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Abstract

This thesis studies numerical methods for elliptic partial differential equations and optimal con-
trol problems. Second order and fourth order elliptic partial differential equations arise in various
applications, in structural engineering, image processing, thin plates, thin beams, biharmonic
problem, the Stokes problem in stream function and vorticity formulation, and so on.

A unified convergence analysis framework, known as the Hessian discretisation method (HDM),
for fourth order elliptic equations is designed and analysed in the first part of the dissertation. The
principle of the HDM is inspired by the gradient discretisation method for second order problems.
The HDM framework, introduced in Chapter 2, covers many different numerical methods such
as conforming and nonconforming finite element methods, finite volume methods and methods
based on gradient recovery operators. It is established that three properties, namely coercivity,
consistency and limit-conformity, are sufficient to prove the convergence of HDM for linear el-
liptic problems. An additional property of compactness helps to analyse fourth order semi-linear
problems with trilinear nonlinearity. This in particular applies to the stream function vorticity
formulation of the incompressible 2D Navier—Stokes problem and the von Karmén equations.
For these non-linear models, convergence is proved using two different approaches: by compact-
ness techniques, that does not require any additional smoothness or structural assumption on the
continuous solution and by error estimates, under some smoothness assumption on the solution.
The framework of Hessian schemes enables us to develop one study that encompasses numerous
classical methods. Numerical results are presented to support the theoretical estimates.

Optimal control problems have found applications in many different fields, including aerospace,
process control, robotics, bioengineering, economics, finance, and management science, and it
continues to be an active research area within control theory. The gradient discretisation method
(GDM) is a generic framework for the convergence analysis of numerical methods such as con-
forming and nonconforming finite element methods, finite volume methods and mimetic finite
difference methods for diffusion equations. In the second part of this thesis, the numerical ap-
proximation of optimal control problem governed by diffusion equation (resp. fourth order linear
elliptic equations) with Dirichlet and Neumann boundary conditions (resp. clamped boundary
conditions) using the GDM (resp. HDM) have been studied. The pure Neumann control prob-
lem is numerically analysed for the first time, even for standard finite element methods. Error
estimates of two kinds are derived for the state, adjoint and control variables. Firstly, basic error
estimates in a very generic setting are established. Secondly, considering slightly more restrictive
assumptions on the admissible control set, super-convergence results for all three variables are
derived. The theoretical results are substantiated by the output of numerical experiments.
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Chapter 1

Introduction

This introductory chapter deals with a subsection on motivation, literature survey, chapter-wise
description, notations and standard results which are frequently used throughout the thesis.

1.1 Motivation

The theory of partial differential equations is one of the main research areas in mathematics and
has applications in various fields, mainly in physics and engineering. The purpose of this thesis is
to study the convergence analysis of numerical methods for elliptic problems and optimal control
problems. Consider the simple model of the diffusion equation with homogeneous Dirichlet
boundary conditions defined by

—div(AVa) = f inQ, (1.1.1a)
i=0 ondQ, (1.1.1b)

where Q C R¢ (d > 1) is a bounded domain with boundary dQ and f € L?(Q). It is assumed
that A : Q — S;(R) is a measurable, coercive and bounded function with values in the space of
d x d symmetric matrices. The above equation arises in various frameworks such as image pro-
cessing and reservoir engineering (e.g. petroleum simulation). The flow models involve diffusion
operators such as in (1.1.1).

The variational formulation of (1.1.1) is given by

find € H_ (€) such that, for all v € H} (), / AVE-Vydx — / Fvdx.
Q Q

Existence and uniqueness of a weak solution u is a straightforward consequence of the Lax-
Milgram theorem. If Q is a convex polygonal domain and A is Lipschitz continuous, then u
belongs to H(} (Q)NH?(Q). There are a wide variety of numerical methods to approximate the
solution of this problem, such as finite element methods, discontinuous Galerkin methods and
finite volume methods.



The gradient discretisation method (GDM) is a generic framework for the convergence analysis
for diffusion equations of different kinds: linear or non-linear, steady-state or time-dependent.
The GDM [48] covers a wide range of numerical methods such as finite element methods, mixed
finite element elements, finite volume methods and mimetic methods. The GDM consists in
replacing the continuous space and operators by discrete ones in the weak formulation of the
partial differential equation (PDE). The set of discrete elements thus chosen is called a gradient
discretisation (GD), and the scheme obtained by using these elements is a gradient scheme (GS).
The variety of possible choices of GDs result in as many different GSs. Only a few core properties
are needed to ensure the convergence of a GDM. For linear problems, a GD must satisfy three
core properties; namely coercivity, consistency and limit-conformity, to give rise to a convergent
GS. The compactness and piecewise constant reconstruction are the additional properties required
to establish the convergence analysis for the non-linear equations.

The optimal control problem [109] consists of seeking a control function that minimizes a cost
functional subject to a boundary value problem. Some of its applications lie in aviation and
space technology, engineering, the life sciences, robotics and movement sequences in sports.
If the control acts in a subdomain of Q rather than the boundary, the problem is known as a
distributed control problem, whereas a boundary control problem is obtained when the control
acts through a boundary condition. The optimal control problem governed by diffusion equation
with Dirichlet boundary condition originates from the optimal stationary heating, for example,
with controlled heat source on a bounded domain. Problem of this kind arises if the body Q is
heated by electromagnetic induction or by microwaves. Assume that the boundary temperature
vanishes. Then the corresponding model problem will be a second order elliptic control problem
with distributed control and homogeneous Dirichlet boundary condition. Here the control acts as
the heat source in the domain €2 and state variable represents the temperature.

The pure Neumann control problems have wider application potential in optimisation problems
involving an integral constraint. For example, in the model of [34, 100] describing the miscible
displacement of one fluid by another in a porous medium, the pressure is subjected to an elliptic
equation with homogeneous Neumann boundary conditions. In this equation, the source terms
model the injection and production wells, and are typically the only quantities that engineers can
adjust (to some extent). Hence, considering these source terms as controls of the pressure may
lead to optimal control problems governed by pure Neumann diffusion equation, with homoge-
neous boundary conditions, zero average constraints on the state and integral constraints on the
control terms.

Fourth order elliptic partial differential equations arise in various applications, such as structural
engineering, thin plate theories of elasticity, thin beams, biharmonic problems, the Stokes prob-
lem in stream function and vorticity formulation, image processing, etc. Consider the following



fourth order linear model problem with clamped boundary conditions (BC).

d
Y, Ou(ajudjun)=f inQ, (1.1.2a)
ij.k,I=1
_ du
i=—-—=0 ondQ, (1.1.2b)
on

where Q C R¢ is a bounded domain with boundary 9Q, f € L?>(Q) and # is the unit outer normal
to Q.

Some important examples of fourth order linear elliptic problems are the biharmonic problem
and the plate problems [41]. The biharmonic equation arises in areas of continuum mechanics,
including linear elasticity theory and the solution of Stokes flows. As the Laplace problem with
Dirichlet BC models the displacement of a membrane fixed along the boundary and acted upon
by a force, the biharmonic problem with clamped BC describes the bending of a thin elastic plate
which is clamped along the boundary and acted upon by a force. If we wish to consider a plate
which is simply supported on the boundary and is fixed along it, then the boundary condition
u = 0 will be retained but the condition g—z will be replaced by some other boundary condition.
Fourth order semi-linear problems with linear biharmonic operator as the leading term and quadratic
lower order contributions appear in various domains of mechanics. They model for example 2D
incompressible flows through the stream function vorticity approach of the Navier—Stokes equa-
tions [19] and the very thin plates deformations of the von Kdrman equations [42]. There are ad-
vantages in using the stream function vorticity formulation of the incompressible Navier—Stokes
equations to compute 2D flows: the continuity equation is automatically satisfied, only one (vor-
ticity equation) transport equation has to be solved, the streamlines of the flow are given by level
curves of the stream function, and the vorticity is a conserved quantity. The two-dimensional von
Karman equations for nonlinearly elastic plates were proposed by von Kirman to describe the
transverse displacement of the middle surface of the plate and the Airy stress function. Many of
the major advances in steady-state bifurcation theory were stimulated and illustrated by studies
of buckling of plates described by these equations [42, 43].

1.2 Literature Review

The GDM is a generic framework which contains a wide class of numerical methods (finite el-
ements, mixed finite elements, finite volume, mimetic finite difference methods, etc.) for linear
and non-linear elliptic and parabolic diffusion equations (including degenerate equations), the
Navier—Stokes equations, variational inequalities, Darcy flows in fractured media, etc. See for
example [1, 50-52, 61], and the monograph [48] for a complete presentation of the GDM for var-
ious boundary conditions and models. GDM allows a complete convergence analysis for families
of numerical methods through a small number of properties depending on the considered model:
coercivity, consistency, limit-conformity, compactness and piecewise constant reconstruction.



For linear problems, a GD must satisfy three core properties, coercivity, consistency and limit-
conformity, for the convergence analysis to hold. Note that the convergence is established by
means of error estimates. Stability can be obtained through the coercivity of the discrete operators
that ensure a discrete Poincaré inequality. The consistency is nothing but the interpolation error
in the finite element framework. The limit-conformity measures the defect in the discrete Stokes
formula and should tend to zero if the underlying mesh size tends to zero. The compactness and
piecewise constant reconstruction properties are useful when dealing with non-linearities in the
PDE. To deal with low-order non-linearities (e.g. semi-linear equations), compactness property
is required that ensures a discrete Rellich theorem. The piecewise constant reconstruction is used
to control nonlinearities in the quasi-linear equations. For non-linear models, the convergence of
approximate solutions can be proved by compactness techniques. This argument does not require
any regularity of the solution and is thus of particular interest.

Numerical methods for second-order optimal control problems governed by Dirichlet boundary
condition have been studied in various articles (see, e.g., [3, 33, 77, 95, 96] for distributed control,
[4, 94] for boundary control, and references therein). For conforming and mixed finite element
methods, superconvergence result of control has been derived in [37, 38, 96] where the control
is approximated by piecewise constant functions. Even though the approximation of discrete
solution is of O(h), a postprocessing step improves the convergence rate to O(h?) [96]. However,
to the best of our knowledge, the improved error estimate which is known in literature as the
super-convergence result has not been studied for non-conforming finite element methods. One
of the consequences of our generic analysis is to establish superconvergence results for several
conforming and non-conforming numerical methods covered by gradient schemes — in particular,
the classical Crouzeix-Raviart finite element method (FEM) and the mixed-hybrid mimetic finite
difference schemes [2].

Several works cover optimal control for second order Neumann boundary value problems, albeit
with an additional (linear or non-linear) reaction term which makes the state equation naturally
well- posed, without zero average constraint, see [5, 6, 30, 78, 93]. In [27], error estimates are
obtained with order O(h3/ 2) for Neumann control problems in a two-dimensional domain under
the assumptions similar to that in [96]. To the best of our knowledge, the numerical analysis
of pure Neumann control problems, without reaction term and thus with the integral constraint,
is considered for the first time even for finite element methods. Being established in the GDM
framework, our results for this model cover a range of numerical methods, including conforming
Galerkin methods, non-conforming finite elements, and mimetic finite differences. Although
done on the simple problem, the analysis uncovers some properties of general interest, such as
the specific relation formula between the adjoint and control variables and a modified active set
algorithm used to compute the solution of the numerical scheme.

Let us also mention that for results on optimal control problems governed by second order non-
linear elliptic equations, many references are available, see for example [26, 28-32]. Piecewise
linear finite elements are used to approximate the control as well as the state for semilinear equa-
tions in [31]. Error estimates for optimal controls in L™ norm are investigated in [7, 97]. Note that
[7] is concerned with the discretisation of the control with piecewise linear functions, whereas



the control is discretised by piecewise constant functions in [97]. In both papers, error estimates
of order O(h) were proved in L norm.

Many numerical methods, most of them finite elements, have been developed over the years to
approximate the solutions of fourth order models. Each method comes with its own convergence
analysis carried out using ad-hoc techniques. Finite element method [41] is one of the popular and
classical numerical technique for solving fourth order elliptic boundary value problems. When
conforming finite elements are used, the approximation space must be a subspace of Hg(Q). The
corresponding strong continuity requirement of the function and its derivatives makes it diffi-
cult to construct such a finite element, and leads to schemes with a large number of unknowns
[16,41, 46, 101, 102]. The classical examples of conforming finite elements are the Argyris finite
elements with 21 degrees of freedom in a triangle, and the Bogner-Fox-Schmit rectangle with 16
degrees of freedom in a rectangle [41]. Contrary to these two elements, the Hsieh-Clough-Tocher
element is a macro conforming finite element, i.e. it is composed of subelements with piecewise
polynomial functions. The nonconforming finite element method (ncFEM) relaxes the continu-
ity requirement and hence employ fewer degrees of freedom, which has a great impact on the
resulting scheme. For the fourth order problems, two interesting nonconforming elements are
the Adini rectangle and the Morley triangle [41]. The functions in Adini finite element space
are continuous on €2, but not continuously differentiable. The advantage of Morley FEM is that
it uses piecewise quadratic polynomials for the approximation and hence is simpler to imple-
ment. The finite element methods are well-developed for the fourth order partial differential
equations with variable constant coefficients, biharmonic problem and the bending problem, see
[8, 12, 62, 63, 82, 85, 86, 88, 99, 103, 111]. Under regularity assumption on the solution i, it
is well-known that the conforming and nonconforming finite element methods give a linear rate
of convergence in the energy norm and quadratic rate of convergence (or better) in the L? and
H' norms. The convergence analysis for the conforming finite element methods can be found
in [41]. Error estimates for some nonconforming finite elements for the thin and very thin plate
bending problems were studied in [85, 87, 92] and references therein.

In [83], a finite element method for the biharmonic equation is presented; this method is based
on gradient recovery (GR) operator, where the basis functions of the two involved spaces satisfy
a condition of biorthogonality. The main idea is to use the gradient recovery operator to lift the
non-differentiable, piecewise-constant gradient of [P; finite element functions into the PP; finite
element space itself; the lifted functions are thus differentiable, and can be used to compute some
kind of Hessian matrix of [P finite element functions, see [81-83] for more details. Ensuring the
coercivity of the method in [83] on generic triangular/tetrahedral meshes however requires the
addition of a stabilisation term. We also refer to [35] for the application of the gradient recovery
operator to fourth order eigenvalue problems. Under the regularity assumptions, error estimate
for the gradient recovery method between the gradient and the approximation of the gradient of a
solution were investigated in [75, 112] and a quadratic order of convergence is established if the
mesh is regular.

A cell-centered finite volume scheme for the approximation of a biharmonic problem with Dirich-
let boundary conditions was proposed and analyzed in [59], first on grids which satisfy an orthog-



onality condition known as A-adapted discretisations, and then on general meshes. The interest
of the method in [59] is that it is easy to implement, computationally cheap and requires only
one unknown per cell. These methods are designed on the principle that it preserves the flux
balance and conservative equations. If the solution # belongs to C*(Q) N H3 (Q), [59, Theorem
4.3] provides an O(hl/ 5) estimate for the finite volume method (FVM) based on A-adapted dis-
cretisations. Our analysis slightly improves this result in the HDM framework. Error estimates
are obtained using only three properties of HD. If the solution % belongs to H*(Q) N H&(Q), then
O(h'/*|In(h)|) error estimate is obtained for the Hessian scheme based on the HD. However, an
O(h?) superconvergence rate in L? norm has been numerically observed.

The von Karmdn equations [42] is a system of fourth order semi-linear elliptic equations that de-
scribes the bending of very thin elastic plates. The numerical analysis of von Karmén equations
has been studied using conforming finite element methods in [18, 91], Morley nonconforming fi-
nite element method in [92], mixed finite element methods in [19, 98], C interior penalty method
in [15] and discontinuous Galerkin method in [24]. To the best of our knowledge, the Adini non-
conforming finite element method and the method based on gradient recovery operator have not
been studied in literature. For the stream function vorticity formulation of the incompressible
2D Navier—Stokes equation, we refer to [24] and the references therein. The HDM framework
provides a unified framework for the convergence analysis of several numerical methods, such
as, the conforming and non-conforming finite element methods and methods based on gradient
recovery operators in an abstract setting. Four properties namely, the coercivity, consistency,
limit-conformity and compactness establish the convergence analysis in HDM framework. In
addition, a companion operator yields the error estimates and examples of these operators are
provided for the finite element methods.

In [23, 64], mixed finite element methods have been proposed and analyzed for a distributed op-
timal control problem governed by the biharmonic equation with clamped boundary conditions
while a C? interior penalty method is analyzed in [73] for biharmonic optimal control problem.
In [39], an energy space based approach for Dirichlet boundary control problem governed by
biharmonic equation has been investigated. An abstract framework for the error analysis of dis-
continuous finite element methods applied to control constrained optimal control problems has
been developed in [40]. Error analysis for a stable C? interior penalty method is derived for gen-
eral fourth order problems on polygonal domains under minimal regularity assumptions on the
exact solution in [72]. The last part of this dissertation focusses on the control problem governed
by fourth order linear elliptic equations with clamped boundary condition in the HDM framework
and thus applicable to several numerical methods, including the conforming FEMs, the Adini and
Morley non-conforming FEMs, the gradient recovery methods and the FVMs. A generic error
estimate and superconvergence result are established for state, adjoint and control variables.

1.3 Organization and Contributions of the Thesis

Chapter 1 deals with motivations for this study, literature survey, notations and some standard
results. In Chapter 2, a unified convergence analysis framework known as the Hessian discreti-

6



sation method has been designed [53]. The principle of the HDM is inspired by the GDM for
second order problems. The HDM is based on four discrete elements (called altogether a Hessian
discretisation) and a few intrinsic indicators of accuracy, independent of the considered model.
These elements are then substituted, in the weak formulation of the model, to the correspond-
ing continuous space and operators, giving rise to a numerical scheme; this scheme is called a
Hessian scheme (HS). In the GDM, the definition of a gradient discretisation is independent of
the differential operator. Here, the definition of Hessian discretisation depends on a fourth order
tensor B, that appears in the differential operator (see Definition 2.3.1). This is justified by the
fact that some methods (such as the finite volume method presented in Section 2.3.1) are not built
on an approximation of the entire Hessian of the functions, but only on some of their deriva-
tives (such as the Laplacian of the functions). An error estimate is obtained (Theorem 2.4.4),
using only a few intrinsic indicators, namely, coercivity, consistency and limit-conformity, when
the HDM framework is applied to linear fourth order problems. It is shown that HDM covers
a large number of numerical methods for fourth order elliptic problems: conforming and non-
conforming finite element methods as well as finite volume methods. We also use the HDM
to design a novel method, based on conforming P; finite element space and gradient recovery
operators. Further, improved L?> and H'-like error estimates (Theorems 2.5.1 and 2.6.2) are es-
tablished in the framework of HDM and applied it to various schemes [104]. Results of numerical
experiments are presented for the novel scheme based on gradient recovery operator and for finite
volume schemes.

Chapter 3 deals with the HDM for fourth order semi-linear elliptic equations with a trilinear
nonlinearity in an abstract setting. This abstract result applies to the incompressible 2D Navier—
Stokes equations in vorticity formulation and the von Karman equations of plate bending. Some
examples of HDM are presented, such as the finite element methods (conforming and non-
conforming) and methods based on gradient recovery operators. The convergence analysis is
established in HDM with the help of four properties, namely coercivity, consistency, limit-
conformity and compactness, associated with the HD. For linear models, limit-conformity de-
fect measures the error in the discrete Stokes formula between the reconstructed Hessian and
the reconstructed function and this limit-conformity is sufficient to analyse the convergence of
the HDM for linear models. However, the non-linear model involves the gradient, and hence
limit-conformity measure between the reconstructed gradient and the reconstructed function is
necessary to identify during the convergence analysis along with the limit-conforming measure
considered in the linear case. The convergence analysis is first proved by compactness techniques
using these four properties without assuming any regularity of the continuous solution (Theorem
3.5.1). Then, upon assuming some structural properties of the continuous solution, an error es-
timate is obtained for the HDM approximation of the considered non-linear models (Theorem
3.5.12). Results of numerical experiments are presented for the Morley FEM and gradient recov-
ery method, a specific scheme that fits into the framework of the HDM and that is designed based
on cheap, local reconstructions of higher-order derivatives for piecewise linear functions.

In Chapter 4, optimal control problems governed by diffusion equations with Dirichlet and Neu-
mann boundary conditions are investigated in the framework of the gradient discretisation method



[55]. Here, the state equation considered in the Neumann control problem has a reaction term.
Gradient schemes are defined for the optimality system of the control problem. Basic error esti-
mates that provide a linear convergence rate for all the three variables (control, state, and adjoint)
for low order schemes under standard regularity assumptions are established (Theorem 4.3.2).
Given that the optimal control is approximated by piecewise constant functions, the convergence
rates are optimal. An improved error estimate has been proved for optimal controls, state and
adjoint variables with the help of a post-processing step (Theorems 4.3.6 and 4.3.7). These
super-convergence results are shown to apply to non-conforming P finite elements, and to the
mixed/hybrid mimetic finite differences. Results of numerical experiments are demonstrated for
the conforming, non-conforming and mixed-hybrid mimetic finite difference schemes.

Chapter 5 discusses the GDM for distributed optimal control problems governed by diffusion
equation with pure Neumann boundary condition and zero average constraint [56]. Optimal
order error estimates for the state, adjoint and control variables for low order schemes are derived
under standard regularity assumptions (Theorem 5.4.1). For the pure Neumann control problem,
without reaction term, one of the objectives is to establish a projection relation between control
and adjoint variables (Lemma 5.4.9). This relation, which is non-standard since it has to account
for the zero average constraints, is the key to prove the super-convergence result for all three
variables (Theorem 5.4.5). A modified active set strategy algorithm for GDM that is adapted
to this non-standard projection relation has been designed. Numerical experiments performed
using a modified active set strategy algorithm for conforming, nonconforming and mimetic finite
difference methods confirm the theoretical rates of convergence.

Chapter 6 deals with the optimal control problems governed by fourth order linear elliptic equa-
tions with clamped boundary conditions in the framework of the HDM. Basic error estimates and
superconvergence results for the state, adjoint and control variables are established in the HDM
framework (Theorems 6.3.2 and 6.3.5). Since HDM covers the conforming FEMs, the Adini
and Morley ncFEMs, the GR methods and the FVMs, the basic error estimates is valid for these
methods. The superconvergence result for control is established under the superconvergence as-
sumption for the state equation and a few other assumptions. These assumptions are verified
for the conforming FEMs, the Adini and Morley ncFEMs and the GR methods. Numerical ex-
periments are implemented for the gradient recovery method and the finite volume method to
substantiate the theoretical results.

Chapter 7 presents the summary and conclusion of the present work and the possible extension of
our work along with the future plan of work. An appendix is presented that proves some technical
results used in the thesis, a general construction to get a companion operator for any HDM. The
L error estimate and bound for the mixed hybrid mimetic schemes in the GDM framework are
also derived.

1.4 Preliminaries

Standard notion applies to Lebesgue and Sobolev spaces [16, 57] in this dissertation. Let  be
a bounded domain in R (d > 1) with boundary 9, where d is the dimension. The norm in
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L*(Q), L*(Q)? for vector-valued functions, and L?(Q;R¢*¢) for matrix-valued functions, are
denoted by ||||. For r > 0, the norm in L*(Q)" is denoted by || - ||;4. Let Sz(R) be the set of
symmetric matrices. The Euclidean norm on R? is denoted by |-|, as is the induced norm on
S;(R). The Lebesgue measure of a measurable set E C R? is denoted by |E| (note that the nature
of the argument of |-|, a vector, a matrix or a set, makes it clear if we talk about the Euclidean
norm or the Lebesgue measure). For real-valued functions f, g defined on domain €,

(f.8)i= | fodx

Q

For non-negative integers m and 1 < p < oo, let W (Q) denote the Sobolev space
WP(Q) :={f €LP(Q): D*f €LP(Q),|a| <m},

with the norm

1
P
1S llmp = ILf [lwmr (@) == ( ) HDainJP(Q)) ’

|(X|§m
and for p = oo,
£ lwme(q) := max [[D*f||=(q),
|a|<m
where & = (@, ,0) is a multi-index and the length of « is given by |o| := Y9 | o. The
Hilbert spaces W"2(Q) are denoted by H™(Q). The semi-norm on W”?(Q) is denoted by

1
|+ lmp,o and is defined by (@[, p.0 = [@lwmr(@) = <Z‘a‘zm|D“(p|€P(Q)> ”. When p = 2, the
semi-norm is denoted by |- |, .

Let C(Q) represent the space of the continuous functions on Q. Let k be a non-negative integer
and C*(Q) denote the space of k times continuously differentiable functions on Q. The set of all
infinitely differentiable functions defined on Q with compact support in Q is denoted by D(€2).
Define the space W, "’ (Q) as the closure of D(Q) in W™?(€). Denote H () to be the dual
space of Hjj'(Q) equipped with the norm

1 flle-m(q) == SUP{— 18 € Hy' (Q), |lgllum@) # 0},
gllime)

where (-,-) denotes duality pairing between Hj'(Q2) and H~"(Q).

A fourth order symmetric tensor P is a linear map Sy(R) — S;(R),where p; ji; denote the indices
of the fourth order tensor P in the canonical basis of S;(R). For simplicity, we follow the Einstein
summation convention unless otherwise stated, i.e, if an index is repeated in a product, summation
is implied over the repeated index. For & € S;(R), using the definition of symmetric tensor, one
has P€ € S;4(R) and p;ji; = pjiri = pijik- The scalar product on S;(R) is defined by & : ¢ = &;;¢;;.
For a function & : Q — S;(R), denoting the differential operator by H we set H : & = d;;&;.
Finally, the transpose P of P is given by P* = (py;;), if P = (p;ju). Note that P*8 : ¢ =& : P¢.
The tensor product a ® b of two vectors a,b € R is the 2-tensor with coefficients a;b -

9



Definition 1.4.1 (Polytopal mesh [48, Definition 7.2]). Let Q be a bounded polytopal open subset
of RY (d > 1). A polytopal mesh of Qis T = (M, F,P), where:

1. Misa finite family of non empty connected polytopal open disjoint subsets of Q (the cells)
such that Q = Uge K. For any K € M, |K| > 0 is the measure of K, hx denotes the
diameter of K, Xk is the center of mass of K, and ng is the outer unit normal to K.

2. F is a finite family of disjoint subsets of Q (the edges of the mesh in 2D, the faces in 3D),
such that any 6 € F is a non empty open subset of a hyperplane of R? and 6 C Q. Assume
that for all K € M there exists a subset Fg of F such that the boundary of K is ¢ r, O.
We then set Mg = {K € M; 0o € Fg} and assume that, for all 6 € F, Mg has exactly
one element and 6 C dQ, or Mg has two elements and 6 C Q. Let Fiy be the set of all
interior faces, i.e. ¢ € F such that 6 C Q, and Fex; the set of boundary faces, i.e. 6 € F
such that 6 C dQ. The (d — 1)-dimensional measure of ¢ € F is |0|, and its centre of mass
is Xg-

3. P = (xk)kem Is a family of points of Q indexed by M and such that, for all K € M,
xg € K. Assume that any cell K € M is strictly xg-star-shaped, meaning that if x € K then
the line segment [xk,x) is included in K.

The diameter of such a polytopal mesh is h = maxgecam hi.

Figure 1.1: A cell K of a polytopal mesh

Figure 1.1 illustrates an example of a cell K of a polytopal mesh 7. For all K € M, set Fg in¢ =
Fk N Fine and Fg exy = Fg N Fext. For K € M and o € Fg, let ng s be the unit vector normal
to o outward to K. For all o € F, choose an orientation (that is, a cell K such that o € Fx) and
then set ng = ng ¢.

We assume that the mesh M satisfies minimal regularity assumptions, namely, Xx € K and de-
noting by px = max{r > 0; B(Xg,r) C K} the maximal radius of balls centred at Xx and included
in K, then there exists 7 > 0 (independent of /) such that

VKeM,n> hi (1.4.1)
Pk
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The set of internal vertices of M (resp. vertices on the boundary) is denoted by Vip (resp. Vext)-
Let hs denotes the diameter of o € F. Let kK > 0 be an integer and K € M. Let the space of
polynomials of degree at most & in K be denoted by P (K) and P; (M) be the broken polynomial
space defined by Py (M) := {v € L™(Q) : vig € Pt(K) VK € M}.

Some standard results

We state some results which are very frequently used in this dissertation.

* Young’s Inequality. For all non-negative real numbers a, b and positive €,
2 bZ

Ea
p< &
W= T

* Discrete Holder’s inequality. Let 1 < p,q < o be such that 1 /p+ 1/g = 1. Suppose that
{a;} | and {b;}Y | are positive numbers. Then

N 1/p N 1/q
a,-bi S (Zaf’) (Z b?) .
i=1 i=1 i=1

 Holder’s inequality. [16, p. 24] For 1 < p,q < e suchthat 1 =1/p+1/q, if ¢ € LP(Q)
and v € L9(Q), then ¢y € L' (Q) and

M=

oWl @) < 19llr@)llVliLie)-

* Generalized Holder’s inequality. Let | < p,q,r <o be such that 1 /p+1/g+1/r=1.
Suppose that ¢ € LP(Q), y € L9(Q) and x € L"(Q). Then

lowxlli) < 19l lvllza@ll Xl @)

* Schauder’s fixed point theorem. [57, p. 502] Let X be a real Banach space. Suppose
K C X is compact and convex, and assume that S : K — K is continuous. Then § has a fixed
point in K.

+ Divergence-free property. [57, p. 440] Let £ : @ — R? be a smooth vector-valued func-
tion. Then the cofactor matrix cof(D&) of the gradient matrix D& of & satisfies the follow-
ing divergence-free row property:

2
div(cof(DE)); = ; aixj(cof(z)é))ij =0fori=1,2,

where (cof(D&)); and (cof(DE));; denote the i-th row and the (i, j)-th entry of cof(DE),
respectively.
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* Poincaré Inequality. For all u € Wol’p (Q), we have

[ullzr (@) < diam(Q)[|Vul|pq)a-

* The Trace Inequality. [110, pp. 87] The following discrete and trace inequalities hold
for triangles (resp. tetrahedra) and rectangles (resp. hexahedra) in 2D (resp. 3D) under
the regularity assumption (1.4.1). For every element K, every edge o € Fg , and every
function v € H'(K), the following trace inequality holds:

~1/2 1/2
IMz2(0) < C i IVllzgiy + 1191200
where C > 0 is a constant independent of 4.

* Discrete Inverse Inequality. [45, pp. 26] For all v, € P,(M) and all K € M, there exists
a constant C > 0 independent of % such that

IVvallr2xya < Chic lvall 2 k-

* Discrete Trace Inequality. [45, pp. 27] For all v, € P (M), all K € M and all ¢ € Fkg,
there exists a constant C > 0 independent of % such that

—1/2
Wil 20y < Chig 11l 21

* Existence and uniqueness of the solution to optimal control problems. [57, Theorem
2.14] Let {U,| - ||y} and {H,|| - ||z} denote real Hilbert spaces and let a nonempty, closed
and convex set U,q C U, as well as some y; € H and constant & > 0 be given. Moreover,
S :U — H be a continuous linear operator. Then the quadratic Hilbert space optimization
problem
. 1 2 %y

min f(u) := 5 |Su—yallf+ 5l

u€Uyq

admits a unique optimal solution .
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Chapter 2

The Hessian discretisation method for
fourth order linear elliptic equations

This chapter is devoted to the study of Hessian discretisation method (HDM) which covers several
numerical schemes and establishes convergence analysis in an abstract framework for fourth

order linear elliptic partial differential equations!.

2.1 Introduction

In this chapter, a generic analysis framework, the Hessian discretisation method (HDM) is de-
signed. It applies for fourth order linear elliptic equations and is based on three abstract proper-
ties namely coercivity, consistency, and limit-conformity that ensure the scheme’s convergence.
Some examples that fit in this approach include conforming and non-conforming finite element
methods, finite volume methods and a novel scheme based on conforming IP; finite element space
and gradient recovery operators.

The principle of the HDM is to describe a numerical method using a set of four discrete objects,
together called a Hessian discretisation (HD): the space of unknowns, and three operators recon-
structing respectively a function, a gradient and a Hessian. Each choice of HD corresponds to a
specific numerical scheme. The beauty of the HDM framework is that it identifies the three afore-
mentioned model-independent properties on an HD that ensure that the corresponding scheme
converges for a variety of linear models.

Note that the interest of the HDM is that it extends the analysis beyond the setting of FEMs. In
particular, it covers situations where the second Strang lemma [106, 107] cannot be applied either
because the continuous bilinear form cannot be extended to the space of discrete functions, and

'Some of the results in this chapter are published in Jéréme Droniou, Bishnu. P. Lamichhanne and Devika Shy-
laja. The Hessian discretisation method for fourth order linear elliptic equations. Journal of Scientific Computing,
32p, 2018. DOI: 10. 1007/s10915-018-0814-7. URL: https://arxiv.org/abs/1803.06985 and the remaining results
are communicated in Devika Shylaja. Improved L* and H' error estimates for the Hessian discretisation method,
2019. URL: https://arxiv.org/abs/1811.05429.
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match with the discrete bilinear form, or even because the discrete space used in the scheme is
not a space of functions (and the sum of the continuous and discrete spaces does not make sense).
The HDM is an extension to fourth-order equations of the gradient discretisation method [48],
developed for linear and non-linear second-order elliptic and parabolic problems.

Finite element methods have been studied extensively for fourth order linear problems. Conform-
ing finite element (for example, the Argyris triangle, the Bogner—Fox—Schmit rectangle) methods
for fourth order elliptic equations requires the approximation space to be a subspace of Hg(Q),
which results in C' finite elements that is cumbersome for implementations [41, 46, 101]. The
nonconforming Morley elements which are based on piecewise quadratic polynomials are sim-
pler to use and have fewer degrees of freedom (6 degrees of freedom in a triangle). The Adini
element is a well-known nonconforming finite element on rectangular meshes with 12 degrees
of freedom in a rectangle. For an analysis of finite element approximation by a mixed method,
see [20, 63]. In [83], a finite element approximation based on gradient recovery (GR) operator
for a biharmonic problem using biorthogonal system has been studied, where the approximation
properties of the GR operator ensure the optimality of the finite element approach. The GR oper-
ator maps an L? function to a piecewise linear globally continuous H' function, which enables to
define a Hessian matrix starting from PPy functions, see [§1-83] for more details. A cell-centered
finite volume scheme for the approximation of a biharmonic problem has been proposed and
analyzed in [59], first on grids which satisfy an orthogonality condition, and then on general
meshes. This scheme is based on approximations by piecewise constant functions and is thus
easy to implement and computationally cheap.

This chapter is organised as follows. In Section 2.2, the model problem is introduced and some
important examples of fourth order linear problems are listed. The Hessian discretisation method
is presented in Section 2.3, together with some examples of HDM. In Section 2.4, a generic error
estimate is established in L2, H' and H?-like norms using only three measures of accuracy in the
HDM framework and applied it to various schemes. It is shown that the error estimate established
in the HDM slightly improves the estimates found in [59], see Remark 2.4.13 below. Section 2.5
deals with improved L? error estimates for the HDM and the improved H'-like error estimate
is presented in Section 2.6. The Aubin—Nitsche duality arguments are applied to establish the
improved L? estimate and these have higher order of convergence compared to the estimate in
the energy norm in the abstract framework. However, for the H!-like error estimate, this is
not straightforward. Under the assumption that there exists a companion operator that lifts the
discrete space to the continuous space with certain properties, an improved H !-like error estimate
is proved in the abstract setting. These estimates are illustrated for some schemes contained in the
HDM framework. Since an improved L? estimate is not true in general for FVM even in the case
of second order problems ([54] and references therein), a modified FVM is designed in which
only the right-hand side in the Hessian scheme is modified and an L? superconvergence result is
proved for this modified scheme. Numerical results are presented to substantiate the theoretical
convergence rate established in the HDM for the gradient recovery method, finite volume method
and modified finite volume method in Section 2.7.
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2.2 Model problem

Let Q C R%(d > 1) be a bounded domain with boundary dQ and consider the following fourth
order model problem with clamped boundary conditions.

d
Y, Ou(ajudjun)=f inQ, (2.2.1a)
i,j,k,l=1
=" _0 onoq, (2.2.1b)
on

where f € L*(Q), n is the unit outer normal to Q, x = (x1,X2,...,x;) € Q and the coefficients
Qi ki (x) are measurable bounded functions which satisfy the conditions a; ikl = Ajikl = Ajjik = kljj
fori, j,k,l=1,--- ,d. Forall £,¢ € S;(R), assume the existence of a fourth order tensor B such
that A : ¢ = BE : B¢, where A is the four-tensor with indices a; ji;. Note that BS : B¢ = B*BE : ¢,
so that A = B"B.

Setting

V=H}Q)= {v e H*(Q);v = >

1%
" —0on 89} ={ve H*(Q);v=|Vy|=00n0Q},
the weak formulation of (2.2.1) is

Findu € V such that Vv €V, a(u,v) = / fvdx, (2.2.2)
Q

where a(i,v) = [o HPu: HBv dx with HBv = BHv. Note that [, HB%: HBvdx = [ AHu: Hvdx,
since A = B*B. We assume in the following that B is constant over Q, and that the following
coercivity property holds:

3p > 0 such that | H5v]| > p|vilg2q) Vv € Hy(Q). (2.2.3)
Hence, the weak formulation (2.2.2) has a unique solution by the Lax—-Milgram lemma.

Remark 2.2.1. Adapting the analysis of Section 2.3 to B dependent on x € Q is easy, provided
the entries of B belong to W (Q).

2.2.1 Examples

Two specific examples of the abstract problem (2.2.1) are given now.

Biharmonic problem

Given f € L*(Q), the biharmonic problem seeks u such that

A’u= finQ, u= ? =0in 9Q (2.2.4)
n
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where the biharmonic operator A? is defined by A% = @ + Oyyyy + 2@xxyy. The weak formula-
tion of this model is given by (2.2.2) provided that B is chosen to satisfy

/%BM:HBvdx:/AuAvdx.
Q Q

One possible choice of B is therefore to set BE = \/5» Id for & € S;(R) (where Id is the identity

matrix), in which case HZ = A. When Q is convex, this choice of B satisfies (2.2.3). Since
JoAuAvdx = [, Hu : Hvdx, another possibility is to set B as the identity tensor (B = &), in
which case #? = H. By the Poincaré inequality, (2.2.3) is satisfied.

Plate problem
The clamped plate problem [41, Chapter 6] corresponds to (2.2.2) with d = 2 and left-hand side
a(u,v) is given by

/ AulAv+ (1 - ’)/) (Zalzualzv — d1 udyv — 822u811v) dx. (2.2.5)
Q

Here, the constant 7y is the Poisson’s ratio which lies in the interval (0, %) Note that (2.2.5)

is equal to [y AHu : Hvdx, where the fourth order tensor A has non-zero indices aji1; = 1,
aymn =1,a1210=(1=7),a2101 = (1—7),a1122 =yand ax| = }/ Its ‘square root’ can be defined

as the tensor B with non-zero indices by111 = by = \/ It —5— b1122 =by = 1— V17
and b1212 = ba121 = /1 — 7. It can be checked that (2.2.3) holds since, for some p > 0, A€ : f
p2|E|* for all € € Sy(R).

2.3 The Hessian discretisation method

In this section, the Hessian discretisation method and some examples are presented.

Definition 2.3.1 (B—Hessian discretisation). A B—Hessian discretisation for clamped boundary
conditions is a quadruplet D = (Xp o,I1p, Vp, H%) such that

* Xp is a finite-dimensional space encoding the unknowns of the method,
e IIp:Xpop — L?(Q) is a linear mapping that reconstructs a function from the unknowns,

* Vp:Xpoy— LZ(Q)d is a linear mapping that reconstructs a gradient from the unknowns,

H% :Xpo— L>(Q:R9*9) is a linear mapping that reconstructs a discrete version of H® :=
BH from the unknowns. It must be chosen such that || - ||p := ||H%, - || is a norm on Xp g.

Remark 2.3.2 (Dependence of the Hessian discretisation on B). In the (2nd order) gradient dis-
cretisation method, the definition of a gradient discretisation is independent of the differential
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operator. Here, the definition of Hessian discretisation depends on B, that appears in the differ-
ential operator. This is justified by the fact that some methods (such as the finite volume method
presented in Section 2.3.1) are not built on an approximation of the entire Hessian of the func-
tions, but only on some of their derivatives (such as the Laplacian of the functions). Although
it might be possible to enrich these methods by adding approximations of the ‘missing’ second
order derivatives (as done in [47] in the context of the GDM), it does not seem to be the most
natural way to proceed, and it leads to additional technicality in the analysis. Making the defi-
nition of HD dependent on the considered model through B enables us to more naturally embed
some known methods into the HDM.

Note however that a number of FEMs provide approximations of the entire Hessian of the func-
tions (see Sections 2.3.1). For those methods, a B-Hessian discretisation is built from an 1d-
Hessian discretisation (that is independent of the model) by setting H% = BHIS.

If D= (XQO, IIp, VD,H%) is a B—Hessian discretisation, the corresponding scheme for (2.2.1),
called Hessian scheme (HS), is given by

Find up € Xp  such that for any vp € Xp o,

(2.3.1)
ap(up,vp) = /QfHDVD dx,
where ap(up,vp) = [o H%up : H%VD dx. This HS is obtained by replacing, in the weak formu-
lation (2.2.2), the continuous space V by Xp o, and by using the reconstructions Ilp and ’H% in
lieu of the function and its Hessian.

2.3.1 Examples

This subsection presents particular HDMs. The first set of examples discuss conforming and non-
conforming finite element methods that fit into the HDM framework. Next is a novel scheme that
is based on gradient recovery operators, that are constructed using biorthogonal basis. Then, we
show that a finite volume method is an example of HDM.

Classical FEMs fitting into the HDM

It is shown that well-known finite element schemes fit into the Hessian discretisation method with
d = 2, that is, they are Hessian schemes for particular choices of Hessian discretisations.

CONFORMING METHODS:

For conforming finite elements, the finite element space V}, is a subspace of the underlying Hilbert
space Hg(Q). The B-Hessian discretisation is defined by Xp o =V}, and, for vp € Xp o, [Ipvp =
vp, Vpvp = Vvp and ’H%VD = HBvp.

Recall the polytopal mesh defined in Chapter 1 (Definition 1.4.1). Three finite elements that meet
this requirement are the Argyris, Hsieh-Clough-Toucher and Bogner-Fox-Schmit finite elements.

e THE ARGYRIS TRIANGLE [41]: The Argyris triangle (see Figure 2.1) is a triplet (K,Px,Xk)
where K is a triangle with vertices ay, az, a3 and a;; = %(ai +aj),1 <i< j<3 denote the

17



) al(f @far

Figure 2.1: Argyris triangle and Bogner-Fox-Schmit rectangle

ay

Figure 2.2: Hsieh-Clough-Toucher triangle

midpoints of the edges of K, Px = IPs(K), space of all polynomials of total degree < 5 in two
variables defined on K (dim Px = 21), and Xx denote the degrees of freedom given by: for
p € Pk,

d
Yk = {P(ai% dip(a;),dp(a;), dnp(ai), diap(ai), dzpla;), 1 <i< 3;8—5(01';), 1<i<j< 3}.

A modification to the Argyris triangle is the Bell’s element [41] which suppresses the values of
the normal derivatives at the three midpoint sides, and reduces the number of degrees of freedom
to 18 per element.

e BOGNER-FOX-SCHMIT RECTANGLE [41]: The Bogner-Fox-Schmit rectangle (see Figure 2.1)
is a triplet (K,Pg,Xg) where K is a rectangle with vertices a;, 1 <i <4, Pg = 03(K), the poly-
nomials of degree < 3 in both variables (dim Px = 16), and Xk is given by:

Yk = {p(ai), dip(ai), hp(ai), dop(ai), 1 <i<4}.

e HSIEH-CLOUGH-TOUCHER TRIANGLE [41]: The Hsieh-Clough-Tocher (HCT) triangle is an
example of composite finite element (also known as macroelement) of class C! (see Figure 2.2).
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In the HCT triangle, the triangle K € M is first decomposed into three triangles by connecting its
barycenter with each of its vertices. On each of the subtriangles a cubic polynomial is constructed
so that the resulting function is C! on the original triangle. There are a total of 12 degrees of
freedom per triangle, which consist of the function values and first partial derivatives at the three
vertices of the original triangle in addition to the normal derivative at the midpoints of the edges
of the original triangle.

NON-CONFORMING METHODS:

Two well-known nonconforming finite elements [41] , the Adini element and the Morley element,
are discussed below.

e THE ADINI RECTANGLE: Assume that Q can be covered by mesh M made up of rectangles
(we restrict the presentation to d = 2 for simplicity). The element K consists of a rectangle with
vertices {a;,1 <i <4} (see Figure 2.3, left); the space Px is given by Px = P3(K) & {x1x3} &
{x?xz}, by which we mean polynomials of degree < 4 whose only fourth-degree terms are those
involving xlx% and x?xz. Thus P3 C Pk. The set of degrees of freedom in each cell is

Yk = {p(ai),81p(ai),82p(ai), 1<i< 4}.

The global approximation space is then given by

Vi=:Av, € Lz(Q); vi|lk € Pk VK € M, vy, and Vv, are continuous at

the vertices of elements in M, v;, and Vv, vanish at vertices on dQ}.
Note that V;, C H}(Q) N C%(Q). We define the broken B~Hessian H%, : V, — L*(Q)?* by
Vv, €V, VK € M, Vx € K, H%vh(x) = HB(Vh|K).

Definition 2.3.3 (Hessian discretisation for the Adini rectangle). Each vp € Xp g is a vector of
three values at each vertex of the mesh (with zero values at boundary vertices), corresponding to
function and gradient values, I1pvyp is the function such that the values of (HDVD)| x € Px and
its gradient at the vertices are dictated by vp, Vpvp = V(Ilpvp), and H%VD = Hﬁ/l (Ilpvp) is
the broken HB of TIpvp.

as

a

®

@a2 aj l a2

Figure 2.3: Adini rectangle and Morley triangle

19



e THE MORLEY ELEMENT: For d = 2, the Morley FEM is an example of Hessian discretisation
method. For a triangle K € M with vertices ay, ay, as, let ajz, a3 and a3 denote the midpoint
of the edges opposite to the vertices a3, a; and a, respectively (see Figure 2.3, right). The
Morley finite element is a triplet (K,Pg,YXg) where K is a triangle in M, Px = P»(K), space of
all polynomials of degree < 2 in two variables defined on K (dim Px = 6) and Xk denote the
degrees of freedom given by:

d
Yk = {P(ai),l <i< 3;8—p(a,-,~),1 <i<j< 3}.
n

Then the nonconforming Morley element space associated with the mesh M is defined by

V, =: {<p € Pp(M)|¢ is continuous at Vi and vanishes at Vext,

Vo € Fint / I[&_q)ﬂ ds =0; V0o € Fext, a—¢ds = 0}.
o 8n

oal’l

Definition 2.3.4 (Hessian discretisation for the Morley triangle). Each vp € Xp g is a vector of
degrees of freedom at the vertices of the mesh (with zero values at boundary vertices) and at
the midpoint of the edges opposite to these vertices (with zero values at midpoint of the boundary
edges). The function Ilpvyp is such that (Ilpvp) K € Px with Ilpvp (resp. its normal derivatives)
takes the values at the vertices (resp. at the edge midpoints) dictated by vp, Vpvp =V p(Tlpvp)
is the broken gradient of lpvp and Hpvp = Ha(Ilpvp) is the broken Hessian of Tlpvp.

Method based on Gradient Recovery Operators

Let V;, be an H(%—conforming finite element space that contains the piecewise linear functions
with underlying mesh M = M. The gradient Vu of u € Vj, is well defined, but its second
derivative VVu is not. In order to compute some sort of second derivatives, consider a projector
Qy : L*(Q) — Vj,, which is extended to L?(Q)¢ component-wise. Then Vu can be projected
onto Vf, and the resulting function Q;,Vu € Vhd is differentiable. Therefore, V(Q;,Vu) can be
considered as a sort of Hessian of u. However, it not necessarily clear, for some interesting
choices of practically computable Q;, (see Remark 2.3.6), that this reconstructed Hessian has
proper coercivity properties (2.4.1). We therefore also consider a function &) whose role is to
stabilise this reconstructed Hessian.

Let (Vi,, On, I, S1,) be a quadruplet of a finite element space V), C Hé (Q), a reconstruction oper-
ator Qy, : L? (Q) — Vj, that is a projector onto Vj, (that is, Q;, = Id on V},), an interpolation operator
I, : H3(Q) — V;, and a stabilisation function &), € L*(Q)¢ such that the following properties are
satisfied, with constants C not depending on 4.

(PO) [Structure of Vy, and I,] The inverse estimate ||Vz|| < Ch~!||z|| holds for all z € V}, and, for
¢ € H§ (Q), we have [[VIp — Vol < Chll@| 42 ().
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(P1) [Stability of Qp,] For ¢ € L*(Q), we have ||Q,0] < C||¢]|.

(P2) [Q,V1, approximates V] For some space W densely embedded in H>(Q) NHZ(Q) and for
all y € W, we have |Q, VI, — V|| < CR?|\wllw.

(P3) [H' approximation property of Q4] For w € H*(Q)NH(Q), we have ||[VQuw — Vw|| <
Ch||wlp2(qy)-

(P4) [Asymptotic density of [(QnV — V) (V},)]*] Setting N, = [(Q,V — V)(V3,)]+, where the or-
thogonality is considered for the L?(Q)“-inner product, the following approximation prop-
erty holds:

i — < 1 d
“;g{vhl\uh @l < Chl[@|| (e, Yo € H ()7,

(P5) [Stabilisation function] 1 < |&;,| < C and, for all K € M, denoting by V;,(K) = {V|K; Ve
Vi, K € M} the local finite element space,

[Sux @ (OhV = V) (Va(K))] L VV,i(K)?,

dxd

73]

where the orthogonality is understood in L?(K) with the inner product induced by “:

To construct an HD based on such a quadruplet, assume the following stronger form of (2.2.3):
ICp >0 : |BE| > CplE|, V& € S,u(R). (2.3.2)

Definition 2.3.5 (B—Hessian discretisation using gradient recovery). Under Assumption (2.3.2),
the B-Hessian discretisation based on a quadruplet (Vy,, Op, Iy, Sy,) satisfying (P0)—(P5) is defined
by: Xpy = Vj and, for u € Xp,

pu=u, Vpu= Q,Vu and H%u =B[V(Q,Vu)+ 6,2 (Q,Vu—Vu)].

Remark 2.3.6. A classical operator Q, that satisfies these assumptions, for standard finite ele-
ment spaces Vy, is the L*-orthogonal projector on Vy,. This operator is however non-local and
complicated to compute. We present below a much more efficient construction of Qy, local and
based on biorthogonal bases.

A GRADIENT RECOVERY OPERATOR BASED ON BIORTHOGONAL SYSTEMS:

A particular case of a method based on a gradient recovery operator is presented here, using
biorthogonal systems as in [83]. V), is the conforming P; finite element space on a mesh of
simplices, and [j, is the Lagrange interpolation with respect to vertices of M. We will build a
locally computable projector Oy, that is, such that determining Oy, f on a cell K only requires the
knowledge of f on K and its neighbouring cells.

Let By :={¢1,- -, .} be the set of basis functions of V}, associated with the inner vertices in M.
Let the set By := {y1,- -+, ¥, } be the set of discontinuous piecewise linear functions biorthogonal
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to B also associated with the inner vertices of M, so that elements of B and B, satisfy the
biorthogonality relation

/ Vigjdx =c;0ij, c; #0, 1 <i,j<n, (2.3.3)
Ve

where §;; is the Kronecker symbol and ¢; = [, Wj¢;dx. Let M), := span{3, }. Such biorthogonal
systems have been constructed in the context of mortar finite elements, and later extended to
gradient recovery operators [76, 82, 83]. The basis functions of M}, can be defined on a reference
element. For example, for the reference triangle K ,

Vi(x):=3—4dx; —4xy, Yr(x):=4x;—1, and Y3(x):=4x;—1,
associated with its three vertices (0,0), (1,0) and (0,1), respectively. Associated with these
vertices, the basis functions of V;, on K is given by
or=1-x1-x2, hr=x1, ¢3=1x1.
A direct calculation yields

~ ~ 1 o~ F
/Awidx:/Aq),-dx:—, i=1,2,3 and /Aw,-qydx:—f, 1<i,j<3.
K K 6 K 6
For the reference tetrahedron,

f/?l(x) = 4—5)61 —5X2 —SX3, l/l\lz(x) = 5x1 — 1,
1173(x) = SXQ — 1, and 1,174(x) = SX3 — 1,

associated with its four vertices (0,0,0), (1,0,0), (0,1,0) and (0,0, 1), respectively. These basis

functions satisfy
d+1

Y wi=1 (2.3.4)
=1

The projection operator Qy, : L>(Q) — V}, is the oblique projector onto Vj, defined as: for f €
L*(Q), Qnf €V, satisfies

[@nwdx= [ rwiax, vy em, (23.5)
Q Q

Due to the biorthogonality relation (2.3.3), Q;, is well-defined and has the explicit representation

n

; fdx

onf =y Jo VI &y, 236
i=1 i

The relation (2.3.5) shows Mj, C [(Q, —I)(L*())]*. Hence, if Mj, satisfies the approximation

property

e 1
E o= vl < ChlV ey ¥y e H'(@)

22



(P4) holds. In order to get this approximation property it is sufficient that the basis functions of
M, reproduce constant functions. Let K € M be an interior element not touching any boundary
vertex. Due to the property (2.3.4)

d+1

Z Yy, =1 on K,

i=1
where {y, ?:Jrl] are basis functions of M), associated with the vertices (vi,...,vsy1) of K.
However, this property does not hold on K € M if K has one or more vertices on the boundary.
The piecewise linear basis functions of M), needs to be modified to guarantee the approximation
property [80, 84]. Let W, C H'(Q) be the lowest order finite element space including the basis
functions on the boundary vertices of M, and let M), the space spanned by the discontinuous
basis functions biorthogonal to the basis functions of W,. M}, is then obtained as a modification
of My, by moving all vertex basis functions of this latter space to nearby internal vertices using
the following three steps.

1. For a basis function Y} of 1\71;, associated with a vertex v on the boundary we find a closest
internal triangle or tetrahedron K € M (that is, K does not have a boundary vertex).

2. Compute the barycentric coordinates {Oc[(ﬂ-}fl:*ll of v, with respect to the vertices of K, and

modify all the basis functions {IA/?KJ}?:*II of M}, associated with K into Wk ; = Wk ; + Ok i Yk

fori=1,---,d+1.

3. Remove y; from the basis of Mh.

An alternative way is to modify the basis functions of all triangles or tetrahedra having one or
more boundary vertices as proposed in [76].

1. If all vertices {vi}fljll of an element K € M are inner vertices, then the linear basis func-
tions {l//\,i}fljll of M}, on K are defined using the biorthogonal relationship (2.3.3) with the
basis functions { ¢y, }%"! of V.

2. If an element K € M has all boundary vertices, then we find a neighbouring element K ,
which has at least one inner vertex v, and we extend the support of the basis function
Y, € M), associated with v to the element K by defining y;, = 1 on K.

3. If an element K € M has only one inner vertex v and other boundary vertices, then the
basis function Y, € M), associated with the inner vertex v is defined as y;, = 1 on K.

4. If an element K has two inner vertices v; and v, and other boundary vertices, then the basis
functions Y, , Y, € M}, associated with these points are chosen to satisfy the biorthogonal
relationship (2.3.3) with ¢y, ¢, € V},, as well as the property v, + Y4, = 1 on K.

5. In the three-dimensional case, we can have an element K with three inner vertices {v; ?:1
and one boundary vertex. In this case we define three basis functions {wvi}f: | to satisfy
the biorthogonal relationship (2.3.3) with {¢,, ?:1 as well as the condition Z?:I Y, = 1on
K.
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The projection Qj, is stable in L? and H'-norms [82], and hence assumption (P1) follows. To
establish (P2), the following mesh assumption is needed.

(M) For any vertex v, denoting by M, the set of cells having v as a vertex,
LY

(Xx —v) = O(h?),
KeM, ’SV’

where S, is the support of the basis function ¢, of V}, associated with v.

The assumption is required as we need to use some sort of Taylor series expansion to get the error
estimate, see [112] for more details. This assumption is satisfied if the triangles of the mesh can
be paired in sets of two that share a common edge and form an O (h?)-parallelogram, that is, the
lengths of any two opposite edges differ only by O(h?). In three dimensions, (M) is satisfied if
the lengths of each pair of opposite edges of a given element are allowed to differ only by O(h?)
[36]. The following theorem establishes (P2) with W = W3>(Q) N HZ () and can be proved as
in [82, 112].

Theorem 2.3.7. Let u € W3~ (Q)NHZ(Q). Assume that the triangulation satisfies the assumption
(M). Then
10k Vi — V| < CH* |Jullys~(q).

Since Qy, is a projection onto Vj,, QpI;, = I,. Hence, for w € H*(Q) NH}(Q), introducing Qplyw =
I,w and invoking the H'-stability property of Qj, [84, Lemma 1.8] leads to
IVOw — Vw|| < [[VOr(w — Lw)|| + [VI,w — Vw|| < C||VIw — Vw|.

The standard approximation properties of V, then guarantee (P3). The Assumption (P4) is satis-
fied since M), C N, (M}, is obtained by combining functions in M,,, that satisfies this property) and
the basis functions of M), locally reproduce constant functions. To build G, that satisfies (PS),
divide each triangle K € M into four equal triangles K; (i = 1,2,3,4) using the mid-points of
each side. Let K;,i = 1,3,4 be the three subtriangles constructed around the vertices of K. Let
Sy = (a,pB) € L*(Q)? and Sk, = (04, Bi), i =1,2,3,4. Property (P5) simplifies to

/(Oﬁ,ﬁ) -(p1,p2)dx =0,
K

where p1, py € V. This gives

4
;/Ki(ai,ﬁi) -(p1,p2)dx=0.

A use of three-point Gaussian quadrature formula in each K; in the above estimate yields several
values of &, and one such value as described in Figure 2.4 is given by

S (1,1) onkK;,i=1,3,4
ME= (=3,-3) onK,.

A similar construction also works on tetrahedra (in which case &k is equal to 1 on the four
sub-tetrahedra constructed around the vertices of K, and —4 in the rest of K).
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K

Figure 2.4: Values of the stabilisation function &, inside a cell K.

Finite volume method based on A-adapted discretizations

This section deals with the finite volume (FV) scheme from [59] for the biharmonic problem
(2.2.4) on A-adapted meshes, that is, the meshes that satisfy an orthogonality property as depicted
in Figure 2.5 for the two dimensional case.

Definition 2.3.8 (A-adapted FV mesh). A mesh T = (M, F,P) in the sense of Definition 1.4.1
is A-adapted if

1. for all 6 € Fiy, denoting by K,L € M the cells such that M = {K,L}, the straight line
(xk,x1) intersects and is orthogonal to o,

2. forall 6 € Fexy with Mg = {K}, the line orthogonal to G going through Xk intersects ©.

Figure 2.5: Notations for A-adapted discretisation

For such a mesh, we let Dx s be the cone with vertex xx and basis o, and D = g¢ Mo Dk o
For each ¢ € Fjy, an orientation is chosen by defining one of the two unit normal vectors ns, and
let the two adjacent control volumes be denoted by K5 and K such that ns is oriented from K
to K. For all 6 € Fey, denote the control volume K € M such that ¢ € Fg by K and define
ne by ng o. Set
o — { d%st(xKG_,cr) +dist(xgs,0) VO € Fint (23.7)
dist(xg,0) Vo € Fext
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where dist(xg,0) denotes the distance between xx and o. Finally, define the mesh regularity

factor by
iam(K
OT:max{maX< diam (K) Ao );KGM,GEFK}.

dist(xg, o)’ dist(xg,0)

We now define a notion of B—Hessian discretisation for B = %Id, in which case (2.2.2) corre-

sponds to the biharmonic problem (2.2.4), for which the coercivity property (2.2.3) holds.

Definition 2.3.9 (B—Hessian discretisation based on A-adapted discretisation). Let B = %Id and

T be a A-adapted mesh. A B-Hessian discretisation is given by D = (Xp o,1lp, Vp, H%) where

* Xp is the space of all real families up = (ug)xe m, such that ug =0 for all K € M with
FK,ext 7£ 0.

For up € Xp o, llpup is the piecewise constant function equal to ug on the cell K.

The discrete gradient Vpup is defined by its constant values on the cells:

\% =— - 2.3.8
KUp |K| GGZ}-K d(; 9 ( )
where ; ,
— Vo € Fkint, Mo =1{K,L
S _ U —ug K,int » o ) 239
K7GMD { 0 \VIG € —FK,ext- ( )
» The discrete Laplace operator Ap is defined by its constant values on the cells:
1 0,
Agup = Ly 1019 oUp. (2.3.10)
|K| oeFg do
A
We then set HSup = DTZDId.
For up,vp € Xp o,
G| 6gupé,
up,vp) = Y |01904povp "ZD o'D 2.3.11)
(e}

oeF

defines an inner product on Xp (, whose associated norm is denoted by |upl| 1. p. Here 05 is given
by

g —ug Vo € Fint
56141) — { 0 VG E fext_ (2.3.12)

It can easily be checked that, with this Hessian discretisation, the Hessian scheme (2.2.2) is the
scheme of [59] for the biharmonic equation.
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2.4 Basic error estimates

The properties that are required for the convergence analysis of the Hessian scheme are listed in
the first part of this section. It is shown that the accuracy of the HS (basic error estimates) can be
evaluated using only three measures, all intrinsic to the Hessian discretisation. This estimate is
then applied to various schemes mentioned in Section 2.3.1.

The first one is a constant, C%, which controls the norm of the linear mappings I1p and Vp.

B _ (||HDWD|| [Vowp| ) ‘ 2.4.1)
wpEXp o\{0} HH%WDH , HH%WD”
The second measure of accuracy is the interpolation error S% defined by
Vo € H(Q),
B . B B (2.4.2)
ship)= min (ITpwp —@ll + [ Vowp — Vol + |[Hbwp — Hio] ).
WDEX'D,O

Finally, the third quantity is a measure of limit-conformity of the HD, that is, how well a discrete
integration by parts formula is verified by the discrete operators:

WE(&,wp)|
B Blgy _ ‘ P (2.4.3)
Ve CHIQ)Wo(E) = X o) Bl
where H3(Q) = {& € L2(Q)¥*¢; H : B*BE € L*(Q)} and
WE(E wp) = /Q (32 B*BEpwp — BE - Hbwp ) dx. (2.4.4)

Note that if & € HB(Q) and ¢ € H}(Q), integration by parts show that [o(H : B'BE)¢ =
JoBE : HB¢. Hence, the quantity in the right-hand side of (2.4.3) measures a defect of discrete
integration-by-parts between [1p and 7—[%.

Closely associated to the three measures above are the notions of coercivity, consistency and
limit-conformity of a sequence of Hessian discretisations.

Definition 2.4.1 (Coercivity, consistency and limit-conformity). Let (Dy,)nen be a sequence of
B—Hessian discretisations in the sense of Definition 2.3.1. We say that

1. (D) men is coercive if there exists Cp € RT such that C%m < Cp forallme N.
2. (Dm)men is consistent, if

Vo € H3(Q), lim S% (¢) =0. (2.4.5)

3. (Dm)men is limit-conforming, if

VE c HB(Q), lim W (&) =0. (2.4.6)
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Remark 2.4.2. As for the (2nd order) gradient discretisation method, see [48, Lemmas 2.16 and
2.17], it is easily proved that, for coercive sequences of HDs, the consistency and limit-conformity
properties (2.4.5) and (2.4.6) only need to be tested for functions in dense subsets of Hg (Q) and
HB(Q), respectively.

Remark 2.4.3. If B=1d, we write Hp (resp. Cp, Sp and Wp) instead of ’H% (resp. C%l, SIS and
W),

The next theorem establishes basic error estimates for the HDM.

Theorem 2.4.4 (Error estimate for Hessian schemes). Under Assumption (2.2.3), let u be the so-
lution to (2.2.2). Let D be a B—Hessian discretisation and up be the solution to the corresponding
Hessian scheme (2.3.1). Then the following error estimates hold true:

|Mpup — | < CEWA(Ha)+ (C% +1)S5 (@), (2.4.7)
|Vpup — V|| < CEWS(Hu) + (C3 +1)SE (7), (2.4.8)
| HEup — HPa|| < Wh(H=7) +25% (7). (2.4.9)

(Note that Hu € H?(Q) because Hu € L*(Q)?*? and H : B'BHu = H : AHu = f € L*(Q).)
The following convergence result is a trivial consequence of the error estimates above.

Corollary 2.4.5 (Convergence). Let (Dy,)men be a sequence of B-Hessian discretisations that is
coercive, consistent and limit-conforming. Then, as m — oo, Ilp up, — uin I? (Q), Vp, up, —
Vi in L*(Q)¢ and H%mupm — HB% in L2(Q)4*4,

Let us now prove Theorem 2.4.4.

Proof of Theorem 2.4.4. For all vp € Xp , the equation (2.2.1a) taken in the sense of distribu-
tions shows that f = H : AHu, and thus, by the Hessian scheme (2.3.1),

/Q Hup : HEvp dx = /Q fMpvpdx = /Q (H : B*"BHu@)pvp dx.
The definition (2.4.3) of Wg implies that
/Q (’H,Bﬁ . H%up) - HBvp dx < WE(HT) | HEvp|. (2.4.10)
Define the interpolant Pp : H3 () — Xp o by

Poii = argmin (||Tpwp — | +[|Vowp — Vi + | Hbwp — HP )

wp€EXp
and from (2.4.2), it follows that

|TlpPpii — || + | VpPpii — Vi + | HE Ppu — HBa|| < SE(a). (2.4.11)
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An introduction of intermediate term 2% and (2.4.10) leads to
/Q (HEPom—Hbup) : Hbvp dx
_ /Q (HP7—Hup ) : Hvp dx+ /Q (HEPou—HPa) : Hivp dx
< Wp(Hu)|Hpvo | + |HpPpi — Hoal | Hpvo.
Choose vp = Ppu — up in the above estimate to obtain
|12 (Ppit — up)||* < WH(HE)|| HD (Ppit — up) || + | HE Pt — HPul| |13 (Ppii — up)]|.
This and (2.4.11) imply that
|HDPot — Hpup|| < WH(Hi) + SP (). (2.4.12)
A use of triangle inequality, (2.4.11) and (2.4.12) yields
[HPup —H || < |Hpup —HpPpu| + |HpPpu —Hall < Wi (Ha) +255(@),
which is (2.4.9). The definition of C% given by (2.4.1), (2.4.11) and (2.4.12) leads to

pup —ul|| < ||pup —pPpu|| + || IpPpu — ul|
< CB | HE Ppii— H? B\ < cBwB(1m B o 1\sB (7
< Cp||[HpPpu—Hpup| +Sp(t) < CpWp (Hu) + (Cp + 1)Sp (%)

and
|\Vpup — Vil <||Vpup — VpPpu| + ||VpPpu— Vil
< CP || HpPpii — Hpup|| +Sp(w) < CHWH (Ha) + (CB + 1)S3 ().
Hence, (2.4.7) and (2.4.8) are established. ]

The particular HDMs given in Section 2.3.1 satisfy the required three properties for the conver-
gence analysis to hold and are discussed below.

2.4.1 Classical FEMs
Conforming FEMs
For conforming FEMs, the estimates on the accuracy measures C2, S% and Wg easily follow:

. C% is bounded by the constant of the continuous Poincaré inequality in H&(Q). That is,

CE < p~ ! max(diam(Q), diam(Q)?).
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» Standard interpolation properties (see, e.g., [41]) yield estimates on the consistency mea-
sure SB. For y € H3(Q) N HZ(Q), the classical interpolant Pp satisfy

IpPpy — || <CH|yl30, [VoPpy—Vy| <CH|vl|3a,
|HE Py —HPy|| < Chllyl;.0,

which shows that SZ(¢) < Ch||y||3.o, where C > 0 is a constant independent of /.

« Integration by parts twice in H3(Q) shows that W5 (&) = 0 for all & € HE(Q).

Non-conforming FEMs

The properties of HDM that ensure the covergence analysis of the Adini rectangle and the Mor-
ley triangle are proved below. In the sequel, the positive constants C appearing in the inequalities
denote generic constants, which will take different values at different places but will always be
independent of the mesh size A.

THE ADINI RECTANGLE:
The following theorem talks about the three measures of accuracy of HDM for the Adini rectan-
gle. These help in establishing the convergence of the scheme as described in Theorem 2.4.4.

Theorem 2.4.6. Let D be a B—Hessian discretisation in the sense of Definition 2.3.3 with B
satisfying the coercive property. Then, there exists a constant C, not depending on D, such that

- CE <,
* Vo € H(Q)NH{(Q), SH(9) < Chl @l q)
* V& € HX(Q)™, WH(§) < Chl|€ || g2 (qaxa-

The properties of Hessian discretisations built on the Adini rectangle follow from this theorem
and Remark 2.4.2.

Corollary 2.4.7. Let (Dy,)men be a sequence of B—Hessian discretisations built on the Adini
rectangle, such that B is coercive and the underlying sequence of meshes are regular and have
a size that goes to 0 as m — oo. Then the sequence (Dy,)menN is coercive, consistent and limit-
conforming.

Proof of Theorem 2.4.6.

e COERCIVITY: Since the approximation space V}, C H& (), for v € Xp o, the Poincaré inequality
yields || TIpv|| < diam(Q)||Vpv||, which gives us part of the estimate on C5. Define the broken
Sobolev space

H' (M) ={veL*Q);VK e M,vx € H'(K)}
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and endow it with the dG norm defined by

IwllZ6 a1 = HVMW||2+Z ||[[W]H|Lz (2.4.13)
(76]:

If [w] = 0 at the vertices of ¢ then, by the Poincaré inequality in H] (o) given by Lemma A.1.1,
Illz2(6) < hallV Wl 2 (o) (2.4.14)

If 0 € Fipe with M = {K,L} then [w] = 0 at the vertices of ¢, and (2.4.14) combined with the
trace inequality [45, Lemma 1.46] therefore give

10011220 < R UV aawiicll 2 gy + IV il 2(gy0)
< Cuh (hg |1V aawll g ey + IV awll 2y (2.4.15)

where C;; depends only on d and the mesh regularity parameter 7). Take vp € Xp o. Since Vpvp
is continuous at the vertices of elements in M and Vpvp vanish at vertices along dQ, choose
w = Vpvpin (2.4.14) and (2.4.15) to obtain

~1/2 -1/2
IVovolll ey < Caho (g IV M (VovD) lzqiyoca + i, IV (Vo) |z zyona )

The definition (2.4.13) of the dG norm, the above inequality and the coercivity property of B
implies that

19903600 < IVan(Vov0)|2+2Ce ¥, ho (g IV ad(Vo) 32 0y
occF

1 IV A (VD) 20

< IVau(Vovp) P +C Y IV am(Yovp) 172y
KeM

< C[HmIpvp)||* < Cp~2(|HE (TIpvp) ||* = Cp 2| HEvp |

Use the fact that |w|| < C||w||4G_r Whenever w is a broken polynomial on M (see [45, Theorem
5.3]) to deduce ||[Vpvp| < Cp~!||HEvp]|, which concludes the estimate on C5,.

e CONSISTENCY: Consistency follows from the interpolation properties of the family of Adini
rectangles. A use of [41, Theorem 3.1.5] leads to, for ¢ € H3(Q) NH3(Q),

inf HHDWD HE
wp€EXp

and  inf HHDWD—pr SCh3|!¢H3,sz,

wpEXp

inf ||Vpwp— Vol <CP*|9]30
WDEXD,O

which implies S2,(¢) < Ch||¢||3.0.
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e LIMIT-CONFORMITY: for & € H*(Q)4*¢ and vp € Xp, cellwise integration by parts (see
Lemma A.1.2) yields

/Q(’H:BTBé)Hvadx: Z /K(H;Ag)nmpdx

KeM
_ /Q AE :Hpvpdx—ng /a (AEnx) Vovpds()
+KEZM /aK(diV(Aé) -ng ) pvp ds(x).

This implies
/ (H :Aé)HDdex—/ A& : Hpvpdx
Q Q

=-) /(Aé’ncr)'[[VDVD]] ds(x)+ ) [ (div(A&)-nes)[Mpvp]ds(x). (2.4.16)

ceF’O ceF’O

Since pvp € HY(Q) NC(Q), [Ipvp] = 0. Let Ak denote the Q; interpolation operator as-
sociated with the values at the four vertices of K, and A, be the patched interpolator such that
(An)x = Ak for all K. A,(Vpvp) takes the values of Vpvp at the vertices, so it is continuous
at internal vertices and vanishes at the boundary vertices. Hence, for any o € F, [A;(Vpvp)]
vanishes on o since it is linear on this edge and vanishes at its vertices. As a consequence,

/Q(H:Aé)HDVDdx_/QAé :Hpvpdx=— Y [ (Aéne)-[Vpvp — An(Vpvp)] ds(x)

ceF’O

-- Yy ;K /6 Aéng.o- (VDVD—AK(VDVD)> ds(x). (2.4.17)

KeMo
Set ¢ = Aéng o and w = Vpvp. A change of variables yields

~

/cefK ¢ (w—Ax(w) dsx) =lo] [ ¢~ (W—Ag(W))ds(x), (2.4.18)

cEF;

~ . . ’ ’ " " ’ "

where K is the reference finite element. Let Fx = {0,,0,,0),0, } such that |o,| = |0, | = hj and
/ " .

|0,| = |0, | = hy. Consider

81.k(9,v) = / ¢ (v—Ak(v)) ds(x) — / ¢ (v—Ak(v)) ds(x), (2.4.19)

S o)

for ¢ € H'(K) and v € 9Pg:={d1p : p € Px}. The steps in [41, Theorem 6.2.3] show that
01 k(¢,v) < Ch|¢|1 k|v|1 k. For the sake of completeness, let us briefly recall the argument. A

use of changes of variables leads to 01 x(¢,v) = 19, 1?(‘3 ,v). Since Py C Qy, which is preserved
by Ax., for all v € Py and ¢ € H'(K), 9, 1?(‘5 ,v) = 0 (first polynomial invariance). Let us now
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prove that the same relation holds if a € Py and v € 9P;. Since a € Py, its value on K is
a constant, say, equal to ag. Since v € d|Pg, the definition of polynomial space for the Adini
element implies that

V=>bo+bix1 +byxy+ b3x% +bax1x0 + b5x% + b6x%x2 + b7x%.
Take the values at the four vertices to obtain
AgV = bo+ (b1 +b3)x1 + (by +bs +b7)x2 + (bg + bg ) x1x2.
Assume without loss of generality that G; is the line x; = 1 and G;, is the line x; = 0. Then
(V= Ag¥) =0 = —(bs +b7)x2 + bsx3 + byx3,
(V= Ag¥) =1 = — (b5 +b7)x2 + bsx5 + byx3.
The relation 517 ,?(6 ,v) = 0 (second polynomial invariance) then follows from

- 1 -
L O(V—Agy)ds(x) = /0 ao(—(bs +b7)xo +bsxs +bx3)dxy = [ | ¢(V—Agh)ds(x).
0

o)

The bilinear form g, 7 1?({1)\ ,7) is continuous over the space H!(K) x d| Pz by the trace theorem.
Use the bilinear lemma [41, Theorem 4.2.5] to deduce from the two polynomial invariances the
existence of a constant C such that 8, z(¢,V)| < C“Nl,l?mu? forall ¢ € H'(K),v € 0|Pp. A
direct change of variables [41, Theorem 3.1.2] shows that

0], g <Cl¢lixk and  [V]; g <Clv|ik.

Since 01 x(¢,v) = h1§, E(a,ﬁ), a use of the above estimates leads to 6 x (¢,v) < Ch|@|; k|v|1 k-

Similarly, & x(¢,v) < Ch|@|; x|v]1 k (considering integrals over Gé and Gg). Hence, from (2.4.17),
(2.4.18) and (2.4.19),

| [ sa8)Movndx— [ AE s Hovp x| < CIE] e qyp-shlHbvpl

The proof of the estimate on W5 (&) is complete. N

THE MORLEY ELEMENT:
The following theorem verifies the properties of the B-Hessian discretisation (2.4.1)—(2.4.3) for
the Morley element.

Theorem 2.4.8. Let D be a B-Hessian discretisation for the Morley element in the sense of
Definition 2.3.4 with B satisfying the coercive property. Then, there exists a constant C, not
depending on D, such that

- C} <G,
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* Vo e H(Q)NH;(Q), SB(9) <Chlollysq)

« VE € HAQ), WA(E) < ChIE ]y

Proof. @ COERCIVITY: Letvp € Xp . Since [IIpvp] = 0 at the face vertices for any vp € Xp o
and [Vpvp] = 0 at the edge midpoints, use Lemma A.1.3 twice and the coercivity property of B
given by (2.2.3) to obtain

ITpvp|| < Cl|Vovp|l < Cl[Hpvpl| < Cp~'|[Hvp-

This with (2.4.1) concludes the estimate on CZB).

e CONSISTENCY: Consistency follows from the interpolation property of the family of Morley
element [41, Chapter 6]. For ¢ € H*(Q)NHF (Q),
i —o| <cnr’ i - < Ch?
Lt (Mpwp — ol SRl inf |Vown— Vol < il

inf [|Hpwp —HO @l < Chllo]lsq).

wp EX’D70

This concludes that SZ(¢) < Ch|¢||3 0.

¢ LIMIT-CONFORMITY: For any & € H*(Q)?*? and vp € Xp, cellwise integration by parts
yields

/Q(,H:Aé)HDVDdx: Z /(HCA&)HDVDC]X

Kem 'K
- [ ag Hovodx- | (4&ng)- Vv ds(x)
+K€ZM /a K(div(AJ; ) - ng)pvp ds(x).
This gives
[ :agmovpax— [ A Hpvpar=— ¥ ¥ [ (4Enco)-Vorpdsix

KeMoeFk

+Y Y / (div(AE) - ng o )Ipvp ds(x). (2.4.20)
KeMoeFg’%

The remaining arguments follow from the proof of [85, Lemma 3.5] with appropriate modifica-
tions. However, for the sake of completeness, we provide a proof. The first term on the right-hand
side of (2.4.20) is estimated now. For any function v defined on an edge o € F, define its mean
value ITyv by ITpv = ﬁ Jsvds(x). Introduce ITo(Vpvp) and use the fact that these mean values
are same on both sides of edges o € Fj,; and they are zero along ¢ € F¢x [85, Lemma 3.1] to
deduce

Yy Y /G (Afngo) Vpvpdsx) = ¥ ¥ /G (Aéng.o) - (Vovp —TIy(Vpyp)) ds(x).

KeMoeFk KeMoeFk
(2.4.21)
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Consider for o € Fg, [;(Aénk ) (Vpvp —Io(Vpvp))ds(x). Let g = Aéng ¢ and v = Vpvp.
A change of variables leads to

/ g (v—Tlpv)ds(x) = ’G’/A g+ (7—Tov) ds(x) := |o|F (g, 7), (2.4.22)
CEFk oEF;

where K is the reference finite element. For all g € Py and v € H'(K), F(g,7) = 0. Also, for all
g€ H'(K) and v € Py, F(g,7) = 0. Hence use the polynomial invariance result ([85, Lemma 2.1]
with [ = k = 0) to obtain |F(g,v)| < Cl|g|, zV|, g» where C depends only on Q. A substitution
of this estimate in (2.4.22) along with |§|”? < C:|g|17K and |ﬂ”? < C|v|1 k [41, Theorem 3.1.2],
summing over all the edges and a use of (2.4.21) and (2.2.3) yields

Z Z /G(AgnK,o)*vaDds(x)

KeMoeFk
Consider the second term on the right-hand side of (2.4.20). Let V; be the space of all globally
continuous piecewise linear functions and let IT; : V;, — V| be the interpolation operator such that
IT;v;, equal to vj, at the vertices of all triangle K, v, € Vj,, where V}, is the Morley finite element
space. Then

Y ) / (div(AE) -ng o)pvpds(x) = Y. Y [ P(v—TIv)ds(x), (2.4.24)
KeMoeFx’© KeMoeFx’©
where P = div(A) - ng ¢ and v = IIpvp. Note that

< Cp | HBVDIIE |1 (qyana- (2.4.23)

/ _PO—Tw)dsx) =[o] [ PE—TT9)ds(x), (2.4.25)
(2SN

(AFEJ'—E
A use of the continuous trace inequality [45], the discrete trace inequality [45, Lemma 1.46], an
interpolation estimate [41] and Young’s inequality leads to

| PO-Tm)dstx)| < C(Plog+17], 2) Pz
ocfy ’ ' ’

Substitute the above displayed estimate in (2.4.25), use [41, Theorem 3.1.2] to go back to K, sum
over all the edges, (2.4.24) and (2.2.3) to deduce

Z Z /G(diV(A@'nKp)HDdes(x)

< Cp™ (1l ayia = WPl sy |V

KeMoeFk
(2.4.26)
A substitution of (2.4.23) and (2.4.26) in (2.4.20) yields
[0 a8 pvpax— [ A& Hpvo dx] < Cp~ Al HE DI 1€ 2 v
and this leads to the desired estimate on Wg. O]

Corollary 2.4.9. Let (Dy,)men be a sequence of B-Hessian discretisations built on the Morley
triangle, such that B is coercive and the underlying sequence of meshes are regular and have
a size that goes to 0 as m — . Then the sequence (Dy,)nen is coercive, consistent and limit-
conforming.
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2.4.2 Gradient Recovery Method

The theorem below gives an estimate on the accuracy measures C2, S% and Wg associated with
an HD D using gradient recovery method. Incidentally, the estimate on C% also establishes that
|HE || is a norm on Xp g.

Theorem 2.4.10 (Estimates for Hessian discretisations based on gradient recovery).

Let D be a B—Hessian discretisation in the sense of Definition 2.3.5, with B satisfying Estimate
(2.3.2) and (Vi I, Qp, S},) satisfying (PO)—(P5). Then, there exists a constant C, not depending
on h, such that

- CE<c

*VoecW, S%(p) <Ch|o|

W
« V& € HAH Q)W WH(E) < Chl|€ || (qaxa-

Before proving this theorem, let us note the following straightforward consequence of Remark
2.4.2.

Corollary 2.4.11 (Properties of Hessian discretisation based on gradient recovery).

Let (Dy)men be a sequence of B-Hessian discretisations, with B satisfying Estimate (2.3.2) and
each Dy, associated with (Vy,, ,Qp Iy, , S, ) satisfying (PO)—(P5) uniformly with respect to m.
Assume that hy, — 0 as m — oo. Then the sequence (Dy,)men is coercive, consistent and limit-
conforming.

Proof of Theorem 2.4.10.

e COERCIVITY: Letv € Xp o. Note that |a @ b| = |a||b| for any two vectors a and b. The definition
of HE, Property (2.3.2) of B and |G| > 1 imply that

5= GG [ 1V(0iV9) +6, (4Vy— V)P dx
=G [ V(@) Pdx+C [ 6,5 (019v— V)P dx
—|—2C§/ V(0rVv) : 6,2 (QrVv—Vv)dx
Q

> C3(|IV(QVV) |+ [101Vv — V%)

+2C5 Y [ V(0,VY) 1 6,®(QyVv—Vv)dx.
KeM’K

Since V(Q,Vv) |k € VVi(K )4, a use of property (P5) shows that the last term vanishes, and thus
1HBVI* = CE (IV(Qn VW) 1>+ [ Qn VY = Vv]?) (2.4.27)

which implies
Cp V2 HEV| > [V(QrVV) || + [ Qh VY — V. (2.4.28)
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Apply now the Poincaré inequality twice, the triangle inequality and (2.4.28) to obtain
[Mpv]| = [lv]] < diam(Q)[[Vv]|
< diam(Q)||Vv — 0, Vv|| +diam(Q)| 0, Vv||
< diam(Q)|| Vv — @4 Vv|| +diam(Q)*|[V (24 Vv)|
< Cz'v2max(diam(Q), diam(Q)?)|| HEv|]. (2.4.29)

From (2.4.27) and the Poincaré inequality,
IVpy|| = [|0nVv|| < diam(Q)||V(Q,Vv)|| < diam(Q)Cg | HEv]. (2.4.30)

Estimates (2.4.29) and (2.4.30) show that C& < Cp'v/2 max(diam(Q), diam(Q)?).

e CONSISTENCY: let ¢ € W C H?(Q) N H3(Q) and choose v = I, € Xp . Use the properties
(P0) (which implies ||7,¢ — @|| < Ch||@||y2(q) by the Poincaré inequality) and (P2) to obtain

[Tpv — @|| = 1,9 — @[] < Chl|@||p2(q) (2.4.31)
and
Vv — Vol = |0nVIie — Vo < Ch?|e|w. (2.4.32)

Let us now turn to ||H%v—HB¢||. Observe that VV is another notation for . A use of a triangle
inequality, the boundedness of B and &, leads to

|HEv — HBo|| = |BIV(QhVV) + 6, @ (0, Vv — Vv)] — BH Q||
< |BIV(Q4Vv) = V9] || + |BS; & (0, Vv — V)|
< C|V(04Vy) = VV o[ +C |04V — V] . (2.4.33)

A As

An introduction of the term V(Q;V ) and a use of the triangle inequality in sequence, the inverse
inequality in (P0), (P3), the projection property of Qy,, (P1) and (P2) yield

A <[V[Oh VY — OV @l[| +[[V(C V) — VV |
< Ch |03 Vv — Vo +Ch Vel 20
< Ch1|Qn (Vv =V o) || +Chl|VOl| 20
< Ch™Y|@nVIi9 — VO +Ch||V Q| 2q) < Chl|@]|w. (2.4.34)

To estimate A, use the properties (P2) and (P0):
Ay <[|@hVy = Vo +[[Vo — Vv < CH*|[@llw +Ch||@l|52(q)- (24.35)

The estimate on S%((p) follows from (2.4.31)—(2.4.35).
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e LIMIT-CONFORMITY: for & € H*(Q)?* and v € Xp p,

/Q ((H : B*BE)Ipy — BE H%v) dx :/Q ((7—[ : B*BE)1pv — BE :BV(Qth)> dx

-~

B,

— /QBJj :B&,® (QpVv—Vy)dx. (2.4.36)

J/

-~

B

Recall that v = IIpv and A = B®B. Since Q,Vv € H}(Q), Lemma A.1.2 applied to (H : A&)v
and an integration by parts on B : BV(Q,Vv) = AE : V(Q,Vv) show that, for any , € N, =
[(01V = V) (Vi)

By| = ‘/Q(H:Aéj)vdx+/Qthv-div(A§)dx‘ - ‘/Q(Qth—Vv)diV(Aé)dx

= ‘ /Q(Qth — V) (div(AS) — ) dx‘ < |0V — V|| ||div(AE) — || (2.4.37)
Take the infimum over all y;, € N;,. Estimate (2.4.28) and Property (P4) yield
1B1| < [ div(AE) | 1 e (2.438)

Let &k denote the average of & over K € M. By the mesh regularity assumption, [|G — & || 2 (g )ixa <
Chl|& |1 (kyaxa (see, e.g., [48, Lemma B.6]). Moreover, since Vj, contains the piecewise constant
functions, VV},(K) contains the constant vector-valued functions on K and thus, by the orthog-

onality condition in (P5), the Cauchy—Schwarz inequality, the boundedness of B and G;, and
(2.4.28),

|le=‘ Y

/KBTBﬁ 6, ® (Q;,Vv—Vv)dx‘
KeM

Y [ (BBE BB : €43 (04 Vv— V) di]
KeM 'K

<C Y & =&kl lCnVY = V2 < ChIIE | g (yaxa | HD V- (24.39)
KeM

Plug (2.4.38) and (2.4.39) into (2.4.36) to arrive at
[ (¢ BBE)Ipy — BE : ) ax| < Ch(|[aiv(AZ) s age + 8 e ) BV
This and the definition (2.4.3) of Wg(é) concludes the proof of the estimate on this quantity. [

2.4.3 Finite Volume Methods

This section deals with the properties of HDM associated with FVM and shows that the generic
error estimate established in the HDM slightly improves the estimates found in [59], see Remark
2.4.13 below.
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Theorem 2.4.12. Let D be a B-Hessian discretisation in the sense of Definition 2.3.9. Then there
exists a constant C, depending only on on 0 > 07, such that

- C} <G,

s If o € C(Q), Ap € H'(Q) and a > 0 is such that supp(¢@) C {x € Q;dist(x,dQ) > a},
then

B \In(a)|a3/?  ifd =2,
Sp(@) < Chl|AQ||g1(q) + Chl| @l 2 g) X { PG ifd—3. (2.4.40)

« If o € H3(Q)NC?(Q) with Ap € H'(Q), then

R4 In(h)|  ifd =2,
S%(qv)SCh||A§D|IH1(Q)+C||<0||C2(Q)><{ hg/ll ()| ;d:& (2.4.41)

« V& € H*(Q)™, WH(E) < Ch||te(§)l (-

Remark 2.4.13. If the solution T to (2.2.4) belongs to H*(Q) N HZ(Q), then u € C*(Q) and
Al € HX(Q). In that case, Theorems 2.4.4 and 2.4.12 provide an O(h'/*|In(h)|) (in dimension
d=2)or O(h3/ '3) (in dimension d = 3) error estimate for the Hessian scheme based on the HD
from Definition 2.3.9. This slightly improves the result of [59, Theorem 4.3], in which an O(hl/ > )
estimate is obtained if i € C*(Q) NHZ(Q).

As for the method based on gradient recovery operators and finite element schemes, the properties
of the Hessian discretisation follow from the estimates in Theorem 2.4.12 and from Remark 2.4.2.

Corollary 2.4.14. Let (D,,;)men be a sequence of B-Hessian discretisations in the sense of Defi-
nition 2.3.9, associated to meshes such that h,, — 0 and (07, ) men is bounded. Then the sequence
(D) men is coercive, consistent and limit-conforming.

Proof of Theorem 2.4.12.

e COERCIVITY: the discrete Poincaré inequality of [58] states that

HHDV’DH < diam(Q)HvD 1,D> Yvp € XD, (2.4.42)
where || - || p is the discrete H!' norm on Xp ¢ (the norm associated with the inner product given
by (2.3.11)). Let us first prove that

—/ IpupApvpdx = [”D;VD]D; Up,vp € XD70. (2.4.43)

Q

The definitions of IIp and Ap yield

|G|5K70'V'D

_/QHDMDADVDdx: Z —’K|MKAKVD:— Z ug Z d
o

KeM KeM occFk
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For 0 € Fext, 0k 6vp = 0. Gather the sums by edges and use (2.3.9) and (2.3.12) to obtain

- Ostpd,
_/QHDMDADdex: Z Uk Z M: Z W—DGVD

’
KeM OEFK int dG 0E€Fint dG

which establishes (2.4.43). Choose vp = up, apply the Cauchy—Schwarz inequality and use
(2.4.42) to deduce

lup|} p < |[Mpup|||Apup|| < diam(Q)|up|,p/|Apup-

Thus,
lup|l1,p < diam(Q)|[Apup||. (2.4.44)

A combination of (2.4.42) and (2.4.44) leads to
|Mpvp|| < diam(Q)?||Apup||. (2.4.45)
The stability of the discrete gradient [59, Lemma 4.1] yields
IVoup|| < 6Vd|lupllp  Vup € Xp.

Estimate (2.4.44) then shows that ||Vpup | < diam(Q)6+/d||Apup||, which, together with (2.4.45),
concludes the proof of the estimate on C%.

e CONSISTENCY — COMPACT SUPPORT: The proof utilises the ideas of [59], with a few im-
provements of the estimates. For s > 0, let Q; = {x € Q; dist(x,dQ) > s}. In this proof, A < B
means that A < CB for some constant C depending only on 6.

First consider the case where @ € C2(Q) and Ap € H'(Q), with support at distance from 9Q
equal to or greater than a. As in [59, Proof of Lemma 4.4], let y* € C7°(Q), equal to 1 on Q3 /4,

that vanishes on Q\Q, /4> and such that, for all « € N9, with la| = Z?ZI o,

10 Y[y S a1, (2.4.46)
Letting Y& = (y*(xk)) ke, |Apys| < a2 Hence, for all € [1,0], since Q\Qy, has measure
< a,

ol
IADYH I 1r0) Sa 7. (2.4.47)

Let v = (Vk)kem be the solution of the two-point flux approximation finite volume scheme with
homogeneous Dirichlet boundary conditions and source term —A¢. Then by [58], with ¢p =

(@(xk))kems

1/2
(0 ~
(Z U<6a<v—<pp>>2> S hl9lleoy (2.448)
d
ceF 7O
and, for g € [1,+e0) ifd =2, g € [1,6] if d =3,
1/q
( Y K|k — QD(XK)\q) S ahl @l ). (2.4.49)
KeM
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Set w = (y*(xk)Vk)kem, that belongs to Xp o if h < a/4. It is proved in [59, Proof of Lemma
4.4, p. 2032] that, with [A@]x = 5 [y Apdsx,

K L (6covs)bio(i-o0)

=Tix+ Dok (2.4.50)

Agw — [A@lk = (Vk — @(xk)) Ak YWD +

Use Holder’s inequality with exponents (g, %), for some g > 2 admissible in (2.4.49), and recall
(2.4.47) to obtain

1/2
_n.9=2
(Z |K||T1,z<!2) < qha”> T |l (2.4.51)
KeM

On the other hand, we have |5K761/J%| < dsa~! (see [59, Proof of Lemma 4.4]). Hence, a use of
the Cauchy—Schwarz inequality on the sum over the faces, and the estimate Y ¢z, |0|ds < |K]|
yields

2
2 <« a72 ~ < aiz |G| 2
Dxl*Sm | X 1olke(—0n)| | S Y (Sko(V—9p))*
K2\ &, K] o&, do
Estimate (2.4.48) thus leads to
1/2
( ) IKHTz,KF) Sa ol (2452)

KeM

Denote by [A@]p the piecewise constant function equal to [A@]x on K € M. Take the L? norm

of (2.4.50) and use (2.4.51) and (2.4.52) to arrive at, since a~! <a:? 5,

31
[Apw = [A@]p|l2(0) S gha ? 1|9l 2

Taking ¢ = |In(a)| if d =2 or ¢ = 6 if d = 3 shows that

|In(a)|la3/? ifd=2,
|Apw = [A@]p 12(0) S Al c2 () X { 53 G (2.4.53)
A classical estimate [48, Lemma B.6] gives
11A¢]D — A0l 2(0) < AlAG] 1 0. (2.4.54)

which shows that [[Apw — A@||;2(q) is bounded above by the right-hand side of (2.4.40). The
estimates on Vpw — V¢ and on IIpw — ¢ follow as in [59, Lemma 4.4].

e CONSISTENCY — GENERAL CASE: Consider now the case ¢ € H3(Q)NC?(Q), and take y* as
above. The boundary conditions on ¢ show that [@(x)| < [|9]|c2 dist(x x,0Q)% and |Vo(x)| <
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H(p||C2 dist(x x,0Q).
leads to, for all @ € N9 with || < 2,

yé=0in Q,

10%0 — 9% (W)l S a9l (2455)

Since A = ):?:1 a}, the above estimate applies to A instead of d% and, as a consequence,
11A0D — (AW @)]pll2(0) < 180 — AW 0) | 20) S @110 ]2y (2.4.56)
Consider now the interpolant w € Xp o for y“¢ € C%(Q) constructed above. Apply (2.4.53) to

y? ¢ instead of ¢, note that ||l[/“(p||cz(§) < ||‘PHc2(§) (consequence of (2.4.55)), and use (2.4.56)
to obtain

lapw — (A9l 2(0) S a2 (19llc g + Al @l 2y

|In(a)la=3/? ifd=2,
a3 if d =3.

Taking a = h'/2 if d = 2 or a = h®/13 if d = 3 leads to

{ R4 In(n)| ifd =2,

||Apw — [A(P]DHLZ(Q) S H‘PHC2(§) X B3/13 ifd =3.

Combined with (2.4.54) this shows that ||Apw — Ag|| 12(@) 1s bounded above by the right-hand

side of (2.4.41). The estimates on [Ipw — ¢ and Vpw — V¢ follow in a similar way.
e LIMIT-CONFORMITY: For & € HB(Q) and vp € Xp,, B \(F)Id implies

/ (H : B'BE \TIpvp dx — / (BH : BETpvp dx / AOTIpvp dx,
Q Q Q
where ¢ = tr(&). Also, by the definition of H2,,
/ BE - HBvp dx = / 0 Apvp dx.
Q Q

Thus, (2.4.3) can be rewritten as

Wp (&) =

AQTIpvp — OApvp ) dx|, 2.4.57
vDeXDO\{O} H?—L vol /( ¢Ilpvp — ¢Ap D> ' ( )

where ¢ = tr(§). Define

(2.4.58)

”5‘¢: ¢(x1<g)—¢(x1<g) Vo € Fin
T 0() ~ 0(ak,) VO € Fexu,
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where zs is the orthogonal projection of xx on the hyperplane which contains ¢. For & €
H?(Q)?*4 the divergence theorem implies that

/ A¢Tlpvpdx =) )

KGM KeMoeFk

/Aq)Hvadx VK/V(]) ng,o ds(x).
Q

Gather over the edges and use the definition of 5 to obtain

/A¢HDdex_ ) 36VD/V¢ ne ds(x)

ocF
_ 5G¢ a¢>
_ 50¢|o\ 6Gq>

Since 65vp = 0 for any G € Fex, a use of (2.4.58), (2.3.9) and (2.3.10) imply

_ Z 66 D50'¢|6| . Z |0-|66V'D(¢( ;G)_¢(x[;6)>

ocF do ocFint do
— Y 06) ¥ Docoro= ¥ IKlo(ex)acn.
KeM cre]-‘K o KeM
A substitution of this in (2.4.59) leads to
36(;)
/Q ATIpvpdr = Y [K|o(xx)Agvp+ Y Sovp / (2 -V9no)dsw).  (24.60)
o

KeM oceF

To deal with the first term, we first combine the two estimates in [48, Lemma 7.61] to see that
|0(xk) — 9 (»)| < ChIK| 2|92y, V¥ EK.

Hence, from the Cauchy—Schwarz inequality,

Y |K|( ¢ (xk —W/Q) d)’)AKVD

KeM

Y |K|¢(xK)AKVD—/Q¢Avadx =

KeM

1/2
< Ch9lp2 (o ( Y |K\|Am\2> = Ch||0| 20y lApvpll.  (24.61)
KeM

Consider the second term in the right-hand side of (2.4.60). Note that the estimate on the terms
Rk & in [58, Proof of Theorem 3.4] show that

550 vlol
w — Vo -ng| < ChY= NG IHO N 2(Uyepyg L)<
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A use of the Cauchy—Schwarz inequality yields

- 1/2
1) o
Z SGVD/ (dL(P—Vq)-nG) ds(x)| < Ch|H¢|| (Z %(50\/@)2)
occF o g ccF “o
= Ch|¢|| 2@ llvpllp < Chdiam(Q) (|9 || 2 () [ADvD |, (2.4.62)

where (2.4.44) is used in the last line. Plug (2.4.61) and (2.4.62) into (2.4.60) to obtain

[ aomovpas— [ oanvoas| < Chlole lanvoll

and the estimate on Wp (&) then follows from (2.4.57), recalling that ¢ = tr(§). O
The following remark is a consequence of the results obtained in this section.

Remark 2.4.15 (Rates of convergence). Under regularity assumption u € H*(Q) N HS(Q), for
lower order conforming FEMs, Adini and Morley ncFEMs and the gradient recovery methods
based on meshes with mesh parameter “h”, O(h) estimates can be obtained for W5 (Hu) and
S% (). Theorem 2.4.4 then gives a linear rate of convergence for these methods. For the finite

volume method, if i € H*(Q) N HZ(Q), Theorem 2.4.4 provides an O(hY*1In(h)|) (in dimension
d=?2)or (’)(h3/ 13) (in dimension d = 3) error estimate for the Hessian scheme based on the
Hessian discretisation.

2.5 Improved L? error estimates

The improved L? error estimate for HDM is presented in this section. This estimate is then
applied to several methods, that is, FEMs, method based on GR operators and a slightly modified
FVM (see Definition 2.5.7). The modified FVM has the same matrix as the original FVM, since
only the quadrature of the source term is modified, but enjoys a super-convergence result while
the standard FVM fails to super-converge. For establishing the lower order L? estimates, consider
the adjoint problem corresponding to (2.2.2), and its Hessian scheme approximation.

The weak formulation for the dual problem with source term g € L?(Q) seeks @, €V such that
a(w,@,) = (g,w) forallw e V. (2.5.1)
The Hessian scheme corresponding to (2.5.1) seeks @, p € Xp o such that
ap(wp, @ p) = (&, IIpwp) for all wp € Xp o. (2.5.2)

The notation X < Y means that X < CY for some C depending only on Q and an upper bound of
CE. For ¢ € H*(Q) with H¢ € HB(Q), set

WSP(9) := WH(He) + S5 (9). (25.3)
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Theorem 2.5.1 (Improved L? error estimate for Hessian schemes).
Let u be the solution to (2.2.2). Let D be a B—Hessian discretisation in the sense of Definition
2.3.1, and let up be the solution to the Hessian scheme (2.3.1). Define
u— 2
8= €L7(Q)
[ —

and let Qg be the solution to (2.5.1). Choose Ppu, Pp@, € Xp o, where Pp is a mapping from
Hg(.Q) to Xpo. Then

IHpup — || < (||[HEPpu— HPal| + WS @) (|| HEPpos — HE @, || + WSH ()
+|[OpPpu — | + || £ || TIp Pp g — 9|l + |[WE(Hit, Ppe,) | + |WE (He,, Ppit)]

where WS% is defined by (2.5.3), and W% is defined by (2.4.4).

Remark 2.5.2 (Dominating terms). Following Remark 2.4.15, for FEMs and GR methods, it
is expected that WS§ (i) = O(h) if u € H*(Q) NH3(Q). Hence, Theorem 2.5.1 provides an
improved result if we can find a mapping Pp (usually an interpolant) such that | HEPp¢ —
HEG|| = O(h), [TlpPpd — || = O(h?), WE(E, Ppé) = O(h?) for all ¢ € HH(S) N HE () and
all & € H*(Q)?*4.

To prove Theorem 2.5.1, we shall make use of the following Lemma, which estimates the error
associated with the continuous bilinear form a(-,-) and discrete bilinear form ap(-,-).

Lemma 2.5.3. Let y,¢ € H3(Q) be such that H : AHy € L*(Q) and H : AH¢ € L*(Q). Then,
for any yp, ¢p € Xp o, the following holds:

|a(W7¢)_aD(WD7¢D)| SED(Wa(PvWDa%)? (2.5.4)

where

Ep (W, 0, ¥p,0p) = WR(HY, ¢p)| + |WE(H, vp)| + [Hpyp — w| [|H : AHY||
+Hpop — ¢ | H : AR || + | HEwp — HEw||HE ¢ — HO 9. (2.5.5)

Proof. Use the definitions of a(-,-) and ap(-,-) and perform elementary manipulations to obtain
a(y,9) —an(yp.9p) = | HOy: Mo dx— [ Hhyp: Higp dr
N /Q<H3w— Hpwp) 1 1P dx
+ [y~ : (70— hgp) dx

—i—/QHBl//: (HBo —HEpp)dx =: T + > + T. (2.5.6)
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T can be estimated using integration by parts twice and (2.4.4).
T, = /QHBl//:H%dx—/QH%WD 2P dx
= [ Wi AH0) dx+ W3, yp) — [ (H: AHY)Ipyp dx.
A use of the Cauchy—Schwarz inequality leads to
T3] < Wp(Ho, wp) | +I1H : AH||| v —TIpyp|. (2.5.7)
A use of the Cauchy—Schwarz inequality leads to an upper bound for the term 75 as
1] < [#%w — Hp ol |79 — Hpopll. (2.5.8)

The term 73 is estimated exactly as 7; interchanging the roles of (v, yp) and (@, ¢p), which
leads to

T3] < VB (H, 9p)| + |1 : AHl|[|9 — Ipgp). (25.9)
A substitution of the estimates (2.5.7)—(2.5.9) into (2.5.6) leads to (2.5.4). ]

We now prove the main result given by Theorem 2.5.1. Note that the proof is obtained by modi-
fication of the arguments of [54, Theorem 3.1] in the GDM framework to that of HDM.

Proof of Theorem 2.5.1. Choose w =uin (2.5.1) and wp = up in (2.5.2),

||ﬁ—HDupH = (g,ﬁ— HDMD) = a(ﬁ, (Pg> —ap(up, (pg7p). (2.5.10)

Since % and @, both belong to H3(Q) with H : AHu = f € L*(Q) and H : AH@, = g € L*(Q), a
use of (2.5.4) in (2.5.10) with some manipulations lead to

[ —pupl| = a(@, ¢) — ap(Pput, Pp@,) + ap(Ppli, Pp ;) — ap(up, 9. )
< Ep(u, g, Pput, Pp@g) + ap(Ppit, Ppp;) — ap(up, Py.p)
= ap(Ppii, PPy — ¢y p) +ap(Ppli — up, Pg.p)
+Ep(z, g, Ppu, 'Pp([)g) =:T1+ T, +Ep(zu, ©g, Ppu, Pp(pg). (2.5.11)

An introduction of a(, (pg), a use of the triangle inequality, (2.5.4), (2.5.1) with w =1u, (2.5.2)
with wp = Ppu and the Cauchy—Schwarz inequality yields

Ti| < |a(a, @) — ap(Ppit, g p)| + |ap(Ppit, Pp@g) — alit, @)
< |a(u, ¢,) — ap(Ppit, 93 p)| + Ep(u, g, Ppti, Pp@y)
< |(g,u—pPpu)| + Ep(u, ¢g, Ppli, Pp @)
< gllll# —pPpul| + Ep (@, @5, Ppit, Pp@y). (2.5.12)
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We now turn to 7. Introduce the terms ap (Ppit, Pp @y ), ap(up, Pp@g) and choose vp = Pp @, —
¢, p in (2.3.1) to deduce

T, = —ap(Ppl, Pp@Pg — @ p) + ap(up, PpPs — @; p) + ap(Ppii — up, Pp Q)
= — lap(Ppti, Pp@; — ¢5.p) — (f, Ip(Pp@; — @ p))] +ap(Ppii — up, Poey)
T 4T (2.5.13)

Since H : AHu = f, (2.4.4) yields
= /Q (”HBE : HE(Pp@s — @;p) — fTIp(Pp@g — 0, p)) dx
+ /Q (H2Ppu —HPu) : Hp(Pp e — @ p) dx
= | (hPoi—5) : (HPoo —~Hg,p) dx—WH(HE Ppg; — 9ep).

Therefore, apply (2.4.3), the Cauchy—Schwarz inequality, (2.5.3), a triangle inequality and (2.4.4)
to obtain
| T2,1| < Wp(Ha) | Hp Pp @y — Hp @ | + | HpPoit — Hotl| [ HE P @y — Hip @ p
S [HEPpoe — Hpgenl| (WSD(@) + | Hp Pt — H i)
S (1HDPoog —HE pg|| +WSD () (| HDPpu — HPul| + WSH(@).  (2.5.14)

The term T> 5 is similar to 77, upon swapping the primal and dual problems, (f,%,up, g, @g, P D)
< (8, 9g, 93D, f,u,up). Hence, from (2.5.12),

Ta2| < (| f[[@g — Tl Pp@gl| + Ep (&, @g, Poit, PpPy). (2.5.15)
Combine the estimates (2.5.13), (2.5.14) and (2.5.15) to obtain
| S (I[Hp P —Hoal| + WSE@)) (| HDPpos — HE g || +WSH(9))
+ 1/ 11l@g —=TIpPp@g || +Ep (4, @5, Ppitt, Pp @) (2.5.16)
A substitution of (2.5.12) and (2.5.16) in (2.5.11) leads to
@~ Tpup || S([[HD P —HEul| + WSE @) (| HDPpo; — HE g || + WSH(9))
+ @ —MpPpil| + || f[| |9 — IpPp | + Ep (@, @g, Ppli, Pp¢y),

where we have used the fact that ||g|| = 1. Finally, the proof is complete by using the definition
(2.5.5) of Ep and noticing that H : AHu = f € L*(Q) and H AH@, =g € L2(Q). O

The application of the above theorem to various schemes is discussed below.

Proposition 2.5.4. Let i € H*(Q) NHZ(Q) be the solution to (2.2.2) and up be the solution to
the Hessian scheme (2.3.1). Then, for low-order conforming FEMs, Adini and Morley ncFEMs,
and gradient recovery methods, there exists a constant C > 0 not depending on h such that

||HDL{D —ﬁ” < Ch*.
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The following Lemmas 2.5.5-2.5.6 helps to prove Proposition 2.5.4. We start by a preliminary
result that states the approximation properties of the classical interpolant Pp for various methods.

Lemma 2.5.5 (Interpolation [41]). Let y € H*(Q)NHZ(Q) and ¢ € H*(Q) NH3(Q). The clas-
sical interpolant Pp satisfies

(i) For conforming FEMs and Morley ncFEM,

IMpPpy — y|| < Ch*,|[VpPpy — Vy|| < Ch* and |HEPpy — HP || < Ch.
(ii) For Adini ncFEM,

ITipPpo — 9| < Ch,|[VpPpo — V|| < Ch* and | HEPpo — HP || < Ch>.

The next lemma establishes an estimate on the limit—conformity measure Wg given by (2.4.4)
for various schemes.

Lemma 2.5.6. Let & € H*(Q)44, w € H*(Q)NH(Q) and ¢ € HH(Q)NHZ(Q).
(i) For conforming FEMs, we have W%(é ,Ppy) =0.
(i) For Adini ncFEM, WE(&,Pp¢) = O(h?).
(iii) For Morley ncFEM and gradient recovery methods, W5 (&, Ppy) = O(h?).

Proof. (i) CONFORMING FEMSs. Since Xp o C H3(Q), using integration by parts twice, the
limit-conformity measure vanishes, that is, Wg =0.

(i) NONCONFORMING FEM: THE ADINI RECTANGLE. Let ¢ € H*(Q)NH3(Q) and & €
H?(Q)?*4. Introduce the term (H : AE)¢ in (2.4.4), use the Cauchy—Schwarz inequality and
Lemma 2.5.5 to obtain

IWB(&,Ppo)| < '/Q(m L AE)TpPpd — (H :A5>¢)dx'
+'/Q((’H:A§)¢—Bé :H%Pprp)dx‘
< [ AZ 0P — ] + | [ ((H:48)0 - BE : 1bPpo) ax
gCh4+'/Q((7-[:A§)¢—B§ :H%qu))dx).
Apply integration by parts twice to deduce
IWE(E,Ppo)| < Ch* + ‘ /Q (BE : HP¢ — BE . HEPpo) dx’. (2.5.17)

A use of the Cauchy—Schwarz inequality and Lemma 2.5.5 leads to

[WB(&,Ppo)| < Ch* + |BE ||| HPpo — HO¢|| < Ch*.
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(iii)(a) NONCONFORMING FEM: THE MORLEY TRIANGLE. Proceed as in the proof of limit
conformity W2 (&, Ppy) for the Adini’s rectangle (with [|[[IpPpy — y|| < Ch3) and use (2.5.17)
to arrive at

W3(E,Ppy) < Ch + ‘ /Q (BE : HPy — BE - HEPpy) dx|. (2.5.18)

Let g be the average value of £ on the cell K € M. By the mesh regularity assumption, ||& —
Ek |12k yaxa < Ch||E |1 (gyaxa (see, e.g., [48, Lemma B.6]). An introduction of BEx in the above
inequality and a use of the Cauchy—Schwarz inequality and Lemma 2.5.5 yield

(WB(&, Pow)| <CIP+ Y ||BE — Bk |2 (kyaxa |HDW — HEPD W 2k yaxa
KeM

+

Y. [ B 00y - wEPow) ax
KeM

<Ch+ Z /BﬁK:(HBIII—H%PDII/)dx‘.
Kem”’K

For K € M, we have [66]
/ HE Py dx = / HBy dx. (2.5.19)
K K

Hence, WE (&, Ppy) = O(h?).
(iii)(b) GRADIENT RECOVERY METHOD. Note that for the GR method, [IpPpy = Ppy €V},

an Hé -conforming finite element space which contains the piecewise linear functions. From
Theorem 2.4.10,

ITlpPpy — y|| < Ch*,|VpPpy — V| < Ch* and |H)Ppy — HPw| < Ch.  (2.5.20)

Also, |[VPpy — Vy|| < Ch. Let us consider W5 (&, Ppy). Reproduce the same steps as in
the proof for Adini’s rectangle (with ||[TIpPpy — y|| < Ch?), use (2.5.17) and the definition of
reconstructed Hessian #%, to obtain

(WB(E, Ppv)| SCh2+‘/Q (Aéi tHy —AS :VQhVPpw> dx‘
+‘/QA§ : (6h®(QhVPDl//—VPDl[/))dx‘ = Chz-i-Al +Aj.

Since Q,VPpy € H& (Q), an integration by parts, the Cauchy—Schwarz inequality and the ap-
proximation property of Pp given by Lemma 2.5.5 show that

Ay| = ‘ —/QVyﬁdiV(Aé)dx—l—/QQhVPD‘I/'diV(Aé)dx‘
< |QnVPpy — V| [[div(AS)|| = |[VpPpy — V| |[div(AE)|| < Ch>.
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Let &k denote the average of & over K € M. Since the finite dimensional space V), contains
the piecewise linear functions, VV},(K) contains the constant vector-valued functions on K, a use
of the orthogonality property of the stabilisation function given by (P5), the Cauchy—Schwarz
inequality, the boundedness of G, the triangle inequality and the approximation properties of
the interpolant leads to

4l =| ¥

KeM

<C Z 1€ _§K||L2(K)dxd||QhV7DD‘I/—VPD‘I/HB(K)d
KeM

< Ch||VpPpy —VPpy|
<Ch(|VoPoy —Vy| +|Vy—VPoy]) < CI*

/(A5 —Alk) 16, ® (QhVPDW_VPDW)dx’

Therefore, W5 (&, Ppy) = O(h?). O

Proof of Proposition 2.5.4. The proof of Proposition 2.5.4 follows from Theorem 2.4.4, Remark
2.4.15, Lemma 2.5.5, (2.5.20) and Lemma 2.5.6. OJ

Since the super-convergence is not known in general for two point flux approximation (TPFA)
for second order problems, it is expected that the same issue occurs for the FVM mentioned in
Section 2.3.1. In order to obtain an improved result, ideas developed in [54, Section 4] for GDM
is appropriately modified for the HDM. For that, set

dist(xg,0)vy+dist(x,,0) vk . —
b = { 1o Vo € Fin, Mo =1{K,L} (2.5.21)

O vcefext.

We now define a slightly modified HDM for FVM based on A-adapted discretisations.

Definition 2.5.7 (Modified FVM B—HD). Let D = (XD,O,HD,VD,’H%) be a B— Hessian dis-
cretisation in the sense of Definition 2.3.1 for FVM. The modified FVM B—Hessian discretisation
is D* = (Xpo,Ip+,Vp, "H%), where the reconstruction function Ilp+ is defined by

Yvp € XD70, VK e M, Vxe K,HD*VD(X) = HDVD(X) + 61{\/1) . (x—xK) (2.5.22)
with |
Vivp = Y. Iolvenk.o- (2.5.23)
| | ocFk

The Hessian scheme corresponding to the modified FVM B—HD D* in the sense of Definition
2.5.7 is given by (2.3.1), in which only the right-hand side is modified. Thus, the modified FVM
has the same matrix as the original FVM.

Consider now a super-admissible mesh in the sense of [48, Lemma 13.20], i.e. for o € Fj,; with
M = {K,L}, the straight line (xg,x1) intersects ¢ at Xs (similarly on the boundary). This
super-admissibility condition is satisfied by rectangles (with xgx the centre of mass of K) and
acute triangles (with xg the circumcenter of K).
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Proposition 2.5.8 (Superconvergence for modified FVM HD). Let it € H*(Q) N H(Q) be the
solution to (2.2.2). Let up+ be the solution of the Hessian scheme (2.3.1) for the modified FVM
B—HD D* in the sense of Definition 2.5.7 on a super-admissible mesh. Then for the modified
FVM based on A-adapted discretisations, there exist a constant C > 0 independent of h such that

_ 2| In(h) > ifd=2

Recalling Remark 2.4.15, we see that these rates are an improvement over the rates in A2 norm.
Precisely, L? error estimate decays as the square of the H? error estimate.

Proof of Proposition 2.5.8. As a consequence of Stokes’ formula, for K € M, ¥ ;¢ 7, |0|ng .6 =
0 (see the proof of [48, Lemma B.3]). A use of (2.5.21) and the superadmissible mesh condition

nk.c = *4—% leads to

~ 1
Vivp=-— Y [6](ve —vk) nk.c = Vgvp,
| |G€.7:K

where (Vpvp)x = Vgvp. Hence,
/ Vpvpdx = / Vivpdx = \KﬁKVD.
K K

Use the definition of D*, the above relation between %K and Vp, and (5.3.6) to obtain
Yp € Xp o, [Hpvp —Tpevpllr2q) S Al HDvD||.

Therefore, following the proof of [48, Remark 7.51], the same estimates on C%*, S%* and Wg*
can be obtained for D* as that for the original FVM HD D. Thus, from Remark 4.2.3, under
regularity assumption, an O(h'/4|In(h)|) (in d = 2) or O(K*/13) (in d = 3) error estimate can
be obtained for the Hessian scheme based on modified FVM HD D*. Note that to prove the
error estimates for original FVM, the interpolation Pp is constructed by solving a TPFA scheme
for second order problem, i.e, by considering |K|AxPp¢ = [ A¢ dx for ¢ smooth enough and
K € M. To preserve a superconvergence for this modified FVM, the idea is to construct Pp«¢
by solving the modified TPFA scheme, where Ilp is replaced by Ilp+. Since TPFA and Hybrid
Mimetic Mixed (HMM) schemes are the same on superadmissible meshes, from [54, Theorem
4.6],

T Pp+¢ = 9|l S H(19]12(0)- (2.5.24)

To estimate W2, (&, Pp+¢), for ¢ € H*(Q) NHZ(Q) and & € H*(Q)?*?, consider (2.4.4) with
D = D*. Introduce (H : A§)@, use the Cauchy—Schwarz inequality, (2.5.24) and integration by
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parts twice to obtain
W& Poo)| < | [ (042 M0 Po0 ) |
+ ‘ /Q ((’H tAE)¢ — BE :H%Pp*qb) dx‘
<Ch*+ ‘ / BE : (HBo —HE Pp-9) dx’.
Q

The second term on the right-hand side of the above inequality can be estimated by considering
the projection of BE on piecewise constant functions on the mesh M. Let Bk be the projection
of B on K € M. Since ApPp+¢ is the projection of A¢ on piecewise constant functions on M

(that is, |K|AxPp-¢ = [ A¢ dx), a use of the orthogonality property of the projection operator,
the Cauchy—Schwarz inequality and the approximation property leads to

(WE.(&,Pp-¢)| < Ch*+

y / (BE — BEx) : (HBo — HEPp.¢)dx| <CH2.  (2.5.25)
Kem /M

A substitution of (2.5.24), (2.5.25) and estimates given by Remark 2.4.15 in Theorem 2.5.1 with
D = D* yields

R2|In(R))?  ifd =2,

ho/13 if d =3.

Hence the proof of superconvergence result for the modified FVM is complete. 0

HHD*UD* —ﬁ” < C{

2.6 Improved H'-like error estimate

To establish an improved H'-like error estimate, consider the following dual problem of (2.2.2).
The weak formulation for the dual problem with source term g € H~!(Q) seeks @, €V such that

a(w,@,) = (q,w) forallw e V. (2.6.1)

Moreover, when Q is convex, @, € H>(Q) N H () with a priori bound [|¢y]|3q) < l¢]lz-1(a)

[13]. In order to state the H'-like error estimate, we need to consider the limit-conformity mea-
sure between the reconstructed Hessian H% and reconstructed gradient Vp. Define

~ Wg(%wD)‘
Vy e HE ()9, Wh(x)= max )—, (2.6.2)
X EH Q. Wol) = B

where H3 (Q)? = {y € I2(Q)"*4 : div(B*By) € L*(Q)?} and
WE (%, wp) = /g (Bx : HEwp +div(B*By) -VDWD> dx. (2.6.3)
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Assume the existence of an operator Ep which maps the discrete unknowns to the continuous
space of functions. This operator plays a central role in the H'-like error estimate analysis for
HDM.

Assumption 2.6.1 (Companion operator). Let D be a B—Hessian discretisation in the sense of
Definition 2.3.1. There exists a linear map Ep : Xp o — Hg(Q) called the companion operator.
We define

\Y —VE
o(Ep) =  sup [Voyp oyl

(2.6.4)
¥pEXpo\{0} | HE wp||

Along a sequence of Hessian discretisations (D, )eN, it is expected that the companion operators
are defined such that @(Ep, ) — 0 as m — c. For example, an explicit companion operator is
well-known for the Morley element with @(Ep) = O(h) [17].

Theorem 2.6.2 (Improved H'-like error estimate for Hessian schemes).
Let u be the solution to (2.2.2). Let D be a Hessian discretisation in the sense of Definition 2.3.1
and up be the solution to the Hessian scheme (2.3.1). Assume that the solution to (2.6.1) satisfies
¢, € H*(Q)NH(Q) and choose Ppu, Pp@, € Xp o, where Pp : H3(Q) — Xp . Assume that
there exists a companion operator Ep in the sense of Assumption 2.6.1 and define

—AEp(up — Ppii)

= cH Q).
9= [VEn(up—Ppm)] <11 @)

Then _
IVpup — V|| < (@0(Ep) + W5 (He,)) (WSH (@) + | HPu — 1 Ppil))

+|\Vai = Vo Ppil| + W3 (He,, Ppa)|

+WS3 @) HE 0, — HEPp oy || + (W5 (Hit, Ppey)|,
where o(Ep) is defined by (2.6.4), WSE is defined by (2.5.3), W5 is defined by (2.4.4), W5 is
defined by (2.6.2), and W% is defined by (2.6.3).

Remark 2.6.3. Following Remark 2.5.2, Theorem 2.6.2 gives an improved error estimate in H I
like norm if we can find Pp and Ep such that |V¢ —VpPpe|| = O(h*), WE(x,Pp¢) = O(h?),
o(Ep) = O(h) and W5(x) = O(h) for all ¢ € H*(Q)NHZ(Q) and all y € H' (Q)¥*7.

Remark 2.6.4. The companion operators actually come with estimates on function, gradient
given by (2.6.4) and Hessian (see e.g., [17]). The estimates on function and Hessian are not
needed in the error analysis and hence we leave them undefined.

Proof of Theorem 2.6.2. A use of the triangle inequality leads to

HVDMD — VﬁH < HVD’/‘D — VD'PDEH + HVDPDE — VﬁH . (2.6.5)
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Let us estimate ||Vpup — VpPpi||. Set vp = up — Ppli € Xp . Introduce VEpvp and HEq,
and use triangle inequalities, (2.6.4) and Theorem 2.4.4 to deduce

IVpvp|| < ||[Vpvp — VEpvp|| + | VEpvp | < @(Ep)||Hpvoll + |[VEDVD||
< 0(Ep) (||[HBup — HPu| + | HPu— HEPpi||) + | VEpvp |
< 0(Ep) (WSH (@) + | HPu — HpPoiul) + [ VEpvo||. (2.6.6)

Consider |VEpvp||. From (2.6.1) with w = Epvp,
HVEDVDH = a(Eva, (pq) = /Q(HBEDVD — 'H%VD) : HB(Pq dx
+/Q’H%VD :HP @ dx =Ty + T (2.6.7)

A use of integration by parts, (2.6.3), (2.6.2), the Cauchy—Schwarz inequality, (2.6.4), the triangle
inequality and Theorem 2.4.4 yields

7| < [ div(atie,) - (Vovp — VEpv)| de+ Wh(He,) [Hovo|

< @(Ep)||HEvo| |div(AH@,) || + WA (He,) | HEvp|
< (0(Ep)||div(AH Q) | + WhH(He,)) (WSH (@) + || 7P — HEPpil ). (2.6.8)

Simple manipulations leads to
T — /Q (HPa— HE Ppu) : HP g, dx + /Q (Hup — HPa) : (HP @, — HEPpe,) dx
+ /Q (HBup — HET) : HE Ppg,dx =: Ty + Toa + Taa. (2.6.9)
An integration by parts, (2.6.3) and the Cauchy—Schwarz inequality leads to
T2, | < ||div(AH@,) |||V Ppii — Vil + W5 (H ey, Ppa)|. (2.6.10)
1> can be estimated using the Cauchy—Scharwz inequality and Theorem 2.4.4 as

1| < | HPu—Hup ||| HE 0y — HEPp @yl S WSE (@) | HE @y — HEPpoy|.  (2.6.11)

Since H : AHu = f, by (2.4.4) and (2.3.1) with vp = Pp@,, the term T3 3 can be estimated as
Thy< - /Q (H : AHD)IpPpe, dx + WE (Ha, Ppe,) + /Q Hhup : HEPpe, dx
— - [ (t: AMDIoPp, dx + Wh(HE Ppo) + [ fTioPoe,dx

= W3 (Hi, Pp@,). (2.6.12)
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A substitution of (2.6.10)—(2.6.12) in (2.6.9) leads to
2| 5 lldiv(AHe,) ||| Vi~ VoPpil + Wp(He,, Poi)|
+WSB@)|[HP 0 — HEPp@gll + IWE (Hat, Ppe,)|. (2.6.13)
Plug (2.6.8) and (2.6.13) in (2.6.7) to obtain an estimate for | VEpvpl||.
IVEpvpll S (0(Ep) |div(AH@,)|| + WE(He,)) (WSh(@) + [ HP7 — HEPpal )
+[|div(AH@,) ||| Vi — Vo Ppil| + W5 (H ey, Ppit)]
+ WS (@)||H” 9y — HEPp@gl| +Wh(Hit, Pogy)|. (2.6.14)

A use of the apriori bound for the dual problem || @, || 3(q) < 1 yields

IVEpvo| S(@(Ep) +Wh(He,)) (WSh (@) + | HPu — HpPpul )
+|V — VpPpil| + Wi (Heg, Ppi)|
+ WS (@)||HP 9, — HEPo gl +IWE (Hi, Ppgy)|. (2.6.15)
A substitution of (2.6.15) in (2.6.6) yields an estimate on | Vpvp|| (with vp = up —Ppui € Xp o)
which when plugged on (2.6.5) gives
IVpup — Vil S (0(Ep) +Wh(He,)) (WSH (@) + | H 5 — HPPpul|)
+|Vii — VpPpi| + | Wh (Heg, Ppi)|
+WSB(@)[|1° 0 — HEPp @y || + [WH (Hit, Ppgy )|
and this completes the proof. [

The following proposition talks about the H'-like error estimate for lower order conforming and
non-conforming FEMs.

Proposition 2.6.5. Let i € H*(Q) NHZ(Q) be the solution to (2.2.2) and up be the solution to
the Hessian scheme (2.3.1). Then, for low-order conforming and non-conforming (Adini and
Morley) FEMs, there exists a constant C, not depending on h, such that

|Vpup — V|| < Ch?.

Proof. « CONFORMING FEMS. Let y € H3(Q)NHZ(Q). Since Xpo C H3(Q), by applying
integration by parts, the limit-conformity measure Wg vanishes. Also, companion operator Ep is
nothing but the identity operator which implies @(Ep) = 0. Hence, under regularity assumption
on u, combine these estimates along with Remark 2.4.15, Lemma 2.5.5 and Lemma 2.5.6 in
Theorem 2.6.2 to obtain ||Vpup — Vi|| < Ch?.

e NON-CONFORMING FEM: THE ADINI RECTANGLE. The estimate @(Ep) = O(h) for a com-
panion operator which maps the Adini rectangle to the Bogner—-Fox—Schmit rectangle [41] has
been done in [14]. For y € H(ﬁv (Q)¢ and vp € Xp (0> cellwise integration by parts yields

/Q(B)( HDVD+d1V(Ax) VDVD dx Z / (Axne) - [Vpvp] ds(x).
oceF
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A use of Theorem 2.4.6 and (2.6.2) leads to WS () = O(h). Let ¢ € H*(Q) N HZ (). Introduce
div(Ayx) - V¢ in (2.6.3), use an integration by parts, the Cauchy—Schwarz inequality and Lemma
2.5.5 to obtain

B Poo)| < | [ (B2 1bPoo +diviaz) Vo) ax|+ | [ diviaz): (ToPpo ~ Vo) ax

= | [\ (45Po0 - 1050)0x| ¢ | [ aivtaz): (Voo - Vo) ax| < i

The proof is complete by invoking Remark 2.4.15, Lemmas 2.5.5-2.5.6 and Theorem 2.6.2.
e NON-CONFORMING FEM: THE MORLEY TRIANGLE. For the Morley element, there exists

a companion operator such that @(Ep) = O(h), see [17] for more details. To estimate W5 (),
where x € H2 (Q)9, let vp € Xp 9. An integration of parts yields

/ (Bx :H%VD+div(Ax)-VDVD> =) / (Axns) - [Vpvp] ds(x). (2.6.16)
Q ceF7O

From (2.4.20) and (2.6.2), WE(x) = O(h). Let y € H*(Q)NHZ(Q). In order to evaluate

17\//%()( ,Ppy), introduce div(Ay) - Vy in (2.6.3), use an integration by parts and the Morley
interpolation property given by Lemma 2.5.5. Hence,

IWE(x, Ppw)| < CH* + ‘ /QBX L (HEPoy — HPy) dx|.

Now, reproduce the same steps as in the limit-conformity Wg(é,Pp y) proof for the Morley
triangle (with & = y) and thus from (2.5.18)~(2.5.19), WE (x, Ppy) = O(h?).
As a consequence, for the Morley triangle, if # € H*(Q) N HZ(Q), combine the above estimates,

Theorem 2.4.4, Remark 2.4.15, Lemmas 2.5.5-2.5.6 and Theorem 2.6.2 to obtain the required
result. u

Remark 2.6.6. The construction of a companion operator Ep for the method based on gradient
recovery operators with @p small enough is an open problem. Though there is a difficulty of
constructing a proper companion operator and hence improved H U theoretical rate of conver-
gence are not obtained, we observe that the numerical rates in H Llike norm are better (see Table
2.2, Section 2.7.1). In numerical test for FVM, the H*> and H' estimated rates of convergences
appear to be both of order 1 (see Section 2.7.2). This seems to indicate that we cannot expect an
improved estimate in H'-like norm compared to the estimate in energy norm. Hence, the FVM
method is probably not amenable to an application of Theorem 2.6.2 (which is an indication that
there might not exist, for this method, a proper companion operator).

2.7 Numerical results

In this section, the results of some numerical experiments for the gradient recovery method, finite
volume method and modified finite volume method are presented. Numerical results for FEMs
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are available in literature [25, 65]. All these tests are conducted on the biharmonic problem
A%% = f with clamped boundary conditions and for various exact solutions .

2.7.1 Numerical results for Gradient Recovery Method

A few examples are presented to illustrate the theoretical estimates of Theorem 2.4.4 and Theo-
rem 2.5.1 (Proposition 2.5.4) on the Hessian discretisation for GR method described in Section
2.3.1. The considered finite element space V}, is the conforming [P; space, and the implementa-
tion was done following the ideas in [82]. The following relative errors, and related orders of
convergence, in L?(Q), H'(Q) and H?(Q) norms are presented:

_ | TIpup —ul| _ |Vpup — V| ||QxVup — Vi||
=—— Vu) := =
erp(#) a0 =M vl vl
 [Vup—val [ HBup—Hal [ V(0uVup) —Hal
Vi) i= —————, Hu) := = ,
(Vi) =" el Tl ]

where up is the solution to the Hessian scheme (2.3.1). Figure 2.6 shows the initial triangulation
of a square domain and its uniform refinement.

Figure 2.6: Initial triangulation and uniform refinement of square domain

The mesh data for the first four examples are in Table 2.1: mesh sizes &, numbers of unknowns
(that is, the number of internal vertices) nu, and numbers of non-zero terms nnz in the square
matrix of the system.

Example 1

The exact solution is chosen to be #(x,y) = x*(x — 1)?y?(y — 1)2. To assess the effect of the
stabilisation function G, on the results, we multiply it by a factor 7 that takes the values 0.1, 1,
10, and 100.

The errors and orders of convergence for the mesh data for the first three examples numerical
approximation to u are shown in Tables 2.2-2.5. It can be seen that the rate of convergence is
quadratic in L>-norm, which agrees with the theoretical result in Proposition 2.5.4, and linear in
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Table 2.1: (GR) Mesh size, number of unknowns and number of non-zero terms in the square matrix

h nu nnz
0.353553 9 79
0.176777 49 1203
0.088388 225 7011
0.044194 961 32835
0.022097 | 3969 | 141315
0.011049 | 16129 | 585603

H'-norm (see err(Vit)). However, using gradient recovery operator, a quadratic order of conver-
gence in H'! norm is recovered (see errp(Vi)). The rate of convergence in energy norm is linear
(see errp(Hu)), as expected by plugging the estimates of Theorem 2.4.10 into Theorem 2.4.4.
We also notice a very small effect of 7 on the relative errors and rates.

Table 2.2: (GR) Convergence results for the relative errors, Example 1, 7= 0.1

nu errp(u) | Order err(Vu) Order | errp(Vu) | Order || errp(Hu) | Order
9 9.274702 - 31.591906 - 0.568338 - 0.595635 -
49 0.220095 | 5.3971 || 0.682922 | 5.5317 | 0.164105 | 1.7921 || 0.266927 | 1.1580
225 0.066997 | 1.7160 | 0.201282 | 1.7625 || 0.049395 | 1.7322 || 0.128410 | 1.0557
961 || 0.019135 | 1.8079 || 0.088805 | 1.1805 || 0.013697 | 1.8505 || 0.062164 | 1.0466
3969 || 0.005133 | 1.8983 || 0.040845 | 1.1205 || 0.003623 | 1.9185 || 0.030457 | 1.0293
16129 || 0.001331 | 1.9474 || 0.019422 | 1.0724 || 0.000933 | 1.9568 || 0.015059 | 1.0161

Table 2.3: (GR) Convergence results for the relative errors, Example 1, 7 =1

nu errp(u) | Order || err(Vi) | Order || errp(Vu) | Order || errp(Hu) | Order
9 1.050930 - 3.254044 - 0.567670 - 0.582647 -
49 0.214195 | 2.2947 || 0.482686 | 2.7531 || 0.167145 | 1.7640 || 0.267188 | 1.1248
225 0.067498 | 1.6660 || 0.200108 | 1.2703 || 0.049952 | 1.7425 || 0.128511 | 1.0560
961 0.019240 | 1.8107 || 0.088667 | 1.1743 || 0.013806 | 1.8553 || 0.062184 | 1.0473
3969 || 0.005156 | 1.8999 || 0.040835 | 1.1186 || 0.003646 | 1.9209 || 0.030460 | 1.0296
16129 || 0.001336 | 1.9482 || 0.019421 | 1.0722 || 0.000938 | 1.9581 || 0.015060 | 1.0162

Example 2

Consider here the transcendental exact solution 7 = x*(x — 1)?y?(y — 1)?(cos(27x) + sin(27y)),
and 7 =0.1,1 and 10. Tables 2.6-2.8 presents the numerical results. The same comments as in
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Table 2.4: (GR) Convergence results for the relative errors, Example 1, 7= 10

nu errp() | Order || err(Vi) | Order || errp(V#) | Order || errp(Hu) | Order
9 0.661894 - 0.778521 - 0.583641 - 0.586174 -
49 0.236529 | 1.4846 || 0.449484 | 0.7925 || 0.195127 | 1.5807 || 0.274030 | 1.0970
225 0.072610 | 1.7038 || 0.197892 | 1.1836 || 0.055493 | 1.8140 || 0.129911 | 1.0768
961 0.020303 | 1.8385 || 0.088413 | 1.1624 || 0.014907 | 1.8963 || 0.062418 | 1.0575
3969 || 0.005382 | 1.9154 || 0.040804 | 1.1156 || 0.003877 | 1.9429 | 0.030494 | 1.0335
16129 || 0.001387 | 1.9564 | 0.019417 | 1.0714 || 0.000990 | 1.9695 || 0.015064 | 1.0174

Table 2.5: (GR) Convergence results for the relative errors, Example 1, T = 100

nu errp(u) | Order || err(Vi) | Order || errp(Vu) | Order || errp(Hu) | Order

9 0.784444 - 0.805690 - 0.701021 - 0.695247 -

49 0.409420 | 0.9381 || 0.456340 | 0.8201 || 0.386868 | 0.8576 || 0.408281 | 0.7680
225 0.123166 | 1.7330 || 0.199370 | 1.1947 || 0.108498 | 1.8342 || 0.157333 | 1.3757
961 0.031509 | 1.9667 || 0.088447 | 1.1726 || 0.026358 | 2.0414 || 0.066443 | 1.2436
3969 || 0.007812 | 2.0121 || 0.040790 | 1.1166 || 0.006356 | 2.0521 || 0.031019 | 1.0990
16129 || 0.001934 | 2.0139 || 0.019414 | 1.0711 || 0.001552 | 2.0340 || 0.015130 | 1.0357

Example 1 can be made about the rates of convergence. Past the coarsest meshes, as in Example
1, 7 only has a small impact on the relative errors.

Table 2.6: (GR) Convergence results for the relative errors, Example 2, T = 0.1

nu errp (@) Order err(Vi) Order || errp(V#) | Order || errp(Hu) | Order
9 89.040689 - 183.461721 - 1.211097 - 1.614525 -
49 0.825060 | 6.7538 3.401374 | 5.7532 || 0.235295 | 2.3638 || 0.501568 | 1.6866
225 0.076841 | 3.4246 0.337917 | 3.3314 || 0.050832 | 2.2107 || 0.172310 | 1.5414
961 0.017830 | 2.1076 0.114315 1.5637 || 0.013579 | 1.9044 || 0.079638 | 1.1135
3969 0.004565 | 1.9655 0.052228 1.1301 || 0.003638 | 1.9002 || 0.039166 | 1.0239
16129 || 0.001168 | 1.9662 0.025518 1.0333 || 0.000949 | 1.9391 || 0.019457 | 1.0093
Example 3

Here, 7(x,y) = x*y3(1

presented in Tables 2.9-2.11 are similar to those obtained for Examples 1 and 2.
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Table 2.7: (GR) Convergence results for the relative errors, Example 2, T = 1

nu errp (1) Order err(Vi) Order || errp(V#) | Order || errp(Hu) | Order
9 10.222667 - 19.376883 - 1.058048 - 1.333720 -
49 0.475973 | 4.4247 || 1.467316 | 3.7231 || 0.229176 | 2.2069 | 0.473233 | 1.4948
225 0.074399 | 2.6775 || 0.313397 | 2.2271 || 0.050755 | 2.1748 || 0.170477 | 1.4730
961 0.017711 | 2.0706 || 0.112806 | 1.4742 || 0.013591 | 1.9009 || 0.079552 | 1.0996
3969 0.004547 | 1.9615 || 0.052162 | 1.1128 || 0.003640 | 1.9006 || 0.039162 | 1.0224
16129 || 0.001164 | 1.9657 || 0.025515 | 1.0317 || 0.000949 | 1.9393 || 0.019456 | 1.0092

Table 2.8: (GR) Convergence results for the relative errors, Example 2, T = 10

nu errp(u) | Order || err(Vi) | Order || errp(Vu) | Order || errp(Hu) | Order
9 1.413122 - 2.541143 - 0.845365 - 0.894504 -
49 0.313425 | 2.1727 || 0.878752 | 1.5319 || 0.225247 | 1.9081 || 0.396725 | 1.1729
225 0.066842 | 2.2293 || 0.262354 | 1.7439 || 0.051757 | 2.1217 || 0.165546 | 1.2609
961 0.016897 | 1.9840 || 0.109794 | 1.2567 || 0.013783 | 1.9089 || 0.079311 | 1.0616
3969 || 0.004376 | 1.9492 || 0.052012 | 1.0779 || 0.003675 | 1.9072 || 0.039149 | 1.0185
16129 || 0.001123 | 1.9621 || 0.025506 | 1.0280 || 0.000956 | 1.9425 | 0.019455 | 1.0088

Table 2.9: (GR) Convergence results for the relative errors, Example 3, 7 = 0.1

nu errp (i) Order err(Vu) Order || errp(Vu) | Order || errp(Hu) | Order
9 81.804173 - 164.358300 - 1.068682 - 1.155266 -
49 0.677743 | 6.9153 2.358209 6.1230 || 0.232374 | 2.2013 || 0.517095 | 1.1597
225 0.093340 | 2.8602 0.447143 2.3989 || 0.048701 | 2.2544 || 0.207642 | 1.3163
961 0.017130 | 2.4459 0.125296 1.8354 || 0.010361 | 2.2328 || 0.084719 | 1.2933
3969 0.003975 | 2.1074 0.053941 1.2159 || 0.002643 | 1.9711 || 0.041197 | 1.0401
16129 0.000982 | 2.0167 0.026457 1.0278 || 0.000692 | 1.9341 || 0.020529 | 1.0049
Table 2.10: (GR) Convergence results for the relative errors, Example 3, 7 = 1
nu errp(u) | Order err(Vu) Order | errp(Vu) | Order || errp(Hu) | Order
9 8.708395 - 16.990965 - 0.950590 - 0.990455 -
49 0.516904 | 4.0744 1.490046 | 3.5113 || 0.224877 | 2.0797 || 0.492555 | 1.0078
225 0.089332 | 2.5326 || 0.414243 | 1.8468 | 0.048056 | 2.2263 || 0.203301 | 1.2767
961 0.016920 | 2.4005 0.122315 | 1.7599 || 0.010349 | 2.2153 || 0.084441 | 1.2676
3969 || 0.003953 | 2.0975 0.053813 | 1.1846 || 0.002646 | 1.9678 || 0.041186 | 1.0358
16129 || 0.000978 | 2.0153 0.026452 | 1.0246 || 0.000693 | 1.9337 || 0.020528 | 1.0045
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Table 2.11: (GR) Convergence results for the relative errors, Example 3, T = 10

nu errp() | Order || err(Vi) | Order || errp(V#) | Order || errp(Hu) | Order
9 1.097695 - 2.068091 - 0.809189 - 0.792818 -
49 0.351280 | 1.6438 || 0.969172 | 1.0935 || 0.205661 | 1.9762 || 0.409436 | 0.9533
225 0.073936 | 2.2483 || 0.306858 | 1.6592 || 0.046151 | 2.1558 || 0.186959 | 1.1309
961 0.015689 | 2.2365 || 0.113622 | 1.4333 || 0.010414 | 2.1478 || 0.083455 | 1.1637
3969 || 0.003756 | 2.0624 || 0.053444 | 1.0882 || 0.002689 | 1.9535 || 0.041142 | 1.0204
16129 || 0.000935 | 2.0068 | 0.026437 | 1.0155 || 0.000705 | 1.9309 || 0.020526 | 1.0032

Example 4

In this example, choose the right-hand side load function f such that the exact solution is given

by #(x,y) = sin?(7x) sin’(7y). The computed errors and orders of convergence in the energy, H'
and L? norms with 7 = 1 are shown in Table 2.12.

Table 2.12: (GR) Convergence results for the relative errors, Example 4, 7 =1

h errp(u) | Order || errp(VH) | Order || errp(Hu) | Order
0.353553 || 3.124409 - 0.721457 - 0.855054 -
0.176777 || 0.145381 | 4.4257 || 0.099974 | 2.8513 || 0.246640 | 1.7936
0.088388 || 0.036224 | 2.0048 || 0.023098 | 2.1138 || 0.116470 | 1.0824
0.044194 || 0.009068 | 1.9982 || 0.005552 | 2.0566 || 0.057308 | 1.0232
0.022097 || 0.002261 | 2.0037 || 0.001363 | 2.0266 || 0.028470 | 1.0093
0.011049 || 0.000564 | 2.0032 || 0.000338 | 2.0116 || 0.014198 | 1.0037

Example 5§

In this example, consider the non-convex L-shaped domain given by Q = (—1,1)?\ ([0,1) x
(-1, O]) Figure 2.7 shows the initial triangulation of a L-shaped domain and its uniform refine-

ment. The source term f is chosen such that the model problem has the following exact singular
solution [71]:

i = (r*cos? @ —1)*(r*sin® 0 — 1)*r'*7g, (),

where (r,0) denote the polar coordinates, ¥ ~ 0.5444837367 is a non-characteristic root of
sin?(yw) = y*sin*(®), ® = 3£, and

gr0(0) = l?’i : sin((y—1)o) — Y%l— : sin ((y+ l)a))} [cos ((y—1)6) —cos ((y+ 1)9)}

_ [yi 1 sin((y—1)0) — j/j— 1 sin ((y+ 1)9)] [cos ((y—1)@) —cos ((y+ l)co)]
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Figure 2.7: Initial triangulation and uniform refinement of L-shaped domain

This example is particularly interesting since the solution is less regular due to the corner sin-
gularity. The errors and rates of convergence with 7 = 0.001, 1 and 10 are reported in Tables
2.13-2.15 respectively. The domain Q being nonconvex, we expect only suboptimal orders of
convergence in the energy, H! and L? norms, and this can be clearly seen from the tables.

Table 2.13: (GR) Convergence results for the relative errors, Example 5, 7 = 0.001

h errp(u) | Order || errp(Vu) | Order || errp(Hu) | Order
0.353553 || 1.488937 - 0.394870 - 0.504144 -
0.176777 || 0.185753 | 3.0028 || 0.139904 | 1.4969 | 0.218736 | 1.2046
0.088388 || 0.058874 | 1.6577 || 0.045530 | 1.6196 || 0.116520 | 0.9086
0.044194 || 0.018039 | 1.7065 || 0.013756 | 1.7267 || 0.065220 | 0.8372
0.022097 || 0.005400 | 1.7401 || 0.004197 | 1.7128 || 0.038827 | 0.7483
0.011049 || 0.001681 | 1.6835 || 0.001396 | 1.5882 || 0.024390 | 0.6707
0.005524 || 0.000570 | 1.5617 || 0.000526 | 1.4085 || 0.015899 | 0.6174

Table 2.14: (GR) Convergence results for the relative errors, Example 5, T = 1

h errp(u) | Order || errp(Vu) | Order || errp(Hu) | Order
0.353553 || 0.447227 - 0.377554 - 0.441034 -
0.176777 || 0.177626 | 1.3322 || 0.142208 | 1.4087 || 0.217792 | 1.0180
0.088388 || 0.059387 | 1.5806 || 0.046087 | 1.6256 | 0.115943 | 0.9095
0.044194 || 0.018023 | 1.7203 || 0.013886 | 1.7307 || 0.064817 | 0.8390
0.022097 || 0.005360 | 1.7496 || 0.004231 | 1.7147 || 0.038615 | 0.7472
0.011049 || 0.001661 | 1.6897 || 0.001406 | 1.5894 | 0.024290 | 0.6688
0.005524 || 0.000562 | 1.5629 || 0.000529 | 1.4100 || 0.015854 | 0.6156
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Table 2.15: (GR) Convergence results for the relative errors, Example 5, T = 10

h

errp (i) Order

errp(Va) | Order

errp(Hu) | Order

0.353553
0.176777
0.088388
0.044194
0.022097
0.011049
0.005524

0.488271

0.197355 | 1.3069
0.064165 | 1.6209
0.019077 | 1.7500
0.005598 | 1.7688
0.001718 | 1.7041
0.000576 | 1.5759

0.422393 -
0.162455 | 1.3785
0.050639 | 1.6817
0.014842 | 1.7706
0.0044406 | 1.7408
0.001455 | 1.6102
0.000541 | 1.4277

0.472514 -
0.226725 | 1.0594
0.116820 | 0.9567
0.064360 | 0.8601
0.038226 | 0.7516
0.024090 | 0.6662
0.015763 | 0.6119

Numerical tests that do not satisfy the assumption (M)

Here, two type of meshes that do not satisfy the assumption (M) in a sub-domain on the unit
—x)?(1 —y)? are considered. The source term

square domain Q = (0,1)? and #(x,y) = x*y*(1

can be computed using f = A?u. The GR scheme was first tested on a series of uniform refinement
meshes and then on a random version of redrefine meshes. Let m denote the number of internal

vertices that do not satisfy the assumption (M).

TEST 1: In this test, we consider the uniform mesh red-refinement process (Figure 2.8).

Figure 2.8: Initial triangulation and its uniform refinement

Table 2.16: (GR) mesh data, convergence results, Test 1, T =1

h nu m errp() | Order || errp(Vu) | Order || errp(Hu) | Order
0.250000 25 0 0.263383 - 0.125314 - 0.207352 -
0.125000 113 28 || 0.053456 | 2.3007 || 0.040531 | 1.6285 || 0.110634 | 0.9063
0.062500 481 60 | 0.015441 | 1.7915 || 0.013523 | 1.5836 || 0.063824 | 0.7936
0.031250 || 1985 | 124 || 0.004523 | 1.7715 || 0.004579 | 1.5624 || 0.040142 | 0.6690
0.015625 8065 | 252 || 0.001393 | 1.6988 || 0.001638 | 1.4831 || 0.026732 | 0.5865
0.007813 || 32513 | 508 || 0.000487 | 1.5170 || 0.000627 | 1.3859 || 0.018353 | 0.5426
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Table 2.16 shows the mesh data and the errors in the L2, H' and energy norms together with their
orders of convergence. It can be seen that the GR method displays a loss of optimal rate in L2,
H' and energy norms.

TEST 2: Test 2 focuses on a series of random version of the redrefine meshes given by Figure
2.8 by moving each point by a random vector of magnitude //4. Table 2.17 shows the results
of the numerical experiment. The same comments as in Test 1 can be made about the rates of
convergence.

Table 2.17: (GR) mesh data, convergence results, Test 2, T =1

h nu m errp(u) | Order || errp(Va) | Order || errp(Hu) | Order
0.260180 25 0 0.280877 - 0.1414817 - 0.225532 -
0.131095 113 23 0.060605 | 2.2124 || 0.048725 | 1.5379 || 0.123086 | 0.8737
0.067403 481 61 0.018869 | 1.6834 || 0.017132 | 1.5079 || 0.072820 | 0.7573
0.035053 1985 435 0.006133 | 1.6213 || 0.006138 | 1.4810 || 0.048684 | 0.5809
0.018286 || 80065 | 4429 || 0.002254 | 1.4443 || 0.002495 | 1.2988 | 0.037045 | 0.3943
0.009588 || 32513 | 26499 || 0.001191 | 0.9197 || 0.001330 | 0.9074 || 0.031477 | 0.2350

2.7.2 Numerical results for FVM

In this section, numerical results based on the finite volume (FV) method are presented. As no-
ticed, this scheme requires only one unknown per cell, and is therefore easy to implement and
computationally cheap. The schemes were first tested on a series of regular triangular meshes
(mesh1 family) and then on square meshes (mesh2 family), both taken from [74]. To ensure the
correct orthogonality property (see Definition 2.3.8), the point xg € K is chosen as the circum-
center of K if K is a triangle, or the center of mass of K if K is a rectangle. As a result, for
triangular meshes, the L? error, errp(u), is calculated using a skewed midpoint rule, where the
circumcenter of each cell is considered instead of its center of mass. Let the relative H? error be

denoted by
_._ lApup — Al
errp(Au) = W

The H' and H? errors (errp (Vi) and errp(Af)) are computed using the usual midpoint rule. For
comparsion with the gradient recovery method (see Table 2.1), the details of mesh size 4, number
of unknowns nu and the number of non-zero terms in the system square matrix nnz for the finite
volume method are also provided in the following tables.

Example 1

In the first example, choose the right-hand side load function f such that the exact solution is
given by @(x,y) = x*y*(1 —x)?(1 —y)?. Tables 2.18 and 2.19 show the relative errors and order
of convergence rates for the variable up on triangular and square grids. As seen in the table, we
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obtain linear (in H'-like norm) and sub-linear convergence rates (in H 2_like norm) for triangular
grids, and quadratic order of convergence for square grids. This behaviour has already been
observed in [59]. With respect to L? norm, quadratic (or slightly better) order of convergence is
obtained. These numerical order of convergence are better than the orders of convergences from
the theoretical analysis, see Remark 2.4.13. This is somehow expected as, due to the difficulty
of finding a proper interpolant for this very low-order method [59], the theoretical rates are much
below than the actual rates.

Table 2.18: (FV) Convergence results, Example 1, triangular grids (mesh1 family)

h nu nnz errp(u) | Order | errp(Vu) | Order || errp(Au) | Order
0.250000 | 56 392 0.137345 - 0.256342 - 0.162222 -
0.125000 | 224 1896 || 0.031705 | 2.1150 || 0.131915 | 0.9585 | 0.071457 | 1.1828
0.062500 | 896 8264 0.007400 | 2.0991 || 0.066136 | 0.9961 || 0.038596 | 0.8886
0.031250 | 3584 | 34440 || 0.001691 | 2.1297 || 0.033067 | 1.0000 || 0.022662 | 0.7682
0.015625 | 14336 | 140552 || 0.000352 | 2.2644 || 0.016528 | 1.0005 || 0.014158 | 0.6786
0.007813 | 57344 | 567816 || 0.000056 | 2.6449 || 0.008262 | 1.0004 || 0.009281 | 0.6092

Table 2.19: (FV) Convergence results, Example 1, square grids (mesh2 family)

h nu nnz errp(u) | Order | errp(Vu) | Order || errp(Au) | Order
0.353553 16 56 0.328639 - 0.417244 - 0.260189 -
0.176777 64 472 0.081325 | 2.0147 || 0.107484 | 1.9568 || 0.062624 | 2.0548
0.088388 256 2552 0.020161 | 2.0121 || 0.026808 | 2.0034 || 0.015430 | 2.0210
0.044194 | 1024 | 11704 || 0.005028 | 2.0035 || 0.006694 | 2.0018 | 0.003842 | 2.0057
0.022097 | 4096 | 49976 || 0.001256 | 2.0009 || 0.001673 | 2.0005 || 0.000960 | 2.0015
0.011049 | 16384 | 206392 || 0.000314 | 2.0002 || 0.000418 | 2.0001 || 0.000240 | 2.0004

Example 2

In this example, the numerical experiment is performed for the exact solution given by #(x,y) =
x*y?(1 —x)2(1 — y)*(cos(2mx) + sin(27y)). The errors in the energy norm, H' norm and the
L? norm, together with their orders of convergence, are presented in Tables 2.20 and 2.21. The
results are similar to those for Example 1.

Example 3

The numerical results obtained for (x,y) = x>y} (1 — x)3(1 — y)3(exp(x) sin(27x) + cos(27x))
are shown in Tables 2.22 and 2.23 respectively. As in Examples 1 and 2, the theoretical rates of
convergence are confirmed by these numerical outputs, except that on this test a real linear order
of convergence is attained in the H>-like norm.
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Table 2.20: (FV) Convergence results, Example 2, triangular grids (mesh1 family)

h nu nnz errp(i) | Order || errp(Va) | Order || errp(An) | Order
0.250000 | 56 392 0.418276 - 0.533799 - 0.274105 -
0.125000 | 224 1896 || 0.075761 | 2.4649 | 0.204870 | 1.3816 || 0.101375 | 1.4350
0.062500 | 896 8264 || 0.013663 | 2.4712 || 0.093729 | 1.1281 || 0.044254 | 1.1958
0.031250 | 3584 | 34440 || 0.003218 | 2.0862 || 0.046056 | 1.0251 | 0.021933 | 1.0127
0.015625 | 14336 | 140552 || 0.000784 | 2.0365 || 0.022932 | 1.0060 || 0.011500 | 0.9315
0.007813 | 57344 | 567816 || 0.000191 | 2.0414 || 0.011454 | 1.0015 || 0.006323 | 0.8630

Table 2.21: (FV) Convergence results, Example 2, square grids (mesh?2 family)

h nu nnz errp(u) | Order | errp(Va) | Order || errp(Au) | Order
0.353553 16 56 1.333981 - 0.745194 - 0.773521 -
0.176777 64 472 0.223384 | 2.5781 || 0.135128 | 2.4633 || 0.175192 | 2.1425
0.088388 256 2552 0.050527 | 2.1444 | 0.030239 | 2.1599 || 0.042123 | 2.0563
0.044194 | 1024 11704 || 0.012331 | 2.0347 || 0.007339 | 2.0427 || 0.010416 | 2.0158
0.022097 | 4096 | 49976 | 0.003065 | 2.0086 || 0.001821 | 2.0109 || 0.002597 | 2.0041
0.011049 | 16384 | 206392 || 0.000765 | 2.0021 || 0.000454 | 2.0027 || 0.000649 | 2.0010

Table 2.22: (FV) Convergence results, Example 3, triangular grids (mesh1 family)

h nu nnz errp(u) | Order | errp(Va) | Order || errp(Au) | Order
0.250000 56 392 0.637895 - 0.825992 - 0.423933 -
0.125000 | 224 1896 0.050763 | 3.6515 || 0.220328 | 1.9065 || 0.096604 | 2.1337
0.062500 | 896 8264 0.013330 | 1.9291 || 0.097939 | 1.1697 || 0.045854 | 1.0750
0.031250 | 3584 | 34440 || 0.003160 | 2.0765 || 0.047945 | 1.0305 || 0.021417 | 1.0983
0.015625 | 14336 | 140552 || 0.000786 | 2.0084 || 0.023857 | 1.0070 | 0.010550 | 1.0215
0.007813 | 57344 | 567816 || 0.000196 | 2.0016 || 0.011914 | 1.0017 || 0.005257 | 1.0049

Table 2.23: (FV) Convergence results, Example 3, square grids (mesh?2 family)

h nu nnz errp(i) | Order || errp(Va) | Order || errp(Anm) | Order
0.353553 16 56 2.478402 - 1.405462 - 1.140625 -
0.176777 64 472 0.242959 | 3.3506 || 0.113945 | 3.6246 || 0.196693 | 2.5358
0.088388 | 256 2552 0.050784 | 2.2583 || 0.022495 | 2.3406 || 0.049149 | 2.0007
0.044194 | 1024 11704 | 0.012212 | 2.0561 || 0.005577 | 2.0120 || 0.012217 | 2.0083
0.022097 | 4096 | 49976 | 0.003025 | 2.0133 || 0.001396 | 1.9982 | 0.003049 | 2.0026
0.011049 | 16384 | 206392 || 0.000755 | 2.0033 || 0.000349 | 1.9993 || 0.000762 | 2.0007
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Comparing Table 2.1 and the Tables for FV, we see that the GR method based on biorthogonal
reconstruction has only few unknowns (number of internal vertices) but leads to a large stencil for
each of them whereas the FV has more unknowns (number of cells) but produces a much sparser
matrix. Looking for example at the finest GR mesh and the finest triangular FV mesh, we notice
that the meshes have similar sizes & and the matrices have similar complexity nnz, but the FV
accuracy in L?- and H?-like norms is much better than the GR method; this is expected since the
FV method has a number of unknowns nu more than 3.5 times larger than that of GR. However,
the super-convergence property of the gradient reconstruction gives a clear advantage to GR for
the H'-like norm. For a similar number of unknowns nu (which means a matrix that is much
cheaper to solve for the FV method than the GR method, due to a reduced nnz), the FV method
still has a clear advantage in the L? norm over the GR method, but similar accuracy in the H>-like
norm (compare the results for the Sth mesh in the mesh1 family with the finest mesh used for the
GR method); the GR method however still preserves a clear lead on the H !_like norm error.

2.7.3 Numerical results for Modified FVYM

In this section, three numerical experiments that justify the theoretical result in Proposition 2.5.8
for modified FVM are presented. We conduct the test on a series of regular triangular meshes
(mesh1 family) taken from [74] over the unit square Q = (0, 1). The orthogonality property is
satisfied with the point xx € K chosen as the circumcenter of K. Let the relative errors in L?(Q),
H'(Q) and H?*(Q) norms be denoted by

|Vpup: — Vil
[val

|Tprup- —ul|
2|

|Apup: — Au|

, errp«(Vi) := - )
| Au]|

errp« (1) 1= errp: (An) 1=

where up- is the solution to the HS (2.3.1) corresponding to the HD D* given by Definition 2.5.7.

Example 1

In the first example, choose the solution to be 7(x,y) = x?y?(1 —x)?(1 —y)2. The error estimates
and convergence rates in the energy, H! and H> norms are presented in Table 2.24. We obtain
a quadratic (or slightly better) rate of convergence in L? norm, linear rate of convergence is H'
norm and sub-linear rate of convergence in H> norm. Note that the numerical test provides better
result compared to the theoretical result, see Proposition 2.5.8. The numerical results for modified
FVM are similar to those for the FVM.
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Table 2.24: (Modified FV) Convergence results, Example 1

h errp+(u) | Order | errp«(Vu) | Order || errp+(Au) | Order
0.250000 || 0.095132 - 0.236554 - 0.134417 -
0.125000 || 0.024787 | 1.9403 || 0.130595 | 0.8571 || 0.068112 | 0.9807
0.062500 || 0.005981 | 2.0511 || 0.066013 | 0.9843 || 0.038204 | 0.8342
0.031250 || 0.001353 | 2.1442 || 0.033053 | 0.9979 || 0.022618 | 0.7562
0.015625 || 0.000267 | 2.3415 || 0.016526 | 1.0000 || 0.014154 | 0.6763
0.007813 || 0.000035 | 2.9347 || 0.008262 | 1.0003 || 0.009281 | 0.6089

Example 2

In this case, we consider 7(x,y) = x>y*(1 —x)?(1 — y)?(cos(27x) + sin(2xy)). The numerical
results, presented in Table 2.25, are similar to those obtained for Example 1.

Table 2.25: (Modified FV) Convergence results, Example 2

h errp«(i) | Order || errp«(Vu) | Order || errp«(Au) | Order
0.250000 || 0.230644 - 0.458624 - 0.190768 -
0.125000 || 0.046952 | 2.2964 || 0.193505 | 1.2449 || 0.078850 | 1.2746
0.062500 || 0.009022 | 2.3797 || 0.092859 | 1.0593 || 0.041327 | 0.9320
0.031250 || 0.002089 | 2.1105 || 0.045960 | 1.0147 || 0.021572 | 0.9379
0.015625 || 0.000502 | 2.0562 || 0.022921 | 1.0037 || 0.011457 | 0.9130
0.007813 || 0.000120 | 2.0643 || 0.011453 | 1.0010 || 0.006318 | 0.8587

Example 3

The exact solution is chosen to be %(x,y) = x*y3(1 — x)3(1 — y)?(exp(x) sin(27x) + cos(27x)).
The convergence results are presented in Table 2.26. In this example, an O(h) convergence rate
is obtained in H? norm. Since there is no improvement of the rates from H> to H', as mentioned
in Remark 2.6.6, we cannot expect an improved H'-like estimate for FVM.

Table 2.26: (Modified FV) Convergence results, Example 3

h errp«() | Order || errp«(Vu) | Order || errp«(Au) | Order
0.250000 || 0.410550 - 0.704301 - 0.295782 -
0.125000 || 0.029103 | 3.8183 || 0.212960 | 1.7256 || 0.084328 | 1.8104
0.062500 || 0.008773 | 1.7301 || 0.096846 | 1.1368 || 0.041288 | 1.0303
0.031250 || 0.002041 | 2.1037 || 0.047833 | 1.0177 || 0.020896 | 0.9825
0.015625 || 0.000503 | 2.0203 || 0.023843 | 1.0044 || 0.010486 | 0.9947
0.007813 || 0.000125 | 2.0048 || 0.011913 | 1.0011 || 0.005249 | 0.9984

68



Remark 2.7.1. For rectangular meshes, in order that the orthogonality property is satisfied,
xx € K is chosen as the center of mass of K. From [54, Theorem 5.3], it follows that the differ-
ence between the source term of modified FVM and FVM is of O(h?). Therefore similar rate of
convergence is obtained for modified FVM, since we see an O(h*) convergence rate in L and
H! norms for FVM, see Section 2.7.2.
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Chapter 3

The Hessian discretisation method for
fourth order semi-linear elliptic equations

This chapter deals with the Hessian discretisation method for fourth order semi-linear elliptic
equations with a trilinear nonlinearity in an abstract setting !.

3.1 Introduction

The HDM for fourth order linear elliptic equations and some of its applications are discussed
in Chapter 2. In this chapter, the HDM for an abstract setting of semi-linear fourth order ellip-
tic problems with trilinear nonlinearity and clamped boundary conditions is proposed. This in
particular applies to the stream function vorticity formulation of the incompressible 2D Navier—
Stokes problem [19, 68] and the von Karman equations [42]. A complete convergence analysis
is carried out based on minor adjustments of the three properties associated with linear HD plus
an additional compactness assumption on the HD. It is shown that conforming FEMs, Adini and
Morley non-conforming FEMs, and methods based on gradient recovery (GR) operator are valid
examples of HDM for this non-linear model.

Two different approaches are employed to study the convergence analysis: the first one is based
on compactness techniques and the second one using error estimates. The first approach does not
rely on any smoothness or structural assumption on the continuous solution. In this approach, the
solution to the problem in the weak formulation is obtained as the limit of a sequence of solu-
tions to the approximate problem; the existence of solution for the continuous model is therefore
established as a consequence of this convergence analysis. On the contrary, the analysis via error
estimates considers a regular solution to the PDE (in the sense that the linearised problem around
this solution is well-posed with H> regularity), and provides orders of convergence. The two
approaches are complementary and, to the best of our knowledge, only the second approach has
been considered in literature, for von Karmén equations.

I'The results of this chapter are communicated in Jéréme Droniou, Neela Nataraj and Devika Shylaja. Hessian
discretisation method for fourth order semi-linear elliptic equations, 2019.

70



The contributions of this chapter are summarized as follows:

* A unified framework provided by HDM for fourth order semi-linear elliptic equations with
a trilinear nonlinearity, in an abstract set-up that applies to several numerical methods.

* Convergence analysis by compactness techniques that employs only four properties, namely,
the coercivity, consistency, limit-conformity and compactness.

 Error estimates under the assumption on the existence of a companion operator that maps
the discrete space to the continuous space.

* Applications to the stream function vorticity formulation of 2D Navier—Stokes equation
and the von Kdrmdn equations using the examples of HDM, namely, conforming FEMs,
Adini and Morley ncFEMs, and GR methods.

* Numerical experiments on the approximation of non-linear models using the GR method
and Morley FEM.

The chapter is organised as follows. The abstract problem with its applications is presented in
Section 3.2. Section 3.3 deals with the Hessian discretisation method for fourth order non-linear
problems. The four properties that are needed for the convergence analysis of HDM are described
in this section. Section 3.4 deals with examples of HDM. In Section 3.5, two different approaches
for the analysis are discussed: convergence by compactness, that does not require any additional
regularity on the solution, and error estimates, for smooth enough solutions. Results of numerical
experiments for the GR method and Morley FEM are provided in Section 3.6.

3.2 Model problem

The abstract setting of weak formulation of semi-linear fourth order elliptic problems with a
trilinear nonlinearity and clamped boundary conditions is presented in this section.
Given k > 1, the continuous abstract problem seeks ¥ € X := Hg(Q)k such that

A(HY, H®) + B(HP, VP, VD) = L(P) VP eX, (3.2.1)

where HW¥ and VW are to be understood component-wise, that is: for ¥ = (yq,---, y;), HY =
(Hy1, -+ ,Hyi) and V¥ = (Vyy,---, V). Let the following assumptions hold:

(A1) A(-,-) is a continuous and coercive bilinear form on L?(Q;R4*)k x [2(Q;R4*4)k,
(A2) B(-,-,-) is a continuous trilinear form on L?(Q; R¥*4)k x L*(Q; R)* x L4(Q; R,
(A3) B(Z,0,0) =0 forall = € L?(Q;R¥*¥)* and ® € L*(Q;R?)*,
(

(Ad) L(-)is a continuous linear form on L?(Q).
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3.2.1 Examples

We show here that the abstract formulation (3.2.1) covers the stream function vorticity formula-
tion of the incompressible 2D Navier—Stokes problem, and von Karman equations.

Navier-Stokes problem [19, 89]:

For f € L*(Q) and viscosity v > 0, let u solve

d du d du
2 N A et A YA ) ry
VA u+ o (( Au) (9x2> 9 <( Au) 8x1> fin Q (3.2.2a)
U= —gz =0on dQ. (3.2.2b)

Here n denotes the unit outward normal to the boundary dQ and the biharmonic operator A is
defined by A% = @rex + Pyyyy + 20uryy- The weak formulation to (3.2.2) seeks u € HZ(Q) such
that

A(Hu, Hv) + B(Hu, Vu,Vv) = L(v) Vv € HF(Q), (3.2.3)

where for all £, ¥ € L*(Q;R**?) and ¢, 6 € L*(Q;R?),
AE) =V [ & xdx BE0.0)= [ u(@)o-rotep(®)dx. L) = [ frax
Note that tr(§) means the trace of the matrix & and, for 6 = (61, 6,), rot; /»(8) = (— 6, 01)[.

It is easy to check that A(-,-), B(-,-,-) and L(-) satisfy (A1)-(A4) with k = 1. The continuity of
B(-,-,-) follows using the generalised Holder’s inequality.

The von Karman equations [42]:

Given f € L?(Q), seek the vertical displacement u and the Airy stress function v such that

A%u = [u,v]+ f in Q, (3.2.4a)
1
A%y = —5[wulin @, (3.2.4b)
with clamped boundary conditions
d d
u:a—Z:v:a—’::00n8Q. (3.2.5)

The von Kdrmdn bracket [-,-] is defined by [, x] =Xy + EyyXx — 260 Xy= cof(HE) : Hy,
where cof(HE) denotes the co-factor matrix of HE. Then a weak formulation corresponding to
(3.2.4) seeks u,v € H3(Q) such that

a(u, @) +2b(u,¢1,v) = (f,¢1) Vo1 € HS(Q), (3.2.62)
2a(v,¢2) — 2b(u,u,¢2) =0 V¢ € HF(Q), (3.2.6b)
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where for all &, x € HZ(Q),

1

a(E)i= [ HEHadnb(E,1,0)i= 5 [ cof(MEr-Vodx=—3 [ €716 d.

Note that b(-,-,-) is derived using the divergence-free rows property [57] and is symmetric with
respect to all variables. Summing together (3.2.6a) and (3.2.6b), we obtain an equivalent formu-
lation in the vector form (3.2.1) (with k = 2) that seeks ¥ = (u,v) € H3(Q)? such that

AHY, HD) 4+ B(HY, V¥, VD) = L(®) VY € HJ(Q)?, (3.2.7)

where for all ® = (¢1,0,2), A= (A1,4), = (11,7),0 = (61,6,) and E = (£1,&) with AT €
L*(Q;R*2)2 and &, © € L*(Q;R?)?,

A(A,F) L= /Q)Ll : ’}’1dx+2/£‘2)tz D phdx, (3.2.8a)
B(A,E,0) : = /Q cof(A1)0) - & dx — /Q cof(A1)E; - 6> dx and (3.2.8b)
L(P):=(f. ) (3.2.8¢)

The assumptions (A1)-(A4) are easy to verify for this example.

Remark 3.2.1. The more commonly used equivalent weak formulation of the von Kdrmdn model
[18, 91, 92] (3.2.4) seeks (u,v) € HZ(Q)? such that

a(u, 1) +2b(u,v,01) = (f,01) V1 € Hy(Q) (3.2.9a)
a(v, ) —b(u,u,¢r) =0 Yor € H3(Q). (3.2.9b)

An advantage of (3.2.6) is that it ensures the proper cancellation in the trilinear term, in a purely
algebraic way (corresponding to (A3)) without further integration-by-parts. As a consequence,
this cancellation, which is at the core of a priori estimates on the solution, directly transfers
to the discrete level — on which integration-by-parts would not be possible for non-conforming
methods. This formulation of the non-linear term is similar in spirit to what is usually done for
finite element discretisations of the Navier—Stokes equations, see [108].

3.3 The Hessian discretisation method

The HDM for linear problems is presented in Section 2.3. This section is devoted to the presen-
tation of the HDM for fourth order non-linear elliptic equations, design of which is adapted from
the HDM for linear problems (see Remark 3.3.5 below). A Hessian discretisation (HD) is based
on a set of four elements, namely, a discrete space and three reconstructed operators. Once a
HD is selected, the HDM consists in expressing the numerical scheme known as Hessian scheme
(HS) by replacing the space and the continuous operators in the weak formulation (3.2.1) with
these discrete components. The four quantities associated with HD to establish the convergence
analysis is also discussed in this section.
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Definition 3.3.1 (Hessian discretisation). A Hessian discretisation for fourth order non-linear
elliptic equations with clamped boundary conditions is a quadruplet D = (Xp o,11p,Vp,Hp)
such that

* Xp is a finite dimensional real vector space,
e IlIp:Xpo— L?(Q) is a linear mapping that reconstructs functions from vectors in Xp.,
e Vp:Xpo— L4(Q)d is a linear mapping that reconstructs gradient from vectors in Xp (,

* Hp: Xpo— L? (Q;Rd Xd) is a linear mapping that reconstructs a discrete version of Hes-
sian from Xp o. It must be chosen such that || - ||p =: ||Hp - || is a norm on Xp .

In order to approximate (3.2.1) by the Hessian discretisation method, consider a Hessian discreti-
sation D = (Xp o,IIp,Vp,Hp) in the sense of Definition 3.3.1. The associated Hessian scheme
for (3.2.1) seeks ¥p € Xp := Xg o such that

.A(HD‘PD,’HDCDD) +B(HD\PD,VD\PD,VD(I)D) = ﬁ(HDCI)D) Vop € XfD’(), (3.3.1)

where Hp®Pp, VpPp and IIpPp act component-wise in the sense that if ®p = (¢p 1,---,Pp i)
and Fp € {Ilp,Vp,Hp}, then Fp®p = (Fpdp,1,--- ,Fpdp ). The convergence analysis of a
Hessian scheme is based on four quantities and associated notions, measuring the stability and
accuracy of the chosen Hessian discretisation (see Theorems 3.5.1 and 3.5.12).

The first quantity is a constant, Cp, that controls the norm of Ilp and Vp. It is defined by

[Hpw]] HVDW!IL4)
Cp = max , . (332)
P wexpo\ (0} (HHDWH [Howl|

Definition 3.3.2 (Coercivity). A sequence (Dy,)men of Hessian discretisations in the sense of
Definition 3.3.1 is coercive if there exists Cp € R such that Cp,, < Cp for all m € N.

The second quantity is the interpolation error Sp defined by: for all ¢ € Hg(Q),

Sp(@) = min (IMpw = ¢ + [[Vow— Vo4 +[Hpw—Hel ). (333)

weXp o

Definition 3.3.3 (Consistency). A sequence (Dy,)men of Hessian discretisations in the sense of
Definition 3.3.1 is consistent, if

Vo € H(Q), lim Sp, (9) =0.

To define the limit-conformity measure for the HS, introduce H(Q) = {£ € L>(Q)*¢;H : & €
L2(Q)} and Hyiy (Q) = {¢ € L*(Q)? : divg € L*(Q)}. Forall £ € H(Q) and ¢ € Hg, (Q), set

Wp(&) = wegiﬁ{o}m‘ /Q ((”H :EIpw—E - pr) dx
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1
p(9) W@?;i’i{()} HHDWH’/Q( pw- ¢ +Ilpw 1v¢> ] (3.3.9)

Here Wp measures the defect of a double integration by parts (Chapter 2) and is the limit-
conformity measure between the reconstructed Hessian and reconstructed function. Wp measures
the defect of a Stokes formula between the reconstructed gradient and function.

Definition 3.3.4 (Limit-conformity). A sequence (Dy,)men of Hessian discretisations in the sense
of Definition 3.3.1 is limit-conforming if

VE €H(Q),Y9 € Hw(Q),  lim (Wp, (§)+Wp,(¢)) =0.
In the sequel, we also need

Wp(€)= max 1
PR expo(0) [How]

E: Hpw+ (divE) - Vpw) dx|, (3.3.6)
X Jos

forall £ € Hgiy (Q)¢, where Hy, ()¢ = {¢ € L2(Q)?*¢ : divg € L2(€)4}. Note that Wp measures
the error in the discrete Stokes formula between the reconstructed Hessian and the reconstructed
gradient. It is easy to show that, for all & € Hy;, (Q)? with H : & € L?(Q), it holds Wp(&) <
Wp (&) +Wp(divE) by noticing

/Q(J;:%Dw+(div5)-va)dx:/g<§:pr—(Hzg)HDw)dx
—l—/g ((7—[ 1 E)pw + (divé) 'VDW> dx

and div(div§) =H : §.

Remark 3.3.5 (Comparison with the linear setting). For linear equations, Cp ((2.4.1)) and Sp
((2.4.2)) are defined using the L*>-norms of the gradients. Dealing with the trilinear non-linearity
requires higher integrability properties, and thus the use of the L*-norms of gradients in the
definitions of Cp ((3.3.2)) and Sp ((3.3.3)).

Another difference in comparison to the linear setting is the introduction of Wp. The limit-
conformity defect Wp, is sufficient to analyze the convergence of the HDM for linear models.
Here, however, the non-linear model (3.2.7) involves the gradient, and accounting for VAVD in
the definition of limit-conformity is necessary to identify the limit of the reconstructed gradients
during the convergence analysis.

Definition 3.3.6 (Compactness). A sequence (Dy,)nen of Hessian discretisations in the sense of
Definition 3.3.1 is compact if for any sequence u,, € Xp, o such that (||um||p,,)men is bounded,
(TIp, tm) men is relatively compact in L*(Q), and (Vp, um)men is relatively compact in L*(Q)4.

Remark 3.3.7. In most cases, by the continuous Sobolev embedding (which is often also valid
at the discrete level [48, Appendix B]) we actually expect (Ilp, up)men and (Vp, tm)men to be
compact in LP for all p < 2%, where 2* is a Sobolev exponent associated with 2.
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3.4 Examples of Hessian discretisation method

This section discusses some known schemes that fit into the Hessian discretisation method for
fourth order semi-linear equations. For a detailed discussion on the methods (FEMs and GR
methods), see Section 2.3 in Chapter 2. Recall the polytopal mesh defined in Chapter 1 (Defini-
tion 1.4.1).

3.4.1 Conforming FEMs

As in Chapter 2, for conforming FEMs, a Hessian discretisation is defined by Xp ¢ =: V},, a finite
dimensional subspace of the space H&(Q) and, for vp € Xp o, lIpvp = vp, Vpvp = Vyp and
Hpvp = Hvp. The estimates on Cp, Sp, Wp, Wp and the compactness property easily follow:

* Cp is bounded by the maximum of the constants of the continuous Poincaré inequality in
HZ(Q) and the continuous Sobolev imbedding H! (Q) — L*(Q).

 Standard interpolation properties (see, e.g., [41]) and the continuous Sobolev imbedding
H'(Q) — L*(Q) yield an O(h) estimate on Sp(¢), provided that ¢ € H>(Q) NH3 (Q); the
proof that lim,_,oSp(¢) — O for all ¢ € HZ(Q) can be done by a density argument as in
[48, Lemma 2.16] .

« Integration by parts in HZ(Q) shows that Wp (&) = 0 for all £ € H(Q) and VT/D((])) =0 for
all ¢ € Hdiv(Q)'

* The compactness of (D,,;)uen follows from the Rellich and Sobolev imbedding theorems.

Classical C' elements that are used for the approximation the solution of fourth order elliptic
problems are the Argyris triangle and Bogner-Fox-Schmit rectangle, see Chapter 2 for more
details.

3.4.2 Non-conforming FEMs

We show here that two non-conforming finite element methods in dimension d = 2, namely the
Morley FEM and the Adini FEM, fit into the framework of Hessian discretisation method. It has
been proved in Chapter 2 that the Adini rectangle and the Morley triangle satisfies the properties
(3.3.2)-(3.3.4) of a Hessian discretisation method for fourth order linear elliptic problems (that
is, with L2 norms for the gradient terms, see Remark 3.3.5). In this section, the four measures
((3.3.2)—(3.3.5) and Definition 3.3.6) associated with the HD using the Morley and the Adini
FEMs for non-linear problems are estimated.

The auxiliary results discussed below are useful to prove the convergence of the Adini and Morley
HDM for non-linear equations. Recall || - [|46.1 given by (2.4.13): For all w € H' (M),

1
IWliden=IVaowl?+ X =Wl 72(o).
he (o)

oceF
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Lemma 3.4.1. [45, Theorems 5.3, 5.6] It holds
(i) [Discrete Sobolev embedding] For all v, € Py(M),

Villps < Clivillag.m-

(ii) [Discrete Rellich theorem] Let (M, )men be sequence of regular triangular or rectangular
meshes, whose diameter h,, tend to 0 as m — . For all m € N, let v,, € lP’g(./\/lhm). If
([vimllaG, sy, Jmen is bounded, then, for all 1 < q < 2* (where 2* is a Sobolev exponent of

2), the sequence (Vin)men is relatively compact in L1(Q).

The next theorem provides estimates on the quantities given by (3.3.2)—(3.3.5) and shows that,
along refined meshes, the HD corresponding to the Morely and Adini element satisfy the coer-
civity, consistency, limit-conformity and compactness properties. These properties are essential
to apply Theorems 3.5.1 and 3.5.12.

Theorem 3.4.2. Let D be a Hessian discretisation for the Morley (resp. Adini) ncFEM in the
sense of Definition 2.3.4 (resp. Definition 2.3.3). Then, there exists a constant C, not depending
on M, such that

(i) Cp <C,
(i) ¥ ¢ € H(Q) NH{(Q), Sp(¢) < Chl|o]ly3(q)
(iii) VE € H*(Q)>*?,Vp c H'(Q)?,

Wn (&) +Wn(9) < Ch([I& ]l (@ + 1]l )

(iv) For a sequence of meshes (M, )men with hy, — 0, denoting the HD constructed on My,
as above by D,y, the sequence (Dp,)men is compact.

Proof. (1)THE MORLEY ELEMENT:
(i) Coercivity: Let vp € Xp . Since [Vpvp] = 0 at the edge midpoints, a use of Lemma 3.4.1(i)
and (A.1.4) given by Lemma A.1.3 leads to

|Vpvplls < C||Vpvpllag,.m < Cl|Hpvpl|- (3.4.1)

The estimate (3.4.1) and Theorem 2.4.8 concludes the proof of the estimate on Cp.
(ii) Consistency: Let ¢ € H>(Q)NHZ(Q). By [41], the standard interpolant 7, satisfies

1140 — @1l S B 10l 1V atlh® — Volls S 21100
and [Hoailug — Holl S hloll g (3.42)

Hence, w € Xp ( corresponding to the degrees of freedom of ;¢ in the definition (3.3.3) of Sp(¢)
yields the result.
(iii) Limit-conformity: Let ¢ € Hgi,(Q). A use of integration by parts leads to

Y. [ (¢ -no)[Mpvp]ds(x)|. (3.4.3)

ceF7’O

‘ /Q (Vovp -0 +Tpvpdive) dx‘ _
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Proceed the same steps as in the proof of limit-conformity in Theorem 2.4.8 (with div(A&) re-
placed by ¢ in (2.4.24)-(2.4.26)) to obtain

] / (vDVD~¢+nDVde¢)dx] < C|o ] + I IVo )| Hovol.

Therefore, the above estimate together with Theorem 2.4.8 leads to the required estimate on Wp
and Wp.

(iv) Compactness: Let a sequence u,, € Xp,, o be such that (||uu|/p, )men is bounded. Since
[Mp, un] = 0 at the edge vertices, a use of (A.1.4) given by Lemma A.1.3 and (3.4.1) yields

D, tmllaG.r,, < ClIVD, |l < Cl[VD,um|l s < Cl[Hp,, |-

Since [Vp, un] = 0 at the edge midpoints, choose w = Vp, uy, in (A.1.4) given by Lemma A.1.3
to obtain
HVDmudeG,Mm S C"HDmum|’ .

Use the fact that (||u||p,, )men is bounded to deduce (I1p,, ) men and (Vp,, um)men are bounded
in the || - ||z6.Mm,, norm. Lemma 3.4.1(ii) then gives the relatively compactness of (Ilp,, um)men
in L2(Q), and of (Vp, ttm)men in L*(Q)%.

(Im)THE ADINI ELEMENT:

(i) Coercivity: Since Vpvp is continuous at the vertices of elements in M and Vpvp vanish at
vertices along dQ, [Vpvp] = 0 at the vertices. Therefore, a use of Lemma 3.4.1(i) and (A.1.4)
given by Lemma A.1.3 leads to

Vovpll+ < C||Vpvpllag.m < Cl[Hpvpl|.

Use the above estimate and Theorem 2.4.6 to conclude that Cp < C.

(ii) Consistency: The standard interpolant satisfies (3.4.2) and hence yields the desired estimate
on Sp.

(iii) Limit-conformity: Apply integrations by parts in each cell to obtain

Y. | (¢ -no)[Mpvp]ds(x)|.

ceFY’O

' /Q (Vovp -9 +Tovpdivg) dx‘ _

Since Ipvp € HY (Q)NC(Q), [Ipvp] = 0, which implies Wp(¢) = 0. This and Theorem 2.4.6
yields an estimate on VAVD and Wp.

(iv) Compactness: The proof follows as for the Morley element using the fact that [IIpvp] =0
and [Vpvp] = 0 at the vertices. O

3.4.3 Method based on Gradient Recovery Operators

Let (Vy,On,1I1,S)) be a quadruplet of a finite element space V), C Hé (Q), a projector Qy :
L*(Q) — V, an interpolant I, : H3(Q) — Vj, and a stabilisation function & € L=(Q)?.

The next theorem gives an estimate on the accuracy measures associated with an HD D using
gradient recovery.
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Theorem 3.4.3 (Estimates for Hessian discretisations based on gradient recovery). Let D be a
Hessian discretisation in the sense of Definition 2.3.5 and (Vy,, I, Oy, Sy,) satisfying (P0)—(P5).
Then,

(i) Cp <G,

(ii) Vo € W, Sp(9) < Ch| |

W
(iii) V& € HH Q)7 V0 € Hyy (), Wp(E) < CHIE 2 ayeeas Wp(9) = 0.

(iv) If (M) men is a sequence of meshes and Dy, is an gradient recovery HD based on M,,
for discrete elements satisfying (P0)—(P5) uniformly with respect to m, then (Dp)pnen IS
compact.

Proof. From Theorem 2.4.10,

V2| Hpv]| = V(i V)| + @k — V. (3.4.4)

(i) COERCIVITY: For v € Xp ¢, the Sobolev embedding H! (Q) < L*(Q) and (3.4.4) yield

IVovlis = 12aVVllps < IV(QhVV) ]| < V2I[Hpv] .

The above estimate along with Theorem 2.4.10 show that Cp < C.

(ii) CONSISTENCY: Let ¢ € W C H3(Q) N H3(Q) and choose v = I, € Xp 9. A use of Sobolev
embedding H' (Q) «— L*(Q) and Theorem 2.4.10 (see (2.4.34)) leads to

IVDv = Vol 1+ <[IV(QhVv) = VVe|| < Cho[lw. (3.4.5)

Thus, the estimate on Sp(¢@) follows from (3.4.5) and Theorem 2.4.10.
(iii) LIMIT-CONFORMITY: For & € H*(Q)4*¢, Theorem 2.4.10 yields Wp (&) < Chl|&]| 2 qjaxa-

Let ¢ € Hyiy(Q). The fact that Wp = 0 follows from an integration by parts, valid since IIpvp €
Hj(Q) forall v € Xp g.

(iv) COMPACTNESS: Let a sequence u,, € Xp,, o be such that (||uu||p, )men is bounded. Since
p, um € Hi (Q), a use of triangle inequality, the Poincaré inequality and (3.4.4) leads to

19 (T, )| = [Vtnl] < 101, Vit + 1|, Vit — Vit
< CIIVQh, Vitl| + |, Vit — Vitu]| < Cl[H, .

Since (||um||p,, )men is bounded, it follows that (V(IIp, um))men is bounded in L?(Q)4 and hence
the standard Rellich theorem shows that (ITp, 1) men is relatively compact in L?(). Note that
Vo, tm = On, Vitm € H} (Q). From (3.4.4), |[VQy, Vuw|| < C||Hp, tm||. Thus, a use of the Rel-
lich and Sobolev imbedding theorems yields the required compactness property of (Vop, ) men
in L*(Q)“. O
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3.5 Convergence analysis

In this section, the main results of this chapter that uses two different approaches for convergence
analysis of the Hessian discretisation method are presented. The first one (Theorem 3.5.1) relies
on compactness arguments whereas the second one (Theorem 3.5.12) is based on error estimates.

3.5.1 Convergence by compactness

The convergence of the Hessian scheme is established in this section, provided that the under-
lying sequences of HDs satisfy the properties in Definitions 3.3.2-3.3.6. This convergence is
proved without any extra-regularity assumption on the exact solution, or the assumption that the
linearized problem around this solution is well-posed.

Theorem 3.5.1 (Convergence and existence of solution). Let (D) e be a sequence of Hessian
discretisations in the sense of Definition 3.3.1; that it is coercive, consistent, limit-conforming and
compact. Then, for any m € N, there exists at least one solution Wp,, to (3.3.1), with D = D,,.
Moreover, as m — oo, there exist a subsequence of (Dy)men (denoted using the same notation
(D) men), and a solution ¥ of the abstract problem (3.2.1) such that Tip ¥p — W in L? (Q)X,
Vo, ¥p, — V¥ in L*(Q;R)* and Hp, ¥p, — HY in L*(Q;RI*9)k,

The following lemma helps to establish the result in Theorem 3.5.1.

Lemma 3.5.2 (Regularity of the limit). Let (D) uen be a sequence of Hessian discretisations in
the sense of Definition 3.3.1 that is coercive and limit-conforming in the sense of Definitions 3.3.2
and 3.3.4. Let uy, € Xp,, o be such that ||\uy||p,, remains bounded. Then there exists a subsequence
of (D, th)meN (denoted using the same notation) and u € Hg(Q) such that Ilp, u, converges
weakly to u in L*(Q), Vop, u,, converges weakly to Vu in L*(Q)¢ and Hp, u, converges weakly
to Hu in L*(Q)4*4,

Proof. By coercivity of (D,,)men, the bound on ||u,, || p,, shows that (I1p, ), and (Vp,, uy)m are
bounded in L?(Q) and L*(Q)?, respectively. Therefore, there exists a subsequence of (D, it )meN
and u € L*(Q),v € L*(Q)¢ and w € L2(Q)?*? such that TIp_u,, converges weakly in L2(Q) to
u, Vp, uy converges weakly in L*(Q)? to v, and Hp, u,, converges weakly in L2(Q)4*4 to w. It
remains to prove that v =Vu, w = Hu and u € Hg(Q). We extend Ip, up,u, Vo, ttm, v, Hp, Um
and w by 0 outside Q, and the same convergence results hold, respectively, in Lz(Rd), L4(]Rd)d
and L?(R9)?*4_ Using the limit-conformity of (D;,)men and the bound on ||y, | p,,, passing to
the limit in (3.3.4)-(3.3.5) gives

vgeH(Rd),/Rd (H:E)u—&:w)dx=0 (3.5.1)
and V ¢ € Hg, (RY), /Rd (v-¢ +udive) dx = 0. (3.5.2)
For ¢ € C°(R%)? and & € C7(RY;R4*?), (3.5.1) and (3.5.2) show that w = Hu and v = Vu, in

the sense of distributions on R?. This implies u € H>(R¢) and, since u = 0 outside the domain
Q, that u € H3(Q). O
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We now prove Theorem 3.5.1.

Proof of Theorem 3.5.1. The proof is divided into four steps.

Step 1: existence of a solution to the scheme

For any Hessian discretisation D, let Yy eX p,o be given and Wp € Xp o be such that, for all
Pp € Xp o,

A@D (lPD,CI)D) = A('HD\PD,'HDCDD) + B(HD@D, VD‘PD, VD(I)D) = ,C(HDCDD). (353)

Since A(-,-) is bilinear, B(-,-,) is trilinear and ¥p € Xp g is fixed, Ay (,-) is bilinear. There-
fore, Wp is sought as a solution to the bilinear system .A@D (Wp,Pp) = L(IIpPp). Since Xp o

is finite-dimensional and L(I1p-) is linear, L(I1p-) is a continuous linear functional on Xp . Use
the fact that B(HpW¥p, VpW¥p,Vp¥p) = 0 and A(+,-) is coercive to infer that

Ag, (¥p,¥p) = A(Hp¥p, Hp¥p) > al|Hp¥p|* = a||¥ol|p, (3.5.4)

where « is the coercivity constant of A(-,-). Thus, Ag (-,-) is coercive. The Lax Milgram
Lemma implies the existence and uniqueness of solution Wp satisfying (3.5.3). Define F :
Xpo— Xpo by F (@p) = Wp, where Wp is the solution to (3.5.3). To prove the continuity
of F, consider ¥, — ¥p in Xp g as n — oo. Let F(¥Pp) = ¥4 and F(¥p) = ¥p. From (3.5.5),
%% || is bounded and thus, this space being finite dimensional, up to a subsequence we can
assume W/, — yp for the Xp o norm. It remains to prove that yp = ¥p = F (@p). For that,
consider the weak formulation of (3.5.3) for W/,: for all ®p € Xp g, seeks W, € Xp o such that

A(HpWh, Hp®p) + B(HpPp, Vo ¥k, Vpdp) = L(IIpdp).

W7, — xp in Xp shows that A(HpW} ,”HDEDD) %_A(HDXD,HDCIDD) since A(+,-) is contin-
uous w.r.t its first variable. Use the fact that ‘PnD — WYpin Xpo, ¥, — xp in Xp, apply the
coercivity property (3.3.2) and Lemma A.1.5 to pass to the limit in B (’HDW"D, VoW, Vp®Pp) to

obtain
AHpxp, Hp®Pp) + B(Hp¥p, Vpxp, VpPp) = L(IIp®p).

This precisely proves that yp = F (¥p) and concludes the proof of the continuity of F. Moreover,
(3.5.4) and (3.5.3) imply,

a|¥lp < Ag, (¥p,¥p) = LIp¥p) < [|£[||Tlp¥n < Col L] [¥plp,
where Cp is defined by (3.3.2). Hence,
I¥p|p < a 'Cp|lL|| :=Rp. (3.5.5)

This shows that F' maps Xp ( into the closed ball Bg,, of center 0 and radius Rp with respect to
|| - ||p- Therefore, the Brouwer fixed point theorem proves that F' has at least one fixed point ¥p
in this ball. Recalling the problem (3.5.3) shows that this fixed point is a solution to (3.3.1).
From here onwards, let ¥p € X£m70 denote such a solution for D = D,,.

m
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Step 2: strong convergence of IIp, Wp, and Vp, ¥p, , and weak convergence of Hp, ¥p,,.
From (3.5.5), «||Hp, ¥p, || = a||¥p, D, < Cp, | L|- Thus, |[¥p,|p, is bounded and Lemma
3.5.2 gives a subsequence of (D,,, ¥p, )men, and ¥ € X, such that [Tp Wp  converges weakly to
W in L*(Q)X, Vp, Wp, converges weakly to VW in L*(Q;R9), and Hp, Wp,, converges weakly
to HY¥ in LZ(Q; Sd)k . The compactness hypothesis then shows that Ilp Wp, converges strongly
to ¥ in L2(Q)* and Vp, Wp,, converges strongly to V¥ in L*(Q; RY)%.

Step 3: W is a solution to Problem (3.2.1).
Define Pp : X — Xp g by

Pp¥ = argmin <||npw |+ | Vpw — V|4 + [ Hpw — ’H‘I’H). (3.5.6)

WEXD,O

The consistency of (Dy,)men implies [p, Pp, ® — @ in L?(Q)X, Vp, Pp, @ — V@ in LH(Q; R?)k
and Hp, Pp, P — HP in L*(Q:;S,)* as m — . Using Lemma A.1.5 and the bilinearity and
continuity of A, as m — oo,

AG'[D,,, ‘Ppm , 'Hpm Ppm CID) +Bp (Hpm ‘PDm , me \PDm , me Ppmq))
— A(HY, HD) + B(HY, V¥, VD). (3.5.7)

Moreover, since I1p, Pp, P — P in L2 (Q)k as m — oo,

L(Tp, Pp, ®) — L(D) as m — co. (3.5.8)

m

Letting ®p, = Pp, P in (3.3.1) for D = Dy, use (3.5.7) and (3.5.8) to pass to the limit and
conclude that W is a solution to (3.2.1).

Step 4: strong convergence of Hp, ¥p, .
From (3.3.1) for D = D,,, using B(Z,0,0) = 0 for all & € L?(Q;S,)¥ and ©® € L*(Q; R?)*, and
passing to the limit, we obtain

1i_r>n A(Hp¥Yp,, Hp¥p,) = li_r)n L(IIpW¥p,) = L(¥) = AHY,HY),
m-—oo M—roo
since W is a solution to (3.2.1). By bilinearity of .4, we also have

A(HDmlIle - H\P’ HDm‘PDm - %\P)
= A(Hp, ¥p, , Hp, ¥p,) — A(Hp, Yo, HY) — A(HY, Hp, ¥p, — HY).

m?

The coercivity of .4 and weak convergence of Hp, ¥p, therefore lead to

limsup o Hp, ¥p, — H¥|? < limsup A(Hp, ¥p, — HY¥, Hp, ¥p, —HY) = 0.

m—oo m—oo
This shows that | Hp, Wp, — H¥| — 0 as m — oo O

Remark 3.5.3. As seen in Section 3.4.1, it is easy to construct a coercive, consistent, limit-
conforming and compact sequence of HDs. A consequence of this and Theorem 3.5.1 is the
existence of a solution to the abstract problem (3.2.1).
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3.5.2 Error estimates

The results that enable the proofs of local existence of discrete solution, uniqueness and error
estimates (with respect to a regular solution) for the Hessian scheme are discussed in this section.
Here, we assume that A(-,-) is the L? inner product on tensors. That is,

Vb, VO € L2(Q:RIXY | A(D,©) = / ®: Odx. (3.5.9)
Q
Also assume that for all ® € L?>(Q; Rk 0,2 ¢ L*(Q; Rk,
B(®,0,E) — / ®: h(O,E)dx, (3.5.10)
Q

where h(-,-) is bilinear on R% x R, Tt can be verified that the bilinear and trilinear forms
corresponding to the Navier—Stokes and von Karman equations (see Section 3.2.1) satisfy (3.5.9)
and (3.5.10), respectively (up to a trivial scaling).

Remark 3.5.4. For np € Xpo, v, § € H(Q),

(i) for Navier—Stokes equation,

B(Hpnp, VY, V) = ¥ /tr(HDnD)w-mt,,/z(vc)dx: y /Hpnpzpwvg,
Kem /K Kem /K

where

P

B [8yw8xc — v yo,g 0 }
v.e — :

0 ay vo§ — ax‘l/ayc

(ii) for von Kdrmdn equations,
1 1
bp(Np, v, ) =3 Y /COf(HDnD)V‘V‘VCZE Y /”Hanipw,g,
Kem”’K Kem /K

where

P [ o, v, —axwayc] .
vié _ay l//axc 8x Waxc

In the following, we assume that  is convex. Then when the load function belongs to H~!(Q)
[13, Theorem 7], the exact solution ¥ belongs to H 3 (Q)k . We note that, by Sobolev embeddings,
this smoothness implies V¥ € (L= (Q)9)¥ and ¥ € W2*(Q).

Fixing W € X, a linearization of (3.2.1) around ¥ in the direction of @ is given by

Ap(0,®) := A(HO, HD) + B(HWY,VO,VD) + B(HO, V¥, VD).
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Definition 3.5.5 (Regular solution [18]). The solution ¥ of (3.2.1) is said to be regular if the
linearization A (-,-) is wellposed; that is, for a given G € L*(Q)X,

Ag(0,0) = (G,®) VdecX (3.5.11)
has a unique solution ® € X, and this solution satisfies |®||x < C||G||, where C is independent
of G.

As proved in [18], ¥ is a regular solution (that is, the bilinear form Ag(-,-) is non-singular on
X x X) iff there exists a constant 3 > 0 such that

BIHO| < sup Aw(®,®); BIHO| < sup Aw(O,®). (35.12)
[HP|[=1 [HO[|=1
The next lemma talks about the wellposedness of the dual problem. The result follows easily

under the assumption that ¥ is a regular solution of (3.2.1).

Lemma 3.5.6 (Wellposedness of the dual problem [91]). If Q be a convex domain and ¥ is a
regular solution of (3.2.1), then the dual problem defined by: given Q € H *I(Q)k, find { € X
such that

Ag(®,0)=(0,®), YVPcX, (3.5.13)
is well posed and satisfies the a priori bounds:
HC||H3(Q)/< < CHQHH*l(Q)Ib (3.5.14)

The Hessian scheme that corresponds to the linearized problem (3.5.11) seeks ®p € Xp o such
that

Apy(0p,®Pp) = (G, IIpdp), VPpcXpy, (3.5.15)
where
Ap7lp(®p,q)p) = A(HpO®p, HpPp) + B(HY,VpOp,VpDp) + B(HpO®p, V¥, Vpdp).
(3.5.16)

The wellposedness of the discrete linearized problem given by (3.5.15) can be proved if there
exists a companion operator that maps the discrete space to the continuous space of functions
with certain properties stated below.

(AS) (Companion operator) There exists a linear map Ep : Xp o — Hg(Q) called the companion
operator. We then define

S(Ep) = sup dn¥D—Epvpll (3.5.17a)
woexpo\(0y  [Hovopl|
Vpyp — VE

oEp) = sup LV2YD—VEDYDIL (3.5.17b)
wpeXp o\ {0} |Hpwol|

F(Ep):= sup ED¥DI (3.5.17¢)

wpexpo\foy [ Howol

84



Remark 3.5.7 (Asymptotic behaviour). To establish error estimates using the companion oper-
ator, it will be expected that, along the considered sequence (Dy,)men of HDs, the corresponding
companion operators will be such that §(Ep, ) — 0, ®(Ep, ) — 0 and I'(Ep,,) remains bounded.
In Appendix A.2 we give an abstract generic construction of a companion operator that satisfies
these properties if (Dy)men is coercive, consistent, limit-conforming and compact. An explicit
companion operator is well known for the Morley finite element, with 8(Ep) = h?, o(Ep) = h'/?
and T'(Ep) < C, where C is independent of h, see [17].

Inspired by the notion of space size for (2nd order) gradient discretisations [48, Definition 2.22],
set,

op = sup SD—(@ Yo = sup WD—@ (3.5.18)

seur@nm@n oy 11w cengon o) 18l @)

Remark 3.5.8. Based on estimates that one can establish on Sp and Wp, it is expected that op
and yp will be small for HDs based on small meshes, see for example Theorem 3.4.2.

Theorem 3.5.9 (Wellposedness of the discrete linearized problem). Let Q be a convex domain
and Y be a regular solution of (3.2.1). For any I" > 0, there exists p > 0 such that if Cp <T,
I['(Ep) <T, w(Ep) < p, ap < p and yp < p, then the discrete linearized problem (3.5.15) is
well posed, and satisfied the inf-sup condition with a constant B that only depends on I', p and
the inf-sup constant 3 given in (3.5.12) for the continuous problem.

Proof. Since Xp is finite dimensional and (3.5.15) is linear, the existence of a priori bound
implies that the problem has a unique solution. Let us therefore focus on establishing these a
priori bounds. Let ®p € Xpg. Then the definitions (3.5.16), (3.5.9) and (3.5.10) of Apy, A
and B, the generalised Holder inequality and the definition (3.3.2) of Cp leads to the following
Gardings-type inequality:
Apy(®p,Pp) = A(HpPp, HpPp) + B(HY,VpPp,VpPp) + B(HpPp, V¥, VpPp)
> ||Hp®pl|* — CCp||HpPpl|||VoPpl[|[HY| 14
—C[HpPo|||VoPp | [V 1~ ()

where C > 0 is independent of D. Substitute ®p = Op in (3.5.15), and use the above inequality
and (3.3.2) to obtain

|HpOp|| < C(Cpl|HW| 14 + V¥ =) VDO +Cp |G| (3.5.19)

A use of triangle inequality and (3.5.17b) leads to an estimate for || Vp®p|| in the above expres-
sion as

|VpOp| <|[VpOp — VEpOp|| +|[VEpOp|| < @(Ep)||HpOp|| +|[VEP®p||.  (3.5.20)
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To estimate | VEp®p||, choose Q = —AEp®p and ® = Ep@p in (3.5.13). Introduce the terms
+B(HY,VEp®p,VpPpl) and +B(HEp®p, V¥, VpPpl), and use (3.5.15) with &p = Ppl
to obtain

IVEp®p|* = Ap(Ep®p,{)
= A(HED@)'D, HC) + B(H‘P, VEp®p, VC — VDPDC)
+B(HEp®p,V¥,VE —VpPpl) + B(HY,VEp®p, VpPp{)
+B(HEp®p, V¥, VpPp{) — Ap w(Op,Ppl) + (G, IIpPp ).

An introduction of + A(Hp®p,HE) and +B(HEp®p — HpO®p, VP, V), leads to

IVEp®p||* = A(HEp®p — Hp®p, HE) + A(Hp®p, HE — HpPp{)
+ B(H‘P, VEpOp, VC — VDPDC) + B(HED(*DD, V¥, VC — VD,PDC)
+B(HY,VEp®p — VpOp,VpPp() + B(HEp®p — Hp®p, V¥, V()

8
+ B(HEp®p — Hp®p,V¥,VpPpl —V{) + (G IIpPpl) =: Y | T. (3.5.21)
i=1

We now estimate each 7; for i = 1,---,8. Use (3.5.9), an integration by parts, (3.3.6), Cauchy—
Schwarz inequality, (3.5.17b) and (3.5.18) to obtain

Ty = A(HEp®p — Hp®p,HE) = /Q(/HED@D —HpO®p) : HE dx

<~ | VEp®p-div(HE) s+ | Voo -div(HE)dr+ Wp(H)|Hp®o|
< (0(Ep)[|div(HE) || + ¥ 17 |11 (o)) IHDOD |- (3.5.22)
A use of (3.5.9), Cauchy—Schwarz inequality, (3.3.3) and (3.5.18) yields
I = A(Hp®p,HE —HpPpl) < [HpOp|Sp(8) < 0p[|[HoOp||[| 8] 13 (0)- (3.5.23)

By the generalised Holder’s inequality, Sobolev imbedding H'(Q) — L*(Q), (3.3.3), (3.5.17¢c)
and (3.5.18), we have

T3 < CT'(Ep)||HY| |[HpOp||Sp(E)
< Capl'(Ep) | HY¥|[[HoOpl| IS |3 () (3.5.24)

Ty < CT(Ep)||HpOp||Sp(5) VY| L4
< Copl'(Ep) | HpOpl|[[¥l2(0) 11|43 (0) (3.5.25)

and since |VpPpC||;2 < Sp(&) +||VE|| 4, from (3.5.17b) and (3.5.18),

Ts < Co(Ep) [H¥P||[|Hp©p]| (Sp(8) + V]l 14)
< Co(Ep)(ap+ 1) [HP|| | HpOp | ]l 13- (3.5.26)
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A use of (3.5.10), integration by parts, (3.3.6), Cauchy—Schwarz inequality, (3.5.17b) and (3.5.18)
leads to

To — /Q(’H,EDG)D—’H,DGD) h(V, V) d

< /Q (VpOp — VEp®Op) - div(h(VE,VE)) dx + Wp (h(VW, VE)) | HpOp |

(@(Ep)||div(A(V¥, VE))[| +Wn (h(VY,V{))) [ HpOop |
(0(Ep) + 1) [[HpOp[ W] 30 | S |53 () - (3.5.27)

Apply the generalised Holder’s inequality, (3.5.17¢c), (3.3.3), (3.5.18) and Sobolev imbedding
H'(Q) < L*(Q) to obtain

<
<

T; < C(T(Ep) + 1) [[Hp®p || Sp(E) V|| 14
< Cap(I'(Ep) + D Hp®p |||l 20 € |13 (0)- (3.5.28)

A use of Cauchy—Schwarz inequality, (3.3.3) and (3.5.18) leads to
Ty = (G,IIpPpl) < ||G[|(Sp(8) + [IS])) < |Gl (anl|C|l g3 @) +1IE])- (3.5.29)

Plug in (3.5.22)—(3.5.29) into (3.5.21), use the Sobolev imbedding H! (Q) — L*(Q), (3.5.14) and
HQHH*'(Q) < ||VEp®p|| to obtain

IVEp@®p|| < C|[HpOp| (@(Ep) + ¥p + op(1+T(Ep) + ®(Ep))) + |Gl (ap + 1),
(3.5.30)
where C > 0 is independent of D, but depends on . Now, (3.5.19), (3.5.20) and (3.5.30) yield
C independent of D such that

|Hp®pl|| < C(Cp+1)[w(Ep)+ yp+ ap(1+T(Ep) + ®(Ep))] |HpOp|
+(ap+1+Cp)|G]. (3.5.31)

For Cp <T and I'(Ep) <T, choose p such that
CC+1)3p+p(C+p)) <1/2.

If o(Ep) < p, ap < p and yp < p, the estimate (3.5.31) gives ||Hp®p|| <2C(p +1+1)| G|,
which is the sought a priori estimate on the solution to the linearized problem (3.5.15). 0

Lemma 3.5.10 (Non-singularity of perturbed bilinear form). Under the assumptions of Theorem
3.5.9, and reducing perhaps p, the perturbed bilinear form defined by

Ap w(Op,Pp) = A(HpOp, HpPp) + B(HpPp¥,VpOp, VpPp)
+ B(HD("DD; VpPpY¥, VDCI)D) (3.5.32)

is non-singular on Xp o X Xp .
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Proof. From Theorem 3.5.9, for Op € Xp, there exists $p € Xp g such that ||HpPpl|| =1

and EH’HD(*DDH < Ap ¢(®p,Pp). Then, from (3.5.32), (3.5.16), (3.3.2) and (3.3.3), for some C
independent of D,

Ap w(Op,Pp) = Ap w(Op,Pp) — B(HY — HpPp¥,VpOp, VpPp)
— B(Hp®p, V¥ — VyPpW, Vpdp)

> B||Hp®p|| — CCp(1+Cp)Sp(P)||HpOp|| > gHHD@DHa

provided Sp(¥) < m. Hence the required result, provided that p is as in Theorem 3.5.9
and further satisfies p ||| y3(q) < m. O

Existence and error estimates: Under the assumptions of Lemma 3.5.10, we can define the
nonlinear operator i : Xp o — Xp o such that, for ®p € Xp o, u(®p) is the unique solution to:

Ap ¢(u(0p),Pp) = LINpPp) + B(HpPp¥,VpOp, Vpdp)
+ B(HD@)D, VoPp¥, qu)p) - B(HD(’DD, VpOp, Vp(bp), (3.5.33)
for all @p € Xp o. Observe that any fixed point of i is a solution to (3.3.1) and vice-versa. Hence,

in order to establish the existence of a solution to (3.3.1), we will prove that the mapping ¢ has a
fixed point. For R > 0, define

BR('PD"P) = {CDD € XD70 : HHDCI)D —'HD'PD‘PH < R}.

Theorem 3.5.11. (Mapping of ball into ball) Let Q be a convex domain and ¥ be a regular
solution of (3.2.1). For any I > 0, there exists p > 0 such that if Cp <T, yp < p, ®(Ep) < p,
op < p and 6(Ep) < p, then there exists K > 0 not depending on p or D such that, setting
R = Kp, u maps Bg(Pp¥) into itself.

Proof. Since Ap w(-,-) is non-singular, by Theorem 3.5.9, there exists ®p € Xp such that
|HpPp|| =1 and
Bl Hpu(©p) — HpPp¥|| < Apw(u(®p) — Pp¥,®p). (3.5.34)
A use of (3.5.33), (3.5.32) and (3.2.1) with & = EpPp yields
Apw(1(0p) — Pp¥,Pp)
= L(p®Pp) + B(HpPp¥,VpOp,VpPp) + B(Hp®Op,VpPp¥,VpPp)
—B(Hp®p,VpOp,VpPp) — A(HpPp¥, HpPp)
—2B(HpPpY¥,VpPp¥,Vpdp)
= L(pPp — EpPp) + [A(HY, HEpPp) — A(HpPp¥, HpPp)]
+ [B(HY, VY, VEp®p) — B(HpPp¥,VpPp¥,Vpdp)]

+B(HpPp¥ — HpOp, VpOp — VpPpW,Vpdp) =: ) Bi. (3.5.35)
i=1
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Use the continuity of £(-) and (3.5.17a) to estimate B; as
B, 3 [Hp®p — EpPp|| < 6(Ep)|HpPo|- (3.5.36)
Introduce the term Hp®Pp and use (3.5.22) with (@p, §) = (Pp,¥), (3.3.3) and (3.5.18) to obtain
By < |A(HY, HEp®p — Hp®p)| + |A(HY — HpPp¥, HpPp)|
< (o(Ep)||div(HE) || + 1ol H¥] 51 (o) + op Pl 53 (0)) | HDPo||- (3.5.37)

A use of the continuity of B(-,,-), (3.5.17b), (3.3.2), (3.3.3), the Sobolev imbedding H'(Q) —
L*(Q) and (3.5.18) leads to

B3y < |B(HY,V¥,VEp®p — Vp®p) — B(HpPp¥ — HY,VpPp¥,VpPp)|
+ |B(HY, V¥ — VpPp¥, Vpdp)|
< [0(Ep) [HE N[Vl 14 + (VD PP | s + [ HY|) CpSp(¥) ] | HpPo||
S [0(Ep)|[HY|? + (enl[¥ ] p3(q) + HY]) Coon | ¥l 430 1 HpPo |- (3.5.38)

Finally, use (3.3.2) to estimate By as
By 5 Cp|HpOp — HpPp¥|* | Hp®p||. (3.5.39)
A substitution of (3.5.36)-(3.5.39) in (3.5.35) and then in (3.5.34) leads to

|Hpu(®p) —HpPp¥|| < Ki(¥p+ap(Cp+1+Cpap) + 8(Ep)
+ w(Ep) + Cp||Hp®p — HpPp¥| %),

where IC; > 0 is independent of D, but depends on 8 and ||¥|| H(@)- LetI'>0and p >0 be
such that Cp <T, yp < p, ®(Ep) < p, op < p and §(Ep) < p. Then,

|Hpu(©p) — HpPp¥| < Ki(p(T+4+Tp)+ 7| HpOp — HpPp¥|).

Choose p > 0 such that 4X3T2p (T +4+Tp) < 1. Setting R = 2/C;p (' +4+T'p) and assuming
that || Hp®p — HpPp¥|| <R leads to

|Hpu(Op) — HpPp¥| < Kip(C+4+Tp)(1+4K5T%p(C+4+Tp)) <R
This completes the proof. ]

Theorem 3.5.12 (Existence of discrete solution and error estimates). Let Q be a convex domain
and Y be a regular solution of (3.2.1). For any I" > 0, there exists p > 0 such that if Cp <T,
['(Ep) <T, w(Ep) <p, 6(Ep) < p, ap < p and yp < p, then there exists a solution ¥p of
(3.3.1) that satisfies | Hp¥Yp — HpPp¥| < Cp, as well as the following estimates:

|[HY —Hp¥pl| <Cp, V¥ —Vp¥pl[s < Cp, ¥ - p¥p|l <Cp, (3.5.40)

where C > 0 depends on E, 'Y but not p or D.
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Proof. In order to prove the continuity of u, take Wy — Wpin Xpgasm— oo, let u(¥Pp) = w7
and u(Wp) = Wp. The definition of the non-singularity of 2p w(-,-) and Theorem 3.5.9 imply
that there exists ®p € Xp o such that ||HpPpl|| =1 and

Bl[Hp¥p — Hp¥p|| =Bl Hou(¥p) — Hou(Pp)|| < Apw(u(¥p) — u(Pp),Pp)
=B(HpPp¥,Vp¥p, Vp®p) + B(HpPp, VoPp¥, Vpdp)

— B(Hp¥p, Vp¥p, Vpdp) — B(HpPp¥,Vp¥p, Vpdp)

— B(Hp¥p,VpPp¥,Vp®p) + B(Hp¥p, Vp¥p, VpPp).

Since ¥, — ¥p in Xp g as m — oo, we conclude ¥ — Wp in Xp o (the finite dimensional
property of Xp o and the linearity of B(-,-,-) show that B(-,-,-) is a continuous trilinear function
on Xp). Since u maps the ball Bg(PpW¥) to itself from Theorem 3.5.11, the Brouwer fixed
point theorem yields that the mapping u has a fixed point, say Wp. Hence, Wp is a solution of
(3.3.1) that satisfies ||HpWp — HpPp¥|| <R, where R = ICp. This proves the existence part in
Theorem 3.5.12, as well as the estimate on Hp¥p — HpPpP.

Let us now estimate |HY — Hp¥p||. Introduce the term HpWp and use the definition of Sp
and (3.5.18) to obtain

|HY —Hp¥pl| < [|[HY —HpPpY¥| + [HpPp¥ — Hp¥pl| < (K+1)p.

The remaining two estimates in (3.5.40) follows in a similar way using triangle inequality, (3.3.3)
and (3.3.2). O

The following lemma establishes the local uniqueness of the solution of (3.3.1).

Lemma 3.5.13 (Local uniqueness). Let Q be a convex domain and Y be a regular solution of
(3.2.1). For G)ID,@% € Br(Pp¥) with R as defined as in Theorem 3.5.11, the following result
holds true:

IHpu(®p) — Hpu(0)| < CR|[HpOp —HpOp|,

for some positive constant C independent of D, but depends on 1" and B Hence, if p is small
enough, W is a contraction on Br(Pp¥) and the solution to (3.3.1) in this ball is unique.

Proof. For OL 02, € Br(Pp¥), let u(OL,),i = 1,2 be the solutions of:
D> ™~D D

Up p(1(O),Pp) = LIIp®p) + B(HpPp¥, VpOh, VpPp)
+ B(Hp®h, VpPp¥, Vp®p) — B(HpOh, Vp@®h, Vpdp). (3.5.41)

The non-singularity of 2p w(-,-), Theorem 3.5.9, (3.5.41), the continuity of B(-,-,-) and (3.3.2)
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leads to the existence of ®p € Xp ¢ such that | HpPp|| = 1 and

BlHpu(©p) — Hpu(0p)| < Apw(1(®p) — u(0%),Pp)
= B(Hp©®% — HpO, VpOL — VpPpW, Vpdp)
+ B(Hp®% — HpPp¥,VpO2 — Vp0Oh Vpdp)
< CCB|[Hp®% — HpOb || (| HpOh — HoPp¥|

+ ||Hp®% —HDPD‘PH>-

Since @7'), @% € Br(PpW¥) and Cp < T, for a choice of R as in the proof of Theorem 3.5.11, we
obtain
[Hpu(Op) — Hpu(0p)| < CR[HpOp — HpO|,

where C depends only on I" and B This completes the proof. [

Remark 3.5.14 (Companion operators). For conforming FEMs, companion operator Ep is noth-
ing but the identity operator which implies 6(Ep) = 0,w(Ep) =0 and T'(Ep) = 1. An ex-
plicit companion operator is well known for the Morley ncFEM, with §(Ep) = O(h?), ®(Ep) =
O(h'/?) and T(Ep) < C, where C is independent of h, see [17]. The estimates §(Ep) = O(h?),
w(Ep) = O(h'/?) and T(Ep) < C for a companion operator which maps the Adini rectangle
to the Bogner—Fox—Schmit rectangle has been done in [14]. The construction of a companion
operator Ep for the method based on gradient recovery operators with @(Ep) and §(Ep) small
enough and U'(Ep) bounded is an open problem.

3.6 Numerical results

In this section, numerical results for the Navier—Stokes (NS) equation and the von Karman (vK)
equations using the gradient recovery method and the Morley FEM are performed. Let the relative
errors in L?(Q), H' (Q) and H?(Q) norms be denoted by

- HVDMD—VﬁH _ HHDMD—HﬁH
V Y TEE— =
, errp(Va) vl , errp(Hu) B ,

o o
errp(ut) 1= —H pup — I

]

where u is the continuous solution and up is the corresponding HS solution. Here, /& denotes the
mesh sizes and nu be the numbers of unknowns. The model problem is constructed in such a
way that the exact solution is known. The discrete problem is solved using Newton’s method.

3.6.1 Numerical results for Gradient Recovery Method

In this section, we consider the unit square domain Q = (0, 1)? and the stabilisation parameter T
is chosen to be 1 that corresponds to the stabilisation function &;,. The finite dimensional space
V), 1s the conforming [P; space.
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Navier Stokes equation

For the numerical experiments for the Navier Stokes equation, the viscosity V is chosen equal to
0.01 or 1.

Example 1:

The exact solution # is given by 7(x,y) = x2y?(1 — x)?(1 — y)?. The source term f can be com-
puted using (3.2.2). The errors and orders of convergence for the numerical approximation of u
are shown in Tables 3.1 and 3.2. It can be seen that the rate of convergence is close to quadratic in
L? and H' norm and is linear in H> norm when v = 1. Though there is a difficulty of construct-
ing a proper companion operator and hence theoretical rate of convergence are not obtained for
GR method (Remark 3.5.14), we observe expected rate of convergence numerically (see Section
2.7.1 for the numerical results for GR method conducted on the biharmonic problem). However,
there is a loss of rate in the L? and H! norms when v = 0.01.

Table 3.1: (GR) Convergence results, NS, Example 1, v = 0.01

h nu errp() | Order | errp(Vu) | Order || errp(Hu) | Order
0.353553 9 1.051258 - 0.568001 - 0.583070 -
0.176777 49 0.214196 | 2.2951 || 0.167145 | 1.7648 || 0.267212 | 1.1257
0.088388 | 225 0.067513 | 1.6657 || 0.050018 | 1.7406 || 0.128592 | 1.0552
0.044194 | 961 0.019298 | 1.8067 || 0.014060 | 1.8308 || 0.062380 | 1.0436
0.022097 | 3969 || 0.005363 | 1.8473 || 0.004567 | 1.6223 || 0.030876 | 1.0146
0.011049 | 16129 || 0.001992 | 1.4291 || 0.002924 | 0.6432 | 0.015897 | 0.9577

Table 3.2: (GR) Convergence results, NS, Example 1, v = 1

h nu errp() | Order | errp(Vu) | Order || errp(Hu) | Order
0.353553 9 1.050933 - 0.567673 - 0.582651 -
0.176777 49 0.214195 | 2.2947 || 0.167145 | 1.7640 || 0.267188 | 1.1248
0.088388 | 225 0.067498 | 1.6660 | 0.049952 | 1.7425 || 0.128511 | 1.0560
0.044194 | 961 0.019240 | 1.8107 || 0.013806 | 1.8552 || 0.062184 | 1.0473
0.022097 | 3969 || 0.005156 | 1.8999 || 0.003646 | 1.9209 || 0.030460 | 1.0296
0.011049 | 16129 || 0.001336 | 1.9482 || 0.000939 | 1.9575 || 0.015060 | 1.0162

Example 2:

In this example, #(x,y) = x>y>(1 —x)3(1 — y)3(exp(x) sin(27x) 4 cos(27x)). The errors together
with their order of convergences are presented in Tables 3.3 and 3.4. We observe on this example
similar rates of convergence to those obtained in Example 1.

92



Table 3.3: (GR) Convergence results, NS, Example 2, v = 0.01

h nu errp() | Order | errp(Vu) | Order || errp(Hu) | Order
0.353553 9 8.711003 - 0.951241 - 0.991303 -
0.176777 49 0.517173 | 4.0741 || 0.224828 | 2.0810 || 0.492709 | 1.0086
0.088388 | 225 0.089445 | 2.5316 || 0.047787 | 2.2341 || 0.203366 | 1.2767
0.044194 | 961 0.017152 | 2.3826 || 0.010256 | 2.2201 || 0.084506 | 1.2669
0.022097 | 3969 || 0.004427 | 1.9541 || 0.003024 | 1.7619 || 0.041260 | 1.0343
0.011049 | 16129 || 0.002039 | 1.1186 || 0.002032 | 0.5736 || 0.020654 | 0.9983

Table 3.4: (GR) Convergence results, NS, Example 2, v = 1

h nu errp() | Order | errp(Vu) | Order || errp(Hu) | Order
0.353553 9 8.708421 - 0.950596 - 0.990463 -
0.176777 | 49 0.516906 | 4.0744 || 0.224876 | 2.0797 || 0.492556 | 1.0078
0.088388 | 225 || 0.089333 | 2.5326 || 0.048053 | 2.2264 || 0.203302 | 1.2767
0.044194 | 961 0.016922 | 2.4003 || 0.010346 | 2.2156 || 0.084441 | 1.2676
0.022097 | 3969 || 0.003955 | 2.0971 || 0.002642 | 1.9692 || 0.041186 | 1.0358
0.011049 | 16129 || 0.000980 | 2.0134 || 0.000690 | 1.9378 || 0.020528 | 1.0045

The von Karman equations

In this example, choose the right-hand side load functions such that # = v = x?y*(1 —x)2(1 —y).
The load functions are computed by f = A% — [i,] and g = A’V + 5[, u]. Tables 3.5 and 3.6
show the relative errors and orders of convergence for the variable up and vp. The tables provide
once again linear rate of convergences in the energy norm for both the variables. Observe that
qudratic rate of convergences are obtained in L? and H' norms for vp whereas a loss of quadratic
rate is noticed for up.

Table 3.5: (GR) Convergence results for the relative errors of u, vK

h nu errp() | Order | errp(Vu) | Order || errp(Hu) | Order
0.353553 9 1.049207 - 0.567835 - 0.582623 -
0.176777 | 49 0.214594 | 2.2896 || 0.167636 | 1.7601 || 0.267284 | 1.1242
0.088388 | 225 || 0.067946 | 1.6591 || 0.050446 | 1.7325 || 0.128565 | 1.0559
0.044194 | 961 0.019702 | 1.7860 | 0.014295 | 1.8192 || 0.062217 | 1.0471
0.022097 | 3969 || 0.005632 | 1.8068 || 0.004146 | 1.7858 | 0.030483 | 1.0293
0.011049 | 16129 || 0.001844 | 1.6109 || 0.001483 | 1.4828 || 0.015082 | 1.0152
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Table 3.6: (GR) Convergence results for the relative errors of v, vK

h nu errp(V) Order | errp(Vv) | Order || errp(HVv) | Order
0.353553 9 1.051793 - 0.567587 - 0.582660 -
0.176777 | 49 0.213996 | 2.2972 || 0.166900 | 1.7659 || 0.267141 | 1.1251
0.088388 | 225 0.067275 | 1.6694 || 0.049707 | 1.7475 || 0.128485 | 1.0560
0.044194 | 961 0.0190112 | 1.8232 || 0.013567 | 1.8733 || 0.062171 | 1.0473
0.022097 | 3969 0.004929 | 1.9474 || 0.003417 | 1.9894 || 0.030454 | 1.0296
0.011049 | 16129 || 0.001124 | 2.1325 || 0.000742 | 2.2036 || 0.015059 | 1.0160

3.6.2 Numerical results for Morley FEM

The results of numerical experiments for the Morley nonconforming FEM for the von Karmén
equations are presented in this section, as the formulation in this article is different from that in
[18, 91, 92] (see Remark 3.2.1).

Example 1

Let the computational domain be Q = (0, 1)2 and the model problem is constructed in such a way
that the exact solution is known and is given by 7 = x?>y*(1 —x)?(1 —y)? and v = sin?(7x) sin(7y).
Then the right-hand side load functions are computed by f = A% — [, v] and g = A*v + %[ﬁ,ﬁ].

Table 3.7: (Morley) Convergence results for the relative errors of %, vK, Example 1

h nu errp(u) | Order || errp(Va) | Order || errp(Hu) | Order
1.00000 5 7.871553 - 3.261532 - 2.394697 -
0.50000 | 25 2.443023 | 1.6880 || 1.319491 | 1.3056 || 1.541304 | 0.6357
0.25000 | 113 || 0.580661 | 2.0729 || 0.332025 | 1.9906 || 0.713766 | 1.1106
0.12500 | 481 || 0.156130 | 1.8949 || 0.094203 | 1.8174 || 0.367990 | 0.9558
0.06250 | 1985 || 0.039992 | 1.9650 || 0.024552 | 1.9399 || 0.185982 | 0.9845
0.03125 | 8065 || 0.010065 | 1.9904 || 0.006208 | 1.9836 || 0.093262 | 0.9958

As seen in the Tables 3.7-3.8, we obtain linear order of convergence in the energy norm and
quadratic orders of convergence in H' and L? norm for the displacement and Airy stress func-
tions. Note that @(Ep) = O(h'/?) for Morley FEM. Thus, the numerical tests show a better
convergence rate than the one given by Theorem 3.5.12 in the HDM framework.

Example 2

In this example, we consider the non-convex L-shaped domain given by Q = (—1,1)?\ ([0,1) x
(—1,0]). Choose the right-hand functions such that the exact singular solution [71] in polar
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Table 3.8: (Morley) Convergence results for the relative errors of v, vK, Example 1

h nu errp (V) Order || errp(VV) | Order || errp(#Hv) | Order
1.00000 5 2.042170 - 0.830880 - 0.999850 -
0.50000 | 25 2.055671 | -0.0095 || 1.112735 | -0.4214 || 1.380217 | -0.4651
0.25000 | 113 || 0.474397 | 2.1154 || 0.296274 | 1.9091 | 0.680937 | 1.0193
0.12500 | 481 0.128741 | 1.8816 || 0.084071 | 1.8173 || 0.362159 | 0.9109
0.06250 | 1985 || 0.033048 | 1.9618 | 0.021912 | 1.9399 | 0.184550 | 0.9726
0.03125 | 8065 || 0.008322 | 1.9896 | 0.005542 | 1.9832 | 0.092744 | 0.9927

coordinates is given by
i=7=(r"cos’ @ —1)*(r*sin* 0 — 1)*r'7g, ,(8),

where 7 & 0.5444837367 is a non-characteristic root of sin*(y®) = y*sin*(®), ® = 3F, and

gr0(8) = (517 sin((y— 1)@) — 7y sin((y+ 1)) (cos((y— 1)8) —cos((y+1)8)) (37 sin((7—
1)8) — 7Ly sin((y+ 1)) (cos((y— 1)@) — cos((7+ 1) ).

Table 3.9: (Morley) Convergence results for the relative errors of u, vK, Example 2

h nu errp() | Order || errp(Va) | Order || errp(Hu) | Order
1.414214 5 1.075148 - 1.557125 - 1.252892 -
0.707107 33 2.826994 | -1.3947 || 1.985957 | -0.3509 || 1.758240 | -0.4889
0.353553 | 161 0.874885 | 1.6921 || 0.623930 | 1.6704 || 0.984743 | 0.8363
0.176777 | 705 0.250204 | 1.8060 || 0.181811 | 1.7789 || 0.524270 | 0.9094
0.088388 | 2945 || 0.071856 | 1.7999 | 0.053249 | 1.7716 | 0.273319 | 0.9397
0.044194 | 12033 || 0.022050 | 1.7044 | 0.017351 | 1.6178 | 0.143736 | 0.9272
0.022097 | 48641 || 0.007491 | 1.5575 || 0.006560 | 1.4033 | 0.077744 | 0.8866

Table 3.10: (Morley) Convergence results for the relative errors of v, vK, Example 2

h nu errp(V) Order || errp(V¥) | Order || errp(Hv) | Order
1.414214 5 1.076538 - 1.469632 - 1.214306 -
0.707107 33 1.910146 | -0.8273 || 1.293881 | 0.1837 | 1.351562 | -0.1545
0.353553 161 0.794724 | 1.2652 || 0.569137 | 1.1849 || 0.966468 | 0.4838
0.176777 | 705 0.229244 | 1.7936 || 0.167686 | 1.7630 | 0.527682 | 0.8731
0.088388 | 2945 || 0.064624 | 1.8267 || 0.047896 | 1.8078 | 0.275565 | 0.9373
0.044194 | 12033 || 0.019339 | 1.7406 || 0.015209 | 1.6550 | 0.144849 | 0.9278
0.022097 | 48641 || 0.006411 | 1.5929 || 0.005694 | 1.4175 || 0.078259 | 0.8882

Since Q is non-convex, we expect only sub-optimal order of convergences in the energy, H' and
L? norms. Tables 3.9-3.10 confirms these estimates numerically.

Comparing the Tables for GR and Morley methods for the vK equations (Tables 3.5-3.8), we see
that for a given mesh, GR has much less number of unknowns than Morley. For a similar meshes
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of mesh size h = 0.044194 for GR and 7 = 0.03125 for Morley, GR method has only 961 degrees
of freedom whereas Morley ncFEM is with 8065 degrees of freedom. For these meshes, similar
convergence rates are obtained in the energy norm, but the Morley accuracy in L? and H' norms
is much better than the GR method.
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Chapter 4

The gradient discretisation method for
optimal control problems

In this chapter, optimal control problems governed by diffusion equations are investigated in the
framework of the gradient discretisation method!.

4.1 Introduction

This chapter deals with numerical schemes for second order distributed optimal control problems
governed by diffusion equations with Dirichlet and Neumann boundary conditions (BC). When
considering Neumann BC, the model has a reaction term to ensure its full coercivity. The case of
pure Neumann BC, without reaction term, is covered in Chapter 5. We present basic convergence
results and super-convergence results for the state, adjoint and control variables. The results
cover various numerical methods, that include conforming Galerkin methods, non-conforming
finite elements, and mimetic finite differences. This is achieved by using the framework of the
gradient discretisation method.

The gradient discretisation method (GDM) is a generic framework for the convergence analysis
of numerical methods for diffusion equations [48]. Note that only linear control problems are
considered here, but the GDM has been designed to also deal with non-linear models. For non-
linear state equations that are amenable to error estimates (e.g. the p-Laplace equation [48,
Theorem 3.28]), an adaptation of the results presented here is conceivable.

Basic error estimates that provide a linear convergence rate for all the three variables (control,
state, and adjoint) for low order schemes under standard regularity assumptions are established
in this chapter. Given that the control is approximated by piecewise constant functions, the con-
vergence rates are optimal. An improved error estimate is also proved for optimal controls, state

IThe results of this chapter are published in Jéréme Droniou, Neela Nataraj and Devika Shylaja. The gra-
dient discretisation method for optimal control problems, with super-convergence for non-conforming finite ele-
ments and mixed-hybrid mimetic finite differences. SIAM J. Control Optim. 55 (6), pp. 3640-3672, 2017. DOI:
10.1137/17M1117768. URL: https://arxiv.org/abs/1608.01726.
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and adjoint variables with the help of a post-processing step. In the numerical implementation
procedure, the discrete problem is solved using the primal-dual active set strategy [109].

The numerical analysis of optimal control problem governed by second order elliptic equations
has been discussed in [96] for conforming FEM. To the best of our knowledge, super-convergence
has not been studied for non-conforming methods in literature. In this chapter, following the ideas
in [96], superconvergence results are established in the gradient discretisation framework, which
covers a wide variety of numerical methods — in particular, the classical Crouzeix-Raviart finite
element method and the mixed-hybrid mimetic finite difference schemes. The superconvergence
for the control variable is obtained under a superconvergence assumption on the underlying nu-
merical scheme for the state and adjoint equations. If not already known, such superconvergence
can be checked for various gradient schemes by using the improved L? estimate of [54].

The chapter is organised as follows. Subsection 4.1.1 defines the distributed optimal control
problem governed by the diffusion equation with homogeneous Dirichlet BC. Two particular
cases of main results are stated in Subsection 4.1.2; these cases cover non-conforming finite ele-
ment methods and mixed-hybrid mimetic finite difference schemes. In Section 4.2, the GDM is
introduced, the concept of gradient discretisation (GD) is defined and the properties on the spaces
and mappings that are important for the convergence analysis of the resulting GS are stated. Some
classical examples of GDM are presented in Subsection 4.2.1. The basic error estimates and su-
perconvergence results for the GDM applied to the control problems are presented in Section 4.3.
In Section 4.4, the distributed and boundary optimal control problems with Neumann BC in the
presence of a reaction term is presented. The GDM for Neumann BC is discussed in this section
and the core properties that the GDs must satisfy to provide a proper approximation of given
problem are highlighted. The results of some numerical experiments are presented in Section
45.

4.1.1 The optimal control problem for homogeneous Dirichlet BC

Consider the distributed optimal control problem governed by the diffusion equation defined by

min J(u) subject to (4.1.1a)

UEUq

—div(AVy(u)) = f+u inQ, (4.1.1b)
y(u)=0 ondQ, (4.1.1¢)

where Q C R? (d > 2) is a bounded domain with boundary dQ; y(u) is the state variable, and u
is the control variable;

1 _ o _
J(w) = S|y () = Fallfao) + 5 1t =Tl fr(g) 4.1.2)

is the cost functional, ¢ > 0 is a fixed regularization parameter, y, € L?(Q) is the desired state
variable and 7y € L?(Q) is the desired control variable; A : Q — My(R) is a measurable, bounded
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and uniformly elliptic matrix-valued function such that (for simplicity purposes) A(x) is symmet-
ric for a.e. x € Q; f € L*(Q); Upg C L*(Q) is the non-empty, convex and closed set of admissible
controls.

It is well known that given u € Uyg, there exists a unique weak solution y(u) € H} (Q) := {w €
H'(Q) :w=0o0ndQ} of (4.1.1b)-(4.1.1c), that is, y(u) € Hj (Q) is such that for all w € HJ (Q),

a(y(u),W)zfg(eru)wdx, (4.1.3)

where a(z,w) = [AVz-Vwdx. The term y = y(u) is the state associated with the control u.
Express the state y by means of the state-to-control mapping S in the form y = S(u). Then a
variational inequality can be derived that is simplified by the introduction of the co-state p. The
co-state is the Lagrange multiplier associated with the state equation [109].

The convex control problem (4.1.1) has a unique weak solution (7,%) € Hj (Q) X Uyq. Also there
exists a co-state p € H} (Q) such that the triplet (¥,p,u) € H}(Q) x H} (Q) X Uyg satisfies the
Karush-Kuhn-Tucker (KKT) optimality conditions [90, Theorem 1.3]:

a(y,w) = (f +u,w) Vwe HY(Q), (4.1.4a)
a(w,p) = (y =34, W) Vw € Hy(Q), (4.1.4b)
(p+a(i—1g),v—1) >0 Vv € Uyg. (4.1.4¢c)

4.1.2 Two particular cases of main results

The analysis of numerical methods for (4.1.4) is based on the abstract framework of the gradient
discretisation method. To give an idea of the extent of the main results, let us consider two
particular schemes, based on a mesh M of Q in the sense of Definition 1.4.1. Assume that
Upyg={veEL*Q) :a<v<bhae.} for some constants a,b (possibly infinite) and, to simplify
the presentation, that #; = 0. Set P, 5 (s) = min(b,max(a, s)). Let u be a post-processed control,
whose scheme-dependent definition is given below.

* ncP/Py: M is a conforming triangular/tetrahedral mesh, the state and adjoint unknowns
(y,p) are approximated using non-conforming IP; finite elements, and the control # is ap-
proximated using piecewise constant functions on M.

Let the post-processed continuous control be u = u.

* hMFD [2]: M is a polygonal/polyhedral mesh, the state and adjoint unknowns (y,p) are
approximated using mixed-hybrid mimetic finite differences (hMFD), and the control u
is approximated using piecewise constant functions on M. The hMFD schemes form a
sub-class of the hybrid mimetic mixed (HMM) methods [49, 50] presented in Section 4.2.1
below.

Define a post-processed continuous control u by

g =P,y (—a 'p(xk)) forall K € M,
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where Xg denotes the centroid of the cell K.

In either case, the post-processed discrete control is u, = P, ) (—a~1p,), where pj, denotes the
discrete co-state. One of the consequences of the first main theorem (Theorem 4.3.6) is the
following super-convergence result on the control, under standard regularity assumptions on the
mesh and the data: there exists C that depends only on Q, A, a, a, b, u, and the shape regularity
of M, such that

17— aall < CH U+ 15l ey + 1 L )+ a2 ) (4.15)

where r =2 — € (forany € > 0)if d =2, and r = % if d = 3. This estimate is also valid for
conforming P finite elements.

Under the additional assumption of quasi-uniformity of the mesh (that is, each cell has a measure
comparable to h?), the second main theorem (Theorem 4.3.7) shows that (4.1.5) can be improved
into a full quadratic rate of convergence:

I — ]| < CH* (L4 [[5al @) + 1Nl ) + 7l ) (4.1.6)

The quasi-uniformity assumption prevents from considering local mesh refinement, so (4.1.6) is
not ensured in these cases. On the contrary, the rate (4.1.5) still holds true for locally refined
meshes. Moreover, in dimension d = 2, the #2~¢ rate in (4.1.5) is numerically indistinguishable
from a full super-convergence h” rate. If d = 3, the % rate of convergence remains very close
to 2. To compare, for h = 10 (which is well below the usual mesh sizes in 3D computational
tests) we have hz/h% =10"L

Precise statements of the assumptions and the proofs of (4.1.5) and (4.1.6) are given in Corollary
4.3.10.

4.2 The gradient discretisation method for the control prob-
lem

The gradient discretisation method consists in writing numerical schemes, called gradient schemes
(GS), by replacing in the weak formulation of the problem the continuous space and operators by
discrete ones [48, 50, 60]. These discrete space and operators are given by a GD.

Definition 4.2.1 (Gradient discretisation for homogeneous Dirichlet BC). A gradient discretisa-
tion for homogeneous Dirichlet BC is given by D = (Xp o,I1p,Vp) such that

* the set of discrete unknowns (degrees of freedom) Xp ¢ is a finite dimensional real vector
space,

e Illp: Xpo — L? (Q) is a linear mapping that reconstructs a function from the degrees of
freedom,
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* Vp:Xpo— LZ(Q)d is a linear mapping that reconstructs a gradient from the degrees of
freedom. It must be chosen such that |Vp - || is a norm on Xp .

Let D = (Xp,I1p,Vp) be a GD in the sense of the above definition. If F € L?(Q), then the
related gradient scheme for a linear elliptic problem

{ —div(AVY) =F inQ, 4.2.1)

y=0 on dQ

is obtained by writing the weak formulation of (4.2.1) with the continuous spaces, function and
gradient replaced with their discrete counterparts:

Find yp € XD7() such that, for all wp € XD7(), ap(l[/D,WD) = (F, HDWD), 4.2.2)

where ap(l[/D,WD) = fQAVD Yp - VDWD dx.

The flexibility of the GDM analysis framework comes from the wide possible range of choices
for (Xp0,I1p, Vp). Each of these choices correspond to a particular numerical scheme (see Sub-
section 4.2.1 for a few examples). The space Xp ( represents the degrees of freedom (unknowns)
of the method; a vector in Xp o gathers values for such unknowns. The operators Ilp and Vp
reconstruct, from a set of values of these unknowns, a scalar (resp. vector) function on the entire
set Q. The scalar function is supposed to play the role of the solution/test functions itself in the
weak formulation of the PDE; the vector-function, reconstructed “gradient”, is used in lieu of the
gradients of these solution/test functions. Performing these substitutions in the weak formulation
leads to a finite-dimensional system of equations (on the unknowns), which is referred to as the
gradient scheme corresponding to the gradient discretisation D.

Let U}, be a finite-dimensional subspace of LZ(Q), and Uyq p, = Uaqg U, A gradient discretisation
D being given, the corresponding GS for (4.1.4) consists in seeking (Yp, Pp, %) € Xp,o X Xp o X
Uad j, such that

ap(yp,wp) = (f +uy,Ilpwp) Ywp € Xp, (4.2.32)
ap(wp,pp) = (lIpyp — 4, IIpwp) Vwp € Xp o, (4.2.3b)
(Mppp + a(ity —g), vy —un) >0 V), € Ung - (4.2.3¢)

Arguing as in [109, Theorem 2.25], it is straightforward to see that (4.2.3) is equivalent to the
following minimisation problem:

.1 _ o _ .
min ~ |[lpyp —3,||* + = |lun — @g||*  subject to
up€Uag p 2 2

yp € Xpp and, for all wp € Xp g, ap(yp,wp) = (f + up,pwp).

(4.2.4)

Existence and uniqueness of a solution to (4.2.4), and thus to (4.2.3), follows from standard
variational theorems.
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4.2.1 Examples of gradient discretisations

A few examples based on known numerical methods are briefly presented in this section. See
[48] for a detailed analysis of these methods, and more examples of gradient discretisations. As
demonstrated by these examples, the GDM cover a wide range of different numerical methods.
This means that the analysis carried out in the GDM framework for the control problem in (4.1.1)
readily applies to all these methods. In particular, this makes the control problem accessible
to numerical schemes not usually considered but relevant to diffusion models, such as schemes
applicables on generic meshes (not just triangular/quadrangular meshes) as encountered for ex-
ample in reservoir engineering applications.

Consider a mesh M of Q in the sense of Definition 1.4.1.

Conforming P; finite elements. The simplest gradient discretisation is perhaps obtained by
considering conforming IP; finite elements. The mesh is made of triangles (in 2D) or tetrahedra
(in 3D), with no hanging nodes. Each vp € Xp g is a vector of values at the internal vertices of
the mesh (the standard unknowns of conforming P; finite elements). IIpvp is the continuous
piecewise linear function on the mesh which takes these values at the vertices, and Vpvp =
V(IIpvp). Then (4.2.2) is the standard PP finite element scheme for (4.2.1).

Non-conforming P; finite elements. As above, the mesh is made of conforming triangles or
tetrahedra. Each vp € Xp ¢ is a vector of values at the centers of mass of the internal edges/faces,
IIpvp is the piecewise linear function on the mesh which takes these values at these centers of
mass, and Vpvp = V \(IIpvp) is the broken gradient of [Ipvp. In that case, (4.2.2) gives the
non-conforming [P; finite element approximation of (4.2.1).

Mass-lumped non-conforming P, finite elements. Still considering a conforming triangu-
lar/tetrahedral mesh, the space Xp ¢ and gradient reconstruction Vp are identical to those of
the non-conforming IP; finite elements described above, but the function reconstruction is mod-
ified to be piecewise constant. For each edge/face o of the mesh, consider the diamond D¢
around o constructed from the edge/face and the one or two cell centers on each side (see Figure
4.1). Then, for v = (vs)ser,, € Xp,0, the reconstructed function Ilpv is the piecewise constant
function on the diamonds, equal to v4 on D for all internal edge/face ©.

aQ

Figure 4.1: Diamonds for the definition of the mass-lumped non-conforming [P; finite elements

102



Hybrid mixed mimetic method (HMM). Consider a generic mesh M (not necessarily triangu-
lar/tetrahedral) with one point xx chosen in each cell K € M such that K is strictly star-shaped
with respect to xg; see Figure 4.2 for some notations. A vector v € Xp o is made of cell (vg)x
and face (vs)scr,, values, and the operator Ilp reconstructs a piecewise constant function from
the cell values: for any cell K, IIpv = vg on K. The gradient reconstruction Vp is built in two
pieces: a consistent gradient Vg constant over the cell and stabilisation terms constant over the
half-diamonds Dk ¢ (and akin to the remainders of first-order Taylor expansions between the cell
and face values). For any cell K and any face o of K, set

_ d _
Vpv=Vgv+ — (vg —vg — Vgv- (X6 —xK)) ngs onk,
dk ¢ ’
where di o 1s the orthogonal distance between xg and o, X is the center of mass of 0, ng s 1s
the outer normal to K on ¢ and, denoting by Fx the set of faces of K,

— 1
Vkv = — Z |O|vonk -
| | oceFk

Once used in the gradient scheme (4.2.2), this HMM gradient discretisation gives rise to a nu-
merical method that can be applied on very general meshes (including with hanging nodes, non-
convex cells, etc.). This scheme can also be re-interpreted as a finite volume method [48, Section
13.3].

Figure 4.2: Notations for the construction of the HMM gradient discretisation

4.2.2 Results on the GDM for elliptic PDEs

We recall the basic notions and known results on the GDM for elliptic PDEs [48].
The accuracy of a GS (4.2.2) is measured by three quantities. The first one, which ensures the
coercivity of the method, controls the norm of I1p.

[TIpwl|

—  max . (4.2.5)
weXp o\ {0} [[Vowl|
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The second measure involves an estimate of the interpolation error, called the GD-consistency
(or consistency, for short) in the framework of the GDM. It corresponds to the interpolation error
in the finite element nomenclature.

Vo € Hy (), Sp(e) = min (|[Tipw — || +[[Vpw—Vel). (4.2.6)

WGX'D‘Q

Finally, the limit-conformity of a GD is measured by defining

1 _
V@ € Hain(Q), Wp (@) = —|Wp(@,w)|, 2.
® < Ha(Q), Wo(9) = max oo |Wo(g.w) (42.7)
where Hy;, (Q) = {@ € L?(Q)? : divp € L>(Q)} and
Wip (@, w) = / (Ipw divep + Vow- @) dx. (4.2.8)
Q

Recall that in Chapter 2, the notation X <Y means X < CY for some C depending only on Q and
an upper bound of C% defined by 2.4.1. Here,

X <Y means that X < CY for some C depending

429
only on Q, A and an upper bound of Cp defined by (4.2.5). ( )

The following basic error estimate on GSs is standard, see [48, Theorem 3.2].

Theorem 4.2.2. Let D be a GD in the sense of Definition 4.2.1, y be the solution to (4.2.1), and
Wp be the solution to (4.2.2). Then

TIpyp — v + |Voyp — V|| S WSp(y), (4.2.10)

where
WSp(y) = Wp(AVY) +Sp(v) @.2.11)

Sp is defined by (4.2.6) and Wp is defined by (4.2.7).

Remark 4.2.3 (Rates of convergence for the PDE). For all classical first-order methods based
on meshes with mesh parameter “h”, O(h) estimates can be obtained for Wp(AV ) and Sp(y),
if A is Lipschitz continuous and W € H*(Q) (see [48, Chapter 8]). Theorem 4.2.2 then gives a
linear rate of convergence for these methods.

4.3 Basic error estimate and super-convergence
In this section, the main contributions are presented and the assumptions are discussed in details.
The basic error estimates for control, state and adjoint variables are established in the HDM

framework. Superconvergence results are proved using a post-processing step. Let us start with
a straightforward stability result, which will be useful for the analysis.
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Proposition 4.3.1 (Stability of gradient schemes). Let a be a coercivity constant of A. If Yp is
the solution to the gradient scheme (4.2.2), then

Cp C2
IVoypll < —=lIF|l and  |[Tpypl| < 7DHF||- (4.3.1)

Proof. Choose wp = yp in (4.2.2) and use the definition of Cp to write

al|Voyo|? < ||F|||Toyp|| < CollF|| Vool

The proof of first inequality in (4.3.1) is complete. The second estimate follows from the defini-
tion of Cp. [

4.3.1 Basic error estimate for the GDM for the control problem

To state the error estimates, let Pry, : L?>(Q) — U, be the L? orthogonal projector on L), for the
standard scalar product.

Theorem 4.3.2 (Control estimate). Let D be a GD, (y, p,u) be the solution to (4.1.4) and (Yp, Pp, tp)
be the solution to (4.2.3). Assume that

Prh(Uad) C uad,h- (4.3.2)

Then,
vala - S vela ' p—Pu(a )|+ (Voa+ 1) —Pryll
1
Vi = Pryita| + = WSp(P) + WSp ().
The technique used here is an adaptation of classical ideas used (e.g., for the error-analysis of

finite-element based discretisations) to the gradient discretisation method.
Define the scaled norm |||-|| and projection error Ej, by

(4.3.3)

YW e L*(Q), Wl = va||W| and E;(W) = |[W —Pr,W||. (4.3.4)
To establish the error estimates, we need the following auxiliary discrete problem:

seek (yp(u), pp(u)) € Xp o x Xp o such that
ap(yp(u),wp) = (f +u,IIpwp) Vwp € Xp, (4.3.52)
ap(wp,pp(@)) = (y— ¥4, 1Ipwp) Vwp € Xp . (4.3.5b)

Proof of Theorem 4.3.2. Let Pp (1) = a Tppp (%), Ppg = a 'Tppp, and Py = o~ 'p.
Since uy, € Uyq , C Uag, from the optimality condition (4.1.4c),

— Q(Pgy + 1 — 1y, u—1y) > 0. (4.3.6)
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By (4.3.2), Prju € Uyq ), and therefore a use of the discrete optimality condition (see (4.2.3¢))
yields
0 (Pp,o + 1y — g, 8 —Tiy) = OL(Pp,o + U — Tig, U — Pryll)
+ (X(Fpﬂ + Uy, — g, Pryu—up)
> a(Pp o + Uy — Uy, — Pry). 4.3.7)

An addition of (4.3.6) and (4.3.7) yields

7 —w@||* < — a(Pp.g + i, — g, — Prytt) + 0t(Pp,o — Poyy i — Tip)
= — &(Pp g + 1, —Tig, i — Pryi) — &(Po, — Pp o (), 1 — )
+ &t(Pp.o — Pp o (1), —1p). (4.3.8)
The first term in the right-hand side of (4.3.8) is recast now. By orthogonality property of Pry,
(), — Pryig, i — Pryui) = 0 and (Prj,Py,u — Prju) = 0. Therefore,
—0(Pp o + iy, — Tig, i — Pryit)
= — 0(Pg, i — Pryi) + 0(Po — Pp o, ti — Prpi) — ot(Pryity — g, 1 — Pryui)
+ (X(Ppﬂ () — ppﬂ,ﬁ —Pryui) + a(ug — Pryug,u — Pryu). (4.3.9)
Let us turn to the third term in the right-hand side of (4.3.8). From (4.2.3b) and (4.3.5b), for all
wp € XD’(),
Clp(WD,ﬁD — pp(ﬁ)) = (HDyD -, HDWD). (4.3.10)
Also, from (4.2.3a) and (4.3.5a),

ap(Yp —yp(u),wp) =(u, —u,llpwp). (4.3.11)

A use of symmetry of ap, a choice of wp = yp — yp(u) in (4.3.10) and wp = pp — pp(#) in
(4.3.11) gives an expression for the third term on the righthand side of (4.3.8) as
u—1uy) = — (pyp —y,1pyp — lpyp(u))
= (y—Hpyp(u),pyp — pyp(u))

— |[TIpyp — Opyp (@) || (4.3.12)

A substitution of (4.3.9) and (4.3.12) in (4.3.8) yields

a(F'D,(X - PD,a(ﬁ)a

— _ 2 _ _
% — 5 |* + I Tpyp — Mpyp (@) ||
< —0(Pq — PryPy,u — Prpti) + 0(Py — Pp (1), i — Pryui)

+ (X(Pp’a(ﬁ) — ﬁpﬂ,ﬁ — Pl‘hﬁ) + (X(ﬁd —Pryug,u— Pl‘hﬁ)

— 0Py — Pp (), i —1ip) + (y — Hpyp (@), Xpyp — pyp ()
=N+L+hG+Ty+ 15+ Tg. (4.3.13)
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The terms 7;, i = 1,...,6 are estimated now. By the Cauchy—Schwarz inequality,
T < Eh<pa)Eh<ﬂ>. 4.3.14)

Equation (4.3.5b) shows that pp(#) is the solution of the GS corresponding to the adjoint problem
(4.1.4b), whose solution is p. Therefore, by Theorem 4.2.2,

|Pe — Pp,a WSp(P). (4.3.15)

\H—\/—Ilp Nppp (i )IINW

Hence, a use of the Cauchy—Schwarz inequality leads to
1
T, < —E,(u)WSp(p). 4.3.16
2575 n(#)WSp(p) ( )

By writing the difference of (4.3.5b) and (4.2.3b) we see that pp (%) — pp is the solution to the
GS (4.2.2) with source term F' =y — IIpyp. Hence, use Proposition 4.3.1 to deduce

— 1
|Pp,a (i) = Pp.ol|| = THHDPD(E) —Ipppl|

N\/—Ily Mpyp(u )||+\/—||HD)’D() pyp|-

A use of Theorem 4.2.2 with ¥ =y to bound the first term in the above expression yields, by
Young’s inequality,

C _ . C 1 _ _
T3 < ﬁEh(u)WSD()’) + EEh(M)Z + 7 IMpyp (@) - Mpyp|?, (4.3.17)

where C; only depends on £, A and an upper bound of Cp.
A use of the Cauchy—Schwarz inequality and the Young inequality leads to

1 1
Ty < Ep(0)Ep(u1g) < iEh(ﬁ)z + EEh(ﬁd)z- (4.3.18)
The term 75 can be estimated using (4.3.15) and Young’s inequality:
. _ 6)) _
Ts < §|||u—uh|||2-|-EWSD(p)2, (4.3.19)

where C, only depends on Q, A and an upper bound of Cp. Finally, to estimate Ty, by Theorem
4.2.2 with y =y,
Ts < GWSp(y)|[IIpyp — Mpyp ()|
_ 1 _ _
< GWSp(3)* + 7 Ipyp — pyp (@),

with C3 only depending on Q, A and an upper bound of Cp.
We then plug (4.3.14), (4.3.16), (4.3.17), (4.3.18), (4.3.19) and (4.3.20) into (4.3.13). A use of

Young’s inequality and 4 /Zl < Y;a; concludes the proof. [

(4.3.20)
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Remark 4.3.3. The proof of Theorem 4.3.2 follows from the continuous and discrete KKT opti-
mality conditions given by (4.1.4c) and (4.2.3¢c), Theorem 4.2.2 and Proposition 4.3.1. In par-
ticular, the result holds true for any bilinear form a(-,-) defined on a subspace X of L*(Q) and
ap(-,-) defined on a discrete space Xp  (along with the continuous and discrete KKT optimality
conditions), provided the following holds. If y is the solution to a(y,9) = (g,¢) forall 9 € X
and Yp is the corresponding solution to ap(yp,¢p) = (f,IIp¢p) for all ¢p € Xp o, then the
following stability and error estimate hold true:

|[pyp| < Cllg|| and |MIpyp — || < CWSp(y).

Proposition 4.3.4 (State and adjoint error estimates). Let D be a GD, (y,p,u) be the solution to
(4.1.4) and (yp,pp,uy) be the solution to (4.2.3). Then the following error estimates hold:

| TIpyp =] +|Vpyp — VY| S || — || +WSp(3), (4.3.21)
|Tlppp — Pl + IVoPp — VP S ||@—|| +WSp(3) +WSp(P). (4.3.22)

Proof. A use of the triangle inequality twice leads to
Hpyp =¥ +1[Voyp — V¥ < [Hpyp —pyp (@) || + [Tlpyp (i) —¥||
+IVoyp = Voyp (@) + [[Voyp (@) — Vyll.

The second and last terms on the right hand side of the above inequality are estimated using
Theorem 4.2.2 as

[Mpyp (@) =3 + (| Voyp (@) — V3| < WSp(¥).
Subtract (4.2.3a) and (4.3.5a), and use the stability property of GSs (Proposition 4.3.1) to obtain
IHpyp —Ipyp (@) + [|Voyp — Voyp (@)l < 11—l

A combination of the above two results yields the error estimates (4.3.21) for the state variable.
The error estimate for the adjoint variable can be obtained similarly. [

Remark 4.3.5 (Rates of convergence for the control problem). Owing to Remark 4.2.3, under
sufficient smoothness assumption on Ty, if A is Lipschitz continuous and (y,p,1) € H>(Q)? x
H! (Q) then (4.3.3), (4.3.21) and (4.3.22) give linear rates of convergence for all classical first-
order methods.

4.3.2 Super-convergence for post-processed controls

We consider here the case d < 3, and the standard situation where admissible controls are those
bounded above and below by appropriate constants a and b, that is

Ug={ucl*Q):a<u<bael. (4.3.23)
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Consider a mesh M of Q, that is, a finite partition of € into polygonal/polyhedral cells (Definition
1.4.1) such that each cell K € M is star-shaped with respect to its centroid Xx. The discrete space
Uy, is then defined as the space of piecewise constant functions on this partition:

Uy={v:Q—R:VKeM,vis aconstant}. (4.3.24)

These choices (4.3.23) and (4.3.24) of U,q and U, satisfy (4.3.2). Owing to Remark 4.3.5, for
low-order methods such as conforming and non-conforming FEMs or MFD schemes, under stan-
dard regularity assumptions the estimate (4.3.3) provides an O(h) convergence rate on ||u — uy||.
Given that uy, is piecewise constant, this is optimal. However, using post-processed controls and
following the ideas of [96], a super-convergence result for the control can be obtained.

The projection operators P : L' (Q) — U, (orthogonal projection on piecewise constant func-
tions on M) and P, ;) : R — [a, D] are defined as

welLl(Q), VKe M, (Pmv) ik ::][ vdx
K

and
Vs €R, P,y (s):=min(b,max(a,s)).

To prove the superconvergence result, the following assumptions are made which are discussed,
along with the post-processing, in Section 4.3.2.

(A1) [Approximation and interpolation errors] For each w € H*(Q), there exists wy € L*(Q)
such that:
i) If w € H*(Q) N H} (Q) solves —div(AVw) = g € H!(Q), and wp is the solution to the
corresponding GS, then
Tpwp —wamll S 228l ) (4.3.25)

ii) For any w € H*(Q), it holds
W eXpy, |(w—wa, Tipvp) | S B [wllg2(q) [Tpvo | (4.3.26)

and
1Prw —wan) | S 22 [wllpeq). (4.3.27)

(A2) The estimate ||[Ipvp — Py (Ilpvp)|| S 1||Vpvpl| holds for any vp € Xp .

(A3) [Discrete Sobolev imbedding] For all v € Xp j, it holds
Mpvp |2+ (@) S IVovoll,

where 2* is a Sobolev exponent of 2, that is, 2* € [2,) if d =2, and 2* = dszz if d > 3.
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Let
Mpy={KeM:u=aae.onK,oru=bae.onK,ora<u<bae.onK}

be the set of fully active or fully inactive cells, and M| = M\ M, be the set of cells where u
takes on the value a (resp. b) as well as values greater than a (resp. lower than b). Fori = 1,2, let
Qi pm = int(Uge,K). The space W1=(M) is the usual broken Sobolev space, endowed with
its broken norm. The last assumption is:

(Ad) |Q pm| Shandug, ,, € W1>=(M), where |- | denotes the Lebesgue measure in R?.

From (4.1.4c) and (4.2.3c), following the reasoning in [109, Theorem 2.28], the following point-
wise relations can be obtained: for a.e. x € Q,

)= Py ()~ 700 )
(3) = oy (Pac (10— 10701 ).

Assuming p € H?(Q) (see Theorem 4.3.6) and letting P, be defined as in (A1), the post-
processed continuous and discrete controls are then defined by

1(3) = oy (Prita(s) ~ opal3))

(4.3.28)

1 (4.3.29)
6) = P (Pacila) — i) ).

Recall the mesh regularity assumption given by (1.4.1). In this section, the following extension
of the notation (4.2.9) is used:

X <n Y means that X < CY for some C depending
only on Q, A, an upper bound of Cp, and 7).

Discussion on (A1)-(A4) and post-processings

To discuss (A1), (A2) and the post-processing choices (4.3.29), let us consider two situations
depending on the nature of Ilp. This nature drives the choices of w4, to ensure that the super-
convergence result (4.3.25) holds.

I1p 1S A PIECEWISE LINEAR RECONSTRUCTION. Consider here the case where [1pvp is piece-
wise linear on M for all vp € Xp . Then a super-convergence result (4.3.25) usually holds with
wa = w (and even [g[| instead of |[g]|1(q)). This is for example well-known for conforming
and non-conforming [P FEM. In that case, (4.3.26) and (4.3.27) are trivially satisfied.
Assumption (A2) then follows from a simple Taylor expansion if Vpvyp is the classical broken
gradient (i.e. the gradient of ITpvp in each cell). This is again the case for conforming and
non-conforming Py FE.

The post-processing (4.3.29) of u then solely consists in projecting #; on piecewise constant
functions. In particular, if %, is already piecewise constant on the mesh, then u = .
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IIp IS A PIECEWISE CONSTANT RECONSTRUCTION. Consider IIpvp as piecewise constants
on M forall vp € Xp o. Then the super-convergence (4.3.25) requires to project the exact solution
on piecewise constant functions on the mesh. This is usually done by setting w ¢ (x) = w(Xk)
for all x € K and all K € M. This super-convergence result is well-known for h(MFD and nodal
MEFED schemes (see [9, 54]).

In that case, Property (4.3.27) follows (with < replaced with <j) from the classical approxi-
mation result (4.3.33). The estimate (4.3.27) along with the orthogonality property of Py and
(4.3.26) lead to

|(W —=wat, IIpvp) | = [(Prm(w —waq), Ipvp)| < [|Pr(w —wa)| || TIpvp |
S 1wl g2 [ Tipvo .

For a piecewise constant reconstruction, (A2) is trivial since ITpvp = P (IIpvp).

ASSUMPTIONS (A3) AND (A4). Using the discrete functional analysis tools of [48, Chapter
8] the discrete Sobolev embedding (A3) is rather straightforward for all methods that fit in the
GDM. This includes conforming and non-conforming P; schemes as well as MFD schemes.
Assumption (A4) is identical to the assumption (A3) in [96]. Let R be the region where the
bounds a and b pass from active to inactive, i.e. where ; — &~ ' crosses these bounds. If R is
of co-dimension 1, which is a rather natural situation, then the condition ]QL M| < hholds.

The W' regularity on % mentioned in (A4) can be established in a number of situations. It holds,
for example, if Q is a bounded open subset of class C L1 the coefficients of A belong to o1 (Q)
iy € WH(Q) and y,; € L9(Q) for some g > d. Indeed, under these assumptions, [70, Theorem
2.4.2.5] ensures that the state and adjoint equations admit unique solutions in H(} (Q)NW24(Q) C
W1=(Q). The projection formula (4.3.28) then shows that % inherits this Lipschitz continuity
property over Q. This also holds if € has corners but adequate symmetries (that preserve the
W24(Q) regularity).

Assumption (A4) actually does not require the full W1 regularity of #, only this regularity on
a neighbourhood of R. Considering a generic open set £ with Lipschitz (but not necessarily
smooth) boundary, [105, Theorem 7.3] ensures that p is continuous. If #; is continuous and
a < (ug)j9q < b, then uy — o~ ' does not cross the levels a and b close to dQ, which means
that R is a compact set inside Q. The Lipschitz regularity of u then follows, under the same
assumptions on A, #; and y; as above, from local regularity results (internal to Q), without
assuming that the boundary of Q is C"'!.

In all these cases, notice that, although the mesh M depends on A, the norm |[#||y1.<( 4, remains
bounded independently on 4 — 0. Indeed, this norm is bounded by a Lipschitz constant of % on
a neighbourhood of R.

Two main super-convergence results are established below.

Theorem 4.3.6 (Super-convergence for post-processed controls I). Let D be a GD and M be a
mesh. Assume that

* Uy,q and Uy, are given by (4.3.23) and (4.3.24),
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* (A1)—(A4) hold,
* Ty, y and p belong to H*(Q),
s y, and f belong to H' (Q),

and let u, uy, be the post-processed controls defined by (4.3.29). Then there exists C depending
only on o such that

I 1 o
i — | S CH*~ 2 |[1@lly1.0( g,y + CH F (@, b, Y, g, ., D) (4.3.30)
where
F(a,b,yq.uq, f,y,p) = minmod(a,b) + [[¥ql g1 () + #all 2 () + | fl o1 (02)
+ a2 @) + 1Pl a2(0)
with minmod(a,b) = 0 if ab < 0 and minmod(a,b) = min(|a|, |b|) otherwise.

The following auxiliary problem will be useful to prove the superconvergence of the control. For
g € L*(Q), let p(g) € Xp solve

ap(wp,pp(g)) = Mpyp(g) — ¥4, IIpwp) Vwp € Xp o, (4.3.31)

where yp(g) is given by (4.3.5a) with u replaced by g.
Let us recall two approximation properties of Py,. As proved in [48, Lemma 8.10],

v € H'(Q), [|Pré — 9l Sn 9]l (). (4.3.32)

For K € M, let xg be the centroid (centre of gravity) of K. The standard approximation property
(see e.g. [54, Lemma 7.7] with wx = 1) yields

VK € M, V9 € HAK), [Pad — 0%l o) Sn diam(KP 9l (4333

Proof of Theorem 4.3.6. Define u, p and uy a.e. on Q by: for all K € M and all x € K, u(x) =
u(xg), p(x) = p(Xk) and ig(x) =t (Xg ). From (4.3.29) and the Lipschitz continuity of P, it
follows that

it — )| < o | Tppp — Pl
< o [Py —ppp (@) + ! |Tppp () — Tip pis ()|
+a | Hpph (i) — Hppp|
—a A+ o Ay +alAs. (4.3.34)

Step 1: estimate of Aj.
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Recalling the equations (4.1.4b) and (4.3.5b) on p and pp (%), a use of triangle inequality and
(A1)-i) yields
Ay < [Py —Hppp ()| + [Tppp () — Hppp (u) |
SH |y —Yalm @) + [Hppp () — Hppp (@) |- (4.3.35)
The last term in this inequality is estimated now. Subtract (4.3.31) with g = u from (4.3.5b),
substitute wp = pp(u) — pp» (%) , use the Cauchy—Schwarz inequality and property (4.3.26) in
(A1)-ii) to obtain
IVo(pp (@) — pp(@))|I* < ap(pp(@) — pp (@), pp (@) — pp ()
= (y—pyp(@),p(pp (@) — pp(%)))
= (V=0 Hp(pp(u) — pp(u)))
+ (pm — Hpyp (@), p(pp (@) — pp(%)))
< W15l o) 100 (po (@) — pp (@)
+ ¥ 0 —Tpyp (u) [ | Tp (pp (@) — pp () |-

The definition of Cp and (A1)-i) lead to ||TIppp (@) —pp}, (@) | S h2||y||H2 +h2||f+u||H1
Plugged into (4.3.35), this estimate yields

<

AL SEUY=Yallm @) + IPla2@) + 11F + 8l 0)- (4.3.36)

Step 2: estimate of Aj.
Subtract the equations (4.3.31) satisfied by p7, (%) and p, (i) to obtain, for all vp € Xp o,

ap(vp, pp (@) — pp(u)) = (Hpyp(#) —pyp (), [pvp). (4.3.37)

As a consequence of (4.3.37) and Proposition 4.3.1,

Ay = |llppp (@) —ppp ()| < | Hpyp () —pyp(u)]|. (4.3.38)

Choose vp = yp () — yp(u) in (4.3.37), set wp = p},(u) — p;,(u), subtract the equations (4.3.5a)
satisfied by yp(#) and yp (i), use the orthogonality property of the projection operator Py, and
invoke (4.3.32) and (A2) to deduce

T (yp (@) — yp (@) || = Mpyp (@) —Mpyp (i), Mpyp (i) — Mpyp (i)
= ap(yp(@) — yp (i), pp (@) — pp(i))
= (u—u,pwp)
= (u—"Pmu,pwp — Pu(llpwp)) + (Pmui — u, llpwp)
S hl[al| g )bl Vows |

+ (Pymu —u)Ipwp dx+ (Pymu—u)llpwp dx. (4.3.39)
! Qi m Y QM

J/

—~ N

Az A
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Equation (4.3.37) and Proposition 4.3.1 show that

[Vowp| = [[Vo(pp (@) — pp ()|l < [[Hp(yp (@) — yp(u))||- (4.3.40)
A substitution of this estimate in (4.3.39) yields
Mo (yp (@) —yp(@)1* Sn 1 [[all g1 0y 1o (vp (@) — yp (@)) || +A21 +Az. (4.3.41)

A use of the Holder’s inequality, (A4), (A3) and (4.3.40) leads to
Azt < [P —ull 2, oW llz2(Q, )
< Al gy | @, 2 [T 2 | Qa2
S [l =, VoW |

1 A~
S I [@llyr= ) DD (v (@) = yp (@) . (4.3.42)

Consider now Aj;. For any K € My, u=aon K, u=>b on K, or, by (4.3.28), u = uy — a_]ﬁ.
Hence, 7 € H*(K) and, use (4.3.33), the definition of Cp and (4.3.40) to obtain

An < || Pumti =l 2(q, ) TIDwo||
Sn thﬁHHZ(QZM)HHDWD”
S0 1 (1l 22 00 + & 1Pl 205 00) ) 11V DWD |
S b (HﬁdHHz(QLM) +o! HT?Hyz(QLM)) I (yp () — yp(u))]|- (4.3.43)
A substitution of (4.3.42) and (4.3.43) into (4.3.41) yields
Mo (yp(@) — yp @) Sn K2l 1) + 122 [@llwrm(agy)
12 ([Tl )+ & 1P (0 00)) - (43.44)
Hence, use this in (4.3.38) to infer

S _ e _
Az Sn 1272 ([allyrm o, + 12 (18l 1 ) + @ 1P o) + a2 @) (4.3.45)

Step 3: estimate of As.
Apply twice the stability result of Proposition 4.3.1 (first on the equation satisfied by p}, (i) — pp,
and then on yp (i) — yp) to write

A3 = |Oppp () —Tppp|| < [Mpyp(#) —Tpypl| S [Ju—uall. (4.3.46)

A use of the continuous optimality condition (4.1.4c), as in the proof of [96, Lemma 3.5] leads
to, fora.e. x € Q,

[P(x) + a(u(x) —uq(x))] [v(x) —u(x)] >0 forall v € Upq.
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Since u, p and 7, are continuous at the centroid Xk, choose x = Xk and v(Xx) = ,(Xx)(= %, on
K). All the involved functions being constants over K, this gives

(p+o(u—uy)) (@, —u) >0onK, forall K € M.
An integration over K and sum over K € M yields

(ﬁ-l-OC(it\—I:t\d),ﬁh—it\) >0

Choose v, = u in the discrete optimality condition (4.2.3¢) to obtain

(Ippp + o (ity —tg), i —p) = 0

An addition of the above two inequalities yields
(p—Tlppp + o (u—1up) + a(ug —uy),u, —u) >0
and thus

olli@—p||* < (p—Tppp, iy — i) + LTy — iy, Wy — i)
= (P =P mtn — ) + (P — Hppp (), 4y — 1)
+ (Mppp(u) —Nppp, iy — i) + a(tg — g, Uy — i)
—: My + M, + M + M. (4.3.47)

Since u;, — i is piecewise constant on M, the orthogonality property of P4, (4.3.33) and (4.3.27)
in (A1)-ii) lead to

My = (p—PmP s, iy — t)
= (P = PPty — ) + (Pm(P — Paa) tin — )
<[P = Pup | |mn = ul] + [ Pr (P = o) [ — ]
S 211l Il — . (4.3.48)
A use of the Cauchy—Schwarz inequality, triangle inequality and the definitions of A; and A,

yields
M < |[ppq —Tlppp () || [, — ul| S (A1 +Az) || — ]| (4.3.49)

Subtract the equations (4.2.3a) and (4.3.5a) (with & instead of ) satisfied by yp, and yp (), choose
wp = pp (i) — Pp, and use the equations (4.2.3b) and (4.3.31) on pp and pj,(u) to deduce

Mz = (Ilp(pp(u) — pp), tn — 1)
= ap(yp —yp(u), pp(4) — pp)
= (Ip(yp(#) —yp),p(¥p —yp(&)) < 0. (4.3.50)

115



A use of the orthogonality property of Py, (4.3.33) yields
My = (g — g, up — ut) = Q(Ppilg — g, U — )
S @l Pty — iag| |, — ul|
S o ||tg| g2 lltn — . (4.3.51)
A substitution of (4.3.48), (4.3.49) (together with the estimates (4.3.36) and (4.3.45) on A; and

Aj), (4.3.50) and (4.3.51) into (4.3.47) yields an estimate on ||, — u]| which, when plugged into
(4.3.46), gives

Az S ||ay — ull
S & B [y,
+ o P = Fallmn @) + 152 (@) + (1+ &) 1Plla2 )
1 A8l g o) + 1l g1 @) + (1+ )l 2o ]

(4.3.52)

Step 4: conclusion.
It is easy to check that [P, 4 (s)| < minmod(a,b) + [s|, where minmod is defined in Theorem
4.3.6. Hence, by (4.3.28) and Lipschitz continuity of By,

(@l () < 1Py (1 — &' P) l2(0) + IV (Pag) (a — &' D)) [l 20
< minmod(a, b)|Q|"/*+ 2|y — &' Pl (q)

< minmod(a, b)|Q|"/ + 2|ty 1 () +2¢ [Pl 11 (- (4.3.53)

Use this inequality and insert (4.3.36), (4.3.45) and (4.3.52) in (4.3.34) to conclude the proof of
Theorem 4.3.6. O

Theorem 4.3.7 (Super-convergence for post-processed controls II). Let the assumptions and no-
tations of Theorem 4.3.6 hold, except (A3) which is replaced by:

there exists 8 > 0 such that, for any F € L? (Q),

4.3.54
the solution Wp to (4.2.2) satisfies | TIpWp||;=q) < O||F||. ( )

Then there exists C depending only on o, and 8 such that
||ﬁ_ ﬁh“ 577 Ch2 |:||ﬁ||Wl°°(M1) +‘F<a7b7yd7ﬁd7f7y7ﬁ) . (4355)

Proof. The proof of this theorem is identical to the proof of Theorem 4.3.6, except for the es-
timate of A,;. This estimate is the only source of the 2 — 2% power (instead of 2), and the only
place where we used Assumption (A3), here replaced by (4.3.54). The estimate of A using
this L™-bound assumption is actually rather simple. Recall (A4) and use (4.3.54) on the equation
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(4.3.37) satisfied by p7, (i) — p,(it) to obtain

Ay = /Q  (Pagi =) (Tppi () ~ Tppp(@)) dx

S NPt =l =, ) ITppp (@) — Hppp (@) || 1=(0) 1) 121, M

S P[]y, 1D P () = Tp i (0) | 1+

S hzWHWLW(MI)‘SHHDYD(E) —Ipyp(u)]|. (4.3.56)
The rest of the proof follows from this estimate. [

Remark 4.3.8. The estimates (4.3.30) and (4.3.55) also hold if the two terms Pnuy in (4.3.29)
are replaced with u.

The super-convergence of the state and adjoint variables follow easily.

Corollary 4.3.9 (Super-convergence for the state and adjoint variables). Let (y,p) and (Yp,pp)
be the solutions to (4.1.4a)—(4.1.4b) and (4.2.3a)—(4.2.3b). Under the assumptions of Theorem
4.3.6, the following error estimates hold, with C depending only on Q.:

”y_/\/l _HDyDH Sﬂ] Chr||ﬁ||Wl=°°(,/\/l1) +Ch2]:(a7bayd7ﬁdaf7yal_7)a (4357)
HﬁM _HDI_)D|| STI Chr”ﬁHWI“’(Ml) +Ch2f(a7bayd7ﬁd7f7yaﬁ)7 (4358)

where y \, and p \, are defined as in (A1), and r = 2 — %
Under the assumptions of Theorem 4.3.7, (4.3.57) and (4.3.58) hold with r =2 and C depending
only ot and §.

Proof. A use of triangle inequality leads to

¥ pm = Tpypll < 140 = Hpyp (@)|| + [Mpyp (@) — Mpyp () || + [Mpyp (&) —pyp||-
(4.3.59)

Consider the first term on the right hand side of (4.3.59). Use the Assumption (A1)-i) to obtain

304 —Tpyp @) S P [[a+ fllg q)- (4.3.60)

Under the assumptions of Theorem 4.3.6, the second term on the right hand side of (4.3.59) is
estimated by (4.3.44), and the third term is estimated by using (4.3.46) and (4.3.52). Plug these
estimates alongside (4.3.60) into (4.3.59), and use (4.3.53) to conclude the proof of (4.3.57). The
result for the adjoint variable can be derived similarly.
The full /2 estimates are obtained, under the assumptions of Theorem 4.3.7, by following the
same reasoning and using the improved estimate (4.3.56) on A, (which leads to improved esti-
mates (4.3.44) and (4.3.52)).

[
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Even for classical schemes, the L™ estimate (4.3.54) is only known under restrictive assumptions
on the mesh. For example, for conforming and non-conforming PP; finite elements, it requires
the quasi-uniformity of the mesh [67], which prevents considering local refinements widely used
in practical applications. The scope of Theorem 4.3.7 is therefore limited in that sense, but it
nonetheless extends to various methods (see e.g. Corollary 4.3.10) the super-convergence estab-
lished in [96] for conforming PP finite elements.

On the contrary, Theorem 4.3.6 holds under much less restrictive assumptions (see below for a
discussion of (A1)-(A4)), and applies seamlessly to locally refined meshes, for essentially all
numerical methods currently covered by the GDM. 1t is also useful to notice that Theorem 4.3.6
nearly provides an h? convergence rate. If d = 2, the Sobolev exponent 2* can be any finite
number. In that case, (4.3.30), (4.3.57) and (4.3.58) are (’)(hz_e) estimates, for any € > 0. If
d = 3, the estimates are of order O (h“/ 6). In each case, as noticed in Section 4.1.2, these rates
are numerically very close to a full O(h?) convergence rate.

Application to non-conforming P; and hMFD

The generic results on the GDM apply to all methods covered by this framework. In particular,
as mentioned in Section 4.1.2, to non-conforming [P finite elements and hMFD methods. We
state here a corollary of the super-convergence results on the control (Theorems 4.3.6 and 4.3.7)
for these two methods. We could as easily state obvious consequence for these two schemes of
Theorem 4.3.2, Proposition 4.3.4 and Corollary 4.3.9.

Corollary 4.3.10 (Super-convergence of the control for ncl’; and hMFD schemes).

Assume that Q is convex and A is Lipschiz-continuous. Let M be a mesh in the sense of [51,
Definition 2.21], with centers at the centers of mass of the cells. Assume Uy,q and Uy, are given by
(4.3.23) and (4.3.24), (A4) holds, iy € H*(Q) and that (y,, f) € H' (Q).

Consider either one of the following schemes, as described in Section 4.1.2, with associated
post-processed controls (here, (y,,, Py, Uy) is the solution to the scheme for the control problem):

* ncPy /Py scheme: n satisfies (1.4.1), u = Py ) (Ppmida — a~'p), and uy, = Py (Prtia —
o' py).

* hMFD schemes: m is an upper bound of Oy defined by [51, Eq. (2.27)] and, for all
KeM,

Uk = Pap (]éﬁd - 05_11_9(3_51()) and (up) |k = Plap) (]é(ﬁd - 05_1(1_%)1() :
Then there exists C depending only on Q, A, &, a, b, u, uq, y,;, f and 1n such that
ii — || < CH? 2. (4.3.61)
Moreover, if ¥ > maxgem |h—lg‘, then there exists C depending only on Q, A, &, a, b, u, ug, y,, f,
N and X such that

& — || < Ch. (4.3.62)
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Remark 4.3.11. The conforming Py FEM is a GDM for the gradient discretisation defined by
D = (Vy,,1d,V), where V), is the conforming Py space on the considered mesh. Then, Wp = 0 and
Sp is bounded above by the interpolation error of the Py method. For this gradient discretisation
method, Theorems 4.3.2 and 4.3.7 provide, respectively, O(h) error estimates on the control
and O(hz) error estimates on the post-processed controls (under a quasi-uniformity assumption
on the sequence of meshes). These rates are the same that are already proved in [96]. For
nclP; FEM, the estimate (4.3.62) provides quadratic rate of convergence in a similar way as for
conforming Py method.

Proof of Corollary 4.3.10. [51, Sections 3.2.1 and 3.6.1] presents a description of the GDs cor-
responding to the ncl’; and hMFD schemes (the latter is seen as a GS through its identification as
a hybrid mimetic mixed method, see [49, 50]; the corresponding GD is recalled in Section A.3,
Appendix).

Using these gradient discretisations, (4.3.61) follows from Theorem 4.3.6 if we can prove that
(A1)-(A3) hold, for a proper choice of operator w — w .

Note that the assumptions on € and A ensure that the state (and thus adjoint) equations satisfy
the elliptic regularity: if the source terms are in L?>(Q) then the solutions belong to H*(Q).

For the ncP; scheme, recall that w4 = w and the superconvergence result (4.3.25) is known under
the elliptic regularity. Also, [Ipwp is simply the solution wy, to the scheme. Properties (4.3.26)
and (4.3.27) are obvious since w —w ¢ = 0. This proves (A1l). Assumption (A2) follows easily
from a Taylor expansion since Vpvp is the broken gradient of IIpvp. Assumption (A3) follows
from [44, Proposition 5.4], by noticing that for piecewise polynomial functions that match at the
face centroids, the discrete | - || 2, norm in [44] boils down to the L?(Q)? norm of the broken
gradient.

Now consider the hMFD scheme, for which let (waq)x = w(Xk) for all K € M. The super-
convergence result of (A1)-i) is proved in, e.g., [21, 54]. As mentioned in Section 4.3.2, Proper-
ties (4.3.26) and (4.3.27) follow from (4.3.33); (A2) is trivially true, and (A3) follows from the
discrete functional analysis results of [48, Lemma 8.15 and Lemma 13.11].

The full super-convergence result (4.3.62) follows from Theorem 4.3.7 if the L™ bound (4.3.54)
can be established under the assumption that ¥ is bounded — i.e. the mesh is quasi-uniform. This

L” bound is known for the ncP; finite element method [67], and is proved in Theorem A.3.1 for
the HMM method. ]
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4.4 The case of Neumann BC, with distributed and boundary
control

4.4.1 Model problem

Consider the distributed and boundary optimal control problem governed by elliptic equations
with Neumann BC given by:

min J(U) subject to (4.4.1a)
U€elyy

—div(AVy(U)) +coy(U) = f+u inQ, (4.4.1b)
AVy(U)-n=fp+u, onadQ, (4.4.1¢)

where Q, A and f are as in Section 4.1.1, fj € L2(8Q), co > 0 is a positive constant, n is the outer
unit normal to Q, u, u;, are the control variables, U = (u,u;) and y(U) is the state variable. The
cost functional is

1 _ o B
JU) = QHY(U) —yall*+ §||MH2+ 5””1)”%2(39)

with a > 0 and B > 0 being fixed regularization parameters and y, € L?(Q) being the desired
state variable. The set of admissible controls U,y C L?(Q) x L*(dQ) is a non-empty, convex and
closed set. For a general element V € L?(Q) x L?>(dQ), v and v;, denote its components in L*(Q)
and L?(9Q), that is, V = (v, v}).

It is well known that given U € U,q, there exists a unique weak solution y(U) € H' (Q) of (4.4.1b)-
(4.4.1c). Thatis, y = y(U) € H'(Q) such that, for all w € H'(Q),

ay)w) = [ (Fruwart [ (fom)y00) ), @42

where a(z,w) = [o(AVz-Vw+cozw)dx and y: H' (Q) — L?(9Q) is the trace operator.
Here and throughout, || -||5 and (-, -); denote the norm and scalar product in L?(dQ). Also denote
[ |-] as the scalar product on L?(Q) x L*(dQ) defined by

YU,V € LX(Q) x L*(9Q), [U|V]=a(u,v)+B(upvs)s-

The convex control problem (4.4.1) has a unique solution (y,U) € H'(Q) x U,q and there exists
a co-state p € H'(Q) such that the triplet (y,p,U) € H'(Q) x H' (Q) x Upq satisfies the Karush-
Kuhn-Tucker (KKT) optimality conditions [90]:

a(y,w) = (f +u,w) + (fp +1p,Y(W))g VweH(Q), (4.4.3a)
a(w,p) = (F—y,,w) Vwe HY(Q), (4.4.3b)
[U+Pup|V-TU]>0 YV € Uy, (4.4.3¢)

where I_Daﬁ = (o 'p, B 'y(P)).
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4.4.2 The GDM for elliptic equations with Neumann BC

Definition 4.4.1 (GD for Neumann BC with reaction). A gradient discretisation for Neumann
BC is a quadruplet D = (Xp,I1p, Tp,Vp) such that

* Xp is a finite dimensional space of degrees of freedom,

o Ip : Xp — L*(Q) is a linear mapping that reconstructs a function from the degrees of
freedom,

e Tp:Xp— Lz(aﬂ) is a linear mapping that reconstructs a trace from the degrees of free-
dom,

* Vp : Xp — L*(Q)? is a linear mapping that reconstructs a gradient from the degrees of
freedom.

* The following quantity is a norm on Xp:

wllp = [[Vowl| + [[Tpw. (4.4.4)

If F € L?(Q) and G € L?(dQ), a GS for a linear elliptic problem

—div(AVY) +coy = F in Q,
{ AVy-n=Gon dQ 4.4.5)
is then obtained from a GD D by writing:
Find yp € Xp such that, for all wp € Xp,
(4.4.6)

ap(Yp,wp) Z/QFHDWDdx%-/aQGTDWDds(x),

where ap(Yp,wp) = [o(AVpyp - Vpwp + collpypllpwp) dx.
For Neumann boundary value problems, the quantities Cp, Sp and Wp measuring the accuracy
of the GS are defined as follows.

Cp: (4.4.7)

Cwexp\or \ wllp T [Iwllp

T I1
o (n owlly | Dwn)

Vo € H'(Q), Sp(9) = min (ITpw - @]+ |Tpw—¥(@)lla +[Vow—Vell).  (“4438)

WG}(D
V@ € Hyiy 5(Q),

1
W p—
p(@)= max  Twio

, (4.4.9)

/anwdivq) +Vpw-@dx— /()Q Tpwy,(@)ds(x)

where 7, is the normal trace on dQ, and Hgy 5(Q) = {@ € L*(Q)? : divp € L*(Q), 1%(@) €
L?(0Q)}.

Using these quantities, define WSp as in (4.2.11) and the following error estimate can be estab-
lished.
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Theorem 4.4.2 (Error estimate for the PDE with Neumann BC). Let D be a GD in the sense of
Definition 4.4.1, let  be the solution in H' (Q) to (4.4.5), and let wp be the solution to (4.4.6).
Then

Tpwp — v+ [Vowp — VY| + [ Tpwp — ¥(¥) s S WSp(w).

Proof. The estimate
Mpyp —y||+[[Voyp — V| < WSp(y) (4.4.10)

is standard, and can be established as for homogeneous Dirichlet BC (see, e.g., [48, Theorem
3.11] for the pure Neumann problem). The estimate on the traces is less standard, and hence we
detail it now. Introduce an interpolant

Poy € argmin ([[Tpw — v + [ Tow — y(W)lly + [Vow - V)

weXp

and notice that
MpPpy — v +[ToPoy —v(y)lla + IVoPoy — V| < Sp(w). (4.4.11)
By definition of Cp and of the norm || - || p, for all v € Xp,
ITpvllo < Cp (Hpv] + [[Vov]]) -

Substituting v = yp — PpV, a triangle inequality and (4.4.11) therefore lead to

ITpyp —v(¥)lls
<||Tp(wp —Ppy)|ls + | ToPpw —y(¥)ls
< Cp (|llpyp —MpPpy| + ||[Vpyp — VoPo V| ) +Sp(¥). (4.4.12)

Use the triangle inequality again and the estimates (4.4.10) and (4.4.11) to write

| Ipyp—TIpPpy| + ||[Vpyp — Vo Ppy||
< |HOpyp -y + |y —OpPpy| +[|[Voyp — VY| + |[Vy - VpPpy||
SWSp(y).

The proof is complete by plugging this result in (4.4.12). 0

4.4.3 The GDM for the Neumann control problem

Let D be a GD as in Definition 4.4.1, U, be a finite dimensional space of L*(Q), and set
Unan = Usa NUy. A GS for (4.4.3) consists in seeking (¥p,pp,Un) € Xp X Xp X Upg p, With

Uy = (up,up, ), such that

ap(p,wp) = (f +un,Mpwp) + (fp +tpn, Tpwn),y Vwp € Xp, (4.4.13a)
ap(wp,pp) = (Ipyp — ¥4, llpwp) Vwp € Xp, (4.4.13b)
[Un+Ppap |Va—Un] >0 YVi € Usg (4.4.13¢)
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where ﬁD,Ot,ﬁ = ((Xﬁlnpﬁp,ﬁilTppD).

Let Prj, : L2(Q) x L?>(dQ) — U, be the L? orthogonal projection on U, for the scalar prod-
uct [-|-]. Denote the norm on L?(Q) x L?(dQ) associated to [-|-] by ||-||, so that [|V|| =
V|24 Blvel? IEW € L2(Q) x L?(dQ), define

E,(W) = [[W —PrW]|.

Theorem 4.4.3 (Control estimate). Let D be a GD in the sense of Definition 4.4.1, U be the
optimal control for (4.4.3) and U}, be the optimal control for the GS (4.4.13). Assume that

Pry,(Uad) C Uad - (4.4.14)

Then there exists C only depending on Q, A, o, B and an upper bound of Cp such that
[T =Tl < C(Eu(Pap) + EnT@) +WSn(7) + WSp(3)).

Proof. The proof is identical to the proof of Theorem 4.3.2 (taking u; = 0), with obvious sub-
stitutions (e.g. Pp g ~ Pp o p and @, ~» Uy) and the L? inner products (-,-) replaced by [- |- ]
whenever they involve PDa or Uy, ]

Remark 4.4.4 (Super-convergence of the control for Neumann problems). Using the same tech-
nique as in the proof of Theorem 4.3.6, and extending the assumptions (A1)—(A4) to boundary
terms in a natural way (based on trace inequalities and Sobolev embedding of H 1/ 2(0Q)), an
O(h3/ 2) super-convergence result can be proved on post-processed controls for Neumann BC.

Remark 4.4.5. Consider the distributed optimal control problem governed by elliptic equations
with Neumann BC given by:

min J(u) subject to (4.4.15a)
uEUyq

—div(AVy(u)) =u in (4.4.15b)
AVy(u)-n=0 ondQ, / (4.4.15¢)

where Q and A are as in Section 4.1.1. The cost functional is (4.1.2) with iy = 0 and y,; € L*(Q)
is such that [y, dx =0. Fixing a < 0 < b, the admissible set of controls is chosen as

Uad:{ueLz(Q):agugba.e. and/udx:0}.
Q

For a given u € Uyg, there exists a unique weak solution y = y(u) € H(Q) := {w ¢ H'(Q) :
Jowdx =0} of (4.4.15b)—(4.4.15c¢).
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The convex control problem (4.4.15) has a unique solution (y,7) € H (Q) x Uyq and there exists
a co-state p € H} (Q) such that the triplet (y,p,u) € H! (Q) x H} (Q) x Uyq satisfies the Karush-
Kuhn-Tucker optimality conditions [90]:

a(y,w) = (a,w) Vwe HY(Q), (4.4.16a)
aw,p) =G —y4,w) VweH(Q), (4.4.16b)
(p+ou,v—u)>0 Vv €Uy, (4.4.16¢)

where a(z,w) = [oAVz-Vwdx.
The adaptation of the theoretical analysis and numerical algorithms for this problem is presented
in next chapter.

4.5 Numerical results

In this section, numerical results to support the theoretical estimates obtained in the previous sec-
tions are presented. Three specific schemes are used for the state and adjoint variables: conform-
ing finite element method, non-conforming finite element method, and hybrid mimetic mixed
(HMM) method (a family that contains, the hMFD schemes analyzed for example in [21], owing
to the results in [49]). See [51] for the description of the GDs corresponding to these methods
(see also Section A.3, Appendix for the HMM GD). The control variable is discretised using
piecewise constant functions. The discrete solution is computed by using the primal-dual active
set algorithm, see [109, Section 2.12.4].

Let the relative errors be denoted by

. Mpyp = umll — . IIVpyp — V3
errp(y) := — , errp(Vy) =——=——-—
[l IV
— . I 0ppp =Pl . IVopp =V
errp(p) := = , errp(Vp)i=—F=——"—
[l VD]
err(1) := W and err(u):= %

Here, the definitions of u and uy, follow from (4.3.29).

* For FEMs,
u= P[a,b] (PMﬁd - a_ll—,) and u;, = P[a,b] (PMﬁd i O‘_IHDFD).

¢ For HMM methods,

i = P (Paqtia — o~ 'p(xk)) for all K € M, and

iy = Py (Ppiiq — o 'TIppp) = Ty
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The L? errors of state and adjoint variables corresponding to the FEMs are computed using a
seven point Gaussian quadrature formula, and the energy norms are calculated using midpoint
rule. In the case of HMM, both the energy and L? norms are computed using the midpoint rule.
The L? errors of control variable is computed using a three point Gaussian quadrature formula.
The post-processed control corresponding to the FEMs is evaluated using a seven point Gaussian
quadrature formula, whereas for the HMM methods, the post-processed control is computed
using midpoint rule. For HMM methods, simpler quadrature rules can be used owing to the fact
that the reconstructed functions are piecewise constants. These errors are plotted against the mesh
parameter 4 in the log-log scale.

4.5.1 Dirichlet BC

The model problem is constructed in such a way that the exact solution is known.

Example 1

This example is taken from [2]. In this experiment, the computational domain € is taken to be
the unit square (0, 1)2. The data in the optimal distributed control problem (4.1.1a)—(4.1.1c) are
chosen as follows:

y = sin(zx)sin(wy), p = sin(7zx)sin(mwy),
iy =1—sin(mx/2) —sin(mwy/2), a=1,
Upg = [0,00), u = max(uy —p,0).

The source term f and the desired state y, are the computed using
f=-Ay—u, y;=y+Ap.

Figure 4.3 shows the initial triangulation of a square domain and its uniform refinement.

Figure 4.3: Initial triangulation and its uniform refinement

Since Q is convex, Theorems 4.3.2 and 4.3.6 (see also the discussion before Section 4.3.2),
Proposition 4.3.4 and Corollary 4.3.9 predict linear order of convergence for the state and adjoint
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variable in the energy norm, nearly quadratic order of convergence for state and adjoint variables
in L? norm, linear order of convergence for the control variable in L? norm, and a nearly quadratic
order of convergence for the post-processed control. These nearly-quadratic convergence proper-
ties only occur in case of a super-convergence result for the state equation (i.e. Estimate (4.3.25)),
which is always true for the FEMs but depends on some choice of points for the HMM scheme
(see [54], and below).

Conforming FEM: The discrete solution is computed on several uniform grids with mesh sizes
h= %,i = 2,...,6. The error estimates and the convergence rates of the control, the state and
the adjoint variables are calculated. The post-processed control is also computed. Figure 4.4
displays the convergence history of the error on uniform meshes. As noticed in Remark 4.3.11
and as already seen in [96], we obtain linear order of convergence for the control and quadratic
convergence for the post-processed control. The theoretical rates of convergence are confirmed
by these numerical outputs.

10°

02k 1 —a—errp (%)
—&—errp(Vy)
—<g—errp(p)
107 b 2 —x—errp(Vp)
—b— err(ﬁ)
—o—err(u)

10"
107 107 10°

Figure 4.4: Dirichlet BC, example 1, conforming FEM

Non-Conforming FEM: For comparison, the solutions of the ncP; finite element method on
the same grids are computed. The errors of the numerical approximations to state, adjoint and
control variables on uniform meshes are evaluated. The convergence behaviour of state, adjoint
and control variables is illustrated in Figure 4.5. Here also, these outputs confirm the theoretical
rates of convergence.

HMM scheme: In this section, the schemes were first tested on a series of regular triangle meshes
from [74] (see Figure 4.6, left) where the points P (see [51, Definition 2.21]) are located at the
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Figure 4.5: Dirichlet BC, example 1, non-conforming FEM

center of gravity of the cells (Testl). For such meshes, the state and adjoint equations enjoy
a super-convergence property in L> norm [22, 54] and thus, as expected, so does the scheme
for the entire control problem after projection of the exact control. In Figure 4.7, the graph of
the relative errors corresponding to control, state and adjoint variables against the discretisation
parameter is plotted in the loglog scale. Test 2 focuses on a cartesian grid where the points P are
shifted away from the centre of gravity (see Figure 4.6, right). For such a sequence of meshes, it
has been observed in [54] that the HMM method can display a loss of superconvergence for the
state equation. It is therefore expected that the same loss occurs, for all variables, for the control
problem. This can be clearly seen in Figure 4.8.

Example 2

In this example, the results of numerical tests carried out for the L-shaped domain Q = (—1, 1)2 \
([0,1) x (—1,0]) are reported. The exact solutions are chosen as follows, and correspond to

Uug = 0.
5(1,8) = (rPcos?0 — 1) (rsin> @ — 1) r*3g(0), Uyg = [~600,—50],

3 _ I_
a=107, &= P_g00,_s0 <—ap)

where g(0) = (1 —cos8) (1+sin0) and (r, 0) are the polar coordinates. The source term f and
the desired state y, can be determined using the above functions. The interest of this test-case is
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Figure 4.6: Mesh patterns for the tests using the HMM method (left: Test 1; right: Test 2).
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Figure 4.7: Dirichlet BC, example 1, HMM (Test1)

the loss of H?-regularity property for the state and adjoint equations. Figure 4.9 shows the initial
triangulation of a L-shape domain and its uniform refinement.

Conforming FEM: The errors in the energy norm and the L? norm together with their orders
of convergence are evaluated. These numerical order of convergence clearly match the expected
order of convergence, given the regularity property of the exact solutions. The convergence rates
are plotted in the log-log scale in Figure 4.10.

Non-Conforming FEM: The errors between the true and computed solutions are computed for
different mesh sizes. In Figure 4.11, the L?>-norm and H' norm of the error against the mesh

128



1071 L

102

1072

—8—errp (1
—A—errp
—J—errp(J
—¥%— €erIT;
—p—err

1 —o—err

)

QI,-\

7)

,-\,-\
=
NS

2

u

=

——

u

.
107!

10°

Figure 4.8: Dirichlet BC, example 1, HMM (Test2)

Figure 4.9: Initial triangulation and its uniform refinement
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Figure 4.10: Dirichlet BC, example 2 (L-shaped domain), conforming FEM
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parameter 4 are plotted.
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Figure 4.11: Dirichlet BC, example 2 (L-shaped domain), non-conforming FEM

HMM method: The errors corresponding to control, adjoint and state variables are computed
using HMM (Test 1). In Figure 4.12, the graph of the errors are plotted against the mesh size &
in the log-log scale.
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Figure 4.12: Dirichlet BC, example 2 (L-shaped domain), HMM
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Since €2 is non-convex, we obtain only suboptimal orders of convergence for the state and adjoint
variables in the energy norms and L? norms. Also we observe suboptimal order of convergence
for the post processed control. However, the control converges at the optimal rate of 4.

4.5.2 Neumann BC

In this example, consider the optimal control problem defined by (4.4.1) with Q = (0, 1)2 and
co = 1. Choose the exact state variable y and the adjoint variable p as

= 7(COS(7UC) +cos(my)), p= 7(COS(WX) +cos(my)),

1 4.5.1)
Upg = [—750,-50], =107, u(x) =P_350_50) (—al_?(x)) :

~<I

We therefore have u; = 0. The source term f and the observation y,; can be computed using
f=-A+y—-u, y;=Y+Ap-p.

Conforming FEM: The errors and the orders of convergence for the control, state and adjoint
variables are calculated for different mesh parameter 4. The numerical errors are plotted against
the discretisation parameter in the log-log scale in Figure 4.13.
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Figure 4.13: Neumann BC, test case corresponding to (4.5.1), conforming FEM

Non-Conforming FEM: The error estimates and the convergence rates of the control, the state
and the adjoint variables are evaluated. The post-processed control is also computed. Figure 4.14
displays the convergence history of the error on uniform meshes.
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Figure 4.14: Neumann BC, test case corresponding to (4.5.1), non-conforming FEM

The observed orders of convergences agree with the predicted ones as seen in the figures.
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Chapter 5

Approximation of pure Neumann control
problems using the gradient discretisation
method

The chapter discusses the GDM for distributed optimal control problems governed by diffusion
equation with pure Neumann boundary condition!. Contrary to the control problem considered
in Section 4.4, the state equation does not have a reaction term here. As a consequence, its
wellposedness requires the imposition of an average condition on the solution, which in turns
impacts the admissible controls and the relation between control and co-state variables.

5.1 Introduction

Consider the following distributed optimal control problem governed by the diffusion equation
with Neumann boundary condition:

min J(u) subject to (5.1.1a)
UEUq
—div(AVy(u)) = u+ f in Q, (5.1.1b)
AVy(u)-n=0 on dQ, ][y(u)dx:O. (5.1.1c)
Q

Here, Q C R (d < 3) is a bounded domain with boundary dQ and n is the outer unit normal to
Q. The cost functional, dependent on the control variable u and the state variable y(u), is given
by

1 _ o
J(u) = 5”)’(“)_)’d||%2(9)+5||”||i2(9) (5.1.2)

IThe results of this chapter are published in Jérome Droniou, Neela Nataraj and Devika Shylaja. Numerical
analysis for the pure Neumann control problem using the gradient discretisation method. Comput. Meth. Appl.
Math. 18 (4), pp. 609-637, 2018. DOI: 10.1515/cmam-2017-0054. URL: https://arxiv.org/abs/ 1705.03256.
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with o > 0 and f, y(u) dx := ﬁ Joy(u) dx denotes the average value of the function y(u) over Q.

The desired state variable y, € L*(Q) is chosen to satisfy f, ¥, dx = 0. The source term f € L>(Q)
also satisfies the zero average condition f;, fdx = 0. The diffusion matrix A : Q — M,(R) is a
measurable, bounded and uniformly elliptic matrix-valued function such that A(x) is symmetric
for a.e. x € Q. Finally, the admissible set of controls Uf,g is the non-empty convex set defined by

uad:{ueL2(Q):agugband][ udx:O}, (5.1.3)
Q

where a and b are constants in [—oo,4-o0] with @ < 0 < b (this condition is necessary to ensure
that U,q4 is not empty or reduced to {0}).

For Dirichlet BC, the super-convergence of post-processed controls for conforming finite element
methods has been investigated in [96]. This result was extended to the GDM framework in the
previous chapter for Dirichlet BC and Neumann BC with reaction term. For second order Neu-
mann boundary value problems with reaction term (and hence without zero average constraint),
see [5, 6,30, 78, 93]. This chapter covers the more challenging case of pure Neumann BC without
the reaction term.

One of the objectives in this chapter is to establish a projection relation between control and
adjoint variables. This relation, which is non-standard since it has to account for the zero average
constraints, is the key to prove the super-convergence result for all three variables. A modified
active set strategy algorithm for GDM that is adapted to this non-standard projection relation is
designed.

The chapter is organised as follows. Section 5.2 deals with the optimality conditions for (5.1.1).
Section 5.3 recalls the GDM for elliptic problems with Neumann BC and the properties needed to
prove its convergence. Section 5.4 deals with the GDM for the optimal control problem (5.1.1).
The basic error estimates and super-convergence results are presented in Subsections 5.4.2 and
5.4.3. Discussions on post-processed controls and the projection relation between control and
proper adjoint are presented in Subsection 5.4.4. The active set strategy is an algorithm to solve
the non-linear Karush-Kuhn-Tucker (KKT) formulation of the optimal control problem [109].
Subsection 5.5.1 presents a modification of this algorithm that accounts for the zero average
constraint on the control. This modified active set algorithm also automatically selects the proper
discrete adjoint whose projection provides the discrete control variable. In Subsection 5.5.2, the
results of some numerical experiments are presented.

5.2 Continuous control problem

The optimality conditions for (5.1.1) is discussed in this section. For a given u € U,q, there exists
a unique weak solution y(u) € H}(Q) := {w € H'(Q) : fowdx = 0} of (5.1.1b)—(5.1.1c). That
is, for u € Uyg, there exists a unique y = y(u) € H)(Q) such that for all w € H}(Q),

a(y,w):/guwdx, (5.2.1)
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where a(¢,y) = [(AV¢-Vydx for all ¢, w € H'(Q). The term y(u) is the state associated with
the control u.

The convex control problem (5.1.1) has a unique solution (¥,%) € H] (Q) x U,q and there exists
a co-state p € H'(Q) such that the triplet (v,p,u) € H}(Q) x H'(Q) x Uyq satisfies the KKT
optimality conditions [90, Chapter 2]:

a(y,w) = (@+ f,w) Vwe HN(Q), (5.2.2a)
a(z,p) = (Y —¥4,2) Vze H'(Q), (5.2.2b)
(p+au,v—u)>0 Vv € Uyg. (5.2.2¢)

Several co-states satisfy the optimality conditions (5.2.2), as p is only determined up to an ad-
ditive constant by (5.2.2). The same will be true for the discrete co-state, solution to a discrete
version of these KKT equations. Establishing error estimates require the continuous and discrete
co-states to have the same average. The usual choice is to fix this average as zero. However, for
the control problem with pure Neumann conditions, this is not the best choice. Indeed, as seen
in Lemma 5.4.9, establishing a proper relation between the control and co-state requires a certain
zero average of a non-linear function of this co-state. A more efficient approach, that we will
adopt, to fix the proper co-states is thus the following:

1. Design an algorithm (the modified active set algorithm of Subsection 5.5.1) that computes
a discrete co-state with the proper condition, so that the discrete control can be easily
obtained in terms of this discrete co-state,

2. Fix the average of the continuous co-state p to be the same as the average of the discrete
co-state obtained above.

As we will see, an algebraic relation between this p and the continuous control # can still be
written, upon selecting a proper (but non-explicit) translation of p.

Remark 5.2.1 (Zero average constraint on the source term and desired state).

(i) If we consider (5.1.1) without the constraint {, f dx = 0 on the source term, the set of
admissible controls needs to be modified into

L{ad:{ueLZ(Q) : agugband]g(wf)dx:o}.

In this case, a simple transformation can bring us back to the case of a source term with
zero average. Rewrite the state equation (5.1.1b) as —div(AVy) = u* + f* with u* = u+
fofdxand f* = f— {o fdx. Then, {q f*dx =0 and u* € U}; where

= {M*ELZ(Q) : a*gu*gb*and][ u*dx:O}
Q
with a* = a+ 4 fdx and b* = b+ f, f dx.
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(ii) If the desired state 5, € L>(Q) is such that fo ¥ dx =:m # O, then it is natural to select
states y in (5.1.1) with the same average m (since the average of these states can be freely
fixed, and the choice made in (5.1.1c) is arbitrary). This ensures the best possible approxi-
mation of the desired state y,. In that case, working with y —m and y, — m instead of y and
v, brings back to the original formulation (5.1.1) with a desired state y; —m having a zero
average.

Remark 5.2.2 (Non-homogeneous BCs). The study of second order distributed control problem
(5.1.1) with non-homogeneous boundary conditions AVy-n = g on dQ (with g € L*(9Q)) follows
in a similar way. In this case, the source terms and boundary condition are supposed to satisfy

the compatibility condition
/ fdx+/ gds(x) =0.
Q 2Q

The controls are still taken in U,q defined by (5.1.3) and the KKT optimality condition is [90]:
Seek (y,p,i) € H! (Q) x H'(Q) x Uyq such that

a(y,w) = (a+f,w)+(g,7(w))a VweH(Q),
a<Z7p):(y_yd7Z> VZ€H1<Q)7
(p+au,v—u) >0 Vv € Uy,

where y: H'(Q) — L*(9Q) is the trace operator and (-,-); is the inner product in L*(9Q).

5.3 GDM for elliptic PDE with Neumann BC

We presented the GDM for homogeneous Dirichlet BC in Section 4.2, and for Neumann BC with
reaction term in Section 4.4.2. Here, it is shown that how the GDM is adapted to pure Neumann
BC without reaction term.

5.3.1 Gradient discretisation and gradient scheme

A notion of gradient discretisation for Neumann BC is given in [48, Definition 3.1]. The follow-
ing extends this definition by demanding the existence of the element 1p and is always satisfied
in practical applications. This existence ensures that the zero average condition can be put in the
discretisation space or in the bilinear form as for the continuous formulation, see Remark 5.3.2.

Definition 5.3.1 (Gradient discretisation for Neumann boundary conditions). A gradient discreti-
sation (GD) for homogeneous Neumann boundary conditions is given by D = (Xp,Ilp,Vp) such
that

* Xp is a finite dimensional vector space on R.

e IIp : Xp — L*(Q) and Vp : Xp — L*(Q)? are linear mappings.
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» The quantity
2

Il = [Vowl+ \Jg Mpw dx (53.1)

is a norm on Xp.

e There exists 1p € Xp such that IIplp =1 on Q and Vplp =0 on Q.

If F € [*(Q) is such that fo F dx = 0, the weak formulation of the Neumann boundary value
problem

_div(AVY) = Fin Q,
{ AVy-n=0o0ndQ (5:32)
is given by
Find y € H. (Q) such that, for all w € H(Q) / Fwdx. (5.3.3)

As explained in Chapter 4, a gradient scheme for (5.3.2) is then obtained from a GD D by writing
the weak formulation (5.3.3) with the continuous spaces, functions and gradients replaced with
their discrete counterparts:

Find yp € Xp , such that, for all wp € Xp 4,

(5.3.4)
aD(ll/D,WD)Z/QFHDWDdX,

where ap(¢p,zp) = / AVpop - Vpzp dx, for all ¢p,zp € Xp, and
Q

Xpﬁ( = {WD € Xp : ][ Ilpwpdx = O}.
Q
Remark 5.3.2. Owing to §,, F dx = 0, the continuous formulation (5.3.3) is equivalent to

Find y € H'(Q) such that, for all w € H'(Q),

avony 0 ([ wae) (f wae) = [ po

for any p > 0. As for the continuous formulation, using the element 1p € Xp actually enables
us to consider in (5.3.4) test functions wp in Xp, rather than just Xp ,. The simplest technique
to achieve this is to use a quadratic penalty method [69, Chapter 11]. Problem (5.3.4) can be
shown equivalent to

Find yp € Xp such that, for all wp € Xp,

(5.3.5)
ap(Yp,wp) +p ( QHDWDdx) ( QHDWDdx) :/QFHDWDdx-

Indeed, considering wp = lp in (5.3.5) and recalling that fo F dx = 0 shows that the solution to
this problem belongs to Xp , and is therefore a solution to (5.3.4). The converse is straightfor-
ward.
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5.3.2 Error estimates for the GDM for the Neumann problem

As for Dirichlet BC, the accuracy of a gradient scheme (5.3.4) is measured by three quantities.
The first one is a discrete Poincaré—Wirtinger constant Cp, which ensures the coercivity of the
method.

[TIpw||
wexp\{0} [Iwllp -
The second quantity is the interpolation error Sp, which measures what is called, in the GDM
framework, the GD-consistency of D.

Vo € H'(Q), Sp(o)

Cp = (5.3.6)

= min (||lipw —¢[| +[|Vow—Vel). (5.3.7)
weXp

Finally, the limit-conformity of a GD is measured by defining

. 1
v EHle Q ,W = max -———
¢ € Hy"(Q), Wp(9) wexp\{0} [|w|p

/Q (IIpwdive + Vpw - @) dx|, (5.3.8)

where H{V(Q) = {@ € L*(Q)¢ : dive € L*(Q), 1,(@) = 0} with ¥, being the normal trace of @
on JQ.
Using these quantities, an error estimate can be established for the GS (5.3.4). Recall the notation
(4.2.9) from Chapter 4. Here

X <Y means that X < CY for some C depending

only on Q, A and an upper bound of Cp defined by (5.3.6).

Theorem 5.3.3 (Error estimate for the GDM [48]). Let D be a GD in the sense of Definition
5.3.1, let y be the solution to (5.3.3), and let yp be the solution to (5.3.4). Then

TIpyp — v + |Voyp — V|| S WSp(y), (5.3.10)

(5.3.9)

where

WSp(y) = Wp(AVY) +Sp (V). (5.3.11)

Remark 5.3.4 (Rates of convergence). For all classical low order methods based on meshes
(such as Py conforming and non-conforming finite element methods, finite volume methods, etc.),
if A is Lipschitz continuous and W € H*(Q) then O(h) estimates can be obtained for Wp(AV )
and Sp(y) [48]. Theorem 5.3.3 then gives a linear rate of convergence for these methods.

Remark 5.3.5. Note that Theorem 5.3.3 also holds if the zero average condition on y and Ilpyp
is replaced with {o IIpyp dx = f, wdx. In this case, the estimate (5.3.10) can be obtained by
considering the translation of Wp and Y. Set Yp = yp —clp and ¥ = y — cl, where ¢ =
fopypdx = fo wdx and 1 is the constant function. Use Definition 5.3.1 to obtain Ilpyp =
pyp — ¢, VpYp = Vpyp and Vy = Vy. This gives JopYpdx = o ydx = 0. Applying
Theorem 5.3.3,
Mpyp — || + [ Voyp — VY| S WSp(y)

which implies

IMpyp — | + Vo — V|| S WSp (W) = WSp(v).
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The following stability result, useful to the analysis, is straightforward.
Proposition 5.3.6 (Stability of the GDM). Let a be a coercivity constant of A. If Wp is the
solution to the gradient scheme (5.3.4), then

C C3
IVowpll < =2|F||  and  |Tpyp|| < =2||F]. (5.3.12)

Proof. Choose wp = Yp in (5.3.4) and use the definition of Cp to write

2
al|Voypll” < |F||[Dpwp| < Col|F|llwpllp.

Since f,, IIpyp dx = 0, recalling the Definition (5.3.1) of || - ||p shows that ||yp|p = [|[Vpyp||
and the proof of first estimate is complete. The second estimate follows from the definition of
Cp. O]

5.4 GDM for the control problem and main results

This section starts with a description of GDM for the optimal control problem and is followed
by the basic error estimates and super-convergence results in Subsections 5.4.2 and 5.4.3. A
discussion on post-processed controls and the projection relation between control and proper
adjoint is presented in Subsection 5.4.4.

5.4.1 GDM for the optimal control problem

Let D be a GD as in Definition 5.3.1. The space U, is defined as the space of piecewise constant
functions on a mesh M of Q. The space Uyq , = Usg MU}, is a finite dimensional subset of Uyq. A
gradient scheme for (5.2.2) consists in seeking (¥p, pp,un) € Xp » X Xp X Uy s, such that

ap(¥p,wp) = (i + f,pwp) Ywp € Xp., (5.4.1a)
ap(zp,pp) = (pyp — ¥4, lpzp) Vzp € Xp, (5.4.1b)
(Llppp + Ctip, vy — i) > 0 Vv, € Upg - (5.4.1c)

As in the continuous KKT conditions (5.2.2), these equations do not define pp uniquely. One
possible constraint that fixes a unique pp is described in Lemma 5.4.9. This particular choice
ensures a simple projection relation between pp and uy,.

As in Chapter 4, two projection operators play a major role throughout this chapter: the orthogo-
nal projection on piecewise constant functions on M, namely Py, : L' (Q) — Uj, and the cut-off
function P, ) : R — [a,b]. Recall from Section 4.3.2 that

weLY(Q),VK e M, (Pmv) ik ::][ vdx,
K
Vs €R, P,y (s):=min(b,max(a,s)). (5.4.2)
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5.4.2 Basic error estimate for the GDM for the control problem

The proofs of the basic error estimates follow by adapting the corresponding proofs in Chapter
4 to account for the pure Neumann boundary conditions and integral constraints. For the sake
of completeness and readability, we provide here detailed proofs, highlighting in chosen places
where modifications are required due to the pure Neumann boundary conditions (which mostly
amount to making sure that certain averages have been properly fixed).

Theorem 5.4.1 (Control estimate). Let D be a GD, (y, p,u) be a solution to (5.2.2) and (Yp, pp, uy)
be a solution to (5.4.1) such that foIlpppdx = fopdx. Then, recalling (5.3.9), (5.3.11) and
(4.3.4), there exists a constant C depending only on o such that

|2 —up|| < C(En(p) + En(w) + WSp(p) + WSp(y)), (5.4.3)

where the projection error Ej, is defined by (4.3.4).

Proof. Define the following auxiliary discrete problem:

Seek (yp(u), pp(u)) € Xp . x Xp such that

ap(yp(#),wp) = (f+@,Ilpwp)  Vwp € Xp, (5.4.4a)

ap(zp,pp(u)) = (¥ — ¥4, pzp) Vzp € Xp, (5.4.4b)
where the co-state pp(u) is chosen such that , IIppp(u) dx = f,, IIppp dx = f, p dx. For Neu-
mann boundary conditions, this particular choice is essential as it ensures that pp () — pp € Xp «
can be used as a test function wp in (5.4.1a) and (5.4.4a). Recall that Py, is the orthogonal pro-

jection on piecewise constant functions on M. This gives Py (Uaqa) C Uy,. Also, for u € Uyq and
K € M, Pmujg = fxudx € [a,b] and, using (5.1.3) we also see that

]['PMudx ][’PMudx ][udx ][udx 0.
Q Ke/\/l KeM

Hence, Py (Z/lad) C Z/{ad,h~
Set Pp‘a(ﬁ) = a_lnppp(ﬁ), I_Jp.a = OC_1HD]_7D and Py = 06_1]_9. Since uy, € uad,h C U, and
Pt € Uy pr, from the optimality conditions ((5.2.2¢) and (5.4.1c)),

—a(Pg+u,u—uy) >0, O(Ppg—+upu—uy) > (Pp g +up,i—Prl).
Add these two inequalities to obtain

@ —a||* < — a(Pp g+, — Py (@) + (Pp.o — Po, i —Tip)
= — o(Pp,q +Up,u— Prit) + A(Pp o — Pp o (0), 1 — up)
—Oc(Pa Pp a( ), U —Tp). (5.4.5)
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By orthogonality property of P, (i, % — Pnmit) = 0 and (PyPq,u — Paii) = 0. Therefore,
the first term in the right-hand side of (5.4.5) can be re-cast as

—a(Pp g + T, i — Ppit) = — &(Po — PpiPoss i — Ppgit) + 0U(Po — Pp (1), i — Py
+ a(Pp ¢ (1t) — Pp g, 1l — Pyii). (5.4.6)

By the Cauchy—Schwarz inequality, the first term on the right hand side of (5.4.6) is estimated as
—0(Po — PmPa,ii— Pyui) < Ey(p)En(u). (5.4.7)

Equation (5.4.4b) shows that pp () is the solution of the GS corresponding to the adjoint problem
(5.2.2b), whose solution is p. Therefore, use the fact that  ITp pp (%) dx = f,, p dx (note that the

specific relation between the continuous and discrete co-states is essential here) and Theorem
5.3.3 to deduce

IPo — Pp o (@)|| = o~ |5 —Tppp(@)|| < & 'WSp(p). (5.4.8)
Hence, a use of the Cauchy—Schwarz inequality implies
0.(Py — Pp o (1), i — Ppit) < WSp (p)Ep (). (5.4.9)
Use the definitions of Cp, || - ||p and the fact that pp (%) — pp € Xp . to write
ITippp () —Tppp|* S lpp (@) — Ppllp = | Voo () — VoPp |- (5.4.10)

By writing the difference of (5.4.4b) and (5.4.1b) we see that pp(%) — pp is the solution to the
GS (5.3.4) with source term F =y —IIpyp. i.e, for all zp € Xp

ap(zp, pp () — pp) =0 — Hpyp,lpzp).
Choose zp = pp(u) — pp in the above equality and use it in (5.4.10) to obtain
ITppp (@) —ppp|* S [IVopp(@) — Vool S [I¥ = Tpypl| [ Tlppp (@) — ppp||.

As a consequence,

|1Pp.o(@) — Pp o|| = & | Hppp (@) — Mppp|| S o |5 — pyp||
S a5 —Tpyp(@)| + o | Tpyp (@) — Dpyp) .-

Use Theorem 5.3.3 with ¥ =y to bound the first term in the above expression. This along with
an application of Young’s inequality yields an estimate for the last term in (5.4.6) as

_ 1
0(Pp,o() — Pp.o,i — Ppril) < CiE(@)WSp(3) + C1E4(u)* + ZHHDyD(ﬁ) — pypl?,
(5.4.11)
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where C depends only on , A and an upper bound of Cp. A substitution of (5.4.7), (5.4.9) and
(5.4.11) in (5.4.6) yields

—0(Pp,q + 1y, U — Prit) < Ey(p)Ey(u )+C2Eh( YWSp(p) +C1E,(u)WSp()

+C1Ep(7)? + ZHHwW) ~pyp||*, (5.4.12)

where C is the hidden constant in (5.4.9). Let us turn to the second term in the right-hand side
of (5.4.5). From (5.4.1b) and (5.4.4b), for all zp € Xp,

ap(zp, pp — (@) = (IIpyp —¥,pzp). (5.4.13)
Also, from (5.4.1a) and (5.4.4a), for all wp € Xp ,,
ap(yp — yp (@), wp) =(u, —u,lpwp). (5.4.14)

Choose zp =yp —yp(u) € Xp in (5.4.13), wp = pp — pp (@) € Xp . in (5.4.14), use the symmetry
of ap(-,-), Theorem 5.3.3 with y =y and Young’s inequality to obtain

o(Pp,o — Pp o (i), —1u) = — (Ipyp —y, Hpyp — Hpyp(u))
= (y—pyp (@), pyp — Npyp (@) — |TIpyp — Mpyp(7)||*
SWSp(y )||HDYD Mpyp(@)|| — |[pyp — Hpyp (@)

< GWSp(5)? _HHDYD Mpyp(@)|* — |TIpyp — Mpyp@)|>,  (5.4.15)

where C;3 only depends on Q, A and an upper bound of Cp. The last term in the right hand side
of (5.4.5) can be estimated using (5.4.8) and Young’s inequality:

—0(Po — Pp o (%), 1 — ) < _H”_“hH +C4WSp(p)?, (5.4.16)

where C, only depends on Q, A, o and an upper bound of Cp. Substitute (5.4.12), (5.4.15) and
(5.4.16) into (5.4.5), apply the Young’s inequality and 4/} ; a% <Y ;a; to complete the proof. []

Proposition 5.4.2 (State and adjoint error estimates). Let D be a GD, (y,p,u) be a solution to
(5.2.2) and (p,pp,un) be a solution to (5.4.1). Assume that fo,Ilpppdx = fopdx. Then the
following error estimates hold:

| TIpyp =] +|Voyp — VY| S |l —wn|| +WSp(y), (5.4.17)
|Ippp — Pl + IVoPp — VP S |l —unl| + WSp(Y) +WSp(p). (5.4.18)

Proof. The triangle inequality leads to

|TIpyp = || + || Voyp — VY| < |[Tpyp —pyp(@)|| + ||Voyp — Voyp (@) ||
+ [Mpyp () —y[| + |Voyp (@) — V|- (5.4.19)
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Subtract (5.4.1a) and (5.4.4a), and use the stability property of GS (Proposition 5.3.6) to estimate
the first two terms in the right hand side of the above inequality as

IHpyp —Ipyp ()| + [IVoyp — Voyp ()|l < 11—l
The last two terms on the right hand side of the (5.4.19) are estimated using Theorem 5.3.3 as
Mpyp (@) —y[| + [[Voyp (@) — Vy|| < WSp().

A combination of the above two results yields the error estimates (5.4.17) for the state variable.
A use of foIIppp (i) dx = {5 IIppp dx in Proposition 5.3.6 leads to the error estimates for the
adjoint variable in a similar way. [

Remark 5.4.3 (Rates of convergence for the control problem). As in Remark 5.3.4, if A is Lips-
chitz continuous and (y,p,u) € H*(Q)?> x H'(Q) then (5.4.3), (5.4.17) and (5.4.18) give linear
rates of convergence for all classical first-order methods.

5.4.3 Super-convergence for post-processed controls

In this subsection, the post-processed continuous and discrete controls (see (5.4.23)) are defined
and super-convergence results are established.

We make here the following assumptions, similar to the assumptions in Section 4.3.2, taking into
account for the pure Neumann BC and zero average constraint.

(A1) [Interpolation operator] For each w € H?(€), there exists wp € L*(Q) such that:
i) If w € H?(Q) solves —div(AVw) = g € H'(Q), and wyp is the solution to the correspond-
ing GS with {5 IIpwp dx = f, wdx, then

ITpwp —wadll S 1218l (- (5.4.20)
ii) For any w € H*(Q), it holds
Yvp € Xp, |(w—wat, TIpvp) | S 12wl g2y Moo |l (5.4.21)
[P = wad) || S H (|2 (5.4.22)
(A2) The estimate || IIpvp — Py (Ilpvp)|| < A||Vpvpl holds for any vp € Xp.

(A3) [Discrete Sobolev imbedding] For all vp € Xp, it holds
HHDVDHLz*(Q) S lvollo,

where 2* is a Sobolev exponent of 2, that is, 2* € [2,00) if d =2, and 2" =6 if d = 3.
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Let
Mpy={KeM:u=aae.onK,oru=bae. onK,ora<u<bae. onK},

and M| = M\ M. That is, M is the set of cells where % crosses at least one constraint a or b.
Fori=1,2, let Q; \s = int(Uger,K). The space W!=(M,) is the usual broken Sobolev space,
endowed with its broken norm. The last assumption is:

(Ad) [Q) m| Shandmg, € W= (My).

Note that the assumptions (A1)—(A4) are similar to that in Chapter 4 with Xp o substituted by
Xp, and an additional average condition in (Al). See Chapter 4 for a detailed discussion on
(A1)-(A4).

Assuming p € H*(Q) (see Theorem 5.4.4) and letting p  be defined as in (A1), the post-
processed continuous and discrete controls are given by

~ 1 - 1
U(x) = Py p) (—aﬁM (x)) and  up(x) = Py (—aHDﬁD(X)) . (5.4.23)

For a detailed discussion on the post-processed controls, we refer the reader to Subsection 5.4.4.
We use the following extension of the notation (5.3.9):

X Sy Y means that X < CY for some C depending
only on Q, A, an upper bound of Cp, and 7).

Theorem 5.4.4 (Super-convergence for post-processed controls I). Let D be a GD and M be a
mesh. Assume that

* (A1)—(A4) hold,
* yand p belong to H? (Q),
* v, and f belong to HI(Q),

and let u, uy, be the post-processed controls defined by (5.4.23) where p and pp are chosen such
that {o IIppp dx = o pdx. Then there exists C depending only on o in (5.1.2) such that

IO 1 o
& — ity || S CH*= 2 |[@lly1 = (an,) +CHF (54, f,3: D), (5.4.24)

F3a: f:3,P) = Fallar @) + 111 @) + 1¥la20) + [Pl a20)-
Proof. Consider the auxiliary problem defined by: For g € L?(Q), let Pp(g) € Xp solve

ap(zp, pp(g)) = (Ipyp(g) — ¥4, Mpzp) Vzp € Xp, (5.4.25)

where yp(g) is given by (5.4.4a) with @ replaced by g. Fix p},(g) by imposing f,, [Tpp},(g) dx =
4o P dx. This choice is dictated by the pure Neumann boundary condition and will be essential.
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For K € M, let Xk be the centroid (centre of mass) of K. A standard approximation property (see
e.g. [54, Lemma A.7] with wg = 1) yields

VK € M, V¢ € H*(K), [|Pm@ — 0 Xk )ll2(x) Sn diam(K)? (|92 ) - (5.4.26)

Define u and p a.e. on Q by: For all K € M and all x € K, u(x) =u(Xg) and p(x) = p(Xg). From
(5.4.23) and the Lipschitz continuity of Py, ;.

i — ]| < o™ [Tppp — Pl
< a_IHﬁM —Tlppp ()| + ' |[Hpph () — Hppip () |
“Nppp () —Tppp| = a ' T+ o~ ' T+ ' T5. (5.4.27)

Step 1: estimate of 77.
A use of triangle inequality, (5.2.2b), (5.4.4b) and (A1)-i) leads to

Ti <[Py —ppp ()| + |[Tppp(u) —Hppp (u)|
S Y=allmn o) + Mppp (@) — Hppp (@) . (5.4.28)

The last term in this inequality is estimated now. Use the definitions of Cp, || - ||p and the fact
that , IIppp(u) dx = f,, IIpp}, (%) dx to obtain

ITp(pp (@) — pp(@)|* < Vo (pp(@) — pp (@) || (5.4.29)

Subtract (5.4.25) with g = 7 from (5.4.4b), substitute zp = pp () — p;,(#), use property (5.4.21)
in (A1)-ii) and Cauchy—Schwarz inequality to obtain

IVo(pp (@) — (@) 1* S ap(pp (@) — P (), pp (@) — Py (i)
= (y —pyp(a),Mp(pp () — pp(%)))
= (V—Ym:p(pp(u) — pp(4)))
+ (pm — Hpyp (@), Mp(pp (@) — pp(%)))
S |5) 2| Tp (po (@) — pp (3)) |
+ [y — Hpyp (@) || [Tlp (pp (@) — pp () |-

<

A use of (5.4.29) and (A1)-i) leads to ||Tlppp (&) — Mppp, @)]| S B2 {[¥]l 2y + P21+l i ()
Plugged into (5.4.28), this estimate yields

Ti SH(Y=Yallm o) + Va2 + 11f + 8l 0))- (5.4.30)

Step 2: estimate of 75.
Subtract the equations (5.4.25) satisfied by p}, (%) and p7,(u) to obtain, for all zp € Xp,

ap(zp, pp(#) — pp(it)) = (lpyp (@) — Mpyp(u),Ipzp). (5.4.31)
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Since p;,(#) — p () € Xp ., a use of Proposition 5.3.6 in (5.4.31) yields

T, = |ppp () —ppp ()| < [[Hpyp () — Hpyp(u)||. (5.4.32)

Choose zp = yp(u) — yp(u) in (5.4.31), subtract the equations (5.4.4a) satisfied by yp(u) and
yp(it), since p}, (i) — pp(it) € Xp ., to obtain

T (yp (@) —yp @))|I* = ap (yp (@) — yp (@), pp (@) — pp (@) = (@ — i, ppp () — Mppp (d)).

Set wp = pp () — pp(u), use orthogonality of Py, Cauchy—Schwarz inequality and (A2) to
infer

ITp (yp (@) —yp (@) |* = (@ — & pwp)
= (ﬁ — Pmu, Hpwp — P (HDWD)) + (’PME— u, HDWD)

S bl 1 ) I VoW || + /Q (Pt — i)Ipwp d
LM

+ (Ppu— u)Ipwp dx. (5.4.33)
Q2 Mm
Equation (5.4.31) and the stability of the GDM (Proposition 5.3.6) show that
[Vowp|| = [[Vo(pp (@) — pp(@))|| < [Hp(yp (@) — yp () ||- (5.4.34)

A use of Holder’s inequality, (A4), (A3), the fact that wp € Xp , and (5.4.34) yields an estimate
for the second term on the right hand side of (5.4.33) as follows:

| (P pwpdx < [Paii= il 20, o [T 20, 10
LM

< B[ty | e 2 Tpwp |l 2 g |1 e |22

<K @y, Iwp I

= 122 |l yre | VoW |

S B2 [l oy 1T (vp (@) — v (@) (5.4.35)

Consider now the last term on the right hand side of (5.4.33). For any K € M), u = a on K,
i=bonK,or, by (54.55), i = —a " 'p+¢ on K. Hence, on K, Pyii— it =0 or Ppli — it =
o' (p—"Pmp). This leads to |Ppii—ii] < o~ !|p—Pup| on Qo aq. Use (5.4.26), the definition
of Cp, the fact that wp € Xp , and (5.4.34) to obtain

| (Paia— i dx < [Pt~ l(0, [ Tlowo
2,M )

< @ PP — Bl 0 0w |
S 20 Pl o) IV WD |
S 20 Bl o Mo (@) —yp @) (5436)
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Plug (5.4.34), (5.4.35) and (5.4.36) into (5.4.33) and then in (5.4.32) to get
L — 1=
Ty S 0 [l + 12 ([l + 0 1Pl ) - (543D)

Step 3: estimate of 73.
Subtract (5.4.1b) from (5.4.25) with g = w and (5.4.1a) from (5.4.4a) with u instead of u to obtain
for all zp € Xp and wp € Xp 4,

ap(zp, pp(it) — pp) = (pyp (1) — Mpyp,Mpzp), (5.4.38)

ap(yp(u) —yp,wp) = (4 — 1y, Ipwp). (5.4.39)

Substitute zp = p; (i) — pp € Xp . in (5.4.38), wp = yp(u) —yp € Xp . in (5.4.39) and use
Proposition 5.3.6 to obtain

T3 = |Uppp () —Mpppl| S [|Mpyp () —Mpypl| S |l — - (5.4.40)
The optimality condition (5.2.2¢) [96, Lemma 3.5] yields for a.e. x € Q,
(P(x) + au(x)) (v(x) —u(x)) > 0 for all v € Upg.

Since %, p and u;, are continuous at the centroid X, we can choose x = Xk and v(Xg) = 1, (X ) (=
uy on K). All the involved functions being constants over K, this gives

(p+ au) (u, —u) >0on K, forall K € M.
Integrate over K and sum over K € M to deduce
(p+ oid,uy, — it) > 0.
Choose v;, = u in the discrete optimality condition (5.4.1c) to establish
(Ippp + oty u—uy) > 0.
Add the above two inequalities to obtain
(P —Tppp + a(ie —up), up — ) = 0,
and thus

alli—ay||* < (p—Tppp, iy — )
= (P =P tp— ) + (Pag — Hppp (), 0, — )
+ (Mppp (&) — Mppp, dy — it) = My +Ma + M. (5.4.41)
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Since u;, — i is piecewise constant on M, the orthogonality property of P4, (5.4.26) and (5.4.22)
in (A1)-ii) lead to

My = (P — PmP s, i — 1)
= (P — PP, tin— ) + (P (P = Pan) Tn — ) Sy 12| g2 178 — ] (5.4.42)
By Cauchy—-Schwarz inequality, triangle inequality and the notations in (5.4.27),
M < |[ppg —ppp () || [[un — ]| S (Th + 1) ||, — - (5.4.43)

Subtract the equations (5.4.1a) and (5.4.4a) (with & instead of ) satisfied by yp, and yp (&), choose
wp = pp (i) — Pp, and use the equations (5.4.1b) and (5.4.25) on pp and pJ, (i) to arrive at

M3 = (Ilp(pp (i) — Pp), up — i) = ap(Yp — yp(it), pp(it) — Pp)
(Ip(yp(#) —yp), p(yp —yp(u)) < 0. (5.4.44)

A substitution of (5.4.42)—(5.4.44) (together with the estimates (5.4.30) and (5.4.37) of T} and
T») into (5.4.41) yields an estimate on ||z, — u]| which, when plugged into (5.4.40), gives

_ L
T3 Snp o W [y g,
+ o ([ = Tallg o) + 112 g) + (L+ o DBl i) + 1 + 7l (@) + 71 (@) -
(5.4.45)
Step 4: conclusion.
A use of (5.1.2) and the fact that u is optimal leads to
o ) _ 1 — 12
2 [all” = JGm) < J(3(0),0) = S{ly(0) = ¥all”,
where y(0) is the solution to the state equation (5.1.1b) with u = 0. Hence,
_ ~1 _
@l < Ve (I + 1134l (5.4.46)

From (5.4.55) and (5.4.2),
Vu = VP[a,b} (—(Xill_)—|—5> = H(_a—lﬁ_'_g)e[a?b]V(—ailﬁ+E>,

where Iy is the characteristic function of the set X. Note that |V(—a~'p +7¢)| = a~!|VD|.
Therefore,

Va2 = [ VaPde= [ [l gpiacanV(o proPd S a VR (5447)
Combine (5.4.46) and (5.4.47) to obtain
_ -1 —_ — -
@1 (@) S Ve (I1F1 + 1all) +e VAl (5.4.48)
Use (5.4.48) in (5.4.30), (5.4.37) and (5.4.45) and plug the resulting estimates in (5.4.27) to
complete the proof. U

148



Theorem 5.4.5 (Super-convergence for post-processed controls II). Let the assumptions and no-
tations of Theorem 5.4.4 hold, except (A3) which is replaced by:

there exists § > 0 such that, for any F € L*(Q),

. . (5.4.49)
the solution yp to (5.3.4) satisfies | TIpWp||;=q) < O||F |-
Then there exists C depending only on o, and 8 such that
7=l S O [Ilhyraa) + F G £.37)] (5.4.50)

Proof. The proof of this theorem is identical to the proof of Theorem 5.4.4, except for the es-
timate of 7>. This estimate is the only source of the 2 — 2% power (instead of 2), and the only
place where we used Assumption (A3), here replaced by (5.4.49). Recall (A4) and use (5.4.49)
in (5.4.31) satisfied by pJ, () — p},(it) to write

| Puai—alpwpdx= [ (Paii—)(Topp(®) ~ Tlopi(®) dx
Qi m Qi m

S NPt =l =@, ) | Tlopp (@) — Hppp (i) | 10, ) [€21,M]

S W allw 1=y Mo pp (@) — T pp (i) || @)

S B2ty pg,) 8 Ty (@) — Mpyp (@) (5.4.51)
The rest of the proof follows from this estimate. [

Remark 5.4.6. For most methods, assumption (5.4.49) is satisfied if the mesh is quasi-uniform
(see [67] for conforming and non-conforming Py finite element method, and Appendix A.3 for
HMM methods for Dirichlet BCs, the adaptation to Neumann BCs is straightforward).

Corollary 5.4.7 (Super-convergence for the state and adjoint variables). Under the assumptions
of Theorem 5.4.4, the following error estimates hold, with C depending only on o:

Y0 —Tpypl| Sn CA [l sy +CHF (34, f.3, D), (5.4.52)
1204 = Pl Sn CH [[ullyr.(ag,) +CHF (34, f53,P), (5.4.53)

where Y\, and P x4 are defined as in (A1), and r =2 — %

Under the assumptions of Theorem 5.4.5, (5.4.52) and (5.4.53) hold with r = 2 and C depending
only ot and 8.

Proof. The result for the state and adjoint variables can be derived exactly as in Corollary 4.3.9
]
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5.4.4 Discussion on post-processed controls

In this section, a detailed analysis of post-processed controls given by (5.4.23) is presented.
This analysis is performed under the assumptions of Section 5.4.3, and by also assuming that
WSp (@) < h for all ¢ € H*(Q) (see Remark 5.3.4). We begin by stating and proving two
lemmas which discuss projection relations between control and adjoint variables for the pure
Neumann problem, both at the continuous level and at the discrete level. We then show that the
post-processed controls remain O(h) close to their corresponding original controls, see (5.4.59)
and (5.4.63). Hence, the super-convergence result makes sense: since uy, is piecewise constant,
it is impossible to expect more than O(h) approximation on the controls; but by “moving” these
controls by a specific O(h), computable post-processed controls are obtained that enjoy an O(h?)
convergence result.

Lemma 5.4.8. Let —o <a<0<b<oand ¢ € L'(Q). DefineT: R — R by

D(c) = | Pun(0-+¢)dx

where P, ) is given by (5.4.2). Set m = a —ess sup(¢) € [—oo, +o0) and M = b —ess inf(¢) €
(—co, 4-c0|. Then we have the following.

1. T is Lipschitz continuous.

2. limI'(c) = a|Q|, lim I'(c) = b|Q
c—m c—M

, and there is ¢* € (m,M) such that T'(c¢*) = 0.

3. Ifo e H! (Q), then for any compact interval Q in (m,M), there exists pp > 0 such that if
c,c’ € Qwithc <, then
(") =T(c) > po(c' —c). (5.4.54)

As a consequence, the real number c* in Item 2 is unique.

Proof. Item 1 is obvious since Py, 5 18 Lipschitz continuous.

Let us now analyze the limits in Item 2. Let (¢, ) be a sequence in R such that ¢, — M as n — oo.
By definition of M, this implies Py, (¢ +cx) — b a.e on Q. Let (c,) be bounded below by R
and note that ¢ +R € L'(Q). Moreover, for s € R, a < 0 < b implies P p)(s) > min(s,0) so
Py (9 +cn) > min(9 +¢,,0) > min(¢ +R,0) € L'(Q). By Fatou’s Lemma,

/bdxﬁliminf Py (9(x) +cy)dx
Q neo Jo

which gives b|Q| <liminf, . '(c,). Since I'(c,) < b|Q| (because P, ) (s) < b), that limy, . T'(cy) =
b|Q|, and thus that lim,_,3 I'(c) = b|Q|. In a similar way, we deduce that lim._,,, I'(c) = a|Q|.

The existence of ¢* such that I'(¢*) = 0 then follows from the intermediate value theorem and
lim.,,, I'(c) = a|Q| < 0 < b|Q| =lim,,y I'(c).

Now assume that ¢ € H'(Q) and consider Item 3. Fora.e c € R, I (c) = [, [(ap)(9(x) +c) dx,
Define O(c) = [o 1 (4)(¢(x) +c) dx, for all ¢ € R. We claim that
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* O is lower semi-continuous,
* Vee (mM),0O(c) > 0.

To prove that © is lower semi-continuous, let ¢, — ¢ as n — eo. Since [, ) 18 lower semi-
continuous on R, for all x € Q,

lap)(9(x) +¢) <Timinfl, p) (¢ (x) +cn).

Applying Fatou’s Lemma,

O(c) < liminf | L1, (¢ (x)+c¢,)dx = liminfO(c,).

n—e  Jo n—yoco

Hence, © is lower semi-continuous. We now show that ® > 0 on (m,M). Let ¢ € (m,M). Then
I=(a—c,b—c)N(essinf ¢,ess sup @) is an interval of positive length, since a — ¢ < ess sup ¢
and b — ¢ > ess inf ¢. The set Wy = {x: ¢(x) € I'} has a non-zero measure because ¢ € H'(Q)
and Q is connected. To see this, let & < 8 be the endpoints of I and assume that ¢ € H'(Q)
takes some values less than o on a non-null set, some values greater than 8 on a non-null set, but
that W  is a null set. Then Py 5)(¢) € H 1(Q) exactly takes the values o and 8 (outside a set of
zero measure). Hence VP g1(9) = 1y g)(¢) V9 = 0 and P )(¢) should be constant, since Q
is connected, which is a contradiction. Thus, Wy . has a non-zero measure. Since {x: ¢(x) +c €
(a,b)} O Wi, this gives O(c) > |W; | > 0.

Coming back to Item 3, let Q be a compact interval in (m,M). We know that ® > 0 on Q and ®
is lower semi-continuous. Hence ® reaches its minimum on Q and infp ® = @(cp) > 0 for some

co € Q. Since =0 a.e, r > infp ® a.e on Q and, I" being Lipschitz and [c, ] c o,

() —T(c) = / “Fs)ds > {igf@} (' o),

which establishes (5.4.54). The uniqueness of ¢* such that I'(¢*) = 0 follows from this inequality,
which shows that I" is strictly increasing on (m,M). O

Lemma 5.4.9 (Projection formulas for the controls). If p € H'(Q) is a co-state and ¢ € R is
such that fo P, g (—%l_y(x) +¢)dx = 0, then the continuous optimal control u in (5.2.2) can be
expressed in terms of the projection formula

1
u(x) = Py (—aﬁ(x) +E) . (5.4.55)

If Dis a GD and pp is chosen such that

1
][ Plap) (PM <__HDI_9D)> dx =0, (5.4.56)
Q o

then the discrete optimal control in (5.4.1) is given by
_ 1 _
up(x) = P[aﬂ P —aHDpD (x) . (5.4.57)
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Proof. Set p =p — ac. Clearly, p € H'(Q). The optimality condition for the control problem
(5.2.2c) implies
(p+ou,v—1u) >0 Vv € Uy,

since [pudx = [pvdx=0.SetU = P[a7b}(—(x_1[9) ie,

a onQ; ={xeQ: p(x)+alU(x) >0}
U=<(—-a'p onQy={xcQ: pkx)+al(x)=0}
b onQ_={xeQ: px)+al(x) <0}.

It is then straightforward to see that U € U,gq, i.e, U € [a,b] and f, U dx = 0 (by choice of ¢).
Then, using the definitions of Q. , Qpand Q_,sincev>a=Uon Qi andv<b=UonQ_,

(ﬁ—i—aU,v—U):/Q (F+aU)(v—U)dx+ | (5+aU)(v—U)dx

+/ (F+aU)(v—U)dx > 0.
Q_

Recall that the optimality condition is nothing but a characterisation of the L?(€) orthogonal
projection of —a~!p on U,q and, as such, defines a unique element % of U,q. We just proved
that U = P (—a~!p) satisfies this optimality condition, which shows that it is equal to 7. The
proof of (5.4.55) is complete.

The second relation follows in a similar way by noticing that, since controls are piecewise-
constants on M, (5.4.1c) is equivalent to (Prq(Ilppp) + Oty vy — p) > 0, for all vy, € Uag .
Also notice that, by definition of Py, and the assumption (5.4.56), P,y (’PM (—éflp]_)p)) €
Uad -

Remark 5.4.10. There is at least one adjoint pp such that (5.4.56) is satisfied: start from any
adjoint 1_9% and, by applying Lemma 5.4.8 (Item 2) to ¢ = PM(—a—lnm—a%) and by noticing
that ¢ + c* = Py (—a TIpp%) + ¢*, find ¢* such that pp = P — ac*1p satisfies (5.4.56).
Since the discrete co-state pp is a computable quantity, its average is easier to fix than the
average of the non-computable p. Hence, the projection relation (5.4.57) is the most natural
choice to express the discrete control uy, in terms of the discrete adjoint variable. This is the
choice made in the modified active set strategy presented in Subsection 5.5.1. Once this choice
is made, since p must have the same average as Ilppp for u defined in (5.4.23) to satisfy super-
convergence estimates, it is clear that Py, p) (— éﬁ) will not have a zero average in general. Hence,
if we want to express the continuous control in terms of p, we need to offset this p by the correct
c, as stated in the lemma.

Lemma 5.4.11 (Stability of the discrete states). Let D be a GD, (y,p,u) be a solution to (5.2.2)
and (p, pp,tn) be a solution to (5.4.1). Assume that {o, Ilppp dx = o pdx. Then

Mpyp|l + [Voypll + [Hopoll + IVoPoll < 1. (5.4.58)
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Proof. Let ¢ € H{™(Q). Take w = 0 in (5.3.7) to obtain Sp(¢9) < ||¢|| +||V¢|. By the Cauchy—
Schwarz inequality, using (5.3.6) and (5.3.1), for w € Xp,
/Q(prdiw +Vpw-¢)dx < [[pw|[[[dive[| + [|Vowl[|¢]]
< Cp|wlp (ldive[l + o).
With (5.3.8), this implies WSp(¢) < Cp (||dive || + ||¢]|)-
Therefore, for AVy € HJV(Q), the definition (5.3.11) of WSp leads to
WSp(¥) < IVl (o) + IdivAVY) [ + [[AVY]] S (Wl ) + [[div(AVY)[ S 1.
This along with Proposition 5.4.2 and Theorem 5.4.1 show that
IVoypll + [Mpyp|l < [Mpyp =¥l + [[Voyp — Vil S 1.
The result for the adjoint variable can be derived similarly and hence (5.4.58) follows. U

In the rest of this section, we establish O(h) estimates between the controls i, %, and their post-
processed versions u, uy,. These estimates justify that the post-processed controls are indeed
meaningful quantities.

A use of (5.4.23), (5.4.57), the Lipschitz continuity of Py, (A2) and Lemma 5.4.11 leads to the
following estimate between u;, and uy:

litn —7u4]| < & H|TipPp — Pam (Mppp) | S o 'hlIVoppll S @ . (5.4.59)
Let us now turn to estimating # — . The co-state p € H!(Q) in (5.2.2) is still taken such that
foPdx = folIpppdx. From Lemma 5.4.8, it follows that there exists a unique constant ¢ €

(m,M) such that fQP[ajb}(—él_y—kE)dx = 0, where m and M are defined as in Lemma 5.4.8.
Using Lemma 5.4.9 and recalling (5.4.23),

a(x) = Py (—ép(x)w) and  i(x) = Py (—éﬁM(x)) (5.4.60)

Starting from (5.4.60) and using the Lipschitz continuity of By, 5}, the assumption WSp(p) < h,
Corollary 5.4.7 and Proposition 5.4.2, we get a constant C depending only on «, f,y,;, P, ¥y and
u such that

[@—a) < o [Py —F+ae| S o [py— Bl + el

S o ' (|[pp — TPl + [Tppp — PIl) + ]
<y Ch+Iel. (5.4.61)

To estimate the last term in (5.4.61), recall the definition of I'(¢) from Lemma 5.4.8 for ¢ = o~ ' p.

1
F(C) = /QPMH (—a[_?+c) dx
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By choice of ¢, I'(¢) = 0. From Lemma 5.4.9, the choice of pp shows that

10)= [ o (~57) o=
= /Q (P[a,b] <—$1_9) ~ P <7’M (_énDT’D)» dx.

Let gp be the solution to (5.4.1b) with source term y —y, (that is, the solution to the GS for
the equation (5.2.2b) satisfied by p) such that {, IIpgp dx = foIIpppdx = f, pdx. Use the
Lipschitz continuity of P, ;), the Cauchy—Schwarz inequality, the triangle inequality, Remark
5.3.5, Proposition 5.3.6, (A2), Theorem 5.3.3 and Lemma 5.4.11 to obtain

1_ | R
A Pla ) (—ap) — Py (PM (_&HDPD>> ’dx

To) < |

Sa ! [p—Pu(Mppp)||

S a7 ![p—Tpgpl|| + o~ |Tipgp —ppp || + &~ |[Mppp — P (Tppp) ||

S o' (WSp(p) +a ||y~ Tpypl| +4[Vopopl|)

< (WSp(p) +WSp(y) +4llVoppl) S o 'h. (5.4.62)
Let m, M be as in Lemma 5.4.8 for ¢ = o~ 5. Relation (5.4.62) shows that a|Q| < T'(0) < b|Q]|
if & is small enough; hence, in this case, 0 € (m,M). There is therefore a compact interval Q in

(m,M) depending only on p such that 0 and ¢ belong to Q. Without loss of generality, assume
that ¢ > 0. A use of Lemma 5.4.8 leads to

I(c) - T(0) > poe.

where pp > 0. This implies 0 < < a~'1/pg, using (5.4.62) and the fact that I'(¢) = 0. Combine
this with (5.4.61) to deduce

1
la—al <, (c+ O‘—) h. (5.4.63)
Po

5.5 Numerical experiments

In this section, we first present the modified active set strategy. This is followed by results of
numerical experiments for conforming, non-conforming and mimetic finite difference methods.

5.5.1 A modified active set strategy

The interest of choosing an adjoint given by (5.4.56) is highlighted in Lemma 5.4.9: we have
the projection relation (5.4.57) between the discrete control and adjoint. Such a relation is at
the core of the (standard) active set algorithm [109]. For a detailed analysis of this method, see
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[10, 11, 79]. Here, a modified active set algorithm that enforces the proper zero average condition
is proposed, and thus the proper relation between discrete adjoint and control.

First notice that, when selecting the pp such that (5.4.56) holds, the KKT optimality conditions
(5.4.1) can be rewritten as: Seek (Yp, Pp, i) € Xp X Xp X Uaq 5, such that

ap(yp,wp) +p (]éHDyD dx) (]éHDWD dx)

= (wp+ f,pwp)  Vwp € Xp, (5.5.1a)

ap(zp,Pp) +p (]gp[a,b] [Pv(—a'Tppp)] d.x) (]énDZD dx)
= (Ipyp — ¥4, pzp) Vzp € Xp, (5.5.1b)
(Ippp + Ay, vy —up) 20 Vvy € Unap, (5.5.1¢)

where p > 0 is constant.

Set fi, = — (o 'TIppp +1y). As the original active set strategy [109], the modified active set
strategy is an iterative algorithm. As initial guesses, two arbitrary functions, u2, /.L}? are chosen.
In the nth step of the algorithm, define the set of active and inactive restrictions by

Agn(®) = {x o™ () + ™ (x) <a, Ap(x) = g (x) + g~ (x) > b},

B = Q\ (Agn UAL )
If

-1 —1
uf — ), |lz=() TIpph —pph  [l1=(q) 10
X n—1 ’ n—1 <10 ’
)y () ITIpph  lli=(a)
then terminate the algorithm. In this case, we notice that the relative L™ difference between

pr”D_l and IIpy’, is less than 10~ for all examples in Section 5.5.2. Else we find ¥p, Pp and
uy, solution to the system

ap(yp,wp) +p (]éznpyrzl) dx> (]éHDWD dx>

= (up + f,MIpwp) Ywp € Xp, (5.5.22)
ap(zp,Pp) +p (]ép[a,b] [Pu(—a 'Tpph)] dx) <]£2sz1> dx)
= (Ipyp — ¥4, lpzp)  Vzp € Xp, (5.5.2b)
a onAZ’h
u = Pm(—o Tipp},)  on I} (5.5.2¢)
b on A} .

The above algorithm consists of non-linear equations. It can however be approximated by a
linearized system in the following way, thus leading to the final modified active set algorithm.
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Instead of solving (5.5.2), solve

ap(yp,wp) +p (J{)HDY% dx) (]éHDWD dx)

= (up+ f,.IIpwp)  VYwp € Xp, (5.5.3a)
ap(zp,pp) +p (]é IIppp dx) (]éHDZD dx)
= (Ipy}p — ¥4, pzp) +pSh ' Vzp € Xp, (5.5.3b)
a on AZh
up = ’PM(—a*IHDp"D_l) on I} (5.5.3¢)
b onAj},,

where

sl = (]éHDZD dx) <]£2 {Tpply ! — Py [Pu(—a Tppy H]} dx) :

Note that (5.5.3c) can be re-written in the following more commonly used form:
i+ (1=, — 14, ) @ Tpply = T2 ya+ T,

where ]IZ7 , and ]IZ7 ,, denote the teristic functions of the sets AZ7 , and AZ/ , Tespecively.

Remark 5.5.1. The convergence analysis of the proposed algorithm is a plan for future study.
However, if (Ipy’, Ipph) converges weakly to (Ilpyp,Ippp) in H'(Q) and u}} converges to
u,in Lz(Q), then the solution to (5.5.3) converges to the solution of (5.5.1) as n — oo.

5.5.2 Examples

In this section, examples for the numerical solution of (5.1.1) are illustrated. Three specific
schemes are used for the state and adjoint variables: conforming finite element method, non-
conforming (ncP) finite element method and hybrid mimetic mixed (HMM) method. All three
are GDMs with gradient discretisations with bounds on Cp, order & estimate on WSp, and sat-
isfying assumptions (A1)—-(A4), and (5.4.49) on quasi-uniform meshes; see [48], Chapter 4 and
Remark 5.3.4.
The control variable is discretised using piecewise constant functions on the corresponding meshes.
The discrete solution is computed using the modified active set algorithm mentioned in Subsec-
tion 5.5.1 with zero as an initial guess for both # and u. Here, U, and Y, denote the average
values of the computed control %), and the reconstructed state solution IIpyp respectively. Let ni
denote the number of iterations required for the convergence of the modified active set algorithm,
and f, denote the numerical average of the source term f calculated using the same quadrature
rule as in the implementation of the schemes, i.e,

fo= g X, IKIfGER).

KeM
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where Xx denotes the center of mass of the cell K. This numerical average enables us to evaluate
the quality of the quadrature rule for each mesh; in particular, since f has a zero average, any
quantity of the order of f, can be considered to be equal to zero, up to quadrature error. The
relative errors are denoted by

. |Tpyp =l . |IVpyp — V3
errp(y) := — , errp(Vy) i =—————
13l IVl
- Ippp — Dl — |Vopp — V|
errp(p) := — , errp(Vp)i=—=—",
Izl VDl
err() := —“uﬁﬁ_ﬂu“ , and err(u):= —H”ﬁﬁ_H”H

The data in the optimal control problem (5.1.1) are chosen as follows:

y =2cos(mx)cos(my), P = 2cos(mx)cos(my),
a=1, Uq=lab], u=P,,(-p+c),

where ¢ is chosen to ensure that f, % dx = 0. The matrix-valued function is given by A = Id unless
otherwise specified. The source term f and the desired state y,; are then computed using

f=-Ay—u, y;=y+Ap.
Example 1 :

Q=012 p=10%a=—1,b=1.

Consider the computational domain Q = (0,1)%. We have p(x,y) = —p(1 —x,y) and, since Py
is odd, P_y jj(=p)(1 —x,y) = —P_; 1j(=P)(x,y). Integrating this relation over Q shows that
Py 1)(—P) has a zero average and thus, by Lemma 5.4.9, that ¢ = 0. Hence, u = P_; ;) (—P).

Conforming FEM: The discrete solution is computed on a family of uniform grids with mesh
1

sizes h = 5;,i = 2,...,0. Due to the symmetry of the mesh and of the solution, approximate
solutions are also symmetric and thus have zero average at an order compatible with the stopping
criterion in the active set algorithm (the discrete solutions of (5.4.1) are only approximated by
this algorithm), see Table 5.1. As also seen in this table, the number of iterations of the modified
active set algorithm remains very small, and independent on the mesh size. The error estimates
and the convergence rates of the control, the post-processed control, the state and the adjoint
variables are presented in Table 5.2. The numerical results corroborate Theorem 5.4.1, Theorem
5.4.5 and Corollary 5.4.7.

Non-Conforming FEM: For comparison, the solutions of the nclP; finite element method on the
same grids are computed. As for conforming FEM, the symmetry of the problem ensures that the
approximation solutions have a zero average at an order dictated by the stopping criterion used in
the active set algorithm. The results in Tables 5.3 and 5.4 are similar to those obtained with the

conforming FE.

157



Table 5.1: Example 1, conforming FEM

h U, fa Y, ni
0.250000 | 0.002752x10~ | 0.20699x 10~ | -0.008396x 10~ | 2
0.125000 | -0.008049x 10713 | 0.20912x10~1* | -0.004684x 1013 | 3
0.062500 | -0.001370x10~13 | 0.20548x 104 | 0.010486x10"13 | 3
0.031250 | -0.032432x10713 | 0.21299%x 104 | 0.050725x10"13 | 3
0.015625 | -0.917129x 10713 | 0.20367x10~1* | -0.495753x10"13 | 3

Table 5.2: Convergence results, Example 1, conforming FEM

h errp(¥) | Order || errp(Vy) | Order || errp(p) | Order
0.250000 || 0.325104 - 0.293424 - 0.333213 -
0.125000 || 0.086450 | 1.9110 || 0.129922 | 1.1753 | 0.089153 | 1.9021
0.062500 || 0.022176 | 1.9628 || 0.064767 | 1.0043 | 0.022967 | 1.9567
0.031250 || 0.005591 | 1.9879 || 0.032578 | 0.9914 | 0.005798 | 1.9860
0.015625 || 0.001402 | 1.9960 || 0.016337 | 0.9958 | 0.001453 | 1.9960

h errp(Vp) | Order err (@) Order err(ut) Order
0.250000 || 0.300144 - 0.464300 - 0.222006 -
0.125000 || 0.131070 | 1.1953 || 0.254036 | 0.8700 || 0.065430 | 1.7626
0.062500 || 0.064930 | 1.0134 || 0.126358 | 1.0075 || 0.016668 | 1.9728
0.031250 || 0.032599 | 0.9941 || 0.063453 | 0.9938 || 0.004226 | 1.9797
0.015625 || 0.016339 | 0.9965 || 0.031778 | 0.9977 || 0.001047 | 2.0136

Table 5.3: Example 1, ncP;FEM

h U, fa Y, ni
0.250000 | -0.003919x 10~ | 0.206991x 10~ | 0.000518x10"2 | 3
0.125000 | -0.067706x10~13 | 0.209121x10~1* | -0.003856x10~!2 | 3
0.062500 | 0.030900x10~13 | 0.205478x10~'* | 0.017217x10"'2 | 3
0.031250 | -0.075427x 10713 | 0.212989x10~14 | -0.041154x1012 | 3
0.015625 | -0.187208x 10713 | 0.203674x10~1* | 0.933499x10712 | 3

HMM scheme: This scheme was tested on a series of regular triangular meshes from [74] where
the points P (see [51, Definition 2.21]) are located at the center of mass of the cells. These
meshes are no longer symmetric and thus the symmetry of the approximate solution is lost. Zero
averages are thus obtained up to quadrature error, see Table 5.5. It has been proved in [22, 54]
that the state and adjoint equations enjoy a super-convergence property in L> norm for such a
sequence of meshes; hence, as expected from Theorem 5.4.5, so does the scheme for the entire
control problem after post-processing of the control. The errors in the energy norm and the L?
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Table 5.4: Convergence results, Example 1, nclP; FEM

h errp(¥) | Order || errp(Vy) | Order || errp(p) | Order
0.250000 || 0.148286 - 0.409750 - 0.146306 -
0.125000 || 0.033274 | 2.1559 || 0.189599 | 1.1118 || 0.033499 | 2.1268
0.062500 || 0.008134 | 2.0324 || 0.093105 | 1.0260 || 0.008122 | 2.0443
0.031250 || 0.002023 | 2.0077 || 0.046348 | 1.0064 || 0.002025 | 2.0036
0.015625 || 0.000505 | 2.0019 || 0.023148 | 1.0016 || 0.000505 | 2.0041

h errp(Vp) | Order err(n) Order err(ut) Order
0.250000 || 0.408120 - 0.473176 - 0.284795 -
0.125000 || 0.189770 | 1.1047 || 0.250457 | 0.9178 || 0.071206 | 1.9999
0.062500 || 0.093102 | 1.0274 || 0.126078 | 0.9902 || 0.017716 | 2.0069
0.031250 || 0.046349 | 1.0063 || 0.063407 | 0.9916 || 0.004440 | 1.9965
0.015625 || 0.023149 | 1.0016 || 0.031770 | 0.9970 || 0.001109 | 2.0007

norm, together with their orders of convergence, are presented in Table 5.6.

Table 5.5: Example 1, HMM

h U, fa Y, ni
0.250000 | -0.016326 | 0.016324 | -0.017271
0.125000 | -0.005300 | 0.005300 | -0.004968
0.062500 | -0.001503 | 0.001503 | -0.001277
0.031250 | -0.000352 | 0.000352 | -0.000321

W W M

Table 5.6: Convergence results, Example 1, HMM

h errp(y) | Order || errp(Vy) | Order || errp(p) | Order
0.250000 || 0.025586 - 0.143963 - 0.033104 -
0.125000 || 0.006764 | 1.9194 || 0.070970 | 1.0204 || 0.010044 | 1.7207
0.062500 || 0.001709 | 1.9847 || 0.035358 | 1.0052 || 0.002443 | 2.0397
0.031250 || 0.000429 | 1.9958 || 0.017663 | 1.0013 || 0.000619 | 1.9811

h errp(Vp) | Order err(u) Order err(u) Order
0.250000 || 0.144012 - 0.214573 - 0.034890 -
0.125000 || 0.070972 | 1.0209 || 0.109352 | 0.9725 || 0.009603 | 1.8613
0.062500 || 0.035359 | 1.0052 || 0.055045 | 0.9903 || 0.002403 | 1.9989
0.031250 || 0.017663 | 1.0013 || 0.027551 | 0.9985 || 0.000605 | 1.9893

For all three methods (conforming P; FEM, ncP’; FEM and HMM)), the theoretical rates of con-
vergence are confirmed by the numerical outputs. Without post-processing, an O(h) conver-
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gence rate is obtained on the controls, which validates Theorem 5.4.1. With post-processing of
the controls, the order of convergence of Theorem 5.4.5 is recovered. We also notice that the
super-convergence on the state and adjoint stated in Corollary 5.4.7 is confirmed, provided that
the exact state and adjoint are properly projected (usage of the functions ¥, and p v, in errp(y)
and errp(p)).

Remark 5.5.2. As seen in Table 5.5, the modified active set algorithm converges in very few
iterations if p = 107%. We however found that, if p = 1, the modified active set algorithm no
longer converges. Further work will investigate in more depth the convergence analysis of the
modified active set algorithm, to understand better its dependency with respect to p.

Example 2 :

A=100Id, Q= (0,1, p=102a=—-1,b=1.

In this subsection, some numerical results for the control problem defined on the unit square
domain Q = (0,1)% and A = 100/d are presented. As explained in Example 1,a = —1 and b = 1
imply ¢ = 0.

Conforming FEM: The details of active set algorithm for the conforming finite element method
are provided in Table 5.7. As expected, the symmetries of the problem provide approximate
solutions with a nearly perfect average. For such grids, we obtain super-convergence result for
the post-processed control. The errors between the true and computed solutions are computed for
different mesh sizes and presented in Table 5.8. They still follow the expected theoretical rates,
and the number of iterations of the active set algorithm remain small.

Table 5.7: Example 2, conforming FEM

h U, fu Y, ni
0.250000 | 0.002280x 10T | 0.209361x10~ 12 | 0.009117x10~ 1T | 2
0.125000 | 0.018065x10~!1 | 0.209375x107!2 | 0.024496x10" ' | 3
0.062500 | 0.027564x10~ | 0.209400x10~12 | -0.012778x 10711 | 3
0.031250 | -0.103755x 10~ | 0.209420x 10712 | -0.028850x10~!1 | 3
0.015625 | -0.168277x 10711 | 0.209297x 10712 | 0.624160x10~1! | 3

Non-Conforming FEM: The results, presented in Tables 5.9 and 5.10, are similar to those for
the conforming FEM.

HMM scheme: The results are presented in Tables 5.11 and 5.12. They are qualitatively similar
to those for Example 1. As mentioned before, the algorithm is not convergent for p = 1.

Example 3 :

Q=(0,1)2,p=10"% a= —0.5, b = 1. In this case, since Py p) is no longer odd, P, ) (—p) no
longer has a zero average and, to compute errp (i), we need to find ¢ such that f, P[a,b](—ﬁ+
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Table 5.8: Convergence results, Example 2, conforming FEM

h errp(¥) | Order || errp(Vy) | Order || errp(p) | Order
0.250000 || 0.328223 - 0.296014 - 0.328304 -
0.125000 || 0.087182 | 1.9126 | 0.130232 | 1.1846 || 0.087209 | 1.9125
0.062500 || 0.022409 | 1.9600 || 0.064814 | 1.0067 | 0.022417 | 1.9599
0.031250 || 0.005653 | 1.9870 | 0.032584 | 0.9921 || 0.005655 | 1.9870
0.015625 || 0.001417 | 1.9963 || 0.016338 | 0.9960 || 0.001417 | 1.9963

h errp(Vp) | Order err(n) Order err(ut) Order
0.250000 || 0.296080 - 0.463836 - 0.218080 -
0.125000 || 0.130243 | 1.1848 || 0.253857 | 0.8696 || 0.064390 | 1.7600
0.062500 || 0.064816 | 1.0068 || 0.126333 | 1.0068 || 0.016358 | 1.9768
0.031250 || 0.032584 | 0.9922 || 0.063449 | 0.9936 || 0.004145 | 1.9807
0.015625 || 0.016338 | 0.9960 || 0.031778 | 0.9976 || 0.001026 | 2.0139

Table 5.9: Example 2, ncP;FEM

h U, fa Y, ni
0.250000 | -0.000977x10~10 | 0.209361x 1012 | 0.000739 x10~10 | 3
0.125000 | -0.006518x 10710 | 0.209375%x10~'2 | -0.000960x 1010 | 3
0.062500 | -0.004320x 10710 | 0.209400x10~'2 | 0.002330x10°10 | 3
0.031250 | -0.007236x 10710 | 0.209420 x10~'2 | 0.054029 x10~10 | 3
0.015625 | 0.346321x10710 | 0.209297x10~12 | 0.276914 x10~10 | 3

Table 5.10: Convergence results, Example 2, ncP; FEM

h errp(y) | Order || errp(Vy) | Order || errp(p) | Order
0.250000 || 0.148286 - 0.409750 - 0.148262 -
0.125000 || 0.033263 | 2.1564 || 0.189599 | 1.1118 | 0.033265 | 2.1561
0.062500 || 0.008131 | 2.0324 || 0.093105 | 1.0260 || 0.008131 | 2.0325
0.031250 || 0.002022 | 2.0077 | 0.046348 | 1.0064 || 0.002022 | 2.0076
0.015625 || 0.000505 | 2.0019 || 0.023148 | 1.0016 | 0.000505 | 2.0019

h errp(Vp) | Order err(u) Order err(u) Order
0.250000 || 0.409732 - 0.473136 - 0.286537 -
0.125000 || 0.189600 | 1.1117 || 0.250390 | 0.9181 || 0.071004 | 2.0128
0.062500 || 0.093105 | 1.0260 || 0.126079 | 0.9899 || 0.017719 | 2.0026
0.031250 || 0.046348 | 1.0064 || 0.063407 | 0.9916 || 0.004439 | 1.9970
0.015625 || 0.023148 | 1.0016 || 0.031770 | 0.9970 || 0.001109 | 2.0004

¢)dx = 0. This ¢ can be found by a bisection method, by computing the averages on a very
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Table 5.11: Example 2, HMM

h U, fa Y, ni
0.250000 | -1.000000 | 1.817180 | 81.718002 | -
0.125000 | -0.528617 | 0.523335 | -0.528289 | 6
0.062500 | -0.136036 | 0.134678 | -0.135812 | 5
0.031250 | -0.034208 | 0.033866 | -0.034178 | 5
Table 5.12: Convergence results, Example 2, HMM
h errp(y) Order || errp(Vy) | Order || errp(p) | Order
0.250000 || 81.717083 - 0.143996 - 392673.3 -
0.125000 || 0.528572 | 7.2724 || 0.070971 | 1.0207 || 0.876152 | 18.7737
0.062500 || 0.135884 | 1.9597 || 0.035359 | 1.0052 || 0.216641 | 2.0159
0.031250 || 0.034196 | 1.9905 || 0.017663 | 1.0013 | 0.054238 | 1.9979
h errp(Vp) | Order err(u) Order err(u) Order
0.250000 || 0.143987 - 1.686504 - 1.691346 -
0.125000 || 0.070970 | 1.0207 || 0.878849 | 0.9403 || 0.874778 | 0.9512
0.062500 || 0.035358 | 1.0052 || 0.237129 | 1.8899 || 0.230873 | 1.9218
0.031250 || 0.017663 | 1.0013 || 0.064673 | 1.8744 || 0.058612 | 1.9778

Table 5.13: Example 3, conforming FEM

thin mesh and bisecting until we find a proper ¢. Using a mesh of size 2~ = 0.00195, we find
¢~ —0.24596797.

Conforming FEM: The numerical results obtained using conforming finite element method are
shown in Tables 5.13 and 5.14 respectively. Since there is a loss of symmetry, the approximate
solutions have zero averages only up to quadrature error (compare U, and f, in Table 5.13). Here,
it is observed that the modified active set algorithm converges only when p < 10~!. When it does,
though, the number of iterations remain very small. As in Examples 1 and 2, the theoretical rates
of convergence are confirmed by these numerical outputs.

h U, fa Y, ni
0.250000 | 0.0020160 | -0.0020160 | 0.201602x10~° | 4
0.125000 | 0.0055595 | -0.0055595 | 0.555952x107° | 4
0.062500 | -0.0004794 | 0.0004795 | -0.047944x107° | 4
0.031250 | 0.0001470 | -0.0001470 | 0.014705x1076 | 5
0.015625 | -0.0000136 | 0.0000136 | -0.001362x107¢ | 5
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Table 5.14: Convergence results, Example 3, conforming FEM

h errp(¥) | Order || errp(Vy) | Order || errp(p) | Order
0.250000 || 0.325266 - 0.293567 - 0.346894 -
0.125000 || 0.086733 | 1.9070 || 0.130041 | 1.1747 || 0.097046 | 1.8378
0.062500 || 0.022291 | 1.9601 || 0.064790 | 1.0051 || 0.025081 | 1.9521
0.031250 || 0.005624 | 1.9868 || 0.032581 | 0.9917 || 0.006219 | 2.0117
0.015625 || 0.001410 | 1.9963 || 0.016337 | 0.9959 || 0.001569 | 1.9865

h errp(Vp) | Order err(n) Order err(ut) Order
0.250000 || 0.300149 - 0.466701 - 0.234197 -
0.125000 || 0.131075 | 1.1953 || 0.268982 | 0.7950 || 0.064265 | 1.8656
0.062500 || 0.064931 | 1.0134 || 0.138258 | 0.9602 || 0.016053 | 2.0012
0.031250 || 0.032599 | 0.9941 || 0.069620 | 0.9898 || 0.003996 | 2.0064
0.015625 || 0.016339 | 0.9965 || 0.034944 | 0.9945 || 0.001002 | 1.9950

Non-Conforming FEM: The results are similar to those obtained with the conforming FEM (see
Tables 5.15 and 5.16).

Table 5.15: Example 3, nclP; FEM

h U, fa Y, ni
0.250000 | 0.002016 | -0.002016 | 0.0201601x10~>
0.125000 | 0.005560 | -0.005559 | -0.1301803x 1073
0.062500 | -0.000480 | 0.000479 | -0.0017424x1073
0.031250 | 0.000147 | -0.000147 | 0.0011093x107>
0.015625 | -0.000014 | 0.000014 | -0.0001436x 1073

(U, NV, BN, P, I N

HMM scheme: Tables 5.17 and 5.18 show that the HMM scheme behave similarly to the FEMs.

Note that, here too, the convergence of the modified active set algorithm is only observed if
p <1071
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Table 5.16: Convergence results, Example 3, nclP; FEM

h errp(¥) | Order || errp(Vy) | Order || errp(p) | Order

0.250000 || 0.148286 - 0.409750 - 0.141781 -
0.125000 || 0.033270 | 2.1561 || 0.189600 | 1.1118 || 0.032889 | 2.1080
0.062500 || 0.008133 | 2.0324 || 0.093105 | 1.0260 || 0.008041 | 2.0322
0.031250 || 0.002022 | 2.0077 || 0.046348 | 1.0064 || 0.001994 | 2.0118
0.015625 || 0.000505 | 2.0019 || 0.023148 | 1.0016 || 0.000498 | 2.0015

h errp(Vp) | Order err(n) Order err(ut) Order

0.250000 || 0.408120 - 0.494425 - 0.269888 -
0.125000 || 0.189770 | 1.1047 || 0.269866 | 0.8735 || 0.080165 | 1.7513
0.062500 || 0.093102 | 1.0274 || 0.138223 | 0.9652 || 0.019967 | 2.0054
0.031250 || 0.046349 | 1.0063 || 0.069625 | 0.9893 || 0.005091 | 1.9715
0.015625 || 0.023149 | 1.0016 || 0.034941 | 0.9947 || 0.001283 | 1.9883

Table 5.17: Example 3, HMM

h U, fa Y. ni
0.250000 | -0.019043 | 0.019041 | -0.017271
0.125000 | -0.005459 | 0.005459 | -0.004968
0.062500 | -0.001300 | 0.001300 | -0.001277
0.031250 | -0.000331 | 0.000331 | -0.000321

WL L L D

Table 5.18: Convergence results, Example 3, HMM

h errp(¥) | Order || errp(Vy) | Order || errp(p) | Order

0.250000 || 0.026037 - 0.144014 - 0.055044 -
0.125000 || 0.006841 | 1.9284 || 0.070972 | 1.0209 || 0.013361 | 2.0425
0.062500 || 0.001728 | 1.9853 || 0.035359 | 1.0052 || 0.003342 | 1.9995
0.031250 || 0.000433 | 1.9956 || 0.017663 | 1.0013 || 0.000843 | 1.9869

h errp(Vp) | Order err(@) Order err(ut) Order

0.250000 || 0.144013 - 0.237647 - 0.050184 -
0.125000 || 0.070972 | 1.0209 || 0.120112 | 0.9844 || 0.013482 | 1.8962
0.062500 || 0.035359 | 1.0052 || 0.061226 | 0.9722 || 0.003468 | 1.9586
0.031250 || 0.017663 | 1.0013 || 0.030583 | 1.0014 || 0.000872 | 1.9916

164




Chapter 6

Numerical approximation of optimal
control problems using the Hessian
discretisation method

6.1 Introduction

This chapter deals with the numerical approximation of optimal control problems governed by
fourth order linear elliptic equations with clamped boundary conditions using the Hessian dis-
cretisation method. The HDM, an abstract framework that covers several numerical schemes
and establishes convergence analysis for fourth order linear and semi-linear elliptic PDEs, is
discussed in Chapters 2 and 3.

The HDM for fourth order linear elliptic equations is a generic convergence analysis framework
based on a set of four discrete elements known as a Hessian discretisation and three core prop-
erties namely, coercivity, consistency and limit-conformity of Hessian discretisation. Some ex-
amples of schemes that fit into the HDM framework are the conforming finite element methods,
the Adini and Morley non-conforming finite element methods, the finite volume methods and a
method based on gradient recovery (GR) operators. A generic error estimate is established in L2,
H' and H?-like norms in the HDM framework in Section 2.4. Also, improved L? and H'-like
error estimates compared to that in the energy norm in the abstract setting are derived in Sections
2.5 and 2.6. Under regularity assumption, the improved L? estimate provides a quadratic rate of
convergence for the FEMs, the Adini and Morley ncFEMs and the GR methods (see Proposition
2.5.4).

The problems described by fourth order linear elliptic equations arise from fluid mechanics and
solid mechanics such as bending of elastic plates [42]. In [64], a mixed formulation has been used
for the biharmonic control problem where the state variable is discretized in primal mixed form
using continuous piecewise biquadratic finite elements. In [73], a C? interior penalty method
has been analyzed and a discontinuous finite element method has been investigated in [40]. The
general fourth-order elliptic problem on polygonal domains with clamped boundary conditions

165



is considered in [72]. Error analysis for a stable C* interior penalty method is derived under
minimal regularity assumptions on the exact solution. To the best of our knowledge, the control
problem using the method based on gradient recovery operators and the finite volume methods
have not been studied in literature.

In this chapter, the optimal control problems governed by fourth order linear elliptic equations
are discretised using the Hessian discretisation method. The basic error estimates applied to the
control problems are established in a very generic setting with the help of three core properties
associated with the Hessian discretisation. As a result, for these problems, all the schemes enter-
ing the HDM framework converge, in particular, FEMs, Adini and Morley ncFEMs, FVMs and
GR methods. Under regularity assumption, for conforming FEMs, Adini and Morley ncFEMs,
and GR methods, the basic error estimate yields O(h) convergence for the control variable. Given
the control is discretised using piecewise constant functions, this rate is optimal. However, using
a post-processing step and following the ideas of Chapter 4 taking into account of the additional
challenges offered by fourth order problems, convergence rate can be improved to (’)(hz). Nu-
merical experiments are performed for the gradient recovery method and finite volume methods.
In the numerical implementation, the discretisation problem is solved using the primal-dual active
set strategy [109].

This chapter is organised as follows. Section 6.2 deals with the optimal control problem gov-
erned by fourth order linear elliptic equation with clamped boundary conditions and the Hessian
discretisation method for the optimal control problem. Section 6.3.1 establishes basic error esti-
mates for the control, state and adjoint variables in the HDM framework. The superconvergence
result is obtained in Section 6.3.2 using a post-processing step and under a few generic assump-
tions on the Hessian discretisation which are discussed in detail for conforming FEMs, Adini and
Morley ncFEMs, and GR methods. The numerical results for the gradient recovery method and
finite volume method are presented in Section 6.4.

6.2 The optimal control problem

Consider the distributed optimal control problem governed by fourth order linear elliptic equa-
tions defined by:

min J(u) subject to (6.2.1a)
UEUg
d
Z 8kl(a,~jkl8,-jy(u)) =f+Cu inQ, (6.2.1b)
ijkl=1
y(u) = ag(nu) =0 ondQ, (6.2.1c)

) .. 2 ) )
where Q C R is a bounded domain with boundary 9Q, dy; = ﬁ, u is the control variable and

y(u) is the state variable associated with u. The coefficients a;j; are measurable bounded func-
tions which satisfy the condition, a;jx; = ajixy = a;jix = aw;j for i, j,k,l =1,--- ,d and n is the unit
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outward normal to the boundary Q. The load function f belongs to L*>(Q), C € L(L*(®),L*(Q))
is a localization operator defined by Cu(x) = u(x)xe»(x), where X, is the characteristic function
of  C L2(Q).

1 _ o .
J(u) := Sy (u) —Vallf2 ) + o Il = a2 ) (6.2.2)
is the cost functional, o > 0 is a fixed regularization parameter, y, is the desired state variable

for y(u), iy € L?(w) is the desired control variable and U,y C L?(®) is a non-empty, convex and
closed admissible space of controls.

For a given u € U,g, the weak formulation of (6.2.1b)-(6.2.1c) seeks y = y(u) € Hg(Q) such that
Vw € H3(Q),

a(y(u),w) = /Q(f—i—Cu)wdx, (6.2.3)
where
d
a(z,w) = Z / a;j1 ;20w dx = / HBz : HPwdx with HBw = BHw.
ij =17 Q

As in Chapter 2, assume in the following that B is constant over €, and that the following coer-
civity property holds:

3p > 0 such that | H5v]| > p|[vllg2q) Vv € H(Q). (6.2.4)

Hence, (6.2.3) has a unique solution by the Lax—Milgram lemma.

The control problem (6.2.1) has a unique weak solution (y,%) € H&(Q) X Uyq and there exists an
adjoint state p € H3(Q) associated with (¥,%) such that the triplet (¥,p,u) € H(Q) x H3(Q) x
U,q satisfies the Karush-Kuhn-Tracker (KKT) optimality conditions [90]:

a(y,w) = (f +Cu,w) Vw e H3 (Q), (6.2.5a)
a(w,p) = (F—y,,w) VYwe H(Q), (6.2.5b)
(Cp+a(u—uy),v—u)>0 Vv e Uy. (6.2.5¢)

Note that the adjoint operator of C is denoted by C* and in this case, C* = C. Define P, ;) : R —
[a,b] by, for all s € R, P, (s) := min(b,max(a,s)). From the first order optimality condition
(6.2.5¢), the following pointwise relation hold true for a.e. x € Q [109, Theorem 2.28]:

C
u(x) = Py <ﬁd (x) — aﬁ) : (6.2.6)

6.2.1 The Hessian discretisation method for the control problem

Let D = (Xpo,Ip, VD,H%) be a B—Hessian discretisation for fourth order linear equations in
the sense of Definition 2.3.1. Let Uyg j, = Uag N Uy, Where Uj, is a finite-dimensional subspace of
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L?>(w). Given a B-Hessian discretisation D, the corresponding Hessian scheme for (6.2.5) seeks
(Yp» Pp-tn) € Xp,o X Xp o X Uy, satistying the KKT optimality conditions [90]:

ap(yp,wp) = (f + Cup,IIpwp) Vwp € Xp., (6.2.7a)
ap(wp,pp) = (IIpyp — 4, pwp) Vwp € Xp o, (6.2.7b)
(Clppp + oty —g), vy, — Uy) > 0 Vv, € Una s (6.2.7¢)

where
ap(yp,wp) = /Q”H%yp : H%WD dx.

As in the continuous case, existence and uniqueness of a solution to (6.2.7) follows from standard
variational theorems [90, 109].

Some examples of Hessian discretisation method are the conforming FEMs, the Adini and Morley
nonconforming FEMs, the methods based on gradient recovery operators and the finite volume
methods, see Chapter 2 for more details.

6.3 Basic error estimate and super-convergence

This section is devoted to the basic error estimate and super-convergence results for the HDM
applied to the control problem. The basic error estimate provides a linear rate of convergence on
the control problem for the finite element methods and the methods based on gradient recovery
operator. However, the superconvergence result can be obtained under a superconvergence as-
sumption on the state and adjoint equations and some additional assumptions. The proofs of the
results stated in this section follow by adapting the corresponding proofs in Chapter 4 to accounts
for the Hessian discretisation method.

6.3.1 Basic error estimate for the control problem

Recall the measures associated with the HD from Chapter 2, namely coercivity (C%), consistency
(S%) and limit-conformity (Wg) defined by (2.4.1)-(2.4.3). Also, recall the definition (2.5.3) of
WSE, that is, for ¢ € H?(Q) with Ho € H(Q),

WSS (0) := WH(H) + S5 (9).

The following proposition enables to establish the basic error estimates for the control problem.
For that, let D = (Xp ,I1p, Vp) be a HD in the sense of the Definiton 2.3.1. If F € L*(Q), recall
the related Hessian scheme for linear elliptic problem

d
Y, Ou(ajudijv)=F inQ,
i7j7k7l:1



seeks yp € Xp o such that, for all wp € Xp 9,

ap(l,tlp,wD) = (F,HDWD). (631)

Proposition 6.3.1 (Stability of Hessian schemes). If yp is the solution to the Hessian scheme
(6.3.1), then

[Hpwol <CRIF|l, [Vowpl < (CB’IFI and |Opwp| <(CH?(IF|l.  (63.2)
Proof. A choice of wp = yp in (6.3.1) and the definition of C% given by (2.4.1) lead to

IHDwol? < IFIlITowp|l < CBIFIHDwoll.

Hence the first inequality in (6.3.2) follows. The remaining two estimates follows from the defi-
nition of C% in (2.4.1). [

The notation X < Y means that X < CY for some C depending only on Q, p and an upper bound
of C% defined by (2.4.1).

As in Chapters 4, Prj, : L?(Q) — U, denotes the L? orthogonal projector on Iy, for the standard
scalar product. The following theorem establishes basic error estimates for the control problem
in the framework of HDM.

Theorem 6.3.2 (Control estimate). Let D be a Hessian discretisation in the sense of Definition
2.3.1, (y,p,u) be the solution to (6.2.5) and (yp, Pp,uy) be the solution to (6.2.7). Assume that

Prj,(Uad) C Uad - (6.3.3)
Then,
Volu—m| S vala ' p—Pr(ap)| + (Vo+1)|[u — Pry|
_ _ 1 _ _ (6.3.4)
+ vV al[ig —Pryiig|| + ﬁws%(lﬂ) +WSH(3).
Proof. The proof follows by recalling Remark 4.3.3, the KKT optimality system (6.2.5¢) and
(6.2.7¢), Proposition 6.3.1 and Theorem 2.4.4. ]

Remark 4.3.3 shows that the basic error estimates for the control problem using the GDM (for
second order problems) and HDM (for fourth order problems) do not depend on the order of the
PDEs. This is one of the major advantages of carrying out the analysis in the generic GDM and
HDM framework.

The following proposition establishes error estimates for the state and adjoint variables. The
proof is similar to that of Proposition 4.3.4 and is skipped.

Proposition 6.3.3 (State and adjoint error estimates). Let D be a HD, (y,p,u) be the solution to
(6.2.5) and (Yp, pp,uy) be the solution to (6.2.7). Then the following error estimates hold:

IMpyp =3 + |Voyp — VIl + [|[HEYp — HEF|| < || — ]| + WSE(), (6.3.5)
IDppp — Pl + |VoPp — VB + | HEPp — HEP| S o — | + WS () + WSE(P). (6.3.6)
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Remark 6.3.4 (Rates of convergence for the control problem). Recalling Remark 2.4.15, un-
der sufficient smoothness assumption on Ty, if (v,p,u) € H*(Q)? x H'(Q) and Uy, is made of
piecewise constant functions then (6.3.4), (6.3.5) and (6.3.6) give linear rates of convergence for
low-order conforming FEMs, ncFEMs and gradient recovery methods. Also for the finite volume
method, Theorem 6.3.2 and Proposition 6.3.3 provide an O(h'/*|In(h)|) (in dimension d = 2) or
(’)(h3/13) (in dimension d = 3) error estimate.

6.3.2 Super-convergence for post-processed controls

In this section, a super-convergence result for the HDM applied to control problem by imposing
additional assumptions (A1)-(A4) is presented. The post-processing step establishes a super-
convergence result for the control variable by following the ideas of Chapter 4. These assump-
tions cover for example, the conforming FEMs, the Adini and Morley ncFEMs, and the GR
methods. Let M be a mesh of €, that is a finite partition of Q into polygonal/polyhedral cells
(Definition 1.4.1) such that each cell K € M is star-shaped with respect to its centroid Xg. As-
sume that @ is a polygonal/polyhedral domain such that M, yields a mesh for @. The admissible
set of controls Uyg 1s given by

Ug={uecl?(w):a<u<bae.l. (6.3.7)

The control variable is discretised by piecewise constant functions on this partition and is given
by
Uy={v:Q—R:VK€EM,vis a constant}. (6.3.8)

Recall the projection operator Py, : L'(Q) — U), (orthogonal projection on piecewise constant
functions on M) associated with the superconvergence result from Chapter 4, that is,

weL'(Q), VKEM, (Puv)k ::]é(vdx.

Let us impose the following assumptions in order to obtain superconvergence result. These are
an extension of the assumptions for GDM explained in Chapter 4 (see Section 4.3.2) to HDM.
The discussion on the assumptions for HDM are also stated in this section.

(A1) [Approximation error] For each w € H?(Q), there exists wq € L?>(Q) such that:

i) If w € H*(Q) N H3(Q) solves sz’k./l:l Ot (aiji10ijw) = g € L*(Q), and wop is the solution
to the corresponding HS, then

ITpwp —wadll S Algll. (6.3.9)
ii) For any w € H*(Q), it holds
Yp € Xpo, |(w—wae, Tpvp)| S W Tpvopl| w20 (6.3.10)
and
1P (w—wan)ll S (wllg2(q)- (6.3.11)
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(A2) [Projection estimate] The estimate ||[Ipvp — P (Tlpvp)|| S Al|HEvp || holds for any vp €
XD_‘().

(A3) [Discrete Sobolev imbedding] For all vp € Xp o, it holds
ITpvpllz=9) S |HDvD -

The last assumption is identical to the assumption (A4) in Chapter 4: using the notation Q
defined there,

(Ad) Q) m| Shand g, € W= (My).

The post-processed continuous and discrete controls are defined by

~ C ~ C
u(x) = Py (’PMﬁd(x) - al_?M) , up(x) = Py ('PMﬁd(x) - EHDI_?D) (6.3.12)

where P, is defined as in (A1).

The assumptions (A1)-(A3) for the conforming FEMs, the Adini and Morley ncFEMs, and the
method based on GR operators are discussed below. See Chapter 4 for a discussion on (A4).

Conforming FEMs

For the conforming FEMs, super-convergence result (6.3.9) for elliptic equations usually holds
with wys = w (see Proposition 2.5.4). In that case, (6.3.10) and (6.3.11) are trivially satisfied.
Assumption (A2) then follows from a simple Taylor expansion and using the definition of C%.
The discrete Sobolev embedding (A3) is straightforward for the conforming FEM using the con-
tinuous Sobolev embedding H?(Q) — L=(Q).

Nonconforming FEMs

As in the conforming FEMs, the superconvergence result (6.3.9) for the Adini and Morley ncFEMs
is satisfied by taking w s = w (Proposition 2.5.4). Then (6.3.10) and (6.3.11) are trivial. Since
Vpvp is the classical broken gradient (i.e. the gradient of IIpvp in each cell), a use of Tay-
lor expansion and the definition of C% leads to (A2) for both Adini and Morley ncFEMs. As-
sumption (A3) is verified with the help of a companion operator. The companion operator
Ep :Xpo— H&(Q) for the Morley nonconforming FEM has been done in [17] and for the Adini
ncFEM, Ep has been studied in [14]. In both cases, by recalling the coercivity property (6.2.4)
of B, for vp € Xp ¢, the companion operator Ep satisfies

|Hpvp — Epvp|| SR ([HEvp ||,  |HEpvp| < |HEvol.
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Note that the range of Ep is made of piecewise polynomial functions. An introduction of Epvp, a
use of the triangle inequality, the inverse estimate, the above estimate and the continuous Sobolev
embedding H?(Q) — L™(Q) lead to

TIpvp|i=(@) < [[MIpvp — Epvpl|1=(q) + |EDVDI1=~(0)
< Y ' |ITpvp — Epvollr2x) + IEpvplli=(o)
KeM
S Hpvpll +HEpvo| < [1HEvo |-

Thus, assumption (A3) is satisfied by the Adini and Morley ncFEMs.

Gradient Recovery Method

The superconvergence assumption (A1) 1) is proved in Proposition 2.5.4 with ws = w. Since
wa = w, both the estimates in (A1) ii) are trivial. Apply Taylor expansion, the triangle inequality,
the Poincaré inequality and (2.4.28) to obtain the estimate in (A2) as

[Hpvp — Pym(Ipvp)|| < || Vvpl| < hl[Vvp — QyVvp|| 4[| QpVvp||
< h|[Vvp — OpVvp|| + hdiam(Q)[[V(QxVvp) ||

< hCp'V2max(1,diam(Q)) | Havp| < hl|HEvp|.

To check (A3) for the gradient recovery method, let Xj, be the Hsieh-Clough-Toucher conforming
macro finite element (see Section 2.3.1) and construct a companion operator Ep : Xp g — X, as
follows: Recall that the local degrees of freedom of HCT on triangle K € M are the function
values and first partial derivatives at the three vertices of K in addition to the normal derivative at
the midpoints of the edges of K. For the GR method, Xp o =V, the conforming IP; finite element
space and Qy, : Lz(Q) — Vj,. Let the set of vertices of M be denoted by ) and X5 be the midpoint
of the edge 0. Define Epvp € X, by setting the degrees of freedom as follows:

VpeV, Epvp(p)=vp(p) (6.3.13)
VpeV, VEpvp(p)=0»Vvp(p) (6.3.14)
Vo € F, (VEpvp-ns)(Xs)=(OQnVvp ns)(Xs). (6.3.15)

Let K € M and w be a polynomial function on K. Using the scaling argument [66], we have

Wi~ Y (diam(K))2OM) (N (w))?,
NeN(K)

where NV (K) is the set of degrees of freedom and O(N) is the order of differentiation in the
degrees of freedom. Here, (6.3.13) is of order 0 and (6.3.14) and (6.3.15) are of order 1. Since
vp — Epvp € P53 on a submesh and N(vp — Epvp) = 0 if N is of type (6.3.13),

||VD—EDVD||%2(K)% Y hx(N(vp—Epvp))*.
NeN(K)
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This and the definition of Ep imply that

hi*|lvp —EDVDHiz(K) ~ Y (Vo= 0Vvp)(p)P+ Y [(Vvp — QhVvp) ng) (%) 2,
[)GVK O'E}_K

where Vk is the set of vertices associated with K. A use of the above estimate, an inverse estimate
and (2.4.28) leads to

hi*lvD = Epvollf2 ) S 1V9D = 0Vl 7= (k)2 S hiIVvD — Qi Vvl ) S hi IHDvo 1.

Therefore,
Ivp — Epvollr2i) S hx | Hpvp - (6.3.16)
A use of the triangle inequality, inverse estimate, (6.3.16) and the continuous Sobolev embedding
H?(Q) < L(Q) leads to
IMpvpl=) = [vpll=(@) < [[vD — Epvpll1=(0) + |EDVDI 1~ (0)

< Y hg'llvp—Epvpllia k) + IIEpvoll=(q)
KeM
S|[HBvpll + | HEDvp||. (6.3.17)

Introduce VQ,,Vvp, use triangle inequality, inverse estimate [45, Lemma 1.44], the definition of
Ep and (2.4.28) to obtain

|HEpvp|| < ||[VVEpvD — VO, Vvpl|| + VO, VD ||
<h Y|\ VEpvp — Oy Vvp| +[|VOLVVp| S [[HEvp].

A substitution of the above estimate in (6.3.17) yields

ITpvpllz=9) S |HDvD -
Thus, assumption (A3) follows for the gradient recovery methods.

The notation X <y ¥ means that X < CY for some C depending only on Q, B, p, an upper bound
of Cp, and 1.

The following theorem states the main super-convergence result for post-processed controls. The
proof is obtained by modifying the proof of Theorem 4.3.6 for GDM to HDM by adapting the
assumptions (A1)-(A4) discussed above and hence is skipped.

Theorem 6.3.5 (Super-convergence for post-processed controls). Let D be a HD and M be a
mesh. Assume that

* Uy,q and Uy, are given by (6.3.7) and (6.3.8),
* (A1)—(A4) hold,

173



* v and P belong to H* (Q),
* Ty belongs to H*(Q),

and let u, uy, be the post-processed controls defined by (6.3.12). Then there exists C depending
only on o such that

|7~ inll S C* (Nl -aa,) + F (@b, 505T0. £:5:7)) (63.18)
where F(a,b,y,,uy, f,y,D) is defined in Theorem 4.3.6, that is,

F(a,b,yq,q4, f,y,p) = minmod(a,b) + |34l + [[@al 2 () + [ £ I| + Dl 2 ) + 1Pl m4()
with minmod(a,b) = 0 if ab < 0 and minmod(a,b) = min(|a|, |b|) otherwise.

The super-convergence of the state and adjoint variables is stated below. The proof is similar to
that of Corollary 4.3.9.

Corollary 6.3.6 (Super-convergence for the state and adjoint variables). Let (y,p) and (Yp,pp)
be the solutions to (6.2.5a)—(6.2.5b) and (6.2.7a)—(6.2.7b). Under the assumptions of Theorem
6.3.5, the following error estimates hold, with C depending only on o:

||y/\/l _HDy'D” 577 Ch2 <||ﬁ||Wl°°(M1) +‘F(a7b7yd7ﬁd7f7y7ﬁ)> ) (6319)

||ﬁM _HDﬁ'DH Sn Chz <||ﬁ||W1°"(M1) +F(a7b7ydvﬁd7f7yaﬁ)> y (6320)
where Yy, and P 4 are defined as in (Al).

The linear control problem considered in this Chapter helps us to extend our analysis to control
problem governed by non-linear elliptic equations, which is a plan of future work.

6.4 Numerical results

In this section, the numerical results to support the theoretical estimates obtained in the previous
sections are presented. Two specific schemes are used for the state and adjoint variables: gradi-
ent recovery method and finite volume method presented in Chapter 2. The control variable is
discretised using piecewise constant functions. The discrete solution is computed by using the
primal-dual active set algorithm, see [109, Section 2.12.4]. Let the relative errors be denoted by

_ | TIpyp — || _ IVpyp — V3| _ | HEyp — 1|
== 7 Vy) = —~—=~ - " =
ep(y) 1] - ern(Vy) VY|l - ern(#y) | Hy|
_ |ppp —P|| _ |Vopp — VP _ | HEpp —Hp|
.— 11*pPp 7Pl Vp) = YDPD— VP —
ep(P) 12l - en(VP) VPl - erp(HP) |Hpl|
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o Ny —ul]
err(f) := T

Here, the definitions of & and uy, follow from (6.3.12) and % is given by (6.2.6).

and err(u) == ———

up(x) = Py (PM (ﬁd(x) - %HDﬁD>) :

The model problem is constructed in such a way that the exact solution is known. In the experi-
ment, the computational domain Q is taken to be the unit square (0, 1)2. The data in the optimal
distributed control problem are chosen as follows:

y = sin®(zx) sin®(7wy), P = sin?(7x) sin’(7y),
Hg=0, a=107 Uyg=[-750,-50], @=P_750 50 <—é;—9) .
The source term f and the desired state y, are the computed using
f=05—u, y,=-AP.

6.4.1 Gradient Recovery Method

Here, Xp () is the conforming [Py finite element space, and the implementation was done following
the ideas in [82]. The stabilisation factor 7 is chosen to be 1, see Section 2.7.1 for more details.
The error estimates and the convergence rates of the control, the post-processed control, the state
and the adjoint variables are presented in Table 6.1. As seen in the table, we obtain linear order of
convergence for the state and adjoint variable in the energy norm, quadratic order of convergence
for state and adjoint variables in [? and H! norm, linear order of convergence for the control
variable in L? norm, and a quadratic order of convergence for the post-processed control. They
follow the expected theoretical rates given in Theorem 6.3.2, Proposition 6.3.3, Remark 6.3.4,
Theorem 6.3.5 and Corollary 6.3.6.

6.4.2 Finite Volume Method

In this method, the schemes were first tested on a series of regular triangular meshes (mesh1 fam-
ily) and then on square meshes (mesh2 family), both taken from [74]. As mentioned in Chapter
2, to ensure the correct orthogonality property, the point xx € K is chosen as the circumcenter of
K if K is a triangle, or the center of mass of K if K is a rectangle. Denote the relative H> error by

|Apyp — Ay |ApPp — AP|
Ayl 1P|l
The errors of the numerical approximations to state, adjoint and control variables on uniform

meshes are shown in Tables 6.2-6.3. In the case of triangular meshes, slightly better quadratic
order of convergence for the state and adjoint variables in L? norm, linear order of convergence

errp(Ay) := errp(Ap) :=
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Table 6.1: (GR) Convergence results for the relative errors

h errp(y) | Order | errp(Vy) | Order || errp(Hy) | Order err(u) Order
0.353553 || 2.192387 - 0.692406 - 0.817825 - 0.537029 -
0.176777 || 0.131323 | 4.0613 || 0.079054 | 3.1307 || 0.245715 | 1.7348 || 0.190741 | 1.4934
0.088388 || 0.032735 | 2.0042 || 0.019531 | 2.0171 || 0.116596 | 1.0755 || 0.081011 | 1.2354
0.044194 || 0.008220 | 1.9936 || 0.004757 | 2.0376 || 0.057374 | 1.0230 || 0.038235 | 1.0832
0.022097 || 0.002081 | 1.9821 || 0.001215 | 1.9695 || 0.028479 | 1.0105 || 0.018865 | 1.0192

h errp(p) | Order || errp(Vp) | Order || errp(Hp) | Order err(ut) Order
0.353553 || 3.132234 - 0.721611 - 0.855785 - 0.593791 -
0.176777 || 0.145384 | 4.4293 || 0.099972 | 2.8516 || 0.246647 | 1.7948 || 0.126971 | 2.2255
0.088388 || 0.036226 | 2.0048 || 0.023097 | 2.1138 || 0.116471 | 1.0825 || 0.032031 | 1.9870
0.044194 || 0.009068 | 1.9982 || 0.005552 | 2.0567 || 0.057308 | 1.0231 || 0.007716 | 2.0536
0.022097 || 0.002261 | 2.0037 || 0.001363 | 2.0266 || 0.028470 | 1.0093 || 0.001874 | 2.0416

Table 6.2: (FV) Convergence results for the relative errors, triangular mesh

h errp(y) | Order || errp(Vy) | Order || errp(Ay) | Order err(u) Order
0.250000 || 0.200670 - 0.298405 - 0.165136 - 0.245085 -
0.125000 || 0.021019 | 3.2551 || 0.135346 | 1.1406 || 0.057870 | 1.5128 || 0.116630 | 1.0713
0.062500 || 0.005108 | 2.0409 || 0.066054 | 1.0349 || 0.030285 | 0.9342 || 0.057540 | 1.0193
0.031250 || 0.001178 | 2.1169 || 0.032808 | 1.0096 || 0.016785 | 0.8514 || 0.028819 | 0.9976
0.015625 || 0.000265 | 2.1513 || 0.016374 | 1.0026 || 0.009900 | 0.7617 || 0.014408 | 1.0001

h errp(p) | Order || errp(Vp) | Order || errp(Ap) | Order err(u) Order
0.250000 || 0.230914 - 0.316994 - 0.189286 - 0.094040 -
0.125000 || 0.032775 | 2.8167 || 0.136993 | 1.2104 || 0.061257 | 1.6276 || 0.024703 | 1.9286
0.062500 || 0.007282 | 2.1703 || 0.066202 | 1.0492 || 0.030607 | 1.0010 || 0.004857 | 2.3465
0.031250 || 0.001693 | 2.1049 || 0.032824 | 1.0121 || 0.016820 | 0.8637 || 0.001200 | 2.0174
0.015625 || 0.000380 | 2.1557 || 0.016376 | 1.0032 || 0.009904 | 0.7641 || 0.000260 | 2.2042

in H'! norm and sublinear in H? norm are obtained. The control converges at the optimal rate of
h, whereas the post processed control converges with quadratic rate, which is a superconvergence

result.

For the square meshes, we obtain quadratic rate of convergence in L2, H' and H? norms for the
state and adjoint variables. The superconvergence in H> norm is not entirely surprising, since
rectangular meshes are extremely regular and symmetric. Without post-processing, an O(h)
convergence rate is obtained on the controls and post-processing step leads to quadratic order
of convergence. The numerical results are better than the theoretical rates stated in Theorem
6.3.2, Proposition 6.3.3 and Remark 6.3.4. Also, using a post-processing step, an improved error

estimate for the control variable is obtained numerically.
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Table 6.3: (FV) Convergence results for the relative errors, square mesh

h errp(y) | Order || errp(Vy) | Order || errp(Ay) | Order err (@) Order
0.353553 || 0.288994 - 0.196325 - 0.270192 - 0.398184 -
0.176777 || 0.060061 | 2.2665 || 0.045562 | 2.1073 || 0.056607 | 2.2549 || 0.187167 | 1.0891
0.088388 || 0.015072 | 1.9946 || 0.010322 | 2.1420 || 0.014538 | 1.9612 || 0.092209 | 1.0213
0.044194 || 0.003700 | 2.0263 || 0.002590 | 1.9945 || 0.003551 | 2.0334 || 0.045989 | 1.0036
0.022097 || 0.000927 | 1.9968 || 0.000642 | 2.0125 || 0.000891 | 1.9941 || 0.022985 | 1.0006

h errp(p) | Order || errp(Vp) | Order || errp(Ap) | Order err(ut) Order
0.353553 || 0.300063 - 0.189326 - 0.285835 - 0.144022 -
0.176777 || 0.066723 | 2.1690 || 0.039945 | 2.2448 || 0.065909 | 2.1166 || 0.035315 | 2.0280
0.088388 || 0.016237 | 2.0389 || 0.009482 | 2.0747 || 0.016092 | 2.0342 || 0.009726 | 1.8604
0.044194 || 0.004033 | 2.0093 || 0.002337 | 2.0208 || 0.003998 | 2.0091 || 0.002471 | 1.9766
0.022097 || 0.001007 | 2.0023 || 0.000582 | 2.0054 || 0.000998 | 2.0023 || 0.000589 | 2.0693
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Chapter 7

Summary and Future Work

This concluding chapter of the dissertation highlights the main contributions of the present work.
Further, it discusses the possible extensions and the scope for future problems.

7.1 Summary

The first part of the thesis considers the Hessian discretisation method for fourth order elliptic
partial differential equations. The idea of the HDM is to construct a scheme by replacing the
continuous space and operators in the weak formulation by discrete ones given in a HD. In Chap-
ter 2, the HDM for linear elliptic equations is proposed and analyzed. It is shown that some
known classical conforming and non-conforming FEMs, a novel scheme based on the [P finite
element space and a gradient recovery (GR) designed using biorthogonal systems, and the finite
volume method in [59] fit into the framework of HDM. A generic error estimate and improved
error estimates are proved in the HDM framework using the three core properties of HD (namely,
coercivity, consistency and limit-conformity). Since an improved L? estimate is not expected in
general for finite volume method (FVM), following the ideas in [54] for GDM, a modified FVM
is considered by changing the quadrature of the source term and a superconvergence result is
proved for this modified FVM. A generic notion of companion operator is defined in the HDM
setting. The existence of such an operator is an essential tool to establish improved H!-like error
estimate. Companion operators are known to exist for some non-conforming FEMs, but to this
day the existence of one for the gradient recovery method is unknown. The chapter concludes
with numerical tests, illustrated for the GR method and the FVM, that confirm the theoretical con-
vergence result for the GR method. For the FVM, the tests show a better convergence rate than
the one given by theory. These tests also show that the FVM does not display an improved con-
vergence rate in H'-like norm compared to that in the energy norm, hinting at the non-existence
of a companion operator for this method. On the contrary, improved rates in H'-like norm are
observed for the gradient recovery method, which leaves open the possibility of existence of a
companion operator for this method.

Chapter 3 discusses the HDM for fourth order semilinear elliptic equations with trilinear nonlin-
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earity in an abstract formulation. The stream function vorticity formulation of the incompressible
2D Navier-Stokes equations and von Karman equations can be written under this abstract form.
To deal with the non-linearity in the model, the three basic properties of the HDM must be
slightly adjusted (to yield stronger integrability properties, and measure the limit-conformity be-
tween the reconstructed gradient and function). Convergence analysis is proved in two different
ways: by compactness techniques (which requires the introduction of a compactness property for
sequences of HDs), and by error estimates. The compactness technique does not provide any or-
der of convergence, but convergence is obtained without assuming any regularity of the solution.
Conforming FEMs, nonconforming FEMs (Adini rectangle and Morley triangle) and the method
based on gradient recovery operators are shown to be some examples of HDM in the nonlinear
case. Numerical experiments are performed for the gradient recovery method and the Morley
nonconforming FEM using Newton’s method. Though the theoretical convergence result for the
GR method is proved only by compactness techniques, the numerical results illustrate expected
convergence rates.

Chapter 4 deals with optimal control problems governed by second order diffusion equations with
Dirichlet boundary conditions and Neumann boundary conditions with reaction term. For these
models, the relevant analysis framework is that of the gradient discretisation method (GDM),
leading to gradient schemes. A gradient scheme is defined for the optimal control problem by
discretising the corresponding optimality system, which involves state, adjoint and control vari-
ables. A generic error estimate is established in the GDM framework. Under a few additional
assumptions, following the ideas developed in [96], super-convergence results for all three vari-
ables are derived in a post-processing step. Note that superconvergence results are twofolded.
Under generic assumptions on the GD, which allow for local mesh refinements, an O(hzf‘g)
super-convergence is proved with € > 0 in dimension 2 and € = 1/6 in dimension 3. Under
an L™-bound assumption on the solution to the GS, which for most methods requires the quasi-
uniformity of the meshes, a full O(h?) convergence result is proved. Two particular cases of the
main results are considered, non-conforming finite element methods and mixed-hybrid mimetic
finite difference schemes, in this chapter. Results of numerical experiments are demonstrated for
the conforming, non-conforming and mixed-hybrid mimetic finite difference schemes.

In Chapter 5, basic error estimates are established that provide O(h) convergence rate for all the
three variables (control, state and adjoint) for low order schemes under standard regularity as-
sumptions for the pure Neumann problem. Contrary to the setting covered in Chapter 4, and in
most of the literature, the Neumann problems considered here do not include any reaction term.
As a consequence, they are only well-posed if the solution’s average is fixed (say to zero). This
equation appears as an additional constraint on the control problem. Also, super-convergence
result is proved for post-processed optimal controls, state and adjoint variables. A projection
relation is established between control and adjoint variables. This relation, which is non-standard
since it has to account for the zero average constraints, is the key to prove the super-convergence
result for all three variables. A modified active set strategy algorithm for GDM that is adapted to
this non-standard projection relation is designed. The first super-convergence result provides
a nearly quadratic convergence rate for a post-processed control. Under an L™ stability as-
sumption of the GDM, the second super-convergence theorem establishes a full quadratic super-
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convergence rate. Finally, numerical results that confirm the theoretical rates of convergence for
conforming, nonconforming finite element methods and mimetic finite difference methods are
performed.

Chapter 6 studies the optimal control problem governed by fourth order linear elliptic equations
using the HDM framework. The basic error estimates for control, state and adjoint variables
are proved by following the ideas developed in Chapter 4 for GDM for second order problems.
This estimate yields O(h) convergence rate for the conforming FEMs, the Adini and Morley
ncFEMs, and the gradient recovery methods. With a post-processing step, an improved error
estimate of order O(h?) is obtained. This superconvergence result is established under an L?
superconvergence assumption on the elliptic PDEs and a few assumptions. These assumptions
are verified for conforming FEMs, ncFEMs and GR methods. Several numerical experiments
are illustrated for the GR method and the FVM. For the finite volume method, superconvergence
result is numerically observed.

7.2 Future Work

The results of this thesis could be extended in the following directions:

* The HDM for fourth order elliptic equations covers the conforming FEMs, Adini and Mor-
ley nonconforming FEMs and a method based on gradient recovery operator. For the linear
models, finite volume method based on A-adapted discretizations is also an example of
HDM. Future work will be efforts to establish that other numerical methods can be viewed
in the HDM framework. The FVM on admissible meshes has been considered in the HDM
framework. We could look into some other methods for more generic meshes, for exam-
ple, an Hybrid mimetic mixed (HMM) scheme or a Vertex approximated gradient (VAG)
method.

* The HDM also gives the tools to design new methods. If a scheme satisfies three (resp.
four) core properties of HD for linear (resp. non-linear) problems, then the scheme is
convergent. Thus, any scheme entering the HDM framework is known to converge. Each
choice of HDs corresponds to a particular scheme. It will be interesting to develop new
methods such that the reconstructions satisfy the properties of the HDM.

* The companion operator Ep defined by (AS) in Section 3.5.2 enables us to prove, in
the HDM framework, the improved H'-like error estimates for linear equations (Theo-
rem 2.6.2) and also to prove the convergence analysis by error estimates for non-linear
problems (Theorem 3.5.12). The construction of a companion operator Ep for the method
based on gradient recovery operators, with proper features (see Remark 3.5.7), is an inter-
esting avenue to explore as it would show that the aforementioned results are satisfied by
the gradient recovery method.

* For the pure Neumann control problem without reaction term and hence with zero aver-
age constraint, a modified active set algorithm is designed in Section 5.5.1. As seen in
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the numerical experiments provided in Section 5.5.2, this modified algorithm converges
numerically. The theoretical convergence analysis of this proposed algorithm is a plan for
future study.

In Chapter 6, we have considered the control problems governed by fourth order linear
elliptic equation in the abstract framework of HDM. If the state equation is a semi-linear
elliptic equation, then the same analysis cannot be applied. Chapter 3 discusses the HDM
for semi-linear fourth order problems in an abstract setting. The analysis can be extended to
the control problem governed by the semi-linear elliptic equations with trilinear nonlinear-
ity in the HDM framework. To make more precisely, recall the abstract weak formulation
considered in Chapter 3:

Given k > 1, the continuous abstract problem seeks ¥ € X := Hg (Q)¥ such that
A(HY, HP) + B(HY,V¥,V®) = L(P) VP eX.

This model problem has application to the stream function vorticity formulation of 2D
Navier—Stokes equation for k = 1 and the von Kdrman equations for k = 2. Consider the
optimal control problem governed by the weak formulation defined by

min J(u) subject to
uclU,y

A(H (1), H®) + BHY (u), V¥ (i), V) = L(®) + (Cu, ¢1) VP € X.

The operator C € L(L*(®),L*(Q)) is the extension operator defined by Cu(x) = u(x) X (%),
where x, is the characteristic function of @ C L?(Q), u is the control variable and ¥ (u) is
the state variable associated with the control u. Here

1 , o )
I(u) = S0 =Pl + 5 e = al .

is the cost functional, & > 0 is a fixed regularization parameter, ¥, is the desired state
variable for W(u), ug € L*(®) is the desired control variable and U,y C L*(®) is a non-
empty, convex and bounded admissible space of controls.

Due to the presence of non-linearity in the weak formulation of the governing partial dif-
ferential equations, the problem becomes non-convex and hence the solution is not unique,
which leads to additional technicalities in the analysis.
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Appendix

A.1 Technical results

Lemma A.1.1 (Poincaré inequality along an edge in L? norm). Let & be an edge of a polygonal
cell, w € H' (o) and assume that w vanishes at a point on the edge 6 € F. Then

”W”LZ(G) < thaWHLZ(o),
where d denotes the derivative along the edge and he is the length of the edge.

Proof. Let m denote the point on the edge ¢ which satisfies w(m) = 0. For m < x, we obtain

w(x) =w(m)+ /mx dw(y)dy = /mx dw(y) dy.

A use of the Cauchy—Schwarz inequality yields

" 1/2 1/2
yw(x)|g|x—m\1/2(/ |vW12dy) g\/h(,(/ \aw|2dy> .
m (o)

Squaring this yields |w(x)|? < he [,; |0w|* dy and integrating over the edge concludes the proof.
O

Lemma A.1.2 (Integration by parts). Let P be a fourth order tensor. For & € H*(Q)?*¢ and
¢ € H'(Q), we have

/Q(’H:Pé)q) - —/QV(;)-div(Pcﬁ)-l—/aniv(Pé )9
For y € H*(Q),
/ng :’Hw:—/QVw-diV(Pﬁ)+/(m(diV(P§n))-Vl//.
For { € H'(Q)?,
/ng :vg:—/Qdiv(Pg)-c+/m(div<P§n))-§.
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Lemma A.1.3. Let w € P.(M). If for all o € F there exists x5 € 0 such that [w](xs) = 0, then
Wl < ClIVawl];

where C > 0 depends only on Q, k and mesh regularity parameter 1.

Proof. Consider the || - || 46, m norm defined by (2.4.13): For all w € H' (M),

1

Wldg.a = IVawl+ ) th[[W]]Hiz(o)- (A.L1)

oceF

Since [w](xs) = 0 for all o € F, a use of the Poincaré inequality along an edge in L? norm given
by Lemma A.1.1 leads to

10900200y < oIV a2yt < o (IVawig oy + IVawilizoy ) (A12)

Let 6 € Fiy be such that My = {K,L}. Use (A.1.2) and the trace inequality (see [45, Lemma
1.46]) to obtain

10920y < oo (17w 2010 + 17 M9 20 )
< Cohg (h,;l/znv w2y +hp IV Mw|yLz(L)d), (A.1.3)

where C;; depends only on k and mesh regularity parameter 17. A substitution of (A.1.3) in (A.1.1)
leads to

Iwli3gae < IVawIP+2 Y Cho (H IV v 2 gga + 1 IV v )
ocF

<IVanlP+C Y Y Vvl
KeMoeFk

< VAP +3C Y Va2 e
KeM
< C[IV |, (A.1.4)

where C > 0 depends only on &, k and 7n1. Use the fact that ||w|| < C||w||zg 1 (see [45, Theorem
5.3]) to deduce ||w|| < C||Vmw]|. O

Lemma A.1.4 (Weak-strong convergence). Let 1 < p,q,r < o be such that Il)+ é —l—% =1 1If
fu — f strongly in LP(Q)4, g, — g strongly in LY(Q)? and h, — h weakly in L (Q)?, then

/ﬁ&%M%/MMX
Q Q
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Proof. By Banach-Steinhaus theorem, (,) is bounded in L"(Q)¢ and the boundedness of (f;,)
and (g,) follows from the convergence property. We therefore write, using generalized Holder’s
inequality,

| /Q Frguhn dx — / fehdx]
\/ Fguhn dx+/f g)hndx+/gfg<hn—h)dx!
< ||fn—f||p||gn|\q||hn||r+Hf||p|!gn—g|!q||hn||r+|/Qfg(hn—h)dx|-

The first two terms converge to 0 by strong convergence of ( f;,),crny and (g, )nen, and the last term
converges to 0 by weak convergence of (%, ),en and the fact that fg € L (Q)4 since % =1-1=

b E
Lemma A.1.5. Let £, — E weakly in L*(Q;R¥>*)* 0,, — 0 in LY} Q;R)* and X,, — X in
LY (Q;RY* as m — oo. Then with B(-,-,-) as in Section 3.2, we have

B(E,0,Xn) — B(E,0,X) as m — oo.
Proof. We write

B(Emn,0m, Xm) —B(E,0,X) = B(E, 0, X — X) + B(E, 0, —0,X)
+B(E,—Z,0,X).
Set [(E,) = B(E;,0,X). Since B(-,-,-) is a trilinear continuous function, /(-) is a linear contin-

uous functional on L2(Q;R?*4)k The weak convergence property of (Z,,),,cn then ensures that
[(E,,) = I(E) as m — . The continuity of 5(-,-,-) yields a constant C,, such that

B(Em, Om, Xm) — B(E,0,X)| < Cp||Em||[Oml| 4 eyt [ Xim — X || 14 (e
+ 1Em[[|Om — Ol 2 qray 1X || 4 (s
+ [1(Em) — 1(E)|.

Since strongly/weakly convergent sequences are bounded, the convergences of (®,,;)men, (Xim)meN
and (I(E,,))men conclude the proof. O

A.2 A generic companion operator

We present here a generic companion operator, that can be constructed using solely the notions of
HDs (without referring to the specific considered method), and for which we prove that the quan-
tities in (3.5.17) behave appropriately along sequences of coercive, limit-conforming, consistent
and compact HDs. For specific choices of HDs, other Ep can be constructed with, perhaps, more
precise estimates on 8 (Ep), @(Ep) and I'(Ep), for example see [17] for the Morley element.
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Companion operator: For yp € Xp , the companion function of yp, denoted by Epyp, is
defined as the solution in H3(Q) of:

/Q’prp cHedx = /Q’H(Epy/p) ‘Hodx, V¢ € H3(Q). (A2.1)
By the Riesz representation Theorem, there exists a unique solution to (A.2.1) and it satisfies
|HEpypll < [Hpypl- (A2.2)
Lemma A.2.1. For yp € Xp o the companion function Epyp satisfies
IMpyp — Epyp| < Wp(He)|Hpyol, (A.2.3)
where ¢ € H3(Q) is such that, if |Tlpyp — Epwp|| #0,

A2 — [pyp — Epyp
|TIpwp — Epypl|

Also, for T € H}(Q) and @ € L*(Q)? such that div(®) = 0,
| (Voun —VEpyp) - (VI+ @) dx < [ oy | (Wp(Hz) + Wp(@)) (A2.4)

where x € H*(Q) NH} (Q) is such that Ay =T.

Proof. Consider ¢ € H3(Q) such that H : Ho = A%¢p = %, provided ||TIpyp —

Epyp|| # 0. A use of integration by parts, (A.2.1) and (3.3.4) leads to

Moo~ Eoyoll = | (: Ho)Ipypdx— [ (1: Ho)Epyn dx
= /Q(H : H‘P)HDWDdx_/QH(EDWD) ‘Mo dx
- /Q(’H : %¢)npwpdx_/gﬂpwp 119 dx < Wp(H9) | Hpwoll.
Let us now estimate (A.2.4). Using the divergence free property of w and (3.3.5),
| (Vovp—VEDYD) (VT + @) dx
_ /Q(Vpl//p —VEpwp) -Vrdx+/gvap ‘@dx+ /QHDI//pdiV(a))dx

< /Q(VDWD —VEpyp)-VIdx + Wp (o) ||Hpyp|.
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The first term on the right hand side of the above inequality can be estimated as follows. Set x as
in the theorem. Since div(# ) = VT, using integration by parts, (A.2.1) and (3.3.6), we obtain

/Q (Vowp — VEpyp) -div(Hy) dx
S/QVDI[ID-diV(HX)dx—f—/QH(EDWD)IH%dx

< | Howo||Wp(Hx).

Therefore, we get

’/Q(VDWD_VED‘VD> (VI + (D)dx‘ < |Hpwol|(Wp(Hx) + Wp(w)).

Theorem A.2.2. Recall §(Ep), @(Ep) and TU'(Ep) from (3.5.17). That is,

IT —F E
sup H DPYD DWDH 26(ED), sup HH DWD” :F<ED),
voexpo\fo}  |[Hoypl vpexpo\(0} [[HoWoll
\Y —VE
and  sup IVoWD — VEDYDIlpsay o(Ep).

wpeXp o\ {0} [Howo|

Then, for a sequence (Dp,)men of Hessian discretisation that is coercive, consistent, limit-conforming
and compact, it holds 8 (Ep,,) — 0 and w(Ep,)) — 0 as m — oo, and (I'(Ep,,) ) men is bounded.

Proof. A use of the estimate (A.2.2) leads to I'(Ep) = 1. We prove that §(Ep, ) and w(Ep, )
converge to 0 as m — oo by way of contradiction. If this does not hold, there exist £;,& >0 and a
subsequence of (Dy,)nen, still denoted by (Dy,)men, such that, for some yp, € Xp, o\ {0}, we
have

|Mp, ¥p, — Ep, ¥p,|| > € or |Vp,wp, —VEp, ¥p,|l1+ > &

for all m € N. Without loss of generality, assume ||Hp, wp, || = 1. Thanks to the coercivity,
the sequence (Ilp, Wp, )men (tesp. (Vp, Wp, )men) remains bounded in L?(Q) (resp. L*(Q)9).
Using the compactness hypothesis and Lemma 3.5.2, there exists Y € Hg(Q) such that Ilp, yp,,
converges to y in L?(Q), Vp wp  converges to Vy in L*(Q)¢ and Hp, wp, converges weakly to
Hy in L2(Q)?*?. A use of (A.2.2) leads to the fact that Ep'P'p is bounded in H3 (). Therefore,
there exists I' € H3 (Q) such that Ep, yp,, converges to I in L*(Q), VEp, yp,, converges to VI
in L*(Q)? and HEp, ¥p,, converges weakly to HI in L?(Q)4*4. From (A.2.1), we obtain Hy =
‘HI and, since y —I' € Hg(Q), we get Y =I"and Vy = VI, which gives a contradiction. O
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A.3 L~ estimates for the HMM method

Let us first briefly recall the GD corresponding to the HMM method [48, 50]. We consider a
polytopal mesh 7 = (M, F,P) in the sense of Definition 1.4.1: M is the set of cells (generic
notation K), F is the set of faces (generic notation o) and P is a set made of one point per cell
(notation xg — this point does not need to be the center of mass of K in general). If K € M then
Fk is the set of faces of K. For ¢ € Fk, |o] is the measure of 0, X4 is the center of mass of o,
dgc = (X6 —xk) -nk o 1s the orthogonal distance between xx and 0, nk ¢ is the outer normal to
K on o0, and Dk ¢ is the convex hull of xx and 6. An HMM GD is defined the following way.

* The degrees of freedom are made of one value in each cell and one value on each edge, so
Xpo={v=((vk)kem, (Vo)oeFy) : vk ER, v ER, v =0if 0 C IQ}.

* The reconstructed functions are piecewise constant in the cells: for v € Xp g, [Ipv € Lz(Q)
is defined by (TIIpv)x = vk forall K € M.

* The reconstructed gradient is piecewise constant in the sets (Dx ¢ )xem,ocFy: if v € Xp o,
then Vpv € L2(Q)? is defined by

VK e M, Vo € Fg,

_ d _
(Vov)ipgo = Vkv+ K@G —vk —Vgv- (X6 —Xk))nk o,
,c

where

Vv = Z |o|venk.o

|K’ occeFk

(this gradient is perhaps the most natural choice; though not the only possible choice within
the HMM family; see [48, 50] for a more complete presentation).

Under standard local regularity assumptions on the mesh, [48, Propositions 12.14 and 12.15]
yield the following error estimate on WSp: if A is Lipschitz-continuous and w € H*(Q), for
some C not depending on y or 7:

WSp (W) < Ch|| ¥l y2(q)- (A3.1)

The following L™ error estimate and bound for the HMM is established under the quasi-uniformity
assumption on the mesh.

Theorem A.3.1 (L estimates for HMM). Consider the dimension d =2 or 3. Let T be a
polytopal mesh and D be an HMM gradient discretisation. Take p > 01 + {p + 7, where 01
and Cp are defined by [48, Egs. (7.8) and (12.18)], and

hd

= max —.
AT = o K|

187



Assume that A is Lipschitz-continuous, that Q is convex and that F € L? (Q). There exists then C,
depending only on Q, A and p, such that, if ¥ solves (5.3.2) and yp solves (5.3.4),

Win(h)| ifd =2,
IMtows vl < liFl { s ™ F67% (A32)

where (W) x = W(xk) for all K € M, and
Mpyp | =) < C||F]|. (A.3.3)

Proof. In this proof, X <Y means that X < MY for some M depending only on Q, A and p. The
theorem’s assumptions ensure that ¥ € H*(Q) NH} (Q) C C(Q).
Letv= ((y(xk))kem, (W (Xs))ocr) € Xp . By the proof of [48, Proposition A.6] (see also [48,
(A.10)D),

Tpy — ||+ IVov = V| S AWl S RIF-

A use of (A.3.1) and the triangle inequality then gives
IVo(v—wp)|| S AIIF]- (A3.4)

[48, Lemma B.12] establishes the following discrete Sobolev embedding, for all g € [1,6] if d =3
and all g € [1,+o0) if d = 2:

Vw € Xpo, [[pwlreq) < gllVowl. (A.3.5)

An inspection of the constants appearing in the proof of [48, Lemma B.12] shows that the in-
equality < in (A.3.5) is independent of g. Substitute w = v — yp in (A.3.5) and use (A.3.4) to
obtain

T (v —wp)llra(q) < kgl F -
Let Ko € M be such that [|[TIp(v — ¥p)||1=(q) = TIp(v — ¥p) |, | and write

_ 1
T (v — yp) =) = |Ko| /% (|Ko| [Tip (v — yip) i, [9)
_d _d
< /| T (v — wp) |l ey S B 14| F .

d
Minimising g — hl_gq over g € [1,00) if d = 2, or taking g = 6 if d = 3, yields

Blin(h)| ifd =2,
Tp(v —vp) =) S IF| { Bl/2 ifd =3.

This concludes (A.3.2) since [1pv = y,. Estimate (A.3.3) follows from (A.3.2) by using the tri-

angle inequality, the estimate || Wu(|[z=(q) < |W][z=(@) < [IF || and the property max(h'/2 h|In(h)|) <
1. 0
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