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ERRATA

Page 5, §1.4.1, pa ragraph 1, line 9: " . . . a s s u m e d t h a t the 5-minute . . . " for " . . . a ssumed t h a t
t h e the 5-minute . . . "

ADDENDUM

Page 5, §1.4: Add at the end of paragraph 1:
"With regard to the interaction of solar p-modes with magnetic field, ring diagram analysis has
recently been used to determine that there is a local frequency shift and line width contribution
associated with the presence of magnetically active regions (e.g., Hindman et al., 2GC0, ?OP1;
Rajaguru, Basu, and Antia, 2001). These observations are consistent with the other evidence
for the sensitivity of the p-mode frequencies and line widths to the degree of surface magnetic
activity (see §1.3); however, they do not have the spatial resolution required to explore small
scale features such as sunspots."

page 21, line 9: Delete ".. .an isotropic magnetic pressure B2/2/zfl and a tension B2//io ." and
read "... a magnetic pressure gradient V (B • B) /2fiB and a magnetic tension (B • V) B//zo."

page 23, line 2 and 3: ",.. Goossons and Poedts (1992); and Goossens. Ruderman, and Hollweg
(1995)." should read "... Goossens and Poedts (1992); Erdelyi, Goossens, and Ruderman (1995);
Goossens, Ruderman, and Hollweg (1995); and Erdelyi (1997)."

page 26, line 16:
"...and the (m ^ 0) kink mode with phase speed CK = [(pC\ +peCJ) / (p + pe)}

1/2 . . . "
should read ".. .and the (m — 1) kink and higher order (m > 1) flute modes with phase speed

The Bibliography, add the following references (in order):

Erdelyi, R.: 1997, Solar Phys. 171, 49

Erdelyi, R., Goossens, M., and Ruderman, M. S.: 1995, Solar Phys. 161, 123

Hindrnan, B., Haber, D., Toomro, J., and Bogort, R.: 2000, Solar Phys. 192, 363

Hindman, B. W., Haber, D. A., Toomre, J., and Bogart, R. S.: 2001, in A. Wilson (ed.), Proc.
SOHO 10/GONG 2000 Workshop, Helio- and Asteruseismology at tht Dawn of the Millennium,
(ESA SP-464), p. 143

Rajaguru, S. P., Basu, S., and Antia, H. M: 2001, Astrophys. J. 563, 410
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Abstract
In this thesis we investigate the interaction of solar acoustic oscillations, / - and 7>-modes,
with two distinct types of magnetic field structure: sunspots and small-scale intense magnetic
fibrils.

Sunspots absorb (and scatter) incident p-modes. The responsible mechanism is uncertain.
One possibility is mode conversion to slow magnetoacoustic-gravity waves. In 1994, Cally,
Bogdan, and Zweibel determined that, in vertical field, mode conversion can adequately
explain the observed /-mode absorption, but is too inefficient to explain the absorption of
p-modes. We calculate the efficiency of mode conversion in non-vertical field. In Chapter 3,
we assume two-dimensional propagation where the Alfven waves decouple, computing the
efficiency of fast-to-slow magnetoacoustic-gravity wave conversion. It is found that resultant
p-.mode absorption is significantly enhanced for moderate inclinations at higher frequencies,
whereas for p-modes at lower frequencies, and the /-mode in general, there is no useful
enhancement. In Chapter 4, we consider the efficiency of mode conversion in non-vertical
field with three dimensional propagation, where fast and slow magnetoacoustic-gravity waves
and Alfven waves are all coupled. The resultant damping rates are not substantially different
from those in the two-dimensional case (Alfven waves decoupled). However, broadly speaking,
both slow wave leakage and Alfven wave leakage play an equally significant role in non-vertical
field. In addition, a new type of highly damped solution, that mainly exists in highly inclined
field, is found.

In Chapter 5, the contribution to p-mode line widths from the excitation of tube mode
oscillations on an individual magnetic fibril is computed. An idealised model of the fibril
within the photosphere is implemented, consisting of a vertical, thin magnetic flux tube em-
bedded in a plane-parallel isentropic polytrope of index m. In 1996, Bogdan et al. considered
a similar model, but imposed a stress-free boundary condition at the top of the photosphere
which acts to completely reflect any upward propagating tube waves back down into the
tube. The stress-free boundary condition neglects a possibly important physical process -
the loss of energy to the upper solar atmosphere by the excitation of waves in the chromo-
sphere and corona. Using simple models of the solar chromosphere and corona we explore the
consequences of applying various boundary conditions. The resultant upward energy fluxes
are not large, but surprisingly the more realistic upper boundary conditions lead to a signif-
icant increase in kink mode flux out the bottom. Nevertheless, the sausage mode remains
dominant in cases of interest, and is essentially unaffected by the new boundary conditions.
Consequently, the resultant total p-mode line width computed here can account for only a
few percent of the observed line width.
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Chapter 1

Introduction

1.1 Helioseismology

The normal modes of oscillation of the sun am be categorised as either p-modes ("p" stands
for "pressure"), /-modes, ("f" for "fundamental"), or <7-modes ("g" for "gravity"). The g-
modes are internal gravity waves for which the primary restoring force is buoyancy, and are
confined almost totally to the deep solar interior. The /-mode is an incompressivc, surface
gravity wave with amplitude that decays roughly exponentially with depth away from the
solar surface. The p-modes are gravity-modified, acoustic waves, with pressure the primary
restoring force.

Figure 1.1 shows the eigenfrequencics of the normal modes as a function of degree /, com-
puted for a spherically symmetric standard solar model (Christensen-Dalsgaard, 1982). The
eigenfrequencies for the /-mode and several of the p- and £-modes are shown. The parame-
ter I is the spherical harmonic degree, and it determines the surface horizontal wavenumber
k — [1(1 -f- I)]1 '2 /RQ (where /?© is the radius of the Sun). For a given degree /, there are
discrete set of allowable frequencies. Each of these is characterised by another integer n -
the radial order which roughly corresponds to the number of radial nodes in the correspond-
ing displacement eigenfunction (depending on the model). The /-mode has n = 0. For the
p-modes, with ridges in the upper portion of Figure 1.1, the eigenfrequency increases with
increasing radial order n. In contrast, for the //-modes, with ridges in the lower portion of
Figure 1.1, tLe eigenfrequency decreases with increasing radial order.

The p-modes are essentially trapped - bounded below (refracted upward) by the increase
in sound speed due to thermal stratification, and bounded above (reflected downward) by the
rapid increase in acoustic cutoff frequency near the solar surface. The depth of a p-mode's
lower turning point depends on both / and n, and is roughly proportional to the ratio n/l
(e.g., Deubner and Gough, 1984). Hence, for a given frequency, p-modes with low degrees
have deeper lower turning points, and therefore probe further into the interior, than those
with high degree. On the other hand, for fixed rtegree /, the depth of the lower turning point
scales with the radial order n (or the frequency). In simple terms, different p-modes sample
different regions of the solar interior. Helioseismology exploits this characteristic to infer the
details of the structure of the solar interior.
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Figure 1.1: Eigenfrequencies v — u/2ir, as a function of degree /, for the ;>-, /-, and j-inodes com-
puted for a standard solar model (Christensen-Dalsgaard, 1982). Selected values of the radial order n
have been indicated. Reproduced from J. Christensen-Dalsgaard's "Lecture Notes on Stellar Oscillations"
(http: / /astro.phys.au.dk/~jcd/oscilnotes/ , p. 72).

The first observations of the oscillations of the solar surface were made by Leighton,
Noyes, and Simon (1962) and Evans and Michard (1962). Now both the p- and /-modes
are easily and routinely observed at the solar surface, with the peak power centred on a pe-
riod of roughly five minutes. The observed frequencies are used in both forward and inverse
modelling to constrain physical models or to directly infer details of subsurface structure.



Helioseismology has been able to determine such features as tho sound speed profile (e.g.,
Christensen-Dalsgaard et al., 1985), tho depth of the convection zone (e.g., Christensen-
Dalsgaard, Gough, and Thompson, 1991), the differential rotation (e.g., Gough, 1984; Brown
et a,l., 1989; Charbonneau et al., 1999), and the degree of gravitational settling and atomic
diffusion (e.g., Proffitt and Miohaud, 1991) to name a few. Comprehensive reviews of helio-
seismology may be found in Deubner and Gough (1984), Christensen-Dalsgaard et al. (1996)
and Christensen-Dalsgaard (2002).

1.2 Sunspots

Sunspots arc the most prominent magnetic flux concentrations at the surface of the sun.
Typically, large sunspots have surface magnetic field strengths as high as 3500 G. Broadly
speaking, the magnetic field in sunspots suppresses convection and introduces an additional
(magnetic) pressure. Both of these factors act to reduce the temperature of the gas in-
side sunspots, which is generally 2000 K cookr than the surrounding photosphere. Hence,
sunspots appear as dark spots on the surface of the sun.

%*">** vi1

Figure 1.2: A group of sunspots in aciive region 10030 on 15 July 2002 (courtesy Royal Swedish Academy of
Sciences, see also Scharmer et al., 2002).



Figure 1.2 shows a group of sunspots in active region 10030 on 15 July 2002. The dominant
sunspot in the centre of Figure 1.2 shows the standard features possessed by most large
tmnspots. These include the central dark core known ns the umbra which is surrounded by
a legion of filamentary appearance known as the penumbra. Typically, the umbral diameter
is of order tens of Mm. In the relatively non-magnetic regions (quiet Sun) surrounding the
sunspot (Fig. 1.2), convection cells (the solar granulation) are evident.

Currently, the subsurface structure of sunspots is poorly understood. Below the photo-
sphere the sunspot magnetic field may remain as a single monolithic flux tube or, as suggested
by Parker (1979), may be composed of a bundle of closely spaced magnetic fibrils. One ulti-
mate goal of sunspot seismology is to discriminate between the two possibilities.

Away from sunspots, the solar magnetic field is in a highly intermittent state. Roughly
90% of the magnetic flux tlmt threads the photosphere is in the form of small-scale intense
magnetic flux tubes (or fibrils). These small-scale intense tubes have magnetic field strengths
of order 1500 G and diameters of about 100 km (Steuflo, 1978).

For the remainder of this chapter we scrutinise the array of observational evidence for the
interaction of solar p-modes with magnetic field. Broadly speaking, the interaction of solar p-
modes w'fh magnetic field may be categorised as either global or local, though the two regimes
are not n< essarily unrelated. The first category refers to the influence oi the magnetic field
on the global p-mode oscillation frequencies and lifetimes. The second refers to specific
magnetic regions on the solar surface, such as sunspots. The theoretical interpretations of
the observations are discussed in Chapter 2.

1.3 Global effects

The sun's magnetic cycle of 22 years duration (11 years if polarity is ignored) allows hclio-
seismology to be performed through a wide range of magnetic activity. Woodard and Noyes
(1985) were the first to discover that the frequencies of the solar )>modes change during the
solar activity cycle. Subsequent investigations (e.g., Libbrecht and Woodard, 1990; Woodard,
Kuhn, Murray, and Libbrecht, 1991; Woodard and Libbrecht, 1991; Bachmann and Brown,
1993; Elsworth et a/., 1994) established that thep-mode frequencies increase by up to several
hundred nHz above solar minimum values as the cycle progresses - with a strong linear corre-
lation found between the frequency shifts and up to six different standard indicators of solar
activity (e.g., Bachmann and Brown, 1993; Chaplin et al., 2001). Interestingly, Woodard,
Kuhn, Murray, and Libbrecht (1991) and Bachmann and Brown (1993) found that the p-
mode frequencies change significantly over periods as short a one month (which also correlate
strong-ly with surface averaged solar activity). The frequency shift is frequency dependent -
rapidly increasing from effectively zero at low frequencies (a 1 mHz) to a maximum at about
3.5 mHz, and abruptly declining for frequencies above 3.9 mHz (Woodard and Libbrecht,
1991). It has also been shown (e.g., Libbrecht and Woodard, 1990; Woodard and Libbrecht,
1993; Howe, Komm, and Hill, 1999) that the even-index rotational splitting coefficients are
sensitive to the solar cycle.

The p-mode line widths (for general observations of these see e.g., Libbrecht, 1988; Ko-
rzennik, 1990; Jefferies et al., 1991), which are inversely proportional to the mode lifetimes,



have also been shown to vary with the solar cycle. Jefferies et nl. (1991) found that the line
widths were larger in 1981 (high activity) than in 1987 (low activity), suggesting that the line
width increases with increasing activity. Konnn, Howe, and Hill (2000) recently confirmed
and clarified this result. Komm, Howe, and Hill found that from solar minimum to solar
maximum, the p-mode line widths increase by about 7% on average and the associated mode
amplitudes decrease by 16%. This array of observational evidence leaves little doubt that the
global properties of the p-modes are sensitive to the degree of surface magnetic activity.

1.4 Sunspot seismology

Helioseisxnology traditionally exploits the characteristics (i.e., the frequencies) of the Sun's
free oscillations (p-modes) to infer global properties of the solar interior. Recently, in the
last decade or so, local helioseismology has provided promising results on the structure of
localised features such as large-scale convection, subsurface flows, emerging active regions,
and sunspots. There are several distinct but complementary methods for pursuing local
helioseismology. In this section we discuss the techniques relevant to sunspot seismology
(Hankcl or modal analysis, helioseismic tomography, and helioseismic holography) and the
subsequent observational results that have been gained. In passing only we briefly mention
ring-diagram analysis, which is another important local helioseismic technique that has been
used mainly to infer the structure and evolution of meridional and zonal flows near the solar
surface (e.g., Hill, 1988; Patron et a/., 1995; Haber et ai, 2000, 2002).

1.4.1 Oscillations inside sunspots

Perhaps the obvious starting point for sunspot seismology is to use the observed charac-
teristics of oscillations inside a sunspot to infer its subsurface structure. Oscillations inside
sunspots, first discovered by Beckers and Tallaut (1969, see also Bhatnagar, Livingston, and
Harvey, 1972; Beckers and Schultz, 1972; Bhatrtagar and Tanaka, 1972; Giovanelli, 1972; Zirin
and Stein, 1972), can be broadly classified into three categories: 5-minute oscillations in the
umbral photosphere, 3-minute oscillations in the urnbral photosphere and chromosphere, and
running penumbral waves. Recently, Bogdan (2000) suggested that these oscillations are
probably just different manifestations of the global oscillations of the entire sunspot. Nev-
ertheless, early approaches often assumed that the the 5-minute umbral oscillations are the
passive response of the sunspot to forcing by the (5-minute) p-modes in the surrounding
quiet Sun (e.g., Thomas, Cram, and Nye, 1982; Abdelatif, Lites, and Thomas, 1986; Ab-
delatif and Thomas, 1987; Penn and Labonte, 1993), and the 3-minute umbral modes are
resonant oscillations of the sunspot itself.

Thomas, Cram, and Nye (1982) were the first to attempt to use the 5-minute umbral
oscillations as a subsurface probe of sunspot structure (see also Abdelatif, Lites, and Thomas,
1986; Abdelatif and Thomas, 1987). Thomas, Cram, and Nye assumed that the sunspot
oscillations only respond to the forcing of certain p-modes (i.e., the sunspot flux tube acts
as a selective filter), and that the peak response occurs at a wavelength comparable to twice
the umbral diameter. Subsequently, Thomas, Cram, and Nye (1982) were able to infer



(conditionally) the radius of the sunspot at the various effective depths probed by the filtered
p-modes.

Unfortunately, the development of this technique has been slow. Broadly speaking, ob-
servational progress is limited by resolution in both space and time (i.e., precise mode iden-
tification is problematic), and theoretical progress is limited by our understanding of the
oscillations supported by realistic model sunspots. The recent work by Lites et al. (1998)
provides an excellent up-to-date example of this techniquo - using data of exceptionally high
quality and employing the best available sunspot model (Cally, Bogdan, and Zweibel, 1994).
Comprehensive discussion of the oscillations in sunspots, regarding both observational results
and theoretical interpretations, can be found in the reviews by Chitre (1992), Lites (1992),
Thomas and Wiess (1992), and Bogdan (2000).

1.4.2 Hankel analysis

An alternative approach is to consider the effect of the sunspot on the incident p-modes as
a classical scattering problem. The aim is to determine the amplitude and phases of the
p-modes in the quiet Sun surrounding the sunspot, distinguishing those modes propagating
toward the spot from those propagating away from it. A comparison of inward and outward
amplitudes and phases may then be used to characterise the interaction of the p-modes with
the sunspot. This method was first employed by Braun, Duvall, and LaBonte (1987) and
further developed by Braun, Duvall, and LaBonte (1988); Braun, LaBonte, and Duvall (1990);
Braun et al. (1992a); Bogdan et al. (1993); Braun (1995); Chen, Chou and the TON Team
(1996); Zhang (1997).

Typically, the data (either observed velocity or intensity fields) is analysed in a spherical
polar coordinate system (9, (f>) centred on the spot or feature of interest (6 = 0). The analysis
is confined to an anuulus excluding the sunspot itself (i.e., 0 rmn < 9 < 9max). The prac-
tical advantages of observing oscillations outside the spot are many and include: increased
wavenumber resolution, better mode identification, reduction of scattered light, reduction of
line profile distortion, and increased signal-to-noise ratio. In addition, the properties of the
oscillations inside the spot are not well understood, whereas the properties of the p-modes in
quiet Sun are very well understood. For 9 <C fl, Hankel functions may be employed as ap-
proximations to the more accurate Legendre function decomposition. The observed quantity
is expressed as a sum of wave components of the form

[ Bm(L,tj)Hg>(L0)] , (1.1)

where Hm and Hm are the Hankel functions of the first and second kind, respectively
(Abramowitz and Stegun, 1964, Chapter 9), m is the azimuthal order, L = [l{l + l)]^2

(where / is the spherical harmonic degree of the mode), t is time, and UJ is the angular
frequency. Braun (1995) estimates that the relative error in wave amplitude, introduced
by approximating the Legendre functions with Hankel functions, is at worst a few percent.
In fact, Bogdan et al. (1993, see also Chen, Chou and the TON Team, 1996) employed a
decomposition in terms of the Legendre functions. Their results were very similar to those
of other studies where Hankel functions were used (e.g., Braun, Duvall, and LaBonte, 1987,
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1988; Braun, LaBonte, and Duval), 1990; Braun, 1995). Because the decomposition (eq. [1.1])
is usually in terms of Hankol functions, this method has come to bo known as Hankel analysis.

In equation (1.1), Am and Bm are complex coefficients that describe the power and phase
of waves travelling radially inward and outward, respectively. These may bo evaluated from
the data by means of an appropriate set of azimuthal (Fourier), radial (Hankel), and temporal
(Fourier) transforms (for details see Braun, Duvall, and LaBonte, 1988; Bogdan et a/., 1993).
The moduli of Am and Bm correspond to the amplitudes of the incoming and outgoing waves,
with any difference reflecting the presence of sinks or sources of acoustic power. Subsequently,
the absorption coefficient is defined as

* in '
o =

out

m

where P,n and Pout are the power of the incoming and outgoing p-modes, respectively. Simi-
larly, scattering - due to horizontal phase speed inhomogeneities - will produce a difference
in the phase between Am and Bm. The phase shift is defined as

<$ = a r g ( £ m ) - a r g ( / l m ) .

The definition of the absorption coefficient must be viewed with some caution as what appears
to be actual absorption may be the result of scattering to higher unobservable wavenumbers
(e.g., Bogdan and Zweibel, 1987) or mode mixing (where a scatter, excited by an incident
wave mode with azimuthal and radial orders TO and n, will produce outgoing wave modes
with the same temporal frequency but different m and/or n, see Brauu, 1995).

Braun, Duvall, and LaBonte (1987) were the first to report that sunspots absorb up to
50% of incident p-mode power. Shortly thereafter, Braun, Duvall, and LaBonte (1988) re-
considered their original observations (of three different spots) in greater detail, improved the
data reduction techniques, and also observed an isolated magnetic pore. For the purposes of
examining the variation of a with horizontal wavenumber fc\ Braun, Duvall, and LaBonte
(1987, 1988) summed over azimuthal orders - 5 < ra < 5 and the p-modes ridges of radial
order 71 = 0 - 6 (corresponding to 1.5 mHz < u < 5 mHz). For each of the sunspots observed,
Braun, Duvall, and LaBonte found that the levels of absorption are roughly constant (up to
50%) at higher wavenumbers (0.5 Mm"1 < k < 1.5 Mm"1), but drop off rapidly at lower
wavenumbers (k < 0.5 Mm"1). In contrast, an identical analysis performed on a region oi
quiet Sun (i.e., a control) shows no significant difference between ingoing and outgoing power,
as one would expect. Braun, Duvall, and LaBonte (1988) also analysed the absorption as
a function of k along each individual p-mode ridge, this revealed the same trend as for the
combined results, including the /-mode. Braun, Duvall, and LaBonte (1988) subsequently
concluded, despite the difference in wave properties, that any theoretical interpretation of the
absorption mechanism sho'ld apply equally for the /-mode (an incornpressive surface wave)
as well as the p-modes (gravity-modified acoustic waves).

For high-degree p-modes, the depth of the lower turning point scales as n/k (e.g., Deubner
and Gough, 1984). Therefore, a mode with a smaller horizontal wavenumber should be less

*The horizontal Avavcnumber, in arc-length coordinates, is related to the spherical harmonic degree, /, by
the formula it = [/(/+ 1)]1/2 /Re-



affected by near-surface phenomena. This lead Braun, Duvall, and LaBonto (1988) to consider
the possibility that the observed decrease in a for k < 0.5 Mm"1 may indicate the presence
of a shallow, near-surface uniform absorbing layer. The results of their simple computation
agree well with the observed variation of a with k. This lead Braun, Duvall, and LaBontc
to conclude that some of the decrease in a seen at low wavenumbers may represent a falloff
in absorption at depths of 5 — 10 Mm below the photosphere. However, the corresponding
variation of « with radial order n predicted by this model is not observed - suggesting that
the variation of a with wavenumber k is actually a characteristic of the absorption mechanism
itself, rather than the vertical structure of the absorbing region.

Because the higher order azimuthal components sample an area of larger radius (i.e.,
higher impact parameter m/fc), the variation of a with azimuthal order m can be used to
infer information about the horizontal extent of the absorption region. Braun, Duvall, and
LaBonte (1988) examined the variation of a with both the azimuthal order (foi -30 < m <
30, at a single horizontal wavenumber k = 1 Mm"1) and the impact parameter. Braun,
Duvall, and LaBonte found that the decrease of a with both m and in/k, for simple isolated
spots, is consistent with a uniform absorbing region of radius slightly larger than the visible
penumbra. On the other hand, for more complicated active regions and an isolated pore,
absorption occurs over a greatly extended region - associated with diffuse magnetic fields in
the surroundings.

Braun. LaBonte, and Duvall (1990) performed Hankel analysis at multiple positions rather
than just at the centre of the sunspots (as was done in Braun, Duvall, and LaBonte, 1987,
1988). By repeating the Hankel analysis at multiple locations (using only the azimuthally
symmetric ra = 0 mode), Braun, LaBonte, and Duvall (1990) built up spatial maps of the p-
mode absorption over several active regions. These maps show that the maximum absorption
coincides with the largest spots in the active regions. However, a lesser amount of absorption
is also observed over a vast area associated with weak magnetic fields in surrounding plage, in
iigreement with the observations of Braun, Duvall, and LaBonte (1988). Subsequently, Braun
(1995) found that isolated spotless plage does indeed show measurable amounts of p-mode
absorption, at a level of 20% of that seen in typical sunspots. Braun, LaBonte, and Duvall
(1990) estimate that the absorption efficiency scales roughly with the mean magnetic field
strength, although they note the absorption appears to saturate inside the strongest fields
(see also Braun and Duvall, 1990).

Observations of a broad range of active regions suggest that the peak value of the absorp-
tion coefficient varies with the size of the region. With a small pore exhibiting a maximum of
a = 0.2 (Braun, Duvall, and LaBonte, 1988). Sunspots with penumbral radii of about 20 Mm
show absorption coefficients as high as 0.4 to 0.5 (Braun, Duvall, and LaBonte, 1987, 1988;
Bogdan ei al., 1993; Braun, 1995). The giant sunspot group of NOAA 5395, with radius of
about 60 Mm, exhibited an absorption coefficient of 0.7 (Braun and Duvall, 1990).

Using a technique similar to but distinct from Hankel analysis, Pcnn and Labontc (1993)
examined the spatial distribution of p-mode absorption within two sunspots. The technique
consists of measuring the difference between incoming and outgoing power on a circular disk
centred on the umbrae. The disk radius is increased incrementally until reaching the sunspot
unibral radius. The observed absorption was found to increase linearly with the disk radius,
consistent with a model of a uniform distribution of absorption within the sunspot umbrae.
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Bogdan et al. (1993) were able to attain a high signal-to-noise ratio and high spatial
resolution - observing up to / « 1400 (k « 2 Mm"1). This allowed them to measure the
variation of p-mode absorption as a function of degree / along individual p-mode ridges with
radial orders n = 0, . . . ,5 (in much greater detail than Braun, Duvall, and LaBonte, 1988).
They found that the absorption along each ridge tends to peak at intermediate values of the
spherical harmonic degree / in the range 200 < / < 400. The highest absorption is found
along the pi ridge, and the absorption decreases with increasing radial order n. As mentioned
above, Bogdan et al. (1993) employed a decomposition in terms of Lcgendre functions (see
also Chen, Chou and the TON Team, 1996). When summed over the same aziniuthal orders
(-5 < rn < 5) and integrated over the same frequencies (1.5 mHz < u < 5 mHz), the
absorption coefficient observed by Bogdan et al. (1993) agreed remarkably well with the
results of Braun, Duvall, and LaBonte (1987, 1988) for k < 0.8 Mm"1, especially considering
that two different sunspots were observed and two quite different techniques for acquiring and
reducing the data were employed. However, for larger horizontal wavemunbers (0.8 Mm""1 <
k < 1.5 Mm"1), Bogdan et al. found that the absorption coefficient decreases with k - in
disagreement with Braun, Duvall, and LaBonte (1987, 1988) who found little if any decrease
over this range. Bogdan et al. suggest that the decrease of a with k at high wavemunbers
may be due to finite lifetimes of the p-modes, rather than a real change in the absorption
properties of the sunspot.

With this in mind, Bogdan and Braun (1995) analysed the observations of the sunspot
NOAA 5254 using several different annulus sizes. Bogdan and Braun found that for / < 300,
the observed level of absorption was unaffected by the annulus size. On the other hand,
for / > 300, the measured absorption level decreases considerably with increasing annulus
radius (for a comprehensive analysis see Chen, Chou and the TON Team, 1996). This result
verifies the suggestion of Bogdan et al. (1993) that p-modes with / > 300 interact strongly
with the quiet Sun convection and, therefore, have lifetimes shorter than (or of a similar
duration to) the time taken for the modes to travel from the sunspot to the observed annular
region. In contrast, modes with / < 300 are more "global" in nature and, hence, do not decay
appreciably within the distance to the annulus.

The duration of the aforementioned observations (Braun, Duvall, and LaBonte, 1987,
1988; Braun and Duvall, 1990; Braun, LaBonte, and Duvall, 1990; Bogdan et al., 1993)
typically spanned 4-8 hours. This is insufficient to accurately determine the scattering phase
shifts, 8. Braun et al. (1992a) analysed a 68 hour data set made from the South Pole in 1988 -
enabling the first unambiguous measurement of the scattering phase shifts of p-modes induced
by a sunspot. Braun (1995) provided a more detailed discussion of the p-mode scattering
analysis initially presented in Braun et al. (1992a), improved the data reduction technique,
and presented observations for an additional sunspot and a spotless magnetic plage (also for
durations of about 68 hours). The increased temporal duration also provides significantly
improved frequency resolution - allowing the measurement of a and 8 as a function of degree,
radial order, and azimuthal order.

Braun (1995) found that sunspots do not exhibit any significant variation of the measured
absorption coefficients over the observed range of azimuthal orders (-20 < m < 20), though
there is considerable scatter. The absence of significant variation with m suggests that the
absorption is occurring over a region similar in size to, or extended beyond, the inner radius
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of the annulus $min. This is consistent with the results of Braun, Duvall, and LaBontc
(1988), which showed that absorption also occurs in the diffuse magnetic regions (i.e., plage)
surrounding sunspots. This interpretation is reinforced by finding that spotless plage also
exhibits absorption, though at a level of 20% of the value seen in sunspots (Braun, 1995).

Due to the lack of significant variation of a with m, Braun (1995) was able to increase
the signal-to-noise levels appreciably, without losing information, by computing absorption
coefficients averaged over m. Consequently, Braun waa able to plot a as a function of /
along each p-mode ridge (n = 0 — 8). Braun found that the absorption seen in both sunspots
exhibited very similar behaviour as a function of I and n, although the larger sunspct exhibited
roughly 30% higher peak absorption than the smaller spot. The variation of at with / is
broadly consistent with Bogdan et al. (1993) - the absorption along each ridge tends to peak
at intermediate values of /, the highest absorption occurs for the /- , pi-, and p2-modes, and
the absorption decreases with radial order.

Braun (1995) also observed the variation of the absorption coefficient as a function of fre-
quency (see also Braun et al, 1992a). When a, grouped in different bins of degree /, is plotted
as a function of frequency a striking pattern emerges. The left panel of Figure 1.3 shows the
results for the sunspot NOAA 5254. A similar pattern of behaviour is evident for the other
spot observed by Braun, NOAA 5229, despite the drastic difference in surface structure. Fig-
ure 1.3 shows there is a broad peak in the absorption coefficient at approximately 3 mHz,
a minimum of zero absorption at 5 mHz:, and an increase in a with u at higher frequencies.
The plage (results not displayed) showed a similar frequency dependence, though measurable
levels of absorption are only observed for the highest / bins. On closer inspection, however,
Figure 1.3 us actually slightly misleading. Figure 1.4 (adopted from Braun, 1995) shows the
frequency variation of a for the individual radial orders n = 0 — 8 and the two different
sunspots (NOAA 5229 and NOAA 5254). For each radial order, the frequency variation is
different, though all modes show a peak in absorption at lower frequencies, a minimum at
moderate frequencies, and a general increase of cv with u for higher frequencies (where the
results are shown). Figure 1.4 clearly shows that the location of the absorption maximum
and minimum varies with radial order, a feature not evident in Figure 1.3. There arc two ad-
ditional features, evident in Figure 1.4, that are worth noting. Firstly, both sunspots exhibit
very similar behaviour despite the difference in appearance at the photosphere. Secondly,
the highest levels of absorption occur for the /- , pi-, and 7>2-modes, and the peak absorption
decreases with increasing radial order n.

It is apparent from the right hand panel of Figure 1.3 that the quiet Sun control tends
to exhibit slight negative values of a ~ corresponding to emission (i.e., generation of acoustic
power). Both Bogdan et al. (1993) and Braun (1995) note that the larger values of the quiet
Sun emission tend to correspond to those modes which show the larger levels of absorption in
sunspots. Indeed, Braun (1995) showed that there is a significant anti-correlation between the
values of a for the spot NOAA 5254 and a region of quiet Sun. Assuming that a statistically
steady-state of p-mode generation and decay (i.e., emission and absorption, respectively) is
achieved by the turbulent convection, Bogdan et al. (1993) suggest an apparent emission of
p-modes observed in an annulus centred on quiet Sun should, in fact, be present for modes
sufficiently "global" in nature to interact with nearby magnetic regions (e.g., sunspots and
plage).
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Figure 1.3: The "m-averaged" absorption coefficient, o, plotted as a function of temporal frequency, u, for a
smnspot (NOAA 5254, left panel) and a region of quiet Sun (right pp.net). The vertical panels represent the
different values of / into which the absorption data has been binned. Reproduced from Bogdan and Braun
(1995, who adopted it from Braun, 1995).
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each of the radial orders n = 0 - 8. In this case the results for sunspots NOAA 5254 and NOAA 5229 are
displayed (with black and grey diamonds, respectively). Error bars are one standard deviation. Adopted from
Braun (1995).

Unlike the absorption coefficient, the scattering phase shifts for both sunspots show a
strong dependence on azimuthal order. The scattering phase shift attains a maximum at
m = 0, and steadily decreases as \m\ increases. Coincidently, the maximum observed phase
shift is about 150°. The variation of 5 with m suggests that the phase shifts are produced
within an area about the size of the visible sunspot penumbra. This is in sharp contrast
to the absorption measurements, which implied that the absorption is not confined to the
sunspots but also occurs in the surrounding plage. Related to this observation is the finding
that spotless plage, while absorbing //-modes, produces no measurable phase shifts (less than
a few percent of the corresponding value for spots). As expected, the quiet Sun control
produces no scattering phase shifts.

Braun (1995) also plotted the phase shifts, averaged over a small range of m, as a function
of degree / along each p-mode ridge (n — 1 — 9). For both sunspots observed, the rn-averaged
phase shifts are positive and increase with degree /, with an increase that is faster than linear.
Figure 1.5 (adopted from Braun, 1995) shows the scattering phase shifts, 8, as a function of
frequency for the individual radial orders n = 1 - 9 and the two different sunspots (NOAA
5229 and NOAA 5254). Figure 1.5 shows that 5 grows rapidly with increasing frequency, in a
similar fashion to the variation with degree /. Figure 1.5 also shows the scattering behaviour
of the two disparate sunspots is very similar, as is the absorption behaviour (Fig. 1.4). The
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frequency dependence of the phase shifts (Fig. 1.5) differs substantially from that of the
absorption coefficients (Fig. 1.4). In particular, at frequencies where the sunspots produce
essentially no absorption of p-modes, the phase shifts are at a maximum level. This scattering
behaviour has been interpreted by Fan, Bmuu, aud Chou (1995) to imply thai, snnspots are
relatively shallow (depth w 1 Mm) acoustic structures (see §2.3).
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Figure. 1.5: The "7n-overaged" scattering phase shifts, 5, plotted JIS a function of temporal frequency, u, for
each of the radial orders n — 1 - 9. In this case the results for suuspots NOAA 5254 and NOAA 5229 are
displayed (with black and grey diamonds, respectively). Error bars are one standard deviation. Adopted from
Braun (1995).

In the two different sunspots observed (NOAA 5229 and NOAA 5254), Braun (1995) found
strong evidence that mode mixing occurs between modes of adjacent radial order at the same
frequency and same azimuthal order. The frequency variation of the mode mixing phase shifts
along each ridge pair is similar to the usual phase shifts (i.e., scattering between identical
radial orders), but the mode mixing phase shifts are approximately 90° greater. On the other
hand, both the plage and the quiet Sun control exhibited no evidence of mode mixing. The
corresponding mode mixing strengths (i.e., the power transfeiiod from an incoming mode
n to an outgoing mode n') were not able to be quantified in detail (see Braun, 1995, for
discussion).
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1.4.3 Helioseismic t o m o g r a p h y

Helioscismic tomography, also known as time-distance holioscismology, was first proposed by
Duvall et ai (199,'i). Again letting XV be the observed acoustic oscillation field at the surface
(as in §1.4.2, this may be either observed velocity or intensity fields), then the cross-correlation
between signals at the surface positions ri and r2, separated by a horizontal distance A, is
determined by

T
C0(A,r)

where r is the time delay between signals, and T :.J tho temporal duration of the observations.
Duvall et ai found that the cross-correlation, Co, between fluctuations at two distinct surface
locations is maximal along a parabolic curve of the form A « r2 . Dispensing with the modal
description (see §1.4.2) altogether, Duvall ct ai interpreted this behaviour in terms of a
ray (or optics) formalism, where the solar acoustic oscillations are regarded as a collection
of wave packets that travel along ray paths connecting the two points under consideration.
Subsequently, the time delay is interpreted as the time taken for the wave packet to travel
between the two surface points.

The basic idea of helioseismic tomography is analogous to an approach commonly applied
in both terrestrial and oceanographic seismology. By measuring the travel times between
different points on the solar surface, helioseismic tomography aims to use these measurements
to infer the variation of the internal properties such as the sound speed, magnetic field, and
subsurface flow velocities along various ray paths. For example, in regards to sunspots,
helioseismic tomography attempts to distinguish between ray paths which encounter the
sunspot and those which merely propagate through undisturbed quiet Sun. The resultant
difference in travel time for the two different rays contains diagnostic information about the
subsurface structure of the spot.

Indeed, Duvall et ai (199G) measured such travel time anomalies (see also Braim, 1997).
Duvall et ai generated maps of the travel time differences (and averages) over a region of the
solar surface. For each point in the region of interest, they used the cross-correlation function
Co to estimate the travel times between the point and an annulus (of radius A) centred on it.
In the vicinity of active regions, Jhivall et ai found that travel times for outward propagating
waves ( T + ) are smaller, by approximately one minute, than corresponding inward travel times
(T~) . They interpreted this as evidence of downflows within the spot and in its immediate
surroundings - the ray paths are almost vertical near the surface, therefore, a downflow would
decrease the travel time for an outgoing wave but increase it for an incoming wave. They
estimated that the downflows have velocities of about 2 km s"1, and persist to depths of
roughly 2 Mm. Subsequent inversions of the Duvall et ai travel time data by Kosovichev
(1996) suggest that flows associated with active regions also occur at even greater depths
(about 20 Mm). Additionally, Duvall et ai observed the mean travel time, which evidently
decreases by about 0.4 min at the location of sunspots (corresponding to an average wave
speed increase). They concluded that this was consistent with the presence of a vertical
I. xgnetic field with strength of 2 kG at the surface, that increases to 4 kG at a depth of
600 km.
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Braun (1997) applied the methods helioseismic tomography to GONG data, and confirmed
the findings of Duvall et al. (1996) that r + -r~ Rs 1 minute in the vicinity of sunspots (which
is not observed for the control experiment where the sunspot is absent). By varying the
radius of tho inner amiulus, Braun also showed that the radial extent of the region producing
the travel time anomalies is coincident with the outer boundary of tho sunspot penumbrao.
Braun then calculated the cross-correlation function 62 for points connected by a two-skip
trajectory, where the first skip (i.e., surface reflection) occurs at tho centre of a sunspot.
The resultant two-skip travel times (divided by 2) differ significantly to the single-skip travel
times. Braun suggested that the discrepancy probably arises from tho use of the oscillation
signals within the sunspot in the correlation analysis (with associated limitations alluded to
in §1.4.1 and §1.4.2).

It should be noted that the process of calculating the cross-correlation function CQ and
the subsequent construction of the time-distance diagram is completely independent of ray
theory. The ray formalism is employed at the level of interpretation and inversion, as a
convenient method for extracting information from the observations (e.g., D'Silva, 1994, 1996;
D'Silvaand Duvall, 1995). Bogdan (U97) clarified the relationship between the time-distance
and modal-decomposition (sec §1.4.2) approaches to local helioseismology. By considering a
model for which analytic solutions are available, Bogdan was able to critically compare the
two approaches. He found that a wave-packet composed of a superposition of neighbouring
p-modes on the traditional k-iv diagram (for an example of the analogous 1-OJ diagram, see
Fig. 1.1) interferes constructively along the ray path predicted by ray theory. Hence, a cross-
correlation curve of the form A K T 2 (Duvall ct al., 1993) will always be observed- However,
Bogdan found that the wave packet is not localised to the ray path joining the two surface
bounce points, except if the radial orders of the constituent p-modes are very large (i.e.,
n >• 1, corresponding top-modes with vertical wavelengths much less than the density scale,
consistent with the WKBJ approximation). In reality, the spectrum of five minute solar p-
modes used in observations (e.g., Duvall ct al, 1996) have rather low radial orders. Therefore,
the subsequent wave packets are diffuse and sample portions of the solar envelope that are
up to 10 — 30 Mm from the predicted ray path. Bogdan cautions against interpretations
drawn in ,erms of a single ray path description, and suggests techniques that account for ray
bundles (a sum of ray paths) should be considered for the analysis of the observed travel time
anomalies.

Bogdan et al. (1998) extended the investigation of the relationship between the time-
distance and modal-decomposition approaches to sunspot seismology. In particular, they
developed a pair of formulae relating the quantities measured by the approaches of time-
distance (namely, the cross-correlation function) and modal-decomposition (absorption coef-
ficient and scattering phase shift). Applying these to the observations previously analysed
by Braun (1997), along with concurrent, observations from the HAO/NSO Advanced Stokes
Polarimeter, Bogdan et al. demonstrated that the inferred GONG umbral oscillation signal
actually originates from the umbra-pcnuinbm boundary (about 6 Mm from the centre of the
spot). Additionally, they found that 5-minute oscillations of the umbra-penumbra boundary
lag behind those in the centre of the umbra by roughly 1 minute, agreeing with the travel
time differences observed by Duvall et al. (1996) and Bogdan (1997). This observation casts
serious doubt on the inference made by Duvall et al. (1996), that the travel time difference
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to evidence of steady downflows. Bogdan et al. also reported that mode mixing, spontaneous
/Miiode emission from within the sunspot, and the generation of magneto-atmospheric waves
in the sunspot are all processes that can produce travel fcimo asymmetries (i.e., T+ ).

Finally, we note the recent tomographical inversions by Kosovichev, Duvall, and Scherrer
(2000) and Kosovichev (2002) which have yielded impressive images of the three-dimensional
structure of the sound-speed perturbation below sunspots. Kosovichev, Duvall, and Scherrer
(2000) report that the typical wave speed perturbations range from 0.3-1 km s"1, in a region
as broad as the surface spot and some 10 Mm beneath it. At a depth of 4 Mm, Kosovichov,
Duvall, and Schevrer concluded that the wave speed perturbation may correspond to either
a 10% temperature enhancement (about 2800 K) or to a 18 kG magnetic field.

1,4.4 Helioseismic holography

Helioseismic holography treats the acoustic field observed at the two-dimensional solar surface
in an analogous fashion to how the eye treats the electromagnetic radiation observed at the
two-dimensional surface of the cornea. The acoustic field observed over the solar surface, XV, is
propagated back (in time) into a model of the solar interior. The resultant three-dimensional
acoustic field is then sampled in "focal planes" at depths of interest - rendering an image
of the features that gave rise to the observed surface signal. Hence, helioseismic holography
can probe the three-dimensional distribution of local acoustic anomalies (sinks, sources and
scatterers) within the solar interior - a task Hankel analysis can only perform in a limited
fashion.

The acoustic egression, H+, provides a statistical assessment of the contribution madn
by an acoustic disturbance emanating from a point in the interior, (r, z), and time t, to the
observed surface acoustic field, $, at (r',0) and time t'. The acoustic egression is defined as

= If
J Ja

G+{\r-r'\,z,t~i')$(r',t')d2r'dt',f
a<\r~r'\<b

where G+ is a Green's function that expresses how a point disturbance at (r',0) propagates
backward in time to (r, z), or equivalently, forward in time from (r, z) to (r',0), The acoustic
ingression, # _ , is the time reverse of the egression (with G+ replaced by its complex conju-
gate) and expresses the contribution to the surface acoustic field by waves converging onto
the focal point (r, z). The computational regressions are performed over an annular region,
the "pupil", with inner radius a and outer radius b centred on r, the surface location directly
overlying the focal point (r, z).

Kelioseismic holography was first proposed as a method ibr imaging active regions on
the far side of the sun by Lindsey and Braun (1990, see also Roddier, 1975). However, this
has only come to fruition in the last few years (e.g., Lindsey and Braun, 2000a; Braun and
Lindsey, 2001). In the interim, helioseismic holography was developed as a technique for
local helioseismology (e.g., Braun et al., 1992b; Lindsey and Braun, 1997; Braun et «/., 1998;
Lindsey and Braun, 1999). The application of helioseismic holography to observations from
the SOHO Michelson Doppler Imager has resulted in the discovery of a remarkable array of
new solar acoustic phenomena, a comprehensive review of these can be found in Braun and
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Lindsey (2000a). Recent additional analysis of helioseismic holography has been performed
by Barnes and Cally (2001) and Skartlicn (2001, 2002).

In general, the results obtained with helioseismic holography are in excellent agreement
with those of Hankel analysis (e.g., Braun, Duvall, and LaBontc. 1987, 1988; Bogdan ct
«/., 1993; Bmuu, 1995, see also §1.4.2). In particular, sunspots absorb energy from and
substantially shift the phase of p-modes incident upon them. For example, when the acoustic
egression power (i.e., | i/+|2 integrated over time and normalised with a smoothed ingression,
sec Lindsey and Braun, 1999) is calculated for a set of observations containing regions which
absorb p-modes, such as sunspots and plage, the absorbers shows up as regions of deficit in
the acoustic egression power (e.g., Chang et a/., 1997; Lindsey and Braun, 1998a,b, 1999;
Braun and Lindsey, 1999, 2000a).. It should be noted that Chang et al. (1997) were the first
to apply holography to actual solar data and confirm the localised absorption of p-modes by
sunspots, though they refer to the technique as "acoustic imaging" (for details and discussion
of the minor technical differences see Braun et a/., 1998; Chou, 2000; Lindsey and Braun,
2000b). As alluded to above, holography can do more. We discuss some of the discoveries
relevant to sunspots and their immediate surroundings (other notable successes include the
first seismic images of a solar flare by Donea, Braun, and Lindsey, 1999).

By performing depth diagnostics, Braun et al. (1998) and Lindsey and Braun (1998a,b)
found that the depth dependence of the 3 mllz egression power deficits in sunspots are
consistent with absorption (in models) that occurs predominantly within a few Mm or less of
the photosphere. This is consistent with the p-iuode absorption by sunspots measured using
Hankel analysis (e.g., Braun, Duvall, and LaBonte, 1987, 1988; Bogdan et a/., 1993; Braun,
1995, see also §1.4.2), where a was found to decline with decreasing horizontal wavenumber
(i.e., increasing depth of the p-mode lower turning point) in the range k < 0.5 Mm"1.

In addition'to the egression power deficits coinciding with the sunspots and plage, Braun
et al. (1998), Lindsey and Braun (1998a), and Lindsey and Braun (1999) uncovered a region
showing a general deficit of 10-30% in 3 — 4 mHz acoustic emission (i.e., an apparent absorbing
region) which extends far beyond the sunspot, to distances of 30 - 70 Mm. This region is
referred to as the "acoustic moat". The outer boundary of the acoustic moat roughly coincides
with plages in the neighbourhood of the sunspot (which are known p-mode absorbers, Braun,
1995) but often extends into regions that are non-magnetic (Braun and Lindsey, 2000a). It
should be noted that the spatial resolution of the Hankel absorption maps (Braun, LaBonte,
and Duvall, 1990) was insufficient to detect the presence of such a moat. The acoustic moat
was discovered using acoustic power holography, which is sensitive to acoustic sinks and
sources, but may only render images of scatters if they are illuminated by nearby sinks or
sources. On the other hand, phase-sensitive holography (Lindsey and Braun, 1997; Braun and
Lindsey, 2000b), which computes a temporal correlation between the egression and ingression,
can detect subsurface features that scatter acoustic waves. While the acoustic moat may
have its own absorption mechanism, Lindsey and Braun (1998a) and Braun et al. (1998) note
that it may simply be a region that scatters the depleted waves emanating from the nearby
sunspot, such as a convection cell (driven by the accumulation of heat blocked by the sunspot
photosphere). The results of Braun and Lindsey (2000b) using phase-sensitive holography
support this hypothesis. They found signatures of an extended, near-surface, rapid outflow
(though these results are in apparent conflict with the downfiows inferred from helioseismic
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tomography by Duvall el o/., 1996).
By taking tho temporal Fourier transform of the egression and ingression the analysis

can l>o shifted to the "spectral perspective" ("chromatic holography" in the terminology of
Lindscy and Braun, 1999), where the observations may be viewed as a function of frequency.
Using this technique, Lindsey and Braun (1999) found that the acoustic deficit (absorption
of p-modes) rendered by the sunspot itself actually persists approximately uniformly over
the range 3 - 7 mHz. This result is in apparent contradiction with the results of Hankel
analysis (see Figure 1.3 and Braun, 1995), which show a distinctive absorption minimum at
frequencies near 5 niHz, depending on the radial order (see Fig. 1.4). Instead, Lindsey and
Braun (1999) find a 2.5% enhancement of quiet Sun egression (i.e., localised generation of
acoustic power) at about 5 iuHz in a region surrounding the sunspot that extends far beyond
the spot and the acoustic moat. Lindsey and Braun (1999) estimate that the contribution of
this small enhanced emission at 5 lnllz, over the broad range for which it exists, is sufficient
to cancel the acoustic deficit (absorption) caused by the sunspot ami, therefore, obscures the
Hankel analysis results (Braun, 1995).

The region of enhanced emission surrounding the sunspot, revealed by Lindsey and Braun
(1999), is a relatively weak, diffuse "acoustic glory". Acoustic glories (e.g., Braun and Lind-
sey, 1999, 2000a; Donea, Lindsey, and Braun, 2000) are halos of sharply enhanced higher
frequency (above 4.5 mllz) acoustic emission in the regions surrounding multipolar active
regions. Acoustic glories are largely comprised of small, discrete emitters that may generate
acoustic power 1.5 times that of the average quiet Sun. Donea, Lindsey, and Braun (2000)
show that these small emitters are nearly all confined to regions of quiet Sun, but have a
remarkable tendency to border weak magnetic regions.

Depth diagnostics reveal the existence of submerged "acoustic condensations" indicating
the presence of compact acoustic deficits 10 — 20 Mm below isolated sunspots (Lindsey and
Braun, 1998b) and multipolar active regions (Braun and Lindsey, 1999). These acoustic
condensations generally do not lie directly below the sunspots, but can appear tens of Mm
away from any sunspot. The reason for this is not currently understood. In a similar fashion
to the acoustic moat, Braun and Lindsey (1999) suggest these features may not be absorbers
at all, as they appear in the observations, but simply scatterers (associated with subsurface
thermal or Doppler perturbations).

Using multiple-skip chromatic holography Lindsey and Braun (1999, see also Lindsey
and Braun, 2000b) confirmed that the quiet sun photosphere is poor specular reflector for
frequencies above its acoustic cutoff frequency (this result is consistent with the observations
obtained using helioseismic tomography by Duvall et a/., 1993). In contrast, the photosphere
of active regions, including sunspots, efficiently reflects high frequency acoustic waves. This
somewhat surprising behaviour was revealed recently using phase-sensitive holography (Braun
and Lindsey, 2000a,b). Additionally, observations using phase-sensitive holography indicate
that all magnetic regions, including plage, induce sound travel time perturbations (consistent
with the presence of Wilson-like depressions with depths proportional to the surface magnetic
pressure). This is in contradiction with the results found using Hankel analysis, in which case
plage apparently absorbs but does not scatter incident p-modes (Braun, 1995, see also §1.4.2).
The reason for this discrepancy is unclear.
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1.5 Outline
In Chapter 2 we discuss several theoretical models for the interaction of solar oscillations
(ji-modes) with various magnetic field structures, which have been proposed to interpret tlie
aforementioned observations. In this thesis, we focus on two observational facts: sunspots
absorb (and scatter) incident p-modcs, and p-modos have finite lifetimes (i.e., non-zero line
widths). Chapters 3 and 4 are devoted to modelling the absorption of solar ;>-modes by
sunspots, in particular, for regions with non-vertical magnetic field. In Chapter 5 we model
tho global damping of solar ;>-modes by fibril field, calculating tho/Mnode lifetimes resulting
from energy escaping into both the solar interior and the upper atmosphere. Conclusions arc
discussed in Chapter 6.
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Chapter 2

Modelling the interaction of solar
p-modes with magnetic field

3

"i

Prom a theoretical perspective, the interaction of solar ;>-modes with magnetic field (obser-
vational evidence outlined in Chapter 1) is generally not well understood. In this chapter,
wo briefly discuss the magnetohydrodynainic approximation, which is central to modelling
the interaction. We then survey several candidate mechanisms for the interaction of solar
p-modes with the Sun's magnetic field.

2.1 Magnetohydrodynamics

Magnetohydrodynamics (MHD) is a synthesis of fluid dynamics (as described by the Navier-
Stokes equations) and electromagnetism (Maxwell's equations and Ohm's law) in the non-
relativistic approximation. The fluid is considered to be highly electrically conducting (mean-
ing at least partial ionisation has taken place), and adequately describable as a single com-
ponent fluid (i.e., charge separation is negligible over all the length scales of interest). These
assumptions are valid for most (though not all) solar phenomena. For the purposes of this
investigation these assumptions are reasonable.

Ideal MHD treats the plasma as a perfectly conducting fluid interacting with a magnetic
field. Ideal MHD neglects: viscosity, energy losses due to non-adiabatic effects (such as
thermal conduction and radiation), and Ohmic diffusion (i.e., electrical resistance). The
equations of ideal MHD are the equations for: continuity (conservation of mass),

dp
dt

-f v • Vp + /?V • v = 0,

conservation of momentum,

' ( t f + v < V v ) = i

conservation of energy,

— (V x B) x B - pgez ,
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the induction equation (which follows from Ampere's, Faraday's and Ohm's Laws),

OB
01

- V x (v x B) ,

and the solenoid condition (expressing the absence of magnetic monopoles),

V - B - 0 ,

where p is the mass density, v is the velocity, p is the gas pressure, -#e 2 is the acceleration due
to gravity, B is the magnetic 'ield, and nn is the magnetic permeability. The continuity and
energy equations are just the .usual (non-magnetic) fluid equations, whereas the momentum
equation contains an extra term, the Lorentz force, introduced by the presence of the magnetic
field. The Lorentz force can be split into two components,

— (V x B) x B = — [B • V) B - ~ V [B • B] ,

indicating that the magnetic field introduces two forces that are absent in the non-magnetic
case: an isotropic magnetic pressure B2/2/zn and a tension B2//*B. The Lorentz force has no
component in the direction along the field lines. Therefore, the magnetic pressure gradient in
the direction along the field lines must exactly balance the magnetic tension component along
the field lines. Another important consideration arises from the induction equation. When
the fluid is perfectly conducting, as in ideal MHD, Alfven's theorem implies that magnetic
flux is frozen into the fluid (i.e., magnetic field lines move with the fluid). Comprehensive
discussion of magnetohydrodynamics can be found in several textbooks (e.g., Ferraro and
Plumpton, 1966; Priest, 1982).

2.2 Possible interaction mechanisms
This section is cevoted to surveying several mechanisms for the interaction of solar p-modes
with a range of magnetic structures. These are for example: sunspots, plage, pores, intense
photospheric flux tubes, and canopy field. The survey is not intended to be exhaustive, we
emphasise the topics central to this thesis. The interaction of p-modes with magnetic flux
concentrations can be decomposed into two distinct components - absorption and scatter-
ing (though the interaction with canopy field lies outside of this categorisation). We focus
on absorption, though scattering mechanisms are also briefly discussed. From a theoretical
perspective, it is fair to say, the interaction of solar p-modes with magnetic field is not well
understood. At present, theoretical models do not adequately explain the observations (out-
lined in Chapter 1). However, recent advances using the results of this thesis (Appendix F)
are extremely promising.
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Broadly speaking, the various theoretical attempts employ two distinct approximate mod-
els of a magnetic flux concentration: (1) inhomogenehvy primarily in the horizontal direction,
neglecting gravitational stratification (e.g., resonant absorption and the interaction with bun-
dles of flux tubes); (2) inhomogeiieity primarily in the vertical direction (gravitational strati-
fication), neglecting horizontal variations (o.g., mode conversion). There are also phenomeno-
logical models for sunspots, and wo discuss these first.

2,3 Phenomenological models

A handful of phenomenological models for sunspots have been developed (e.g., Brown, 1990;
Fan, Braun, and Chou, 1995; Chou et ai, 1996; Chen, Chou and the TON Team, 1997;
Barnes and Cally, 2000). By assuming that the effect of the sunspot's magnetic field can be
parametrised in some simple manner, such as by a modified sound speed (e.g., Fan, Braun,
and Chou, 1995; Chou et ai, 1996; Chen, Chou and the TON Team, 1997) or modified
upper boundary condition (e.g., Barnes and Cally, 2000), phenomenological models avoid
the complications involved with calculating the full Lorentz force. This approach enables the
forward (Fan, Braun, and Chou, 1995; Chou et ai, 1996) and inverse (Chen, Chou and the
TON Team, 1997) problems in sunspot seismology to be tackled.

For example, Fan, Braun, and Chou (1995) calculate the scattering phase shifts for a
model "sunspot". The model consists of a near-surface, disk-shaped inhomogeiieity in which
the sound speed smoothly increases to it's peak value \pl times the external sound speed
at the same depth. Fan, Braun, and Chou (1995) find a substantial agreement between the
observations of sunspot NOAA 5254 (Braun, 1995) and their model when a disk of radius
25 Mm1 extending over a depth of 1 Mm is employed.

Another example, Chou et ai (1996); Chen, Chou and the TON Team (1997) assume
the presence of the magnetic regions can be represented by a complex sound speed - such a
model can both absorb and scatter incident p-modes. Chen, Chou and the TON Team (1997)
invert the measured absorption coefficients in two sunspots NOAA 5254 (Braun, 1995) and
NOAA 7887 (Chen, Chou and the TON Team, 1997), and infer the depth dependence of the
real part of the interaction parameter (which corresponds to the absorption of waves). The
depth dependences are similar for both sunspots: the real part of the interaction parameter
increases rapidly with increasing depth, reaches a maximum value at a depth of about 7 Mm,
then gradually drops off to zero at a depth of about 28 — 35 Mm.

Phenomenological models deliberately ignore the details of the interaction mechanism.
However, if one can ascribe some physical interpretation to the chosen parametrisation, phe-
nomenological models may provide a bridge between the theory of the interaction mechanism
and observations.

2.4 P.esonant absorption

Resonant absorption of acoustic oscillations occurs as a result of cross-field inhomogeiieity in
regions with non-uniform magnetic field. In the context of sunspots, this was first suggested

'The observed penunibral radius of sunspot NOAA 5254 was 18 Mm (Braun, 1995).
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by Hollweg (1988)a and further developed by Lou (1090); Roscnthal (1990, 1992); Snkurai,
Goossons, and Hollweg (1991a,b); Goossons and Poedta (1992); and Goossena, Rtidcrinan, and
Hollweg (1995). Resonant absorption occurs when, in horizontally inhoinogeneous regions,
the frequency of the oscillation coincides with the local Alfven (or local cusp) frequency
on a particular magnetic surface (corresponding to a singularity in the ideal MHD limit).
Enhanced dissipation ultimately occurs at the resonant surface due to non-ideal effects, such
ius viscosity and olec.trical resistivity though the rate of absorption is independent of these
(Goossens and Poedts, 1992; Erdelyi and Goossens, 1994). Resonant absorption of sound
waves is very efficient across a broad range of circumstances (even for weakly dissipative
media), for example, straight (monolithic) magnetic flux tubes (e.g., Hollweg, 1988; Lou,
1990; Sakurai, Goossens, and Hollweg, 1991a,b; Keppens, 1995), twisted monolithic flux tubes
(e.g., Chitre and Davila, 1991; Goossens and Poedts, 1992; Stonuit, Poedts, and Goossons,
1993; Steuuit, Erdelyi, and Goossens, 1995), and fibril-type field (e.g., Rosenthal, 1990, 1992;
Keppens, Bogdan, and Goossens, 1994, discussed further in §2.G). Resonant absorption may
operate in a gravitationally stratified atmosphere (e.g., Goosseus, Poedts, and Hermans,
1985), though the efficiency remains uncertain.

2.4.1 Resonant absorption in canopy field

In general, gravitationally stratified atmospheres permeated by exactly horizontal magnetic
field also possess the Alfven and cusp resonant layers (Cally 1984, also see §3.1.2). Therefore,
resonant absorption (as outlined in §2.4) may take place in canopy field (in the chromosphere
and corona) overlying the non-magnetic convection zone. Zhukov (1997); Tirry et ai (1998);
Pinter and Goossens (1999); Vanlommel and Goossens (1999); Vanlommel et al (2002) con-
sider the interaction of the solar p-modes with resonant oscillations in the magnetic canopy.
This interaction results in a frequency shift, as well as p-mode damping. Rough agreement
with observations can be obtained, depending on the choice of model parameters. The in-
fluence of canopy field on the p-modes was aHo studied by Campbell and Roberts (1989);
Evans and Roberts (1990); Jain and Roberts (19lJ4a,b,c). However, the canopy resonances
were avoided by a special choice of magnetic field and temperature profiles.

2.5 Mode conversion

Mode conversion occurs as a result of vertical gravitational stratification in atmospheres
with a uniform, non-horizontal magnetic field. The damping of global oscillations in stars
by conversion to slow modes was first considered by Biront et at. (1982) and subsequently
by Roberts and Soward (1983) and Campbell and Papaloizou (1986). This mechanism was
first applied to sunspots by Spruit and Bogdan (1992) and further developed by Cally and
Bogdan (1993, hereafter CB93); Cally, Bogdan, and Zweibel (1994, CBZ); Cally (1995);
Hindman, Zweibel, and Cally (1996); Bogdan and Cally (1997, BC97); and Lites et al.

2Though resonant absorption of Alfven waves was originally studied iu thermonuclear fusion research as a
mechanism for heating laboratory plasmas (see e.g., Chen and Hasegawa, 1&74; Hasegawa and Chen, 1976),
and later in the heating of su!ir coronal loops (see e.g., Ionson, 1978; Poedts, Goossens, and Kerner, 1989,
1990).
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(19P8). Modn conversion occurs because, in a gravitutionally stratified atmosphere with a
uniform, non-horizontal magnetic field, the fast and slow nmgnetoacoustic-gravity (MAG)
waves interact (predominantly in the region where the souud .speed, C<?, and Alfven speed,
C/\, are comparable). In uniform, vertical magnetic fields, the Alfven waves decouple. In fact,
due to the interaction of the fast and slow MAG waves, it is not appropriate to use the terms
"fast" and "slow" - these only have meaning when the sound and Alfven speeds differ greatly.
The resultant oscillations, governed by a fourth order system of differential equations, are
called 7r-modes (as? distinct from p-modes, in recognition of the rolo played by the magnetic
field). However, at great depth (where C.\ < Cs), the fast and slow MAG wave components
of the 7r-modes are locally decoupled. There, the fast modes are essentially acoustic, trapped
oscillations much like the non-magnetic p-modes; and the slow modes arc essentially Alfvenic
(transverse and incompressive), downward-travelling waves. Consequently, the slow modes
can leak energy away from the fast mode resonant cavity.

It is worthwhile noting that the concept of mode conversion is broadly consistent with
the observed absorption of p-modes by sunspots, pores and plage (see §1.4.2). In particular,
absorption occurs uniformly across the sunspot umbrae and penumbrae (e.g., Braiui, Duvall,
and LaBonte, 1988; Braun, LaBonto, and Duvall, 1990; Penn and Labonte, 1993; Braun,
1995), and absorption scales roughly with both the size of the magnetic region (e.g., Braun,
Duvall, and LaBonte, 1988; Braun and Duvall, 1990; Braun, 1995) and the mean magnetic
field strength (e.g., Braun, LaBonte, and Duvall, 1990). The results from helioseismic holog-
raphy (see §1.4.4) indicate that absorption in sunspots occurs predominantly within a few
Mm or less of the photosphere (e.g., Braun et al., 1998; Lindsey and Braun, 1998b; Braun
and Lindsey, 2000a). This finding is in qualitative agreement with mode conversion occurring
in the layers where Cs « C.4 (i.e., near the surface).

The efficiency of fast-to-slow mode conversion, in gravitationally stratified, plane parallel,
atmospheres permeated by uniform, vertical magnetic fields, has been addressed by CB93,
CBZ, Cally (1995) and BC97. The fourth order boundary value problem, consisting of the
fourth order MAG wave equation and four boundary conditions, results in an eigenvalue
problem. The eigenvalue is necessarily complex due to the leakage of energy by the slow
modes - the imaginary part quantifies *he efficiency of the mode conversion. CB93 and
BC97 consider the temporal evolution of free linear oscillations, calculating complex (angular)
frequency eigenvalues u for given real horizontal wavenumber k. The imaginary part of the
frequency eigenvalue indicates temporal decay of the 7r-modes. CBZ and Cally (1995) carried
out the complementary study, the spatial evolution of driven linear oscillations - specifying
real angular frequency u> and calculating complex wavenumber eigenvalues k. The imaginary
part of the wavenumber eigenvalue indicates horizontal spatial decay of the 7r-modes. The
latter approach is more suitable for the situation where external p-modes of a given frequency
drive oscillations inside the sunspot.

To quantify the driving of the internal 7r-modes by external p-modes, and hence p-to-slow
mode conversion, requires matching oscillations (total pressure and radial velocity) across
the boundary between the no -magnetic and magnetic regions. In particular, in the non-
magnetic region surrounding ihe sunspot, oscillations need to be decomposed in terms of
both a discrete spectrum of horizontally travelling p-modes and a continuous spectrum of
horizontally evanescent jacket modes (see Bogdan and Cally, 1995, for details). The matching
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problem, including the jacket modes, has been addressed by Barnes and Cally (2000) for
a (phenomsnological) thin-disk scattering model consisting of two non-magnotic regions of
finite depth3, with different upper boundary conditions. The mathematical complications
are severe (especially for semi-infinito atmospheres), hence, the eigenvalue analyses do not
incorporate the matching problem.

Cally and Bogdan (1997) and Rosonthal and Julicn (2000) carried out. complementary
numerical simulations of non-magnetic p-modos encountering a vertical magnetic flux con-
centration - this naturally includes the matching across the interface between the magnetic
and non-magnetic regions. Both eigenvalue analysis and numerical simulations agree that / -
modes ar^ easily absorbed sufficiently to explain observations, whereas pn-modes (especially
n > 2) are definitely not absorbed sufficiently by this mechanism. In fact, 7>-to-slow mode
conversion becomes very inefficient with increasing radial order, n.

One obvious limitation of the vertical field models is the magnetic field geometry. For
example, the observations of Braun, Duvall, and LaBonte (1988), Braun, LaBonte, and Duvall
(1990), and Braun (1995) indicate that p-mode absorption is not isolated to the umbrae of
sunspots (where the field is primarily vertical), but instead occurs nearly uniformly across a
region slightly larger than the penumbrae (where the field is highly inclined). The oscillations
supported by a spreading magnetic field are not well understood. Theoretical progress is held
back by the presence of both vertical and radial gradients (see Bogdan, 1999, for the outline
of a method of solution).

Recently, Cally (2000) carried out two-dimensional finite diiferencc simulations of non-
magnetic p-modes encountering a sunspot model with a spreading magnetic field. Cally found
that r>-mode absorption is greatly enhanced by field spread, though numerical limitations
precluded the investigation of models with sufficient spread to fully explain the observations.
There are several possible reasons for enhanced absorption to occur in spreading field, for
example: the deformation of the C7,.\ ss Cs conversion region (broadened and deepened -
higher radial order p,,-modes carry much of their energy at greater depths than the /-mode);
internal mode mixing (scattering of higher order pn-modcs to more lossy low order modes);
or inclination of the magnetic field increases the excitation of the downward-radiating slow-
mode.

The purpose of Chapters 3 and 4 is to determine the effect of the magnetic field inclination
on the efficiency of MAG wave conversion. This is done by generalising the vertical field
eigenvalue analysis of CBZ to a non-vertical magnetic field. In Chapter 3 we restrict ourselves
to two-dimensional propagation, and concentrate on fast-to-slow MAG wave conversion. In
Chapter 4 we consider propagation in three dimensions, where conversion between all three
types of waves (fast and slow MAG waves, and Alfven waves) is possible.

2.6 Flux tubes

In the absence of gravity, the theory of waves travelling in and on isolated, uniform magnetic
flux tubes (referred to as tube modes) is well developed. Several early papers made the

3In atmospheres of finite depth, the p-niodes reduce to a finite set and the jacket modes to an infinite but
discrete set.
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thin flux tube approximation (e.g., Ryutov and Ryutova, 1976; Roberts and Wobb, 1979;
Wilson, 1979; Spruit, 1982), some of which included gravitational stratification (e.g., Defouw,
1976; Roberts and Webb, 1978; Spruit, 1981). Flux tubes of arbitrary radius wore considered
shortly thereafter (e.g., Wentzol, 1979; Wilson, 1981; Edwin and Roberts, 19t:3). If dissipative
processes can be neglected, the tube modes will propagate along the flux tube maintaining a
constant amplitude provided the disturbance they induce in the surrounding fluid js laterally
evanescent. In this case real frequencies arc appropriate. However, Roberts and Wc-.bb (1979);
Wilson (1981); and Spruit. (1982) realised that when the tube mode couples to a laisrally
propagating wave (in the surrounding fluid), its amplitude will decay as energy is curried
away by the external waves. In this case, the tube mode is said to be "leaky" (Cally, 1985,
1986) or "acoustically damped" (Spruit, 1982), and complex frequencies are required. Cally
(1985, 1986) carried out an extensive analysis of the leaky and non-leaky modes (allowing
for complex frequencies) for tubes of arbitrary width and with magnetic field in the external
environment. In the thin flux tube limit only two modes survive: the axisymmetric (m = 0)

sausage mode with characteristic phase speed (along the tube) Cp = C^Csl [C\ + C|) ;

and the (m ^ 0) kink mode with phase speed C/<- = [{pC\ + pfCf) / (p H pA] ' (e.g.,
Defouw, 1976; Ryutov and Ryutova, 1976; Roberts and Webb, 1978, 1979; Wilson, 1979;
Spruit, 1982; Cally, 1985, 1986; Bogdan, 1989). Here, the subscript "e" refers to quantities
external to the tube, w!it:reas unsubscripted quantities are internal. Recently, tube mode
theory has been extended to non-uniform flux tubes (in unstratified atmospheres) exhibiting
resonant absorption at critical surfaces (e.g., Keppens, 1995, 1996; Stenuit, Keppens, and
Goossens, 1998; Stenuit et a/., 1999).

Associated with the phenomena of acoustic damping of tube modes is the complementary
process of resonance scattering, where the tube modes are excited by waves in the surrounding
fluid. For example, the scattering resonances of a thin magnetic flux tube occur when the
frequency of the incident acoustic wave coincides with one of the natural tube frequencies
(corresponding to the characteristic phase speeds of the thin tube modes CT or CK). When
the flux tube is driven at these frequencies, fluid motions in and around the tube are greatly
enhancer! over their typical non-resonant level (e.g., Ryutov and Ryutova, 1976; Bogdan,
1989; Ryutova and Priest, 1993a,b).

2.6.1 Ensembles of diverse flux tubes

The absorption of acoustic oscillations by resonance scattering in horizontally inhornoge-
neous regions has been investigated by Ryutov and Ryutova (1976) and Ryutova and Priest
(1993a,b). In this case, acoustic oscillations are absorbed by an ensemble of widely separated,
uniform thin magnetic flux tubes randomly distributed in space and over their parameters
(e.g., magnetic field strength, density and radius). During the transient phase, absorption
occurs because Cue frequency of the incident sound wave will nearly always coincide with
a (natural) resonant frequency in a fraction of the flux tubes. When this occurs, energy is
extracted from the acoustic waves as the enhanced response is built up in the resonantly
excited flux tubes. At later times, this energy is re-emitted as secondary acoustic waves in
higher layers of the atmosphere. Energy will be lost even in the absence of viscosity, thermal
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conduction and olunic losses. However, in densely packed ensembles such as sunspots, large
localised gradients will develop due to the small scale inhomogeneities, and classical dissi-
pation will be enhanced (Ryutova and Persson, 1984; Ryutova, Kaisig, and Tajima, 1991;
LaBonte and Ryutova, 1993; Lazzaro, Lontano, and Ityutov, 2000). The major limitation of
this mechanism is that thin flux tubes in gravitationally stratified atmospheres do not have
global resonant frequencies (e.g., Bogdan et «/., 1996; Hasan and Bogdan, 1996; Hasan, 1997;
Crouch and Cally, 1999; Tirry, 2000, also sec discussion in Cally, 2001b). In fact, Tirry (2000)
also showed that resonant frequencies (including multiple scattering resonances exhibited by
bundles of closely spaced tubes, sen Bogdan and Fox, 1991; Keppens, Bogdan, and Goossens,
1994) are absent in an unstratified cavity when one end of the flux tube is open to wave
leakage.

2.6.2 Bundles of identical flux tubes

At late times, the enhanced motions of any resonantly excited flux tubes will saturate at
their asymptotic level, the balance between excitation and re-emission results in zero net
absorption. The steady-state (late time) scattering of acoustic waves by bundles of identi-
cal, randomly distributed, uniform magnetic flux tubes in unstratified atmospheres has been
investigated in considerable detail (e.g., Bogdan and Zweibel, 1985; Zweibel and Bogdan,
1986; Bogdan and Zweibel, 1987; Bogdan, 1987a,b; Bogdan and Cattaneo, 1989; Bogdan and
Fox, 1991; Bogdan, 1992; Tirry, 2000, but for generalisations to stratified atmospheres see
Zweibel and Dappen, 1989 who develop a mean field theory approach, and Rosenthal, 1995
who employs the Born approximation). In these studies, as the individual flux tubes are
uniform, they - as well as the bundles they belong to - do not absorb acoustic pov/er (at
late times). Keppens, Bogdan, and Goossens (1994), however, applied the theory of multiple
scattering (the T-matrix formalism developed by Bogdan and Fox, 1991) to incorporate res-
onant absorption by bundles of closely spaced, non-uniform tubes (where the resonant layer
in each tube is modelled using the method of Sakurai, Goossens, and Hollweg, 1991a). For
a fixed amount of magnetic flux, Keppens, Bogdan, and Goossens found that fibril sunspots
(e.g., the "spaghetti" model suggested by Parker, 1979) absorb much more acoustic power
than their monolithic (non-uniform) counterparts. On the other hand, both (monolithic and
fibril) aunspot models scatter comparable amounts of incident acoustic energy. There are
several major limitations of this mechanism: it neglects tube modes not found in the thin
tube limit (e.g., Cally, 1985, 1986; Stenuit, Keppens, and Goossens, 1998: Stenuit et al.,
1999); as mentioned in §2.4, the efficiency of resonant absorption in gravitationally stratified
atmospheres is not well understood; and multiple scattering resonances (responsible for the
enhanced absorption found by Keppens, Bogdan, and Goossens, 1994 in fibril sunspots) are
absent when one end of the flux tube is open (Tirry, 2000, see also Cally, 2001b).

2.6.3 The absorption of p-modes by thin magnetic flux tubes

The observed p-mode line widths (e.g., Libbrecht, 1988; Korzcnnik, 1990; Jefferies et a/., 1991)
cannot be accounted for by mechanical and thermal processes alone. Various modelling along
these lines includes the excitation and damping of />-modes by turbulent convection (e.g.,
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Ghristonsen-Dalsgaard, dough, and Libbrochi,, 1989; Goldrcich and Kumar, 1991; Goklreich,
Murray, and Kumar, 1994) and the scattering of 7Miiodcs by convectivo eddies (Goldreich
and Murray, 1994). As discussed in §1.4, it is now well established that sunspots and plage
absorb substantial amounts of energy from p-modes incident upon them (Braun, Duvall, and
LaBonte, 1987, 1988; Braun, LaBonte, and Duvall, 1990; Braun et ai, 1992a; Bogdan et «/.,
1993; Braun, 1995; Chen, Chou and the TON Team, 199C). This prompted JefFerica et «/.
(1991) to suggest that the absorption of high degree p-modes by active regions may provide
an additional (unmodelled) component of the p-modc line widths. Recent observations by
Koiiim, Howe, and Hill (2000, as discussed in §1.3) also indicate (though not conclusively)
that a component of p-modc damping is magnetic in nature.

Bogdan et al. (1996, hereafter BHCC) investigate the possibility that the interaction of
p-modes with isolated, thin magnetic flux tubes may represent another unmodelled process
capable of explaining the observed p-mode line widths (e.g., Libbrccht, 1988; Korzennik, 1990;
Jefferies et al., 1991). BHCC developed a model for a (non-resonant) thin magnetic flux tube,
embedded in a gravitationally stratified atmosphere. They consider the tube to be in thermal
equilibrium with its surroundings - a reasonable assumption if the tube is thin enough (see
§5.1.3). Consequently, the plasma-/?'1 is independent of depth, and the excitation of the tube
modes by the p-modes in the surrounding atmosphere may occur over the entire length of
the tube. The tube modes then travel down into the solar interior.

Above the photosphere the flux tube begins to flare out to such an extent that the thin
flux tube model becomes unrealistic. To overcome this difficulty, BHCC imposed a stress-free
boundary condition at the photosphere, which acts to reflect any upward-propagating tube
waves completely back down into the tube. The stress-free boundary condition deliberately
neglects a possibly important physical process: the loss of energy to the upper solar atmo-
sphere by the excitation of waves in the chromosphere and corona. In Chapter 5, we use
simple models of the solar chromosphere and corona to explore the consequences of applying
various boundary conditions.

Spruit (1981) determined the two completely uncoupled modes of oscillation for a thin
magnetic flux tube: the kink modes, which describe transverse, incompressive motions of the
tube, and the sausage modes, which are longitudinal, compressive motions. At the top of the
convection vone the longitudinal, compressive motions of the thin magnetic flux tube (sausage
mode) match onto longitudinal, compressive motions in the overlying chromosphere - MAG
waves. The transverse, incompressive motions of the thin magnetic flux tube (kink modes)
match onto transverse, incompressive motions in the overlying chromosphere - Alfven waves.
With this in mind, plausible boundary conditions at the photosphere can be constructed.

The theoretical results of BHCC fall well short of the observations (Korzennik, 1990), by
an order of magnitude or more. In Chapter 5, we determine the contribution to the p-mode
line width from both the tube modes (sausage and kink modes) escaping deep into the solar
interior, and the MAG and Alfven waves escaping into the upper solar atmosphere.

4The plasma-/? is defined as the ratio of the gas and magnetic pressure, (i — 2/iB/j/B2.
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Chapter 3

Mode conversion of solar p-modes
in non-vertical magnetic fields:
Two-dimensional model

In this chapter we consider the oscillations supported by a gravitationally stratified atmo-
sphere permeated by a uniform, non-vertical magnetic field. We derive the equations govern-
ing propagation in arbitrary directions. However, in this chapter, we assume two-dimensional
propagation where the AlfveVi waves decouple. We calculate the efficiency of fast-to-slow MAG
wave conversion in non-vertical field for a complete polytrope.

3.1 The governing equations

The unperturbed model atmosphere consists of an inviscid, compressible, perfectly electrically
conducting, ideal gas. The atmosphere is plane-stratified1 by the constant gravitational
acceleration, -^e^, and permeated by a straight, uniform, non-vertical magnetic field inclined
in the (a:, z)-plane,

B = B (sin#ex -f cos9es) , (3.1)

where 9 is the angle between the magnetic field vector and the vertical, ez (see Fig. 3.1). We
consider the steady-state2, linear3 adiabatic oscillations of this atmosphere.

As the unperturbed atmosphere is in hydrostatic equilibrium, the mass density, p, and
gas pressure, p, are related by dp/dz = -pg. Consequently, the coefficients of the governing
PDEs (the linearised equations of ideal MHD) only depend on the vertical spatial coordinate,

'For features with horizontal extent greatly exceeded by the solar radius, such as sunspots and small-scale
intense magnetic flux tubes, the curvature of the solar surface may be safely neglected.

2In quiet Sun, the solar p-modes have periods of the order five minutes and lifetimes of order hours to days.
Therefore, it is reasonable to neglect transients and focus ou the steady-state oscillations.

3In quiet Sun, the typical surface velocity amplitude associated with an individual p-mode is at most
about 10 cm s~l (Christ ensen-Dalsgaard. 2002), whereas the sound speed in the near surface layers is of order
10 km s~l. Hence, the small amplitude assumption is valid.
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Figure 3.1: The magnetic field vector, B, the wave-vector, k, the perpendicular wave-vector, kx( and the
angles 9 and <j> in three-dimensional Cartesian spacr.

2. It is, therefore, appropriate to use the method of separation of variables and we assume
that all perturbed quantities depend on the horizontal spatial coordinates, x and y, and
temporal coordinate, t, according to exp [i (k • r — ut)], where k = k(cos(f>ex + sin(f>ey) is
the wave-vector, <f> is the angle between the wave-vector and the rr-axis, r = xex + yey is the
position vector and the angular frequency, w, is real and non-negative. Figure 3.1 shows the
magnetic field vector, B, and the wave-vector, k, and the angles 0 and <f> in three-dimensional
Cartesian space.

The Lagrangian fluid displacement, £ = £xex + £yey + £zez — (k + 77kj. H- ^2ea , where
k i = -sin^>ez4-cos0ey (see Fig. 3.1), then satisfies a system of three coupled, second order,
ordinary differential equations:

C\
J2

cos2 9 J-J - (sin2 0 sin2 8 + cos2 0 ) Ar C +
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cos <b cos 0 -r-z — iksin2 d> sh\0-— cos </> cos0k2 £*
dz2 dz J

Cl", S K J = -ik sin <j> sin 0 C\ d^r},
(IZ I

= - sin <£ sin 0|| [V

(3.2)

(3.3)

sin 0 C^ cos (̂  cos 0 -~ — ifc sin2 0 sin 0- cos </> cos 9 k \

Tz " ( 7 c = ~ s i (3.4)

where b\\ — B • V = zArcos^sin^ + cosfl^ is the directional derivative in the direction
parallel to the equilibrium magnetic field, CA{Z) = B/(/i;,/?)l//2 is the Alfven speed, and
Cs{z) = {'yp/p) is Mie adiabatic sound speed. The sixth order system of differential
equations (3.2)-(3.4) completely describes the propagation and linear interaction of all types
of magnetoacoustic-gravity (MAG) waves - the fast and slow MAG waves and the Alfven
waves (where the distinction is valid). In equations (3.2)~(3.4) the temperature stratification
is arbitrary. It can be verified that in the isothermal case, the equations are equivalent to
those derived by Leroy and Bel (1979) and Zhugzhda and Dzhalilov (1984a) in terms of the
standard Cartesian displacements fz, (y, and £z.

3.1.1 Vertical field

When the equilibrium magnetic field is exactly vertical (i.e., 9 = 0), ^-dependence vanishes
and equations (3.2)-(3.4) reproduce the governing equations first derived by Ferra'.o and
Plumpton (1958). In this case, the MAG waves (fourth order, with fluid displacement £k -f
£je2, eqs. [3.2] and [3.4]) and the transverse Alfven waves (second order, with displacement
7?k_L, eq. [3.3]) decouple. The vertical field MAG waves equations have received considerable
attention from many authors, often in the context of umbral oscillations in sunspots (e.g.,
Scheuer and Thomas, 1981; Thomas and Scheuer, 1982; Leroy and Schwartz, 1982; Schwartz
and Leroy, 1982; Zhugzhda and Dzh 1ilov, 1982; Zhugzhda, 1984; Hasan and Christensen-
Dalsgaard, 1992; Spruit and Bogdan, 1992; CB93; CBZ; Banerjee, Hasan, and Christensen-
Dalsgaard-. 1995; Cally, 1995; Hindman, Zweibel, and Cally, 1996; BC97; Lites el a/., 1998;
Caily, 2001a). The vertical field Alfven wave equation has also been studied extensively in
various contexts (e.g., Ferraro, 1954; Ferraro and Plumpton, 1958; Hollweg, 1978; Thomas,
1978; Leroy, 1980, 1981; Bel and Leroy, 1981; Leroy and Schwartz. 1982; An et a/., 1989).

The vertical field equations have also been studied with non-adiabatic effects included, in-
corporating either Newton's law of radiative cooling (t;.g., Bauerjee, Hasan, and Christensen-
Dalsgaard, 1997; Birch et a/., 2001; Banerjee et at., 2002) or thermal conduction (e.g., Antia
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and Chitre, 1979; Gore, 1997, 1998). Recently, Settele, Zlmgzhda, and Statute (1999) and
Settele, Staude, and Zhugzhda (2001) have extonded the vertical field equations to include
depth dependence of both the turbulent pressure and the adiabatic coefficient.

3.1.2 Horizontal field

When the equilibrium magnetic field is exactly horizontal (i.e., 0 — 90°) equations (3.2) (3.4)
reduce to the second order differential equation first derived by Nye and Thomas (1976a), or
Nye and Thomas (1974) in the 0 = 0 case In general, this ODE possesses two singularities
or critical layers, associated with the Alfven and cusp resonauces, across which wave energy
flux is discontinuous (e.g., Cally, 1984). It is worth noting that specific atmospheres may
not possess any of these critical layers. For example, atmospheres where both the sound and
Alfven speeds are constant (e.g., Yu, 1965, see also Campbell and Roberts, 1989; Jain and
Roberts, 1994b). The critical layers arc not present for 9 =£ 90° (see §3.5 for details), however,
the horizontal field limit (0 —» ±90°) is singular, and for highly inclined fields (e.g., Kamp,
1989, 1990; Zhukov, 1988, 1989a,b, 1990) perturbation methods should be considered.

The horizontal field wave equation has been central to a great number of investigations.
For example, modelling canopy field in the chromosphere and corona (Campbell and Roberts,
1989; Evans and Roberts, 1990; Jain and Roberts, 1994a,b,c), including cases where resonant
absorption occurs at the critical layers (Zhukov, 1997; Tirry et «/., 1998; Pinter and Goossens,
1999; Vanlommel and Goossens, 1999; Vanlommel et a/., 2002). The horizontal field wave
equation has also been used to model running penumbral waves in sunspots (Nye and Thomas,
1974, 1976b; Cally and Adam, 1983; Small and Roberts, 1984).

3.1.3 Outline - inclined field

With the exception of Leroy and Bel (1979) and Zhugzhda and Dzhalilov (1984a), the sixth
order system of equations (3.2)-(3.4) has received little attention. When the oscillations
propagate solely in the direction parallel to the (a:, jz)-plane (i.e., 0 = 0, or ky = 0), the
Alfven waves (eq. [3.3]) and the fast and slow MAG waves (eqs. [3.2] and [3.4]) decouple.
The less complicated 0 = 0 case has been investigated by several authors, for both the MAG
waves (e.g., Zhugzhda and Dzhalilov, 1984a,b,c; Schwartz and Bel, 1984a,b; Goossens, Poedts,
and Hermans, 1985; Campos and Saldanha, 1991) and the Alfven waves (e.g., Schwartz, Cally,
and Bel, 1984), though mainly for isothermal stratification. The finite difference simulations
of Cally (2000), which exhibit enhanced p-mode absorption, are two-dimensional, suggesting
that the 0 = 0 case is of interest. The remainder of this chapter is devoted to two-dimensional
propagation, focusing on the domain 0 = 0, -90° < 6 < 90°.

Propagation in directions oblique to the (:E,z)-plane (i.e., the full sixth order system of
equations (3.2)-(3.4) with 0 ^ 0) is addressed in Chapter 4. In this case, without loss of
generality, the parameter search need only focus on the domain 0 < 0 < 180°, 0 < 0 < 90°.
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3.2 The complete polytrope

The model atmosphere is now specialised to a complete isentropic polytrope, with the surface
situated at z — 0, and the ideal ga»s filling the scmi-infinito half-space z < 0. The mass density,
p, and gas pressure, p, vary as

where m = 1/ (7 - 1) is the polytropic index (7 — cp/cv is the ratio of specific heats)4.

100 150
Depth [Mm]

Figure 3.2: Variation of the isothermal sound speed {p/p)l/2 as a function of depth. The solid curve is
obtained from seismic solar model of Christensen-Dalsgaard, Proffitt, and Thompson (1993). The broken

3curves represent iseutropic polytropes constrained to pass through //0 = 2.78 x 10~4 kg ni~3 and p0 ~
1.21 x 104 kg in~ ls~2 (corresponding to (po/Po)1/2 = 6-^0 ^ n i s ~ ' ) a t z e r o depth. The inset provides a
detailed view of the surface layers. Reproduced courtesy of BHCC

The complete polytrope is a very simple approximation to the solar convection zone. To
evaluate the merits of the polytropic approximation, we temporarily ignore the magnetic
field and take the depth z = ~L to coincide with the rQ!t = 1 level of the photospheric
reference model provided in Table 11 of Maltby et al. (198G). So p0 = 2.78 x 10"1 kg in"3,

4Isentropic polytropes are convectively neutral as the radiative and adiabatic temperature gradients co-
incide. Consequently, the Brunt-Vaisiila frequency vanishes and the atmosphere does not support internal
gravity waves (<7-modes).
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p0 — 1.21 x 10l kg m" ls~2 and g = 2.775 x IO2 m s~a are adopted as tho characteristic
physical scales at z ~ —X, where pQ — pogL/ (m+ 1), and, therefovo L varies as m -f- 1.
Figure 3.2 (reproduced courtesy of BIICC) shows the variation of the isothermal sound speed
(p/pyt2 with depth for a solar model computed by Christensen-Dalsgaard, ProfHtt, and
Thompson (1993)5, along with the in — 3/2 and in — 3.85 polytropes. BHCC use these two
values of in to bracket tho range of solar possibilities. For example, the m = 3.85 polytrope
provides an acceptable fit. to the model in the near surface layers (within the first 5 Mm
below the photosphere, soe inset), On the other hand, tho m — 3/2 polytropo provides a
more reasonable approximation for the whole of the convection zone.

In the vertical field studies of CB93, CBZ and BC97, attention was restricted exclusively
to the m = 3/2 polytrope. Huiiter (1999) relaxed this restriction. In his doctoral the-
sis, Hunter considered the oscillations of complete polytropes, permeated by exactly vertical
magnetic field, for the cases m ~- 3/2, 2, 5/2, 3, 7/2, 4. Hunter found that the eigenvalues
(including the efficiency of mode conversion) are only weakiy influenced by changes in the
polytropic index, rn (Hunter also calculated the eigenvalues for the magnetised solar model
of Christensen-Dalsgaard, Proffitt, and Thompson (1993) with a similar outcome). Conse-
quently, in this investigation (as in CB93, CBZ and BC97), we are justified in concentrating
solely on thy rn — 3/2 polytrope.

Models with more realistic vertical stratification including chromosphere and corona (such
as those employed by CBZ; Cully 1995; Hindman, Zweibel, and Cally 1996; Lites et al.
1998 with vertical magnetic fields) offer a potentially interesting extension to the cummt
problem. However, evaluating the efficiency of p-to-slow mode conversion in non-vertical
magnetic fields, with a simple yet reasonable stratification, is the purpose of this exploratory
investigation.

Returning to the magnetised complete polytrope, we now define the length scale, L, to be
the depth into the complete polytrope where the Alfven speed, CA, equals the sound speed,

i.e.,

CA (Z) - and (3.6)

Determination of the tolar parameters p0, p0, g and L is deferred to §3.7.2.
Following the approach of CBZ, without loss of generality, we assume Re (k) > 0 through-

out the remainder of our analysis (i.e., travelling waves propagate in the positive ^-direction).
We focus on the spatial evolution of the free linear oscillations, hence, we calculate complex
wavenumber eigenvalues, fc, for specified real angular frequencies, a1, and angle, 6. In this
case, it is appropriate to adopt the same nondimensionalisation as CBZ,

(3.7)
i moj2L

9

This transformation is singular in the non-magnetic limit (L -> 0), but this is of no concern as

s - —~ , n — 2kL and

5As the model of Christensen-Dalsgaard, Proffitt, and Thompson (1993) is for quiet Sun, it is unclear how
accurately this model represents the interior of a sunspot. Unfortunately, the sunspot umbral core models M,
L and E of Maltby et al. (1986) are not tabulated to large depths below the photosphere.
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the non-magiu tie limit is itself singular (i.e., the second order non-magnetic p-mode equation
does not pro* ide a uniform asymptotic approximation to the true solution of the fourth order
MAG wave equation in the weak field limit). The nondimonsionalised governing equations
with 4> s= 0 are then

(3.8)

sm2 Os~m

= sin 6 cos 0 s m

ds2 (3.9)

where £x = C is the component of the displacement in the x-dircction. The decoupled Alfven
wave equation (second order in r/) will not be discussed further. As discussed above, from
now on we restrict our attention exclusively to the case m = 3/2.

3.3 The lower boundary

The lower boundary, s = oo (z = -oo), is an intrinsically irregular singular point of the
governing equations (3.8) and (3.9). Imposing the appropriate boundary conditions requires
knowledge of the asymptotic behaviour of the solutions of the governing equations as s -> oo
(z -> —oo). The method of dominant balance (e.g., Bender and Orszag, 1978, Chapter 3)
is the standard approach for determining the asymptotic behaviour of solutions of linear
ordinary differential equations (ODEs) of arbitrary order in the vicinity of irregular singu-
lar points. The method of dominant balance for a system of coupled ODEs is much more
complicated. When the background magnetic field is exactly vertical {9 = 0), the governing
equations (3.8) and (3.9) can be simplified and the resultant system (CBZ, their eqs. [2.8]-
[2.10]) can be readily analysed using the method of dominant balance. The simplification is
not valid for the non-vertical field case, subsequently, application of the method of dominant
balance alone to the governing equations (3.8) and (3.9) is troublesome.

However, the physical nature of the solutions in the vicinity of the lower boundary (where
C.A < Cs) is well known (e.g., Zhugzhda and Dzhalilov 1982, 1984a,b,c; Zhugzhda 1984;
Spruit and Bogdan 1992; CB93; CBZ; BC97; Bogdan 2000; Cally 2001a; Rosenthal et al.
2002; Zhukov 2002). When the sound speed, 65, and the Alfven speed, C,.\, differ greatly
(i.e., CA ^ Cs, as s ~+ 00) the fast and slow MAG waves (and the Alfven waves in the </> 7̂  0
case) decouple. The reason for this is the large difference between the vertical wavelengths
of the fast and slow MAG waves. Hence, in the region where CA <gi Cs we can addicts
each mode of oscillation separately. In this region, the fast MAG wave is asymptotically an
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evanescent acoustic wave (compressivc and longitudinally polarised), with a vertical wave-
length comparable to the local density scale height. The propagation of the fast MAG wave
is asymptotically unaffected by the presence of the magnetic field. On the other hand, the
slow MAG wave is strongly affected by the presence of the magnetic field. The slow MAG
wave is asymptotically a travelling Alfven wave (incompressive and transversely polarised),
with a vertical wavelongth very much smaller than the local density scale height.

The physical characteristics of each mode, combined with the method of dominant bal-
ance, guide us to consistent asymptotic behaviours for the fast and slow MAG waves. The
details are outlined in the next two subsections.

3.3.1 Fast MAG wave asymptotics

Asymptotically, as s -> oo (z -> -oo) where C,\ «C C5, the fast MAG waves are unaffected
by the magnetic field. For the fast MAG wave solution, this characteristic motivates the
assumption that, in the governing equations (3.8) and (3.9), the magnetic terms (i.e., terms
multiplied by the squared Alfven speed, C\ « s~m) are dominated by the non-magnetic
terms. This assumption must be checked later. Neglecting the magnetic terms in governing
equations (3.8) and (3.9) leaves

d2 d
1—x + m - -
as2 ds

x , S-* OQ,

— —Cr , S 0 0 , (3.11)

Asymptotic relation (3.11) implies that the displacement associated with the fast MAG waves
is asymptotically irrotational. Asymptotic relation (3.10) results from eliminating £s from
equation (3.9) and the derivative of equation (3.8), then setting the magnetic terms to zero.
For the non-magnetic p-modes (see Appendix A for details), the asymptotic relations (3.10)
and (3.11) are equalities.

The method of dominant balance applied to relation (3.10) yields the two controlling
factors £x ~ exp(± | s ) . It can be easily verified, by substituting the controlling factors
into equations (3.8) and (3.9), that the magnetic terms are dominated (asymptotically) by
the non-magnetic terms. Consequently, the initial assumption characterising the fast MAG
wave solution, is self-consistent. We impose the boundary condition that evanescent modes
be decreasing - retaining the exponentially decaying solution and discarding the exponen-
tially increasing solution. This boundary condition is equivalent to that employed by CB93,
CBZ and BC97 for vertical field. Further developing the exponentially decaying asymptotic
solution we find

exp [- ~ (s) , 5 -+ 00,

(3.12)

(3.13)

where the coefficients Uj and Wj are both asymptotic to unity as 5 -*• 00, and we have
assumed that Re(«) > 0. The leading behaviours (3.12) and (3.13) are, in fact, fche consistent
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asymptotic behaviours for the fast MAG wave solution of the governing equations (3.8) and
(3.9) with the magnetic terms included. For complex K, the asymptotic behaviour of the
fast MAG wave is somewhat wave-like. However, it can be verified that the associated wave
energy flux vanishes as s -> oo, so our choice of branch (Re (k) > 0) is valid (wave energy
flux is discussed in more detail in §4.5).

For m — 3/2, in a similar fashion to CB93, the coefficients Uj and Wj may be expanded
in asymptotic power series iu non-positive half integer powers of s. The details of the series
expansions can be found in Appendix C.I. As an indication of their general nature, the first
few terms of the series are

(IK2

wf (s

- ^ < 2 " -

-£ (2 . -5 ) . - - "

(3.14)

(3.15)

where a = (3/4) - {I^/K) . The fast MAG wave is asymptotically a trappeu acoustic wave at
sufficient depth. The asymptotic leading behaviour of equations (3.12) and (3.13) is exactly
that of the trapped non-magnetic p-mode (for details see Appendix A). In fact, the first
two non-zero terms of the series Iff (eq. [3.14]) are identical to the non-magnetic p-mode
(see eq. [A.4]), and only differ at and above correction terms of order s~3/2. Sensitivity
to the magnetic field inclination also enters the asymptotic series at terms of order s~3/2.
Asymptotically the fast MAG wave is unaffected by the magnetic field and, as expected, the
field inclination. Hence, the initial assumption for the fast MAG wave solution, that magnetic
terms are insignificant relative to the non-magnetic terms, is self-consistent. For 0 = 0 the
asymptotic leading orders (eqs. [3.12] and [3.13]) and the asymptotic series (eqs. [3.14] and
[3.15]) reproduce the vertical field result (CBZ. their eq. [2.12]). It is also worth noting
that in the case of exactly horizontal field (0 = 90°) the fast MAG wave asymptotic leading
orders (eqs. [3.12] and [3.13]) are well behaved, and yield a valid solution to the second order
horizontal field problem.

3.3.2 Slow MAG wave asymptotics

Asymptotically, as s —>• oo where CA <C CS, the slow MAG waves are Alfvenic in nature with
a vertical wavelength that is very much smaller than the local density scale height. There-
fore, in this limit, the propagation of the slow MAG waves is unaffected by the gravitational
stratification. For the slow MAG wave solution, this motivates the assumption tHt the grav-
itational acceleration vanishes (i.e., g = 0) and, therefore, the atmosphere is homogeneous.
This assumption must be checked later. In an unstmtified atmosphere, we can assume that
all perturbed quantities depend on the vertical spatial coordinate, z, according to exp (ikzz).
Consequently, the governing differential equations (3.2)-(3.4), with $ ^ 0 for the moment,
reduce to a set of three linear algebraic equations for the three (unknown) components of the
displacement vector, £. Nontrivial solutions exist only for specific choices of the frequency,
OJ, (or phase speed), these are the solutions of the equation
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L 2 - C\ (cos 0 sin9k + cos 0k~)2]

x

7| (cos <f> sin0 A; + cos 0ks)
2 (k2 + A:2) 1 = 0, (3.16)

Equation (3.16) is equivalent to the well known dispersion relation for magnetoacoustic and
Alfven waves propagating in n homogeneous magnetofluid (e.g., Ferraro and Plumpton, 1966,
pp. 66-89; Priest, 1982, pp. 153-188), except we are using the coordinate system outlined
earlier where the z-axis is aligned with the gravitational acceleration (although g = 0 in the
homogeneous case), the magnetic field vector, B, lies in the (x, z)-plane, and the (lateral)
wave-vector, k, lies in the (a:, ?/)-plane (see Fig. 3.1).

The three solutions of equation (3.16) are

,2 _ l ± CI + 2C\ Cl (1 - (3.17)

(3.18)

where if2 = A;2 + A:2 is the squared magnitude of the total wave-vector, K = k + kze2, and i/>
(defined by cos^ = (cos0 sin^ Ar -I- cos 6 kz) /K) is the anfle between K and the background
magnetic field, B. It is conventional to refer to higher frequency solution of equation (3.17) as
the fast magnetoacoustic wave and the lower frequency solution as the slow magnetoacoustic
wave. The frequency of solution (3.18) lies between the fast and slow waves and is called
the Alfven wave. In the two-dimensional problem (i.e., <f> = 0), the Alfven waves decouple.
However, in the three-dimensional problem (i.e., d>=fi 0, see Chapter 4), the Alfven waves are
required. Therefore, in this subsection, we consider 4>^0. We briefly discuss the important
properties of the three oscillation modes.

The phase velocity, vp = (w/K) K, for the three oscillation modes is easily derived from
equations (3.17) and (3.18). The group velocity for the Alfven waves is

vg = ±CAB, (3.19)

which indicates that energy propagates along the magnetic field lines at the Alfven speed. It
can be shown that the resultant displacement eigenvector for the Alfven wave solution is

+ k±ey (3.20)

where B^ = cos#ex — sin#e2 is the unit vector perpendicular to the background magnetic
field, k± = K-Bj. =cos0 cos6k—sin6kz is the wavenumber in direction perpendicular to the
field, and ky = sin^A: is the wavenumber in the j/-direction. The displacement eigenvector, £a,
is perpendicular to both the equilibrium magnetic field, B, and the wave-vector, K, therefore,
Alfven waves are transversely polarised. Alfven waves are incompressive (i.e., V • £a = 0),
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and propagate without perturbing tho gas or magnetic pressure. The restoring force driving
the Alfven waves is tension along the magnetic field lines.

For the fast and slow magnetoacoustic waves the group velocity is

where k\\ — K • B — cos^ am Ok + cos9kz is the wavenumber in direction parallel to the
magnetic field, and

dk, K [2 (u/K)2 - (CJ + CD] '

and

The displacement eigenvector for the magnetoacoustic waves is

cos B + ~^Bx + ih

where the displacement vectors £+ , £_ and ^tt are mutually orthogonal.
For the stratified atmosphere we are interested in the asymptotic behaviour of the slow

magnetoacoustic wave in the region where C& <C Cs- In this limit, we can expand the slow
wave solution (eq. [3.17]) as a Taylor series

u,2 = K>C\ (cos2* + O ( 2 | (3.21)

Consequently, in the CA <C CS regime, the group velocity for the slow magnetoacoustic waves
is

v9 = ±CAB, (3.22)

illustrating that energy propagates along the magnetic field lines at the Alfven speed. For
slow waves, it can be shown that,

(3.23)
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indicating that slow waves are transversely polarised and incompressive in the limit CA < 6's1.
Also in this limit, it can be shown that the displacement eigenvector, £_, is perpendicular to
the equilibrium magnetic field. Tho dominant term of equation (3.21) and the corresponding
group velocity (eq. [3.22]) arc identical to the Alfvon wave solution (eq. [3.18] and [3.19],
respectively), therefore, in lnagnctofluids with C(\ < Cs the slow magnetoacoustic waves
are said to be Alfvenic in nature (incompressive oscillations, driven by tension along the
magnetic field lines, with displacement eigenvector transverse to the background magnetic
field). It is known from §3.3.1 that the vertical wavelength of the fast MAG waves is of
similar order to the local density scale height. Therefore, the fast magnetoacoustic wave
solution (eq. [3.17]) is not applicable to the stratified atmosphere. The dispersion relation
for the slow magnetoacoustic waves in a homogeneous magnetofiuid (eq. [3.21]) is valid for
a gravitationally stratified atmosphere, where C& «C Cs, if the vertical wavelength of the
oscillations is very much smaller than the local density scale height.

We assume the vertical wavelength of the slow waves is very much smaller than the local
density scale height (this must be justified later). With <f> = 0, the asymptotic relation for
the slow magnetoacoustic-gravity (MAG) waves in a gravitationally stratified atmosphere,
consistent with the dispersion relation (3.21), is

\ d I 2

C\ cos 9 — + ik sin 9 ix {z) ~ -u>2£x (z) ,
[ az J

z —>• — o o ,

which is derived by inverting the exp (ikzz) transformation. For convenience, we have chosen
£z to be the dependent variable, but any component of the displacement vector would suffice.
Adopting the Alfven speed (eq. [3.6]) and nondimensionalisation (eqs, [3.7]), the asymptotic
relation for the slow MAG waves in the complete polytrope is then

\cos2 6 s~m ~-in sin 0 cos 0s~m 4-] Zx(s)I as* ds\

oo (3.24)

Applying the method of dominant balance to equation (3.24) yields the two controlling fac-
tors £x ~ exp {±2iv sec 0 s^m+2^2 / (m + 2)). The appropriate boundary condition in this
case requires that wave-like disturbances be outgoing - retaining the outgoing solution and
discarding the incoming solution. This boundary condition is equivalent to that employed by
CB93, CBZ and BC97 for vertical field. Further developing the outgoing wave asymptotic
solution for equation (3.24) we find

[ IK 2iu i
tan 0 — s + sec & -sv

2 m + 2
S - » 00 (3.25)

Unsurprisingly, it can be shown that the exponential part of solution (3.25) is identical
to that for a disturbance advecting downward along the magnetic field lines at the Alfven
speed. Asymptotically the vertical wavelength of the slow MAG waves, corresponding to
solution (3.25), is
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and the local density scale-height is

- l cos 9
(3.26)

(3.27)

Consequently, the initial assumption that the atmosphere is homogeneous with respect to the
slow MAG waves (i.e., the vertical wavelength is very much smaller than the local density
scale height) is self-consistent at sufficient depth. This strategy is used only to calculate the
leading order terms. For incompressive oscillations,

d£? in .
as 2

oo,

hence, for the leading order above (eq. [3.25]), the slow MAG waves require

, a -> oo. (3.28)

Applying the leading behaviours for £x and ^ (eqs. [3.25] and [3.28], respectively) to the
governing equations (3.8) and (3.9), we further develop the asymptotic behaviour for the
downward-travelling slow MAG wave:

Xj ~ s ~ 3 / 8 exp tan9 ~s + sec9 ~ius7/{ Us (s) , .s -> oo,

cos 9 —s~9/8 exp tan 9 -— s + sec 9 -ius1^ Wa (s) , s —>oo

(3.29)

(3.30)

where the coefficients Us and Ws are both asymptotic to unity as s —> oo, and we have
specialised to the m = 3/2 polytrope. For the slow MAG waves the group velocity, and
hence the direction of energy propagation, is directed along the magnetic field lines. It may
be confirmed that asymptotically, as s -> oo, the wave-energy flux along the field lines is
constant (see §4.5 for details). Due to fast-to-slow mode conversion in the region where
CA ~ Cs, oscillations (asymptotically composed of fast and slow MAG waves) decay as they
propagate in the positive .r-direction (Re(fc) > 0). Therefore, for 9 > 0 (9 < 0), slow MAG
waves travelling along deeper field lines are excited by less (more) energetic waves in the
conversion region. Hence, for complex K, the asymptotic behaviour of the slow MAG wave
is exponentially decaying (growing) with increasing depth. For complex n and 9 = 0, the
asymptotic behaviour of the slow MAG wave is purely oscillatory.

For m = 3/2, in a similar fashion to CB93, the coefficients Us and Ws may be expanded
in asymptotic power series in non-positive quarter integer powers of s. The details of the
series expansions can be found in Appendix C.2. As an indication of their general nature,
the first few terms of the series are:
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Us (a) ~ 1 - §i>sin0
o + ...

(a) - 1 ~ (3K.COS 0 + 4zV2 sin 0) a"3/4 + . . . .

The asymptotic behaviour of tho slow MAG wave (eqs. [3.29] and [3.30]) is dramatically
affected by the presence of the non-vertical magnetic field. Both the leading orders (eqs. [3.29]
and [3.30]) and the series Us and Wa are highly sensitive to the field inclination (the second
term being absent when the field is vertical). The vertical field slow MAG waves (see CBZ,
their cq. [2.11]) can be reproduced by setting 0 = 0. As expected the asymptotic behaviour
of the slow MAG wave (eqs. [3.29] and [3.30]) breaks down in the horizontal field, singular
limit (0 -> ±90°).

3.4 The top boundary

At the surface of the complete polytrope, J» = 0 (z — 0), the density, gas pressure and
sound speed vanish whereas the Alfven speed diverges (i.e., C& ^> Cs)- There, the two
boundary conditions are that both components of the displacement vector, £, should have
a finite magnitude (i.e., the Lagrangian pressure perturbation must vanish at the surface of
the atmosphere), and that the magnetic field perturbations match smoothly onto a vacuum
potential magnetic field (see Appendix B) that vanishes as s —> -00 (z -* 00), i.e.,

ds
at s = 0, (3-31)

where £j_ = cos0£r — sin0£z is the component of the displacement in the direction perpen-
dicular to the equilibrium magnetic field. For complex K, the solutions of equation (3.31)
are somewhat wave-like. However, it can be verified that the associated wave energy flux
vanishes as s —> —00, so our choice of branch (Re (k) > 0) is valid.

These boundary conditions, the natural choice for the complete polytrope, ignore the
possibility of energy escape through the top of the sunspot atmosphere. In their vertical
field study CBZ (see also Cally, 1995; Hindman, Zweibel, and Cally, 1996; Lites et a/., 1998)
relax these boundary conditions. CBZ truncate the polytropic stratification at a finite density
(corresponding to optical depth unity), and append an overlying atmosphere consisting of the
umbral core mode). M of Maltby et al. (1986) with an isothermal "corona". For frequencies
below the acoustic cutoff frequency in the chromosphere (frequency w 4 mHz, v » 1.1),
the fast and slow MAG waves are evanescent in the overlying atmosphere. In this case,
CBZ found the eigenvalues were almost identical to those of the complete polytrope. On
the other hand, for frequencies beyond the acoustic cutoff frequency in the temperature
minimum (frequency ss 6 mHz, u « 1.6), the eigenvalues differ greatly, with the upward- and
downward-escaping slow MAG waves removing comparable levels of wave energy. At these
higher frequencies the complete polytrope is no longer a reasonable approximation for the full
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atmosphere6. However, in light of the exploratory nature of this investigation, the complete
polytrope should suffice to indicate the basic features we would expect of a more realistic
model atmosphere.

The point s — Q is an irregular singular point of the governing equations (3.8) and (3.9).
However, for m = 3/2, in terms of the independent variable a = .s1/2, the governing equations
are

= sin0 c:o30 + inab \o-r- + 3
da

and

da2 a da

= sin0cos0 -—r n*a'\
[da2 0 a J

(3.32)

(3.33)

and the point a = 0 is a regular singular point. Substituting the Frobenius series expansions

and &(<T) = 2j™n<Jn + r , (3.34)
n-0 n=0

into equations (3.32) and (3.33) yields four linearly independent solutions. Two solutions
have r = 0, one solution has r = 2 and one solution has r = —3. Despite these differing
by an integer aud containing a double root it may be verified that no logarithmic term is
introduced. In the expansions (3.34), r is the same for both fx and £2, therefore, linearly
independent solutions can have the same r but the terms in the series will differ.

The r = — 3 solution is unphysical (as 5p ^ 0 at a = 0) and is discarded; Labelling the
remaining three finite, linearly independent solutions a, c, and d, the general solution may
be written £x = A£Xa + C£Xc 4- D£x<i, and similarly for £z. At this stage, the coefficients A, C
and D are arbitrary. Developing the series (see Appendix C.3 for details) and imposing the
remaining boundary condition (3.31), it may be shown that

D = — (5K + 2 tan 6 {in - 2v2 tan 9)) A

+ — tan 0 (3in tan 9 - 4u2 - 5K) C.

The physically acceptable solution is then
6Recent observations using phase-sensitive holography indicate that the photosphere of active regions,

including sunspots, significantly reflects p-modes with frequencies above the acoustic cutoff frequency (Braun
and Lindsey, 2000a,b). The origin of this apparent discrepancy is unclear.
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where, reverting to the variable .<?, the leading terms of each series are:

£XA = 1 + j ~ (5A; + 2i« tan 0 - Av2 tan2 6?) H + . . . ,

&A = K (i
5

t a n

and

(3.35)

(3.36)

(3fK. tan 9 (3.37)

and A and C are the remaining arbitrary constants. The first non-i»>teger powers to appear
in these expansions are ,s7/2 in £XA and £ro, and s9/2 in £S/X and ^Zc. The vertical field
series can be reproduced by setting 0 = 0, in this case the first term in the ̂ x expansion
in equation (3.37) is 3ins7/2/35 (for details see CB93, their eqs. [3.2] and [3.3]). The series
expansions (3.36) and (3.37) break down in the horizontal field, singular limit (0 —> ±90°),
hence for highly inclined fields the solutions will become unreliable. We discuss the conver-
gence properties of the series expansions (3.36) and (3.37) in the next section, §3.5.

3.5 Single fourth order equation

The pair of second order differential equations (3.8) and (3.9) can be written as a single
fourth order differential equation,

£"' + P3 (s) Z± + P-2 (*) ^1 + Pi (5) ?L + PO

where the coefficients of the derivatives are

I — m K2

p3(s) =
K2 - 4//2 sin2 0 -\- 2im.K sin 6 cos 0

= 0,

- in tan 9,

P2(s) = < 8%3'me cos3 9 (I+m)iw2 + di cost0 sinO ( m s 1 + m + 2sinJ6>) nu2

+2cos2 9 (2s 2 + m KV - sin29 (2 (m - 2) m«2 + S2K4 - 6SK2V2 + SU4))

+ cos4 OK2 (4m + s (Av2 - SK2)) + sin29 [SK7 - Av2) Us1+mv2 + sin29

x (Av2 - SK2) ) 1/ (4cos20(s (SK2 - 4sin26v2 + 2imnsin9 cos6)) ,

(3.38)
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and

p, (,s) = 14i/Vn (K (2i7?t (1 + m) sin 0 cos 0 •(- ww«) - Au2 (1 + m) sin2 0)

•+ cos 0 A;2 (n{2i cos'"2 0 (m - 1 ) m sin 0 + cos 0 m.s ( 1 - 2 sin2 0) K

-j-iK2sin0.<*2) - 4sin26^ (cos0 (m - 1) + isa'mVK) i.'2) >

/ (4 cos2 0 s (SK2 - 4M2 sin2 0 + 2irnK sin 9 cos 0)) ,

po (s) = { K2 ( (.SK2 - Au2)'2sin10 - 16k/'2 sin3 0 cos 9 - An2 cos'10 (m -f V

-2msin9 cos3 0 (msK2 + Au2 (1 -f m)) + cos2 0 sin2 0 f 4m«2 (m — 2)

+ (SK2 — 4i/2) J j — 46'"V2(AC2 («S2K2 + 2m sin 0 (2sin0 4- in cos 9 s))

- 4 K ( 2 J ( 1 +m)sin0 cos0 + KA-(l+sin26'))iv2-hl6i/'1siu20) >

I (16cos2 0 s (SK2 ~ Au'2sin2 0 -j- 2irnK sin 0 cos 0)) .

The analysis of a single ordinary differential equation is somewhat simpler than that for a
coupled system. For example, the asymptotic behaviours of the solutions of equation (3.38),
as s —> co, can be derived in the usual way by the method of dominant balance (Bender and
Orszag, 1978, Chapter 3). It can be confirmed that these are identical to fast and slow MAG
wave solutions derived in §3.3. Asymptotic solutions are not unique (e.g., Bender and Orszag,
1978). Using equation (3.38) we have also pursued the possibility of an improved asymptotic
solution for the slow MAG waves (e.g., BC97, their eq. [4.20]V, especially in highly inclined
fields, but without success.

In addition to s = 0 and s = co. equation (3.38) has a singular point at

Au2 . 0 2im .
s = sc — —j- sin 9 sin 0 cos 0,

which is only present if the field is non-vertical (0 ^ 0), and in general, is not on the
real s-axis. This singular point may be a critical layer - where the oscillation frequency
coincides with a natural frequency of the medium and across which the wave energy flux is
discontinuous. The possibility of critical layers in non-vertical magnetic fields has been a
point of controversy in the past (e.g., Adam, 1977; Schwartz and Bel, 1984b; Zhugzhda and
Dzhalilov, 1984a; Kamp, 1989). Goossens, Poedts, and Hermans (1985) consider the special
case of a gravitationally stratified atmosphere permeated by a straight, uniform, non-vertical
magnetic field, and conclude that no critical layers (continuous spectra) are present in the
two-dimensional case. We must determine the nature of the solutions about s — sc in order
to establish whether the singularity is a critical layer.
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The point .s ~ sc is an irrogulaf singular point of tho equation (3.38). However, for
m — 3/2, in terms of the independent variable a, th^ point ac = sc is a regular singular
point of equation (3.38). Substituting tho Frobcmus series expansion

oo

»=0

into equation (3.38) yields the indicial equation,

r (r - 1) (r - 2) (r - 4) = 0,

which has four distinct roots. These differ by an integer, therefore, one of the solutions may
contain a logarithmic term. Further developing each solution, the leading terms of each series
are:

UA (*) = {<* - °c)A + CA (a - acf + ...

£1,2 (a) = (a~ <rcf

,I (a) = (<7 - <rc) + C, (a - acf

where £i ) r is the series corresponding to the root r, ao — 1 has been assumed in each case and
the coefficients Cr are constants (depending on v, 6 and K, not shown). The four Frobenius
series solutions (about o — ac) are linearly independent and distinct, and none contain a
logarithmic term. All four series solutions (about a = ac) are analytic at ac, as all the roots
of the indicial equation are positive and there is no logarithmic term. Therefore, despite being
a singular point of the ODE, the solutions are not singular at ac. The implications of this are
twofold. Firstly, the energy flux is continuous across a — ac, hence, there is no critical layer
(in line with the analysis of Goossens, Poec'.ts, and Hermans, 1985). Secondly, the Frobenius
series (3.36) and (3.37) about a = 0 (s = 0) have infinite radius of convergence7. We only
use the scries (3.36) and (3.37) to start the numerical integrations in the neighbourhood of
s — 0. In some cases, the series solutions (with full details in Appendix C.3) are applied
much deeper. If the numerically evaluated series solution is sufficiently accurate then it can
be applied directly at the matching point (s = sm). This avoids integrating from s = 0 to
5 —- S n i •

rThe radius of convergence is at least the distance to the nearest singular point of the ODE, otherwise,
it is either infinite or the distance to another singular point. The radius of convergence will coincide with a
singularity of the solution itself.
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3.6 Bidirectional shooting method

The complex fourth order boundary value problem, consisting of the fourth order system
of differential equations (3.S) and (3.9) and the four boundary conditions, is solved using a
bidirectional shooting method. For specified dimensionless frequency, v, and inclination, 0,
the eigenfunction is the linear combination of the four solutions that satisfy the boundary
conditions. Tho associated eigenvalue is the value of the dimensionless wavenumber, «, for
which the linear combination exists. Hence, for given i/, 9 and an initial guess for «, the two
Frobenius series solutions (ens. [3.36] and [3.37]) are independently integrated from s w 0 to
some matching point sm. Similarly, the fast and slow MAG wave solutions (eqs. [3.12] and
[3.13], and eqs. [3.29] and [3.30], respectively) are integrated from some depth, at which the
asymptotic solutions are sufficiently accurate, to sm. The displacements, £x and ^ , and their
vertical derivatives, £'x and ££, must be continuous at sm. In general, we must iteratively
adjust K, and re-integrate the solutions, until the resultant linear combination satisfies the
continuity requirement.

In the upper regions of the complete polytrope we express the full (physically acceptable)
olution as a linear combination of the two Frobenius scries solutions (see eq. [3.35]). On

the other hand, in the lower regions of the complete polytrope the full solution is a linear
combination of the fast and slow MAG wave solutions, i.e.,

= < (3.39)

Then the matching condition, that £x, £2, £'x and £(. are all continuous at sm, can be expressed
in matrix form as

/ -I

\ Sz,

-txc ex. 'PA \

= 0, (3.40)

where all of the displacements and their derivatives in equation (3.40) are evaluated at s = sm.
The boundary conditions are homogeneous, therefore, we can scale the full solution (3.39)

arbitrarily. For simplicity we set ft A — 1- Equation (3.40) is now over-specified, being four
equations in three unknowns. Solutions exist only if the determinant of the 4 x 4 matrix
in equation (3.40) (i.e., the Wronskian of the four solutions) vanishes. Hence, one way to
proceed is use a root finder to search for eigenvalues such that the Wronskian vanishes. In
practise, we adopt a slightly different but equivalent strategy.

Given is, 0 and an initial guess for K, we calculate the four solutions at s — sm, then solve
the first three rows of equation (3.40) for the /?'s:

_ t
c
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With these determined, the remaining equation,

must be zero if K is an eigenvalue, but in general is not. Hence, K must be iteratively adjusted
until F (K) = 0 is satisfied to an adequate tolerance. For this purpose we employ Miiller's
method to iterate to convergence. We use an adaptive Hunge-Kutta numerical ODE solver
(e.g., Press et a/., 1992, Chapter 16) to perform the integrations of the solutions from the
boundaries to the matching point.

3.7 Results and discussion

As explained in §3.6 we calculate complex dimensionless wavenumber eigenvalues, K, for
specified real dimensionless frequency, v, and field inclination, 9. In the vertical field studies
(e.g., CBZ) eigencurves or "ridges" were built up in (i>, «)-space (sequences of eigenvalues,
K, as a function of dimensionless frequency, u). For non-vertical magnetic fields we have the
extra parameter 9, the inclination of the field. Therefore, we build up eigensurfaces of K
over the (v, 0)-plane. For the sake of brevity and for direct comparison with the vertical
field results, we also take slices through the (is, 0)-plane, holding 9 constant and varying v
to build up eigencurves in a similar fashion to CBZ. Conversely, we also take slices holding v
constant and varying 9. Our numerical results suggest that the eigenvalue, K, depends on the
inclination, 9, but not on the sign of 9 (i.e., K is the same for 0 and —9 at a given frequency,
u, whereas the eigenfunctions differ). We have not been able to prove this is generally the
case, but do not have a counterexample. Assuming the hypothesis is true, the parameter
space search, therefore, only needs to focus on the region u > 0, 0 < 9 < 90°, Re (K) > 0 and
Ini (K) > 0.

3.7.1 Eigenvalue topology

Figure 3.3 shows the variation of the real and imaginary parts of K as a function of dimen-
sionless frequency, v, when the equilibrium magnetic field is exactly vertical (9 = 0) for the
first nine (71 = 0, . . . , 8) modes - here n = 0 represents the /-mode. This is a reproduc-
tion of the results of CBZ (their Figure 1). In the non-magnetic limit (L —> 0, i.e., u —> 0,
K —> 0 see eq. [3.7]), the eigenvalues of the magnetised complete polytrope can be approx-
imated by the eigenvalues of the unmagnetised complete polytrope. In the unmagnetised
(rn — 3/2) complete polytrope the p-modes satisfy the dispersion relation v2 = (n + 3/4) K,
where n = 0,1,2,. . . (e.g., Lamb, 1910, see also eq. [A.7]). The resultant eigenvalues are plot-
ted in Figure 3.3 as light dashed lines. It is clear from Figure 3.3(a) that, in the low frequency
regime, the magnetic and non-magnetic ridges (eigencurves) are virtually indistinguishable.
Our results indicate this is also true when the equilibrium magnetic field is non-vertical. With
this in mind, in the graphs presented here, ridges are labelled n — 0,1,2, . . . such that n is
the radial order of the non-magnetic />n-mode whose ridge matches the ridge of the magnetic
mode in the low frequency (non-magnetic) regime. It should be noted that n cannot be
regarded as the number of nodes in the displacement eigenfunction as in the non-magnetic
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case. This is because, in general, the cigcnfunctions of the magnetic atmosphere are complex
and have no nodes. The ridges presented here are generated by stopping from low frequencies
to high frequencies. To initiate the stepping procedure we start in the non-magnetic (low
frequency) regime, where the eigenvalues of non-magnetic p-modes can be used as an initial
guess.

(a)

Figure 3.3: (a) Real part of eigenvalue K as a function of dimensionless frequency v for the n — 0, . . . , 8 modes
(from top to bottom, near the origin). At low frequencies these approach the eigeucurves of the non-magnetic
p-modes, n = v2 j (n + | ) (light dashed lines), (b) Imaginary part of K as a function of v, corresponding to
the real part shown on the left. For both of these graphs the equilibrium magnetic field is exactly vertical
(0 = 0).

We reiterate the important features of Figure 3.3 (see CBZ for more complete discussion).
Jn general, especially for u < 1, for a given frequency along a ridge both the real and
imaginary parts of the eigenvalue are largest for the n = 0 mode and decrease as n increases.
As explained above, at low frequencies (v «C 1) the real part of the eigenvalues (Fig. 3.3(a))
are essentially indistinguishable from their non-magnetic counterparts. At higher frequencies
the magnetic field has a greater impact; there the ridges diverge from their non-magnetic
counterparts. The real part of the eigenvalue still increases monotonically with v (except for
the n — 0, 3, and 8 modes) but with a greater horizontal phase speed (oc ///Re (AC)). For the
n = 0, 3, and 8 modes the real parts of the eigenvalues do not increase monotonically with v
but turn over and terminate at Re (AC) = 0. At the frequencies where Re (K) = 0 the waves are
no longer travelling in the ar-direction, but purely decaying, forming a horizontally evanescent
mode. Also at these frequencies Im (K) and, hence, the horizontal spatial decay rate of the
oscillation is at a maximum. For all modes at low frequencies, Im (AC) increases rapidly with
increasing frequency. At moderate frequencies (u a 1.0—1.5), with the exception of the n = 0
mode, Im (AC) reaches a locf J maximum and turns over - this occurs at least once for each
mode in the f-domain presented in Figure 3.3. The sharp troughs, where Im (AC) = 0 (and
(3S — 0), are frequencies where the 7r-mode is a trapped normal mode. At these frequencies
the slow MAG wave is completely decoupled - no energy escapes down the field lines and the
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oscillation propagates through tho vertically magnetised atmosphere undamped. Away from
the sharp troughs there is a non-trivial amount of horizontal spatial decay (i.e., IUI(K) ^
0) as a result of energy being carried down the field lines by the downward-escaping slow
MAG waves. For this reason the 7r-modes are generally referred to as pseudo-modes. For
frequencies of observational interest {v < 2, depending on the choice of solar parameter1 ~ see
§3.7.2) Figure 3.3(b) shows that fast-to-slow MAG wave conversion in vertical field becomes
increaMi. ,l,y inefficient with increasing n (radial Older). Numerical simulations of p-to-slow
mode conversion (e.g., Cally and Bogdan, 1997; Cally, 2000; Rosenthal and Julien, 2000)
confirm that this is the case for vertical field monoliths in general.

0

/ I///A

0 10

Figure 3-4-' Same as Figure 3.3, except 9 = 5°.

Figure 3.4 shows the variation of the real and imaginary parts of K as a function of
dimensionless frequency, u, when 0 = 5° for the first nine (n — 0, . . . , 8) modes. In comparison
to the vertical field case (Fig. 3.3), Figure 3.4 shows that at small inclinations there are some
important structural changes to the ridges. The real parts of the eigenvalues (Fig. 3.4(a))
are essentially unchanged except that the n = 7 mode turns over instead of the n = 8
mode (which turns over when 0 = 0). In contrast, the imaginary part of the eigenvalues
(Fig. 3.4(b)) change rather significantly. In particular, when 0 ^ 0 the (rapped modes vanish
- the sharp troughs (where Im (K) = 0) are not present in non-vertical fields even for very
small inclinations. The troughs are still apparent in non-vertical field but only pinch off to
Im (K) = 0 in the limit of exactly vertical field (verified by numerical experiment but not
pictured). The oscillations in non-vertical magnetic fbld can no longer arrange themselves to
decouple from the escaping slow MAG waves. In vertical field CB93, CBZ and BC97 employ a
numbering system for labelling the trapped normal modes according to the number of nodes
in their displacement eigenfunction. The disappearance of the trapped modes implies the
numbering system is inappropriate in non-vertical magnetic fields. At frequencies away from
the trapped modes of the vertical field case, the magnitude of Im (K) is essentially unaffected
by a small inclination in the equilibrium magnetic field. Hence, the efficiency of p-to-slow
mode conversion in slightly non-vertical field is basically unchanged in comparison to vertical
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field. At the frequencies of the vertical field trapped modes, mode conversion is significantly
enhanced, however, the enhancement is inconsequential as these frequencies are too sparse.

Re(x) 10

10

10

(a) (b)

Figure 3.5: (a) Real part of the eigenvalue, K, as a function of field inclination, 0 (in degrees), and dimensionlcss
frequency, v, for the n — 0 mode, (b) Imaginary part of K as a function of 0 and v, corresponding to the
real part shown on the left. The domain for both plots is 1 < v < 1.89, 5° < 9 < 45°. The shading of the
eigensurfaces is used to highlight contrast only and does not indicate the height of the eigenvalue.

Figure 3.5 shows the variation of the real and imaginary parts of n as a function of
both inclination, 0, and dimensionlcss frequency, V, for the a = 0 mode. Each point on the
eigensurface has been generated starting with the n = 0 vertical field mode (e.g., Fig. 3.3)
then stepping from 6 = 0 to 6 = 45° whilst holding the frequency constant. To clarify,
the n = 0 ridge of Figure 3.4 could be derived from Figure 3.5 by slicing along 6 = 5°. It
should be noted that the shading of the eigensurfaces is used to highlight contrast only and
does not indicate the height of the eigenvalue. Figure 3.5 shows that for small to moderate
inclinations (5° < 6 < 20°) the eigenvalue is essentially unaffected by the inclination of the
magnetic field (both Re(«) and Im(«) are essentially constant in the ^-direction). In fact,
Im(«) (Fig. 3.5(b)) decreases slightly as $ increases. At larger inclinations (0 > 25°) and
lower frequencies {u < 1.4), Re(«) (Fig. 3.5(a)) increases slightly with increasing 6, whereas
Im(K) decreases. The most striking feature of Figure 3.5 occurs in the region v > 1.4 and
6 > 25°. There the eigensurface undergoes a significant topological transition with a sequence
of discontinuities or "cuts" appearing (in decreasing increments off). It turns out that these
cuts match onto cuts on the surfaces of the higher order modes.

Figure 3.6 shows the variation of the real and imaginary parts of K as a function of both
inclination, 9, and dimensionless frequency, v, for the n = 1 mode. Figure 3.6 is the same
as Figure 3.5, except the eigenvalues of the n = 1 mode arc plotted and the point of view
has shifted. The domain in these plots has been truncated at 6 = 5° in order to avoid the
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Figure 3.6: Same as Figure 3.5 but for n = 1 and the point of view has been shifted.

sharp troughs of the vertical field trapped modes (n > 1). Close inspection of Figure 3.5
and Figure 3.C reveals that the cut with smallest frequency {u « 1.46) on the n ~ 0 surface
(Fig. 3.5) matches onto the single cut on the n = 1 surface (Fig. 3.6). There are no further
cuts in the n = 1 surface outside the pictured domain. It turns out that subsequent cuts
in the n — 0 surface (Fig. 3.5) match onto cuts in the surfaces in each of the subsequent
overtones (not pictured). At higher frequencies (u > 1.85) the cuts in the n = 0 surface are
not fully resolved in Figure 3.5, but numerical experiments confirm their presence up to at
least n = 8. This unexpected result reveals that, over the (i/, 0)-planc, the eigenvalues of all
the overtones lie on the same surface. The surface displays a bizarre topology (something
like a sequence of connected spirals perhaps reminiscent of multivalued functions above the
complex plane) which we explore somewhat further shortly. The vertices of the cuts occur
at the same location for both the real and imaginary parts of the eigenvalue. Hence, at the
vertex of each cut, the eigenvalue exactly coincides with the eigenvalue of another overtone
(i.e., a "crossing"). This suggests that labelling of modes is somewhat ambiguous. Certainly,
given an atmosphere with field inclination, $, we can calculate eigenvalues and label modes
in the traditional sense (outlined above). However, tracking the changes to a particular mode
as 0 varies is not strictly possible. The location of the vertices does not coincide with a
singularity in any of the coefficients of the governing equations (3.8)- (3.9), as would be the
case when a branch cut connects Riemann sheets. The location of the vertices does, however,
depend on the boundary conditions (and perhaps other factors such as m, not confirmed).
For example, we have run cases (results not displayed) where the polytrope is truncated at
some depth and a rigid lid boundary condition is imposed. In this case, the location of the
vertices (and the cuts themselves) is highly sensitive to the depth at which the rigid lid is
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placed.
We now address the important features of Figure 3.6. Figure 3.C(a) shows that for small

to moderate inclinations (5° < 0 < 25°) RC(AC) is essentially unaffected by the inclination of
the magnetic field. For larger inclinations and frequencies less than that of the cut, Ro(«;) is
also essentially unaffected by the inclination, whereas for frequencies beyond the cut, Re (K)
increases slightly with increasing 0 (Re (K) is "bumped up" on the higher frequency side of
the cut). The inclination of the field has a more significant affect on Im (K) (Fig. 3.6(b)). For
inclinations less than that of the vertex, Im (K) increases significantly (more than au order
of magnitude) with increasing 9. The imaginary part has a local maximum at u « 1.46 and
9 « 25° coinciding with the vortex of the cut. Then for larger inclinations (including those not
pictured), Im(/c) decreases monotonically (and rapidly) with increasing 9. This behaviour is
indicative of the higher order modes in the domain: 1 < u < 1.89, 5° < 9 < 45°. In particular,
mode conversion becomes increasingly efficient for moderate inclinations, reaches a maximum,
then becomes increasingly inefficient for larger inclinations. For inclinations approaching
horizontal, mode conversion is effectively negligible for all overtones at all frequencies.

Re(x) 10 Int(K)10

(a) (b)

Figure 3.7: Same as Figure 3.5 but for n = 3 and the domain is 1 < v < 4, 5° < 9 < 45°.

Figure 3.7 shows the variation of the real and imaginary parts of « as a function of
both inclination, 9, and dimensionless frequency, i/, for the n = 3 mode. The ^-domain in
Figure 3.7 is 1 < v < 4 (larger than Figs. 3.5 and 3.6). For the lower frequency region of
Figure 3.7 the eigensurface shows similar characteristics to n = 1 (Fig. 3.6): the surface has
a single cut in this region (at v w 1.75) that matches onto the third cut on the n = 0 sui»ace
(Fig. 3.5). On the higher frequency side of the cut Re(«:) is bumped up, and at the vertex
of the cut Im (AC) attains a local maximum. For the higher frequency region of Figure 3.7,
where the real part has turned over in the ^/-direction (at lower inclinations), the eigensurface
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shows similar characteristics to n = 0, in particular, the sequence of cuts. The vertices of
the cuts are situated at 9 « 20° (slightly less than those in Fig. 3.5). In a similar fashion
to Figure 3.5 these match onto cuts in the eigensurfaces of the higher order modes. The
sequence of cuts is a characteristic of the vertical Held horizontally evanescent modes when
generalised to non-vertical h'eld. When the field is vertical Figure 3.3 shows that the n = 0, 3,
and 8 modes are horizontally evanescent modes. It has been confirmed that the eigensurface
corresponding to n = 8 in Figure 3.3 (not pictured) shows analogous behaviour (evident, for
example, as the swapping of the horizontally evanescent mode from n = 8 in Fig. 3.3 to n — 7
in Fig. 3.4). Since t H . -= 3 sequence is connected to the n = 0 sequence via the cut at
v « 1.75, and similarly to the n = 8 sequence, we are inspired to visualise the shape of the
overall eigensurface as a "sequence of connected spirals".

Re(K)

2.5

1.5

(a) (b)

Figure 3.8: Same as Figure 3.7 but for n = 4 and the point of view has been shifted.

Figure 3.8 shows the variation of the real and imaginary parts of K as a function of both
inclination, 0, and dimensionluss frequency, u, for the n = 4 mode. The eigensurface in
Figure 3.8 has two cuts. The lower frequency cut (at u « 1.82) matches onto the fourth
cut on the n — 0 horizontally evanescent mode (Fig. 3.5). The higher frequency cut (at
v « 3.4) matches onto the second cut (the first in the high u group) on the n = 3 horizontally
evanescent mode (Fig. 3.7). In the neighbourhood of each cut, Figure 3.8 shows similar
characteristics to the n = 1 surface (Fig. 3.6): on the higher frequency side of the cut Re («)
is bumped up, and at the vertex of each cut Im (K) attains a local maximum. Figure 3 8 is
indicative of higher order modes (n — 5, 6, and 7). All the cuts on the individual eigensurfaces
(Figures 3.5-3.8 and those not shown) match onto corresponding cuts on one of the other
available eigensurfaces. In the region v > 0, 0 < 9 < 90°, Re(«) > 0, and Im(«:) > 0, it is
therefore apparent that the overall eigensurface is completely filled, and no eigenvalues have

54



been missed.
Our results quantify the efficiency of fast-to-slow MAG wave? conversion in non-vertical

field. The efficiency of p-to-slow mode conversion is a much more complicated process to
quantify, involving matching oscillations across the interface between the non-magnetic and
magnetic regions (e.g., Dogdan and Cally, 1995; Barnes and Cally, 2000). In vertical field
studies, eigenvalue analyses (e.g., CB93, GBZ and BC97) agree well with numerical simulation
(e.g., Cally and Bogdan, 1997; Roscnthal and Julien, 2000). For this reason we loosely refer
to fast-to-slow MAG wave conversion as p-to-slow mode conversion. However, when the field
is non-vertical our results show that labelling of modes in the magnetised atmosphere may
be more subtle (e.g., Figures 3.5-3.8). The extent to which these results apply to more
complicated field geometries, such as spreading field sunspots (e.g., Bogdan, 1999; Cally,
2000), is limited. If these results are valid then matching oscillations across non-vertical
sunspot boundaries could be an even more complicated task than anticipated.

(a)

Figure 3.9: Same as Figure 3.3, except 0 = 30°.

For purposes of completeness we present two further graphs showing K as a function of
dimensionless frequency, v, with 9 constant. Figure 3.9 shows the variation of the real and
imaginary parts of « as a function of dimensionless frequency, v, when 9 — 30° for the first
nine (n = 0, . . . , 8) modes. The distinctive cuts in Figures 3.5 - 3.8 are not evident in
Figure 3.9, this is because the ridges in Figure 3.9 have been generated by stepping from low
frequencies (using the non-magnetic modes as initial guess) to high frequencies, holding 6
constant (in the same way as Figures 3.3 and 3.4). For example, the ridge labelled n = 0 in
Figure 3.9 could be derived from the n = 0 and n — 1 surfaces (Fig. 3.5 and 3.6 respectively)
by slicing along 0 = 30°. For frequencies less than the cut connecting the two surfaces the
n = 0 ridge (in Fig. 3.9) lies on the n = 0 surface (Fig. 3.5), whereas for frequencies greater
than the cut, the n = 0 ridge lies on the n = 1 surface (Fig. 3.6). Similar observations apply
to the higher order modes, so all tho ridges in Figure 3.9 appear continuous.

The main features of Figure 3.9 are indicative of the ridges at inclinations near 30°. In
particular, the horizontally evanescent modes (which turn over and terminate at Re («) = 0)
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vanish for 0 > 30°. In these cases, RO(K) (Fig. 3.9(a)) increases monotonioally with increasing
v, and at any given frequency RO(K) decreases with increasing n. Correspondingly, lin(tfi)
(Fig. 3.9(b)) increases rapidly with increasing u for low frequencies, and the ridges become
almost horizontal for intermediate and higher frequencies. In general, tho decoupling troughs
of Im (K) in the vertical field case fade away as 0 increases, forming the nearly horizontal curve
evident in Figure 3.9(b). This can also be seen on the surfaces in Figures 3.5 - 3.8. Thrc
sequence of Iin(Ki) ridges in Figure 3.9(b) form a tightly packed bunch. Hence, at inclinations
near the vertex of the cuts (corresponding to a local maximum in Im(K)), the variation of
Im (K) with n is at a minimum (0 « 25°). In the interval 0 « 20° — 30° the horizontal section
of each ridge (evident in Figure 3.9) reaches a maximum level (Im (K) m 0.1) before decreasing
for larger inclinations 0 > 30°.

UJ 10

E 10 4

Figure 3.10: Same as Figure 3.3, except 6 = 60° and the n=8 mode has been omitted.

Figure 3.10 shows the variation of the real and imaginary parts of K as a function of
dimensionless frequency, v, when 0 = 60° for the first eight (n ~ 0, . . . , 7) modes. In
Figure 3.10 some of tho ridges terminate prematurely and the rt = 8 ridge is omitted. The
combination of high frequency and large inclination makes the integration of the highly
oscillatory slow MAG wave solution very difficult. The possibility of an improved asymptotic
solution for the slow MAG waves (e.g., BC97, their eq. [4.20]) has been briefly pursued without
success. The eigencurves presented in Figure 3.10 are reliable in the observable frequency
range. The main features of Figure 3.10 are indicative of the ridges at angles near 60°. For
angles above 9 w 30° there is little variation in Re («) ridges as a function of 9. There is a
strong similarity between the real parts of the ridges of Figure 3.9(a) and Figure 3.10(a), the
only difference is a small decrease in phase speed as 9 increases. In contrast, the imaginary
parts of the eigenvalues vary more dramatically as 6 increases. Above 9 w 30° the bunch of
ridges starts to disperse, increasingly so as 9 increases, and the variation of Im (K) with n
increases. This feature is obvious when comparing the Im(«) ridges between Figure 3.9(b)
and Figure 3.10(b). Figure 3.10(b) also illustrates the fact that, above 9 « 45°, IHI(K)

ridges no longer intercept ridges of different n (at least in the range of frequencies covered
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here). Hence, for any given frequency, Im (K) decreases with incrousing n. For the higher
order modes, Figure 3.10(b) shows that Iin(«) reaches a maxiimun, and thereafter decreases
with increasing u. This feature is more dramatic for ridges at greater inclinations (0 > 60°,
graphs not shown). The most important feature of the IUI(K) ridges (e.g., Fig. 3.10(b)) at
greater inclinations is the rapid decrease of Im (K) as the magnetic field inclination approaches
horizontal.

3.7.2 Extinction length

We define the extinction length L/lm (it) = 1/Im (2A:) as the distance (in the ar-direction) over
which the wave energy density decreases by a factor of c (§4.5 provides a detailed discussion
of wave-energy flux). To characterise the solar convection zone, we use g ~ 274 in s~2 and
L = 400 km*, so at z = —L the sound speed and the Alfven speed coincide at 8.55 km s"1.
There is some uncertainty in this characterisation. However, in sunspot core models M,
L, and E of Maltby et al. (1986) the layers whore Cs « 8.55 km s"1 correspond to p as
(1.2 - 2.0) x 10"3 kg m~3 and field strengths in the range 3400 - 4200 G. which is consistent
with expectations for subsurface sunspot umbrae.

Figure 3.11 shows the variation of the extinction length as a function of field inclination,
0, for the first nine (n —- 0, . . , , 8) modes at four different (fixed) frequencies (a) o inHz (b)
4 mHz (c) 5 mHz and (d) 6 mHz. These four frequencies have been chose: i as they fall inside
the region of observational interest, and they do not coincide with the vertical field trapped
modes. The corresponding graphs of the horizontal wavenumber, Re (k) — Re (K) /2L, are not
shown because the variation with 6 is only small (as shown in Figures 3.3 - 3.10). It should be
noted that the ridge crossings shown in Figure 3.11 are not actual crossings of the eigenvalue.
The ridges in Figure 3.11 may be derived by taking constant frequency slices (parallel to the
cuts) through the surfaces of Figures 3.5 - 3.8. At all four frequencies Figure 3.11 shows the
extinction length of the n = 0 mode increases (monotonically) with increasing inclination.
This implies that the n = 0 mode is most efficiently damped by vertical (or near vertical)
field. At all frequencies and 9 < 20°, the extinction length of the n = 0 mode is relatively
short (« 0.1 — 5 Mm) and, consequently, will be significantly damped within a sunspot sized
region (ss 10 Mm). For higher field inclinations the efficiency of n = 0 mode conversion
becomes increasing weak (more rapidly for the higher frequencies). In fact for all modes at
all frequencies of observational interest, Figure 3.11 shows that mode conversion becomes
increasingly inefficient (extinction length tends to infinity) as the field approaches horizontal
(e.g., all modes in field with 0 > 70° will show no appreciable damping). This trend is also
evident in surfaces in Figures 3.5 - 3.8. Our results are not reliable for inclinations close to
the horizontal field singular limit. For inclinations approaching horizontal, the trend evident
in Figure 3.11 must be viewed with caution. In the isothermal case, Karnp (1989) suggests
singular behaviour will arise for angles only very close to horizontal. For modes with n > 1,
the extinction length initially decreases with increasing inclination, reaching a minimum near
9 « 20° - 60°, before increasing for lavger 0. For the lower frequencies (e.g., Fig. 3.11 (a)
and 3.11(b)), the minimum is at 6 w 40° — 60°, whereas, for the higher frequencies (e.g.,

'Recent calculations by Cally, Crouch, and Braun (2003, sec Appendix F) find the models in best agreement
with observations have L = 600 — 800 km.
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Figure 3.11: Extinction length, £/Im(*t), as a function of angle 6 for the n = 0, . . . , 8 modes, (a) Top left:
the frequency is constant at 3 mHz. (b) Top right: 4 mHz. (c) Bottom left: 5 mHz. (d) Bottom right: 6 mHz.

Fig. 3.11(c) and 3.11(d)), the minimum is at more acute inclinations 6 « 20° - 40°. The
minimum roughly coincides with the vertices of the cuts in the corresponding eigensurfaces
(e.g., Figs. 3.5 - 3.8). At these inclinations the efficiency of mode conversion (for n > 1) is at
a maximum. In comparison to vertical field (6 = 0), the enhancement is largest (up to two
orders of magnitude) for the higher frequencies (e.g., Fig. 3.11(c) and 3.11(d)). Consequently,
7r-modes (with 1 < n < 4 and frequencies « 5 — 6 mHz) propagating through field inclined
at $ = 20° — 40° will be damped significantly within a sunspot sized region 8.

3.7.3 Eigenfunctions

Figures 3.12 and 3.13 show the displacement eigenfunctions as a function of diinensionless
depth, s, corresponding to eigenvalues of the n = 1 mode with diinensionless frequency

f At frequencies near 5 mHz, observations using Hankel analysis Braun (1995) show a remarkable drop in the
absorption of p-modes by sunspots. However, using acoustic holography Lindsey and Braun (1999) conclude
this is not a property of sunspots, but rather an enhanced emission of p-modes in regions surrounding spots.
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Figure 3.12: Displacement eigenfunctions as A function of dimensionless depth, a, for v — 1.47 and n = 1.
The full curve is £j. and the dashed curve is £||. On both sides the top vrne.l shows the imaginary parts
of the displacement and tho bottom panel shows the real parts. The vertical scaling is arbitrary. Both
of the eigenfunctions have eigenvalues, n, on the n = 1 eigensurface (Fig. 3.6) and the n = 1 ridge in
Figure 3.11(c) (y — 1.47 corresponds to 5 mHz for the choice of parameters above - see §3.7.2). (a) 6 — 0 and
K = 1.258 + 0.039i. (b) 6 = 70° and K = 1.932 + 0.013i.

v = 1.47 (see Figure 3.6 or the n = 1 ridge in Figure 3.1 l(c), v — 1.47 corresponds to 5 mHz
for the choice of parameters above - see §3.7.2). Figure 3.12(a) shows the displacement
eigenfunction for exactly vertical field (9 = 0), Figure 3.12(b) for 9 - 70°, Figure 3.13(a)
for 9 = 25°, and Figure 3.13(b) for 6 = -25°. As outlined earlier, the eigenfunctions in
Figure 3.13 have the same eigenvalue but the resultant displacements are different. Fig-
ure 3.13(a) shows that for 9 > 0 the slow mode component of the displacement decays
exponentially with depth, whereas for 9 < 0 (Fig. 3.13(b)) it grows exponentially with depth;
see equations (3.29) end (3.30) for details. Also evident in Figure 3.13 is that the two com-
ponents of the displacement £± (full curve) and £|| (dashed curve) are in phase for 9 > 0, but
180° out of phase for 9 < 0. In Figure 3.13, Im(«;) is close to optimal, with a magnitude
approximately seven times larger than in Figure 3.12(a). Qualitatively, this is evident as
the displacement eigenfunctions in Figure 3.13 clearly have a large (highly oscillatory) slow
mode component, whereas in Figure 3.12 the slow mode amplitude is less pronounced. There
are two further obvious differences between the displacements at different inclinations that
are worth discussing. The first is the decrease of the vertical wavelength of the slow mode
component as 9 increases - this can be interpreted from the asymptotics (eq. [3.26]). The
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Figure 3.13: Same as Figure 3.12 except for different inclinations, (a) 6
cigeiifunctions have identical eigenvalues, n = 1,386 + 0.26i.

(b)

= 25°. (b) 9 = -25°. Both

second is the near surface behaviour, the contrast is particularly drastic when comparing
displacements in vertical field (Fig. 3.12(a)) with those in highly inclined field (Fig. 3.12(b)).
The component of the displacement aligned parallel and perpendicular to the fieiu ^ : : be
derived from the Frobenius series expansions about $ — 0 (eqs. [3.36] and [3.37]). The first
two terms of each of them are:

£|l = sin 0 + — (2-tK sec 0 - Av2 tan 9 sec 0 + 5/c sin 8) s + . . . ,

and

= cos 0 + — sec 6 (3i« tan 0 - 4t/2 - 5K sin2 6) s + ... ,

Thus, it can be verified that field aligned motions, £||, dominate the displacement near the
surface when the field is highly inclined. In fact the second terms of both series for £n diverge
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in tho horizontal field limit (0 -> 90°). The Lorentz force has no component in the direction
along the field. As the magnetic field tips over the influence of gravity parallel to the field
diminishes, therefore, large motions are permitted and exhibited near the surface {s « 0) in
Figures 3.12 and 3.13. This is a feature of the complete poly trope, and will not occur to the
same extent in the solar convection zone as oscillations there are coupled to oscillations in
the chromosphere (and corona).

3.8 Conclusions

We investigated the two dimensional (</> = 0) propagation of oscillations in a complete poly-
trope permeated by a straight, uniform, non-vertical magnetic field. In particular, we quan-
tified the efficiency of fast-to-slow MAG wave conversion, and subsequent horizontal spatial
decay of the oscillation. For modes with n > 1, we found mode conversion is significantly en-
hanced (by up to two orders of magnitude) in comparison to vertical field. The enhancement
occurs in moderately inclined fields (6 « 20° - 60°, depending on the mode and frequency),
and is most significant at higher frequencies. At lower frequencies the enhancement is gener-
ally negligible. The enhancement appears to be roughly sufficient to explain both the observed
p-mode absorption by sunspots (e.g., Braun, 1995; Lindsey and Braun, 1999, see overview
in Chapter 1), and the simulated absorption of higher order /Mnodes by a spreading field
sunspot (Cally, 2000). Indeed, recent calculations using the results of this chapter (Cally,
Crouch, and Braun, 2003, see Appendix F) indicate the absorption exhibited by non-vertical
field is ample to explain the observations. We defer the discussion of these calculations to
Chapter 6. However, it should be noted that we adopted L — 400 km in this chapter, but
Cally, Crouch, and Braun (2003) find the models in best agreement with observations have
L — 600 — 800 km, in which case, tho frequencies quoted in §3.7.2 would be slightly lower
(eqn. [3.7]). For the n — 0 mode, fast-to-slow MAG wave conversion is most efficient in
vertical field (and slightly non-vertical field). For all modes at all frequencies, highly inclined
fields (6 > 70°) show very inefficient fast-to-slow MAG wave conversion. However, under
the assumption that (f> — 0, it is not reasonable to conclude that highly inclined field (e.g.,
fiat canopy field in sunspot penumbrae) does not absorb p-modes. For example, the reso-
nant damping of p-modes by horizontal (canopy) field overlying the convection zone (e.g.,
Vanlommel et a/., 2002, and references therein) may also play an important role in p-mode
absorption by sunspot penumbrae. In fact, the extent to which these results apply to more
complicated geometries (e.g., Bogdan, 1999) is an open question.

Clearly, p-to-slow mode conversion is implicated in the absorption of p-modes by sunspots,
our simple two dimensional models are roughly consistent with the observations. In Chapter 4,
we shall investigate the effects of propagation in three dimensions (<j> ^ 0). In that case, the
Alfven waves are coupled to the MAG waves, raising the possibility of even further absorption.
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Chapter 4

Mode conversion of solar p-modes
in non-vertical magnetic fields:
Three-dimensional model

In this cliapter, we investigate another promising absorption mechanism - the leakage of
energy by Alfven waves travelling down the field lines. The Alfven waves decouple in two-
dimensional propagation ((f> — 0, see Chapter 3). We calculate the efficiency of mociu con-
version in non-vertical field with three-dimeusional propagation (i.e., 0 ^ 0 ) , where fast and
slow magnetoacoustic-gravity waves and Alfven waves are coupled. We calculate the resul-
tant decay rates (extinction lengths) and determine the contribution by the slow MAG waves
and the Alfven waves.

4.1 The governing equations

As in Chapter 3, the model atmosphere is taken as a complete isentropic polytrope (eqs. [3.5]
and [3.6]), and we adopt the usual nondimensionalisation (eq. [3.7]). The nondimensionalised
governing equations with <f> ^ 0 are then

_
K"

sin8 s m \cos <•/> cos 0 ~-^ 4- — sin2 0 sin 0 —- - cos <i cos ̂  —• I £,
ds^ 2 «,s 4

1tC I (L

"^ \Sd~s

2K!

r/ = -

(4.1)

(4.2)

G2



'IK, _ _.„, I . .. (I IK , n , ., (I , .
- sin 0 s m cos 0 cos 9 -r-x + - r sur & sin 0 - — cos <•/> cos 0

[ ds2 2 7 asds2 as

K
—
4

(4.3)

where Dy = ycos0s in0 - cosO-jfe is the nondimensionalised directional derivative along

the field lines, and V • £ = y £ ~ ^ iS t u e nondimensionaliscd divergence of the displace-
ment vector. With 0 ^ 0 , the system of differential equations (4.1)-(4.3) is sixth order and
completely describes the propagation and linear interaction of all types of MAG waves - the
fast and slow MAG waves and the Alfven waves (where the distinction ia valid). In the case
of propagation parallel to the .T-axis (i.e., <j> — 0), equations (4.1) and (4.3) reproduce the
fourth order problem (eqs. [3.8] and [3.9], respectively), whereas equation (4.2) decouples and
describes the propagation of the Alfven waves in non-vertical field.

As in Chapter 3, without loss of generality, we assume Re (K) > 0 throughout the re-
mainder of our analysis (i.e., travelling waves propagate in the positive k-direction). We
calculate complex wavenumber eigenvalues, K, for specified real dimensionless frequencies, /;,
inclination, 0, and propagation direction <f). Again, we restrict our attention exclusively to
the case m = 3/2.

4.2 The lower boundary

The lower boundary, s = oo, is an intrinsically irregular singular point of the governing
equations (4.1)-(4.3). Imposing the appropriate boundary conditions requires knowledge of
the asymptotic behaviour of the solutions of governing equations as s —> oo. The analysis is
very similar to §3.3, except <f> ^ 0, therefore, the Alfven waves must be included. To avoid
repetition some details may be omitted.

As discussed in §3.3, when the sound speed, Cs, and the Alfven speed, Cy\, differ greatly
(i.e., CA < Cs, as a -> oo) the fast and slow MAG waves and the Alfven waves decouple-
Hence, in the region where CA *C CS, we can address the three oscillation modes separately.
As in the fourth order case, at great depth, as 5 -> oo, the fast MAG wave is asymptotically
an evanescent acoustic wave (compressivo and longitudinally polarised), with a vertical wave-
length comparable to the local density scale height. The propagation of the fast MAG wave
is asymptotically unaffected by the presence of the magnetic field. On the other hand, the
slow MAG wave and the Alfven wave are strongly affected by the presence of the magnetic
field. The slow MAG wave is asymptotically a travelling Alfven wave (incompressive and
transversely polarised), with a vertical wavelength very much smaller than the local density
scale height. The physical characteristics of each mode, combined with the method of domi-
nant balance (e.g., Bender and Orszag, 1978, Chapter 3), guide us to consistent asymptotic
behaviours for the fast and slow MAG waves and the Alfven waves.

4.2.1 Fast MAG wave asymptotics

Asymptotically, as s -»• oo where CA < Cs, the fast MAG waves are unaffected by the
magnetic field. For the fast MAG wave solution, this property motivates the assumption
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that, in the governing equations (4.1)-(4.3), the magnetic torms are dominated by the non-
magnetic terms. Wo must check this assumption later. Neglecting the magnetic terms in
equations (4.1)-(4.3) leaves

(4.4)

and
ds~~~2l

is very small relative to both C and £8.

oo,

lira ~ = 0, and lim ~ = 0.

(4.5)

(4.6)

For the non-magnetic p-modes (see Appendix A for details), the asymptotic relations (4.4)
and (4.5) are equalities and 7/ (eq. [4.6]) vanishes exactly.

The method of dominant balance applied to relation (4.4) yields the two controlling
factors C ~ exp(±|.s). As in §3.3.1, we impose the boundary condition that evanescent
modes decrease. Further developing the exponentially decaying asymptotic solution we find:

(4.7)

r^ ~ sin </> sin 6? f 1 — r-^ J (cos <f> sin 0 - -i cos 0)

(4.8)

(4.9)

where the coefficients £//, Vy- and Wj are all asymptotic to unity as s -> oo, and Re (K) > 0 is
assumed. The leading behaviour for r/ (eq. [4.8], resulting from eq. [4.2]) clearly shows that TJ
is very much smaller than both ( and £z, as s -» oo, (consistent with eq. [4.6]). In addition,
it can be easily verified, by substituting the leading behaviours (4.7)-(4.9) into the governing
equations (4.1)-(4.3), that the magnetic terms are dominated by the non-magnetic terms
at sufficient depth. Consequently, the initial assumption for the fast MAG wave solution is
self-consistent. As in §3.3.1, for complex K, the asymptotic behaviour of the fast MAG wave
is somewhat wave-like. However, for Re (A;) > 0, it can be verified that the associated wave
energy flux vanishes as s -> oo.

For m — 3/2, in a similar fashion to CB93 and §3.3.1, the coefficients Uj, Vj and Wj may
be expanded in asymptotic power series in non-positive half integer powers of s. The details
of the series expansions are presented in Appendix D.I. The first few terms of the series are:

Vf (s) ~ 1 - £- (2a - 1) s~l - ~ (cos6 + icos0 sin6>)2 A"3/2 + ... , (4.10)
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W) (s) - 1 ~ £ (2a - 5) s~l - ~ (cos 0 + «cos 0 sin0 )2 ,s~3/2 (4.12)

whore a — (3/4) - {U2/K). Unsurprisingly, the asymptotic loading behaviour for the fast
MAG wave (eq. [4.7]-[4.9]), and the first two non-zero terms of the scries Uj (eq. [4.10]), are
exactly that of the trapped non-magnetic p-mode (see Appendix A). Asymptotically, the fast
MAG wave is unaffected by the magnetic field strength and inclination. 0, and, as expected,
the propagation direction, </>. Dependence on both 0 and </> enter the asymptotic behaviours
for C and £z in the series Uj and Wj, respectively, at terms of order s~3/2. The leading order
for r; (eq. [4.8]) itself explicitly depends on 6 and 0, though it is asymptotically dominated
by C, and £2. For <f> = 0, r;y = 0 for all .s, and the asymptotic leading orders (eqs. [4.7] and
[4.9]) and the asymptotic series (eqs. [4.10] and [4.12]) reproduce the fourth order non-vertical
field result (eqs. [3.12]-[3.13] and eqs. [3.14]-[3.15], respectively). For 0 < 0 < IT and exactly
horizontal field (0 = 90°) the fast MAG wave asymptotic leading orders (eqs. [4.7]-[4.9]) are
well behaved, and yield a valid solution to the second order (<f> ^ 0) horizontal field problem.
With 0 = 0, these fast MAG wave solutions reproduce the vertical field solutions (see CBZ,
their eq. [2.12]).

4.2.2 Slow MAG wave and Alfven wave asymptotics

Asymptotically, as .s —> oo (where C,\ <C Cs), both the slow MAG waves and the Alfven
waves are transversely polarised, incompressive modes with a vertical wavelength that is very
much smaller than the local density scale height (for the sake of conciseness, in the vicinity
of the lower boundary, wo sometimes refer to both the slow MAG waves and Alfven waves as
the "incompressive modes"; the distinction between the slow MAG waves and Alfven waves
is fully described at the end of this subsection). In the limit where C,\ <S. Cs, the propagation
of the incompressive modes is unaffected by the gravitational stratification. It is therefore
reasonable to assume that the atmosphere, as experienced by the incompressive modes at
sufficient depth, is homogeneous (i.e., g = 0). This assumption must be checked later. The
complete solutions for magnetoacoustic and Alfven waves propagating in a homogeneous
magnetofluid with 0 ^ 0 were derived in §3.3.2.

In the limit where CA <C CS, the dispersion relations for the slow magnetoacoustic wave
and the Alfven wave in a homogeneous magnetofluid are identical (see eqs. [3.18] and [3.21]),

u2 - K2C\ cos2 V • (4.13)

Assuming the vertical wavelength of the incompressive modes is very much smaller than the
local density scale height, the asymptotic relation for both the slow MAG waves and Alfven
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waves in a gravitationally stratified atmosphere, consistent with tho dispersion relation (4.13),
is

[ d 1

cos 0 — + ik cos <j> sin 0
"* Jwhere \ is the dominant component of the displacement vector, £, for each mode*. We leave

this general for the moment. The asymptotic relation for the incompressive modes in the
complete polytrope (eqs. [3.(5] and [3.7]) is then

Las20
[

~"1 —
CIS*

X(s)

~ cos2

x 0 0 . (4.14)

Applying the method of dominant balance to equation (4.14) yields the two controlling factors
X ~ exp(±2»'see#.s(m+2)/2/(m + 2)). As in §3.3.2, we require that wave-like disturbances
be outgoing. Further developing the outgoing wave asymptotic solution for equation (4.14)
we find

2 rn 4- 2 oo, (4.15)

for both the slow MAG waves and Alfven waves. Asymptotically the vertical wavelength of
the incompressivo modes, corresponding to solution (4.15), is

\ds)

- l COS0

u

Consequently, the initial assumption that the atmosphere is homogeneous with respect to the
incompressive modes (i.e., the vertical wavelength is very much smaller than the local density
scale height, eq. [3.27]) is self-consistent. The assumption that the atmosphere is homogeneous
is used only to calculate the leading order terms. For incompressive oscillations,

d£z in

hence, for the leading order above (eq. [4.15]), the slow MAG waves and Alfven waves require

k ~ cos0~a- m / 2 C, .s -> oo. (4.16)

Applying the leading behaviours C ~ X, V ~ X a»d (z ~ cos 9^s~"^2x to the governing
equations (4.1)—(4.3) we further develop the resultant asymptotic solutions. Two independent
modes can be identified:

•'*>*exp cos<j> tan0 — s + sec0-»W- ' 4 1 U, (s) , 5 -» 00, (4.17)
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for the downward-travelling slow MAG wave (with the displacement dominated hy Q, and
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cos (f) tan 0 ~— ,s + sec 0 -ius ' Ua (.s) , ,s -> oo,

^ i I

oos 3/8 exp cos ̂ > tan 0-—s+ sec ̂  -ivs7l* Va ($) ,
L 2 / J

(4.20)

(4.21)

x exp cos <f> tan ^

cos + J/ccos0) A-

sec 0 ~ivs7'*] Wa (s) , s ->cx), (4.22)

for the downward-travelling Alfven wave (with the displacement dominated hy 77). All the
coefficients (/,, Vs, Ws, f/a, Va and \Va are asymptotic to unity as $ -4 00, and we have
specialised to the m = 3/2 polytrope. The slow MAG waves (eqs. [4.17]-[4.19]) can be
distinguished from the Alfven waves (eqs. [4.20]-[4.22]) hy the direction of the displacement
vector (i.e., the polarisation). The group velocity for both the Alfven waves (eq. [3.19])
and the slow MAG waves (eq. [3.22]), and hence the direction of energy propagation, is
directed along the magnetic field lines. It may be confirmed that asymptotically, as .-, ~> 00,
the wave-energy flux along the field lines is constant (see §4.5 for details). Due to mode
conversion in the region where C^ w Cs, oscillations (asymptotically composed of fast and
slow MAG waves and Alfven waves) decay as they propagate in the direction parallel to k
(for Re (A;) > 0). Therefore, for 0 < 0 < TT/2 and 0 < y < TT/2 (TT/2 < <f> < n), slow MAG
waves and Alfven waves travelling along deeper field lines are excited hy less (more) energetic
waves in the conversion region. Hence, for complex N, the asymptotic behaviours of both the
slow MAG wave and the Alfven wave are exponentially decaying (growing) with increasing
depth. For complex K, 0 < 0 < n/2 and 0 - 7r/2, the asymptotic behaviours of both the
slow MAG wave and the Alfven wave are purely oscillatory. Likewise if the field is exactly
vertical (6 - 0).

For m = 3/2, in a similar fashion to CB93 and §3.3,2, the coefficients t/,, Vs and Ws

may be expanded in asymptotic power series in non-positive quarter integer powers of .s, and
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likewise for the Alfven wave solution, £/"„, Va and Wft. The details of Iho sories expansions
can be found in Appendix D.2. The first few terms of tl<-i series are:

Us (a)

(a)

sin0

+ cos <f> sin 9 (9K2 COS2 0 + 16//1 sin2 0)

12f (3K COS 0 — Aiu2 cos </> sin 0)

cos 0 tan 0 /n . .. o < . «\ -•t/.i1 _ L — — (3N c o s ^ + \w* c o s ^ s m ^) s •«/» + §

for the slow MAG wave solution, and

12a"K/v2 cos 20 + cos tf> sin 0 (16// sin 9 tan 0 - 9K2 COS 0) _3/,,

Va (s) - ^ii/sin

(3K COS 0 + 4i) 2 cos 0 sin <?)

2

(a) ~ 1 + Ul2iKu2 (cos 20 - 2 cos2 </» sin2

sintf (16//sin0 tanfl - 27K2COSB) }/

f (3ACCOS 9 + Aii^2 cos <j> sin0)) }a~3/4 + . . . ,

for the Alfven wave solution. The asymptotic behaviours of the slow MAG waves and the
Alfven waves are strongly influenced by both the presence of the non-vortical magnetic field
and the propagation direction. The leading orders (eqs. [4.17J—[4.19] and eqs. [4.20]-[4.22],
for the slow MAG waves and the Alfven waves, respectively) and the associated asymptotic
series arc highly sensitive to the field inclination, 0, and the propagation direction, <f>. When
0 = 0, the Alfven waves decouple, (o = £2a = 0 (eqs. [4.20] and [4.22]) and r){ = ?/, = 0
(eqs. [4.8] and [4.18]) for all s. In this case, the first term (after unity) in the series Va is
-33icos0s"~'/'1/224i>. i n fac^ for <f>~ 0, Va may be expanded as an asymptotic power series
in non-positive integer powers of s7/4. Also, when 0 = 0, the slow MAG wave solutions
(eqs. [4.17] and [4.19]) reduce to the fourth order solutions (eqs. [3.29] and [3.30]). When
4> = 90°, the first term (after unity) in both of the series Us and Ws is —K 2 S~ 3 / 2 / 8^ 2 , and
the first 0-dependent term (in both series) is of order s~7/4. With 0 = 0 equations (4.17) and
(4.19), and the series Us and Wu reproduce the vertical field slow MAG wave solution (see
CBZ, their eq. [2.11]). As expected, for 0 < <f> < 7r, the asymptotic behaviours for bvu, the
slow MAG waves (eqs. [4.17]-[4.19]) and the Alfven waves (eqs. [4.20]-[4.22]) break down MI
the horizontal field, singular limit (9 -> 90°).
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4.3 The top boundary

As in Chapter 3, the boundary conditions at the surface of the complete polytrope, .s = 0,
are that all components of the displacement vector, £, have a finite magnitude, and that the
magnetic field perturbations match smoothly onto a vacuum potential magnetic field (see
Appendix B) that vanishes as s —> — oo. The relevant equations in the (j) ^ 0 case are then:

and

+ sin <f> sin 0 V • £ = 0 at s = 0 ,

(4.23)

(4.24)

where £„ = cos0£ — cos0 sinfl^ is the component of the displacement perpendicular to the
magnetic field, B, and parallel to the propagation direction, k. When </> = 0, condition (4.23)
reproduces the boundary condition imposed in the fourth order case (eq. [3.31]), and con-
dition (4.24) recovers the boundary condition that would be imposed on the Alfven waves
(i.e., £>|j/7 — 0 at s = 0, see BC97 for the vertical field case). An interesting implication of
condition (4.24) is that ?/, the incompressive component of the displacement vector, is coupled
to the fluid compressibility, V • £ = i«C/2 - t'z, at s — 0, except where the field is exactly
vertical {9 - 0) or 0 = 0.

In terms of the independent variable a — s1/2, the (m — 3/2) governing equations are

cos' -4-a do sin2* si

+<r5 (Au2 - *V) ( - inab \o~ + 3] &

- sin0 cos </> cos 9 ( -7-^ ; K2**1 ) + i s sin2 d> si
[ \do2 ado )

= XK sin i> sin 0 a cos 9 in cos 0 sin 0 a 77,

L ^ J

da S,z

(4.25)

and

COS'
d

—in cos (£ sin 9 a 12 cos 0 i/c cos ^ sin 9 a 77

L d(T J
= i« sin <f> sin 0 CT COS 0— in cos 0 sin 9 a \C

L da J
- sin ̂  sin 9 cos 0 (in cos ^ sin 0 a2 + cos 0) - — , (4.26)

[ da ' a\ do
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sm
d2 1 d

cos
[

sin0<7— C
da}

0 cos0 ( ~r-^ ; K V 2 ) + iKsi
\da* a da J

= - sin (j) sin 0 cos 0 (in cos 0 sin 0 a2 + cos tf) — -p-, (4.27)
[ da a] da

and the point a = 0 (s = 0) is a reguhir singular point (as in §3.4). Substituting the Probcnius
series expansions

oo c» 00

C(a) = }^una
n+r, V(a) = }_vua»+r, and &(*) = U w«ff • <4 '28)

into equations (4.25)~(4.27) yields six linearly independent solutions, none of which contain
a logarithm. Three solutions have r — 0, two solutions have r ~ 2 and one (unphysical)
solution has r = — 3.

Labelling the five finite, linearly independent solutions a, b, c, d and e, the general solution
may be written ( = A£a -f B£b + C(c + D£d + EC,e, and similarly for t] and £z (where A, B, C,
D, and E are arbitrary constants). Developing the series (see Appendix D.3 for details) and
imposing the two remaining boundary conditions (4.23) and (4.24), it may be shown that

D - — (5K + 2 cos 0 tan 0 (in - 1v2 cos 0 tan 6)) A

2
- -v2 cos 0 sin 0 tan2 6 B
5
1

c o s c o s — 5K) C ,

and

E = — tan 0 | sin 0 (4 cos 0 tan 0v2 + 3i«)

+ (5«K cos 0 - Au2 sin2 0 tan 0) B

+ sin 0 {Au2 ~ 3IK cos 0 tan 6)

The physically acceptable resulting solution is then

5* J
r,A \+B +C (4.29)
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whore the leading terms of each scries, in terms of s, are:

!

= l 10
2cos(f> t a n 0 (ix. - 2v2cos0 t a n 0 ) ) s

r)A
~ s in <p t an 9 (4 cos <•/> t a n 0 u2 + 3 » N ) .S + . . . , (4.30)

= - (in - 2 cos <f> tan 0 u2) s + . . . ;

and

2 o
-V COS

5

+ 102
-i^2 sin <j> tan
o

C c o s (4.31)

= —- cos <f> tan 0 (3i« cos </» tan 6 — 4v2 — 5K)

T/C — sin (j> tan 6 (4v2 ~ 3in cos <f> tan 0) s + . . . , (4.32)

= 1 + — (3?"K COS 0 tan 0 - 4i/2) ,s + . . , ;

and A, B and C are the remaining arbitrary constants. The first non-integer powers to appear
hi these expansions are s1!2 in (,',», VH iXn^ Cc ant^ •s9/'2 m ^ ŝ,»» C/p ^ B ' ^C anc^ ^ c - When
^ = 0, the Alfven waves decouple, Ca = izB = 0 (eq. [4.31]) and r;̂  = r/c. = 0 (eqs. [4.30]
and [4.32]) for all s. Also, when <£ = 0, £» and ^ 4 (eq. [4.30]) and <c and ^ c (eq. [4.32])
reproduce the fourth order solutions (eqs. [3.36] and [3.37]). When <f> = 90°, the first term
in the £g expansion (eq. [4.31]) is 2iKi/2sec20tan0.s9/2/lO5, and the first term in the C,c
expansion (eq. [4.32]) is 3i«sec20s7/2/35. For 0 < <f> < n, as in the fourth order case, the
series expansions (4.30)-(4.32) break down in the horizontal field, singular limit (0 —> 90°).
The system of differential equations (4.1)-(4.3) has singularities only at s = 0 and s = oo.
Therefore, the Frobenius series (4.30)-(4.32) have infinite radius of convergence. However,
as in the fourth order case, the series (4.30) (4.32) are only used to start the numerical
integrations in the neighbourhood of .s = 0.

4.4 Bidirectional shooting method

The complex sixth order boundary value problem, consisting of the sixth order system of dif-
ferential equations (4.1)-(4.3) and the six boundary conditions, is solved using a bidirectional
shooting method in exactly the same fashion as §3.6. For specified dimensionless frequency,
v, inclination, 6, and propagation direction, <f>, the eigenfunction is the linear combination
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of tho six solutions that satisfy tho boundary conditions. The eigenvalue is the value of tho
dinicnsionlcss wavouuinber, «, for which the linear combination exists.

Throughout Hie complete polytrope, « 6 [0, oo), wo express tho full, physically acceptable
solution as

C8 \ / C,
vB I + Pel v c I . »f *<> s»«»

(4.33)

if A > .srn ,

L u •J/
where sm is the matching point. The matching conditions, that £, 7/, £?, C, if and £i are all
continuous at sm, can then be expressed in matrix form as

( ~C» ~Cn ~Cc C C
- ^ - f / « -»/c % va
—f _ * -t < t

SS.4 S2« SIC 's*.' SSo
^•^ *>B ~SC S V»n

(I

f
 PA \

PB
fie
P.
Pa

\Pl

= 0, (4.34)

where all of the displacements and their derivatives in equation (4.34) are evaluated at s — sm.
As in §3.6, the boundary conditions are homogeneous, therefore, we can set fi,\ = 1 for

convenience. Given v, 9, <f>, and an initial guess for «, we calculate the six solutions at s — sm,
then solve the first five rows of equation (4.34) for the ^'s:

~CC- C â *»/
~ r /c »7* V. '//

~S.iC Kz, S2it SZ/

With these determined, the remaining equation,

7 /4

+ P,S'S. + Pat',. ,

must be zero VLK is an eigenvalue, but in general is not. Hence, K must be iteratively adjusted
until JF1 (K) — 0 is satisfied to an adequate tolerance.

4.5 Wave energy flux

The oscillations (7r-modes) lose energy as a result of the slow MAG waves and/or the Alfven
waves travelling out of the bottom of the atmosphere. An interesting question is what fraction
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of the energy loss is a consequence of slow MAG waves as distinct from the Alfven waves. To
answer this we calculate the wave energy flux of each mode as z -> -co.

The instantaneous wave energy flux associated with the linearised MUD equations is (e.g.,
I3ray and Loughhead, 1974, p. 252)

F = L ( B , . v ) B , (4.35)

where B is the background magnetic field (eq. [3.1]), p\ = Re {p\ (z) exp [i (k • r — ut)]} is tho

Eulerian pressure perturbation, Bi — Re I B\ (z) exp [i (k • r — uit)] > is the Eulerian magnetic

field perturbation, v = -Re{iu;£ (2)exp[i(k • r - uit.)]} i« the velocity (for convenience, the
tilde notation is not used for the Fourier transformed displacement vector, £ (z) = C, {z) k +
Tl(z)kj_ + £>z (z)ez), and /*B denotes the magnetic permeability.

The time-averaged wave energy flux, of an individual mode (overtone) at an individual
frequency, is defined as

The net flux can be calculated by summing (F) over all modes and integrating over all
frequencies. The time-averaged wave energy flux corresponding to equation (4.35) is

( F ) = o
1 . '

Pi + —• B • B, B exp ( - 2 Im (k) k • r ) . (4.36)

To calculate the energy carried off by the slow MAG waves and the Alfven waves it is sufficient
to evaluate equation (4.3(i) asymptotically for z -> ~oo. The amplitude of the fast MAG
wave component of the 7r-modes decreases exponentially with depth, and so the fast MAG
waves do not contribute to the asymptotic energy flux. In a homogeneous magnetofluid,
the Alfven wave Eulerian gas and magnetic pressure perturbations vanish identically. On
the other hand, for the slow magnetoacoustic waves in a homogeneous magnetofluid, with
C\ <^ Cs, the gas and magnetic pressure perturbations are out of phase and cancel. In the
stratified atmosphere the situation is similar, though to gain a complete understanding the
leading orders (eqs. [4.17]- [4.19] for the slow MAG waves and eqs. [4.20]~[4.22] for the Alfven
waves) and the associated asymptotic series must he employed. For the slow MAG waves the
amplitude of the gas pressure perturbation,

p 2
— ~ -iVp0<7cosr/> sin#.s3 ' l, s —> oc ,

and the magnetic pressure perturbation,

B- — - - i v p o g c o s <f> sin9 .s3 '4 , s -> oo,

both increase with depth. However, these leading behaviours are out of phase and partially
cancel. The resultant total pressure perturbation associated with the slow MAG waves,
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fi cos 0 sin 0 cos 0 ,s~ , s —> oo,

decreases with depth. Likewise, for the Alfven waves. The amplitude of the gas pressure
perturbation,

and the magnetic pressure; perturbation,

——B
I* -ii'pay sm 0 sm 0 tt ' , .s -^ oo ,M

both increase with depth, but the resultant total pressure perturbation,

sin4> sin0 cos9s l, s -> oo,

decreases with depth. Consequently, for the slow MAG waves and the Alfven waves, only the
third term of equation (4.36) contributes to the wave energy flux at great depth.

Rewriting the third term of equation (4.36) one obtains

™ Re [i £$& - q V • $)] cxp (-2 Im (*) fc • r) B ,

z->-oo, (4.37)

where |̂| = sin0£x + cos 0£, is the component of the displacement parallel to the background
magnetic field. Equation (4.37) indicates that, asymptotically as z —> —oo, the direction of
the wave energy flux is parallel to the background magnetic fiold. This was to be expected as
the group velocities for both the Alfven waves (eq. [3.19]) and the slow MAG waves (eq. [3.22])
are directed along the magnetic field.

It is convenient to consider the distance, in the rr-directioii, from the magnetic field line
that passes through the origin. This is given by

x' = x ~ tan 9 z.

Hence, two points lying on the same field line have the same x'-coordinate (and y-coordinate).
In the asymptotic limit z —> —oo, it can be shown that equation (4.37) yields a wave energy
flux that is constant along the magnetic field,

lira (F) = -FQ (|ft|2 + |ft|2) ^2exp [-2Im(fc) (costs' + sintfy)] B, (4.38)
i->~oo
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whero FQ — 21/'23~3/2(?3/2L 1/'2/>0, and j3a and fla «ro the complex amplitudes arising from
the matching procedure (see eq. [4.33]). The contributions to the asymptotic wave energy
flux by the slow MAG waves (a |/i,,|2) uud the Alfven waves (ot |/?,,|2) aro easily identified
from equation (4.38). For 0 - 0 or <f> ~ () the Alfven waves decouple (i.e., pa = 0) and,
therefore, do not contribute to the energy flux. The slow MAG waves and the Alfven waves
are asymptotically independent (uon-interucting) modes of oscillation, hence, equation (4.38)
contains no cross terms.

For Im (k) ^ 0, the 7r-modcs lost; energy as they propagate through the atmosphere due
to the slow MAG waves and/or the Alfvtm waves travelling down the field lines. Conservation
of energy, therefore, requires that tho (time-averaged) wave energy density of the 7r-modes
declines in accordance with equation (4.38). The extinction length l/Im(2A) = L/IIII(K) is
the distance in the (.?:, j/)-plane (at fixed depth) over which the wave energy density decays
by a factor e. The extinction length is a measure of the energy loss suffered by a Tr-modo as
It travels through the atmosphere. If Im (k) = 0, there is no energy loss (neither the slow
MAG waves nor the Alfven waves are not excited), and consequently, the extinction length
is infinite. On the other hand, for Im (A:) ^ 0, the extinction length is finite, and shorter
extinction lengths are associated with oscillations that lose energy more rapidly than those
with longer extinction lengths. The extinction length, for 0 = 0, was discussed in §3.7.2.

The fractional contributions by the slow MAG waves and the Alfven waves to the asymp-
totic wave energy flux (eq. [4.38]) are

F, = and Fa = 12 '

respectively. Obviously F s -f- Fa = 1, so it is straightforward to derive one of Fs or Frt from
the other. In §4.6 we present the eigenvalues, K, along with the contribution by the Alfven
waves to asymptotic wave energy flux Fo .

4.6 Results and discussion

As explained in §4.4 we calculate complex dimensionless wavenumber eigenvalues, AC, for
specified real dimensionless frequency, v, field inclination, 0, and propagation direction, <f>.
For propagation parallel to the z-axis (0 = 0) in non-vertical field (0 ^ 0), eigensurfaces
were built up over the {v, 0)-plane (see §3.7). For propagation in directions not parallel to
the 2-axis (i.e., <f> ^ 0), the eigenvalues depend on three independent variables: u, 0, and (f>,
and an additional dependent variable: the contribution by the Alfven waves to asymptotic
wave energy flux, F a , must also be considered. Firstly, in §4.0.1, we survey the variation of
AC and Fn over the (0, 0)-plane at several fixed frequencies. In §4.6.2, for direct comparison
with the two-dimensional non-vertical field results, we present eigensurfaces of K over the (i/,
0)-plane at fixed (f>, in a similar fashion to Figures 3.5 - 3.8. We also show "traditional" plots
of K (and Fa) as a function of u with fixed 6 and <f>. The extinction lengths are examined in
§4.6.5. Some additional results are supplied in Appendix D.4. Without loss of generality, the
parameter space search only needs to focus on the region u > 0, 0 < 9 < 90°, 0 < <f) < 180°,
Re (K) > 0 and Im (K) > 0.
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4.6.1 Eigenvalue topology: variation with both field inclination and prop-
agation direction

Figure 4.1 shows the variation of Re (/>;), IUI(K), and Pn as a function of both field inclination,
0, and propagation direction, 0, at fixed dimensionless frequency, v = 0.5, for two different
modes, n = 0 (Fig. 4.1(«i)) and n = 1 (Fig. 4.1 (b)). Each point on these eigensurfacos has
been generated starting from the corresponding vertical field mode (i.e., 9 = 0 and <f> — 0,
see Fig. 3.3) then stepping from 9 = 0 to 0 — 85° whilst holding the frequency {u = 0.5) and
the propagation direction constant. The shading of the eigensurfaces (upper two panels) is
used to highlight contrast only and does not indicate the height of the eigenvalue. For the
contour-density plots of Frt, dark areas indicate regions where the asymptotic mive energy flux
is dominated by the Alfven waves, whereas light areas indicate regions where the asymptotic
flux is dominated by the slow MAG waves. In an analogous fashion, Figuves D.l(a), D.l(b),
D.2(a), and D.2(b) show Re («), Im (K), and Fo as a function of both 9 and </> for n = 2, 3, 4,
and 5, respectively (with u = 0.5). In addition, Figures 4.2 - 4.3 and Figures D.3 -- D.G show
the variation of Rtf (K), Im(K), and Fa as a function of both 9 and <f> at several other fixed
frequencies. Figures 4.2(a), 4.2(b), D.3(a)., D.3(b), D.4(a), and D.4(b) for v = 1.5 and n = 0,
1, 2, 3, 4, and 5, respectively. Figures 4.3(a), 4.3(b), D.5(a), D.5(b), D.6(a), and D.6(b) for
v = 3 and n— 1, 2, 3, 4, 5, and (i, respectively (note: the n = 0 vertical field mode does not
exist for v > 2.5, e.g., Fig. 3.3).

The symmetry of K about <f> = 90° is clearly evident in the upper two panels of each of
Figures 4.1 - 4.3 and Figures D.I - D.G, with the eigenvalues in the region 0 < (f> < 90°
a mirror image of those in 90° < $ < 180° (i.e., K(U,6,<J>) - K{U,9, 180° - <j>)). This
property is consistent with the fourth order results (§3.7). We have not been able to prove
the symmetry is generally the case, but do not have a counterexample. On the other hand,
Fo (bottom panels) is generally not symmetric about (f> = 90°. Subsequently, in what follows,
we often refer to the eigenvalues only in the region 0 < <f> < 90°, in these cases it is implied
that the reference applies identically to the region 90° < 4> < 180° (by the symmetry «(0) =
K (180° - <f>)).

For each mode, n, the behaviour of the eigenvalues over the (9, </>)-plane when u = 0.5
(Figs. 4.1, D.I, and D.2, upper two panels) is typical of low frequencies in general {v < 1).
Likewise, for lower frequencies, the behaviour of the n — 1 eigensurface is typical of the
higher order modes n > 2. Hence, we concentrate on the n = 0 and n = 1 modes and
only refer to the higher order modes (see Appendix D.4) where significant differences exist
(e.g., in the variation of Frt). For all modes with v < 1, Re(«) increases monotonicaliy with
increasing <f> in the interval 0 < 0 < 90°. This is true for all 0 > 0, but is most pronounced
for larger inclinations. For the n — 0 mode at fixed propagation direction <(> w 90°, RC(AC)

increases monotonicaliy with field inclination; whereas for <j> « 0, Re (K) decreases with 6, to
a minimum at 9 « 40° - 70° (depending on v), and increases with 9 for larger inclinations.
For modes with n > 1 at all fixed propagation directions, Re (K) decreases with increasing 0,
to a minimum at 9 « 60° - 75° (depending on u and n, the decrease is greatest for <f> « 0), for
larger inclinations Re(Ac) varies only slightly with 9. The middle panels of Figures 4.1 show
that the variation of Im (K) with <f> is effectively negligible for 9 < 70°. In contrast, for highly
inclined field (9 > 70°), the variation of Im (K) with <f> is much greater (relatively speaking).
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Figure $.1: Eigenvalues, K, and the contribution by the Alfven waves to asymptotic wave energy flux, F a , as a
function of of field inclination, 9, and propagation direction, <f> (angles are in degrees). On both sides the top
panel shoe's the real part of n as a function of 8 and <}> and the middle, panel shows the corresponding imaginary
part of K. The shading of the eigensurfaces is used to highlight contrast only and does not indicate the height
of the eigenvalue. The bottom panel shows Fft as a function of 9 and tj>, corresponding to the eigenvalues
shown in tl.c upper two panels. The contours are of Fa — 0.1,0.2,..., 0.9, with the lightest shading indicating
0 < Fo < 0.1 (i.e., an asymptotic flux dominated by the slow MAG waves) and the darkest 0.9 < F a < 1
(dominated by the Alfven waves). The domain for these plots is 0 < 0 < 85°, 0 < <f> < 180°. For all of these
plots the frequency is fixed at v = 0.5. (a) n = 0. (l») n — 1.
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In the region 0 > 70", Im (K) has a maximum at. 0 « 45° - several orders of magnitude greater
than the </> = 0 oa.se for the largest inclinations, and a minimum at </> ~ 90° - also greater
than tho (j) ~ 0 level for the largest inclinations. For the n ~ 0 mode, Im(«) decreases
monotonically and rapidly with 0 for all fixed 0. For modes with n > 1, except for tho
YI ~ 1 mode when (f> « 90° (where IIII(K) decreases monotonically with 0), IIII(M) grows
witL increasing 0 to maximum at 0 as 20° - 60°, up to several orders of magnitude greater
than tho corresponding vertical Held ease (most obvious for the higher order modes, e.g.,
Figs. D.I - D.2); for larger inclinations IIH(AC) decreases rapidly with 0, Therefore, despite
the enhancement in the ^direction in highly inclined field (0 > 70°), IIU(K) is largest in
vertical field for the n — 0 modo and moderately inclined Held (0 « 20° -60°) for modes with
n > 1, for all propagation directions - a very similar conclusion was reached in the fourth
order case, §3.7.

For the n = 0 and n — \ eigensurfaccs, over the (0, </»)-plane, a dramatic topological
transition takes place at frequencies in the interval 1 < v < 1.5. This is evident in Figure 4.2
with a cut appearing in both the n ~ 0 and n ~ 1 cigensurfaces along <f> ~ 30° (with vertex
at 0 « 30°). Across the cut, the n = 0 surface (Fig. 4.2(a)) matches onto the n ~ \ surface
(Fig. 4.2(b)), forming a single sheet. The vertex of the cut occurs at the same location for
Re(«), IIU(K), and F a . Hence, the vertex represents a "crossing11, where the eigenvalues of
the two overtones coincide. This type of behaviour was also found in the fourth order case
(over the (u,0)-plane, see §3.7). The eigenvalues for the higher order modes (n > 2, e.g.,
Fig. D.3 - D.4) do not exhibit this complicated topology. Their behaviour is very similar to
tho corresponding modes at lower frequencies (e.g., Fig. D.I D.2, discussed above), except
for small inclinations (6 < 20°), where KC(K) decreases monotonically with <j) for modes with
n > 1 in the interval 0 < 0 < 90°. Fbr the n = 0 and n ~ 1 modes (Fig. 4.2(a) and 4.2(b),
respectively) with propagation directions greater than the cut (30° < <f> < 150°), the variation
of both Re(N) and Im(/s) is broadly similar to the corresponding modes at lower frequencies
(e.g., Fig. 4.1, upper two panels), Though there are some exceptions. For the n = 0 mode
(with 30° < <f> < 150°), Im(«) still decreases monotonically with 9 though less rapidly than
at lower frequencies - giving the impression that Im (K) plateaus at larger inclinations (e.g.,
Fig. 4.2(a), middle panel). For the n ~ 1 mode, Im (K) does not vary significantly with <f> less
than the cut, except in highly inclined fields, where Im (K) actually increases slightly with 0
for propagation directions in the range 4> as 20° - 25° (this ateo occurs on the n — 0 surface
for (f> « 30° — 45°). Also for the n = 1 mode (Fig. 4.2(b), middle panel), the imaginary part
attains a loc«l maximum in the neighbourhood of the vertex of the cut (0 w 25°, <f> w 30°),
though the peak is not significantly greater than the <f> — 0 case; for 30° < 0 < 00° this Im (K)
peak diminishes gradually with increasing </>.

In the interval 1.5 < u < 3, the topology of the eigensurfaces over the (0, <£)-plane
continues to vary - due the behaviour of the n = 0 eigenmode (i.e., the sequence of cuts
connecting all eigenmodes, as seen in Fig. 3.5). We do not concern ourselves with the fine
details of this here (the topology over the (i/, 0)-plane is considered in detail in the next
subsection). When u — 3, the n — 0 vertical field mode does not exist, and each of the
n — 1, 2, and 3 eigensurfaces possess two cuts (along <f> » 42° and <j> ss 138°, with vertices
at 0 w 45° for n = 1, and at 0 « 20° for n = 2 and 3). For 20° < 0 < 40°, the n = 2
and n = 3 surfaces match across both sides of the cut. For larger inclinations {0 < 45°) the
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Figure \.2: Same as Figure 4.1 except v = 1.5. (a) n = 0. (b) n = 1.

matching is more complicated. The low <f> side of the cut in the n = 1 surface (Fig. 4.3(a))
matches onto the high (f> side of the cut in the n -- 3 surface, the low (f> side of the cut in
n = 2 (Fig. 4.3(b)) matches onto the high 0 side of the cut in n = 1, and the low <j> side
of the cut in n = 3 (Fig. D.5(a)) matches onto the high (f> side of the cut in n = 2. Hence
a single surface is formed by the three eigensurfaces. The topology aside, there are several
changes to the variation of the eigenvalues (over the (0, 0)-plane) when v = 3 that warrant
discussion. For <f> less than the cut in the n =̂ 1 surface (Fig. 4.3(a)) and above the cut in
the n•=• 3 surface (Fig. D.5(a)), at lower inclinations the imaginary parts of the eigenvalues
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Figure 4-3: Same as Figure 4.1 except v — 3 and the domains are different, (a) n = 1. The domain is
0 < 9 < 75°, 0 < <j> < 180°. (b) n = 2. The domain is 0 < 6 < 81°, 0 < <j> < 180°.

increase with increasing 6 in the usual manner (in the n = 1 case a local maximum is attained
at the vertex of the cut), but for larger inclinations the imaginary parts tend to plateau (as
exhibited by the n = 0 and n ~ 1 surfaces when v = 1.5, Fig. 4.2). This is accompanied by
the rapid growth of Re (K) with increasing inclination at fixed (f> (as was also the case when
v — 1.5, Fig. 4.2); this is most pronounced at <f> = 90° for n — 3 (Fig. D.5(a)). In all other
cases, Im (K) varies in the same fashion as it does at lower frequencies. On the other hand,
for the higher order modes (n > 4), the variation of Re (K) with inclination is quite ditferent
to that at lower frequencies. When u = 3 for all (fixed) propagation directions, Re (n) grows
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rapidly with increasing inclination to a maximum at 0 w 30°, and decreases gradually for
largei .inclinations.

There are two cases where the Alfven waves decouple (i.e., /3y ~ 0 and f3a = 0, and hence
Fo = 0): when the magnetic field is exactly vertical (9 = 0), and when the propagation
direction is exactly parallel to the ;i>axis (</> ~ 0). Consequently, the bottom panels of
Figures 4.1 - 4.3 and Figures D.I - D.(i show, in the neighbourhood of 0 ~ 0, <f> = 0, and
(f) — 180°, that the Alfven wave contribution to the asymptotic wave energy flux is weak
(i.e., F(, < 0.1). When the magnetic field is exactly horizontal (6 = 90°) the slow MAG
waves and Alfven waves do not propagate - resulting in the build up of energy at critical
layers (as discussed in §3.1.2, the second order governing equation generally possesses two
singularities associated with the Alfven and cusp resonances). We therefore expect the slow
MAG waves and Alfven waves to decouple as the field inclination approaches horizontal. This
does indeed appear to be the case - all of Im (K), fia, and /3, drop ofF rapidly as the inclination
approaches horizontal. Though our numerical method is severely limited for 0 > 85° -
restricting a complete study of the behaviours in highly inclined field. In horizontal field
when the propagation direction is exactly perpendicular to the z-axis (0 = 90°), the field
aligned component of the displacement, 77, is completely decoupled - none of the restoring
forces: compressibility, the Lorentz force, or gravity, influence this component. Hence, i) = 0
when 9 = 90° and (f> = 90°. In highly inclined field when 0 m 90° it is expected that solutions
with dominant r) components (i.e., the series [4.31] and the Alfven waves, eqs. [4.20] - [4.22])
will be greatly suppressed (i.e., /?# « 0 and /3a « 0). Indeed, all of Figures 4.1 - 4.3 and
Figures D.I - D.6 show that Fa < 0.1 (i.e., fia « 0 and p8 « 0, but |)0a| < |A,|) when the
field is highly inclined and <f> ~ 90° - though the extent varies with both frequency and radial
order. It is also evident that (3B ~ 0 (and \ps\ "C min (1, \fic\)) in this regime (not displayed).

Broadly speaking, for a given mode n, the range of (0, <£)-space over which the Alfven
waves contribute substantially to the asymptotic energy flux increases with frequency u.
Likewise, for a given frequency u, the range over which the Alfven waves contribute increases
with radial order n. In general, there is not a strong correlation between the variation of the
K and Frt over the (9, </>)-plane - we give three examples. Firstly, the absence of symmetry
in F a about 0 = 90°. Secondly, in vertical and moderately inclined field (0 < 70°), there
are regions where Fa > 0.9, suggesting the Alfven waves are dominating the asymptotic flux.
However, in these regions (0 < 70°) the middle panels of Figures 4.1 - 4.3 and Figures D.I -
D.6 show that Im (K) does not vary in the same manner - in fact Im (K) is approximately
constant in the ^-direction in this regime. Thirdly, for all frequencies and all modes when the
propagation direction is in the ranges 0 < <f> < 45° and 135° < **> < 180°, the Alfven waves
dominate the asymptotic flux in highly inclined fields (0 > 70°); though at fixed propagation
direction and 0 > 60°, Fa fluctuates greatly. However, the middle panels of Figures 4.1 - 4.3
and Figures D.I - D.6 show that, in highly inclined field (6 > 70°), Im (K) is generally several
orders of magnitude less than in vertical and moderately inclined field (9 < 60°, depending on
the mode and frequency) - indicating that both the Alfven waves and the slow MAG waves
are only very weakly excited in highly inclined field. Therefore, regions where F a > 0.9 in
highly inclined field do not represent a greatly hicroased Alfven wave energy flux, but rather
almost complete decoupling of the slow MAG waves.

For propagation directions not parallel to the a;-axis, it is clearly evident from Figures 4.1 -

81



4.3 and Figures D.l - D.6, that the Alfven waves play a significant role in leaking energy
from the 7r-modcs in non-vertical field. Generally speaking, except in highly inclined field,
the horizontal spatial decay rate of the Tr-modcs varies little with the propagation direction,
although the nature of the mode conversion does vary substantially. Hence, rather than
radiating great quantities of additional energy, the Alfve'n waves tend to compensate in regions
of the parameter space where the slow MAG waves are only weakly coupled, and visa versa,
keeping the overall damping rate roughly unchanged.

4.6.2 Eigenvalue topology: variation with both frequency and field incli-
nation

Figure 4.4 shows the variation of RC(K), lm(.s;), and Fw as a function of dimensionless fre-
quency, v, for the first nine (n = 0, . . . , 8) modes when 0 = 5° for two different propagation
directions, (f> = 45° (Fig. 4.4(a)) and <j> = 90° (Fig. 4.4(b)). The eigenvalues for the jj-modes
of the unmagnetised complete poly trope, K = v2\ (n + 3/4), where n. = 0,1,2,..., and n = 0
represents the /-mode (e.g., Lamb, 1910, see also eq. [A.7]), are plotted in Figure 4.4 as light
dashed lines. The top panels of Figure 4.4 show that in the low frequency regime [u < 1),
as in the $ = 0 case (see Figs. 3.3, 3.4, 3.9. and 3.10), the magnetic and non-magnetic ridges
(eigencurves) are indistinguishable. Hence, we use the mode labelling system that was em-
ployed in §3.7, where ridges are labelled n = 0,1,2,. . . such that n is the radial order of the
non-magnetic pn-mode whose ridge matches the ridge of the magnetic mode in the low fre-
quency (non-magnetic) regime. The upper two panels of Figure 4.4(a) and (b), respectively,
are the same as Figure 3.4, except the direction of propagation is not parallel to the .i -axis.
Tho two propagation directions, (f> = 45° and <f> = 90° (and <f> = 135°), are selected because
these cases provide a reasonable sample of the variations observed over a broader range of 4>
values (see §4.6.1). It is also worth noting that the 6 = 5° case is typical of slightly inclined
fields (9 < 5°) in general.

In comparison to the <f> = 0 case (Fig. 3.4), Figure 4.4 shows that, at small field inclina-
tions, the variation of the eigenvalues with propagation direction <f> is only subtle. The real
parts of the eigenvalues (Fig. 4.4, top panels) are essentially unchanged and the imaginary
parts only vary slightly. We briefly discuss the important features of Figure 4.4, some of which
were discussed previously in §3.7. In general, especially for v < 1, for a given frequency along
a ridge both the real and imaginary parts of the eigenvalue are largest for the n = 0 mode and
decrease as n increases. As explained above, at low frequencies (u < 1) the real parts of the
eigenvalues (Fig. 4.4, top panels) are indistinguishable from their non-magnetic counterparts.
For u ^ 1, the influence of the magnetic field causes Ke (K) to deviate from the non-magnetic
ridges. The real parts of the eigenvalues still increase monotonically with v (except for the
n = 0, 3, and 7 modes) but less rapidly than the non-magnetic eigenvalues - corresponding
to an increased horizontal phase speed (oc v/Re (K)). For the n = 0, 3, and 7 modes the real
parts of the eigenvalues do not increase monotonically with u but turn over and terminate
at Re (K) = 0, forming a horizontally evanescent mode. At the frequencies where Re (K) = 0,
the imaginary part of the eigenvalue and, hence, the rate of horizontal spatial decay of the
7r-mode is at a maximum. For all modes at low frequencies, Im (K) increases rapidly with
increasing frequency.
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Figure 4.4: Eigenvalues, K, and the contribution by the Alfven waves to asymptotic wave energy flax, Fa , as a
function of dimensionless frequency v For the n = 0, . . . , 8 modes. On both sides the top panel shows the real
part of K as a function of v. At low frequencies these approach the eigencurves of the non-magnetic p-modes,
K = v21 (n + | ) (light dashed lines). The middle panel shows the imaginary part of n as a function of v%

corresponding to the real part shown in the toy panel. The bottom panel shows the fractional contribution by
the Alfven waves to the asymptotic wave energy flux, Fo , as a function of v, corresponding to the eigenvalues
displayed in the upper two panels. For all of these graphs the magnetic field inclination is fixed at 0 = 5°.
The graphs in the upper two panels are the same as Figure 3.4, except the direction of propagation is not
parallel to the x-axis. (a) The propagation direction is fixed at 0 = 45°. (b) (f> = 90°.

When the magnetic field is exactly vertical, 'JBZ found that for modes w"th n > 1
there exists a discrete set of frequencies where the ir-modes are trapped normal modes (i.e.,
Im(«) = 0 and #, = 0), evident as the sharp troughs in Figure 3.3(b). When 6 = 0,
Figure 3.4(b) showed that the trapped normal modes are not present in non-vertical fields
even for very small inclinations. The middle panels of Figure 4.4 show this is also the case
for oblique propagation {<f> ^ 0) in nou-vertical fields. However, tho Im («) troughs, in the
neighbourhood of the vertical field trapped normal modes, are slightly deeper (and sharper)
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when </> 7̂  0. In fact, for fixed inclination (0 < 5°), the depth (and sharpness) of the troughs
increases as cf> approaches 90° (verified by numerical experiment but not pictured). This
feature is most obvious in the middle panel of Figure 4.4(b), where the troughs at higher
frequencies (which are fully resolved) arc quite sharp. It is also apparent in the bottom panel
of Figure 4.4(b), where Fn is sharply peaked at the frequencies of the vertical field trapped
normal modes. These Fo peaks (Fig. 4.4(b), bottom panel) are due to the slow MAG waves
decoupling not an enhauced Alfven wave energy flux (i.e., /?, « 0 and \(3S\ < |#,|). For
4> = 45° (Fig. 4.4(a), lower panel) the Fft peaks are smaller and more rounded, especially at
higher frequencies (i.e., J3a « 0 but |/3S| « |/?«|). This is also the case for 0 = 135° (Fig. 4.5),
whore the eigenvalues are the same as those displayed in the upper two panels of Figure 4.4(a),
but the eigenfunctions, and hence Fo, are different. The increased magnitude and sharpness
of the FQ peaks (and Im (K) troughs) when 0 = 90° suggests that propagation perpendicular
to the a:-axis is, at some frequencies, least efficient at exciting the slow MAG waves - we
explore this possibility later.

Figure ^.5: The contribution by the Alfven waves to asymptotic wave energy flux, F a , as a function of
dimensionless frequency v for the n ~ 0, . . . , 8 modes when 0 = 5° and <f> = 135°. In this case, the
corresponding eigenvalues arc the same as those in the (j> = 45° case (Fig. 4.4(a), upper two panels).

Away from t ie frequencies of the vertical field trapped normal modes, the 7r-modes suffer
a non-trivial amount of horizontal spatial decay (i.e., Im(Ac) ^ 0), the amount varies only
slightly with propagation direction, <f>, at the low inclinations (e.g., 9 — 5°, Fig. 4.4, also
evident at low inclinations in the middle panels of Figs. 4.1 - 4.3 and Figs. D.I - D.6). It
is also true, away from the frequencies of the vertical field trapped normal modes, that Fa

varies only slightly with (f> at the low inclinations vsee also Figs. 4.1 - 4.3 and Figs. D.I - D.6,
bottom panels). For frequencies of observational interest u < 2 (depending on the choice of
solar parameters, see §3.7.2 for discussion), the middle panels of Figure 4.4 show that mode
conversion becomes increasingly inefficient with increasing radial order n. This is usually true
for all field inclinations and all propagation directions, though there are exceptions which we
point, out later. In a similar fashion, Fa (bottom panels of Fig. 4.4, and Fig. 4.5) tends to
increase with n at low frequencies. Another interesting feature evident in the lower panels of
Figure 4.4 is that for oblique propagation the energy flux responsible for the highly damped,
horizontally evanescent modes (where Re (K) = 0) is dominated by the slow MAG waves -
at these frequencies, Fa is of order a few percent and increases gradually as 0 approaches
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90° (verified by numerical experiment but not pictured). It is generally the case, for low
inclinations, that the energy flux i.s dominated by the slow MAG waves (i.e., Fa < 1), except
in the neighbourhood of the vertical field trapped normal modes.

Figure 4.0 ohows tho variation of Re (K), Im (K), and Fn as a function of both dimensionless
frequency, vy and inclination, 6, for the n — 0 mode for two different propagation directions,
<t> - 45° (Fig. 4.6(a)) and 0 = 90° (Fig. 4.6(b)). Each of Figures 4.6(a) and (b) are the
three-dimensional propagation equivalent of Figure 3.5, allowing direct comparison, though
the displayed domains are different. Each point on these eigensurface« has been generated
starting with the n — 0 vertical field mode (e.g., Fig. 3.3, note ^-dependence vanishes from
the problem when 0 = 0) then stepping from 0 = 0 to 6 — 60° whilst holding the frequency
and the propagation direction constant. To clarify, the n ~ 0 ridges in Figures 4.4(a) (or
(b)) could be derived from Figures 4.6(a) (or (b)) by slicing along 0 = 5°. In an analogous
fashion, Figures 4.8, 4.10, 4.12 and 4.14 show Re(«), Im(K), and Fa as a function of both
9 and v for n = 1, 2, 3, and 4, respectively. In each case, the results for two propagation
directions are displayed, <+> ~ 45° (Figs. 4.8(a), 4.10(a), 4.12(a), and 4,14(a)) and <j> = 90°
(Figs. 4.8(b), 4.10(b), 4.12(b), and 4.14(b)). Apart from the mode plotted, Figur-Ds 4.8, 4.10.
4.12 and 4.14 are the same as Figure 4.6, except the point of view is shifted and the /^-domain
is larger. These graphs are can be compared with the 0 = 0 casts, though in the (f> = 0 case
the modes n = 0 (Fig. 3.5), n = 1 (Fig. 3.G), n = 3 (Fig. 3.7), and n = 4 (Fig. 3.8) are
shown, and the displayed domains are generally larger in both the 0 and v directions in the
<f> # 0 cases. Figures 4.7, 4.9, 4.11, 4.13, and 4.15 show the variation of Fa as a function
of v and 6 when <f> = 135° for n = 0, 1, 2, 3, and 4, respectively. As mentioned above,
when </> = 135° the eigenvalues are identical to those when (j) = 45° (upper two panels of
Figs. 4.6(a), 4.8(a), 4.10(a), 4.12(a), and 4.14(a), respectively), but the eigenfunctions, and
hence Fa, are different.

The topology of the eigensurfaces over the (u, 0)-plane is complicated. We discuss the
details separately for each of the two displayed propagation directions. When <f> — 45°, in
the region u > 1.5 and 0 > 25°, the n — 0 eigensurface (Fig. 4.6(a)) possesses a sequence
of cuts (in decreasing increments of v). These cuts match onto cuts in the surfaces of the
higher order modes, in an analogous fashion to the tj> = 0 case (Fig. 3.5). When 0 = 0, the
n = 1 surface (Fig. 3.6) and the n = 2 surface (not pictured) each possess only a single cut (at
u « 1.46 and u « 1.65, respectively). When <f> — 45°, the n ~ 1 surface (Fig. 4.8(a)) possesses
two cuts (at u « 1.56 and v w 2.64), and the n = 2 surface (Fig. 4.10(a)) possesses three cuts
(at v « 1.76, v ss 2.64, and v w 2.98). In general, we refer to the lowest frequency cut in a
given surface as the "first" cut, and cuts at successively greater frequencies are referred to as
the second, third, etc. As mentioned above, the first cut in the n = 0 surface (Fig. 4.6(a))
matches onto the first cut in the n = 1 surface (Fig. 4.8(a)), the sr_ond cut in the n = 0
surface matches onto the first cut in the n — 2 surface (Fig. 4.10(a)), the third cut in the
n = 0 surface matches onto the first cut in the n = 3 surface (Fig. 4.12(a)), and so on up
to at least n = 8 (at higher frequencies the cuts on the n = 0 surface are not fully resolved
in Fig. 4.6(a), but numerical experiments confirm their existence up to at letist n — 8). This
is also the case when <f> — 0 (as discussed in §3.7). The second cut on the n — I surface
(Fig, 4.8(a)) matches onto the second cut in the n = 2 surface (Fig. 4.10(a)). The third cut
in the n = 2 surface matches onto the second cut in the n = 3 surface (Fig. 4.12(a)). When
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Figure 4-6: Eigenvalues, K, and the contribution by the Alfven waves to asymptotic wave energy flux, F a , as
a function of dimcnsionless frequency, v, and field inclination, 9 (in degrees), for the n — 0 mode. On both
sides the top panel shows the real part of K as a function of v and 0 the middle panel shows the corresponding
imaginary part of K. The shading of the eigensurfaces is used to highlight contrast only and does not indicate
the height of the eigenvalue. The bottom panel shows Fa as a function of v and 9, corresponding to the
eigenvalues shown in the upper two panels. The contours are of Fo = 0.1,0.2,... ,0.9, with the lightest
shading indicating 0 < Fa < 0.1 and the darkest 0.9 < Fo < 1. Dark areas indicate regions where the
asymptotic flux is dominated by the Alfven waves, whereas light areas indicate regions where the asymptotic
flux is dominated by the slow MAG waves. The graphs in the upper two panels are tha same as Figure 3.5,
except the direction of propagation is not parallel to the x-axis. (a) The propagation direction is fixed at
tf> - 45°. The domain is 1 < v < 1.94, 0 < 0 < 60°. (b) cS = 90°. The domain i s l < i / < 2 , 0<6>< 60°.

<j> = 0, the n = 3 surface (Fig. 3.7) has one low frequency cut and a sequence of cuts at higher
frequencies. When <p = 45°, the n = 3 surface (Fig. 412(a)) possesses two low frequency
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Figure $.1: The contribution by the Alfv6n waves to asymptotic wave energy flux, Fa , as a function of
dimensionless frequency, v, and field inclination, 0, for the n = 0 mode. The propagation direction is fixed
at 0 = 135°. The domain is 1 < v < 1 94, 0 < 6 < 60°. In this case, the corresponding eigenvalues arc the
same as those when <j> — 45° (Pig. 4.6(a), upper two panels). The contours are the same as those described in
Figure 4.6.

cuts (at v « 1.84 and v « 2.98, with matchings outlined above) and, for u > 3.8, a sequence
of cuts (not pictured, but see Fig. 3.7 for similar behaviour). These cuts match onto cuts
in the surfaces of the higher order modes, n > 5. When 0 = 0 the n = 4 surface (Fig. 3.8)
has two cuts, one matches onto the n = 0 surface (Fig. 3.5) and the other matches onto the
n = 3 surface (Fig. 3.7). When (f> = 45° the n = 4 surface (Fig. 4.14(a)) only has a single
cut (at v « 1.89), in the domain v < 8, that matches onto the n — 0 surface (as outlined
above). For higher frequencies the n = 4 surface possesses no further cuts, and hence, does
not match onto the n = 3 surface (or any other surface). In all cases, the vertices of the
cuts occur at the same location for Re(«), IIII(K), and F a . Hence, the vertex of each cut
represents a "crossing", where the eigenvalues of two different overtones coincide. However,
as in the <f> = 0 case, the location of the vertices do not coincide with a singularity in the
coefficients of the governing equations (4.1)-(4.3).

When 4> = 90° the topology is completely different. For example, the n = 0 surface
(Fig. 4.3(b)) does not appear to possess a sequence of cuts. However, very close scrutiny
reveals that the sequence of cuts is present in the interval 1.99 < v < 2.03. Practically, this
interval is too small to resolve and so the sequence of cuts is not visible in Figure 4.6(b).
The n = 1 surface (Fig. 4.8(b)) has no cuts (this has been verified numerically up to v = 8),
indicating that when <j> = 90° the n = 1 eigensurface is completely disconnected (numerical
experiments suggest this is the case for the n — \ mode in the interval 75° < 6 < 105°). The
n = 2 surface (Fig. 4.10(b)) has two cuts (at v ss 2 and u w 2.91), and the n = 3 surface
(Fig. 4.12(b)) has two cuts in the displayed domain (at u « 2 and v « 2.91). When (f> = 0 and
<p = 45°, we employed the term "match" to imply that the two surfaces match across both
sides of the cut. The matching is identical when <j) = 90°. However, due to the very close
separation of the cuts in the n = 0 surface, the matching appears to be slightly different.
At low inclinations (0 < 25°) and frequencies in the interval 2 < v < 2.5, the n — 0 surface
(Fig. 4.6(b)) terminates as a horizontally evanescent mode (where Re(«) — 0). For 0 > 30°
and u ss 2, the n = 0 surface (Fig. 4.6(b)) matches onto the high frequency side of the first cut
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Figure 4.8: Same as Figure 4.6, except for n = 1. (a) The propagation diT Sou is constant,
</> = 90°. The domain for both propagation directions is 1 < v < 4.5, 0 < B

= 45°. (b)

in the n = 2 surface (Fig. 4.10(b)), the low frequency side of the first cut in the n ~ 2 surface
matches onto the high frequency side of the first cut in the n ~ 3 surface (Fig. 4.12(b)), the
low frequency side of the first cut in the n = 3 surface matches onto the high frequency side
of the single cut in the n = 4 surface (Fig. 4.14(b)) and so on up to at least n = 8 (verified by
numerical experiment). Hence, the spiral-type topology persists at 0 = 90°, but each cut, in
the sequence on the n = 0 surface, occurs at approximately the same frequency. The second
cut in the n = 2 surface (at v « 2.91, Fig\ 4.10(b)) matches (both sides) onto the second
cut in the n = 3 surface. When <f> = 90°, the n = 3 surface (Fig. 4.12(b)) possesses two low
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Figure 4-0: Same as Figure 4.7, except for n = 1. Thu corresponding eifenvulues are the uianc as those when
</> = 45° (Fig, 4.8(a), upper two panels).

frequency cuts (with matchings outlined above) and, for u > 4,25, a sequence of cuts (not
displayed). These cuts match onto cuts oil the surfaces of the higher order modes, n > 7.
When 0 = 0 each of the surfaces n = 4 (Fig. 3.8) and 71 = 5 and 6 (not pictured) have two
cuts, in each case one matches onto the n = 0 surface (Fig. 3.5) and the other matches onto
the 71 = 3 surface (Fig. 3.7). When 0 = 90° the u = 4 (Fig. 4.14(b)) and n = 5 and 6 surfaces
(not pictured) only have a single cut each (verified numerically for u < 8) that matches onto
the n = 0 surface (as outlined above). Fov higher frequencies these surface;' possess no further
cuts, and hence, do not match onto the n ~ 3 surface (or any other surface).

Clearly, the topology of the eigensurfaces Vciries dramatically with propagation direction.
Figures 4.0 - 4.13 and Figures 4.14 - 4.15 (and Figures 3.5 - 3.8) provide only a snapshot
of this variation. For example, both the location and the length of the cuts depend on
0. We have run cases (results not displayed) for propagation directions other thau those
displayed. The results suggest that, qualitatively, the eigensurfaces of all modes vary only
slightly with 0 in the interval 0 < <j> < 30°; topologically any eigensuiface in this imerval la
indistinguishable from its 0 = 0 counterpart (with the same radial order w). When 0 » 40°
a significant topological transition occurs for all oigensurfacos with n > 1. This is evident
when comparing the 6 = 45° case (e.g., Figs. 4.6(a), 4.8(a), 4.!0(a), 4.12(a), and 4.14(a))
to the 4> = 0 case (e.g., Figs. 3.5 - 3.8) - the eigensurfaoes with 1 < n < 3 possess severa1

additional cuts, whereas the n = 4 eigensurface (Fig. 4.14(a)) possesses one less cut than in
the 0 = 0 case (Fig. 3.8). In the interval 40° < <f> < 90°, the topology varies considerably
with 6 for eigensurfaces with 0 < n < 3. For example. t\xo distance between the* two cuts
in the n — 1 surface (evident in Fig. 4.8(a) when <p ~ 45°) decreases and the length of the
second cut grows (i.e., the vertex of the cut moves to lower u) as </!> increases. In the interval
70° < 0 < 75°, these two cuts collide, and hence, for 75° < 0 < 105°, the - = 1 surface has
no cuts, as pictured in Figure 4.8(bj. \ similar type of behaviour is evident for the n = 2
surface (Fig. 4.10), with the second cut (evident in Fig. 4.10(a) when 0 = 45°) migrating to
lower frequencies as 0 increases. In the interval 70° < 0 < 75°, the first and second cuts in
the n = 2 surface collide, leaving a single cut at u % 2 when 0 = 90° (Fig. 4.10(b)). As for
the 7i = 0 mode, the 0 = 45° case (Fig. 4.6(a)) is qualitatively very similar to the 0 = 0
case (Fig. 3.5). In particular, both surfaces possess the sequence of cuts; which, evidently,
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Figure 4.10: Same as Figure 4.6 except for n = 2. (a) The propagation direction is constant, (j> = 45°. (b)
0 = 90°. The domain for both propagation directions is 1 < u < 4.5, 0 < 6 < 60°.

are characteristic of the vertical field horizontally evanescent modes when generalised to non-
vertical field (the existence of the sequence of cuts has been confirmed numerically for the
n = 0 and n = 3 eigensurfaces for 0 < rf> < 180°, but only for n = 8 in a limited domain,
not displayed). In the interval 45° < <f> < 90°, each cut in the sequence on the n = 0 surface
migrates toward i / a 2 , and the distance between the cuts decreases as <j> increases - to the
extent where the sequence is effectively absent for 75° < <f> < 105° (e.g., Fig. 4.6(b)). The
spiral-type topology is present for ail propagation directions. Hence, for 4> < 75° (0 > 105°),
the eigenvalues of all overtones, plotted as a function of u and 6 at constant <j>, lie on the
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Figure 4.11: Same as Figure 4.7, except for n — 2. The corresponding eigenvalues are th^ same as those when
<f> = 45° (Fig. 4.10(a), upper two panels).

same surface, which has a qualitatively similar shape to that described in the <f) = 0 case
(i.e., a sequence of connected spirals, see §3.7). For 75° < (f> < 105°, the n = 1 eigensurface
disconnects completely, the sequence of connected spirals remains, but not all eigenvalues lie
on the same surface in these cases. As is evident when comparing Figures 4.12(a) and 4.12(b),
the topology of the n = 3 surface (over the displayed domain) does not evolve dramatically
over the interval 45° < (f> < 90°. However, the sequence of cuts (not pictured but evident for
v > 3 in Fig. 3.7), does vary significantly with (f>, in an analogous fashion to n = 0 sequence.
As was outlined above, depeuding on the propagation direction, some of the higher order
modes disconnect from the sequence of cuts in the n = 3 eigensurface. For example, the
n = 4 surface (Fig. 4.14) is not connected to the n — 3 surface for propagation directions
in the range 45° < <f> £j 135°. Evidently the topology of the n — A surface does not vary
dramatically over this range either. For the sake of brevity, we do not discuss the topology
of higher order modes in further detail.

We new turn turn to matters of a quantitative nature. The top panels of Figures 4.6, 4.8,
4.10, 4.12, and 4.14 show that for small to moderate inclinations (0 < 6 < 25°) Re(«) is only
weakly affected by the inclination of the magnetic field and the propagation direction (as
indicated by numerical experiments over a range of 0, not pictured, see also Figs- 4.1-4.3 and
Figs. D.1-D.6). For larger inclinations and frequencies less than that of the first cut in each
case, Re (K) is also essentially unaffected by the inclination of the magnetic field. Broadly
speaking, for general propagation directions, at frequencies less than that of the first cut in
each case, Re (K) grows slightly with increasing inclination for the n = 0 mode; whereas for
modes with n > 1 (including those not displayed), RC(K) decreases slightly (in each case this
affect is of order a few percent, and is also evident in the top panels of Figs. 4.1, D.1-D.2).
For higher frequencies (beyond the first nut in each case), the behaviour of Re(«;) is more
complicated. For the n — 0 mode, Re(«) generally increases slightly with inclination (at
fixed frequency), and is "bumped down" on the higher frequency side of each cut. For modes
with n > 1, Re(«) also increases slightly with inclination, and is "bumped up" on the higher
frequency side of the first cut in each case; except, of course, in cases where there are no cuts,
such as the n = 1 surface when <f> = 90° (Fig. 4.8(b)).

As in the 4> = 0 case, the middle panels of Figures 4.6, 4.8, 4.10, 4.12, and 4.14 show
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Figure 4-12: Same as Figure 4.6 except for n = 3. (a) The propagation direction is constant, <j> = 45°. The
domain is 1 < v < 3.8, 0 < 8 < 60°. (b) <j> = 90°. The domain is 1 < v < 4.2, 0 < 0 < 60°.

that the inclination has a significant effect on the imaginary part of the eigenvalues. For the
n — 0 mode at fixed frequency, Im (K) decreases with increasing 6. This is generally true
for all frequencies and all propagation directions (see also Figs. 4.1 (a) and 4.2(a), middle
panels), except when <f> « 90° at the higher displayed frequencies (e.g., Fig. 4.6(b)). For
modes with n > 1, at all displayed frequencies (the effect is less dramatic at low frequencies)
and inclinations less than the cuts (6 < 30° depending on v), Im(«;) grows significantly (by
more than an order of magnitude) with increasing & (see also the n > 1 modes in Figs. 4.1 -
4.3 and D.I - D.6, middle panels). In each case, with n > 1, the imaginary parts attain a
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Figure 4-13: Same as Figure 4.7, except for n = 3. The corresponding eigenvalues are the same as those when
0 = 45° (Fig. 4.l2(a), upper two panels).

local maximum (over the (u, 0)-plane) at the vertex of the first cut (including the n = 1
mode when cf> = 90°, Fig. 4.8(b), at the location corresponding to vertices in cases with
<f> < 75°, e.g., Fig. 4.8(a)). This is also true to some extent for Im(«) about the vertex of the
second and third cuts at higher frequencies, where they exist (including the n = 4 surface
when 4> = 45°, Fig. 4.14(a), at the location corresponding to vertex of the second cut in
cases with 4 i$ 45°, e.g., Fig. 3.8). In general, for inclinations greater than the vertices of
the cuts, Im (K) decreases significantly with increasing 9 at fixed frequency and propagation
direction. This type of decrease was also found when <j> = 0. However, the decrease of Im (K)
with 6 (for larger inclinations) is less rapid than in the <f> = 0 case - the rate of decrease
is least when ^ = 45° and moderate when <f> = 90° (see also Figs. 4.1 - 4.3 and D.I - D.C,
middle pa\dfc>). We re-address this point later, when considering the extinction lengths. The
middle panels of Figures 4.6, 4.8, 4.10, and 4.12 also reveal the existence of an special case,
where Im (K) does not drop off rapidly with increasing inclination, but appears to remain
approximately constant (the behaviour of Re(«) in these cases is equally distinctive). This
occurs for frequencies below the first cut in Figures 4.6(a) and (b), between the first and
second cuts in Figure 4.8(a), between the second and third cuts in Figure 4.10(a), between
the first and second cuts in Figure 4.10(b), and above the second cut in both Figures 4.12(a)
and (b) (see also Figs. 4.2(a) and D.5(a), middle panels). Clearly one mode is suffering
significantly enhanced damping in comparison to both the corresponding vertical field case
(9 = 0) and the <j) — 0 case (at the same u).

In the middle panels of Figures 4.8, 4.10, 4.12, and 4.14, at inclinations near vertical
(9 % 0), sharp troughs in Im (K) are evident - these are associated with the vertical field
trapped normal modes (as discussed previously in reference to Figs. 4.4 and 4.5 when 9 = 5°).
Consequently, at lower inclinations (9 fa 0) for modes with n > 1, Fa is sharply peaked at
the frequencies of the vertical field trapped normal modes - this is particularly evident in
the bottom panels of Figures 4.8, 4.10, 4.12, and 4.14 {cf> = 45° and 0 = 90°) but less so in
Figures 4.9, 4.11, 4.13, and 4.15 (<̂  = 135°). As discussed earlier (in reference to Fig. 4.4),
the Fa peaks are due to the slow MAG waves decoupling, rather than an enhanced Alfven
wave energy fhix (the total flux radiated at these frequencies is negligible). Interestingly, for
the n = 4 mode at low inclinations when <f> — 45° and 4> = 135° (bottom panel of Fig. 4.l4(a)
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Figure 4-H' Same as Figure 4.6 except for n = 4. (a) The propagation direction is constant, 4> = 45°. (b)
(f> = 90°. The domain for both propagation directions is 1 < v < 8, 0 < 9 < 55°.

and Fig. 4.15, respectively) there is no peak in Fa at the location of the high frequency
vertical field trapped normal mode {v « 7.33) - this is because the Alfven waves decouple at
this frequency (i.e., fia ~ 0 and \/3a\ <C |&|). For small to moderate inclinations (9 < 30°),
at the frequencies of the vertical field trapped normal modes, the peaks in Fa are moderate
(Fa < 0.7) when <f> = 45° (and <f> = 135°), but much larger (0.9 < Ffl < 1) when <j> = 90°. This
feature was discussed earlier (in reference to the 9 = 5° case, Figs. 4.4 and 4.5) and suggests
that the slow MAG waves are only weakly coupled at these frequencies when 4> w 90° and
9 < 30°.
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Figure 4-15: Same as Figure 4.7, except for n = 4. The corresponding eigenvalues are the same as those when
0 = 45° (Fig. 4.14(a), upper two panels).

The Alfven waves decouple when 6 = 0 or (f> = 0 (i.e, Fa = 0). Hence, away from the
frequencies of the vertical field trapped normal modes, the bottom panels of Figures 4.6, 4.8,
4.10, 4.12, and 4.14 along with Figures 4.9, 4.11, 4.13, and 4.15 show, for small inclinations
(9 < 15°), that Fa < 0.1 and varies only slightly with inclination and propagation direction -
indicating the Alfven waves are only weakly excited in these regions (see also Figs. 4.1 - 4.3
and D.I - D.6, bottom panels).

In general, for <f> = 45° and <f> = 90°, the peaks emanating from the frequencies of the
vertical field trapped normal modes dominate the variation of F a over the (i/, 0)-plane -
with the peaks migrating to lower frequencies as 0 increases (especially prominent in the
n — 4 case: Fig. 4.14, bottom panel). On the other hand, when <j> — 135° the peaks in F a

are more diffuse - this type of asymmetry in Fa , about (f> = 90°, was also observed in the
bottom panels of Figures 4.1 - 4.3 and D.I - D.6. For 0 = 90° and n = 4 (Fig. 4.14(b))
there appears to be a striking correlation between the variations of Fa and Im (K) over the
extended {v, 0)-plane. However, the topologies of Im (K) and F a are generally not strongly
correlated (Figs. 4.8 - 4.14, lower two panels). For example, the local maximum in Im(«)
(associated with the vertex of the cuts in the eigensurfaces for n > 1) docs not coincide with
any similarly distinctive behaviour in F a . As concluded in §4.6.1, the Alfven waves play a
significant role in 7r-mode damping in non-vertical field when propagation is not parallel to
the a;-axis. However, regions of the parameter space where the Alfven waves dominate (i.e.,
Fa £ 0.9) are generally not associated with significantly enhanced horizontal spatial decay
dates (i.e., Im(«)).

Figure 4.16 shows the variation of Re(«), Im(«), and Fa as a function of dimensionless
frequency, v, for the first nine (n = 0, . . . , 8) modes when 0 = 30° for two different propa-
gation directions, <j> = 45° (Fig. 4.16(a)) and 4> = 90° (Fig. 4.16(b)). The upper two panels
of Figures 4.16(a) and (b), respectively, are equivalent to Figure 3.9, except the propagation
direction is not parallel to the rr-axis. The inclination 0 = 30° is indicative of the behaviour
at moderate inclinations (6 « 30°); it also roughly corresponds to the location where Im(«)
attains a local maximum over the (f, 0)-plane (i.e., the vertex of the cuts in Figs. 4.6 - 4.14).
The distinctive cuts seen in Figures 4.6, 4.8, 4.10, 4.12, and 4.14 are not present in Fig-
ure 4.16, this is because the ridges in Figure 4.16 have been generated by stepping from low
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Figure 4.16: Same as Figure 4.4, except 0 = 30°.(a) </> = 45°. (b) <£ = 90°.

frequencies (using the non-magnetic modes as initial guess) to high frequencies, holding 0 and
<f> constant (in the same way as Fig. 4.4 and Figs. 3.3 - 3.10). For example, for u < 4 (and
(f> = 45°) the ridge labelled n = 1 in Figure 4.16(a) may be derived from the n = 1, n = 0,
n = 2, and n = 3 surfaces (Figs. 4.8(a), 4.6(a), 4.10(a), 4.12(a), respectively) by slicing along
9 = 30° in the prescribed'order. Likewise, the ridge labelled n = 0 in Figure 4.16(b) may be
derived from the n = 0, n = 2, and n = 3 surfaces (in order, Figs. 4.6(b), 4.10(b), 4.12(b),
respectively). The ridges of the other modes may be derived in a similar manner, though the
matching between surfaces must be carefully considered (details described above). Hence, all
the ridges in Figure 4.16 appear continuous.

Two distinctive features of the ridges in Figure 4.16 can also be observed on the constituent
surfaces (Figs. 4.6, 4.8, 4.10, 4.12, and 4.14): the undulations of the real parts exhibited by
n = 1 in Figure 4.16(a) and n = 0 in Figure 4.16(b) - in the neighbourhood of the cuts in
the surfaces; and the enhanced imaginary parts for n — 0 (1 < v < 2.5) and n — \ {v > 2.5)
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in Figure 4.16(a) and n = 0 in Figure 4.1(i(b). The latter feature is most prouounccd for
7i = 0 in Figure 4.16(b) and was also noted in the discussion of the eigenvalue topology
over both the (»/, 0)-plane (e.g., Figi. 4.8, 4.10, 4.12, and 4.14) and the (0, </>)-plane (e.g.,
Figs. 4.1 - 4.3 and D.I - D.6). In these cases a peculiar solution (eigcnsitrface) was found
where Im (n) does not decrease rapidly with increasing 0 at larger incliimtions, as is usually
the case. Interestingly, Fa does not show any distinctive behaviour for n = 1 when <j> = 45°
(Figure 4.16(a), bottom panel) or (f> - 135° (Fig. 4.17). On the other hand, for n = 0 when
<j> = 90° (Fig. 4.1G(b), bottom panel) Fn does behave slightly differently to the other modes,
indicating the damping of this mode is due mainly to slow MAG wave leakage.

Figure 4.17: Same as Figure 4.5, except 9 = 30°. The corresponding eigenvalues are the same as those when
4> — 45° (Fig. 4.16(a), upper two panels).

In the 4> — 0 case (Fig. 3.9) the variation of Im (K) with n is approximately at a minimum
- this is not true when (f> ^ 0 as one of the ridges deviates substantially from the general
trend in each case (n = 1 in Fig. 4.16(a) and n ~ 0 in Fig. 4.16(b)). Apart from this,
however, the behaviour of the eigencurves is very similar to Figure 3.9. Namely, there arc
no surfaces modes in the displayed domain - for all modes, except the n ~ 0 mode in
Figure 4.16(b), Re(n) increases monotonically with frequency. For the most part, the real
parts of the eigenvalues are only weakly affected by the propagation direction. For both
displayed propagation directions at low frequencies (u < 1.5), Im(«) increases rapidly with
v in the usual fashion (e.g., Fig. 3.9 and Fig. 4.4). For intermediate and higher frequencies,
when cf> = 45° (Fig. 4.16(a)), the Im(/t) ridges are almost horizontal, some gradually decline
with v - this behaviour is analogous to the <p = 0 case when 9 = 30° (Fig. 3.9(b)). On
the other hand, when 4> = 90° (Fig. 4.16(b), middle panel), lm(«) attains a maximum at
v ss 1.5 - 2 and decreases with v for higher frequencies. With the exception of n = 1 when
<f> = 45° (Fig. 4.16(a), middle panel) and n = 0 when (f> = 90° (Fig. 4.16(b), middle panel),
the sequence of Im (K) ridges at both displayed propagation directions form a tightly packed
bundle when 0 = 30° - again, this was the case for all modes when 0 = 0 (Fig. 3.9(b)).

At higher frequencies (// > 5.5) when <f> = 90°, the Im(Ac) ridges of the modes n = 1,
2, 3, and 4 each possess a moderately sharp trough (Fig. 4.16(b), middle panel). In the
neighbourhood of the troughs, both the slow MAG waves and the Alfve*n waves partially
decouple - |/3,| XJ 0 and |/?a| « 0 and therefore Im(«) % 0. However, the decoupling of
the slow MAG waves and the Alfven waves does not occur at the exactly same frequency.
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This evident in the bottom panel on Figure 4.16(b), where Fa has a peak slightly to one
side of the IIII(K) trough (i.e., \(3S\ fa 0 and |/3a| « 0 but \/3a\ > \/33\ and hence F a « 1)
and a trough slightly to the other side (i.e., \@s\ « 0 and \@a\ « 0 but \/3s\ > \(3a\ and
hence Ff, « 0) The sharp transition of Fa characterises locations where both the slow MAG
waves and the Alfven waves decouple. These types of decouplings were also found at higher
frequencies when 0 = 5° and <f> - 90° (Fig. 4.4(b)), in this case the sharp troughs in Iin(«)
are due to the slow MAG waves decoupling (the Alfven waves are only very weakly coupled
at low inclinations). Similarly, Im («) troughs accompanied by sharp transitions in Fn are
also evident when <p — 90° at higher frequencies and 0 « 30° on the n = 4 eigensurface
(over the extended (V, 0)-plane, Fig. 4.14(b), lower panels). On the other hand, when 0 = 0
(Fig. 3.9(b)), $ = 45° (Fig. 4.16(a)) and <f> - 135° (Fig. 4.17) there no sharp troughs in Im (K)
at any frequency. This feature, where the decoupling of the slow MAG waves and the Alfven
waves occurs at a very similar frequency, appears to be a characteristic of the </> = 90° case.

At moderate inclinations (9 w 30°), Fft is highly dependent on frequency. Mode conversion
fluctuates from dominant fast-to-slow mode conversion (Fa « 0) to dominant fast-to-Alfven
mode conversion (Fa « 1) on several occasions in the displayed domain (Fig. 4.16, bottom
panels), though the fluctuation is relatively subdued when <f> — 135° (Fig. 4.17). Both of
these features are also evident when taking slices, at 6 « 30°, through the surfaces in the
bottom panels of Figures 4.6, 4.8, 4.10, 4.12, and 4.14 and in Figures 4.7, 4.9, 4.11 1.13,
and 4.15. For all propagation directions at low frequencies, the contribution by the A'fven
waves to the asymptotic energy flux, Fn, increases with increasing radial order n - this
variation is most pronounced when 0 w 90° (Fig. 4.16(b)), see also the 6 = 5° case (Figs. 4.4
and 4.5). At moderate inclinations (6 ss 3J°), the Alfven waves clearly make a significant
contribution the 7r-mode damping when the direction of propagation is not parallel to the
ar-axis ((f> ^ 0). However, as concluded earlier, rather than radiating vast quantities of
additional energy, which would result in a significantly enhanced Im(«), the Alfven waves
generally compensate at freqiiencies where the «low MAG waves are only weakly excited
(i.e., Fa ss 1), and visa versa for the slow MAG waves where the Alfven waves decouple
(i.e., Fn « 0 ) . Consequently, Im (K) does not generally fluctuate in the same manner as Fo .
Though there some are exceptions, for instance, the frequencies where both the slow MAG
waves and the Alfven waves are almost completely decoupled and consequently Im (K) « 0
(as discussed abovo).

4.6.3 A singular limit

Before proceeding further, it is instructive to consider a special case. When the magnetic field
is exactly horizontal (6 = 90°), the governing equations (4.1)~(4.3) reduce to a second order
differential equation that generally possesses two singularities or critical layers - associated
with the Alfven and cusp resonances (as discussed in §3.1.2). However, there is a special case
where both critical layers vanish: when the propagation direction is exactly perpendicular to
the rr-axis (cf> = 90°, see e.g., Vanlommel and Goossens, 1999). In this case, the solutions,
and hence the displacements, energy fluxes, and other physical quantities are continuous in
the interval 0 < s < co. The governing equation can be written as
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4i/2a (s~m + 5) Y" (a) + Au2 [(ro + 2)s- m,<Tm] Y' (a)

+ [ m V « - m - ai/2 (K2 ( a" m + a) - 4,/2)] Y (s) = 0, (4.39)

whore Y(s) = V • £ = y £ - d^x/ds is the nondimcnsionalised divergence of the displacement
vector. As usual we concentrate on the in = 3/2 case. The components of the displacement
vector in the y- and 2-directions subsequently follow from:

_ 2ZK [(4*/2 (1 4- a5'2) - 15a3/2) Y{s) - 6 (l +
3/2 (4.40)

and

5/2)
s«i<v- S*/*(9K*-1(»?) ' ( 4 < 4 1 )

respectively. As discussed previously, when 9 = 90° and (f) = 90°, the component of the
displacement in the ^-direction vanishes (i.e., £x = — TJ — 0).

Equation (4.39) cannot be solved in terms of tabulated functions, but it may be solved
numerically with the assistance of the standard techniques of local analysis. Equation (4.39)
has only two singularities: an irregular singularity at a — oo and a regular singularity at
cr = O (where s = o2). At the surface, a stress-free boundary condition is enforced (i.e.,
Y = 0 at ,s = 0). This condition is consistent with the boundary condition imposed in the
fourth and sixth order cases (eqs. [4.23]-[4.24)]). The leading terms of the appropriate series
solution are

n.,.2 .J2 / oi ..2 \

(4.42)

Subsequently, it can be shown that both components of the displacement (eqs. [4.40] and
[4.41]) are finite (and non-zero) at the surface. As a —> oo, the decaying exponential solution
is selected,

Y(s) 0 0 , (4.43)

where the coefficient U is asymptotic to unity as a —> 00 (and may be expanded in asymptotic
power series in non-positive half integer powers of a). The asymptotic leading order (4.41s)
is identical to the fast MAG waves in non-vertical field (eqs. [4.7]-[4.9]). In this special case
(9 = 90° and <f) = 90°), the oscillations are trapped normal modes propagating without
energy loss. Consequently, the eigenvalues, K, are real. The second order two point boundary
value problem is solved numerically in an analogous fashion to the fourth order and sixth
order problems (outlined above, §3.6 and §4.4, respectively).

Figure 4.18 shows the variation of the eigenvalues, K, as function of dhnensionless fre-
quency, v, when 9 = 90° and <j> — 90°. Evidently, two classes of solution exist - separated by
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(a)

Figure 4-tS: (a) Eigenvalue K as a function of dimcnsionless frequency ;/ for tho case where the magnetic field
is exactly horizontal (i.e., 0 = 90°) and the propagation direction is exactly perpendicular to the x-axis (i.e.,
4> = 90°). Evidently, two classes of solution exist - labelled the 7r-modes (low wavenumbrrs) and 7-modcs (high
wavenumbers). For each set the modes with n — 1, . . . , 8 are plotted. The eigencurves of the non-magnetic
p-modes are plotted as light dashed lines, (b) Same as (a) except for the domain 0 < v < 1 and a logarithmic
scale is used on the vertical axis.

the ridge of the non-magnetic /-mode: a low wavenumber set with eigenvalues that match
onto the non-magnetic pr,-niode ridges at low frequencies, numbered accordingly n = 1, 2,
3,. . . , and labelled the 7r-modes (i.e., p-modes modified by the magnetic field); and a high
wavenumber set with no non-magnetic counterparts, also numbered n = 1, 2, 3, . . . , and la-
belled the 7-moder. The expressions for the two components of the displacement (eqs. [4.40]
and [4.41]) are singular if K = 4iv2/3. This condition coincides exactly with the dispersion
relation for the non-magnetic /-mode. Figure 4.18 clearly shows that none of the eigencurves
intercept the non-magnetic /-mode ridge. Hence, equations (4.40) and (4.41) are valid for
all frequencies. In fact, the /-mode, being incompressive in the non-magnetic case, is not
described by equation (4.39).

For the 7r-modes, the displacement eigenfunctions behave very much like the non-magnetic
p-modes - throe examples are shown in Figure 4.19(a). For the Tri-mode, both components
of the displacement eigenfunction have one vertical node. The 7T3-eigenfunction has three
vertical nodes and the 7T5-eigenfunction has five vertical nodes. The 7r-mode numbering system
is identical to that of the non-magnetic p-modes. Figure 4.19(a) shows, for fixed frequency,
that the depth of the lower turning point increases (and the horizontal wavenumber decreases,
Fig. 4.18) with increasing radial order n. At the surface (s » 0), the 7r-mode displacements
are dominated by the vertical component, £z (dashed curves in Fig. 4.19(a)).

For the 7-modes, the numbering system is again identical to the non-magnetic p-modes
(the radial order n corresponds to the number of vertical nodes in both components of the
displacement eigenfunction). In contrast to thep- and 7r-modes, the depth of the lower turning
point for the 7-modes decreases (and the horizontal waveiiuraber increases, Fig. 4.18) with
increasing radial order n, at fixed frequency. Roughly speaking, the 7-uiode lower turning
points are located at s w 1 (i.e., in the neighbourhood of the equipartition depth). At the
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surface, the 7-rnodo displacements are dominated by the lateral component, £v (full curves in
Fig. 4.19(b)). Tho normalisation adopted in Figure 4.19 requires £z — 1 at s = 0. It follows,
from equations (4.40), (4.41), and (4.42), that -i^y — 3K/4^ 2 . This expression again reveals
the importance of the non-magnetic /-mode dispersion relation, K - 4v'2/'S, in separating the
two classes of solution - the 7-modes (« » 4u'2/'i) and the 71-modes (K < 4//2/3).
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Figure \.19: Displacement eigenfunctions as a function of dimcnsionless depth, s, for v = 0.5 for a selection of
7T- and 7-modes. The full curve is — t£y and the dashed curve is £,. The normalisation has been chosen such
that f, = 1 at s = 0. On both sides the top panel shows the n = 1 mode, the middle panel shows the n = 3
mode, and the bottom panel shows the n = 5 mode. In each case, the corresponding eigenvalues can be read
off from Figure 4.18. (a) 7r-riiide eigenfunctions. (b) 7-mode eigenfunctions.
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Figure 4.20: Same as Figure 4.4, except 0 ••= CO0.(a) <t> = 45°. (b) <j> = 90°, also in this case the first 7-tnode
is Included (n — 1).

4.6.4 Highly inclined magnetic field cases

Returning to the cases where 9 ̂  90°, Figure 4,20 shows the variation of Re («), Im (K), and
F a as a function of dimensionless frequency, *>, for the first nine (n = 0, . . . , 8) 7r-modes
when 0 = 603 for two different propagation directions, <f> = 45° (Fig. 4.20(a)) and <j> = 90°
(Fig. 4.20(b)). The upper two panels of Figure 4.20 are the three-dimensional generalisations
of Figure 3.10. In the 0 = 90° case (Fig. 4.20(b)), the ridge for the first 7-mode (n = 1) is also
shown. Numerical experiments suggest that the 7-modes only exist in highly inclined field
(9 > 50°) for (f) ~ 90°, and the higher order 7-modes exist over smaller range of inclinations
than do the lower order modes. Hence, at 6 — 60° only the 71-mode is present. Figure 4.21
shows the variation of Re(«), Im(K), and F a as a function of dimensionless frequency, ^,
when 6 = 80°. Figure 4.21 (a) shows the results for the first nine (n = 0, . . . , 8) 7r-inodes
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when (f> — 45°. Figure 4.21 (b) shows the results for the first nine 7r-inodes and the first three
(n = 1, . . . , 3) 7-modes when </> = 90°. Unfortunately, the numerical integration of the 7-
mode solutions is troublesome, due to a combination of large inclination, increasing frequency,
and large Im(/c). Consequently, the 7-modo ridges terminate prematurely in Figures 4.20(b)
and 4.21(b), note this is the case generally for all types of solutions in highly inclined field
(e.g., 9 = 80°, Fig. 4.21). For the 7-modes, it is evident that Re(«) decreases rapidly with
decreasing inclination (away from 0 — 90°). Hence, when plotted as a function of frequency,
the real parts of the 7-mode ridges become obscured in some cases (Figs. 4.20(b) and 4.21(b),
top panels).
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Figure 4 SI: Same as Figure 4.4, except 9 = 80°.(a) 4> = 45°. (b) <!» = 90°, also in this case the first three
7-modes are included (n =z 1, ... 3).

The special case: 0 = 90° and <j> = 90°, is a singular limit - the second order governing
equation (4.39) does not provide a uniform asymptotic approximation to the true solution
of the sixth order MAG wave equations (4.1)-(4.3) in the horizontal field limit, 0 -> 90°,
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when (f> — 90°. However, as the inclination of the magnetic field approaches horizontal (when
<j> = 90°), the real parts of the eigenvalues converge to those of the 0 — 90° case (Fig. 4.18).
For example, when overlaid, the real parts of the eigenvalues for 7r-modes with n > 1 when
0 = J 0 ° , shown in the top panels of Figures 4.20(b) and 4.21 (b) when 0 = CO0 and 0 - 80°,
respectively, are indistinguishable from those of the corresponding 7r-modes in Figure 4.18
(as was shown previously for the 7r-modes, Re (K) varies only slightly with inclination, for
0 > 60°).

On the other hand, the real parts of eigenvalues for the 7-modes vary significantly with
inclination. This is obvious when comparing the 71-mode at the two displayed inclinations.
When 9 = 80°, Re (K) for the 71- and 72-mcies overlap. When 6 = 60°, the 72- and 73-modes
do not exist, and Re (K) for 71 is EO small that its ridge is obscured by the crowd of 7r-mode
ridges. It appears that the imaginary parts of the 7-mode eigenvalues are less affected by the
inclination. However, as the field inclination approaches horizontal the imaginary parts are
expected to vanish. Numerically verifying the behaviour in this limit is very difficult. In the
singular limit, when 0 = 90° and 0 = 90°, the depth of the lower turning point for the 7-mode
eigenfunctions is generally very shallow (near s « 1), and decreases with increasing radial
order (as shown in Fig. 4.19(b)). In simple terms, this indicates that a significant fraction
of the energy in 7-modes lies in the neighbourhood of the mode conversion region (where
Cs ~ CU). Therefore, in highly inclined field, the 7-modes would be expected to undergo
very efficient mode conversion. This is indeed the case, the damping rates for the 7-modes
(proportional to Im(Ac)) arc several orders of magnitude greater than those for the 7r-modes
(evident in both Figs. 4.20(b) and 4.21 (b), middle panels). In addition, the 7-mode damping
rates appear to increase with radial order n (see Fig. 4.21(b), middle panel). The bottom
panel of Figures 4.20(b) and 4.21 (b) show that the 7-mode damping is due to both the slow
MAG waves and the Alfven waves in roughly equal proportions (at least for the displayed
frequencies).

In comparison to the (f> = 0 case (Fig. 3.10), Figure 4.20 shows that three-dimensional
propagation in highly inclined field has a significant influence on the eigenvalues of the TT-
modes, especially the imaginary parts (middle panels). In a similar fashion to Figure 4.16,
one of the modes (n = 0) in each case behaves dramatically differently (as observed over the
(v, 0)-planc in Figs. 4.6, 4.8, 4.10, and 4.12). For modes with n > 1, the real parts of K, in the
top panels of both Figures 4.20(a) and (b), are basically identical to those in Figure 3.10(a).
Though comparatively small, the variation of RC(AC) with 0 is greatest when 6 « 30°, which
roughly coincides with the vertices of the cuts in the surfaces over the (v, 0)-plane (Fig. 4.6,
4.8, 4.10, 4.12, and 4.14), where Re(«) is "bumped".

On the other hand, the imaginary parts of K (Fig. 4.20, middle panels), for 7r-modes with
n > 1, are significantly different to those in the corresponding <f> = 0 case (Fig. 3.10(b)). In
particular, in the middle panels of both Figures 4.20(a) and (b), the ridges (with n > 1) tend
to remain bunched up, and do not exhibit the rapid decrease with 9 (and n) that is evident
in Figures 3.10(b) (and in the extinction length plots of Fig. 3.11). In fact, for n > 1, at fixed
inclination (9 « 60°), the Im (K) ridges increase rapidly with <j) reach a maximum at 4> « 45°
(several orders of magnitude above the 0 = 0 level) and decrease to a minimum at <f> = 90°
(this minimum is above the <f> = 0 level). Comparing the middle panels of Figures 4.16(a) and
4.20(a), it is evident that the Im(«) ridges are at a similar magnitude, suggesting Im(«;) is
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does not vary significantly with inclination (in the interval 3U° < 0 < 60°) when <f> — 45°. This
is not the case when </> = 90° (Figs. 4.16(b) and 4.20(b)), where for a fixed frequency, Im(K.)
decreases by at least an order of magnitude in tho interval 30° < 9 < 60°. In the <j> « 45°
case (Fig. 4.20(a)), IIU(K) generally increases monotonically with v, though the n = 1 mode
does decrease for higher frequencies. In the </> « 90° case (Fig. 4.2O(b)), the Im (K) ridges
peak at low to moderate in •naencies (depending on n, but not n = 0) and decrease with v for
higher frequencies. For the u = 0 mode in both cases, IUI(K) increases monotonically with
u, most rapidly for u < 2. It also evident in Figures 3.10 and 4.20 that Im(«) for the n =• 0
mode increases with 0 to a maximum at (j> = 90° (Figure 4.20(b), middle panel). This is also
apparent in the eigensurface plots (over the (v, 0)-plane) shown in Figures 4.G, 4.8, 4.10, and
4.12.

Figure 4.22: Same as Figure 4.5, except 8 = 60°
4> = 45° (Fig. 4.20(a), upper two panels).

The corresponding eigenvalues are the same as those when

For all propagation directions when 9 ~ 60°, Fa is highly dependent on frequency, but less
so than in the 0 = 30° case (Fig. 4.16, lower panels, and Fig. 4.17). For (f> - 45" (Fig. 4.20(a),
lower panel), all modes, including the highly damped n = 0 7r-mode, show a very similar
frequency dependence (this is also the case when 9 = 30° and 9 — 80°, lower panels of
Figs. 4.16(a) and 4.21(a), respectively), fluctuating rapidly for low frequencies. For higher
frequencies, the fluctuations decrease to a level where the contribution by slow MAG wave
conversion and Alfven wave conversion are roughly equal (i.e., Fn w 0.5). This is also tlu
case when <f> = 135° (Fig. 4.22), and especially so when 0 = 80° and <f> = 45° (Fig. 4.21(a;,
lower panel). For <f> = 90° (Fig. 4.20(b), lower panel), F a a 0 at higher frequencies suggesting
Alfven wave conversion is completely overpowered by slow MAG wave conversion in this
regime (see also Fig. 4.21(b), lower panel). This behaviour of Fa is also evident at larger
inclinations on the eigensurfaces shown in bottom panels Figures 4.6, 4.8, 4.10, 4.12, and
4.14. Again when 4> = 90°, the almost simultaneous decoupling of the slow MAG waves and
the Alfven waves is evident in the lower panel of Figure 4.20(b). Iu this case, the decoupling
- characterised by a Im (K) trough and a sharp transition in Fa - occurs at lower frequencies
and is most pronounced for the higher order modes (n ;> 4).
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4.6.5 Extinction length

In this subsection, we examine the variation of the extinction length as a function of both
the propagation direction, 0, and the inclination, 0. For the sake of brevity, we focus solely
on the 7r-mode extinction lengths.

Figure 4.23 shows the variation of the extinction length and Fu as a function of propa-
gation direction, 0, for the 7r-modes with n. = 0, . . . , 8, at fixed field inclination 9 — 30°,
and for four different (fixed) frequencies (a) 3 mHz (b) 4 mHz (c) 5 mHz and (d) 6 mHz.
The characterisation of the solar convection zone is identical to that discussed in §3.7.2 (i.e.,
L = 400 km*, and g — 274 m s"2). The inclination 9 = 30° roughly coincides with location
where mode conversion is most efficient, as seen on the surfaces Figures 4.6, 4.8, 4.10, 4.12,
and 4.14. Figure 4.23 confirms and clarifies some of the conclusions that were drawn earlier.
Firstly, the variation of the 7r-mode horizontal spatial decay rates with <f> is effectively negli-
gible at moderate field inclinations (9 « 30°). For some of the higher order modes at higher
frequencies the extinction length decreases slightly as <f> approaches 90°. Secondly, broadly
speaking, the contribution by the Alfven waves to asymptotic wave energy flux, Fa , increases
with 0 to a maximum at <f) « 90°. However, this is not accompanied by a significant decrease
of the extinction length, rather the extinction length remains effectively unchanged.

Figure 4.24 shows the variation of the extinction length and Fa as a function of propa-
gation direction, <f>, for the 7r-modes with n =• 0, . . . , 8, at fixed field inclination 9 = 80°,
and for four different (fixed) frequencies (a) 3 mHz (b) 4 mHz (c) 5 mHz and (d) 6 mHz.
Like Figure 4.23, Figure 4.24 confirms several points that were discussed previously, and
shows that the pattern is very similar for higher order modes generally. In highly inclined
field, there is a significant variation of the extinction length (i.e., Im(«:)) as a function <f>.
For cf> — 0 (or <f> — 180°), the Alfven waves decouple (Fa = 0), and in highly inclined field
the slow MAG waves are essentially decoupled (the extinction length increases rapidly with
inclination, see Fig. 3.11), For all modes at all frequencies, the extinction length decreases
with ^ to a minimum at <j) « 45° (the location depends on the radial order), and increases
to a local maximum at 0 = 90°. For all cases, the extinction length minimum at <j> « 45°
is generally not short enough to have consequences for p-mode absorption, except for the
mode with the shortest extinction length (n = 0 in the low frequency cases, and n = 1 in
the high frequency cases). Figure 4.24 also shows that, in highly inclined field, the behaviour
of Fo at all frequencies is very similar for all modes. For <f> = 0 (or 4> — 180°), Fft = 0 but
rapidly increases to Fa « 0.9 near <j> « 10° -20°. The Alfven wave contribution to asymptotic
energy flux then steadily decreases to Fa ss 0 at <j> = 90°, indicating that the Alfven waves
are essentially decoupled in highly inclined field when <j> — 90° (as discussed previously).

Figure 4.25 shows the variation of the extinction length as a function of field inclination,
9, when 4> =•• 45° for the first nine (n = 0, . . . , 8) 7r-modes at four different (fixed) frequencies
(a) 3 mHz (b) 4 mHz (c) 5 mHz and (d) G mHz. Again, the characterisation of the solar
convection zone is identical to that discussed in §3.7.2. Therefore, Figure 4.25 is the same
as Figure 3.11, except <f> = 45°. The striking contrast between Figures 3.11 and 4.25 is
the behaviour of the extinction length in highly inclined field. When 0 = 0, Figure 3.11

"As noted in §3.7.2, recent calculations by Cally, Crouch, and Braun (2003, see Appendix F) find the
models in best agreement with observations have L = 600 — 800 km.
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Figure 4-23: Extinction length, L/Im (K), and the contribution by the Alfven waves to asymptotic wave energy
flux, Fo, as a function of propagation direction, 4>, for the 7r-modes with n — 0, . . . , 8. This figure is broken
into four panels (a) Top left: the frequency is constant at 3 raHz. (b) Tup right: 4 mHz. (c) Bottom left:
5 inHz. (d) Bottom right: 6 mHz. Within each of the panels, the top grjiph shows the extinction length as
a function of <f>, the bottom graph displays the corresponding variation of Fo. For all of these plots the field
inclination is fixed at 0 = 30°.
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Figure 4.24: Same as Figure 4.23, except 6 = 80°.

shows that mode conversion becomes increasingly inefficient (the extinction length tends to
infinity) as the field approaches horizontal. In contrast, Figure 4.25 shows that, when <f> = 45°,
the extinction lengths appear to remain finite as 9 —> 90°, for most modes at all displayed
frequencies. As the horizontal field singular limit is approached, the numerical integrations
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become increasingly unreliable, though Figure 4.25 shows the numerical method is reasonably
robust in the neighbourhood of 9 — 90°. Nevertheless, the results obtained in highly inclined
field should be viewed with caution. In particular, the apparent trend shown in Figure 4.25 is
probably misleading, but does indicate that solutions of the (0 ->• 90°) perturbation problem
(e.g., Kamp, 1989, 1990; Zhukov, 1988, 1989a,b, 1990) could be very useful. Unfortunately,
such an approach is beyond the scope of this thesis. As in the 0 = 0 case (Fig. 3.11), at
all four frequencies Figure 4.25 shows the extinction length of the n — 0 mode increases
with increasing inclination, though the incrr.se is much less in magnitude, except in highly
inclined field where an apparent, slight v.' •• Ase is evident at lower frequencies. Also as in
the 0 = 0 case (Fig. 3.11), for modes with n > 1, the extinction length initially decreases
with increasing inclination, reaching a minimum in the range 9 « 20° — 60° (depending on
the frequency and the radial order), before increasing for larger 9; though some lower order
modes show a slight decrease in highly inclined field at the larger displayed frequencies.

Figure 4.25 shows (the well established result) that in exactly vertical field (9 = 0), the
Alfven waves decouple (Fa = 0) and all the energy lost is carried by the slow MAG waves.
Figure 4.25 also shows that at inclinations approaching horizontal, the contribution by the
Alfven waves and the slow MAG waves to asymptotic wave energy flux is roughly equal (i.e.,
Fft —» 0.5 as 9 —> 90°) for all modes at all frequencies. At intermediate inclinations, Fn

changes substantially as 0 varies. It is worth noting that Fa ~ 0.5 at the locations of the
extinction length minima (top graphs in each panel), indicating that Alfven wave and slow
MAG wave leakage contribute to the maximal damping rate in roughly equal proportions,
when 4> = 45°. Broadly speaking, the behaviour of Fo, when <j> = 135° (Fig. 4.26), is very
similar to the case where 0 = 45°.

Figure 4.27 shows the variation of the extinction length as a function of field inclination,
9, when 0 = 90° for the first nine (n — 0, . . . , 8) 7r-modes at four different (fixed) frequencies
(a) 3 mHz (b) 4 mHz (c) 5 mllz and (d) 6 mHz. Figure 4.27 is the same as Figure 4.25, except
0 = 90°. The behaviour of the extinction length when 0 = 90° (Fig. 4.25) is very similar
to that displayed when 0 = 0 (Fig. 3.11). In particular, as 0 -» 90°, the extinction lengths
increase toward infinity. Also, for modes with n > 1, the extinction length initially decreases
with increasing inclination, reaching a minimum near 6 « 20° - 60°, before increasing for
larger 0. For the lower frequencies (e.g., Fig. 4.27(a) and 4.27(b)), the minimum is at 0 «
40° - 60°, whereas, for the higher frequencies (e.g., Fig. 4.27(c) and 4.27(d)), the minimum is
at more acute inclinations 6 « 20° — 40°. In contrast to the 0 = 0 case (Fig. 3.11), at all four
frequencies Figure 4.27 shows the extinction length of the n = 0 mode is essentially unaffected
by the inclination, except at inclinations approaching horizontal where the extinction length
of the n = 0 mode grows rapidly with increasing inclination. This contrasting behaviour is
most pronounced at higher frequencies (e.g., Fig. 4.27(c.) and 4.27(d)).

As usual, Figure 4.27 shows that Fa = 0 when 9 = 0 (and 0 = 90°). Figure 4.27 shows that
Fa essentially vanishes in highly inclined when 0 = 90°, for all modes at all frequencies (due
to the suppression of the displacement component, rj, as discussed earlier). When 0 = 90°,
Figure 4.27 shows that Fa attains a maximum (that is largest for the higher order modes) at
the inclinations where the extinction length (top graphs in each panel) attains a minimum.
For the higher order modes, this suggests that the Alfven waves are primarily responsible for
the damping exhibited in this region (in contrast to the case where <f> = 45°, Fig. 4.25).
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Figure 4-25: Extinction length, L/Im (K), and the contribution by the Alfven waves to asymptotic wave energy
flux, Fo , as a function of field inclination, 0, for the 7r-modes with n = 0, . . . , 8. This figure is broken into four
panels (a) Top left: the frequency is constant at 3 mHz. (b) Top right: 4 mHz. (c) Bottom left: 5 mHz. (d)
Bottom right: 6 inHz. Within each of the panels, the top graph shows the extinction length as a function of 0,
the bottom graph displays the corresponding variation of F a . For all of these plots the propagation direction
is fixed at <f> = 45°. This figure is the same as Figure 3.11, except (f> — 45°.
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Figure 4-26: Same as Figure 4.25, except </> = 135°. In this case, the extinction lengths are the same as those
in Figure 4.25 (i.e., <t> - 45°).

4.7 Conclusions

In this chapter, we investigated the three-dimensional (</> ^ 0) propagation of oscillations
in a complete polytrope permeated by a straight, uniform, non-vertical magnetic field. We
calculated the eigenvalues, K, and the corresponding contribution by the Alfven waves to
asymptotic wave energy flux, F a . Several different but complementary approaches were em-
ployed in order to gain a complete understanding of the variation of « and Fn as a function
of the three parameters v, #, and <j>. Our findings can be summarised as follows:

• Broadly speaking, except in highly inclined field, the horizontal spatial decay rate of
the 7r-modcs (proportional to Im(«)) varies little with the propagation direction, <•/>.
However, the nature of the mode conversion (inferred from Fo) does vary substantially.
In general, rather than radiating great quantities of additional energy, the Alfven waves
tend to compensate in regions of the parameter space where the slow MAG waves
are only weakly coupled, and visa versa, keeping the overall damping rate effectively
constant.

• In highly inclined field (9 > 7(T) at constant frequency, the decay rate has a substan-
tial local maximum at <j> » 45°. However, this enhancement is still several orders of
magnitude less than the values exhibited at lower inclinations with the same <j>.

• The complicated topology over the iv, 0)-plane seen in the two-dimensional case (Chap-
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tcr 3) persists for three-dimensional propagation. Indeed, the topology itself varies
dramatically with 0.

• Wo found a new type of highly damped solution, the 7-modes, which mninly exist
in highly inclined field. Unfortunately, limitations of the numerical method in the
highly inclined field regime prevented a complete exploratiou of the 7-mode solutions.
In general, our result tend to suggest highly inclined fields (approaching horizontal)
warrant more detailed analysis.

• The horizontal spatial decay rate of the 7r-modes varies substantially with both fre-
quency and inclination. In comparison to vertical field, we found that 7r-modes with
n > 1 undergo significantly enhanced mode conversion in moderately inclined fields
(0 cs 20° - 60°, depending on the mode and frequency). As was found in the two-
dimensional case (Chapter 3), the enhancement is most pronounced at higher frequen-
cies. For the /-mode (n = 0), damping is most efficient in vertical field though in some
cases the variation with inclination is weak.
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Chapter 5

The contribution by thin magnetic
flux tubes to p-mode line widths

! In the previous two chapters we investigated the fate of oscillations propagating through a
slab of uniform, non-vertical magnetic field. In this chapter we focus on highly non-uniform
field - an atmosphere threaded by numerous widely spaced, thin magnetic flux tubes. The
plasma-/? inside the tubes is assumed to be independent of depth. Consequently, conversion
of p-modes to tube modes may occur over the entire length of the sub-photospheric tube. We
calculate the contribution to p-modc damping resulting from tube modes escaping down into
the solar interior and up into the upper solar atmosphere.

5.1 Model and method

In this section we describe each of the components which constitute the model. Firstly, we
discuss the model for the non-magnetic convection zone in which the flux tube is embedded,
and the oscillations it supports (the p-modes). We then discuss the thin flux tube - both it's
static equilibrium configuration and the oscillations it supports (the tube modes, which are
driven by the p-modes). The upper boundary condition is discussed in detail, accounting for
a previously neglected physical process - the loss of energy to the upper solar atmosphere by
the excitation of waves in the chromosphere and corona. Finally, we calculate t;he p-mode
damping rates resulting from the excitation of the tube modes.

5.1.1 Truncated polytrope

The equilibrium structure of the non-magnetic convection zone in which the thin flux tube
is embedded is modelled as a plane-parallel, truncated, isentropic polytrope with index m.
The vertical variation for the density and pressure have the familiar form:

f / 2 \ m + 1

Pe (z) = Po ( - ~ ) a n d (
f z\ / 2 \

=Po ( ~— 1
where p0 = pogz0/ (m + 1) and m = 1/ (7 - 1), the subscript "e" refers to quantities external
to the tube, whereas unsubscripted quantities are internal. The truncation depth, z = —z0,

114



taken as the surface of the model convection zone, is assumed to coincide with the r0 5 ~ 1
level of the photospheric reference model provided in Table 11 of Maltby et nl (1986). So
p0 = 2.78 x 10"4 kg m~3, p0 = 1.21 x 104 kg i i f V 2 , and g - 2.775 x 102 m s~a arc adopted
as the characteristic physical scales at the model photospheric surface. The validity of this
model atmosphere was discussed in detail in §3.2.

5.1.2 Oscillations of the truncated polytrope

The solar p-modes are modelled as the acoustic oscillations of the truncated polytrope. The
acoustic oscillations are assumed to be linear, adiabatic, steady-state and monochromatic
with an angular frequency u (real and non-negative). A detailed discussion of the oscillations
supported by a truncated polytrope can be found in Bogdan and Cally (1995). Wo re-iterate
the features vital to our investigation.

The acoustic oscillations of the truncated polytrope are assumed to be adiabatic, therefore,
the perturbed fluid density, 5p(x,t), pressure, Sp(x,t), and the displacement of the fluid
element from its rest position, £(#,£), may be derived from a velocity potential <&(x,t):

(5.1)

where Cs = {—gz/rn)1'2 is the adiabatic sound speed. The velocity potential satisfies the
partial differential equation (Lamb, 1945, p. 548)

= ~Pe~KPr > a n a "Pe — ~7^"TT^" >

(5.2)

Subject to the boundary conditions; that evanescent modes decrease at the lower boundary
(i.e., <!> —> 0, as z —> — oo), and the Lagrangian pressure perturbations vanish at the surface
(i.e., V • £e —»• 0, as z —> — *~); it may be verified that

<x*(knx-ut) (5.3)

is the relevant solution of equation (5.2), where it is assumed (without loss of generality) that,
travelling waves propagate in the positive rr-direction (i.e., kn > 0). In equation (5.3), s =
-z/z0 is the dimensionless depth, vl = mu2z0/g is the squared dimensionless frequency, kn =
ui/2Knz0 is the (real) horizontal wavenumber, WKll^ is the Whittaker function (Abramowitz
and Stegun, 1964, Chapter 13), /i = (m - l)/2 chaiacterises the stratification, and An is the
mode amplitude (which is arbitrary but may be specified by some appropriate normalisation).
The parameter nn is constrained to take on a discrete set of values, being the solutions of

W,Kn (5.4)

Equation (5.4) is just the requirement that V • £e ->• 0, as z -)• —z0 (see Bogdan and Cally,
1995).
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The acoustic oscillations satisfy a wave energy conservation law (e.g., Eckart, I960, Chap-
ter 4),

1
dt

1
2Pe dt

which is the sum of three terms: the first is the kinetic energy associated with the oscillations
(oc pe |#£c/cto|2), the second is the internal energy (ex |<5pc|

2), and the third is the wave
energy flux carried by the perturbations (oc 8pe(d£e/dt)), The time-average p-mode energy
underlying a surface area 4TTRQ (where RQ is the solar radius) is then

(€n) - 4irR%
*/u r-*a

where

2 OL r rh

^ J-n/uj J-oo
TlPe

OZe
dt + 27Pe

\he dzdt

(5.5)

* • • <5-6>

{£/») quantifies the amount of p-mode energy available to excite oscillations in the sub-
photospheric magnetic flux tube.

5.1.3 Thin magnetic flux tubes

The flux tube embedded in the truncated polytrope is modelled as a thin magnetic flux tube
(e.g., Defouw, 197G; Roberts and Webb, 1978; Spruit, 1981; Ferriz-Mas and Schiissler, 1989).
This means that the radius of the flux tube, R(z), is everywhere small compared to the
local density scale heif lit, H(z) « \z\ /m, and the characteristic length scale of the p-mode
forcing, X± % g/u2. The thin flux tube approximation is reasonable for the small-scale intense
flux tubes which populate the solar photosphere. These small-scale intense flux tubes have
diameters of about 100 km (e.g., Stenflo, 1978) and are embedded in an atmosphere with a
density scale height of order a few hundred kilometres. Likewise, the horizontal wavelength of
the 7>-modes is of order several hundred kilometres or more. However, above the photosphere
the approximation is unreliable (see BHCC), the model we adopt there is discussed later
(§5.1.5). We also assume that the flux tubes are sufficiently separated that the interaction
between neighbouring tubes (e.g., multiple scattering) can be neglected. This assumption
is reasonable for the solar photosphere, where the surface magnetic filling factor is of order
0.01.

Under the thin flux tube approximation it is possible to neglect the variation of any
physical quantity across the lateral extent of the tube. Therefore, the total pressure (gas +
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magnetic) is constant across the tube, anil so for the tube to be in mechanical equilibrium
with its surroundings, we must have (e.g., Roberts and Webb, 1978)

„ (z\ ~ pfz\ + -B2 (z) (5.7)

where B (z) es is the magnetic field inside the tube.
We also assume that the magnetic flux tube is in thermal equilibrium with its surround-

ings, Te (z) — T(z). We discuss the validity of this assumption shortly. It then follows (by
combining eq. [5.7] with the equations for hydrostatic equilibrium, dp/dz = -pg, inside and
outside the tube) that the plasma-/?, defined as

0

is independent of depth for a tube in an atmosphere of arbitrary vertical stratification (e.g.,
Roberts and Webb, 1978). For the sub-photospheric flux tube, embedded in the truncated
polytrope, the density, gas pressure, and magnetic field strength inside the tube, respectively,
are given by:

0 0
a n d

Therefore, the stratification inside the flux tube is also an adiabatically stratified polytrops
of index m, with a density and gas pressure reduced everywhere by the constant factor

0/(0+1)-
We have assumed that a sufficiently thin magnetic flux tube will quickly be brought into

thermal equilibrium with its surroundings by radiative diffusion. Below the photosphere the
radiative diffusion time-scale for a flux tube is

T.;v = R2 (z)
[ ' *(Z) '

where K = 16crsT
3/ (3cpp

2k) is the thermal diflusivity (as = 5.67 x 10~8 kg s~3 K~4 is the
Stefan-Boltzmann constant, cp = ^R/ (7 - l)ng is the specific heat of the gas at constant
pressure, R = 8.314 x 103 m2 s~2 K"1 is the universal gas constant, /ig = 0.6 is assumed,
and k is the opacity). The radius of the sub-photospheric constant-/? flux tube varies as
R2 (z) oc B~ l (2), and we take R {—z0) - 150 km. Therefore, for the thin flux tube embedded
in the truncated polytrope (with rn = 3/2),

r(z) =
-13/4

where r0 = 643 seconds, and we have employed Kramers' opacity law, k oc pT '/2, with
^(-^o) = M"1 in2 kg"1. Near the photosphere r is of order several minutes. Below the
photosphere r decreases rapidly with depth, to values of order a few seconds at z = ~5z0 «
2 Mm. The observed lifetimes of the flux tubes populating the solar photosphere vary from a
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few hours to a few days. For example, the elements (flux tubes) of moving magnetic features,
in the. vicinity of sunspots, have average lifetimes 4 hours (Zhang, Solanki, and Wang, 2003),
intranetwork magnetic elements have average lifetimes of 2 hours (Zhang et a/., 1998), and
magnetic network elements have average lifetimes of 50 hours (Liu et a/., 1994). As the
lifetimes of the flux tubes greatly exceed the radiative diffusion time-scale, the assumption
that flux tube is in thermal equilibrium with its surroundings is plausible.

5.1.4 Oscillations of the thin magnetic flux tube

Spruit (1981) showed that the steady-state, linear oscillations of an isolated, thin, untwisted
magnetic flux tube can be completely described by transverse, £1(2,*), and longitudinal,
£|l (2, t), displacements. In the literature, these flux tube oscillations are commonly referred
to as kink and sausage modes, respectively. We consider the oscillations of the thin magnetic
flux tube (the sausage and kink modes) to be driven by fluctuations associated with incident p-
modes. The sausage modes are generated by fluctuations in pressure, whereas the kink modes
are produced by lateral velocity shears (i.e., magnetic tension associated with curvature of the
flux tube). Figuro 5.1 provides a simplified illustration of the tube mode excitation process
(for the kink modes). As the flux tube is much thinner than the horizontal wavelength of the
p-modes, the tube modes are a result of the temporal driving by the p-modes (i.e., the tube
responds to the p-mode frequency, rather than the wavelength).

For a constant-/? flux tube embedded in an isentropic polytrope of index m, the PDEs
governing the sausage and kink mode displacements, respectively, are:

2gz
2m + P(m + l)Jh?

(m+!) ( /?+1)
2m + (i{m + 1) dzdt2 '

2(1+/?)

(5.8)

OP ' (m + 1 )(1 + 2/?) dz* ' 1 + 2/9 foj S i 1 + 2/? dxdt2 ' (5<9)

where <1> is the potential associated with the incident p-mode (eq. [5.3]) evaluated along
the equilibrium location of the flux tube axis (taken as x = 0). The derivation of the
governing PDEs (5.8) and (5.9) is outlined in BHCC (their Appendix A, but see also Defouw,
1976; Ryutov and Ryutova, 1976; Roberts and Webb, 1978, 1979; Spruit, 1981; Ryutova and
Priest, 1993a; Hasan, 1997). In the limit of vanishing magnetic field, /? —> co, the spatial
derivatives on left-hand sides of the PDEs (5.8) and (5.9) vanish, which then implies £ = V3>,
consistent with the fluid displacements associated with the p-modes (eq. [5.1]). Hence, finite/3
effects (i.e., non-zero magnetic fields) cause the motions of the flux tube to deviate from that
associated with the p-modes, which then causes the p-modes to be scattered and absorbed
by the flux tube.

The coefficients of the governing PDEs (5.8) and (5.9) are independent of time, t. There-
fore, it is reasonable to use the method of separation of variables and assume the displacements
have the form:

, t) = Re [£„ (a) and , 0 = (S)
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Figure 5.1: A sketch of a thin magnetic flux tube being buffeted by p-modes. The undisturbed surface of
the truncated polytrope is indicated by the horizontal dashed line, and the undisturbed position of the flux
tube is represented by the vertical dot-dashed line (x = 0). This sketch emphasises the excitation of the kink
modes on the tube, induced by lateral velocity shears in the surroundings. Above z = —z0 the thin flux tube
approximation breaks down. Hence, the extension of the tube above this level serves as an illustration only.
Reproduced courtesy of BHCC.

It can then be shown that the governing PDEs (5.8) and (5.9) for the longitudinal and
transverse oscillations reduce to the same inhomogeneous ordinary differential equation,

(5.10)
ds- s ds s

where a denotes either || or X,

and cx =
2m

and

is the driving term for the sausage modes, and
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is this driving term for the kink modes.
The displacement associated with the sausage and kink modes is required to satisfy bound-

ary conditions at the top (z = -z0) and the bottom (z -> -oo) of the flux tube. At the
bottom of the flux tube an outward radiation condition is imposed. At the top of the flux tube
both upward- and downward-propagatiug tube modes are required - an upward-propagating
tube mode will partially couple onto waves in the overlying atmosphere, which themselves
may be subject to reflection within the chromosphere or corona, or from the transition region.
In the case of the kink modes we will consider three distinct models of the corona.

Expressions for the free oscillations of the sulvphotospheric flux tube (i.e., eq. [5.10]
with fa = 0), satisfying one or other of the bottom and top boundary conditions, are re-
quired in constructing the Green's function for the driven tube. We represent the solution
satisfying the bottom (outgoing wave) condition by ^ j . a i 'd '0|| (horizontal aud vertical dis-
placements), and that satisfying the top (as yet unspecified) condition by displacements <f>±
and $||. These can be expressed concisely in terms of Bessel functions (Abramowitz and
Stegun, 1964, eq. [9.1.53]),

and

(5.11)

(5.12)

where // , , ' and ///4 denote the Hankel functions of the first and second kind, respectively.
At the bottom of the flux tube the homogeneous solution ipa («q. [5.11]) represents a

downward-propagating tube mode, as s -> oo, satisfying the outgoing radiation condition. At
the top of the flux tube, 5 = 1, the homogeneous solution <f>a (eq. [5.12]) satisfies the condition
that both upward- and downward-propagating tube modes be present. The inclusion of
the complex parameter, \a (Hindman, 1997), allows a range of boundary conditions to be
imposed at the top of the thin magnetic flux tube. The specific form of Xa is calculated
by matching the particular solution onto upward- and downward-propagating waves in the
overlying atmosphere. The details of this matching and the model of the overlying atmosphere
wi'l be addressed later (§5.1.5). Provided m is not an odd integer, the Wronskian of the two
homogeneous solutions (5.11) and (5.12) is non-zero within the domain of the truncated
polytrope. So the two homogeneous solutions are linearly independent for any value of the
parameter A ,̂ and the particular solution for the driven tube,

I (s) = ~*a 00 f r"+V* (r) Ja (r) dr -~<i>a (a) f°° r"+1V*r (r) /„ (r) dr,

is constructed using a Green's function formulation.
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5.1.5 Upper boundary conditions

BHCC deliberately neglect tho presence of the overlying atmosphere by imposing the stre>ss-
free boundary condition at the photosphere. For the sausage modes this requires that the
dilation vanishes (i.e., V • £ = 0 at s ~ 1), niul for tho kink modes the magnetic tension
(a d2t±/dz2) must vanish. The stress-free boundary condition constrains the form of the
complex parameters, Xai for the sausage and kink mode respectively,

- ( ! + , , ) ( ! + ft) H® (21/^6") - u

(1 + /*) (1 + ft) 4l)
4-

(1 +/i)(l+ ft) HlP (2^) 'J+i
(5.13)

+ (1 (2ufe~x)

/0
(5.14)

where /.. and l\_ are defined as

dr,

./1

(5.15)

(5.16)

In this investigation, we simulate the overlying solar atmosphere with a simple two layer
model: chromosphere and corona. The transition region is actually very thin in comparison
with the vertical length scales associated with the oscillations involved, so treating it as
a discontinuity is reasonable. The chromosphere is modelled as an isothermally stratified
layer, with temperature Tc/, = 104 K, and with a thickness of ten density scale heights (i.e.,
ZCOT — Zch — lO^c/i, where Hch is the density scale height in the chromosphere, zc\x = — z0 and
zcor are the locations of the base of the chromosphere and corona., respectively). The density
and pressure inside the flux tube have the familiar form:

ft Pozo

l)Hch

for
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whero Htu ~ i£Tr/,/(/*,,</), R is tho gas constant and fig is the mean particle weight, and
the pressure is continuous across the temperature discontinuities. Tho corona is modelled
as an infinite layer with temperature Tvor ~ 2 x 106 K (assuming [i(l = O.(J throughout
tho atmosphere). We investigate both sausage and kink modes assuming an isothennally
stratified corona, with density and pressure inside the flux tube:

-1 0

'cor
( zcor ~ z \ i \

Hcor J
f •cot

i cor

for 2 > z,> zcor,

where HCOr — RTcor/ {tigg) is the density scale height in the corona. The Alfven waves are
totally reflected in an infinite, isothennally stratified corona (see e.g., Cally, 1983; An et ai,
1989), so for the kink modes we also consider the case where the corona is homogeneous
and tho Alfven waves propagate; freely. In this case the density and pressure (inside the flux
tube),

P- p =
,-10 for z > z.c. •'•cor (5.17)

are constant-
Above the photosphere the magnetic flux tube can no longer be modelled as thin. At

the photosphere-chromosphere interface the sausage modes couple onto MAG waves, and the
kink modes couple onto Alfven waves. Cally (1983) studied the propagation of MAG and
Alfven waves in a similar chromosphere-corona system, and found that the energy flux of
Alfven waves propagating into the corona is highly sensitive to the degree of spread of tho
magnetic field lines of force, whereas the energy flux of MAG waves is not (see also Schwartz,
Cally, *»:id Bel, 1984). Consequently, we are justified in neglecting the field spread when
discussing MAG waves, i.e.,

B = for z > zc

For the Alfven waves, however, the magnetic field must be treated carefully - we allow it to
spread open with height. In the chromosphere the vertical component decreases exponentially
with height,

B = for zch < z ; ; zu , . ---! I T\—77— / C S ' IUI ĉ/> ^ * _. ^cor> (5.18)
/? + 1 \ Icttich J

where a is a free parameter. We take a — 1.2, so that the Alfven speed in the chromosphere
increases much less rapidly than the uniform field case. It is assumed that the radial com-
ponent of the field is negligible. In the corona we consider the magnetic field to be either
straight, uniform and vertical,

£«•* «-•*•*, , lor z>
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or straight and radial (aco Cally, 1983),

a

' cor \ « r ^
e r , for z > z.cor i

where rcor = R (zCOr) /s'mOm [9m is the angle at which the field lines are spreading), r is the
distance along the field lines, and er is the unit vector in the radial direction.

Across the interface at s = 1, where the sub-photospheric thin magnetic flux tube matches*
onto the essentially vertical chromospheric magnetic field, the vertical component of the
magnetic field is continuous. It is reasonable to neglect the horizontal component of the
sub-photospheric magnetic field since the flux tube is thin, and therefore, the horizontal com-
ponent is negligible. Across the transition region, for the cases where the coronal magnetic
field is straight, uniform and vertical, the direction and magnitude of the magnetic field are
continuous. For the Alfven waves at the transition region, where the essentially vertical chro-
mospheric magnetic field mutches onto the straight and radial magnetic field in the corona,
the direction of the magnetic field changes discontinuously, This treatment is not entirely
self-consistent, and it is possible that this simplification will lead to unphysical Alfven wave
reflection at the transition region. It would be desirable to have a continuous, spreading mag-
netic field permeating the entire atmosphere (e.g., Bogdan, 1999); however, the complications
of such a configuration are not addressed in this simple investigation.

The equations governing the vertically propagating waves in the overlying atmosphere
are just equations (3.2)-(3.4) with exactly vertical field (9 = 0) and k = 0. In this case, the
system (3.2)-(3.4) reduces to three uncoupled equations. The two equations governing the
transverse displacements (eqs. [3.2]-[3.3]) are

(5.19)

where £j_ — C o r T)- Equation (5.19) suggests, in addition to the usual Alfven wave with
displacement r/kj_, there is a second Alfvenic solution with displacement £k. The equation
governing the longitudinal displacement (eq. [3.4]) is

= 0, (5.20)

where £|| = £.. Equation (5.20) is just the equation for a vertically propagating sound wave.
This is the slew MAG wave solution, for the remainder of this chapter we refer to it simply
as the MAG wave solution.

The boundary condition at the photosphere, z — -ZQ = zch, is imposed by matching the
sausage (kink) modes onto upward- and downward-propagating MAG (Alfven) waves in the
chromosphere, which in turn match onto only upward-propagating MAG (Alfven) waves in
the corona (e.g., Appendix B of CBZ). An outward radiation condition is imposed as z —> oo.
The matching at each temperature discontinuity (z — zch, and the transition region z = zCOT)
ensures that the displacement and its vertical derivative are continuous (Leroy and Schwartz,
1982).
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Iu the isothermal stratified chromosphere, the solution of equation (5.20) representing the
upward- and downward-propagating waves is

J3ii exp for Zch < Z < ? cor , (0.21)

where t«7c/, = u;/wc/, = 2 (//c/i/ (z0 {m + I)))1 '2 v is the frequency in units of t:•'•• chromospheric
acoustic cutoff frequency wc/, = Cs/2Hch- In the isothermal stratified corona, the upward-
propagating MAG wave solution is

for Z > Zmr . (5.22)

where wcor — 2{HCOTj {zn (m + I)))1'2 v. We restrict our attention to the frequency range
where vo2

COT > 1. The MAG wave solutions of equations (3.2)-(3.4) with exactly vertical
field, isothermal stratification, and k ^ 0 are well developed: CBZ developed a Frobenius
series solution, whereas Cally (2001a, see also Zhugzhda and Dzhalilov, 1982) found an exact
analytic solution. The first term in the rapidly convergent series solutions match the k = 0
solutions above (eqs.[5.21j-[5.22j).

For an isothermal atmosphere the solutions of equation (5.19) can be written in terms of
Bessel functions of the first and second kind, Jo and YQ (e.g., Ferraro and Plumpton, 1958;
Hollweg, 1978; Thomas, 1978; Leroy, 1981; Leroy and Schwartz, 1982; An et a/., 1989). In
the isothermal stratified chromosphere, the solution representing upward- and downward-
propagating Alfven waves is

(*) = ALJ0 -f, exp
L ^Ah

77 e xP
zch~Z

) ] • (5.23)

for zch < z < zcor,

where Lch — «/fc/,/(a - 1), and C,\,ch = {ZgHch/fl) 2 is the Alfven speed at the base of
the chromosphere (as z —> z^h). In the chromosphere, we have assumed that the vertical
component of the magnetic field decreases exponentially with height (eq. [5.18]). Therefore
the radial component of the field is non-zero, and the method of separation of variables
(used to derive eqs. [3.2]-[3-4]) is not valid. Consequently, the solution (5.23) is only a first
approximation, which is reasonable for the exploratory purposes of this investigation. In
the homogeneous corona, v/ith uniform vertical field, the upward-propagating Alfven wave
solution (eq. [3.18]) is

= Cj_exp \iu for z > z.C •'•cor
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where CU,cor = (2#,ffrorexp[-10(l - a) /a]/fl)1/2 is the Alfven speed at the base of the
corona (as z -> z+0T). In the isothermal stratified corona, with uniform vertical field, the
physical solution for the Alfven waves is

for z > zc

In this case, the Alfven waves are totally reflected in the infinite corona. Consequently no
energy is lost out the top of the tube. In the homogeneous corona, with straight and radial
field, Cally (1983) found that the Alfven wave solutions can bo expressed in terms of the
Bessel functions J\JQ a n d J-\/6. The outward radiating Alfven wave solution is

for r > r,c. 'cor

The boundary conditions (ensui ng continuity of the displacement and its vertical deriva-
tive at z = zch and z = zcor) completely constrain the particular solution for the displacement
throughout the entire flux tube by fixing the parameter Xa and the amplitudes of the MAG
and Alfven waves in the overlying atmosphere Aai Bff, and Ca. The exact form of the complex
parameter \a and the amplitudes of the waves in the overlying atmosphere, Aa and Ba, are
not particularly illuminating to this discussion, and are therefore not included. The matching
coefficients Xa and Ca are, however, required for the calculation of the energy fluxes escaping
out of the top and the bottom of the flux tube. Expressions for C\\ and Ay can be found in
Appendix E.I. Expressions for C± and \±, for the three distinct models of the corona, can
be found in Appendix E.2 (homogeneous corona, with uniform vertical field), Appendix E.3
(isothermal stratified corona, with uniform vertical field), and Appendix E.4 (homogeneous
corona, with straight, and radial field).

5.1.6 Mode damping

The power carried by the waves radiating out of the top and the bottom of the tube can
be calculated in an identical fashion to I3HCC (see their §5 for details). Asymptotically, as
z —> -co, a constant time-averaged power is carried off by the sausage and kink modes,

lim
Z-+ — 00

-*#(*)*,•- ?-(lt

where Fff is the wave energy flux of the sausage and kink modes (which can calculated using
eq. [4.35] and the particular solution for the displacements). Likewise, as z -> oo, the MAG
and Alfven waves carry a constant time-averaged power,

lim
z->oo

TTT?2 (*) e, — f F+d«
27r J-nlu,

W

where Fjr is the wave energy flux of the MAG and Alfven waves (eq. [4.35]).
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The oscillations of tho flux tube are a direct result of the p-mode forcing, and therefore
energy conservation requires that the p-modo oncrgy decline accordingly. This loss of energy
translates into a p-mode lino width contribution, defined as

where (£n) is tho time averaged p-mode energy underlying the model solar photosphere
(eq. [5.5]). For the longitudinal and transverse components tho p-mode line width contribu-
tions are, respectively,

(5.24)

(5.25)XP
8m «?.

r + t J L

where Nn is the p-mode energy normalisation integral (eq. [5.6]), and / = 7rA'o/47ri?0 is the
surface magnetic filling factor {RQ is the radius of the flux tube at z — -z0). The integrals
in ' and rL' are defined similarly to /, and I\ ' (see eqs. [5.15] and [5.16]), with the H^ '

replaced by H^ . The upward radiation boundary conditions constrain the parameter Aff,
and the contributions F*,, and FjJ"j_. In that case, the terms F^., and F ^ correspond to the
line width contributions from the MAG and Alfven waves escaping high into the corona.

The expressions (5.24) and (5.25) are valid for any boundary condition at the top of the
photosphere. For the stress-free boundary condition Aff take the form of equations (5.13) and
(5.14), and F^,, and F "̂j_ arc both zero. For the upward radiation boundary conditions, the
line width contributions, F+ff, are given in Appendix E

5.2 Results

The key results of this investigation are summarised in Figures 5.2-5.4. In these figures, the
ratio F/u divided by the magnetic filling factor / is plotted as a function of dimensionless
squared frequency u2 — mu)2z0/g for poly tropic index ra = 1.5 and two different values of
the plasma-/?. The true p-mode frequency, w/27r, is indicated along the upper axis of each
figure. For each figure the line width contribution due to the excitation of the downward-
escaping sausage or kink modes alone is plotted as a full curve; the contribution due to the
excitation of the upward-escaping MAG or Alfven waves alone is plotted as a dashed curve.
For purposes of comparison the results of BHCC, with the stress-free boundary condition
imposed, are also presented (dotted curve).

5.2.1 General Comments

The distinctive feature of Figures 5.2-5.4 is the resonances along the line width curves - a
property common to the sausage and kink mode results, The line width contribution of the
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upward-radiating MAG and Alfvihi waves ahows the behaviour expected for standing waves
sotting up resonance iu the chromospheric cavity (e.g., Schwartz and Leroy, 1982; Gaily,
1983; Schwartz, Cally, and Bel, 1984; Cally, Bogdan, and Zweibel, 1994). The line width
contributions for the downward-radiating sausage and kink modes also exhibit: resonances
- evident as the sharp troughs. At these frequencies, the downward-radiating tube modes
(partially) decouple from the p-mode forcing. Both line width contributions from the upward-
and downward-radiating waves exhibit similar frequency variation. Such frequency variation
is not evident when the stress-free boundary condition is imposed, where the curves tend to
flatten out with increasing frequency (see BHGC).

The important result for this investigation is that the line width contribution of tube
modes escaping out of the bottom of the tube is more significant (except at decoupling
frequencies) than the MAG and Alfven waves escaping out of the top of the tube. This
suggests that modifying the boundary condition at the top of the photosphere has done little
to increase the ability of the tube to absorb p-mode energy. In some cases, however, the
line width contribution of tube modes escaping out of the bottom of the tube is substantially
increased (except at decoupling frequencies) in comparison to the corresponding BHCC result.
This somewhat surprising result is explained in detail iu the last subsection, §5.2.4.

Overall, the /-mode is damped more than thop-modes, and low order p-modes are damped
more than high order ones. This is in qualitative agreement with the observations of Korzcn-
nik (1990) and was also clear in the results of BHCC.

Firstly, we examine the sausage and kink modes separately. The important common
results, including the reason for the decoupling troughs, are discussed last.

5.2.2 Sausage Modes

Consider first the axisymmetric (sausage) modes (Fig. 5.2). Clearly the /-mode line width is
significantly enhanced when the radiation boundary condition is imposed. This is also true
for the case with plasma-/? = 0.1 (not pictured). It should be noted that in the cases with
the weaker stratification (m = 1.5) and stress-free boundary condition imposed (BHCC),
the sausage mode excitation by the /-mode was particularly weak, decreasing for large fre-
quencies. In cases with stronger stratification (e.g., m = 3.85) and the radiation boundary
condition imposed, the enhancement over the BHCC result is less impressive.

The pi-mode line width is indicative of the p-modes of higher radial order n. It can be
seen that the contribution from the upward-escaping MAG waves is at most just above the
BHCC result, and the peaks of the contribution from the downward-escaping sausage modes
is almost an order of magnitude greater than the BHCC result. For the plasma-/? = 0.1 (not
pictured) the sausage mode results are very similar, but the MAG wave contribution is even
less significant. The behaviour of the line widths seen here is indicative of the situation with
different poly tropic stratification (e.g., m = 3.85, not pictured).

In all cases t\v. sausage mode results with the radiation condition imposed show similar
variation with radial order n to the results of BHCC. For the /? = 1 case, the variation of
the line width with radial order is moderate, and for the (i = 0.1 it is very weak. For both
values of plasma-/?, the troughs for the /-mode occur at frequencies different to those for the
p-modes; this is clear in Figure 5.2. The frequency of the MAG wave resonances show no
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Figure. 5.2: Variation of the / - and pi-mode line width F as a function of dimensionless squared frequency
v2 = mu)2z0/g due to the excitation of the sausage modes on thin magnetic flux tubes having a magnetic
filling factor / . The dashed curve shows the line width contribution due to the MAG wave excitation alone
(wave flux out the top), the full curve shows the line width contribution due to the sausage modes alone (wave
flux out the bottom). Note the sharps troughs are not fully resolved. The dotted curve shows the line width
contribution due to the sausage modes with the stress-free boundary condition imposed (BHCC). Along the
upper horizontal axis the actual 7J-mode frequency, w/2n, is indicated. For this plot the polytropic index
m = 1.5 and the plasma-/? within the (photospheric) flux tube is unity. The chromosphere and corona are
taken as isothermally stratified, permeated by a straight, uniform, vertical magnetic field, (a) The /-mode
(n = 0), and (b) the pi-mode (n = 1).

1

variation with radial order. In the case of the kink modes, the frequencies of the resonances
also show no variation with radial order.
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5.2.3 Kink Modes

Figures 5.3 and 5.4 show the key results for the oxrited transverse modes : kink modes
mid Alfvtfn waves. Each plot has a different coronal model. Figures 5.3(a) and 5.4(a) show
the results for the homogeneous corona permeated by a straight, uniform, vortical magnetic
field. Figures 5.3(b) and 5.4(b) show the results for the isothernmlly stratified corona with a
straight, uniform, vertical magnetic field; in this case there is no energy (lux of Alfvon waves
as z -> oo because of total reflection in the infinite isothermal corona. This has been realised
elsewhere (e.g., Cally, 1983; An et n/., 1989). Figures 5.3(c) and 5,4(c) show the results for
the homogeneous corona permeated by a straight, radial magnetic field; the field lines are
spreading at an angle of 30° to the vertical, and the radius of the thin magnetic flux tube
at the top of the photosphere, z ~ -z0, is 100 km, in rough agreement with observations
(e.g., Stentlo, 1978). In both cases where the corona is assumed homogeneous, the Alfven
waves propagate upward without reflection, as z -> oo. In each case the chromosphere is
isothormally stratified, and the vertical component of the magnetic field decreases exponen-
tially with height. It was found that the variation of the chromospheric magnetic field hail
little effect on the overall damping, and only changed the frequency of the resonances. The
frequency of the resonances changes because changing the ambient magnetic field strength
changes the wavelength of the Alfven waves. Variation of the chromospheric field had a small
effect on the upward energy loss, but this is inconsequential since the upward energy losses
are so small relative to their downward counterparts. In each case the pi-mode result is
plotted since it is indicative of the behaviour exhibited by the modes of higher radial order.
It turns out that, relative to the BHCC result, the /-mode damping is slightly suppressed in
the case of plasma-/? = 0.1, and is hardly changed (except for the resonance behaviour) for
plasma-/? = 1.

Figures 5.3 and 5.4 show that in all cases the line width contribution of upward-radiating
Alfven waves is insignificant (by several orders of magnitude) compared with the contribution
of downward-escaping kink modes. It should be noted that this is highly dependent on the
temperature of the corona - if the temperature of the model corona is decreased (to perhaps
unrealisticaUy low values), the energy flux of upward-propagating waves (both MAG and
Alfven waves) does increase. The interesting result from Figures 5.3 and 5.4 is the similarity in
the results for flux tubes with different coronal models. This indicates that the coronal model
is relatively insignificant and it is the coupling onto the chromospheric Alfven waves which
is important. It should be noted that in the case of the isothermal corona (Figures 5.3(b)
and 5.4(b)) there are extra (weaker) decoupling frequencies due to the total reflection in
the corona (see discussion in the next subsection). Figure 5.4 shows that for the tube with
fi = 0.1, the kink mode line width contribution is virtually identical to the BHCC result
except at decoupling frequencies. For the tube with 0 — 1 (Fig. 5.3), the peaks of the kink
mode line width contribution are significantly greater (above an order of magnitude) than the
BHCC results. For this case {fi — 1), the jf>mode excitation of the kink modes is comparable
to the sausage modes. The multiple decoupling resonances evident for the sausage modes
and the kink modes with (3 — 1 are not in the considered frequency range for the kink
modes with fi = 0.1. This is a result of the dependence of the Alfven wavelength on ambient
magnetic field strength. The (stronger) decoupling frequencies are the same for both cases
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Figure 5.3: Variation of the pi-mode (n = 1) line width F as a function of dimensionless squared frequency
v* = mui2z0/g due to the excitation of the kink modes on thin magnetic flux tubes having a magnetic filling
factor / and a plasma-/? of unity. The dashed curve shows the line width contribution due to the Alfven
wave excitation alone (wave flux out the top), and the full curve shows the line width contribution due to the
kink modes alone (wave flux out the bottom). The dotted airve shows the line width contribution due to the
kink modes with the stress-free boundary condition imposed (BHCC). Along the upper horizontal axis the
actual p-mode frequency, W/2TT, is indicated. For these plots the polytropic index m = 1.5. (a) The corona
is modelled as homogeneous (unstratified) and permeated by a straight, uuiform, vertical magnetic field, (b)
The corona is modelled as isothermally stratified, the magnetic field is straight, uniform and vertical. There
is no contribution from upward-escaping Alfven waves in this case due to complete reflection in the infinite
corona, (c) The coronal magnetic field is modelled as radial and straight (spreading at 30° to the vertical),
the corona is homogeneous (unstratified). Note in each of the cases a, 6, and c, the BHCC result (dotted
curve) is identical-
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Figure 5-4: Same as Figure 5.3 but for plastna-/3 = 0.1 inside the (photosphcric) thin magnetic flux tube.

with coronal magnetic field straight, uniform and vertical (Figs. 5.3(a) and (b), and 5.4(a)
and (b)). In the case with the coronal magnetic field straight and radial (Figs. 5.3(c) and
5.4(c)), the decoupling frequencies are shifted because ol the Alfven wavelength changing with
the character of the magnetic field. Also in the case with the coronal magnetic field straight
and radial, the simplification that the magnetic field direction changes dLscontinuously at the
transition region has negligible effect on the results (verified by numerical experiments with
the temperature discontinuity removed). For the kink modes, the dependence of the line
width on radial order n is weak for the case fi = 0.1, but quite strong for 0 = 1, as in BHCC.
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5.2.4 Overall Picture

Allowing wave propagation in the overlying atmosphere luus changed how the entire thin
magnetic flux tube responds to p-mode forcing. In particular, the amplitude of tho downward-
escaping tube modes luus been drastically affected by the boundary condition at the top of
the photosphere. Within the flux tube thero aro upward- and downward-propagating waves.
The downward-propagating waves may be a result of reflections at the top of the photosphere
or at the transition region, and also tubo modes that propagate downward initially. It is the
interaction (interference) of all the waves everywhere inside the flux tube that determine the
amplitude of the radiating tube modes, along with the correlation between the ;*-mode forcing
(the Whittaker function) and the fiux tube response (the Hankel functions). Mathematically,
the presence of the integrals /£ and ii"' and the parameter Xa in equations (5.24) and
(5.25) quantify these interactions. The interference of the various tube modes depends on
the relative phase of each individual wave - this is highly dependent on the effect that the
reflections at the top of the photosphere and the transition region have on the downward-
propagating waves. The decoupling troughs arc a direct result of the high reflection at the
transition region temperature discontinuity; when the discontinuity is removed, the troughs
disappear (verified by numerical experiments). The reflected waves are phase shifted relative
to the other propagating tube modes. For some frequencies the interference of the waves
is destructive, decreasing the amplitude of the downward-radiating tube mode (hence the
troughs). In other cases the interference will be constructive (hence the peaks). Evidently the
phase shift depends on the properties of the overlying atmosphere; for example, temperature,
magnetic field strength, and thickness of the chromospheric cavity.

Reflections at the top of the photosphere (z = -z0) also have a significant effect on the
tube mode excitation. It turns out (verified by numerical experiments) that for the ft — 1 case
with the stress-free boundary condition imposed, the upward- and downward-propagating
kink modes interfere almost completely destructively for the p-modes (less severely for the
/-mode). Hence, the kink mode excitation is suppressed considerably in comparison to the
tube with the radiation boundary condition where the interference is constructive (away
from decoupling resonances). This is also the case for sausage /-mode with in — 1.5 (see
Fig. 5.2(a)). For the sausage /-mode, when the stress-free bouudary condition is imposed
upward and downward waves interfere destructively; hence, the line width contribution is
strongly suppressed. For the kink modes with ft = 0.1 and the stress-free boundary condition
imposed, the interference between upward- and downward-propagating tube modes is is rel-
atively small. Hence, the contrast with the results of the tube with the radiation boundary
condition is less pronounced.

The observations of Korzennik (1990) are presented in BHCC (see their Fig. 9) and need
not be reproduced here. This graph plots the ratio of the line width F divided by the
angular frequency u for the /-mode and the p-modes of radial orders n = 1 - 5 (with degree
/ % 100 — 600). Broadly speaking, for all modes within the frequency range v ss 2 — 5 mHz
the ratio T/u lies in the range 5 x 10~4 - 5 x 10~3. For each mode, the ratio F/u/ forms a
ridge; along each ridge, T/ui increases with frequency. For any given frequency, V/u is largest
for the /-mode and decreases as the radial order n of the j>-modes increases. The theoretical
results of BHCC fall well short of the observations by an order of magnitude or more.
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The total line width contribution will be a result of damping due to both sausage and
kink modes propagating along the magnetic fibril.

whero r , , j | and r ? l | i *vre defined by equations (5.24) and (5.25), respectively. In all cases the
upward-escaping MAG and Alfven wav«s have little significance on p-mode damping. The
kink mode lino width contribution is significantly enhanced in one instance (m =1.5 and (3 —
1). But this is not the case that gives closest agreement with the observations of Korzonnik
(1990), which is m — 1.5 and /3 = 0.1, with magnetic filling factor / = 10~2 (see Pig. 9 of
BHCC). We are certainly limited by the frequency ranges of the observations. Figures 5.2 -
5.4 extend above 8 mHz which is substantially beyond the domain of the observations -
truncated at approximately 5 inHz. The observations of Korzennik (1990) show no evidence
of the resonance behaviour exhibited by line widths in this investigation. It would be expected
that the many tubes populating the solar surface would have different properties, for example
plasma-/^, and different flux tubes would be subject to different conditions - in reality the
overlying solar atmosphere would be non-uniform, having a temperature and chrornospheric
depth which vary over the solar surface. Therefore, resonances from individual tubes would
be smeared out and not resolvable. For the p-modes the total line width contribution shows
only weak dependence upon radial order n - a result which was presented by BHCC and is
evident in the observations of Korzennik (1990). Some of the general behaviour seen here is
consistent with observations, but quantitatively the results fall far short of the observational
results (Korzennik, 1990). In the favourable cases, the theoretical total line width calculated
here (not pictured) can account for only a few percent of the observed line width.

5.3 Conclusions

We investigated the contribution of tube node oscillations on thin magnetic flux tubes to
p-mode line widths. In particular, the effect of the upper solar atmosphere was examined.
We found that allowing wave propagation in the upper solar atmosphere certainly affects
the response of the thin magnetic flux tube to p-mode forcing. However, the effect is not
enough to account for an unmodelled component of p-mode damping. Alone, the line width
contributions of MAG and Alfven waves radiating out of the top of the flux tube are very
small, depending on the extent of the temperature discontinuity at the transition region.
The tube mode oscillations radiating out of the bottom of the flux tube are more effective
at removing energy from the driving p-modes. In some cases the contribution of downward-
radiating tube modes is significantly increased relative to the BHCC result, but not in the
case in best agreement with observations (Korzennik, 1990).

The simplified models of the upper solar atmosphere may pose limitations on the results
presented in this chapter. However, the essential physics has been retained, and the mecha-
nisms at work have been recovered; in addition, the results do not seem to depend strongly
on the exact nature of the model. The simple models of this investigation give a good insight
into the possibilities of more complicated models of the flux tube above the photosphere. One
approach would be to employ the flat canopy approximation for the flux tube beyond the
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photosphere (e.g., Bogdan, 1999). However, as indicated by the results of this investigation,
strong reflection at the temperature discontinuity of the transition region would most likely
retard large upward energy fluxes. It would be interesting to see if there was a dramatic
change in the downward energy fluxes of the tube modes.

Recently, Rosenthal et al. (2002) have performed numerical simulations of waves propa-
gating through magnetic structures in the solar atmosphere. Their models for the magnetic
field in the upper atmosphere are much more sophisticated than those used in this chap-
ter. Roscnthal et al. consider the propagation of waves (generated at the atmospheric base)
through both open and closed field structures, and chromospheric network and internetwork
regions. The results of Rosenthal et al. piovide many important physical insights. Of particu-
lar consequence to this chapter, their results indicate that to model the overlying atmosphere
properly nonlinear wave propagation must be taken into account.

The recent observations by Kornrn, Howe, and Hill (2000) found that from solar minimum
to solar maximum, the p-mode line widths increase by about 7% on average. The results
presented in the previous section and also those of BHCC are less than, but comparable in
magnitude to, this amount. This strongly indicates that the origin of the variation found by
Komm, Howe, and Hill is magnetic in nature, though we do not perform a detailed comparison
here.

Clearly, the mechanism responsible for the damping of p-modes remains unidentified. In
the ca.se of damping by small-scale intense magnetic flux tubes, many candidates are yet. to
be investigated. Dissipative effects such as radiative damping and resonant absorption are
also mechanisms that are known to increase the energy absorption from incident p-modes. A
dissipation mechanism in the overlying atmosphere would remove some of the energy from the
waves reflected within the chromosphere - which could also contribute to the chromosphere's
energy budget. To what extent these suggestions could affect p-mode line widths is an open
question.
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Chapter 6

Discussion and Conclusions

This thesis examined the interaction of solar p-modes with two distinct types of magnetic
flux concentration. The first type, a semi-infinite slab of non-vertical field, is applicable to
large scale structures such as sunspots and complex active regions. The second type, an
isolated thin magnetic flux tube, is a valid approximation to the plethora of widely-spaced,
small-scale intense magnetic flux tubes which account for roughly 90% of the magnetic flux
threading the solar photosphere.

6.1 Summary

In Chapters 3 and 4 we calculated the efficiency of mode conversion in non-vertical magnetic
field. Alone this problem is rather complicated. We broke the problem down into two parts.
Firstly, in Chapter 3, we considered two-dimensional propagation where the Alfven waves
are decoupled, and calculated the efficiency of fast-to-slow mode conversion. Secondly, in
Chapter 4, with the insight gained in Chapter 3, we extended our attention to the case of
three-dimensional propagation. In this case, mode conversion occurs between all three types
of waves: fast and slow MAG waves, and Alfven waves. We calculated the resultant damping
rates along with the respective contributions made by the slow MAG waves and Alfven waves
leaking down the magnetic field lines.

In Chapter 3, we investigated the two-dimensional {(f> = 0) propagation of oscillations
in a complete poly trope permeated by a straight, uniform, non-vertical magnetic field. In
particular, we calculated the efficiency of fast-to-slow MAG wave conversion, and subsequent
horizontal spatial decay of the 7r-modes. For modes with n > 1, we found mode conversion
is significantly enhanced (by up to two orders of magnitude) in comparison to vertical field.
The enhancement occurs in moderately inclined fields (6 « 20° — 60°, depending on the
mode and frequency), and is most significant at higher frequencies. At lower frequencies
the enhancement is generally negligible. For the /-mode (n — 0), fast-to-slow MAG wave
conversion is most efficient in vertical field (and slightly non-vortical field). For all modes at
all frequencies, highly inclined fields (9 > 70°) show very inefficient fast-to-slow MAG wave
conversion.

In Chapter <I, we investigated the three-dimensional ((/> ^ 0) propagation of oscillations in
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a complete polytrope permeated by a straight, uniform, non-venvica1 magnetic field. Broadly
speaking, the results for the 7r-modes are very similar to those of the two-dimensional (</> =
0) case. For 7r-n\odes with n > 1, we found mode conversion is significantly enhanced in
moderately inclhed fields (0 « 20° - 60°, depending on the mode and frequency), especially
at higher frequencies. For the /-mode (n ~ 0), damping is most efficient in vortical field
though in some cases the variation with inclination is weak. In general, the 7r-iuode damping
rates depend only weakly on the propagation direction (f>, especially for low to moderate
inclinations. In highly inclined field, a substantial enhancement is found centred on <j> =•• 45°,
but this enhancement is insignificant in comparison to damping rates at moderate inclinations
(with the same <j>). Broadly speaking, when the direction of propagation is not parallel to
the a;-axis, both the Alfven waves and the slow MAG waves make a similar contribution to
the TT-mode damping. However, the relative contributions vary significantly with frequency,
inclination, and to a lesser extent propagation direction. In addition, a new type of highly
damped solution (the 7-niodes), that mainly exists in highly inclined field, was found. The 7-
modes will probably have a significant influence on the absorption of p-modes in the penumbra
of sunspotii (where the field is highly inclined).

The existence of the 7-modes suggests that highly inclined field is worthwhile examining
in closer detail. The numerical integrations employed in Chapter 4 become increasingly
unreliable as the horizontal field singular case is approached. We found reliable numerical
solutions in the singular case when <f> = 90° (propagation exactly perpendicular to the x-axis).
Solutions for the cases where <f> ^ 90° are significantly more complicated and beyond the scope
of this thesis. For example, the resonant damping of p-modes by horizontal (canopy) field
overlying the convection zone has been investigated by Vanlommel ct al. (2002) and may also
play an important role in p-mode absorption by sunspot pemnnbrae. Our results suggest
that the (0 -» 90°) perturbation problem may indeed be worth addressing (e.g., Kamp, 1989,
1990; Zhukov, 1988, 1989a,b, 1990).

In Chapter 5, we calculated the contribution to p-mode line widths from the excitation
of tube mode oscillations on an individual isolated magnetic fibril. An idealised model of the
fibril within the convection zone was employed, consisting of a vertical, thin magnetic flux
tube embedded in a truncated polytrope. BHCC considered a similar model, but imposed
a stress-free boundary condition at the top of the convection zone which acts to completely
reflect any upward propagating tube waves back down into the tube. The stress-free boundary
condition neglects a possibly important physical process - the loss of energy to the upper
solar atmosphere by the excitation of waves in the chromosphere and corona. Using simple
models of the solar chromosphere and corona we explored the consequences of applying various
boundary conditions. The resultant upward energy fluxes are not large, but surprisingly the
more realistic upper boundary conditions lead to a significant increase in kink mode flux out
the bottom of the tube. Nevertheless, the sausage mode remains dominant in cases in best
agreement with observations, and is essentially unaffected by the more realistic boundary
conditions. Consequently, the resultant total p-mode line width computed in Chapter 5 can
account for only a few percent of the observed line width. This amount, though relatively
small, is roughly consistent with the p-mode line width variation over the jolar cycle (from
solar minimum to maximum) recently observed by Komm, Howe, and Hill (2000). This tends
to suggest that the observed solar cycle variation is indeed magnetic in nature, though further
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investigation is required to confirm this hypothesis.

6.2 Comparison with observations

Recent calculations by Cally, Crouch, and Braun (2003) using the results of Chapter 3 have
proved to be extremely promising. For the benefit of the reader, their paper is included
in Appendix F. Cally, Crouch, and Braun construct a simplified model for the interaction
between a sunspot and its surroundings, and use the two-dimensional results of this thesis
(Chapter 3). They consider two types of models. The first model is a uniform sunspot where
the damping parameter Im (K) and the wavenumber Re (K) apply globally throughout the
entire spot (single shell model). The second model is composed of a nested set of piecewise
uniform shells (multiple shell model) approximately accounting for the range of inclinations
present in real sunspots. Cally, Crouch, and Braun compare their results with the absorption
and phase shift data for a real sunspot (NOAA 5254), observed using Hankel analysis by
Braun (1995), see Figures 1.4 and 1.5, respectively.

Plotted as a function of azimuthal order m and frequency, Cally, Crouch, and Braun
(2003) find excellent agreement between their model and the phase shift observations when
6 = 30° and the equipartition depth L = 0.8 Mm for radial orders 1 < n < 7. This is also the
case for the multiple shell model they present. The absorption produced by their model is
generally consistent with observations up to some moderate frequency, dependent on radial
order. Thereafter, the absorption is too large, assuming absorbing regions comparable in size
to the inferred phase shifting region. Interestingly, both the single and multiple shell models
produce a minimum in absorption that coincides approximately with the dip observed by
Braun (1995, see also Figure 1.4) at around 5 mHz (depending on radial order). This tends
to suggest that the absorption minima observed using Hankel analysis (Braun, 1995) are real.
However, the dip does not extend to zero in non-vertical field models. Which indicates that
the emission generated by acoustic glories (Donea, Lindsey, and Braun, 2000) still plays a
role in the immediate surroundings of sunspots (as suggested by Lindsey and Braun, 1999),
though perhaps slightly less significant than originally anticipated.

The excellent agreement of the phase shift predictions with the observations (along with
the location of the absorption minimum) allows some degree of probing of subsurface field
strengths. Cally, Crouch, and Braun (2003) find the best agreement for L = 0.6 — 0.8 Mm
which corresponds to magnetic field strengths of 3.6 — 4.8 kG. These are consistent with
expectations for subsurface sunspot umbrae. It should be noted that the optimal equipartition
depths found by Cally, Crouch, and Braun are somewhat larger than those used to plot the
extinction lengths in §3.7.2 and S4.6.5 (see Fig. 3.11, and Figs. 4.23 - 4.26). If the graphs of
the extinction lengths v/ere replottcd using the the values found by Cally, Crouch, and Braun
the resultant frequencies would decrease slightly and the corresponding extinction lengths
would increase.

Most importantly, Cally, Crouch, and Braun (2003) have confirmed that (slow) mode
conversion appears to be the predominant mechanism responsible for the observed absorption
and phase shifts exhibited by sunspots. And in particular, non-vertical magnetic fields are
necessary for the process to work.
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6.3 Future directions
For such a crude model, the agreement between the results of Cally, Crouch, and Braun (2003,
see Appendix F) and the observed p-mode phase shift and absorption data is remarkable.
With this in mind, and with a view to eventually perform quantitative inversions, there
are several possible extensions to the current model that warrant consideration. Some are
relatively minor increments on the present state of knowledge, others are more significant
and pose a considerable - yet likely fruitful - challenge.

The results of Chapter 4 (three-dimensional model) were not incorporated into the Cally,
Crouch, and Braun model. Cally, Crouch, and Braun noted that the results of the three-
dimensional model (Chapter 4) are generally not substantially different to those of the two-
dimensional model (Chapter 3). This is especially true for the 7r-modes in the cases that are in
best agreement with the observations (i.e., 0 « 30°). Hence, for the sake of simplicity, Cally,
Crouch, and Braun just use the data from two-dimensional model (Chapter 3). However,
there are some exceptions.

To correctly model the interaction of the p-modes with magnetic flux concentrations
the oscillations must match (i.e., total pressure and radial velocity must be continuous)
across the boundary between the non-magnetic and magnetic regions. This can be done in a
straight-forward fashion for thin magnetic flux tubes (see Chapter 5). On the other hand, for
significantly larger magnetic features, such as sunspots, the matching is non-trivial. Because
the vertical dependences of the internal and external eigenfunctions are not identical, there
will be some degree of mode-mixing (where an incident p-mode with azimuthal and radial
orders m and u, will match onto internal n- and 7-modes with the same temporal frequency
but different m and/or n). In addition, to perfectly match across the interface the horizontally
evanescent jacket modes must be incorporated into the model (e.g., Bogdan and Cally, 1995;
Barnes and Cally, 2000). The matching employed by Cally, Crouch, and Braun is only a
first a approximation and ignores these complications. For vertical field, this is well justified
as the eigenvalue analyses agree very well with the results of numerical simulations (e.g.,
Cally and Bogdan, 1997; Rosenthal and Julien, 2000), which do adequately account for the
matching across the interface. For non-vertical field, the consequences of the approximation
utilised by Cally, Crouch, and Braun are less certain. In particular, the oscillations in non-
vertical magnetic fields are more complicated than originally anticipated. For example, the
labelling of modes is ambiguous, and in Chapter 4 we found an unexpected set of solutions,
the 7-modes which are present only in highly inclined field. It would be very interesting,
though mathematically very difficult, to incorporate the 7-modes into the Cally, Crouch, and
Braun multiple shell models. The 7-modcs will be especially important in the outer-most
shells where the field is highly inclined in real sunspots (i.e., the penumbra).

Relating to the model atmosphere there are two concerns that should be addressed.
Firstly, as discussed in §3.2, the polytrope is only a very crude approximation of the so-
lar convection zone (see Fig. 3.2). Ideally it would be useful to recalculate the eigenvalues of
Chapters 3 and 4 for a realistic solar model and then reapply the methods employed by Cally,
Crouch, and Braun (2003). However, this is not trivial. The eigenvalue problem is solved
numerically, but the eigenvalues depend crucially on the treatment of the lower boundary.
The derivation of the asymptotic solutions for large depth, using the method of dominant
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balance, relies on the stratification being expressed analytically. It is unclear how to do this
for a general (tabulated) model. One approach would be to replace the solar model with a
polytrope below Home depth (in his doctoral thesis, Hunter used this approach in the vertical
field case). This approach itself has limitations. The best solar models currently available
are for quiet Sun (e.g., Christensen-Dalsgaard, Proffitt, and Thompson, 1993; Chnstcnsen-
Dalsgaard et a/., 1996; Christensen-Dalsgaard, 1997). It is unclear how accurately such a
model represents the interior of a sunspot. Unfortunately, the sunspot tunbral core models
M, L and E of Maltby et al. (1986) are not tabulated to sufficiently large depths below the
photosphere.

The second issue with regards to the model atmosphere is the top boundary condition.
The boundary conditions employed at the surface in Chapters 3 and 4 are the natural choice
for the complete polytrope (for which the density vanishes at the surface). These boundary
conditions provide a trustworthy approximation for frequencies below the acoustic cutoff
frequency (CBZ). For higher frequencies, it is necessary to account for waves propagating
into the upper solar atmosphere. The approach would quite likely be very similar to the work
done in Chapter 5 where an upper atmosphere, consisting of an isothermal chromosphere and
corona, was appended to a truncated polytrope (see also CBZ; Cally 1995; Hindmanv Zweibel,
and Cally 1996; Lites et «/. 1998 who employed a similar approach for vertical field sunspot
models). In the vertical field case, for frequencies below the acoustic cutoff frequency, CBZ
found the eigenvalues were almost identical to those of the complete polytrope. On the other
hand, for frequencies beyond the acoustic cutoff frequency in the temperature minimum,
the eigenvalues differ greatly, with the upward- and downward-escaping slow MAG waves
removing comparable levels of wave energy. Cally (2001a) recently found that the governing
equations for an isothermal atmosphere permeated by vertical field can be solved exactly
in terms of hypergeometric functions, which are much easier to compute in practice than
the Meijer G-function solutions found by Zhugzhda and Dzhalilov (1982). In preliminary
calculations for the two-dimensional case, we have verified that the governing equations for
an isothermal atmosphere permeated by non-vertical field can also be solved in terms of
hypcrgeometric functions in an analogous fashion to Cally (2001a). Such exact analytic
solutions allow modelling of the overlying atmosphere to be done with relative ease. The
three-dimensional isothermal problem, however, cannot be solved exactly and, therefore,
series solutions would need to be employed (see Zhugzhda and Dzhalilov, 1984a). The precise
consequences of relaxing the top boundary condition in the non-vertical field cases remains
an open question.

Another obvious limitation of the current model is the magnetic field geometry. In real-
ity, the magnetic field strength is not uniform but varies with depth. The task of calculating
eigenvalues for more complex magnetic field geometries is mathematically very difficult -
complicated by the presence of both vertical and radial gradients. Bogdan (1999) has pro-
posed a method for solving the equations governing the linear, axisymmetric oscillations of
a general, axisymmetric, potential, magnetostatic equilibrium. Such a model naturally in-
corporates the flaring of the magnetic field lines with height, and the concentration of the
field with depth. It also naturally accounts for the variation of the field inclination in the
radial direction - something which the multiple shell models of Cally, Crouch, and Drautx
(2003) handle only in a highly simplified fashion. The method outlined by Bogdan (1999)
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has not been put into practice, though Cally (2000) has run numerical simulations of a very
similar model. For advanced forward and inverse modelling to be performed, calculations
employing a model similar to that of Bogdan (1999) must be developed. Perhaps u useful
first step toward understanding Bogdan's move realistic model would be a simpler problem
that accounts for both mode conversion and local resonant absorption, in the presence of
gravitational stratification. The combined effect needs to be clarified.

A further complication associated with the magnetic iield structure resides in our lack
of knowledge of even the basic make up of sunspot magnetic field sub-photosphere. This
brings us back to one of the ultimate goals of sunspot seismology (as stated in Chapter 1),
namely to discriminate between the monolithic field model and the spaghetti field model
(proposed originally by Parker, 1979). To this end, the work clone in Chapter 5 may play a
vital role. In Chapter 5, the absorption by a single isolated magnetic fibril is computed. An
obvious extension of this work is to calculate the scattering phase shifts induced on a p-mode
incident upon the thin flux tube. And ultimately, to calculate the effects of multiple scattering
from a bundle of closely spaced fibrils, namely Parker's spaghetti model. The recent work
by Tirry (2000) showed that resonant frequencies (including multiple scattering resonances
exhibited by bundles of closely spaced tubes, see Bogdan and Fox, 1991; Keppens, Bogdan,
and Goossens, 1994) are absent in an unstratified cavity when one end of the flux tube is open
to wave leakage. Therefore, it would be expected that multiple effects introduced by bundling
a collection of fibrils would not show significant enhancements over the simple summation of
their respective individual effects. However, as noted by Tirry (2000), the effects of mode
mixing (and the jacket modes) and the shielding of the internal tubes from the incident
p-modes by the external tubes when gravity is present remain unclear. Nevertheless, it is
important to ascertain if such a structure possesses an observable signature that is different
from that of the monolithic sunspots.
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Appendix A

Non-magnetic p-modes

The equations governing the linear oscillations of a non-magnetic, isentropic polytrope,

m~ + ̂ - ^ - , s | c = O , (A.I)
as 4 J

if-

"2 *s '
(A.2)

follow from equations (4.1)-(4.3) by neglecting the magnetic terms (i.e., terms multiplied
by the squared Alfven speed, C\ <x s~m). Equation (A.2) indicates that the displacement
associated with the oscillations is iirotational (and may be derived from a potential). The
procedure for solving equation (A.I) depends on whether tho polytrope is complete (e.g.,
Lamb, 1945, pp. 545-554) or truncated (e.g., Bogdan and Cally, 1995), however, these only
affect the treatment of the top boundary.

A.I Lower boundary

Here we consider the asymptotic behaviour of the oscillations in the vicinity of the lower
boundary (s — oo). The method of dominant balance applied to equation (A.I) yields the
two controlling factors C, ™ exp (± |s ) , as s —> oo. We impose the usual boundary condition
that evanescent modes be decreasing. Further developing the exponentially decaying solution
we find

where Up (s) is asymptotic to 1 as s
series in negative integer powers of s,

(A.3)

oo, and may be expanded in an asymptotic power

Up (s)
n-0

where UQ = 1. The first few terms of the (TO = 3/2) series are
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-f-^2 (a + 1) (2n - 1) (2a + 1) s~2 + . . . ,

where a = (m/2) — (U2/K). In fact, the general solution for the coefficients un is

(A.4)

71~ H n\
(A.5)

where (n)0 = 1, (a)n = a (a + 1) . . . (a + n - 1) is the Poehhammer symbol.
This physically acceptable solution for the p-modes at the lower boundary (s = oo) is

well established (e.g., Lamb, 1945; Bogdan and Cally, 1995) and can be written in terms of
confluent hypergeometric functions (provided in is not a negative integer),

Cfc = cu «xp I - - s i U (a, m, .SK) ,

where £/ is Rummer's function and Cu is an arbitrary constant. It can be easily verified that
the asymptotic behaviour of £&> as s -> oo (Abramowitz and Stegun, 1964, eq. [13.5.2]), is
exactly that described above (eqs. [A.3] and [A.5]).

A.2 Solutions for the complete polytrope

In terms of the independent variable t — SK, equation (A.I) can be written

where y (s) — exp (r|s) ((s). Equation (A.6) is Kummer's equation (Abrarnowitz and Stegun,
1964, eq. [13.1.1]) and can be solved in terms of the confluent hypergeometric functions
(provided m is not a negative integer). The complete solution is

y (t) - (a, m, t) + AuU (a, m, t) ,

where AM and Au are arbitrary constants.
At the surface of the complete polytrope (s = 0) the boundary condition requires that

all components of the displacement vector, £, have a finite magnitude (i.e., the Lagrangian
pressure perturbation must vanish at the surface of the atmosphere). This condition selects

= 0 and

Ct = (a, w, SK) .

The free modes of oscillation of the atmosphere are associated with the special values of
the wavenjunber, «, where the two solutions, Cb 'wd 0» ftr« identical up to a multiplicative
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constant independent of a. In other words tho free oscillations are iissociatcd with the zorocs
of the Wronskian of tho two solutions (Abraniowitz and Stogun, 1964, cq. [13.1.22]),

W {M (a, ra, SH) , U («, m, nu)} — -
r (ro) (*K)

r (a)

Tho Wronskian of tho two solutions will vanish only if tho argument of the Gamma function
in the denominator is a non-positive integer i.e.,

K =
rn/2 '

= 0,l,2,3 (A.7)

Equation (A.7) was first published by Lamb (1910), it shows that oscillations of a given
frequency, i>, are constrained to propagate with a discrete set of dimensionless horizontal
wavenumbers, K, where n = 0 can be identified with the fundamental or /-mode, n = 1 with
the pi-mode and so on.
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Appendix B

Vacuum potential magnetic field

From the linearised induction equation, the Eulerian magnetic field perturbation is

It oan be shown (hat the three components
are:

A A

, in directions k. kj., and e2, respectively,

i ) - k = - B ( ^ [% + sin <j> sin 9 V • £] j exp [t (k • r - cot)} , (B.I)

(V x BX) • k = B ( \ — - A:2] e«) cxp [i (k • r - ut)] , (B.2)

(V x Bi) • e, = ikB (^r/ + sin <f> srnOV • ^) exp [i (k • r - wt)] • (B.3)

For the total magnetic field to be potential the three components (B.I) - (B.3) must vanish.
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Appendix C

Mode conversion: Two-dimensional
rnodel

C.I Fast MAG wave asymptotic series

The functions Uj and Wj (eqs. [3.12] and [3.13]) may be expanded as asymptotic power
(in non-positive half integer powers of s): series

0 0 OOu»*~n/3> and
n=0

where (setting a = (2V2/K) - 3/2 = -2a)

«o = u>o = 1, u{ — wi = 0,

a
"4^

an2

«3 = w3 = —-^ (cos0 + isinOy ,

_ (« - 2 ) a ( a + l ) ( a +7)

and so on. In general, the coefficients «n and wn can be calculated from the
recurrences:

3 + 2 a
I (3 + n + a) r2«(3 + 2a)((n-4-a)«n_2

- 2 (n - 3) wn_2) + 2 (w - 7 - a) ((4 - n + a) (3 + 2a) ti;n_4

145



+ sin 0 (9 - n + a) (3 + 2 a) (sin 9 iun..o - i cos 0 Hn_y)

-K (cos& (n - 6 - a) - 2»sin0 (3 + 2a)) (cos0u,,_7 + ivim0wn-7) j J

+2K 2 (2K (COS 0 4- i sin 0) (3 - n + a) (cos 0 wn-3 + * sin 0 wn-a)

+ (5 - 7i + a) (sinO {d\nO (3 - n + a) +icos6 (3 + 3n + «)) «;,,_.5

((cos# + isin^) (3 - n + a) - 2cos0 (3 + 7i + a)) wn_s

and

Un =
1

wn + "~2 c o s 0 (n ~ 9 — a) (n — 7 — a

+-1 (3 + 2 a) wn_2 + (n - 5 - a) wn

(n — 7 — a) (cos0wn_7 +
n _ 7 ) >•

where, for the first nine coefficients in particular, coefficients with a negative index are zero
(i.e., un = wn = 0 for n < 0).

Bender and Orszag (1978, Chapters 3 and 8) provides a good discussion of the issues
involving gaining an optimal approximation from general asymptotic scries. For optimal
results, the series are truncated at around their minimum term (in absolute value). In
practise the terms in the series tend to jump around wildly in magnitude as n is increased,
though with a general downward trend until a minimum is reached and thereafter upward.
Therefore, it is important to keep track of the envelope when deciding when the minimum
is reached. For the fast mode series we examine successive packets of four terms, taking the
maximum in each, and truncating the series when one such maximum exceeds its predecessor.

C,2 Slow MAG wave asymptotic series

The functions Us and Ws (eqs [3.29] and [3.30]) may be expanded as asymptotic power series
(in non-positive quarter integer powers of s);

oo 00

and
n=0 n=0

where

UQ ~ WQ ~ 1 ,

Ml = W\ = U'2 — «>2 = 0 ,
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(2 K \

-iv tan 0 + — I ?
3 2v)

for the first four terms. For terms n > 4 we may use the following recurrences:

= — -ivsinO tan0,

and

cos0 (2n - 23) (2n - 31)

+8insm() (2vun-n ~ Ksin0wn_if>) \ 4- 16K2 (2^un_9 - Ksin0ii>n_i2) >

+256KU2sin9 (3iKcos0ton_3 + (4v2s'mO — inncosO) (2wn_3 — u'n-

~ 16 sin 0 K3 (48/y2 sin 9 - in cos 6 (3 + 2n)) wn_9 + 8K COS 9

x ( W 2 (sin26>(2n - 17) + 2n - 20) + K sin 0 cos 0 (2n - 17) (3 + 2n))

- 4 s i n 2 0 ) - 15)n_i3) - 32K 2 ^ ' | J I

) }wn_G + (ZKCOS0 (3 + 2n) - 48v2 sin9)un-A

+8v cos 9 (3K COS 9 (An2 - ?An - 17) + 64ii/2 sin 9 (n - 7))

x (2/^n_7 - Ksin0M>n_io) + cos20 (ISKCOS0 (3 + 2n) -

x (425 - 84n + 4n'2) (2vun-.u ~ Ksin9wn-n)

n = un-r I < 32ij^cos0 (n - 11) (2i/«rt_n - «si

+ (2n - 25) I cos20 (2n - 33) (Acsin0«;n_2i

+8iKCos0 sin0 {2vun-\A, - Ksin0iyn_i7) >

- 4 K (mcos0 (2n - 17) wn_7 + 16i/2sin0 (wn_7 - 2wn_

x (2v (wn_io - 2sin20iun_io) - Ksin0 {wn-\$ + wn-3)

16K
2

(32K 2 1;) > ,

where, for the first twenty-one coefficients in particular, coefficients with a negative index
are zero (i.e., un = vn = wn — 0 for n < 0). As for the fast modes the terms in the series
tend to jump around wildly in magnitude as n is increased. We track the slow mode series
in successive packets of twelve terms, truncating the series when the maximum (in a packet)
exceeds its predecessor.
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C.3 Frobenius series

At the regular singular point a — 0 («s = 0) the displacements may he expanded as Frobenius
series, i.e.,

f, and 6 (a) = f ) wn
n=0 n=0

where the coefficients un and z/;n for eacli of the throe finite linearly independent solutions,
labelled a, c and d, are:
Solution a:

r = 0 , wo = 1 , WQ = «i = wi — U2 = 0 ,

Solution c:

r = 0,

tan

= wi = wi = «2 = 0

IK tan 0 —

Solution d:

r = 2, «o = 1, wo = u\ =wt =0,

= = tan 9 (in - v2 tan 0)

( — ^2 tan

for the first two terms. For terms with n > 3 we may use the following recurrences:

wn = \ [in (n + r) - Av2 tan 9) «n_2 + «2 tan 9 «n_4

n + r) (n + r + 3)) ,

and

-4i/2sec2 0un_7 + i«sec2 9 (n + r-4) wn-7}/ ((n + r- 2) (n + r)) } ,

where, for the first nine coefficients in particular, coefficients with a negative index are zero
(i.e., un — wn = 0 for n < 0).
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Appendix D

Mode conversion:
Three-dimensional model

D.I Fast MAG wave asymptotic series

The functions Uf, Vf and Wf (eqs. [4.7]-[4.9]) may be expanded as asymptotic power series
(in non-positive half integer powers of s):

oo oo

n=0 n=0

where (setting a = (2; / 2 /K) - 3/2 = -2a)

wo =

oo
n / 2 ' and

n=0

= 1, ui = vi = w\ = 0,

(a - 2 ) {(a + 7) cos 0 +i ( a+ 3) cos 0 sin^}
^ = i — — — — — — . • • - - - " ••' - • •'• - • — • • — . — — —

4K (COS 0 + i cos <f> sin 6)

• ^ (cos ̂  + i cos 0 sin ̂ ) ,

= •—-Tj- (« - 3) (cos9 +icos0 sin^)'

(q-2)(q-l)q(q+l)
32K 2

(q-2)q(q+l)(g + 7)
32K2
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= (a - 4) (a - 2) (a + 3)
(a + 9)cos9 +i(a + 1)cos</> sin

32K2 (COS 0 + i cos (f> sin 0)

and so on. In general, the coefficients wn, vn, and wn can be calculated from the recurrences:

W,, =>„ = ——-< K2< 4sin2(f>sin20(cos9 +i cos</> sin0)a
o4m/'1 I (̂

x<2cos0 (3 + a) (5 — n + a)t,,_io - (cos0 + icos^ sin0)

x (2 (3 + a) nvn-8 + (3 + n + a) (3 + 2a) %_io

+2(3 +2a) ( sinflfsin2^ sin0 (2 - n - a) (3 + n + a)

+ (5 - n + a ) (sin0 (3 - n + a) + icos</> cos0 (3 + 3n + a ) ) Ju>n_5

— ( cos 0 (cos 0 -f i cos ̂  sin 0) (3 — n + a) (5 — n + a)

- (3 + n + a) (2 cos2 0 (5 - n + a) + sin2 <f> sin2 0 (3 + 2a)) )«,,_5

—2K( sin0 (n sin2 0 sin 0 + (sin 9 — i cos 0 cos 0) (3 — n + a)) wn_3 —

(sin2 0 sin2 0 (3 + a) + cos 0 (cos 0 + icos <f> sin0) (3 - n + a)) wn_3J j I

+ (3 + n + a) (3 + 2a) j 2 (3 + 2a) K((n - 4 - a) «,,_2

- 2 ( n - 3) wn-2J + (w - 7 - a) I 4asin2<f> sin20 (cos9 +icos0 sin0)

x (cos0 (9 — 7?. + a) vn-i4 ~ (2 cos 0 + i cos 0 sin0) Kvn-\2)

+2KTsin0 (* cos <p cos 0 (5 - n + a) - 2sin0 (3 + 2a)) wn-7

+ (cos2 0 (5 - n + a) + sin 0 (2i cos 0 cos 0 + sin2 <f> sin 9) (3 *- 2a))

x«n_7 j + 2(4 - 7i + a) (3 + 2a) wn-A

un—-wn-\—2 c o s 0 (^ — 9 — a) (n — 7 — a) (cos 0 un-9 + * cos 0 sin 0 •

+ sin2 4> sin2 0 (wn-5 — wn_5) H— I (3 + 2 a) un-2 + (n — 5 — a)

+ (n — 7 — a) ( sin 0 (2i cos <j> cos 0 + sin2 <fi sin 0) wn-j
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+2 cos2 9 « n _ 7 j i + ;py sin2 <f> sin2 9 (cos 0 + i cos </> sin 9)

x (cos0 (n — 7 — a ) v,,_ 12 + (cos 0 + i cos 0 s in9) «?/n_io) ,

and

^—-I {((cos0 (n
ZOCK (I. I

vn = -r~2 { (c o s# + * cos <f) sin9) f cos0 sin2 0 sin29 (n - 5 - a) MJn-io

+ (cos 0 + i cos ^ sin 9) K2 (sin2 0 sin2 9 vn-8 ~ ^n-3)

-2K COS 0 (n - a) vn_5 J - cos2 0 (n - 2 - a) (n - a) vn-7 \

+ «)+icos<?isin0 {3 + 2a))nnn

— (3i cos 0 sin 9 + cos0 (n + 3 — a)) Kwn

-cos0 (71 - 2 - a) (n - «) wn_2[/(cos0 -f-icos^ sin0) \

+ (n — 5 — a) ( cos0 (n — 7 — a) (cos#wR_7 + icos^ sin0wn_7)

+« (2cos2 0wn_5 f sin0 (2icos^ cos# + sin2(f> s'm9) ?yn-5) )

+ sin2 4> sin2 9K2 (wn-3 - «n-3) [ ,

where, for the first fourteen coefficients in particular, coefficients with a negative index are
zero (i.e., un = vn — wn = 0 for n < 0). As for the two-dimensional fast modes (Ap-
pendix C.I) the terms in the series tend to jump around wildly in magnitude as n is in-
creased. We track the three-dimensional fast mode series in successive packets of four terms,
truncating the series when the maximum in a packet exceeds its predecessor.

D.2 Slow MAG wave and Alfven wave asymptotic series

In practise, for the incompressive solutions (the slow MAG wave and the Alfven wave), we
apply the leading behaviours C, ~ x-> V ~ X a n d £2 ~ cos9£s~m/2x (eqs. [4.15] and [4.16]),
i.e.,

s~3/8 exp

~s~'Vttexp

in 4
cos $ tan 9 —- 5 + sec 9 -i

cos </> tan 0 — s + sec 0 —ivs1'*

U (s) , 5 -*• 00,

V (s) , s -> 00,

x e x p c o s <f> t a n 9 — s + s e c 9 - i v s * ' A \ W ( & ) , s - > 0 0 ,
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where the functions U, V and W may be expanded as asymptotic power series (in non-positive
quarter integer powers of s):

00 oo oo
u(s) ~ and

*»=0 n=0

At this stage the series U, V and W are not. necessarily asymptotic to unity.
Applying these leading behaviours to the governing equations (4.1)-(4.3) we find two

independent solutions:
Slow MAG wave solution:

wo = 1, vo = 0,

= V\ = W\ — «2 = "2 = ^2 = 0 J

o

2

s

= sin $ sin I -ii^cos^ tan^ — — 1 ,

/ 2 « \
103 = — cos 0 sin ̂  I -tVcos^ tan^ + — 1 ;

Alfven wave solution:

UQ = Wo = 0 , VQ — 1 ,

U\ = V\ — W\ = W2 = t*2 = ^2 = 0 ,

K
-

2 J ,
J

( K 2
-—h -

2
U3 = — - i V s i n <f> sin 6

o

( K 2

for the first four terms. For terms n > 4 we may use the following recurrences (which are
identical for both the slow MAG wave and Alfven wave solutions):
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<

ur, ~ < 256«//2 sin 0 < (3ZK COS 9 - Au2 cos 0 sin9) (sin 0 t/n_3 + cos

+2 cos 0 (4iv2 cos 0 sin 9 — inn cos 9) wn_3 + wn cos 0 cos 0 IOTJ-3 >

-16sin0«3{l6//2sin0 (cos20 + cos2 0 (2 + cos20 sin20))

-in cos 0 cos 9 (cos2 0 (3 + 2n) + (12 + cos2 0 (2n - 9)) sin2 0) }wn_9

--16KI>COS0 < 2(2n - 17) sin 0 sin0 (3«cos0 + 4eV2cos0 sin^) vn-io

- |l6aV2 (cos2 0 sin2 0 (2n - 17) + 2 (n - 10) (cos2 9 + cos2 0 sin2 9))

+« cos 0 sin 0 cos 0 (2n - 17) (3 + 2n) }K«-IO [ + (cos2 0 + cos2 0 sin2 0)

cos0 (2n - 23) j cos0 (2n - 31) (KCOS0 sin0wn_2O - 2^(Mn_i7)

-f4«>csin0 (2i^(2cos0w,,_i3 ~ sin0un $) — K(1 + COS2<j>)s'm9wn-ie) >

+16K (2K^U,,_<J - 4i/2sin0 sin0vn_6 — Kicos0 sin0ty,,_i2) >

+8i/cos0 (3KCOS0 ( l l + 4 ( n - 7 ) ( l + n)) + 64ii/2cos0 sin0 (n - 7))

x (2^«f,_7 — KCOS0 sin0i/;r,_io) — 32K2//< <2KCO,S0 ( cos20 (2n — 15)

- 3 sin2 0 (4 + cos2 0 ( 1 + 'In)) ) + 16;^2 cos 0 sin0(1 + 2 cos2 0 sin2 0) J

x«;n,6 + UK COS 0 (cos2 0 (3 + 2n) + (12 + cos2 0 (2n - 9)) sin2 0)

-16t/2 cos 0 sin0 (l + 2 (cos2 0 + cos2 0 sin2 0)) }un_6 i - 8K2 sin0 cos0

x [ ((1 + cos2 0) (2n - 17) sin20 + 4 (n - 10) (cos2 9 + cos2 0 sin2 0))

x8zV2cos0 + Ksin0 cos0 (2n - 17) (6 + cos'20 (2n - 3)) Viyn_i3

+ cos2 6 (425 - 84n + 4n2) (JK COS 0 (3 + 2n) - I61/2 cos 0 sin 0)

x (2^un_i4 — MCOS0 sin0wn-i7) \/ (512i/a>3cos0n) ,

vn ~ < KCOS20 (33 - 28n + 4n2) {2uvn^ + /csin

-2 s in0 sin 0 < 32iV2 cos 0 (n - 7) (2^wn_7 -ACCOS0 sin0w,,_iO)
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and

+/>-cos0 (2n - 17) I cos9 (2n - 25) (KCOS^ sin0i<v»-i7 - 2vun.~

-2K. 2 I sin it fl6 (l + cos2 <f>) sin 0 i>2 - itzcosfi cos 9 (2n - 3)) t/jn_G

+ 8 K / / COS <f> sir 0 wn-9 - 10/>'2wn_6 I- + 4KU (in cos 0 (9 4- 2rc) ?%_3

+ (32^2cos</» sin0 - in cos 0 {2n - 3)) un-3 - 16v2 sin <?

in — un -I- s s 32?!^ cos0 (n — 11) (2fM n _n — KCOS <f> si

+ (2n - 25) ( cos'20 (2n - 33) (/so

—K n _ i 7 j ^ — 4«;(iKCOs6> (2n — 17) w n _

2 sin 5 (sin 0 un_7 + cos 0 wr,-7 - 2 cos 0 un_7) J

- K cos <f> sin 9 (wn-\3 + wn-3) J j /

where, for the first twenty-one coefficients in particular, coefficients with a negative index
are zero (i.e., un = vn = wn = 0 for n < 0). It should be noted that for the slow MAG
wave solution U {s) ~ 1 and W (s) ~ 1, as s —> oo, whereas for the Alfven wave solution
V (s) ~ 1, as s ->• oo. Hence, for a given solution (either the slow MAG wave or the Alfven
wave) to have the coefficients U, V and W all asymptotic to unity, the appropriate factors
must be shifted from the series above to the leading orders. The resultant leading orders are
presented inequations (4.17)-(4,19) for the slow modes, and equations (4.20)-(4.22) for the
Alfven modes.

As for the fast modes the terms in the series tend to jump around wildly in magnitude
as n is increased. We track both the slow MAG wave and AJfven wave series in successive
packets of twelve terms, truncating the serios when the maximum in a packet exceeds its
predecessor.

D.3 Frobenius series expansions

At the regular singular point a = 0 (s = 0) the displacements may be expanded as Frobenius
series, i.e.,
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c (*) =
n=0 n=0 n - 0

where the coefficients wn, vn, and wn for each of the five finite linearly independent solutions
labelled a, b, c, d and e, are:
Solution a:

r = 0 , WQ = 11 t>o = w 0 = w i — v\ — w\ — "2 ~ ^2 = 0 ?

Solution b:

r = 0,

= ^ (in - 2v2 cos ̂  tan0) ;

= w 0 = «i = in ~ wi = u-2 = U2 = 0

Solution c:

= -v
5

- 0 , ttfo = 1 , MQ = Uo — « i = 11] = ?«! = u2 = V2 = 0 ,

Solution d:

r — 2 , = WQ = wi = « ! = ? / ; ! = 0

= •= cos ^ tan 0 (in - v2 cos 0 tan 0)

i t a n ^ (3t« + 4î 2 cos r̂  tan

Solution e:

W2 = - (IK - v2 cos <f> tan 9) ;

r — 2 , t>0 = 1 , «o = w0 = U[ = vi = wi = 0 ,
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— ™ sin 4> tan 9 (Tin -I- Au2 cos (j> tan 0) ,
28

K c o s ^ ~~

W2 — — v sinfli t an# ;
7

for the first two terms. For terms with n > 3 we may use the following recurrences:

wn = | [in (n + r) - 4v2
 COE <̂  tan 61) w,,_2 + 4^2 sin <f> tan ^ v,,_2

-h (««(71 + r + 1) cos <j) tan 0 - 4^2) Wfi-2 + K2 COS <f> tan 0«n-4 } /

tin = cos 0 tan9 wn + | {K2 (l 4- sin2 <̂  tan2 0) «n_4 - Au2 sec2 0 w,,_7

in {n + r — 2) sin <f> tan 9(vn-2 + sin ̂ > tun 9 wn-2)

+i«sec2 0 (n + r - 4) w n _ 7 } / ((n + r - 2) (n + r)) } ,

and

un = — sin 0 tan0 wn + < {K2 COS 0 tan2 9 (sin 0 «,»-4 + cos (f> vn_4)

+i«;(n + r - 2) tan 0 (sin <j> un-2 + 2 cos 0 vn_2 + sin <£ cos $ tan 0 wn_2)

-4i/2sec20vn_7}/((n + r - 2)(n + r))} ,

wheie, for the first nine coefficients in particular, coefficients with a negative index are zero
(i.e., un — vn = -u>n = 0 for n < 0).
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D.4 Additional Results
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Figure D.I: Same as Figure 4.1, u = 0.5, but for (a) n = 2 and (b) n = 3.
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Figure D.2: Same as Figure 4.1, v = 0.5, but for (a) n = 4 and (b) n = 5.
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Figure D.3: Same as Figure 4.2, ^ = 1.5, but for (a) n = 2 and (b) n = 3.
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Figure D.4'- Same as Figure 4.2, v = 1,5, but for (a) n = 4 and (b) n = 5.
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Figure D.5: Same as Figure 4.3, v ~ 3, but for (a) n = 3 with domain 0 < 0 < 72°, 0 < <f> < 180°; and (b)
n = 4 with domain 0 < 0 < 81°, 0 < ^ < 180°; and the point of view has been shifted for the real parts of
n - 4 (b, top panel).
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Figure D.6: Same as Figure 4.3, v = 3, but for (a) n = 5 and (b) n = 6; and the point of view has been shifted
for the real parts in both cases (top panels). The domain for both modes is 0 < 9 < 81°, 0 < </> < 180°.
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Appendix E

Thin magnetic flux tubes

E.I Sausage modes

For the sausage modes the matching coefficients are

and

rO) e5i/(m

for convenience, we have defined ai and a-i as

and

1/2

cos

where 9 =
is

+ cor

— l) ' . The line width contribution from the upward escaping MAG waves

1/2+ 1) (m + I)2 K2
o r - 1)1 / 2 (a;2, - 1)
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E.2 Kink modes - homogeneous corona with straight, uni-
form, and vertical magnetic field

For the kink modes, with a homogeneous (unstratified) corona permeated by straight, uni-
form, and vertical magnetic field, the matching coefficients are

A i =

and

where

and

for convenience, 61, 62>

/ =

C± =
bjbg -6365

61 bi — bob*

64, 65, and &6 are defined as:

- Jo (x

Jo (x,) + ~ - - (Ku (xi)J0 (xix2) - Jo (a:i) Yo
7T 2a'

65 = Jo

where a?i = 2uLch/CA,ch, x2 = exp[5(l - f t ) / a ] , and #3 = ^ w / j y
width contribution from the upward escaping Alfven waves is

>cor exp (5/a)
47T V mz

where /> is the constant density in the corona (eq. [5.17]).

. The line

Mn
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E.3 Kink modes - isothermal corona with straight, uniform,
and vertical magnetic field

For the kink modes, with an isothermal stratified corona permeated by straight, uniform,
and vertical magnetic field, the matching coefficients are

C1C4 - t'2C3 '

and

where

- C3C5

C1C4 - C 2 C 3

where, for convenience, ci, c2, C3, c.\, C5, and c-6 are defined as:

c 2 a;2a:3 J o (2:4) ^1
7T L

'c

c4 =
n

+ - r (YQ (xi) Jo {xix2) - Jo {xi)Y0 (xix2)) ,
2x3

C5 = Jo (2vy/eD - x3 J, (an) jyW (2^

where X4 = 2uHcor/CA,cor- In this case, the Alfven waves are totally reflected in the infinite
corona. Hence, there is no line width contribution, F ^ (w) = 0.
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E.4 Kink modes - homogeneous corona with straight and ra-
dial magnetic field

For the kink modes, with a homogeneous (unstratified) corona, permeated by straight and
radial magnetic field, the matching coefficients are

A =

and

where

for convenience, du d2, d3, d4, ds, and d6 are defined as:

~ (Yo (Xl) J0 (XlX2) _

= Jo (a:,

where x5 _ u}rcor/3CAyCor. The line width contribution from the upward escaping Alfven
waves is

rn
i / 1

J66
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ABSTRACT
Longstanding observations of incoming and outgoing / - and p-modes in
unnuli around sunspots reveal that the spots partially absorb and sub-
stantially shift the phase of waves incident upon them. The commonly
favoured absorption mechanism is partial conversion to alow magneto-
acoustic waves which disappear into the solar interior channelled by
the sunspot's magnetic field. However, up till now, only /-mode ab-
sorption could be accounted for quantitatively by this means. Bnsed
on vertical magnetic field models, the absorption of p-modes was insuf-
ficient. In this paper, we use the new calculations of Crouch & Cally
(2003a) for inclined fields, and a simplified model of the interaction
between spot interior and exterior. We fin«' excellent agreement with
phase shift data assuming field angles from the vertical in excess of 30°
and Alfven/acoustic equipartition depths of around 600-800 km. The
absorption of /-modes produced by such models is considerably larger
than is observed, but consistent with numerical simulations. On the
other hand, p-mode absorption is generally consistent with observed val-
ues, up to some moderate frequency dependent on radial order. There-
after, it too is too large, assuming absorbing regions comparable in size
to the inferred phase shifting region. The excess absorption produced
by the models is in stark contrast to previous calculations based on
vertical magnetic field, and is probably due to finite mode lifetimes and
excess emission in acoustic glories. The excellent agreement of phase
shift predictions with observational data allows some degree of probing
of subsurface field strengths, and opens up the possibility of more ac-
curate inversions using improved models. Most importantly though, we
have confirmed that slow mode conversion is a viable, and indeed the
likely, cause of the observed absorption and phase shifts.

Key words: Sun: magnetic fields — sunspots — Sun: helioseismology

1 INTRODUCTION

One method of determining how solar oscillations
interact with sunspots and other magnetic field

* E-mail: paul.cally@sci.monash.edu.au
f E-mail: ashley.rrouch@maths.nionash.edu.au
J E-mail: dbraunfjeora.nwra.com
§ The National Center for Atmospheric Research is spon-
sored by the National Science Foundation.
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concentrations was developed by Bratin, Duvall &
LaBonte (1987) (see also Bogdan ct al 1993; Braun
ct al. 1992; Braun 1995; Zhang 1997), who observed
ingoing and outgoing waves in annuli surrounding
spots and piage. This has come to be called Han-
kel analysis, because of the decon:oosition into in-
going and outgoing Hankel function*, used in most
cases. Their unanticipated finding was that sunspots
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absorb up to half of the incident p-mode power at
favoured frequencies and horizontal wavenumbers,

More recently, new locnl holioscismic techniques
hnvc been used to probo sunspots and their sur-
roundings. For example, acoustic holography has
confirmed the Hankel analysis results (Lindsey k
Braun 1999; Braun and Lindsey 2000a; Chou 2000),
adding in particular fascinating information about
onhanced acoustic emission in regions surround-
ing sunspots (acoustic glories) (Donea, Lindsey &
Braun 2000; Jain k Haber 2002). Acoustic tomog-
raphy, also known as time-distance helioseismology,
has similarly been very successful at imaging sub-
spot regions, (see the well-known "coffee mug" im-
age from the SOHO-9 workshop; Koaovichev, Du-
vall vie Schcrrer 2000, Fig. 8). Unlike Hankel anal-
ysis, tomography and holography dispense with a
modal description altogether in favour of ray or op-
tics formalisms, and are very adept at directly imag-
ing subsurface thermal and flow features. However,
despite some progress (Kosovichev & Duvall 1997;
Kosovichev, Duvall k Scherrer 2000, 2001), as yet
neither holography nor tomography treats magnetic
fields entirely satisfactorily. For example, only the
fast magnetoacoustic wave is retained in Kosovichev
k Duvall (1997), §2.3, and Kosovichev, Duvall k
Scherrer (2000), §2.4, and despite the theoretical
possibility of disentangling sound and Alfven speeds,
only their sum has so far been reliably measured.
(Further questions aboit the treatment of the acous-
tic cutoff and Brunt-Vaisala frequencies in the ray
approach are discussed by Barnes k Cally 2001).

Indeed, tomography's assumption of a single ray
speeding up or slowing down as it meets various fea-
tures is not appropriate to the mode conversion pro-
cess commonly envisaged as the cause of wave ab«
sorption in sunspots. As first suggested by Spruit
(1991) and Spruit k Bogdan (1992), and developed
by Cally k Bogdan (1993), Cally, Bogdan k Zweibel
(1994), Bogdan & Cally (1997), and Cally (2000),
when a p-mode encounters magnetic field concen-
trations characteristic of sunspots, it splits into 'fast'
and 'slow' waves which are quite different in nature.
Indeed, this coupling is expected to be strongest
where the sound speed c and Alfven speed a arc com-
parable, in which case the distinction between fast
and slow is small. Below this shallow depth though,
the sound speed greatly exceeds the Alfven speed
and the two modes decouple. They are then clearly
distinguishable: the fast wave is essentially acous-
tic, and behaves very much like the p-mode (it is
termed the 7t-mode by Cally k Bogdan 1993), and
the slow mode is nearly transverse, has a wavelength
which decreases with depth, and behaves much like
an Alfven wave. This scenario is depicted schemati-
cally in Fig. 1.

Although the vertical field model predicts that
/-modes are substantially absorbed (Cally, Bogdan
k Zweibel 1994), p-modes of increasing radial order
are progressively too weakly affected to account for
observations. Based on two dimensional Cartesiau
simulations, Cally (2000) suggested that spreading

v n

Figure 1. Schematic diagram uhowing an acoustic wave
incident on a vortical magnetic field concentration from
the left, and being partially transmitted-and partially
converted to slow-modes which travel down the magnetic
field lines. In reality, there will also be some reflection
and scattering. The depth at which thu sound and Alfven
speeds coincide is denoted by L. In the simple polytropic
model adopted in this paper, the density vanishes at the
surface.

magnetic field, as found in sunspots, might be more
effective. However, it was unclear whether it was the
spreading of the field that had the desired effect, or
merely its inclination away from the vertical. To ex-
plore this question, Crouch k Cally (2003a) calcu-
lated the eigenfunctions and complex eigenvalues of
oscillations in an adiabatic polytropic model of in-
dex mp = 1.5 (i.e., 7 = 5/3) with uniform inclined
magnetic field, and found that indeed substantial en-
hancements in absorption were found as the field was
rotn* :d away from the vertical, with a peak effect at
around 30°.

It is the purpose of this paper to explore the ex-
tent to which the inclined field results of Crouch k
Cally (2003a) can quantitatively explain the Han-
kel observations. To that end, we shall compare
with the absorption and phase shift results presented
in Braun (1995), which still represents the highest
quality data set of its type. Two sunspot groups,
NOAA5254 and NOAA5229 are examined in -Jeta.il
in that reference, each using long data sets collected
at the South Pole in 1988 (Braun et al. 1992). The
former contains a large nearly circular spot with um-
bral radius 9 Mm and penumbral radius 18 Mm. The
primary spot in NOAA5229 is slightly smaller and
less regular. Since the absorption and phase shift
results for each are very similar, we shall focus on
NOAA5254 here. The annulus used for the Hankel
analysis had an inner radius of 30 Mm and an outer
radius of 243 Mrn. The absorption coefficient a for
NOAA5254 is plotted against frequency in Fig. 2,
illustrating the points that

(i) a rises from zero at low frequency to a maxi-
mum value, and then dips to zero before apparently
rising again (see n — 3-5 in particular);

(ii) peak absorption diminishes with increasing
radial order;

(iii) the frequency of the absorption dip is around
0 mHz at larger radial order, but is lower at lower
n.

0000 RAS, MNRAS 000, 000-000
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Figure 2. Absorption coefficient o versus frequency for
the / - and r>-rnodcs in the spot NOAA5254 for different
radial order n. The /-mode corresponds to n = 0. This
figure is a replotting of Fig. 4 of Braun (1995), though
against frequency rather than spherical degree £.

Any successful model should reproduce these fea-
tures.

2 MODEL

Tables resulting from the model of Crouch & Cally
(2003a) present the complex eigenvalues K against
real dimensionless frequency v in a complete adi-
abatic poly trope of index mp = 1.5 with magnetic
inclination angle 8 = 0°, 5°, 10°, . . . ,55° andp-mode
radial index it = 0,1, . . . ,8 (higher .ingles are also
available, but are not complete in n). Here

(1)

where g is the gravitational acceleration, L is the
depth at which the sound and Alfven speeds co-
incide, and K = 2kL is a dimensionless horizontal
wavenumber. In Cartesian geometry, we have as-
sumed an exp[i(fc:r — ut)] dependence on horizontal
position x and time t. Although the eigenvalue tables
of Crouch k Cally (2003a) are calculated for a uni-
form field distribution without bounds, the essence
of the model we develop in this paper is to adopt
the eigenvalues n globally, i.e., to assume that the
damping parameter Im(n) and the local wavenum-
ber Re(n) given by these calculations applies (at
least on average) to the spot as a whole, though the
field is of course not uniform throughout. (In §3.1
we shall indeed adopt a single value of inclination
angle 9 and equipartition depth L to be representa-
tive of the whole spot, but in §3.2 we relax this by

allowing for a nested set of piccowise uniform shells.
Experience with a 2D numerical code (Cally 2000)
indicates that absorption and phase shifting arc lo-
calized over a shallow depth of less than about 1 Mm
beneath tho spot, and so variation of 0 with depth
ia not important.)

For vertical field, the same equations (and solu-
tions) as arc addressed in Cully & Bogdan (1993)
and Cally, Bogdan & Zweibel (1994) also result
from a cylindrical decomposition in which the three
components of velocity take the form (Scheuer &
Thomas 1981)

Mr = U(z)

x exp[i(md - uit)]

-imU(z) &S&1 pXp[i(im? - ul)]

-ik\V{z)Zm{kr) exp[i(md - ut)],

(2)

(3)

where Z represents a Bessel function or linear combi-
nation of them (J, Y, or theilankel functions H^'Q))
as appropriate.

In Cartesian geometry, it is assumed that the
inclination 9 of the uniform magnetic field lies in
the x~z plant1 (the 'fourth-order' problem, because
the Alfveu wave decouples in this case leaving a
fourth-order system of governing differential equa-
tions). Extension to full three-dimensionality (the
'sixth-order' problem), where B makes an angle (j>
with this plane, reveals that the dependence of K on
$ is generally weak compared to that on 0 (Crouch
& Cally 2003b), and we shall ignore it in the sim-
ple model presented here. To illustrate the point,
Fig. 3 .shows the real and imaginary parts of the
eigenv?.lue n against di'uensionless frequency v for
the case 8 = 30° (where .. ,<tion is approximately
maximal) and various values of 0. It turns out that
we are mainly interested in the behaviour for v < 3,
where indeed <£ makes little difference, apart from
the case of Re(it) for the pt-mode (<f> = 45°) and the
/-mode (</> = 90°). Since the observational data for
/-mode phase shifts is too noisy to be useful, this
Re(n) dependence on 4> does not affect any com-
parisons we shall make involving the fundamental
mode. It may have more effect on pi at intermediate
<f) though.

The cylindrical geometry analogue strictly
would be a straight-field conical structure (Cally
1983), where 9 increases linearly with r, and with
only radial (m — 0) oscillations in the 2D case. How-
ever, in the spirit of exploration, (and since this is
a very difficult problem to solve), we assume a uni-
form 9 throughout the magnetic region, or piecewise
uniform in cylindrical shells, and simply adopt the K
eigenvalues from Crouch & Cally (2003a), The essen-
tial idea is that K is a global property of a cylindrical
spot, to be read from tables, under the assumption
that eqns.(4) are valid. The magnetic field plays no
other role than to supply these K.

In the inner shell, Zm must be the Jm Bessel
function for the solution to be bounded at r = 0,

© 0000 RAS, MNRAS 000, 000-000
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Figure 3. The real (left panels) and imaginary (right
panels) parts of the eigenvalues K against nondimen-
sional frequency v for the complete mp -- 1.5 adiabatic
polytrope with uniform magnetic field at angle 0 — 30°
and <t> — 0° (top panels), <t> — 45° (middle panels), and
<f> = 90° (bottom panels). In the left panels, the dashed
lines represent the nonmagnetic case, and correspond to
the f, pi, •. •, p& modes respectively, from left to right.

whilst in the outer non-magnetic region, it is a linear
combination

corresponding to outgoing and incoming waves re-
spectively. An arbitrary normalization has been ap-
plied in which the amplitude of the incoming wave
is unity. In any intervening shells, Zm is an arbi-
trary combination of Jm and Ym. Each shell has its
own complex k, read from tables. The total pressure
and the radial velocity is matched aaross each shell
boundary r = R(, (0 < Ri < ... < R,\ = R), i.e.,
Zm{kr) and dZm(kr)/dr respectively. This allows
all the coefficients in the Bessel linear combinations
to be determined. Then, from A, we calculate the
absorption coefficient a and phase shift S using

« = 1 — \A\2 , 6 — — arg(*4). (4)

An advance in phase (S > 0) represents an increase
in phase speed through the spot. Note that if the
internal wavenumber k is the same as that in the
external region, A'o (real), then .,4 = 1 and a = 5 = 0
as expected.

Limitations of the model are

(i) the magnetic field geometry has been simpli-
fied to be piecewise uniform;

(ii) magnetic field variation with depth is not in-
cluded;

(lii) dependence of H on the angle </> Is Ignored;
(iv) Hcnttoring across radial order ?» has been ne-

glected (see the discussions in Brauu 1995; Barnes
& Cally 2000);

(v) the acoustic jacket lwus been ignored (Bogdan
& Cally 1995; Barnes & Cally 2000);

(vl) an mp = 1.5 planar polytrope has been used
to calculate the complex K, though wo partially cor-
rect for it through the p-niode ridge adjustment pro-
cedure discussed later in this section;

(vii) the difference in thermal structure inside and
outside the spot has not been explicitly incuded;

(viii) damping of acoustic emission in sunspots,
and enhanced emission in acoustic, glories surround-
ing them, are ignored;

(ix) flows are neglected;
(x) no overling atmosphere has been included.

Experience with (Cartesian) numerical simulations
suggests that none of these is fatal. To some extent,
the proof of the pudding will be in the eating; despite
these limitations, can Braun's observational Hankel
data be adequately matched using the model?

Several of these points warrant further discus-
sion. Regarding Point (ii), our only measure of mag-
netic field strength is L, the depth in uniform field
at which a = c (see Fig. 4). In reality, we expect the
magnetic field to concentrate with depth. The effect
of this is that the best fit to phase shift 5 and absorp-
tion coefficient o may not occur for the same L and
shell radius R, The reason is that phase speed of ;;
or n modes is determined predominantly at the im-
mediate subsurface layers (where the sound speed
is lowest), whereas absorption (conversion to slow
modes) occurs somewhat lower, presumably around
L. Consequently, the magnetic field strength that 5
and a 'see' may well be different. Compounding this
difference is the observational result from Hankel
analysis (Braun 1995) that plage absorbs but does
not scatter j>-modes,' suggesting that the absorb-
ing region may extend beyond the scattering region.
This point is addressed further in §3.2.

Points (iv) and (v) are related. Because the ver-
tical dependences of the internal and external eigen-
functions U(z) and \V(z) are not identical, there
must iii reality be some degree of scattering across p-
mode ridges. Our model neglects this, and by match-
ing both Mr and total pressure, actually allows for re-
flection and transmission at r = R. When the eigen-
function mismatch is taken into account though, it
turns out that it is not possible to match the interior
and exterior oscillations using just the discrete sets
of / - and p-modes of the given frequency in both
regions. Bogdan & Cally (1995) show that a con-
tinuous spectrum of horizontally evanescent 'jacket
modes' must also be invoked. These supply the 'glue'
necessary to perfect the match.

1 However, holgraphy suggests otherwise (Braun and
Lindsey 2000b). The reason for the discrepancy is un-
clear.

© 0000 RAS, MNRAS 000, 000-000
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Figure 4. Magnetic field .strength B against equipar-
tition depth L for a uniform field in (i) full curve: the
realistic solar model fgong.l5bi.d.l5 from the Aarhus adi-
abatic pulsation package (Chnstcnsen-Dalsgaard 1997),
and (ii) dashed curve: a complete adiabatic polytrope
of index rnf, — 1.5, assuming a density at 1 Mm taken
from the Aarhus model. The right hand axis shows the
sound and Alfven speeds at this cquipartition depth in
the Aarhus model only.

Point (x) is probably unimportant below the
chromospheric acoustic cutoff frequency ( ~ 5 mHz),
but above it a more sophisticated model should allow
waves to disappear upwards as well as downwards
(Cally, Bogdan & Zwcibel 1994).

For the single shell model, assuming koR ~3> 1
and Afc = Re(k) - ko <C R~*, where &o is the (real)
wavenumber in the outer nonmagnetic region and
k that inside the spot corresponding to the same
frequency and p-mode ridge, the boundary matching
yields

. (5)

For the adiabatic polytrope for example,

ko = mpu)2/(27i 4- v\p)g. (6)

From the inclined field eigenvalues (see Crouch &
Cally 2003a, Figs, la, 2a, 7a, and 8a), Rs(Ak) is
nearly always negative, though for 9 < 30° it can
be slightly positive at low frequency. So 6 > 0, and
it initially grows linearly with Re(Ak) as frequency
increases. Since ko increases quadratically with fre-
quency / = 27rw whilst Re(k) increases only linearly,
we expect a superlinear increase in S with / . This
is consistent with the Hankol data (Braun 1995).
Equation (5) is also consistent with our basic un-
derstanding that an increased phase speed in the
spot (decreased wavenuinber) gives rise to a posi-
tive phase shift when it reemerges. Figure 3 shows
the Crouch & Cally (2003a) eigenvalues for 9 = 30°,
showing that indeed Re(Ak) is negative.

However, there is a complication arising from
Point (vi) above. Although the polytropic index has
little effect on the calculated eigenvalues (see Hunter
1999, for the vertical field case), giving some reassur-
ance about the applicability of the Crouch & Cally
(2003a) model to the real sun, it does noticeably
affect the location of the p-mode ridges in the / -
I plane. If we apply eqn. (6) for a given frequency
/ = 2TTW, there results a considerable distortion in

/ . Instetul, we proceed IUS follows: to calculate the
model c* and 6 for a given frequency / , p-modo ridge
n, and equlpiirtltion depth JL, we first determine the
corresponding C from the real quiet sun f~t curves,
and hence calculate ko ~ \/({f +\)/RQ. Then we
apply eqn. (6) to find the "polytrope-effectivo" fre-
quency, i«uri thence u through cqn. (1). The Crouch
k. Cally tables are then consulted to find K. IU this
way, we compensate for the discrepancy between
ridge positions. Our preference for t rather than /
as the fundamental quantity allows us to more accu-
rately compare the frequency dependence of o and 5
with observations. If we do not apply the correction,
similar results are obtained, though for larger L.

3 RESULTS

3.1 Single Shell Models

The radius of the scattering region is most directly
probed using a range of azimuthal degree m. The
impact parameter TJIRQ/ y/((( + 1) is a measure of
how directly or glancingly the wave meets the spot.
As this approaches the radius of the scattering re-
gion, we expect S to drop towards zero.

To reduce error, Braun (1995) combined phase
shift and absorption resuV« into bins in £ centered
on e = 61, 82, 102, 123, 1 i.4, 164, 185, 205, 226, 246,
267, 288, 308, 329, 349, 370, 390, 411, 432, 452, 473,
493, 514, 534, 555, 576, 596, 617, 637, 658, 678, 099,
and 720. The quality of the data varies considerably
across this range, v/ith perhaps the best results at
around ( = 288, corresponding to a horizontal wave-
length of 15.2 Mm. Figure 5 displays the predicted
phase shifts at ( = 288 for a singlr- al"-" .r 'del with
L — 0.8 Mm, R = 27.5 Mm, a.."i T.̂ ld inclination
6 = 30°. The comparison with the ;NOAA5254 data
is impressive. Neighbouring values of L (0.6 Mm and
1 Mm) and ii (20 Mm and 35 Mm) produce notice-
ably inferior fits, with 25 < R < 30 Mm being best
(c.f., Fan, Braun k. Chou 1995). For the most part,
we shall fix on R = 27.5 Mm from now on.

Models with inclination angles 61 below 30° yield
very poor results because of the negative phase shifts
they produce at some frequencies (see th<5 discussion
associated with eqn. (5)). On the other hand, the
fit degrades comparatively slowly with increasing 6
above 30° (see Fig. 6). Though 0 = 30° is clearly
best, 40° may be judged acceptable. Of course, a real
sunspot has a wide range of field inclinations, and
attempting to model this with a single 9 is. bound to
introduce inaccuracies.

Dependence on t is addressed in Figs. 7 and
8, with I ~ 205 and 411 respectively. At the lower
I, the fit is still quite good, and in particular the
decrease in 6 with decreasing ( is well modelled. At
the larger I, the errors in the observational data are
much larger, leaving very few 'reliable' points. There
also appe.'jrs to bo more scatter, most notably at
n = 2, which may reflect the highly spiky behaviour
seen in the model curve, or may simply indicate that

0000 RAS, MNKAS 0OO, 000-000
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Figure 5. The predicted phase shifts S (degrees) against
angular degree m for a single-shell sunspot model with
L = 0.8 Mrn, ft = 27.5 Mm, and 0 = 30° at t - 288 (full
curves), for the /-mode (n — 0) and first seven p-modes.
The points with Iff error bare represent the Hankel anal-
ysis results (binned in ( about 288) for the dominant
sunspot in the group NOAA5254 (Braun 1995). Only
points with error bars below 30° are shown.

Figure 7. Same as Fig. 5, but for t •— 205.
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Figure 6. Same as Fig. 5, but for 0 = 40°
n — 2 and 3 is clearly Inferior.

The fit for

Figure 8. Same as Fig. 5, but for ( ~ 411. However, all
phases have been shifted into the interval (0°,360°) in
this case to avoid Jumps when the model 5 passes through
180°.

the data is highly unreliable. On the other hand,
these higher I modes may be scattering off smaller
scale features in the spot.

Whereas modelling 5 against m is fit best with
L ss 0.8 Mm, fits of axisyrumetric modes against fre-
quency are optimized for somewhat smaller equipar-
tition depths (and slightly larger 9, though this is
less significant). Figure 9 depicts phase shift ver-

© 0000 RAS, MNRAS 000, 00O 000.
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2 2,5 3 3.S 4 45 5 5.S

Figure 0. Phase shift 6 (curve) aa a function of fre-
quency for the single shell model with L = 0.58 Mm,
R = 27.5 Mm, 0 = 35°, and for axisymmetric oscilla-
tions (m = 0 ) . The black curve corresponds to the /-
mode, cyan to the pi-raode, etc. The plotted points of
the corresponding colours aro the m-averaged values for
NOAA5254 (Braun 1995), with only those polnti plotted
which have estimated error bounds at ^ 30°. There are
no /-mode points of this accuracy. Given the jdected val-
ues of 0 and R, the chosen L rcpresentr H-e least squares
best fit to the NOAA5254 phase ahift data for p-modes

sus frequency for tn =* 0 and the model L = 0.58
Mm, R = 27.5 Mm, 8 = 35°, compared with the in-
averaged S for NO A A 5254. As discussed in Braun
(1995), S is averaged over a small raugc of m about
0 in order to reduce errors and scatter. The m range
varies, but is chosen so as to not intrude far into
the 'shoulders' seen in previous figures. Given the
limitations of the model discussed earlier, the qual-
itative agreement in behaviour is pleasing. Better
agreement with individual p-mode ridges can be ob-
tained by slightly varying parameters; e.g., reducing
L to 0.55 Mm brings the p\ ridge into almost per-
fect agreement, though at the expense of the accu-
racy of the n > 4 curves. On the other hand, raising
L to 0.8 Mm as in previous figures produces com-
paratively poor remits for lower n. Specifically, the
ridgea are shifted too far to the left (recall that fre-
quency scales as XT1'2), though their slopes remain
approximately correct. This is clearly a residual ef-
fect of the mis-pofiitioning of the p-mode ridges by
the polytiopic model. It is anticipated that mov-
ing to a model based on realistic solar structure in-
stead of a poly trope would improve the match sig-
nificantly.

Previous attempts to model p-mode absorption
in sunspots based on slow-mode conversion and ver-
tical magnetic fields have foundered on the seeming
impossibility of obtaining sufficient absorption be-
yond the / - and perhaps pj-modes, However, with
inclined field, absorption is ample! Figure 10 shows a
as a function of m for the case L = 0.8 Mm, R = 27.5
Mm, 6 = 40°. Plotting a aa a function of frequency
(Fig. 11) reveals a similar picture. Correspondence
of the model curves with the dip at 5 mHz may be
improved by increasing L (see Fig. 12).

Several points should be made about Figs. 11
and 12. First, there is a minimum in a correspond-

B.I

n-l

-30 -10 0 10 29 -m -10 0 in jo

Figure 10. Absorption coefficient a versus azinmthal
order m for various radi&l orders n for the model L ~ 0.8
Mm, R •- 27.5 Mm, 6 = 40°, and waves with / = 288.

Figure 11. Absorption coefficient a versus frequency
for the case of Fig. 9. Again the comparison is with m-
averaged Hankel data. Error bars have been suppressed
in the interests of clarity, but only those points with aa <•
0.15 have been retained.

0.8

0.6

'0.4

0.2

0

ra-O;

2 3 4 J 6 7 8
/ (mjlz)

Figure 12. Absorption coefficient a versus frequency for
6 = 35°, L = 0.85 Mm, and R = 9 Mm.
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ing to the first dip in the Im(n) curves (soo Fig. 3).
Although this dip docs not extend to zero for 0^0
as it docs in the vertical field case (Cally, Oogdan &
Zweibol 1994), it is nonetheless substantial (note tho
logarithmic scale in the figure). At these frequencies,
the coupling of fast, and slow modes is weak, espe-
cially at high radial order. Since / « vj\fh, the dip
may be moved around in frequency by varying L. If
it is believed that the dip in absorption in the Han-
kel data is actually due to this effect, this gives us
a means of fixing L, This is how L was chosen for
Fig. 12. Indeed, tho tendency Tor the dip to occur at
lower frequency for low radial orders ?i (most clearly
seen in Fig, 2) is matched here.

However, evidence from acoustic holography
suggests that the 5 mHz dip may instead be due
to an enhancement of omission in this frequency
band in a region (the acoustic glory) surrounding the
spot (Donea, Lindsey & Braun 2000; Jain & Haber
2002). Nevertheless, the correspondence between the
5 mHz dip and the /m(«) dip at just about the right
L fceems too great a coincidence to ignore, and we
might be lead to believe that both mechanisms are
at work here.

Even with the Im(it) dip though, the absorption
produced by the model at higher frequencies and
low radial order is far too great. A much smaller
absorbing radius R can partially rectify this (see
Fig. 12), though the discrepancy at low n and large /
is still problematic. Cally, Bogdan & Zweibel (1994)
argued, in the case of the /-mode, that dissipative
mechanisms operate at these frequencies (associated
with interaction between the wave and convection)
which cause high frequency modes to be local rather
than global in nature. The 'memory' of the nearby
absorbing spot is therefore rapidly dissipated. The
presence of the acoustic glory only amplifies this ef-
fect. These mechanisms are not easily modelled at
the fundamental level, but reasonable ad hoc pre-
scriptions appear capable of substantially reducing
the excess absorption. Another possible cause is our
neglect of the dependence of /m(/t) on the angle 0
at which the waves meets the vertical plane contain-
ing the magnetic field vector B. Although as men-
tioned earlier, our mode) assumes no dependence on
4>, in reality /m(«) does noticeably decrease with
frequency for p-modes in field with 9 % 30° and
0 « 90°, contrary to its behaviour at <$> = 0° (Fig. 3).

A final possible reason for the excess absorp-
tion in the modes, and possibly the most important
one, is that absorption peaks rather sharply around
9 - 30° in the Crouch k Cally (2003a) results (see
Fig. 9 of that paper, noting the logarithmic scale),
whereas phase shift (i.e., Re(n)) varies more grad-
ually. Consequently, whilst an average phase shift
associated with 6 « 30° does a good job of repre-
senting the whole spot, applying this angle every-
where substantially overestimates absorption, which
in reality occurs predominantly in regions with that
field inclination. This would explain why the absorp-
tion vs. frequency curves are too high for parameters

optimized to fit phase shift data, despite- having the
right general shape.

The oscillations particularly evident in tho
;>ii<-.)7M curves in Fig. 11 arc due to leaky reso-
nances in the spot, i.e., partial reflections at r = R.
Since real sunspots may not have such sharp bound-
aries, this effect may be smeared in practice.

3.2 Multiple Shell Models

The impact parameter shoulder in the a versus m
Hankel data (Fig. 10) is far less clear than it is in
S. This suggests that the absorbing region is actu-
ally more extended in radius than is the phase shift
region. This is consistent with the result that plage
produces a measurable absorption but effectively no
phase shift in the Hankel data (Braun 1995). Con-
sequently, we might expect the diffuse magnetic el-
ements surrounding sunspots to continue absorbing
beyond the scattering region.

The tendency for 5 to be negative for low fre-
quencies when 6 < 30°, mentioned in §2, suggests
that the utnbral core, where the field is presumably
close to vertical, should show up as a dip in the 5
vs. m graphs at low impact parameter, i.e., low m.
Although there is some hint of this in the obser-
vational Hankel data for individual m, the scatter
makes it unclear whether the effect is really there.
Similar comments can be made about a, since it too
is greatly reduced in vertical field.

On the one hand, the lack uf a shoulder in the a
vs. m Hankel data suggests that the absorbing region
is large, but on the other, o vs. frequency graphs
(Fig. 12) produce best results for R small! Seem-
ingly, one way around this conundrum is to suppose
that absorption occurs predominantly in a compar-
atively thin shell at large radius, thereby presenting
a wide target to incoming waves whilst at the same
time not absorbing them too much. Alternatively,
acoustic glories and finite mode liftime effects may
bring the absorption graphs into line with observa-
tions without the need to reduce R.

With that point in mind, Fig. 13 displays 8 for
I = 288 and a five shell model consisting of a range
of L and 9 values. The dips created by the 'um-
bra1 are evident in the model curves. Unfortunately,
the quality of the Hankel data is insufficient to use-
fully probe the umbra in this way. Nevertheless, this
somewhat arbitrary model indicates some of the fea-
tures of a multishcll scenario. Figures 13-16 further
illustrate the character of this particular five shell
model. Overall, it yields a good fit to the phase shift
data, and at least a qualitatively correct fit to the
absorption data, though as usual a is a little too
high and the a shoulder too narrow in m. It would
seem that the NOAA5254 spot's absorbing area ex-
ceeds 35 Mm, which takes it well into the Hankel
annulus.

© 0000 RAS, MNRAS OOO, 000-000
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Figure IS. Phase shift S versus Azimuth&l order m
for various radial orders n for the multiahcll model
L - {1,1,0.8,0.6,0.4} Mm, R = {6,9,18,25,35} Mm,
and 8 •= {0°, 20°, 30°, 40° 155°}, and waves with degree
I ~ 288.

4 CONCLUSIONS

In this paper, we have explored the consequences
of modelling sunspot absorption and phase shift
in a crude way using the tabulated eigenvalues of
Crouch k Cally (2003a). Overall, given the simpli-
fications made, the correspondence between obser-
vational H&nkel data and the models is very im-
pressive, especia'ly for 5. Indeed, it is remarkable
that the phase shift data can be fitted so well us-
ing just magnetic effects, without including inter-
nal/external thermal differences. From toraographi-
cal inversions, Kosovichev, Duvall & Scherrer (2000)
report a typical 0.3-1 kms"' increase in ray-speed
in a region as broad as the surface spot and some
10 Mm deep beneath it. As a comparison, the quiet
sun sound speed is around 20 kms"1 at 4 Min deep,
and 37 kms"1 at 10 Mm. They cannot distinguish
between sound and fast mode speed, but estimate
that it would correspond to a field strength of IP
kG if the increase were entirely magnetic. Given the
total sunspot surface magnetic flux though, an 18
kG field at these depths should not fill such a broad
region, so we may assume the effect is mostly ther-
mal. But also, judging from their Fig. 8, there is a
wave Bpced decrease in the first 2-3 Mm beneath
the spot. This is difficult to reconcile with the pos-
itive phase shifts found by Hankcl analysis, though
without more detailed data than can be read from
their figure, it is hard to be definitive about this. In
any case, we tentatively conclude from our excellent
agreement with the Hankcl data that the effect on
p-mode speeds is predominantly due to magnetoa-

Flgure 14. Absorption coefficient a versus aztmuth&l
order m for the five shell model of Fig. 13, again with
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coustic coupling at shallow depths (loss than 1 Mm)
rather than doop thermal perturbations.

Absorption o in our models is consistently
somewhat high for values of tho parameters L, 0,
and R which produce good phase shift fits, though
qualitative behaviour is a good match. Tho discrep-
ancy could be duo to several causes, most notably

• inappropriately applying a 0 ~ J0° model, for
which absorption is strongly peaked, everywhere in
the spot;

• the neglect of convoctive mode dissipation, de-
pressed acoustic emission inside spots, and enhanced
acoustic emission surrounding spots;

• due to sunspot field not being uniform as in
the model, the effective magnetic field strength at
depths win re phase shifting and absorption happen
may bo quite different, meaning that different pa-
rameters may be required in modelling each of the
two effects.

Typically, good results arc obtained with equiparti-
tion depth L between 600 and 800 km roughly, cor-
responding to Alfven and sound speeds at z = —L
of around 10-11 kins"1, or magnetic field strengths
of 3.6-4,8 kG. These are very reasonable numbers.

Indeed, overall, we have been very successful in
addressing the list of points to explain set out at
the end of §1, as well as others relating to variation
with 7rt. However, the polytropic model adopted here
is too crude to warrant detailed comparisons with a
view to quantitative inversions. It particularly af-
fects the horizontal positioning of curves represent-
ing Q or S against frequency. It would be useful to
recalculate the Crouch & Cally tables for a realistic
solar model, and rcapply the procedures developed
here to them. However, this is not trivial. Although
the eigenvalue differential equations are solved nu-
merically using a shooting method, the eigenvalues
rely crucially on the analytic asymptotic solution of
the equations for large depth and to high order. This
is done using a dominant balance method (which
incidentally relies on AmP being an integer), and
it is not clear how to carry this over to a general
(tabulated) model. In practice, replacing the solar
model by a polytrope below some depth is prob-
ably the best way to proceed. Even with a realis-
tic solar model though, the neglect of field strength
variation with depth, and thermal differences inside
the spot, could prrdude exact, comparison. Unfoitu-
natcly, the task of calculating eigenvalues for more
complex magnetic geometries is mathematically ex-
tremely difficult.

Perhaps the mast pe. tinent lesson to be drawn
from our results is that slow mode conversion does
indeed seem to be the predominant mechanism re-
sponsible for the observed absorption and phase
shifts. And in particular, inclined magnetic field is
necessary to make the process work.
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