle-fluid density, respectively. The results of the particle settling in unsheared

conditions were obtained and validated against Tabuteau et al. (2007a) and experimental

measurements of the sheared case (conducted by CSIRO). After successful validation of

the model, we proceeded to investigate a range of parameters Re, HB, n, and δ′. The

effect of shear that is imposed on the particle was examined, and a model was proposed
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to predict the total drag force that acts on the particle. An expression for CD, as given in

Equation 5.14 with empirical fitting constants that fit the range of Re (0.001 ≤ Re ≤ 1),

HB (0.1 ≤ HB ≤ 10), 0.5 ≤ n ≤ 1.0 and 0 ≤ δ′ ≤ 1 that was covered in this study was

proposed.



Chapter 6

Conclusions and Future Work

I N this study, a CFD model in OpenFOAM was developed. Along with the CFD model,

a newly developed numerical algorithm was combined in such a way that the model

could identify the rotation and the settling rate of a particle in non-Newtonian fluids. The

model was validated by comparing it with the previously published predictions for particle

settling in unsheared non-Newtonian fluids (power-law and yield stress fluids). After

rigorous validation for the unsheared case in power-law fluids using works by Dhole et al.

(2006), Graham and Jones (1994) and Dazhi and Tanner (1985) and in Herschel–Bulkley

fluids using work by Tabuteau et al. (2007b) was considered. In the model developed for

sheared case, shear was applied by adding a planar shear boundary condition. A review

of the literature showed that little or no quantitative experimental data was available to

validate the model in the sheared case. However, the model was validated against the

available analytical solution for sheared power-law fluids under negligible inertial effects

Childs (2013) and our model showed good agreement with Childs (2013). In yield-stress

fluids, the model was validated using experimental measurements (conducted by CSIRO,

Australia) in a purpose-built shear rig. Predictions of the settling rate by the CFD model

were compared to the experiments by CSIRO and found that the measurements matched

well, and the difference percentage fall within 10 %. Once the confidence in the model

is developed, useful predictions about the flow behaviour in different cases was presented

in two parts for power-law and Herschel–Bulkley fluids.

Firstly, predictions for particle settling in power-law fluids for Re ≤ 1 were pro-

posed that includes the unsheared and the sheared conditions. The predictions for particle

settling in power-law fluids were presented in two different ways by using different scale

117
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factor to non-dimensionalise the imposed shear, that is, δ (= applied shear/ unsheared set-

tling shear rate =
2W/D
VU/d

) and δ′ (= applied shear/ sheared settling shear
2W/D
VS h/d

). Using δ,

the prediction was made in terms of ratio of the sheared settling velocity to the unsheared

settling velocity VS h/VU , as shown in Equation 6.1. It was observed that the ratio is a

strong function of δ and n. Additionally, the ratio was only a weak function of Re. Using

δ′, the prediction was made in terms of dimensionless numbers such as CD, Re and n. The

drag coefficient is scaled with Stokes drag coefficient to obtain X, that is equal to CD/CS t.

Also, drag correction factor, XUn = f (n) was incorporated to present our results. The

mechanism to represent drag coefficients in terms of ‘XUn’ was obtained from Dazhi and

Tanner (1985); it was subsequently used to present our results in terms of imposed shear

δ′. Although the values of XUn that was given by Dazhi and Tanner (1985) and our results

agreed with a maximum difference of ∼ 5.06 % between them, we presented the values

of XUn (in Table 4.2) that were more close to our model’s prediction for accuracy. The

final functional form in Equation 6.2 combines all the different conditions (δ′ = 0, δ′ , 0,

n = 1, and n , 1) that were considered in this study and provided an accurate prediction.

A maximum of 5.32% difference was found between the two predictions in Equation 6.1

and 6.2 for power-law fluids.

VS h

VU
= (1 + 0.003δ)(1 + 1.56δ)(1−n) Re ≤ 1 (6.1)

CD =
24
Re

XUn(1 + A′ReB)(1 + Reδ′)b(1 + βδ′)((n−1)/2) Re ≤ 1

A′ = 0.06 n4.947, B = 1.6, b = 0.05, and β in Table 4.4
(6.2)

Secondly, predictions for particle settling in the Herschel–Bulkley fluids for Re ≤ 1

were proposed. A wide range of parameters (Re, HB, n, and δ′) were investigated. The

effect of imposed shear was examined, and our model predicts the force that acts on

the particle from which the total drag is identified. An expression for CD, as given in

Equation 6.3, with empirical fitting constants that fit the range of Re (0.001 ≤ Re ≤ 1),

HB (0.1 ≤ HB ≤ 10), 0.5 ≤ n ≤ 1.0 and 0 ≤ δ′ ≤ 1 that was covered in this study was

proposed.
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CD =
24
Re

XUn(1 + a n HBb)(1 + cδ′d) Re ≤ 1

a = 2.793, b = 0.84, c = −0.5, and d = 0.258
(6.3)

In summary, predictions were made for unsheared and sheared settling in the power-

law and yield stress for Re ≤ 1. These predictions have implications in settling time

and more importantly, in the settling distance that is required for a homogeneous coarse

particle suspension to become stratified.

6.1 Future work

Although shear-induced settling in power-law and yield-stress fluids has been explored to

understand the changes in their flow behaviour, future research directions to understand

sheared settling are discussed in the section below.

6.1.1 New rheology models

Although sheared settling in non-Newtonian fluids, the rheology of which is fitted

by the power-law and Herschel–Bulkley fluid has been examined in this PhD, the inves-

tigation of sheared settling using more recent rheology models such as Carreau model

and Cross model that claim to predict fluid rheology with greater accuracy would be a

significant contribution.

6.1.2 Orientation of planar shear/ geometry

To address the problem of a large particle in viscoplastic fluids, future research

aims to investigate the effect of particle settling when the orientation of the applied shear

changes (planar shear), that is, along the Y-plane.

6.1.3 Volume-fraction of solids

While this study has examined a single isolated particle settling in sheared non-

Newtonian fluids, there is still a vast gap in the understanding of particle interaction and

the effect of volume fractions of solids that are of practical relevance.
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6.1.4 Unsteady flows

While the current study has examined some of the possibilities of steady state

sheared settling, further study is required to gain a understanding of unsteadiness in

sheared flows. There is a vast gap in the understanding of the possible mechanisms for

unsteady sheared flows that would aid in designing the transportation of multi-phase mix-

tures in a pipeline or an open channel.
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Appendix A

A.1 Expression for VSh for power-law fluids

In this section, an approach to obtain an expression for settling rate from the CD, Re,

and δ′ correlation is described. The drag coefficient is given by FD/(1/2)ρVS h
2πr2. In

steady state, the drag force FD is equal to the buoyancy, 4/3πr3∆ρg. When we substitute

the value of FD with buoyancy, we get the expression for CD, as shown in Equation A.1.

Additionally, from the sheared settling in power-law fluids study, an expression for the

prediction of drag was proposed (discussed in Chapter 4, Eqn 4.26). We equate the Equa-

tions A.1 and A.2 to obtain an implicit expression for predicting particle settling rate VS h

in sheared power-law fluids, as can be seen in Equation A.9.

CD =
4/3πr3∆ρg

1/2ρV2
S hπr2

=
4 ∆ρ g d
3ρV2

S h

(A.1)

CD =
24
Re

XUn(1 + A′ReB)(1 + Reδ′)b(1 + βδ′)((n−1)/2) (A.2)

Equating Eqn A.1 and Eqn A.2, we get

4 ∆ρ g d
3ρV2

S h

=
24
Re

XUn(1 + A′ReB)(1 + Reδ′)b(1 + βδ′)((n−1)/2) (A.3)

On re-arranging and replacing Re with ρ V2−n
S h dn/k, we get
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∆ρ g d =
18kXUn(1 + A′ReB)(1 + Reδ′)b(1 + βδ′)((n−1)/2)

V−n
S hdn (A.4)

VS h
−n =

18kXUn(1 + A′ReB)(1 + Reδ′)b(1 + βδ′)((n−1)/2)

∆ρ g dn+1 (A.5)

Say,

X1 = (1 + A′ReB) = 1 + A′(V2−n
S h dnρ/k)B (A.6)

X2 = (1 + Reδ′)b
= (1 + (V2−n

S h dnρ/k)δ′)b (A.7)

X3 = (1 + βδ′)(n−1)/2 = (1 + β
2W/D
VS h/d

)(n−1)/2 (A.8)

Then,

VS h =

[
∆ρ g dn+1

18kXUnX1X2X3

]1/n

(A.9)

A.2 Expression for VSh for Herschel–Bulkley fluids

A similar approach that was carried out for power-law fluids was used here in Herschel–

Bulkley fluids to obtain an expression for settling rate prediction under sheared condi-

tions. We consider the expression for drag coefficient as described in previous section

§A.1,Equation A.10 and the proposed drag correlation for Herschel–Bulkley fluids as

discussed in Chapter 5, Eqn 5.14. When we equate these equations as shown below in

Equations A.10 and A.11, we get an implicit expression for determining the particle

settling rate VS h, as can be seen in Equation A.16.

CD =
4 ∆ρ g d
3ρV2

S h

(A.10)

CD =
24
Re

XUn(1 + a n HBb)(1 + cδ′d) (A.11)

a=2.793, b=0.84, c=-0.5 and d=0.258
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4 ∆ρ g d
3ρV2

S h

=
24
Re

XUn(1 + a n HBb)(1 + cδ′d) (A.12)

VS h
−n =

18k
∆ρ g dn+1 XUn(1 + a n HBb)(1 + cδ′d) (A.13)

Say,

C1 = (1 + a n HBb) (A.14)

C2 = (1 + cδ′d) (A.15)

Then,

VS h =

[
∆ρ g dn+1

18kXUnC1C2

]1/n

(A.16)

A.3 Matlab code to determine VSh implicitly

From CD,Re, δ′ correlation described in Chapter 4, an implicit expression for settling rate

was derived, as shown in Equation A.9. To determine VS h implicitly, matlab code was

used. The code is elaborated here for n=0.5.

d=0.001;

k=0.1;

rho=1000;

del_rho=1000 m1=(dn ∗ rho)/k;

n = 0.5; xun = 1.461; vun = (delrho ∗ 9.81 ∗ d(n + 1))/(18 ∗ k ∗ xun);

A = 0.06 ∗ n4.947;

B = 1.6;

b = 0.05;

beta = 17.25;

p = 2 − n;

p1 = (n − 1)/2;

f or i = 1 : 12
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vguess = vg(i);

vsh(i) = 0;

vun = vu(i);

wall = W(i);

f cn = @(v)(v− (vun/((1 + A ∗ (vp ∗m1)B). ∗ ((1 + ((vp ∗m1 ∗wall)/(15 ∗ v)))b) ∗ ((1 + beta ∗

(wall/(15 ∗ v)))p1))));

v = f zero( f cn, vun);

vsh(i) = v

end

A.4 Sample calculation to calculate ∆ρ

A typical example of the determining of the critical particle size or critical particle density

is explained here. For the fluid rheology τy = 0.1, k=0.1, n=0.3 and d= 1 mm, the

extrapolated drag force for VU = 0 is 1.1396e−6. The calculation to determine the critical

∆ρ is shown below.

FD = FB

= π/6d3∆ρg

∆ρcritical = 219.94kg/m−3 (A.17)

Similarly the experimental criterion from the Equation 5.2 is used to find the critical ∆ρ.

∆ρcritical =
21τy
d g

= 214kg/m−3 (A.18)

We clearly see from Equations A.17 and A.18, that the percentage difference falls

within 3% and, hence, it can be said that the critical criterion provided by Jossic and

Magnin (2009) and Tabuteau et al. (2007a) compares well with our results and has rea-

sonable accuracy.
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