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ERRATA

‘Such manifold, if exists’ should be ‘Such a manifold, if it exists’.
‘by 1/2’ should be ‘by half’.

‘a one-parameter family solution’ should be ‘a one-parameter family
of solutions’,

‘extra care shown’ should be ‘extra care as shown’.

‘kernal’ should be ‘kernel’.

‘kernal’ should be ‘kernel’.

“There is necessity’ should be ‘There is a necessity’.

‘relation to give real’ should be ‘relation gives real’.

‘The form of it is’ should be “The form of v,, is’.

‘From (2.33) and (*Y’ should be ‘From (2.33) and (2.36)".

‘Boyd casted doubt’ should be ‘Boyd cast doubt’.

Omit ‘Bear this in mind’,

‘HMP may still be applicable to other two forcings’ should be ‘HPM
may still be applicable to two other forcings, sechz and exp(z?).’
‘u (order of magnitude) vs u?’ should be ‘logu vs p?'.

‘was first known’ should be ‘was first noticed’'.

‘the accuary’ should be ‘the accuracy’.

‘This can be’ should be ‘It can be’.

‘this can be readily’ should be ‘it can be readily’.

‘“4+Vozy VoWWe! should be ‘“+Voz, — VoW,

‘In practical situation’ should be ‘In practical situations’,

‘a well behave’ should be ‘a well behaved’.

Omit ‘one of the ways is to'.

‘system is that the persistence’ should be ‘system is the persistence’.
The year should be ‘1997’ not ‘97",

ADDENDUM

Add an entry in Bibliography, on page 79, * [39] Camassa, R. and Tin, S.-K.: The global geom-
etry of the slow manifold in the Lorenz-Krishnamurthy model, J. Atmos. Sci. $3:3251-3264.!

On page 45, the integral of Eq.(4.7) has a lower limit at s = 0. This specific lower limit ensures
that the compatibility condition Eq.(4.14) for W, is satisfied. Otherwise, for any other values of
lower limit, the compatibility condition Eq.(4.14) will be violated in general and hence Wa will
contain exponential growth term.
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Abstract

This thesis contains a study on two model systems which exhibit two-timescale
oscillations. In both models, the amplitudes of the fast oscillations are much weaker
than the slow oscillations, the fast motions are exponentially small. This smaliness
makes the detection and calculation of the amplitude of such exponentially small
oscillatory motions challenging.

The existence of the fast motions in these two models is inevitable and is in-
separable from the slower motions, despite their weakness, and hence are of great
importance in the sense that researchers must take into account the long term dy-
namical effect of such fast oscillations in order to have a realistic understanding of

the models.
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Chapter 1

Introduction

This thesis contains a study on model systems which evolve with different space/time
scales. We explicitly calculate the asymptotic solutions for two very different model
systems. Both models are nonlinear. The first model system is a quadratic nonlin-
ear harmonic oscillator driven by a localised forcing term. This system is derived
from a forced KdV equation (fKdV) and only stationary solutions are sought with
prescribed far field conditions. Thus the governing equation contains one spatial
independent variable only. The forcing term has a space scale much larger than
the natural scale of the linearised harmonic oscillator. It turns out that the forcing
term determines the exact profile of the solution at far field. Before we present a
detailed analysis on this forced nonlinear oscillator, we first gives a brief account on
the development of exponential asymptotics in Chapter 2. Exponential asymptotics
is a collection of asymptotic methods which leads to a more accurate asymptotic
approximation thar the conventional asymptotic expansions, the latter usually at
best give approximation which has an exponentially small error. The exponential
asymptotics, however, is designed to include exponentially small gnantities in the
approximation.

Then it is followed by a derivation of the forced nonlinear oscillator from the
fKdV equation. The chapter ends with two examples to illustrate the procedures

for the use of the comg!lex-plane matched asymptotic method which is a member of




exponential asymptotics.

We devote Chapter 3 to a detailed analysis on the forced nonlinear oscillator with
a Gaussian function as a driving force. Gaussian function per se has no singularities
in the finite complex-plane. A special treatment is required to bring out the hidden
singularities from the governing equation due to such forcing term. Thus this makes
the analysis stand out from the types of forcing used in the two prior examples.

As a model this forced nonlinear oscillator has its limitation. The main limitation
is that it cannot reveal liow the fast oscillatory motion affects the slower oscillator,
there is no interaction between the slow and fast oscillators.

To gain insight of the effect of interacticn between two oscillators with distinct
timescale, we require a model which allows feedback effect via nonlinear coupling
between the coupled oscillators. To serve this purpose we investigate a low order
system which consists of five first-order ordinary differential equations (ODE) in
Chapters 4-5.

This low order dynamical model has its own place in study of atmospheric dy-
namics. This relatively simple atmospheric model is derived by Edward Lorenz in
1986 to numerically investigate whether a slow manifold exists for the system {27]. A
slow manifold is a subspace of the full phase space in the question. Such manifold, if
exists, contains slow evolving motions which usually have days as a timescale. Fast
oscillatory motions usually have hours as timescale, such as inertia-gravity waves,
and do nct appear in the slow manifold. The implication of the existence of slow
manifold is that there exist certain relations between fast and slow motions and
such relations could be made as accurate as one requires, at least in theory. Thus,
one would only need to deal with the problem in a smaller phase space and hence
simplify the question in hand.

In Chapter 4 we analyse a conservative version of this five-dimensional system
and leave the detailed analysis on a more realistic version, which includes dissipation
and forcing in the model, until Chapter 5. The key to the analysis in Chapter 5 is

to recognise that there is a timescale at work for dissipation other than a timescale




separation between fast and slow motions. Hence the conservative version is a
limiting case of the non-conservative model.

Finally, a chapter of concluding remarks brings an end to this thesis.




Chapter 2

A Review of Exponential

Asymptotics

In this chapter we present a brief account on the development of a collection of
asymptotic methods generally known as exponential asymptotics or asymptotics
beyond all orders. We also include a method outline with two examples to illustrate

the analysis on a boundary-value problem
1, +u — eu® = f(x), T€R

in Chapter 3.

2.1 Introduction

Exponential asymptotics is a term for a set of techniques used to analyse asymptotics
beyond all orders. To understand what asymptotics beyond all orders means and
why one needs to go beyond all orders in the asymptotic solution, we first have to
review the definition of an asymptotic expansion.

An asymptotic expansion is a series that provides a sequence of increasingly
accurate approximations to a function in a particular limit. The formal definition ,

given by Poincare (1886, Acta Math. 8:295) is as follows. Given a function, ¢(¢), the

4




series Y - o @n€™ is said to be asymptotic to ¢(e) as ¢ — 0 for every nonnegative

integer N,

e=—0 eN

lim [q&(e) = Yn qb,,e"} = 0. (2.1)

Note:

1. ¢ might also depend on another parameter, in the form ¢(z,¢). Then ¢,
should be replaced by ¢,.(z), and one tests the asymptoticity of the series at

each fixed z.

2. Asymptotic series can be more complicated than simple power series in ¢, but

they are sufficient to illustrate our main points.

At the simplest level, N = 0, (2.1) implies that ¢(e) — ¢o as ¢ — 0. A more

accurate approximation is obtained at N = 1:

d(e) — &y

€.

> as € — 0,

and so on. If the series is asymptotic to ¢(e), we write

$(e) ~ Y ne™. (2.2)

n=0
Here we note that the limit in deciding whether the series is asymptotic is ¢ — 0, N
fixed. In contrast, the limit to test the convergence of a series is N — o0, € fixed.
This difference tells us that an asymptotic series need not converge for ¢ # 0. In
fact one advantage of asymptotic analysis is that one can accurately approximate a
function, using a few terms of its asymptotic series.

An important feature of an asymptotic series like ) ¢,e™ is that every term in
the series is algebraic in €. Transcendentally small terms like exp(—1/€?) are smaller
than every term in the series as ¢ — 0, and are not captured by it. Therefore if
(2.2) is valid, then

-1 =
#(e) + exp (—62—) ~ S o (23)

n=0




is also valid. Such transcendentally small terms are said to lie beyond ali orders of
the asymptotic expansion.

In most applications, these tiny corrections are insignificant and they can be
safely neglected. However, exceptional problems in which these very small terms
have great practical interest are known in many branches of science, such as non-
linear waves, viscous fluid flow, dendritic crystal growth, quantum tunnelling and
others. For these exceptional problems, conventional asymptotic analysis is simply
inadequate. These problems require improved methods, designed to obtain mean-
ingful corrections that lie beyond all orders of a conventional asymptotic expansion.
Exponential asymptotics provides a means to capture these exponentially small
terms.

The reader might wonder how a transcendentally small term, hiding behind all
orders of a (divergent) asymptotic series, could have any effect to the problem being
studied. Here we mention one example as an illustration.

A singularly perturbed fifth order KdV equation,
‘U,(, + 6““3 + uz:c;n + 621&333333 - 0 (2-4)

has been proposed by Hunter and Scheurle in 1988 [23] as a model equation for
solitary water waves of small amplitude when the Bond number is close to but just
less than 1/3. They established the existence of non-local solitary wave solutions of
(2.4) with co-propagating oscillatory tails. In the strict sense, local solitary waves are
nonlinear waves and there exists a reference frame moving with the wave where the
waveform is permanent and decays rapidly in their tail regions. However, a weakly
non-local solitary wave consists of a central core resembling classical solitary waves
but are accompanied by co-propagating oscillatory tails which extend indefinitely far
from the core with non-zero constant exponentially small amplitude. The oscillations
arise physically due to a phase speed resonance with the central core. In this problem
conventional asymptotic approach cannot reveal the existence of these oscillatory

tails. This is because the information in these tails lie beyond all orders of the




asymptotic expansion in the form of (2.2). By the use of exponential asymptotics
the amplitude of these tails in addition to the relationship with the phase shifts are

established analytically {33, 21].

2.2 The Development

The development of the exponential asymptotics for nonlinear problems can be
dated back to 1987. In this year Segur and Kruskal {35] proposed an idea called
‘asyrmiptotics beyond all orders’. This is a nonlinear WKB technique that focuses on
the singularities of the conventional power series expansion (long-wave expansion)

in the power of a small parameter say ¢ in the complex-plane, that is,

=8

Z €"0(z;¢€).

n=0

Their analysis involved the construction of a power series which is valid close to each
singularity then matched the asymptotic expansion with the long-wave expansion,
imposing appropriate boundary conditions. Their technique required numerical inte-
grations to solve the resulting differential equations in the intermediate stage. Hence
their approach is not generally applicable. The reason is that for many problems
the differential equations resulting from defining the inner problem of the original
equation could be highly nonlinear and dispersive partial differential equations. The
time required to devote to solve these resulting differential equations would be as
much as to solve the original problem numerically.

The fully analytic approach was not devised until Pomeau et al. in 1988 [33} con-
sidered the singularly perturbed fifth order KdV equation (2.4). The KdV equation,
famous for having been solved by inverse scattering methods, appears in various
physical contexts and is generic in the sense that it is a nonlinear equation obtained
by balancing nonlinearity with dispersion for weakly dispersive waves in shallow wa-
ter. Indeed it is possible to continue the expansion beyond the order where Korteweg

and de Vries stopped.




Following the ideas of Kruskal and Segur, but instead of using numerical meth-
ods, they used Borel sunmnation to sum a divergent series which was supposed to be
a solution of the leading order differential equation resulting from the inner expan-
sion. This approach was based on the Borel summability of the algebraic asymptotic
power series say U(X). If the coefficient of X™ grows only as n!, by Watson’s lemma
[5} we can sum the series through a Borel summation. The Borel transformed series
has a finite convergence radius and the nature of the singularity closest to the origin
can be found. Then an exponentially small term associated to the closest singularity
can be found by formally inverting the Borel summation. In turn, this exponentially
small termi can be related to the behaviour at infinity of the physical problem. This
procedure is essentially Watson’s lemma applied in reverse; they sought an integral
expression for a function that has the known asymptotic expansion. Eventually they
calculated the amplitude of the oscillatory tails but their result quantitatively dif-
fered from the result obtained by Grimshaw and Joshi [21] by 1/2. Also they failed to
established a one-parameter family solution of the fifth order KdV «yuation whose
existence was proved in 1992 by Amick and Toland {4].

The use of exponential asymptotics in the context which is relevant to the work
shown in Chapter 3 can also be found in Grimshaw [19], Akylas & Grimshaw [1],
Grimshaw {20}, Grimshaw & Joshi [21], Akylas & Yang [2] and Boyd [11].

In [19], Grimshaw re-examined the problem of the nonexistence of certain trav-
elling wave solutions of the Kuramoto-Sivashinsky equation using Borel summation.
The aim of his paper is to show that Borel summation can lead to the main result in
a simpler and more robust manner. The procedures of Borel summation were set up
systematically and formed the layout for the use of this method. In [1], the equation
to be solved by Akylas and Grimshaw is a partial differential equation, hence, the
actual procedures of the calculation were very difficult. In [20], the main calculation

"involved solving two coupled ordinary differential equations. Grimshaw and Joshi
[21] re-examined the fifth order KdV equation(2.4). This time the amplitude of

the oscillatory tails was found explicitly and the one-parameter family solution was
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established which relates the phase shift and the amplitude of the tails. The am-
plitude found agreed well with the numerical results of Boyd [8]. Since the analysis
of [1, 20, 21) was done in the complex-plane, their approach is called complex-plane
matched asymptotics.

A somewhat different method was taken by Akylas & Yang [2]. They used a
forced KdV equation with zero-wave condition at far downstream with three different

forcing terms;
1. f(z) = sech?z,
2. f(z) = sechz
3. f(z) = exp(~z?)

as an example to show that the idea suggested by Karpman (25| and Milewski [31]
is not generally valid. In [25] and [31] these authors suggested, using the fifth-order
KdV equation as an illustration, by linearising about the long wave solution the
information of the tails of weakly nonlocal solitary waves could be uncovered. In
fact the structure of the tails depends very much on the nature of the equation. In
this case, the fKdV equation, the forcing term determines the nature of the equa-
tion. More specifically, the rzture of the singularities of the forcing term determines
the trailing tail’s features. Note that the singularity of the above forcing terms are
a double pole, a single pole and no singularity in the finite complex-plane respec-
tively. Surprisingly at first, the difficulty accompanying the analysis in [2] grows
as the strength of the singularity of each forcing diminishes. Furthermore in 2]
the authors claimed that using Fourier transform the analysis can be done without
matching asymptotic equations in the complex plane. They also showed that their
wavenumber-domain approach is suitable for determining the amplitude of the tails
of weakly nounlocal solitary waves. The method used in {2] is called here a Fourier
transform matched asymptotics because the analysis is done in a wavenumber plane

via Fourier transform.




Further Boyd [11] suggested a technique wkich incorporates the use of ‘quasi-
Newton’ numerical algorithms and the idea of ‘Hyperasymptotic Pcrturbative
Method’ (HPM) to calculate the amplitude of the fKdV equations induced oscil-
latory tail with the forcing f(z) = sech’z.

HPM is a modified version of an opiimally truncated asymptotic series. An
optimally truncated series is a series which is truncated at the N + 1 th order of the
regular asymptotic expansion exclusively and has an error term O [exp(—1/¢)] where
¢ is a perturbation parameter much smaller than unity. This truncated expansion
represents an approximation with a smallest error. Including more terms in the
expansion beyond this point will give an approximation with a larger error [5].
This intrinsic limitation of such series forbids any exponentially small quantities
uncovered from the ca.lc.ulation. By applying the regular expansion to the fKdV
equation, the second order derivative and the nonlinear term are dropped out from
the calculation of such optimally truncated asymptotic series because these term
are O(e?) smaller than the u. Boyd then pointed out when the Fourier transformed
optimally-truncated error term peaks at wavenumber k¥ = £1, vt is as large
as uV*t! but the nonlinear term is still small. This implies that neglecting the
derivative term is no longer justifiable beyond where the series is truncated. Then
HPM increases the accuracy of the approximation by retaining the second order
derivative term in the expansion which is carried out beyond where the optimally
truncated series stops.

Without going through all the details, instead we refer the interested reader to
Boyd'’s book [13], we outline the principle of his method via the fKdV equation with

f = sech’z and p? = e. We first write

N
u(z;e) = A(z; ) + Zeju(j)(:c) (2.5)

j=1

~ where > represents an optimal truncated long wave expansion, N is the number

of terms in such expansion, ¢ is exact solution and A is a measure of difference

between the other two terms. One would obtain an exact equation for A in terms

10
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of u,u; and f by inserting (2.5) into the fKdV equation,

T(Z) EeAm-l-A—-eAz—ZeAz 26)

= sech’z — ¢ (Z) L Z +e (Z) .

where r (3_) is called by Boyd as residual function of the ‘basic state’ 3 [12]. By

scaling argument, when the long wave expansion has terms less than /N then one can

safely neglect the second derivative and the nonlinear term in the RHS of (2.6). As

explained above the Fourier transform of r peaks at £ = £1 at N, then one must use

different scaling and retain the second derivative in (2.6) for expansion beyond the

Nth term. To solve for A one can use the quasi-Newton iterative scheme suggested
by Boyd.

Basically the matched asymptotics method and HPM both share the same fun-
damental. That is one needs fo rescale the original problem when the independent
variable is getting close to the singularity or in the language of HPM when the resid-
ual function peaks at the certain wavenumbers. After the rescaling one then obtains
a new equation to solve. In the literature for matched asymptotics and hyperasymp-
totics, this new equation is called inner problem or hyperasymptotic approximation

respectively.

2.3 Background

A forced KdV equation (fKdV) can be written as
UT+5Ux+V2UUx+AUxxx=Fx(X) (2.7)

where T, X, 6, v and X are temporal coordinate, spatial coordinate, linear long-wave
phase speed, measures of nonlinearity and dispersion respectively. The forcing term
Fyx is a function of space only representing, for example in the context of water

waves, a local topography. Thus,

F-—0 a |X|— 0.

11




We assume the forcing is weak and has a large length scale, the three parameters
are all order of unity and we assume A > 0 without loss of generality.

We seek stationary solution hence from now on we drop the temporal derivative.

That is
AUxxx + 6Ux +02UUx = Fx (X).
In order that an oscillatory solution exists in the far field we require
Ad > 0.

The above requirement indicates the model is to be subcritical. If the inequality sign
is reversed the model is termed supercritical and implies nonexistence of oscillatory
solution for the fiKdV equation.

We then integrate the above once and get
Mxx + 6U +vU? = F(X).
We note that a transformation
(U, F) — (-U,-F)
gives us
Mxyx + 06U —vU? = F(X). (2.8)

This transformation tells us that changing the sign of v will change the sign of
the solution. Effectively this makes solving the fKdV equation with a negative
nonlinearity the same as solving with a positive nonlinearity. Since F' is small with
a long length scale, the dominant balance is between dU and F, after some rescaling

on (2.8), it yields

1Pz +u— eu® = f(z), T€R (2.9)
where
0<ep<<l
12
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with boundary conditions—symmetric or one-sided. This is interesting to note that
now (2.9) can be viewed as a forced simple harmonic oscillator with the lowest
degree of nonlinearity. The forcing terms are chosen so that this small (length) scale

nonlinear harmonic oscillator is driven by a much larger (length) scale oscillator.

2.4 Method Outline

We present a brief method outline on complex-piane matched asymptotics in this

section and two examples subject to two types of boundary conditions respectively.

1. For 0 < ¢, u << 1, develop a formal asymptotic expansion {long wave expan-

sion or outer problem) for the core region in the power of € or p:

o0
Us ~ Z e un(z).

n=0
2. Note the singularities x4 In the expansion u, in the complex z-plane. Focus

on the singularity which is closest to the real axis in the upper z-plane.

3. Define an inner problem by rescaling the independent variable
T = Tsing T+ Aq
and the dependent variable
u=¢€"v

where A and 7 are to be determined according to the problem in hand. They
are to transform the originalily singular perturbation problem to regular per-
turbation problem [32]. Also, need to generalise an appropriate boundary

condition from real line to the complex g-plane and set a matching condition.

4. Sum the divergent series in inverse powers of q representing the leading order

term, vy, of the inner expansion in the form of a Laplace transform

Vo =/ exp(—sq)V'(s)ds.
0

This step is motivated by the aim to use Zorel summation.

13




5. Identify the singuliarities of the integrand in the transformed s-piane. Work

out the residue at the singularity which is the one closest to the real s-axis.

6. Impose the symmetry condition on vy by adding appropriate terms to vp to

make the asymptotic expansion complete.
7. Match the solution back to the real x-axis.

The aim of steps 4-6 is to generate the exponentially small corrections on the imag-
inary z-axis then relate them to the oscillatory tails of u(z) on the real axis. These
two steps are no! necessary if the inner problem is linear which is exactly the case
with the Gaussian forcing. Also the ciep of matching can be subtle and requires

extra care shown in the second example below.

2.4.1 Example 1: f(z) = sech’z

The analysis for this forcing starts by setting p? = ¢ to balance the effect of nonlin-

earity and of dispersion. The boundary condition for this example is
u(z) — 0 as & — oo.

2.4.1.1 Long Wave Expansion

Upon substituting

= o
n
uSNE € Uy

n=0

into (2.9),

up = sech’z

— 2
Uy = Ug — Uozs

14




We find that u, contains singularities in the complex z-plane at

Then we proceed to step 3 to define an inner probiem by assuming the most influ-
ential singularity is the one closest the real axis. There are two such singularities
(%3

Tsing = :|:-2—'

We note that the solution of (2.9) is analytic in a strip |Im z < #/2|.

2.4.1.2 Imner Problem

Wi only consider the singularity in the upper-half plane in the following. The effect
of the one located in the lower-half plane merely adds a complex conjugate of its

counterpart to the final result. Thus we set
i
T = '-2— + \/Eq

where ¢ now is the inner variable. The inner problem then takes the form

2 —
Vgq + U — v? = —¢ cosech®y/eq

where
V= €u

Next we let v, ~ Y > €"v,(g) and expand the right hand side of the inner

problem in terms of power series as well. At leading order this yields then
-1
Vogqg + Vo — ’b‘g = -—q—z- (2.10)

and a matching condition

-1
UON(“‘?"‘I'%"l"") as lgf 2 o00oinReg>0, Imgq < 0. (2.11)

To solve the inner problem we seek solution of vy ir the form of a Laplace

transform

Vg = /{;00 exp(—sq)V'(s)ds. (2.12)

This step is motivated by the aim to use Borel summation.

15
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2.4.1.3 Borel Summation

Upon substitution of the integral into (2.10) we require the kernal to satisfy the

integral equation
(s + D)V'(s) - / VAWV (s = XNdA=—s (2.13)
0

By assuming

V'(S) - E Gn32n+l

n=0

and substitute it back to (2.12), we then get
o0
2n !
Vo ~ Z 9_,1(__13_-{_—_‘1_)_. (2.14)

It can be shown by putting (2.14) into the (2.10), a, satisfies the recurrence relation

n—-1 . 5
G;an_1-i(2¢ + 1))(2n — 24 — 1)}
n -1~ =0, >1 2.15
On + Gn-1 Z,-o @2n+1) ooz (2.15)
where ag = -1 from (2.11). As n — o0, the coefficient of the nonlinear term in’

(2-15) is O (1/n?). As a result
ap ~ (_I)RI{
where K is found by computing the exact value of a,, up to some large value. This

is found X = —1.55---. Thus,

Ks

Vi(s) ~ 14 82

for |s| < 1

Hence, there is a pole singularity at s = 4 in the complex s-plane. Only s =7 isin
the allowed region. Thus in our subsequent development of the theory we focus on
the contribution from the singularity at s = 1.

There are two possible contours (see Fig.2.4.1.3), we denote them as v, and +v_.
The corresponding solution g is denoted by v, and v.. respectively. For the contour

Y-, as |g] — oo in Re ¢ < 0 and Im ¢ < 0, y_ must be shifted across the imaginary

16
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Figure 2.1: The contours in the transformed s-plane.

s-axis and thus generates a term proportional to +7i/ exp(—iq). However, in the
region Re ¢ > 0 and Im ¢ < 0, contour - does not have to cross the imaginary
s-axis. So v~ has no trailing oscillations as # — oo but it has a trailing oscillations
as £ — —o0o. By similar reasons, in Re ¢ > ¢ and Im ¢ < 0, ;. must be shifted
across the imaginary s-axis generating a term proportional to -miK exp(—ig). In
the region Re ¢ < 0 and Im ¢ < 0, v; does not have to cross the imaginary s-axis
hence v, contains trailing oscillations as z — oo but not as ¢ — —o0.

For the reasons stated above we choose v_ since it satisfies the far field condition
i. e.'vg — 0 as |g| = oo in Re ¢ > 0, Im ¢ < 0. However as |g| — oo in Re ¢ <
0, Im ¢ < 0 the contour y_ must be moved across the imaginary s—axis generating

the residue +im K exp(—ig). As a result,

Vo ~ v.. + imK exp(—ig). (2.16)

17
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2.4.1.4 Matching

e Sl g

We have to ensure (2.16) indeed matches (2.11) as jg] — oo, Im g < 0. To see

B

that, we deform the contour 7. into Re s > 0, away from the singularities on the

i imaginary s—axis. Then v_ satisfies the matching condition (2.11). Now we change
: the variable back to = from g and let Re 2 = —o0 and Im =z — 0. Simultaneously
1 we collect the corresponding contribution from the singularity at z = —in/2. We
then obtain, as r = —ox,

: g T (L e K w i

s U~ Ug + . exp( e \/E) \/Ee}up( 2\/E+\/E)
() ().

i As mentioned in the preceding sections, the nature of the singularity of the
f forcing determines the details of the solution. This point now becomes apparent.
‘ The double pole belonging to the forcing term generates a single pole belonging to
f‘ V', the kernal of (2.12}. This single pole singularity of V" is the reason the calculation
for this forcing term being easier than the calculation in the next example. The next
? example shows that if the forcing term contains a single pole, V' then possesses a
double pole. The increase of pole order in Laplace transform space leads to a more
involved calculation.

2.4.2 Example 2: f(z) = sechz

j‘; We replace sech’z in the forcing term by sechz. Consequently, to bring the effects
between the nonlinear term and the dispersive term to balance, we set € = p. Then
% we have

i

i Uy +u — eu? = sechz (2.17)
ig with a symmetry condition

. u(z) =u(~z) for =€ R. (2.18)

18
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Despite the simple look of this forcing, it actually requires more attention on the
stage of fulfilling a symmetry condition and of matching the solution to the real

axis.

2.4.2.1 Long Wave Expansion

We proceed as in the previous section, assuming

o0
Uy ~ Z "u,, (2.19)

n=0

where u; denotes core region. Substituting (2.19) into (2.17) then gets

up = sech x (2.20)

’U1=’U,g

Again, as in the preceding example, u;, is singular in the complex x-plane at
Zsing = £(2n + 1)in /2

where n € I. There is necessity to consider the structure of the solution near these
points. To do this, for the singularity closest to the real z-axis in the upper-half

plane we put
i

r=< + €q. (2.21)

Note that the singularity is a single pole.

Then from (2.20) and (2.21) we find as eg — 0,

womet (L w_ 1, 3
ds ~ € (q q2+ )+e(6 3+ )+O(e). (2.22)

Now (2.18) is replaced by
Im {u(z)} =0Rez =0, Imz| < g— (2.23)

Next we i'nvestigate the inner problem.
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2.4.2.2 Inner Problem

o SR T L A A R

To define an inner problem, put {2.21) and v = eu into (2.17) then we have

Vgq + v — v* = i€ cosecheq. (2.24)
Assuming
v Y eualg). (2.25)
n=0
Substituting (2.25) into (2.24), yields
N Uﬂqq + vg — ‘Ug = —q— (226)

From (2.22), we obtain the matching condition

i 1
Vg ~ —Ez- ~F +.--,as|gl] — ocoin Reg>0and Im ¢ < 0. (2.27)
4; In general,
U ~ Z bng™", as |q| — coin Re ¢ > 0 and Im ¢ < 0. (2.28)
==}

A
i35
T
2
..!‘}

)

o

]
ik
. A
o

i

P2y
TR
N
."’::I.

Also the symmetry condition becomes
Im {vs(q)} =0onReg=0,Im g <0. (2.29)

Now substituting (2.28) into (2.26) then gets

% n-1

”:f Z (n - 2)(71 - l)bﬂ--2 - Z bibn—i + bﬂ q_n

ﬁ n=3 i=1

ji + blq_l -+ (bz - bf)q“Q = —iq"l.

Hence b, = —¢ and b, = —1. This is consistent with (2.27). Also

n-1
(n~2)(n=Dbpz— Y bibp_i+b,=0, n>3. (2.30)

i=1

Now we are ready to move to the next stage — Borel-summation.

20




ﬁ 2.4.2.3 Borel Summation

We seek a solution of (2.26} in the form of a Laplace transform

U, = /exp(-—sq)V'(s)ds (2.31)
¥
where v runs from s = 0 to infinity in the upper-half plane provided Re (s¢ > 0) in
order (2.28) to be bounded. Substituting (2.31) into (2.26), implies

(1+s9)V'(s) — /; 5 VI(MWVis = A)dA = —i. (2.32)

We seek solution of (2.32) as a power in s,

= o)

Vi(s) =) aus™. (2.33)

n=>0

Putting then (2.33) into (2.31) gets

v NZ n+l
4 qﬂ-l'l

n=0

So we have

p = buvr > 0. (2.34)

Using (2.34), (2.30) becomes

n-1
ne1-k(k = ) (n -1~ K}
an_ a’\ Ia 1- l‘u( ) (n ) — an_s‘ s Z 3 (2.35)
(n— 1)
k=1
where a9 = —1 and a; = —1. To ensure the recurrence relation to give real values,
we let
a, = (—1)"ay, a, € R (2.36)
then (2.35) becomes
-1
i 10n_1-:{1—Dln—-1~
Qp] = Z J=1 1 J(?l - 1))‘( J) + Qp_3 (2.37)
— !
21




ay=1=aq;.
As n — o0, the nonlinear term in (2.37) becomes less important, we find that
1
cr,,an+D—!—O(—) as n -—> 0. (2.38)
n

Note that D can be determined as follows. First expand (2.37) then we have

2&00’,,_2 20{10'“_3 1
—Qn_ n—-1" - -~ = U 2.
n-ston1— =T — ooy PO ) =0 (239)

Using (2.38) with a next order term included

anwcn+D+—§+O(—1—)

n2
the left hand side of (2.39) becomes

2D 1
~ _n—-1+0(;§)

We can conclude that D = 0. Therefore

a«n~0n+0(1).

n

C is found approximately equal to 0.94 by computing the exact value of o, in (2.37)

up to some large value of n.

Recall
o0
V'(s) = }:ans“ as n —» 0o
n=0
hence
~iC iC
V'(s) = . 2.40
&)= a5y T 1re (240)
Equation (2.40) indicates s = 1 is a double pole of V/(s). So
1 1
= |1 - ~sg)d
ve [yaC [1-1— is (1 +z’s)2] exp(-sg)ds
where the residue of the integrand at s =1 is
2rCqexp(—iq) + 2niC exp(—ig). (2.41)

Note that the above expression contains a secular term as a result of s = ¢ being a

double pole.




2.4.2.4 Imposing Symmetry Condition

At this stage we know that vy = f,r exp(—sq)V'(s)ds cannot satisfy the symmetry
condition (2.29). Part of the reason is that the asymptotic expression for the solution
vp is not complete because of the exponentially small imaginary term on the Im s-
axis. In addition to this reason, we also have a secular term which although still
subdominant to v, is O(g) relative to exp(—ig) as |g] — 0. So to see what
appropriate terms we should add to balance the effect of this secular term we need

to rewrite vy as
Vg = U + Uy (2.42)

where v, represents the outer expansion which has the form, from (2.28),

O
Vs ~ E bng™"
n=1

and v, represents the trailing oscillations. The form of it is to be determined.

Putting (2.42) into (2.26) and neglecting the nonlinear term then we get

Vwgq T Y — 2005 = 0. (2.43)
Let
o0
Vo ~ Y Bag " exp(—ig)
n=-1
= Wexp(—ig).
Note that in the above expression n is summed from n = —1. This is to balance the

secular term. Substituting the above into (2.43) then yields

—2iW, + W,y — 2Wu, = 0. (2.44)

=3 Go = iB_1.
We observe from the above that each 8, is proportional to S_; thus
vy ~ Boi(g+i+ ) exp(—ig).
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Hence we add v, to [ Y exp{—sq)V'(s)ds to form a complete asymptotic solution

vy ~ /exp(—sq)V’(s)ds + 0.(g+ i+ - )exp(—ig) (2.45)

which can now be made satisfy the symmetry condition.
To impose the symmetry condition (2.28), we let ¢ = —iy, y € R and put the

contour <y onto the imaginary s-axis where s = g, ¢ € R. Then (2.45) now beconies
o0
Yo Nz'][ exp(—oy)V'(ic)do — inCyexp(—vy)
0
+inCep(- y)+if(l-y+---)exp(-y),

where the integral is a principal va'ne integral. From (2.33) and (%),
o0
va(io,) — Z(_l)n+1ano_n(a-)2n+2.
n=0

So we can infer that

oQ
i [ exp(—oy)V'(ic)do

Jo
gives a real value.

To ensure the other terms to be real-valued we put
—aC = Re {B-1}.
We write 8., in the polar form
B_; = Texp(id)
thus

T7c080 = —nC.

Hence

vy ~ 7(g+ 1+ - ) exp(—iq +id). (2.46)

*

Eventually we established an asymptotic solution of (2.26) and ‘his asymptotic
solution satisfies the symmetry condition. Next stef, iz to match the solution back

to the real z-axis.
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2.4.2.5 Matching

Using v = eu, (2.25) and (2.42), we have
U~ Ug + Uy (2.47)
Putting (2.47) into (2.17) then ields for z on the real z-axis,
€ Uz + Uy — 26Uy 22 0. (2.48)

From (2.19) we know u, ~ sechx + O{e) and u2, is neglected.

Next we try
Uy ~ Aexp(—ig)

where A and ¢ arc real. Substituting this into (2.48) then from the imaginary part
gives
&A% = const.
From the real part,
o= (1- zeus) N A‘ZI’

€
where A, /A = O(¢) so neglected in the following. Thus

¢ == — 2tan”" [exp(x)] + o + O(e)

i
€

where ¢y is an integration constant and implies

[E]1L

A=Ay —eug)”
where Ay is a constant. Using (2.21) and recall Req > 0 then
T ) €q
¢~ %—f-q—ﬂ'—zln [coth(g)] +do+ .

Thus, as |g] — o

- Ae
2

Aexp(—ig) ~

g exp (1 —ig ~ z'qbg) .
2e




From v = eu, (2.25), (2.42), (2.46) and (2.47), matching at leading order, gives

—Aoeq 7 ) L . )
5 €XP (ﬂ) exp (—ig — igp) = — exp (—ig + id)
A = -27 T 5
= 0= 3 exp[—§E+z( —}—q’)o)].

Since Ay is real

= ¢o = -4.
Therefore as £ —+ o0
¢ ~ R
€
and
27 iy X
s i Zenp [ -4 (2-)
o exp (—i¢) 7 €XP | ~5. — i 2
to the leading order.
Finally, taking into account the singularity at r = —in/2 gives

Uy ~Ag exp(—i@) + Ag exp(i¢)

Z% exp (—;) coS (E — 5)

for all z.

2.5 Discussion

We have seen how the complex-matched asymptotics can be applied to two quali-

tatively different forcing terms. Our method yields the same results as obtained by

Akylas & Yang [2].
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Applying HPM to the case of f(z) = sech®, Boyd [11] also found the magnitude

of K without specifying what boundary condition that the fKdV equation is subject
to. Boyd casted doubt on HPM’s feasibility for the other forcings, especially for the
Gaussian forcing f(z) = exp(—z?) [11]. We believe that our examples shed light on
this issue. As shown in §2.4.1 - 2.4.2, the type of the singularity of V' determines
the details of the calculations. Bear this in mind we believe that the principle of
HMP may still be applicable to other two forcings however the algorithm, which is
shown suitable for the forcing sech®z only, requires modifications which take into
account the qualitative difference between different forcings.

In next chapter we solve the fKdV equation with u forcing term f = exp(—z?).
This forcing is different from the previous two because it has no singularity in a
finite complex plane. This property has an important effect on the final result and

makes the analysis stand out from the previous two examples.

T e Yt we




Chapter 3

A Forced Nonlinear Oscillator

We present a detailed asymptotic analysis on

,uz'ux_,, +u - eu’ = f(z) (3.1)

f(z) = exp(~z?), (3.2)
subject to two types of boundary conditions

u{z) = u(—z) for € R (3.3a)

w(z) — 0 as z —> 00 (3.3b)

This forcing term is special because it has no singularities in the finite complex-plane
and this makes the analysis very different from the examples shown in the preceding

chapter.




3.1 Long Wave Expansion

We first follow {2] setting € = p? to bring the effect of nonlinearity and dispersion
into balance. We get

#iuge +u — pPu® = exp(—2?) (3.4)

Then we expand u as a power series in ¢,

> =]

U= Z,uz"un.

n=0

We obtain, correct up to Ofu?),
u ~ exp(~2?) [1 - p?(4e? — 2) + p* (162" — 482% +12) + -]
+exp (~22%) i — p*(202% ~ 6) + -]

+exp (~32%) (2p* + ) + D _ exp(—ma®)Sm_s(z; ).

m=4

The above expression contains a nonuniformity caused by secular terms. To handle

this nonuniformity we set, suggested by the above expression,
u = ipz(“'l) exp(—nz?)P,(X) where X = pz.
n=1
Upon substitution of the above into (3.4), we have for n = 1,
piP — y*22XP + P)+ (1 +4X3) Py = 1. (3.5)
and for n > 2,
pAFU P o X P + By + 207 (14 40 X?) P,
= ,2(*—1) nz-iPiP - (3.6)
i=1
Note that (3.5) is equivalent to solving a linear version of (3.4) by setting
. u = P(X)exp(—2?) where X = uz. (3.7)

We devote the next section to this linear case and the nonlinear case will be dealt

with in the section after.
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3.2 An Associated Linear Problem

As mentioned above solving (3.5) is equivalent to solving the linear version of (3.4)

in the interest of the asymptotic behaviour of u. That is solving
pluyr + uy = exp(—x?), (3.8)
subject to specified boundary condition (3.3a). Then

1 [* -1
u = Acos (E) + —f exp(—¢?) sin (m ) dt
H H Jo H

which is an even function of  and A is an arbitrary constant.

As |z| — oo,

o r
u ~ Becos (E) + [l ;[ exp(—1%) cos (i) dt} sin (E)
H By H H
z V7 1 ) : (:r:)
= Bcos | — —exp|——— |sin| —
(n) 2 ( 4y p

B=A- [ exp (—t?) sin (E) dt.
0 K

However in the spirit of exploring the use of asymptotic method, we tackie this linear

where

problem in complex plane.

3.2.1 Outer Expansion

Having substituted (3.7) with the replacement of u by u; into (3.8), we obtained
(3.5) which is our outer problem arising from long wave expansion. At leading order

balance,
1

Pi~—
YT ax?

therefore P; is singular at
1
X1 = :l:§

These are the only singularities for P;. Thus we set

X= ; + it (3.9)
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where Im £ < 0. The inner limit of the outer expansion as £ — 0in Re{ > 0 is our

matching condition

3.2.2 Inner Expansion

In terms of the inner variable &, (3.5) becomes
u? (P! — 4EP] — 2Py + 462P)) + p (4it Py — 2iP)) = 1
which is our inner problem. At leading order,

P]_N

2y poo
ex;(ﬁ ) /; exp(—A?) dX + C, exp(€?) (3.10)

where () is to be determined by the boundary condition.

3.2.3 Symmetry Condition

At this stage we are to impose boundary condition to determine the constant C;. We
first apply the symmetry condition (3.3a). The casz of radiation condition, (3.3b)},
is treated in §3.5.

We first generalise (3.3a) from real line to complex plane. That becomes
Im [P ()] =0, on Re{ = 0.

Then we let £ = —iy where y > 0,

P ~ exp(—y*) [~2—21—;; (/0 exp(—A?) d\ + /:m exp(—A?) d/\) + 01] i

_3!}

Since the first integral gives real value, this implies

1 [* >
- m‘ . exp(-—)\ )dA = Im Ol
—1mC = -
414




Indeed we can be more general by setting

iVE |, W

4u 4u

Cl=

where @ is an arbitrary real number. By virtue of the above, (3.10) becomes

/7 oyE

Py~ M(€) - 2in exp(€®) + exp(€?)

where

() = 22 ) [ exp-an
3

3.2.4 Matching

Now we have to match our solution back to the real axis { Imz — 0). Using (3.7)

and (3.9) we have

"y zzjg) (:;‘/% - Tf‘) P ("‘1'" } ﬁ) S

We must include the corresponding contribution from the singularity at X = —z/2.

This simply adds a complex conjugate to (3.11). We then obtain for all z, as [z] — o0

exp(—=2?) VT 1 el
Ty Ty P g ) P .12
‘ where
D;sind =a.

We have established the first order asymptotic solution for (3.4) satisfying the
symmetry condition (3.3a). Eq.(3.12) agrees with the solution obtained from the
exact linear theory shown in §3.2. Note that (3.12) forms an one-parameter family

solution. This parameter relates the phase shift to the amplitude of the tails.

In the next section we establish an asymptotic solution for (3.6) which takes into

account the nonlinear effect of (3.1).
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3.3 A Nonlinear Problem

In regard of (3.6) the leading order balance is

P Z:"‘—: 1:l R ‘Pﬂ —i
E) r 1+ 4.?12X 2

where n 2> 2.
Note that for each F, the singularity closest to the real axis is at

]
. X,=+— where n=>2.
3 2n

These singularities, for each P,, contri’>ute the dominant effect to the tails of the

‘ wave 80 we only include these points in the following analysis and the singularities
which are further away from the real axis are not relevant. Following the same route

of §3.2.4 we set

i S

?
. X = 5;; + ,Uf
and
: : n—1
Rn(X) =) P(X)P-i(X).
The matching condition as & — 0, in Re£ > 0 and Im& < 0 is
"™ Ginpg
; where
| ; ; 1
n
E
3.3.1 Inner Expansion
In terms of the inner variable, (3.6) then becomes
u (B — 4n€P) — 2P, + 4nE*P,) + u** ! (4iné P, — 2iP.) :
= pUR(E).
33 ;
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At leading order balance,

, R,
Pn - 2£nP,, ~ —'2'27;;.
- e
= P, ~ -R%lf exp(—n)*) d) + Aexp(—né?) (3.13)
¢

Following the same line of reason as in §3.2.3 by imposing a symmetry condition on

P, in the complex plane, we find

POV 7 AV,

C 4pyn T duy/n
Hence
Ra/7 2y, ERaVT 2
P, ~ M, (X) 4mﬁexp(n£ )+ NG exp(n&*).
where

3 2 o0
M, () = oBnt) f£ exp(—n?) dA

Next stage is to match P, to real axis. At the same time we have to include the
contribution from the neighbourhood of X = —i/2n. We get, for all z as |z| — oo

and n > 2,

e~ R, exp(—nz?) " R,/ (___1_2_) Dy sin (!:P_' + 5) . (3.14)
4repe 1

1= dn2X2 Zpfa P :

i

3.4 The Full Asymptotic Solution

From the results obtained in §3.2.4 and §3.3.1, we have established a solution for

large z. That is combining (3.12) and (3.14) we have

u ~ AppD, sin (l—El + 6) (3.15)




3.4.1 The Amplitude of the Tails

Adopting the principle of the stationary phase method [32] we can evaluate the
infinite sum in (3.15) provided u << 1. Note that when

n=N

where

5= 1 Vi —8lnp

81n i - 8ulnp

-( ¢
=
ho)
Y
A
;
]
B
58]
i
E
%‘ _
U
ks
&

b
¥
&

the phase of the terms in the infinite sum (i. e. 2", +/n and the exponential term)
attains a stationary point. Since, however, n can only take integer and g is much
smaller than unity we then neglect the first term and the quadratic term of u above
and conclude the terms of the sum peak sharply around n = N where N is the

integer closest to as, 4 — 0,
1
2uv/=2In p

So the main contribution to the sum comes from the neighbourhood n = N + ¢

B B T L e S E R E et

E where |¢|/N << 1 and

o 1 exp (- N
~—exp|— ~
vn dnp? VN

AN A2
) (L1220

4N3?

Note that u?N << 1, we neglect this term from the above expression from now on.

Accordingly,

7R, v/ =21In 2 q
Amp ~ ;:L;/%exp (—-——-———-—-E) Z exp( )

: (3.16)

L 7TRN exp (
29/4,,7/2/N (—In )3/ )
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3.5 Radiation Condition

In this section we consider the fiKdV equation with boundary condition
u— 0asz— 0.
In the complex plane the above condition is equivalent to
12— 0 as Ref — oo and Im& < 0.

For n = 1, Cj in (3.10) must be zero in order to satisfy the radiation condition in
complex plane. Hence

C, =0.

Therefore

/oo exp(~A?) d. (3.17)
§

Then as Re& — —o0 and Im& < 0, (3.17) becomes
_ exp( (£2) f /
2t

9 [ o ayans -]
2 ) exp(—A*)dX + e + -

Having dene the above and included the contribution from the singularity at X =

~1/2n we then get, after matching the solution to the real axis,

~ exp(—1? VT L z
uy ~ exp(—z*) P (X) " exp( Ve )sm (p) . (3.18)
Similarly, for n > 2, we have
a2 Rm (1 [z
g, ~ exp(—nz*}Pp(X) o ekp( 4”#2) sin (H) . (3.19)

The asymptotic behaviour of u for £ — ~o0 is, combining (3.18) and (3.19),

u NJ[——-“—— exp ( \ \/— Z \/1u2"exp ( yev ! )} sin (E) . (320

n=2
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The amplitude,

o =
Iz 4ut) @ = n dny?

n=2

1s evaluated using the same strategy as in 3.4.1
rFiy exp (52
" 9s/4 W2/ N (~ln p)3°

Eq.(3.21) has the same form as its counterpart obtained by Fourier transformed

App ~ (3.21)

matched asymptotics in Akylas and Yang [2] except the recurrence relation Ry.
Despite this apparent difference between the two expressions, the plot of (3.21)
shows no appreciated distinctions between the two expressions for the amplitude of

u at far field. The plot of (3.21) is shown in Fig.3.1.

3.6 Discussion

From the previous sections, we see that the tail’s amplitude depends on the non-
linearity. The solution of the associated linear problem does not have significant
contribution to the amplitude of the tail. The solution of (3.1) also reveals that a
fast oscillator driven by a much slower oscillator is still ¢apable of producing fast
oscillatory behaviour. Adding noulinearity to this fast oscillator cannot suppress
the fast oscillatory motion although this nonlinearity term is very important for an
accurate estimate on the solution at the far field.

In next chapter we investigate a model system which consists of two oscillators

with different timescales nonlinearly coupled together.

37




P A e e A S I B S S Bk B R B R

-

LEni i

Amplituda

-10F

=1+l PN S VS WY SO N S E S S N AT ST ST ST 2
0.000 0.005 0.010 0.015 0.020 0025

L

i

Figure 3.1: The plot of eq.(3.21); u (order of magnitude) vs u°.
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Chapter 4

A Low Order Conservative Model

4.1 Introduction

In the study of numerical weather forecast, raw field data cannot be used as ini-
tial conditions of a primitive-equation (PE) model. Otherwise unrealistically large
high-frequency oscillations occur after a short time of numerical integration. This
numerical phenomena was first known by Lewis Richardson [34].

Later, Charney realized that this anomaly is associated with free gravity waves
which mainly come from measurement errors [15]. He then devised a new set of
equations known as ‘quasi-geostrophic theory’ as a remedy. In this theory sound
waves and gravity waves are filtered out and only low frequency Rossby waves prevail.

In fact, quasi-geostrophic model is just a member of family of balanced models.
A balanced model is derived from its parent model, usually the PE, as a reduced
set of equations by invoking some approximate relations such that the reduced set
of equations represents the slow time behaviour of the flow on a lower dimensional
manifold in phase space and the high frequency oscillations are filtered out. A
balanced model then consists of balance dynamics and balance conditions. Balance
dynamics defines a prognostic equation for a chosen slowly evolving variable, e.g.

pontential vorticity (PV). Balance conditions consist of the invoked approximate
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conditions, define diagnostic equations as constraints between the slow time variable,
described in the prognostic equation, and the other state variables of the flow .

For example, in the quasi-geostrophic theory mentioned above, the prognostic
equation for potential vorticity and a set of diagnostic equations denote a balance
dynamics and balance conditions respectively. Once the PV is found by integrat-
ing the PV-evolution equation forward in time, one then reconstructs other state
variables, such as pressure field and wind fields from the balance conditions via PV
inversion [22].

Balanced models, as an approximation of PE, provide qualitative insight of our
geophysical fluid system due to the reduced dynamics. However as a tool of weather
prediction balanced models succumb to the failure of capturing the so called sponta-
neous emission of inertia-gravity waves by the vortical flow in an unsteady stratified,
rotating vortical flow [16]. This emission affects the mass, energy and momentum
budgets of the flow and hence has profound implication on the accuracy of balanced
mnodels compared to the PE. (For detail discussion on the issue over the accuarcy of
some balanced models versus a PE model see McIntyre et al.[30].)

An other approach to minimise the effect of high frequency waves is to project
the initial data onto a balanced state before feeding it into the PE. The projection
of the initial data onto the balanced state is known as initialization. In 1980 Leith
[26] introduced a concept of slow manifold as an idealized stage of any good ini-
tialization scheme. A slow manifold is a hypothetical subspace of the dynamical
variables’ phase-space. Onto this slow manifold, which is devoid of high frequency
gravity waves, slow oscillations loosely called Rossby waves, remain slow. The fast
oscillations should never be able to penetrate into the vicinity of slow manifold.

Accordingly, initialization schemes are to attempt to purify the field data so
that the purified data can force the primitive equations to evolve entirely on the
slow manifold, which is a slow-mode-only subspace of the full phase space of the
model. On the other hand a balanced model is to describe the dynamics of the flow

totally onto a slow manifold where balanced conditions define the slow manifold by
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relating the fast variables to the slow variables.

Since the introductivn of the slow manifold concept, debate over its definition
and hence its existence led to a stream of publications (see Warn 1997 [37}; Lorenz
1986 [27]; Lorenz and Krishnamurthy 1987 [29]; Jacobs 1991 [24] Lorenz 1992 [28);
Boyd 1994, 1995 [9, 10]; Camassa 1995 [14]; Bokhove and Shepherd 1996 [7]) via
theoretical and numerical studies of some simplified low order models. As a result,
instead of this highly idealized concept, people now tend to employ a refined concept
called fuzzy slow manifold as first postulated by Warn [37]. A fuzzy slow manifold
or a slow quasi manifold [17] can be thought of a stochastic layer having varying
thickness in the full phase space. This stochastic layer is expected to be very thin
in the fast direction in which some fast oscillations will eventually occur but the
amplitudes could be minimized up to exponentially small [10].

The most studied model in this area is a highly truncated five-mode model
devised by Lorenz [27] and its extension [29]. Various methods have been exploited
to understand the qualitative properties of these models and hence the large time
behaviour of the system viz dynamical analysis [14, 7]; asymptotic perturbation
[9, 18]; and numerical methods [27, 29].

In this chapter we obtain explicit results for the large time behaviour of this
model using asymptotic expansion by expanding the dynamical variables to the
fourth order of the small coupling parameter in the problem. We discuss the effect
of feedback by the first order fast modes to the slow modes, the frequency shift and
aspects in long term averaging. Compatibility conditions are established in order
to prevent a growing system which is not possible for the model because of the

conservation of energy of this system.

4.2 The Lorenz Model

‘The model being studied in this chapter was developed by Lorenz in 1986 [27] later

extended by Lorenz and Krishnamurthy {29] by including dissipation and forcing
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into the model. Here the former model will be referred as L86 and the latter will
be referred as LK87 and is a subject of next chapter. The model, LK87, is a set
of five ordinary differential equations which couples three slow mode amplitudes,
representing Rossby modes, and two fast mode amplitudes, representing gravity
modes, including dissipation and forcing via two non dimensional parameters shown

below,

U = ~-VW4+evz—-aU
Vi = UW—~eUz—-aV+F
W, = =UV —aW (4.1)

2
fi

-2 —ak

zz = z+eUV —az,

where a is the damping coefficient, ¢ is a coupling parameter and F is the forcing
which is a constant. L86 is obtained by putting a = 0 and F = 0. Hence this a logical
first step to investigate L86 before we turn to a more realistic model, LK87. L86
can be understood as a nonlinear pendulum, denoted by the slow modes, coupled to
a simple harmonic oscillator, denoted by the fast- modes, via the parameter ¢. The
parameter € can be regarded as rotational Froude number [7). Another parameter

will appear from the following analysis. For the record we write L86 explicitly

Uy=-VW+éeVz (4.2a)
Vi=UW - Uz (4.2b)
W, =-UV (4.2¢)
Ty = —2 (4.2d)
zp=x+eUV. (4.2¢)
Note that there are two integrals of motion for this model
J U?+V? = E (4.3)
P4+ Witat4+ 2 = K, (4.4)
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hence all variables stay bounded. It can be expressed in Hamiltonian form as

n = J%g
or
(U, ) (0w o 0 o \ [ -2v)
v, W 0 -V o - || -v
w.l =] o v o o o %
z, 0 0 0 0 -1 z
\ z ) \—eV el 0 1 0 ) \ z )

where H = (K ~ F) /2 represents the Hamiltonian of the system.
In the following analysis we set the dynamical variable
(= o]
u= Z e*u,
n=0
and expand it up to n = 4. Also (4.2) possesses symmetries. If (U, V, W, z,2) is a so-
lution of (4.2) so are (U, ~V, W, z, z) , (U, =V, - W, —2, —z)and (U, V, =W, -z, 2).

4.3 The Leading Order

Consider the zeroth order system, we see that equations for zp and z are uncoupled
from the slow variables Uy, V; and W, so the fast variables form a homogeneous

systeni. Since minimum fast oscillations are desirable, we set

To = 0 = 2.
Then we are left with
Ué = '—'VQWO
Vi = UpW (4.5)
Wo = -UV
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At this order, the slow oscillations come with two integrals of motion

Ug + V02 = Eg (46&)
U2~ W2 = K, (4.6b)

where (4.6) can be obtained from (4.3) and (4.4) respectively. Therefore

Us = R sech(Rt)
Vo = Rtanh(Rt)
Wy = R sech(Rt)

is one of the solution sets of (4.5) where R = v/Ey.

Here R is the other parameter which can characterize the time-scale separation
between the slow modes and the fast modes. The time-scale and the amplitudes
of the slow modes at the leading order is O(1/R). This implies R needs toc be
small to get a meaningful time-scale separation. Indeed, R plays a role as a Rossby
number here. To simplify the following analysis, we can choose £ = R? so that

E, = 0 for n # 0 which can be done with no loss of generality.

4.4 The Existence of Fast Oscillations

To the first order, O(e), we observe that zg and zp are zero and this in turn makes
Uy, Vi and W, form a homogeneous system. Thus the solutions are determined up
to the integration constants. We choose the constants so that the slow modes are

zero at this order. Therefore

3

Uh=V=W,=0.

On the other hand the gravity modes receive excitation from the slow modes of the

previous order due to the coupling effact. We get

2; = x; + U
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The above can be rewritten as

7y + 21 = —R? sech(Rt) tanh(R¢)

= 7y = C; cost+ Casint — /: Us(s)Vo(s) sin{t — s)ds (4.7
Note that the integral is an odd function of . Ast —» —
21 = (C1+ Dy ) cost + (Co + Dy ) sint (4.8)
where

0
DI = —/ UpVosinsds,

0
DZ_ = / UoVu cos s ds.
-0
Similarly as ¢t — oo,
xy = (Cy + Df) cost + (Cy + DF) sint (4.9)
where

o0
Df = f UsV,sin sds
0

(v}
Dy = —f UpVp cos s ds.
0
Since these two integrands are even and odd functions respectively, we have

D} = -D; and D} = Dj.

D}y = R? f sech(Rs) tanh(Rs) sin s ds
0

- R / sech(Rs) coss ds ]
2 Jwo ;

= —g sech (5%) .
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As R — 0,

DY ~ mexp (~n/2R).

Note that, there is no closed form for D, a Fourier sine transform of sech(Rz).

Nevertheless as R — 0, an asymptofic approximation for it is obtained by applying

integration by parts twice and found that

Df ~ R+ O(R%)
which is not exponentially small. Since, however, D7 is always in combination of
C>, a free constant, it is not of great importance.
4.4.1 Three Choices
: At this stage there are three choices for us to prescribe C; and C;
1. Eliminate oscillation as ¢ ~ — 00 :
By setting C), = —D7 and C, = —D; the left side of (4.8) becomes zero. This
implies, from (4.9),
xy ~ 2D}t cost as t = +oo0.
;
, Fast oscillations persist as the system evolves.
2. Eliminate oscillation as ¢t — oo :
By setting C) = —Df and C; = — D5 the left side of (4.9) becomes zero. This
implies, from (4.9),

ry ~ —2D; cost as t - — 0.

Fast oscillations must exist at the beginning.

3. z; is an odd function of ¢:

To satisfy a compatibil.ty condition which appears in next section, we put
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C1 = 0 to make x; an odd function of ¢. This implies fast oscillations exist as

=+ oo le.

2y ~ £Df cost + (Cp + Df ) sint as ¢ — =+ oo.

This is necessary to go higher order in the expansion to understand how these
exponentially small fast oscillations affect the slow oscillations via nonlinear cou-

pling.

4.5 The Second Order

At second order, the fast modes are identical to zero so the system reduces to

Uj = Wy ~ VoW, + V24

V3 = WolUs + UgW,s - Upz,

Wy = Vol — UyVa
where

2l = "-.’I.';
with two invariants from (4.3) and (4.4) respectively
Eg = UoUz + %Vz = ( (410)

Ky = i+ 2] 4 2WoW, — 2U,U, (4.11)

Now we are in the position to show that the first two choices shown in §4.4.1 are

‘not compatible with (4.11).

4.5.1 The Persistence of Fast Oscillations

Suppose there is no oscillation as t —+ — oo, i.e. choice one. As ¢ — |ool, (4.11)

becomes z? + 22 = K,. That means
1 T2

: 2, L2y _ 2, .2
, Hm (27 +27) = i (27 + 27)
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but this contradicts our assumption. The same argument applies to the second

choice. Hence only the third choice is compatible with (4.11) and
Ky = D{? + (Cy + DF)*.

Also from (4.10), we have

V3="U°U2 — 0 as t— oo
Vo

The asymptotic behaviour of V5 is determined.

4,5.2 The Feedback Effect

To determine the asymptotic behaviour of W, and U, and to obtain explicit result
of the feedback effect on the slow modes by the fast modes we need to solve the
governing set of DEs. This is more convenient to work with if the above system of
differential equations is reduced to a single DE. We choose to get a single equation
for W.

Therefore, after some algebraic manipulations,

4U02 Vo

WH _ -0y

Wy (V2 —US Wy =— (V& - Uz (4.12)

This can be verified that one of the solutions for the homogeneous equation of (4.12)
is
wy = Wy = — R? sech (Rt) tanh (Rt) .

To find the other solution base, we set wy = w; S then substitute this into the
homogeneous equation. By virtue of this substitution, this can be readily shown

that

Wy =§ sinh (Rt) tanh (Rt) + R sech (Rt)

2

— %—t sech (Rt) tanh (R?) .
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wy and w, is an odd function and an even function of ¢ respectively as [¢| — oo,
Wy ~ -{f—exp (Rt).
The solution of (4.12) is given by

¢ t
Wgzaw1+ﬁw2+w1f@df—w2f ic—‘)—{df
0

o D D
where
! ' R? 2 2 -
D = ww, - wjw, = e (V¢ — U¢) = Wronskian,

-

fO) = - (V' - Ug) =

and « and @ are two integration constants.
Recall that z} = —2,

2wy [° N R

Wy = awy + w——fwx’dt+— Ty dt 4.13

2 1+ Owr [ R J, (4.13)
To keep W bounded we need to put the second term and the last term to balance

as |t} — oo. For large ¢ the first term is zero and the third term is a bounded

oscillatory function. So
P et ~
;3—!-}?/ wzidt =0 as t — oo,
0

Similarly,

2 B .
ﬁ+—R—2/ wiz]dt=0 as ¢ — — o0,
0

This implies the compatibility condition

w -~
/ wa, di = 0. (4.14)

—D0
The above can be satisfied by setting 2 to be an even function. Le. z; is to be an

odd function by choosing C; to zero. Then as [t| = oo,

l¢] 14 " a
W, ~ —Rexp(R|t]) f z1exp (—RE) di + Rexp (—thl)] zy exp (Rt) dt
o0 0

2R°Dy sin Jt| +
R2+1

2R? (Cg + Dg’)
R? 41

cost.
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To obtain the above expression for W, we first split up the second integral in (4.13)
into [ 0°° + fi;l then observe that at large time the contribution only comes from the

second part. This results the first integral shown in the first line for Ws at large

time. From
Wl
Uy ~ ——Ez as |t| = oo, (4.15)
we also have
2RD; 2R (Co+ DY) .
2™~ B cost + Ry S |¢] (4.16)

as [t| —= oo,

4.6 The Third Order

At O(€%),
Ty, =~z
z3 = 13+ (U Vo + UaVp)
- .‘Ug+$3 Z“(U[)Vg-f-Uz%).
Ast > + oo,
2
Ty + T3 ~ 1 [#Df cost — (Cz + D) sin ]
R2
TR

so resonant growth is expected. To prevent growth, we have to renormalise the

independent variable ¢ by setting
7= [14 w4+ O] t.
Next is to substitute the above into

T~ er + €524

a0




where

x1 ~ Df cost + (Co + D3 ) sint

R2(C‘2 + D{) RzDi" )
T3 ~ 2(R2 T 1) tcost — 2(_R2-T1_)tsmt'

Then Taylor-expand the sin and cos functions around 7 and equate the sum of square

of coefficients assoicated wiih secular terms to zero. This gives

R?
T ORI L)
Hence the frequency shift is
€2R?
1 14+ ——— + O(e%).
~— +2(R2+1)+ (%)

The solution for x; can now be readily written
¢
x5 = Cycost + Dysint + R/ Ty sin(t — s)ds
0
where
_ R?
R= -,
2(R? + 1)
gy = Df cos [(1+ €R) t] -- (C2+ Df)sin [(1 + €R) t],

Cs and D3 are integration constants.
Recall that z3 = —g} and in next section we require z; to be an even function so

we put C3 equal to zero. Hence

¢
14 = Dysint + R[ zy8in(t — s)ds (4.17)
0

4.7 The Fourth Order

From previous sections, we have shown that the existence of fast oscillations and

its effect on the slow oscillations due to the coupling. One might argue that using
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averaging process one can average out the effect of fast modes on the slow modes at

least on the theoretical basis. To prove or disprove this statement, we arrive at the

fourth order expansion.

U; = _WOV:G - Vqu + 1’)6253 + %21V2W2
I/‘; = Wqu + Uqu - UQZ;; -— U22,'1 + U‘_)Wz
W, = -WoUy — UpVy — UpVs

with
WolUs + U2+ VZ 4+ 2V Vy = Ey =0 (4.18)

Ast — =+ 0o the first and third terms of (4.18) go to zero. We can write

V=
2R

Immediately, we can deduce that the average value of V; at t — + o0 is a non-zero

constant. This non-zero constant is a consequence of non vanishing fast modes z

and z. Hence even on the sense of averaging, the effect of fast-mode behaviour must

be felt by the slow modes indicating the slow modes are under the influence of fast

time-scale motions.

To gain more insight we will find asymptotic expressions for the other two slow

variables. We choose to work with a single equation for Wj.

42V, , V U2 ,
Wi = s pWa - (V- U3 Wa = 1(2) ( ) (4.16)
4] 0 0
where
3 U3 + V2 V2 (U2 + V2 Vo (U2+V2\Y
I(t) = {Ung ) U231 2 (Vg U02 + D) ng — ng

Unze — DVolaVa  ( UsUsVa '
U hye-vr O \wvE-ug) |
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Close examination of terms in I(t) reveals that I is an even function. The solution
of {(4.19) is

2y [ Tws 2wy [t Tuwn
—_— —d —_— —_— 4.2
) T s+ 5 T s (4.20)

since (4.19) has the same homogeneous part as (4.12).

Wy = nw + 1oy —

Armed with (4.10) and U} ~ Rz; — RW,, we show in appendix A that [ is a
function of order at least O(Up) asymptotically. Therefore I /U, are bounded. We
can now proceed as at O(e?). As |t} — oo the first term and the third term of (4.20)

is zero and oscillatory respectively. We, therefore, require

2&)3 /vim le
Wy ~ Yoy — — —ds
4 ™ oWy R J, Us

to be finite.

R? Uy
e [ 1m0 (4.21)
oo Un

<4.21) is identically satisfied since the integrand is an odd function.

By virtue of the above analysis, only the third term in (4.20) contributes the
residual effect to Wy. In fact W, contains constant term and fast oscillations at no
higher harmonic than those detected in W3 as £ — 3z 00. To have higher harmonic
oscillations we require 7 to have terms like UZ at order O(Uy) only. However all
the terms in I which could have contributed higher harmonic are either at least of
Q(U?2) or they are cancelled out by each other. Hence we infer that there is no
higher harmonic oscillations in Wj. In next section the implication of the constant

terms found at this order is revealed.

4.8 Discussion -

We establish explicit asymptotic expressions for the Lorenz model of atmosphere up

to O(e'). The model is a simple model which captures the essence of the interaction

53




ST Bl

between the fast and slow modes. The sense of fast and slow is characterised by the
other parameter, Rossby number R, which we choose Ey = R? = E in (4.6a) where
E is one of the two integrals of motion of (4.2). In practical situation R << 1.

At leading order, the system dzcoupled as two oscillators. The fast modes and the
slow modes correspond to a linear oscillator and a nonlinear oscillator respectively.
At this order we can set the fast modes to zero leaving the slow modes oscillate in a
much slower period. The time-scale tor the slow modes is 7 = Rt also the amplitude
is proportional to R.

For the fast modes their effect kicks in at O(e). The existence of these fast
modes owe directly to the slow-mode-forcing froin previous order, see (4.7). The
generation of fast modes due to slow-mode-forcing in this model is analogous to the
‘spontaneous radiation of gravity waves’ by the vortical flow found by Ford et ol [17].
This fact illustrates that the method of slaving cannot prevent the generation of fast
oscillatory modes. In addition to the above, the elimination of these exponentially
small, i.e. O[exp(—R"1)], fast modes at large ¢ by imposing condition of no fast
oscillations at ¢ = co is shown in § 5.1 not compatible with this system.

At second order, the effect on the slow modes by fasi-mode oscillations shows up.
W, exhibits oscillations with two different time-scales, O(1) and O(R). The O(R)
oscillations can be made decay but the Q1) oscillation cannot be removed by the
choice of integration constants. Hence this shows that an invariant slow manifold
does not exist for this system. At this order, a compatibility condition is established
to prevent W, from growing without bound. This is reasonable, at this order, to
suggest that the effect of this fast oscillations can be averaged out by some averaging

process, that 1s

<Uy >, <Wy> —+0as|t|—>oo

4

To determine whether the same is true at higher order we need to extend the analysis
to higher orders.

At third order, the analysis reduces to a classical problem of prevention of sec-
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ular growth. After renormalisation, we found that the frequency of the fast mode
oscillations is shifted. The shifted frequency is
L
2(R*+1)
Since the correction term is of O(e2R?), there is no adverse correction on our previous
results and we believe this shift has no qualitative effect on the evolution of the
system.

So far the asymptotic analysis of (4.2) only shows that the long term dynamics
of slow modes, U,V and W, must be modified by the existence of fast modes hence
exhibits fast oscillations, albeit the response is exponentially small. One might still
hope that averaging process can smooth out the effect of the fast modes. However
at O (&'} even the averaging process fails to take away the effect of fasi modes on the
slow modes. The important consequence of nonvanishing gravity waves at ¢t = o0
turns up at the fourth order expansion. The expansion of (4.3) to Of?) together

with (4.16) shows that

<UZ>
<Vi> = ————}%—~ast—-> + o

= <V;> #0ast— = oo

Hence

<V > —= anon zero correction term.

The size of this correction term depends on the amount of fasi oscillations in the

system. So fast and slow motions are mutual and inseparable. To conclude, the

e s e A

slow manifold of (4.2) which does not contain any fast oscillations does not exist.

TR T

However, as pointed out by Boyd [9, 10], a manifold which contains fast oscillations

whose amplitude is an exponential function of the reciprocal of the Rossby number
can be constructed. This type of manifolds resembles the definition of fuzzy slow

manifold.
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Chapter 5

A Low Order Non-Conservative

Model

5.1 Introduction

In Chapter 4 we established analytic solutions up to the fourth order of ¢ which is
a Froude number. The results show that the generation of fast oscillations are in-
evitable meaning no any set of initial conditions can lead the system to a, so called,
slow manifold. In other word, nonexistence of slow manifold for this model. In addi-
tion, the influence of these fast oscillations on slow modes can’t be eliminated by the
process of averaging. The strength of fast oscillatory influence is of O [exp (—1/R)]
where R is Rossby number. This implies that in principle, any type of balanced
model can only be viewed as an approximation to the parent model! with irreducible
error. This irreducible error represents the mutual existence and the inseparable of
fast and slow waves when there is an absence of dissipation and external force acting
on it.

Since this is rare to observe in reality that a dynamical system not being subject
to any amount of external force and dissipation, we extend the analysis to include

forcing and dissipation in the model.
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The main aim of this chapter is to understand quantitatively how dissipation
and forcing modulate the fast and slow activities and, especially, the influence of
fast gravity waves on the slow Rossby waves. We find that dissipation brings in
a longer time scale than R™! and this longer time scale i at O (a) where a is a
coefficient of dissipation which is smaller thar unity to be realistic. The existence of
such dissipation does not affect the generation of gravity waves due to the coupling
between the fast modes and the slow modes. The only function of such dissipation
is to dissipate these generated gravity waves in the longer time scale. To bring out
this two-time-scale behaviour of the model the method of matched asymptotics is

employed.

5.2 The Lorenz-Kristnamurthy Model

The dynamical system is

Uy=-VW 4 eVz—-alU (5.1a)
Vi=UW —~eUz—aV + F {(5.1b)
W,=-UV —alW (5.1¢c)
Ty =~z —azc (5.1d)
z=x+eUV —az (5.1e)

where ¢ is a Froude number much smaller than unity, a is a dissipation parameter
and F is a positive constant forcing term. The solution of (5.1) possesses a set of

symmetries
o U— -UV-—-VF— —-F
o V— -VVW—-Wzer— -2,2— -2, F — - F
eV — -UW-— -Wa— —2,z— -z

A point H = (0, F/a,0,0,0) is a critical point of (5.1). A linear stability analysis

shows that H is hyperbolic (i. e. no pure imaginary eigenvalues) and a stability
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criteria is given by Lorenz and Krishnamurthy [29]. If |F/a| > F, where

Fc=\/ a*(1 + a?) (5.2)

14 a2 + a2e?

there is an one dimensional unstable manifold and a four dimensional stable mani-

fold. In such case there are other two critical points which are located at

FR eF,R ach’R.)
a ’:Fl-l-a?' 1+ a2

U, V\W,z,2) = (+R, F., F

where R = /F,(F/a — F,).

Next we set up two energy-type relations for the system. They are

K
-a—t'- = —2aK (53&)
%‘3 = ~2aE +2FV (5.3b)

where E = U2+ V? and K = 2% + 22 + W2 — U2. Immediately the solutions of (5.3)

can be written down as
K = K, exp (—2at) (5.4a)
t
E = E;, exp (—2at) + 2F [ Vis)exp{2a (s~ t)]ds (5.4b)
0

where K, and Ej, are the values of K and F at £ = 0 respectively. Clearly, the
above expressions indicate that (5.1) evolves with time scales T = O(at) as well as

t.

5.3 Scaling

With the intention of treating (5.1) as a perturbation of a heteroclinic orbit in the
case of zero dissipation, zero forcing and zero coupling, i. . an orbit in a U-V-W
phase space which originates from a fixed point and ends at another fixed point, we
let @ = €y, F = €f and T = €2t where v and f = O(1) relative to ¢. We then
transform (5.2) in terms of -y and f, to

14 2%
> i .
f>7 \/1—!—72644-7266
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This scaling effectively means the time domain is divided into three regimes, a
short-time regime ¢ and two long-time regimes T.. We define a short-time regime,
t, as a region of the time domain where the solutions of (5.1} exhibit only one time-
scale behaviour, the short time scale £. On the contrary, in the long-time regimes
T, multiple time-scales will show up in the solutions where the subscripts represent
positive time and negative time. In our study we only have two time scales at work
t and T where T is termed as long time scale.

The thickness of the t-regime is O(e~2) on T-scale. The solutions valid in the
t-regime and T.-regimes are called inner-solutions and outer-solutions respectively.
The matching between these two types of solutions is done by treating the inner-
solutions as initial conditions of the governing equations valid in the T-regimes.
Mathematically, we require an intermediate region to exist where both solutions are

valid In this region, as e — 0
flt = £o00)~ f(T — 0%).

This justifies the use of inner-solutions as initial conditions of outer governing equa-
tions. The converse is also true that if the inner-solution can match with the outer-

solution then there is an intermediate region. This idea is depicted in fig. 5.1

— negative long-cime region ——i l— positive long-time region——
T T,
: t : »T
~ot1/e? ) 0 ot1/e?)
short-time
| " region t |

Figure 5.1: Schematic figure of ‘short’ and ‘long’ time regions.

Next we have to emphasize that, a priori, in the T-regions the leading order of
slow modes, Uy, Wy and V4, are functions of T° only and only the leading order of slow

modes have this property. This argument makes sense because the leading order of

the slow modes are not subject to any influence which is a function of ¢ through
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coupling with the fast modes nor through dissipation. On the contrary, we expect
x; and 2; will, when they enter into the T-region, inherit some fast-time influence
from the coupling with lower order slow modes. Therefore in the Ty-regimes, (5.1)

is transformed to

i & ,8
a’z = '3? + € 5;1_,— (5.5)
with

U = Us(T) + EUs(t, T) + h.o.t.

W = Wo(T) + €Wy (¢, T) + h.o.t.
V =V(T) + &V2(t, T) + ho.t.
z = ex;{t, T) + €z3(¢,T) + ho.t.

z=exn(t,T) + 2t T) + ho.t.

where h.o.t. represents higher order terms.
Using the above scaling and (5.4a), we infer that KX is a function of T only to all

orders, i.e.

K =K(T).

5.3.1 List of Initial Conditions

We list, for the reader’s easy reference, the initial conditions we need to use in
the forthcoming analysis. These expressions are obtained from Chapter 4 and thus
only valid in the t-regime. The asymptotic sign, ~, is used to indicate that the

expressions are,valid in the intermediate region i. e. £ — = oco. At leading order

Us = £R sech(Rt)
Vo = +Rtanh (Rt) (5.6a)
Wo = %R sech(Rt)
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or

Us = %R sech (Rt)
Vo = —Rtanh(Rt) (5.6b)
We = FR sech (Rt)

where R is a constant amplitude of slow modes at this order which also characterizes
the time scale separation between fast and slow modes to all orders. In the following

analysis we choose only to work with the positive branch of (5.6a), i. e.
(U, Vo, Wy) = [R sech(Rt), Rtanh(Rt), R sech(Rt)],

since the analysis is the same to the negative branch and (5.6b). The above implies

that in the intermediate region

Us = 0 (5.72)

as t — Too.

For the fast modes valid in the fast-time regime, we have
t
z) = Asint — [ Up(s)Vo(s) sin(t — s)ds (5.8a)
0
H
2y = —Acost + [ Us(s)Vo(s) cos(t — s)ds (5.8b)
0

where A is an arbitrary constant and ; and z; are related by the relation

dil‘]_

— = -2].

di

In the intermediate region, {¢| — oo,

£1 ~ Df cost + (A + Dy¥)sint (5.9a)




where

Df = -g sech (-2-%) (5.9b)

D} = -R? ] sech (Rs) tanh (Rs) sin s ds. (5.9¢)
0

At second order, we have

V; — 0, (5.10a)
2RDY 2R(A+ D3)
Uz ~ il cost + S R (£}, (5.10b)
2R2DY | 2R*(A + D7)
Wy ~ —-—RT:T sin ltl + 1 ost. (510(‘.)

We omit x3 since its analytic form is not required in the following analysis instead
we state
Vi~ =2 5.11
i~ gt (511)

This completed our list of initial conditions.

5.4 Solutions in the Long-Time Regimes

In Ty-regimes, we immediately see that at O(1)

-—VoWg =0
UsWy =0

We rule out the trivial solutions and deduce from their initial conditions,
Uo =0= VI/O
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in the Ty regimes.

The asymptotic behaviour of Vj can be discovered by considering (5.3b) at O{¢?).

Using (5.5) and equating same order terms, we get

] d
5 E2(t.T) + 2= Ba(T) = —2yBa(T) + 2/ Va(T).

To prevent a secularity in £, we need to set

dE
—&-T-E +27E, - 2fVo = 0. (5.12)

In the T-regimes, Ey = V{ due to U; = G. Substituting this into (5.12) gives an

equation that governs V4 in T regions,

dVo =
T T Wo=f (5.13)
= V.= Chexp(—T)+ % (5.14)

Using (5.7¢) thus yields,

4

5[1 —exp(—T)] - Rexp(—T) T <0

L1 —exp(-1T)]+ Rexp(—+T) T >0.

Clearly on T-scale, Vp approaches a positive value f/v from negative infinity, as
T increases from —co to oo, with a rapid change of value from —R to + R in a region
which has thickness O(e=?). The unboundedness of V; at infinite negative time is
caused by moving a dissipative system backward in time. On the other hand, (5.13)
is just a linearized version of (5.1b), hence Vo — f/v is expected. In the following

analysis we will consider solutions in the T -regime only.
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5.4.1 Solutions of the Fast Modes

To describe the evolutions of z, and z; we require to consider equations at O{e) and

O(e?). First at Ofe);

61171 ~ —2
ot !
821 =
ot 1

This gives
zy = C1{T) cost + Co(T) sint.

Using (5.9b) and (5.9c) as initial conditioas for C, and C; we get

=T T
C1(0%) = 5 sech (QR)
Co(0%) = A+ D
At O(€%);
aU.
— = Vor ~ oWy
Vs
i
oW,
o = U
Thus,
Vo = V(T).

(5.16a)

(5.16b)

(5.17a)

(5.17b)

(5.17¢)

Indeed we can determine Vs from (5.3b) with the same argument used to find V5 in

§5.4. Since

E2 = 2%‘/2:
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E, is a function of T only. Then at O(¢?), we have

0Ey dE,

3t + aT + 29F, = 2fV,.

Setting the inhomogeneous terms equal to zero to prevent any secularity we then

get,
d
—=(2WV2) +YWVe = 2fV,
dT
WwdVe dVy _
“f/;‘a-{z-; + a7 +29V, = f

Using (5.10a) as initial condition and with (5.13) the above becomes

dVs
E-i.,—‘{-’}’Vz—-O

= Vo=0.

Moreover from (5.17a) and (5.17¢) we get

82U2 321
gr ~ Wl = Vo
= VyCicost+VpCasint

The general solution of U, is

Vol VoCo

N7

—+—1-/-2-sint
0

Uy = K(T') exp [I'(¢)] + Q(T) exp [-T(2)] -

" where :
re = [ v,
upon substitution of T = ¢2¢ in (5.15).
The first term above would lead to an unbounded solution in finite time. However
we krow from (5.10b) that Us is a well behave function in the ¢-regime, therefore
we have to set K to identically zero. In theory Q) can be determined by matching

the outer solution to the inner solution, which requires a more accurate expression
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than we have in (5.10b). However, in practice, @ bears no significance since its
association with an exponentially decaying term where I' gives positive values only.

We do not consider it in the rest of the analysis. Thus, W> can be determined from

1 80,
Wy = 2y — ——=.
A T
Having done the above we can proceed to next order where C; and C, are to be
determined.
At O(e®),
B =—un—ym- B
<
ng} =z3—vn+ -5
623;3 2 621
—= t ;=2 2-— — LV,
g TT T Ara gy — Y

Using the previous results the inhomogeneous terms can be rewritten as

1 VEC, )
- L t
5 CIT+'701+2(1+%2)] sin

- "2' [CgT -+ "}’Cz - m] cost.

To prevent a secularity we then have to set the first two coefficients above to

zero and get

d
E;_“ = Mv (5.18)
where
C -y -0 2
V= ' M= i T and@T=-d—e-=———‘£°——§-.
02 @T Y dT 2(1 + VO )

To solve this set of first order variable coeflicient linear ODEs, one of the ways is to

diagonalise M to decouple the equations then transform the solutions back to the
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original coordinate system. The solutions of (5.18) are

o(T) = &7 cos® -—sin® v
sin® cos@

where vy is an initial condition. Indeed, asymptotically

C1 ~ exp(—=4T) [C1(0%)cos (sT) — Co(0%)sin (sT)], (5.19)
(5.20)
Cy ~ exp(—T) [C1(0%)sin (sT') + C(0%) cos (sT)) (5.21)
where
2

§ = .
2\/f4 + 2f242 + 42
The above result implies that x; and 2z, decay due to the presence of dissipaiion

but only on the T-scale that is much longer than the oscillatory frequency of these

waves.

5.4.2 Higher Order

From (5.3b) V4 can be found as follows. Recall that
OF,

w5 ="
Hence
E4 = E4 (T)
= UZ +2WV,
Vo(CE + C3) VeChiCy . Vo(C? — C%)
= W - 2t 2t + 2V
; [ H+VRR VR T RV T
From this we can construct the solution of V; so that F; is a function of T only, we
get
WCiCy Vi(Ct - CF)
At 2t 2 $— T 22
Va 2(1+V02)251n2 L L72) cos 2t + g(T) (5.22)
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where g(T) will be determined in the next section. Substituting (5.22) into the

above yields,

L [%(CE+Cd)

which is a function of T only.

5.4.2.1 Another Slow-Time Function

At O(&%) of (5.3b)

0Es dE;
T + T = —2vE +2fVy(t, T). (5.24)
Then we are required to set
dE,
rid +2vEy; ~2fg=0 (5.25)

after substituting (5.22) into (5.24) in order to prevent a secularity from happening
to E(-;.
Substituting (5.23) into (5.25) and using (5.12) we then get an equation for g(T'),

£+ ______’ﬂ{n_______l__d_ VU(Clz"{'C%)
dr " T T+ VDR VodT | A1+ V)

(5.26)

== g(T) = Cexp(-1T)

- exP(“'}’T)/o exp(vs) {ﬁ%ﬁ)‘i

+VodT[ vy | B

where C is a constant which can be determined from initial condition of V. However
the exact value of C does not bear qualitative importance and we will not pursue
its value. Eq.(5.27) can be evaluated since Cy,C, and Vj are all known functions.

Nevertheless the form of (5.27) above can serve the purpose of this study and we
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do not evaluate the integral. By inspection we infer that g’s main contribution to
V4 at large T is adding a constant term to it.

Therefore V, contains second harmonic oscillations in the T..-regime which is sub-
ject to exponential decay on T-scale represented by € and C; and adds a constant

term to V.

5.5 Discussion

The fate of (5.1} is different from the conservative system in the way that first we
cannot consider the system in arbitrary large negative time because of the unbound-
edness occurrence at infinite negative time. Secondly, the fast oscillations will be
dissipated in the time scale of T' = €*¢. However the generation of gravity waves is
not eliminated by the presence of dissipation.The generation of such waves is totally
control by the nonlinear coupling terms. The dissipation rate is at O(e?}. This means
the system will in theory eventually becomes gravity waves free but this stage takes
2 long time to arrive. _

The orbit under our investigation shows tendency to move towards a fixed point
H = (0,F/a,0,0,0). We know from linear stability analysis on H that H indeed is
a hyperbolic fixed point, however, the fact of Uy and Wy being zero in the long-time
regime masks the effect of instability of H at least up to the order four. We hence
. infer that the instability of the orbit may eventually show up from higher order
terms of expansion. In fact any instability around H must be caused by the modes
U and W at orders higher than we have considered in this chapter since from linear
analysis V is a stable mode around .

Despite our objective of this chapter is the quantitative effect of dissipation and
constant forcing, we nevertheless conjecture the fate of the orbit without proof that
the orbit will come close to H and then the instability of H will eventually show up
and hence the orbit will move away from H.

By observation gravity waves are dissipated much quicker than the Rossby waves,
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so a modification to (5.1) will be to allow different strength of dissipations to these
two types of waves. A smaller dissipative coefficient of Rossby waves will make the

system more realistic.




Chapter 6

Concluding Remarks

In this thesis we have analysed two model systems and establiched their asymptotic
solutions.

In the first case study, we revisit a model system which was first studied by Akylas
and Yang [2] using the complex-matched asymptotics, a member of the collection of
exponential asymptotics. This model is a slowly driven nonlinear oscillator satisfying
either a symmetric condition or an one-sided radiation condition at far field. Three

different types of functions were used as a forcing term,
1. f(z) = sech®z
2. f(z) = sechx

3. f(z) = exp(—2?).

The analysis for each forcing term is modified according to the type of the singulari-
ties and their location. The first two forcing terms possess a double pole and a single
pole respectively and the third one has no singularities in the finite complex-plane.
A double(single} pole singularity in the forcing term induces a single(double) pole
singularity in the Borel-transformed inner problem. Thus, the analysis for the first
forcing is not adequate to handle the second forcing. Hence algorithms that are

applicable to the first forcing is not necessary applicable to the second forcing
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For the third forcing, the singularities of the problem are masked by the Gaus-
sian forcing. To bring out the hidden singularities we are required to use a special
transformation suggested by the expression resulted from the regular asymptotic
expansion of the equation. Once the singularities of the transformed problem are
located, the complex-matched asymptotics can be applied. It turns out that linear
theory is enough to handle the transformed problem. Despite the fact that the trans-
formed problem is linear, linearisation of the original equation cannot give useful
estimate of the far field solution. The reason is that in the transformed problem, the
forcing term appears in each order of expansion is a result of the nonlinearity from
the original problem. If one neglects the nonlinear term in the original problem, a
forcing term will be absent ir each order of expansion of the transformed problem
except at the leading order. As shown in §3.4.1, the contribution of the tail’s am-
plitude comes mainly from the higher order expansion of the transformed problem,
thus, an accurate estimate of the tail’s amplitude must include the contribution from
the nonlinearity of the original problem.

The analysis on these three different types of forcing indicates the robustness
of the complex-plane matched asymptotics. As Boyd pointed out in his book [12],
this method, and as many other members of exponential asymptotics, lack some
mathematical rigours on the assumptions made in the procedures. One of such
assumptions is the dominant role played by the singularity closest to the real axis in
the outer problem over the other singularities which are further away from the real
axis. Another point to note from this model system is that the persistence of fast
oscillatory waves at far field despite they are exponentially small and the forcing
has a much larger timescale. And this led us to consider a second model system in
Chapters 4-5.

The second model system is a low order system called Lorenz model in this
thesis. This model allows interé,ctions between fast modes and slow modes and
includes dissipation and forcing.

For this model, we found that the generation and persistence of fast oscilla-
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tions are inevitable although these fast oscillations are exponentially small, i.e.
Olexp(—1/2R)] where R is a timescale separating the fast modes from the slow
modes. This implies there is no any point in the phase space where the orbit origi-
nates from there can be totally devoid of fast oscillatory motions. The slow modes
must exhibit some fast oscillatory behaviour during their excursion in the phase
space. The persistence of such fast behaviour in the slow modes also means even in
the sense of averaging the slow modes cannot be totally freed from the influence of
the fast modes. Therefore a slow manifold for this system does not existence but a
fuzzy slow manifold does [37).

This is correct to claim that, at least up to the order constdered in this thesis, the
dissipation and the constant forcing cause the fast oscillations decay asymptotically
with a slow timescale as shown in (5.19).

That would be interesting to consider a Lorenz model with a variable forcing
and/or the dissipative coefficients associated with the fast and slow modes being

scaled differently.
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Appendix A

The Scale of I(t) in Eq.(4.20)

Recall that
_ U2+ V3 U2 + V2 Vo (U2 + VAT
t0 = {ow - v F () <[5 (s

Uz . DVoUzVe ( UoUsVe '
<3 V2 _ Ug .‘/02 — U02 .

We require I to be at least O (Up) or higher as a necessary condition for the integrals
in (4.20) to converge. The posssible candidates in I which are O(1) relative to Up
are the first, the third and the fifth terms.

I/E. U3+ VT
VZ-UZ
VoUU;
_Ug

Let us expand the term

we then have

+0 ().
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g Recall that as |t| — oo,

] 17
Vo=
Wy~ —W,
: W” - R2W2

where the last expression is obtained from

U; = _'WOV.2 -—_ VE]WQ - Vozl.
5: Substitute the above into

U VU,
| UpWa — U — 221 + f,;z—:(—]%
W, s
=0 (W= -

as [t| — oo.

Therefore the quantity I/U) in the integrands of (4.20) are bounded.
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