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Abstract

In the 50 years of helioseismology, we have gained an extensive understand-

ing into the physical processes present within our sun. With the aid of high

resolution observations and increased computational power, the current body

of understanding is rapidly growing. However, there are still many questions

left answered today. In this thesis, we will address two phenomena in order to

shed light on their related open questions. In the first part, we will examine

the scattering regimes that exist within bundles of thin magnetic flux tubes.

In particular, we will address the question of how magnetic plage can absorb

large amounts of wave energy and whether the resultant scattered wave field

can be used to infer the magnetic field structure. The second phenomenon

concerns the seismic sources that are situated within acoustic power halos

and what role of the magnetic field has in enhancing these sources.

In addressing the multiple scattering regime, a semi-analytical model was

developed in order to model the scattering between numerous thin flux tubes

situated within a stratified atmosphere. We have used a method originally

designed for oceanic wave scattering, and applied it to a solar context. While

to some extent this has been done in the past, we further develop the model

to include the scattering of all possible modes between thin magnetic flux

tubes. In doing so, we outline and address a mathematical error in the origi-

nal formalism, that was not apparent until previous results were compared to

recent numerical studies. Numerous case studies are then examined, ranging

from the simple case of two interacting tubes, to large numbers of closely

packed tubes. Various parameters are explored and the effect these have on

the scattering regime is reported. Our results compare quite well with nu-

merical and observational studies, and this model presents a significant step

forward in understanding how the scattered wave field can be used to infer

the internal constitution of a slender magnetic field structure.

On addressing the second phenomenon, we employ the helioseismic holog-



raphy technique to examine the enhanced seismic sources that are situated

within the acoustic power halo that surrounds complex active regions. We

examine three active regions using SDO data and apply strict statistical pre-

cautions in our analysis. The relationship between the seismic sources and the

magnetic field is explored, with a strong correlation found between seismic

enhancement and quasi-horizontal fields of intermediate strength. Addition-

ally, the most intense seismic emitters (acoustic glories) were found to be

located within fields very close to horizontal. The relationship between the

seismic source halos and the commonly used local acoustic power maps is

also explored, with large similarities reported. We found that the greatest

difference between the two types of halos occurs within the high frequency

(9 mHz) regime. The results of this observational study agree with other

recent studies, however this study presents a significant advancement on pre-

vious holography studies.
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Chapter 1

Introduction

This chapter has a dual purpose. Firstly, the current body of work concerning

wave interactions within collections of thin flux tubes will be summarized.

Concurrently, the gaps in this knowledge will be outlined with particular

attention to the lack of thorough analytical models. Following this discus-

sion, an outline of the phenomenon known as acoustic power halos will be

given, with particular attention given to the findings of previous studies.

Additionally, a review of helioseismic holography will be given, in order to

understand the application of this technique in this study. I point out that

this thesis has theoretical and observational aspects, related by the fact they

both investigate the seismology around magnetic field concentrations.

This chapter begins with a general overview of the importance of helio-

seismology around active regions (section 1.1), with a particular focus on the

magneto-seismology of active regions (section 1.2). Sections 1.3 and 1.4 will

examine the current theoretical background to wave propagation and scat-

tering within the sun. Section 1.5 will revise the current body of knowledge

regarding the acoustic halos and the helioseismic holography tools used to

examine such phenomena. Finally, the basis for this research will be outlined

in the context of the previously stated background knowledge.
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1.1. HELIOSEISMOLOGY

1.1 Helioseismology

The inability to directly observe the internal constitution of the sun requires

the use of seismology techniques to probe its subsurface structures. The

tools to achieve this fall under the field of Helioseismology and generally use

observable surface oscillations generated by internally propagating waves to

probe the subsurface. Helioseismology can be divided into two parts, global

and local helioseismology. As the name suggests, global helioseismology con-

cerns itself with the seismology of the entire sun. This field uses surface

motion induced by global standing modes and the general normal mode the-

ory of non-radial stellar oscillations (Unno et al. 1989), to infer the internal

structure of the sun. While global analysis is useful for the study of large scale

structures, the comparatively younger field of local helioseismology concerns

itself with local perturbations of the solar surface. In particular, local studies

are interested in the propagation of waves around surface magnetic features

(e.g. sunspots) and the effect these features have on acoustic waves. This

thesis is focused on the effect of magnetic fields on local oscillations, with

the particulars outlined further in this chapter. A comprehensive outline of

Local Helioseismology is given in Gizon and Birch (2005).

Solar acoustic waves are generated by turbulent convection (Goldreich

and Keeley 1977) and then propagate, interfere and reflect within the solar

interior. These waves are defined as either an acoustic (p-mode), fundamental

(f -mode) or gravity wave (g-mode). The f -mode is a surface gravity mode

that propagates horizontally across the solar surface, while p-modes are not

confined to the surface and are considered acoustic due to pressure being the

dominant restoring force. In contrast to acoustic waves, the restoring force of

the g-mode is buoyancy, and it is therefore in the radiative core, or in the thin

subadiabatic layer near the solar surface. We shall not consider g-modes fur-

ther. The most well known manifestations are the 5-minute oscillations first

observed by Leighton et al. (1962) and Evans and Michard (1962). Typically

an acoustic mode generated at the surface will travel inward, experiencing

an increase in sound speed. Due to this increase the wave will begin to

refract, eventually reaching its turning point and returning to the surface

creating further observable oscillations (see Figure 1.1). By mapping these

waves across the solar surface, or some patches on it, and comparing them to

theoretical models, the goal of understanding the subsurface of the sun can

be addressed.

In terms of modelling the behaviour of these p-modes, the radial displace-

ments (δr) are generally represented in terms of spherical harmonics (Y m
l )
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CHAPTER 1. INTRODUCTION

Figure 1.1: An illustration of the propagation of acoustic waves within the
solar interior. Depending on the l of the spherical wave the modes may travel
deeper before reaching the turning point (dotted line), refracting and return-
ing towards the surface again. Image from Cristensen-Dalsgaard “Stellar
Oscillations” Lecture Notes.

and radial order n,

δr(r, θ, φ, t) =
∑
n,l

l∑
m=−l

anlmξnl(r)Y
m
l (θ, φ)eiωnlmt, (1.1)

where l is the spherical order and m is the azimuthal order. Here anlm is

the complex amplitude of the acoustic wave with an angular frequency of

ωnlm. By taking a power spectrum of the surface oscillations, and averaging

the m modes, discrete ridges that correspond to different n order waves will

arise. An example of these ridges is seen in Figure 1.2 where the bottom

ridge corresponds to the f -mode (n = 0) and all higher ridges correspond

to pn-modes of increasing order n = 1, 2, 3 . . . . Generally high ω and low l

waves propagate deeper into the sun, with the turning point of these waves

obtained through the simple ray-theory relation,

c2s(rt)

r2t
=

ω2

l(l + 1)
(1.2)

where rt is the radial distance from the solar centre to the turning point and cs
is the sound speed. Typically acoustic modes are trapped between this turn-

ing point and a reflection point near the solar surface. However, Figure 1.2

3



1.2. MAGNETO-SEISMOLOGY OF ACTIVE REGIONS

shows that above ≈ 5.3 mHz the ridges that indicate the trapped modes are

less defined. This frequency is known as the acoustic cut-off frequency (νac),

where modes greater then νac propagate through the chromosphere to the

base of the corona. Though the accepted value of νac is 5.3 mHz, this value

is only an approximation as the cut-off frequency is dependent on factors

such as the solar cycle (e.g. Jiménez et al. 2011).

1.2 Magneto-seismology of Active Regions

If the sun were devoid of magnetic fields, then its physical processes could

be understood through the application of classical hydrodynamics. However,

the sun is a magnetic star with complex magnetic fields that influence the

propagation of acoustic waves within the interior and atmosphere. These

magnetic fields are generated through the solar dynamo process, whereby a

combination of convection and differential rotation within the sun induces

the electric currents needed to generate and sustain these fields (see Weiss

and Tobias 2000; Tobias 2002). During the sun’s 11 year cycle the magnetic

fields are wound up, eventually erupting through the surface creating small

and large scale magnetic features. The study of the propagation and creation

of acoustic waves involved with the magnetic features present in the solar

surface is known as Solar Magneto-seismology.

A rudimentary magnetic feature present in the solar surface is known

as a magnetic pore. The inhibition of convection, due to magnetic fields

within these pores, results in the appearance of a dark cool region on the

solar surface. Pores can be viewed as a tightly packed group of magnetic flux

tubes that emerge through the photosphere forming a small umbra region,

of radius on the order of a few Mm (see Zwaan 1978). Upon emergence,

these pores can coalesce into large-scale magnetic features, such as sunspots

(McIntosh 1981, etc), for which vortex attraction has been suggested as the

responsible mechanism (Kitiashvili et al. 2010).

A sunspot is a large magnetic feature of a single magnetic polarity. The

magnetic nature of sunspots was first proposed by Hale (1908), who exam-

ined the Hydrogen alpha line (Hα) using the Zeemen effect to establish the

presence of magnetic field lines. The magnetic fields create a surface struc-

ture consisting of two major parts, the umbra and penumbra. The umbral

region contains a near vertical field with peak strengths between 2000-3700 G

(see Solanki 2003). The light intensity of this region is around 25% of the

surrounding region, with an effective temperature of 4500 K. However, the

4



CHAPTER 1. INTRODUCTION

Figure 1.2: An l-ν diagram from MDI Dopplergrams. The
image was produced by A. Kosovichev and is available on the
http://sun.stanford.edu/sasha/. This m-averaged power spectrum illustrates
the n-mode ridges with the lowest ridge corresponding to the f -mode, with
the pn modes following on.
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1.3. WAVE PROPAGATION IN SOLAR ATMOSPHERES

surrounding penumbral region contains highly inclined magnetic fields, with

a light intensity of 50% and an effective temperature of 5500 K. Sunspots al-

ways occur within active regions, usually leading the other smaller structures

of an active region; pores, smaller opposite polarity follower sunspots. One

such feature within active regions is magnetic plage (French for ‘beach’), and

is typically observed as bright regions in CaII emission of the chromosphere.

These bright features were first related to magnetic fields by Leighton (1959),

and can be considered as collection of individual magnetic flux tubes (as op-

posed to the closely packed pores) situated within the plasma surrounding

large-scale magnetic features in active regions.

It is well established (Braun et al. 1988; Bogdan et al. 1993, etc.) that

solar f - and p-modes interact strongly with sunspots, with up to 70% of the

incident power being absorbed and substantial phase shifts being observed

in the remnant outgoing waves. Plage also absorbs, although to lesser extent

(around 20%; Braun 1995). Although Braun (1995) failed to identify any

significant phase shift due to plage, later work (Chen et al. 1998; Braun

and Birch 2008) found measurable time travel shifts of order 10 seconds,

still considerably less than those observed within the penumbra and umbra

regions (of order 20 and 40 seconds respectively).

1.3 Wave Propagation In Solar Atmospheres

In order to understand the interaction of acoustic waves within and around

active regions, it is necessary that theoretical models agree with observable

parameters. There is a large amount of literature on the mathematics of

wave propagation in the sun (e.g. Goedbloed and Poedts 2004) and in this

section, a brief overview will be given in order to understand the formalism

in later chapters.

The solar atmosphere can be considered as ionized gas with a local pres-

sure p(r, t), density ρ(r, t) and velocity v(r, t) in the presence of the magnetic

field B. By assuming that the plasma is in a stationary (v0 = 0) equilib-

rium state (∇p0 = J0 ×B0 + ρ0g), wave propagation within the magnetized

plasma can then be understood through the Linearized Magnetohydrody-

6



CHAPTER 1. INTRODUCTION

namic (MHD) equations,

∂ρ1
∂t

+∇ · (ρ0v1) = 0, (Continuity) (1.3)

ρ0
∂v1

∂t
= −∇p1 + J0 ×B1 + J1 ×B0 + ρ0g, (Momentum) (1.4)

∂p1
∂t

= −v1 · ∇ · p0 − Γ∇.(p0v1), (Internal Energy) (1.5)

∂B1

∂t
= ∇× (v1 ×B0), (Induction) (1.6)

where ∇ ·B1 = 0, µ0J0 = ∇×B0, µ0J1 = ∇×B1, Γ is the ratio of specific

heats and the subscripts 0 and 1 represent the parameter’s background and

perturbations, respectively. In the absence of magnetic fields (quiet sun) and

gravity, the above equations reduce to the standard hydrodynamic equations

for an adiabatic gas, reducing to the common wave equation:

∂2ρ1
∂t2

= c2s∇2ρ1, (1.7)

where the sound speed of the acoustic waves depends upon the pressure and

density of the atmosphere,

c2s = Γ
p0
ρ0
, (1.8)

The solution describing the motion of a purely acoustic wave is

ρ1 = Ae[i(k.r−ωt)], (1.9)

where k and ω are the wave vector and angular frequency, respectively, re-

lated through the dispersion relation:

ω2 = c2s|k|2. (1.10)

The above equations describe the propagation of an acoustic wave through

a uniform non-magnetized medium. But if there was a magnetic feature

within the medium, such as a sunspot or a slender flux tube, then the acous-

tic wave will interact with the magnetic fields and in turn will generate what

is known as magneto-acoustic waves. These waves are classified as Alfvén,

fast and flow magneto-acoustic waves. In short, the Alfvén wave is an in-

compressible magnetic wave that propagates along a magnetic field inducing

transverse motion of the field. The fast and slow waves have magnetic and

acoustic properties and propagate with both longitudinal and transverse mo-

tion of the gas in general. Considering the aim of magneto-seismology is

7



1.4. AN ANALYTICAL APPROACH TO THIN FLUX TUBE
INTERACTIONS

to probe the internal constitution of large scale magnetic features, it is im-

portant to develop sound theoretical models to describe how propagating

acoustic waves can induce motion within magnetic structures and vice-versa.

Gravity also greatly complicates the picture, and will be addressed in detail.

1.4 An Analytical Approach to thin flux tube

interactions

In local helioseismology, there has been growing interest in the interaction

between distinct thin magnetic flux tubes, in particular, the mechanisms

that govern the way one tube can induce motion in close neighbouring tubes

through the scattering of incident waves. This section outlines the previ-

ous research into such interactions and serves as a literature review for the

research presented in Chapters 2 and 3

Presently all studies attempting to model the behaviour of waves and

magnetic features can be classified as stratified or unstratified studies. When

an atmosphere is stratified, it is situated within a (to good approximation)

constant gravitational field (g = −gẑ). However, the earliest scattering stud-

ies were primarily unstratified due to the complex nature of the mathematical

formalisms that gravity creates. In these cases the pressure and density terms

are constant with height, and hence the wave eigenfunctions can be described

as a plane waves (Equation 1.9).

1.4.1 Unstratified Media

Observational studies by Leighton (1963) and Simon and Leighton (1964)

were the first to show that the solar surface is ubiquitously threaded by

thin magnetic flux tubes, with a width of a few hundred kilometres and

field strength around 1-2 kG. These results challenged the assumption that

solar wave propagation should be considered in large scale magnetic fields

alone (e.g. Chandrasekhar and Lebovitz 1962). Instead the interaction of

waves with discrete magnetic filaments must also be modelled. This discovery

instigated a series of studies into the behaviour of ensembles of thin magnetic

filaments that were situated within a unstratified medium. The overall goal of

these studies was to examine whether subsurface structures could be inferred

from the observable wave field that is altered by the presence of magnetic

fields.

8



CHAPTER 1. INTRODUCTION

Bogdan and Zweibel (1985) were the first to model the interaction of ‘p-

modes’ with a flux tube bundle, by considering a model atmosphere with

no gravitational force. This study showed that as a plane wave propagates

through an infinite medium filled with slender tubes, the frequency would

shift proportionally to the half-space filling factor (i.e. +0.3% frequency shift

of the 5 minute mode for a 1% filling factor). Later, Bogdan and Zweibel

(1987) then attempted to characterize a scattering regime within an ensemble

of magnetic flux tubes (compared to diffuse medium), finding that an incident

wave’s energy would cascade to smaller scales the further a wave propagated

into a fibril medium. Bogdan (1987a) expanded on this study by finding a

finite width region of tubes behaves more like a diffuse slab in comparison to

an infinite half-space region of tubes. Furthermore, Bogdan (1987b) noted

the presence of compressive modes with a phase-speed less then the sound

speed, that resulted from energy deposition upon the tube. Other fibril region

studies include Ryutova and Priest (1993a,b) who examined the effects of

various parameters (field, densities, inclination and filling factor) on wave

propagation within a fibril region, finding the most important parameters

are the filling factor and tube’s spatial positions. Additionally, these studies

showed that a random distribution of flux tubes will create certain resonance

conditions, where energy input is more efficient depending upon the nature

of the tubes within the small region.

Motivated by the goal of ascertaining the subsurface structures of mag-

netic regions, Bogdan and Fox (1991) and Keppens et al. (1994) examined

the possibility of whether the internal structure of an ensemble could be de-

duced indirectly from the scattered wave field. Specifically, could the nature

of a sunspot (monolithic flux tube or spaghetti like ensemble) be determined

from the scattered wave field. Bogdan and Fox (1991) investigated the be-

haviour of a pair of tubes and found the existence of three scattering regimes;

incoherent, coherent and the multiple scattering regime. In the incoherent

scattering regime, the tubes are separated by large distances (d� λ, where λ

is the wavelength) and thus the total scattering cross section is the addition

of the two tube’s individual scatter. The coherent scattering regime involves

intermediate separation distances (d ≈ λ), where the scattering cross section

is significantly altered when compared to the incoherent scheme. Finally,

the multiple scattering regime occurs when the tubes are very close and the

scattering effects of one tube is altered by the presence of the other, and

vice versa. This in turn significantly alters the scattering cross section of

the system. In fact, Keppens et al. (1994) showed that, due to the multi-

ple scattering regime, the absorption of a closely packed ensemble differed

9



1.4. AN ANALYTICAL APPROACH TO THIN FLUX TUBE
INTERACTIONS

significantly from an equivalently large monolithic tube. The cause of this

enhanced absorption was attributed to the wave scattering between tubes,

which increased the overall absorption of each tube. Additionally, it was

found that a bundle of non-uniform fibrils would have increased absorption

due to scattering resonances, similar to Ryutova and Priest (1993a,b).

The absence of gravity in theoretical models is attractive for mathematical

simplicity. However, if the waves were allowed to propagate downward into

the solar interior (due to gravitational effects) would these resonances persist?

Hasan and Bogdan (1996) and Hasan (1997) suggested that gravitational

stratification of the atmosphere removes the resonances that could occur

within a single tube. However, Tirry (2000) demonstrated that it is not the

stratification per se of the atmosphere that removes the resonances; rather it

is the presence of a mechanism that allows downward energy loss. This was

shown in an unstratified model that allowed the wave energy to effectively

escape through a ‘hole’ at the bottom of the tube. Furthermore, Tirry (2000)

showed that in a bundle of tubes, scattering resonances were eliminated by

allowing tube waves to escape through the bottom of the box.

While these early models were restricted to unstratified media, they nev-

ertheless demonstrated interesting characteristics of ensemble behaviour that

could be used for determining subsurface structures, such as flux tube bun-

dles. The inclusion of gravity will change the way the multiple scattering

regime is understood within the solar surface.

1.4.2 Stratified Media

Having discussed the implications and findings of unstratified studies, this

section will present the current body of work concerning stratified atmo-

spheres and the significance of the multiple scattering regime. We will begin

by briefly outlining the mathematics of stratified atmospheres to specify the

nature of the atmosphere below the photosphere. Additionally, the implica-

tions of gravity on wave solutions will be discussed. Finally, the results of

previous studies and in light of these results, the aim of this research will be

outlined.

For stratified atmospheres, most models have an upper boundary that

coincides with the τ5000 = 1 level (see Maltby et al. 1986), where the τ5000
level is the optical depth of the solar surface. Typically, studies into wave

propagation in stratified atmospheres (e.g. Hanasoge and Cally 2009; Hind-

man and Jain 2012) follow the mathematical formalism outlined in Bogdan

et al. (1996). Here the atmosphere is under a constant gravitational force

10
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Figure 1.3: The adiabatic sound speed of an acoustic wave within a non-
magnetized medium outlined in Bogdan et al. (1996). The sound speed is
calculated from Equation (1.8)

(g = −gẑ) and pressure and density vary with depth below a reference height

z0,

p(z) =
ρ0gz0
mp + 1

(
− z

z0

)mp+1

= p0

(
− z

z0

)mp+1

, (1.11)

ρ(z) = ρ0

(
− z

z0

)mp

(1.12)

where mp = 1/(Γ − 1) is the adiabatic polytropic index. Herein, ρ0 is the

reference density and p0 the reference pressure, at z0. With a stratified

atmosphere the sound speed of acoustic waves depends upon the depth into

the solar interior (Equation 1.8). Figure 1.3 shows the adiabatic sound speed

for the most commonly used stratified atmosphere model (Bogdan et al.

1996). Typically shallow depths below the photosphere have a sound speed

of around 10 km s−1 and increase with depth proportional to
√
z.

Within gravitationally stratified media, magnetic flux tubes exhibit both

discrete and continuous spectra of oscillation, the former related to the f - and

p-modes of the external medium, and the latter deriving from the acoustic

jacket (Bogdan and Cally 1995; Cally 2013) of horizontally bound (‘near

field’) slow waves that propagate vertically on the tube and take energy

away. These waves play an important role in the multiple scattering regime

(Hanasoge and Cally 2009). Since stratification requires the inclusion of

the near-field modes and removes resonances, it then falls to the near-field

multiple scattering regime to explain the observed scattering and absorption.

When examining the interaction between thin magnetic flux tubes, there

are three main mechanisms to describe. Firstly, an incident propagating wave
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INTERACTIONS

Figure 1.4: An illustration of a thin flux tube moving due to sausage (left)
and kink motion (right).

interacts with a single flux tube, depositing some of its energy, which then

manifests as tube motion. Secondly, the remainder of the incident wave is

scattered into the surrounding medium (with the same frequency). Finally,

the scattered wave field then interacts with neighbouring tubes, depositing

more energy onto these tubes causing further scatter. These interactions

then change the overall scattering properties of each tube within the bundle,

which is the nature of the multiple scattering regime.

Bogdan et al. (1996) was the first to describe the motion induced in a

flux tube by an incident wave. It was shown that an incident wave upon a

flux tube could produce two types of motions, called the kink and sausage

motion. Figure 1.4 is a sketch illustrating the nature of a slender flux tube

undergoing kink or sausage motion. The mathematical description of these

modes will be addressed in Chapter 2. It is generally thought that these

two modes are separate motions and this assumption is used in most studies

(both unstratified and stratified). However, recent work by Goossens et al.

(2014) has shown the kink motion of a flux tube will decay into azimuthal

motion (sausage) given enough time.

The work of Bogdan et al. (1996) inspired numerous studies into the

nature of the scattered wave field of a single tube. With regards to the kink

12
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motion of a flux tube, Hanasoge et al. (2008) showed that the dominant

mode, scattered from a single tube, was the f -mode with an absorption

of 1.17% and phase-shift of 50◦. It was also shown that these scattering

properties increased with the frequency of the incident wave and whether

the tube had a magnetic pressure dominance. With regards to the sausage

mode Hindman and Jain (2012) and Andries and Cally (2011) both showed

that this mode had a small absorption with relatively large phase shifts (up

to 15◦) for an incident f -mode. While these studies outline and demonstrate

the scattering behaviour of a single tube, it is then logical to extend these

studies to investigate bundles of tubes.

Jain et al. (2009, 2011a,b) modelled ensembles within a stratified atmo-

sphere, but neglected any scattering regimes and thus addressed the ensem-

ble as a collective of individual non-interacting tubes. It was shown that the

absorption of a tube ensemble (interacting purely through sausage motion)

depended significantly on the magnetic pressure of the tubes and the distri-

bution of these pressures across the ensemble. In fact, an ensemble with a

narrow distribution of plasma β and a mean value between 0.5 and 1 closely

matched observational results. While these studies ignored the effect of the

jacket modes, and hence the multiple scattering regime, they are neverthe-

less informative about the effect of frequency and plasma-β distributions on

ensemble absorption. Hanasoge and Cally (2009) were the first to outline

the significance of the multiple scattering regime between pairs of tubes by

utilizing the analytical methods of Kagemoto and Yue (1986). They showed

that the horizontally evanescent near-field plays a significant role in altering

the scattered wave field coefficients when the tubes are in close proximity.

For the purpose of conciseness, we will discuss this study further in chap-

ter 2 but we will note Hanasoge and Cally (2009) focused upon two tubes

interacting purely through the kink modes.

So far no analytical study has examined multiple scattering of both the

sausage and kink motion within a stratified medium. However, a growing

body of numerical studies have begun to shed light on the significance of

this regime. Felipe et al. (2013) showed that the multiple scattering regime

significantly impacts absorption coefficients, as well as generally decreasing

the phase shift of the outgoing wave. Also, it was noted that absorption

generally increases with the number of tubes. Daiffallah et al. (2011) found

that tube radius play an important role in the generation of kink and sausage

motion. They demonstrated that the kink motion is dominant in small radius

tubes (compared to wavelength), while sausage and kink motion occurred in

intermediate radius tubes and numerous modes (including high |m| > 1 )

13
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occurred in large radius tubes. Additionally Daiffallah (2014) investigated

the surface velocity profiles created by an ensemble of closely packed thin

tubes, showing that relative tube position and separation plays a significant

role in the resultant vertical velocity profiles.

1.5 Morphology of Acoustic Power Halos

While mathematical modelling has its merits, it is meaningless without ob-

servational constraints. The purpose of this section is to provide a brief

introduction into the phenomenon known as enhanced acoustic power halos

that surround active regions. This knowledge is required to understand the

observational research performed in this thesis. Following this, an outline of

Helioseismic Holography will be given. Holography is one of the many local

helioseismology tools used in understanding solar magneto-seismology and

power halos.

1.5.1 Seismic Emission within Acoustic Power Halos

The enhanced acoustic power surrounding active regions has been the focus

of many recent observational and numerical studies. These enhanced regions

are commonly referred to as acoustic halos and typically have a local power

that exceeds that of the quiet sun by 40-60% (Hindman and Brown 1998,

etc). These halos were first observed near the photosphere by Brown et al.

(1992) and have since been observed at chromospheric heights (Braun et al.

1992; Toner and Labonte 1993). Thus far, the mechanisms responsible for

this phenomenon are not well understood. With regards to the morphology,

Khomenko and Collados (2009) provide a concise summary, and the key

points are:

i) a disproportionate enhancement of acoustic power occurs in the 5.5 −
7.5 mHz frequency range;

ii) the halos occur in low to intermediate field strength (50-250G) (Hindman

and Brown 1998), and diminish rapidly with greater field magnitudes;

iii) enhancement is aided by regions of near-horizontal field inclination, in

particular between locations of opposite polarity (Schunker and Braun

2011; Rajaguru et al. 2013).

Numerous theories have suggested possible mechanisms responsible for

the halo phenomenon. In simulations, Jacoutot et al. (2008) showed that
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high frequency turbulent convective motions, in the presence of moderate

magnetic fields, may enhance the local acoustic emission. Another study

by Khomenko and Collados (2009) proposed that the refraction of fast mode

waves in the higher atmosphere could deposit additional energy into the pho-

tospheric regions of intermediate field strength. Also, Kuridze et al. (2008)

suggested that high order azimuthal modes may become trapped under the

magnetic canopy, enhancing the observable vertical velocity power. Mean-

while Hanasoge (2008, 2009) argued that enhanced acoustic oscillations may

be the result of MHD mode mixing (scattering). While these theories all

propose different mechanisms, further observational statistics are required in

order to test and examine their validity.

Typically in observational studies, the acoustic power is determined from

the local Doppler signature at a given point on the solar surface. It is then

a standard procedure to use these Doppler images to generate and inter-

pret power maps at frequencies between 2-10 mHz. In these local Doppler

power maps, the acoustic waves (p-modes) generated by convective motions,

as well any additional seismic source mechanisms will be seen. In order to

differentiate the additional seismic sources, apart from the background oscil-

lations, the computational seismic holography technique is applied (Lindsey

and Braun 1997). These holography power maps show the possible seismic

sources that generate outgoing waves, which reemerge some distance away.

While there is a large degree of similarity between the local acoustic power

maps and the seismic source maps, a study of the relationship between the

power distribution of seismic emission and local oscillatory power, within

their respective halos, has not been done. In the latter part of this thesis,

we will examine both the local oscillation power (referred to herein as local

acoustic power) and the seismic power that is emitted from a point and

resurfaces some distance away (referred herein as seismic emission power).

We will compare these with other observational images of an active region,

such as vector magnetograms, in order to further understand the acoustic

morphology of complex active regions.

1.5.2 Computational Helioseismic Holography

In this section the background knowledge of Helioseismic Holography will be

given. This is done so that the reader can understand the underlying physics

and limitations needed for and imposed by holography, and to explain the

differences between the two types of enhanced power halos.

Helioseismic holography is a computational procedure that reconstructs
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the solar acoustic wave field at some arbitrary depth within the solar interior.

The concept was first developed for application on SOHO and GONG data in

the 1990’s by Lindsey and Braun (1990), Braun et al. (1992) and Lindsey and

Braun (1997). Chang et al. (1997) developed a similar technique which was

used on Taiwan Oscillation Network (TON) data. In terms of solar acoustics,

holography is used to regress an observed surface wave field backwards in time

to a chosen focal depth. In doing so, a three-dimensional acoustic field can

be computed and any acoustic sources/sinks examined (see Figure 1.5). The

technique is called ‘holography’ because it is similar to the reconstruction

of a three dimensional image through the use of lasers by phase-coherent

reconstruction of the monochromatic radiation recorded on two dimensional

photographic ‘holograms’.

Helioseismic holography was fashioned expressly as a local discriminator

of helioseismic anomalies, such as sunspots and plages (Braun and Lindsey

2000a,b), seismic transients of flares from the near solar hemisphere (Lindsey

and Donea 2008), active regions in the Sun’s far hemisphere (Lindsey and

Braun 2000b; Braun and Lindsey 2001), or magnetic anomalies submerged

in the solar interior (Lindsey and Braun 1997; Braun et al. 1992).

The formalism relies on the convolution of a Green’s function (G±) to

time reverse an observed acoustic wave field ψ(r′, t′) to a location and time

(r, z, t). This in turn renders a regressed acoustic wave field at a chosen

depth z,

H±(z, r, t) =

∫
dt′

∫
a<|r−r′|<b

d2rG±(z, r′, t′, r, t)ψ(r′, t). (1.13)

Here H+ is the egression and H− is the ingression, where the ± subscript

indicates whether the the point being examined is the source or destination

of the computed wave field, respectively. These computations are typically

performed over an annular region, referred herein as the pupil, with an inner

radius of a and outer radius b. Generally the inner radius size determines the

resolution of the egression power maps, while a large outer radius samples a

broader range of wavelengths, hence more power is calculated. By centring

the pupil at a particular point on the solar surface, any wave field observed

within the surrounding annular region is then regressed through time to their

origin/destination at the pupil centre. In doing so, the emission of acoustic

waves that then re-emerge at the surface can be examined.

In terms of depth diagnostics, Holography has the capability to examine

both deep and near-surface sources/sinks, by simply pushing the focal plane
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to the desired depth. The technique for examining the sources emitted from

the near surface and re-emerging some distance away is known as ‘Subjacent

Vantage Holography’ and is illustrated in Figure 1.6. In contrast ‘Superjacent

Vantage Holography’ works on the basis that the source is emitted deep

within the surface and travels upwards emerging at the surface. The former

is usually the preferred technique when examining active regions, as the

latter’s computed wave field can be confused with perturbations within the

active region.

It must be kept in mind that helioseismic holography does have its limi-

tations. Similar to electromagnetic holography and lens optics, helioseismic

holography is subject to the effects of interference and diffraction (see review

paper by Lindsey and Braun 2000a). This ultimately means that a computed

wave field may be subject to the affects of sinks/sources just above or below

the focal plane. Similar to a microscope, as the focal plane approaches an

object it will appear to the observer that the object is in the focal plane,

though out of focus. This in turn creates an incoherent representation of

locally generated noise, to which the actual wave-field is superimposed. The

appearance of this out of focus noise is known as stalactites and stalagmites,

depending on whether the object is above or below the focal plane respec-

tively. While some studies are not concerned with depth diagnostics (such

as this thesis), this limitation must be kept in mind as it is conceivable that

half of the computed egression/ingression power is incoherent noise.

Applications to Power Halos

Since its development Helioseismic holography has been used extensively to

examine (and discover) numerous physical phenomena within the solar inte-

rior. It is well established that the strong interaction of p-modes with active

regions (Braun et al. 1987, etc) results in strong absorption and phase-shifts.

The absorption of p-modes can be seen as a power deficit with the egres-

sion power |H+|2, where the strong magnetic fields act as a wave-field sink.

Braun et al. (1998) and Lindsey and Braun (1998b) calculated 3 mHz egres-

sion power maps (seismic emission) showing that similar to Hankel analysis,

a strong compact power deficit (no sources) is associated with sunspots and

surrounding magnetic plage. However, these studies also reveal a significant

power deficit extending from the active region, referred herein as an acoustic

moat. When the focal plane was submerged into the solar surface, Lindsey

and Braun (1998a) and Braun and Lindsey (1999) showed that a seismic

deficit (associated with the sunspot) could persist to depth of 10 Mm. How-
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Figure 1.5: Submerged seismic sources propagate to the surface to create the
observed surface acoustic wave field. Helioseismic holography can approx-
imate the position of these point sources. Image from Lindsey and Braun
(2000a).

Figure 1.6: An example of an acoustic wave field sampled within the pupil,
that originates from a point located at some depth below the centre of the
annular region. Image from Lindsey and Braun (2000a).
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ever, the concept that efficient acoustic absorption could occur below 5 Mm

is problematic (see Lindsey et al. 1996; Lindsey and Braun 1998a) and it was

suggested that such computed wave fields are affected by scattering (thermal

or Doppler perturbations) of the power deficit located at the surface.

While an acoustic moat is present at low frequencies (at 3 mHz), at higher

frequencies (> 4.5 mHz) a conspicuously enhanced region of acoustic power

is present. When investigating AR 081799, Braun and Lindsey (1999) called

this enhanced region the acoustic glory. This glory surrounded a multi-polar

region and was found to be seismically intense with an average power of

∼ 115% quiet sun values. In contrast, a circular sunspot in the same active

region possessed no glory, suggesting that these halos are associated with

multi-polar regions. Braun and Lindsey (1999) further found that the halo

contained small-scale intense seismic emitters (∼ 150% quiet sun values),

that were associated with the magnetic neutral line of the active region.

When investigating the same active region (AR081799) and the relation-

ship between intense seismic emitters and magnetic fields, Donea et al. (2000)

confirmed that these emitters were generally located in quiet sun regions. It

was shown that the most intense emitters were aligned along the magnetic

neutral line, while others were also present on the boundary of weak mag-

netic fields. Donea et al. (2000) also found that acoustic emission, both in the

magnetic peripheries and in the quiet Sun, appears to maintain a temporal

character no more episodic than random Gaussian noise. In a similar study

of other active regions, Donea and Newington (2011) found the acoustic glo-

ries associated with multi-polar active regions (AR08996 and AR08179) were

generally weak, diffuse and lacked any bead like structures as found by the

aforementioned study. But it was suggested that the seismic emitters could

contaminate the surrounding quiet sun regions, creating an acoustic glory

(halo).

1.6 Basis for this Research

In the past few decades, high resolution observations have revealed a plethora

of acoustic phenomena occurring within and around solar magnetic features.

As previously discussed in this chapter, there is a number of open questions

regarding the relationship between magnetic fields and acoustic waves within

the solar surface.

This thesis will address some of these questions through a detailed analy-

sis of the behaviour of acoustic waves with magnetic fields. I aim to address
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the pertinent questions through: (i) the development of a semi-analytical

model to address the nature of the multiple scattering regime within a flux

tube bundle, between constituent tubes, that are situated within a stratified

atmosphere, (ii) by undertaking a comprehensive study of seismic emission

surrounding complex active regions, in order to identify a relationship with

magnetic fields, and to compare these seismic sources with the local acoustic

oscillations.

The key research questions I set out to address in this thesis are as follows:

1. How to successfully model the interaction between a pair of thin flux

tubes, utilizing the solutions of both the kink and sausage motion of

the tube.

2. How to settle a disparity between semi-analytical and numerical stud-

ies, with regards to the symmetry of ±m waves.

3. What parameters (frequency, magnetic pressure, etc.) change the ob-

servable absorption and phase-shift?

4. How to model a large ensemble that is able to interact with high order

modes (|m| > 1).

5. What is the relationship between the magnetic field and seismic emis-

sion, and are there any similarities with the relationship between local

acoustic oscillations and magnetic fields?

6. What is the morphology of the seismic halo, and what properties of the

active region affect this?

7. Is there a relationship between intense seismic emitters and the sur-

rounding magnetic field configuration?

To address questions (1)-(4), the development of a mathematical model is

required to describe the interaction of a wave with a single tube, and how the

resultant scattered wave field effects nearby tubes and vice versa. The main

aim of Chapter 2 is to outline the formalism of the model and to investigate

the case of two tubes interacting through the multiple scattering regime. As

outlined in section 1.4.2 previous studies have examined the kink and sausage

motion of a single tube separately. This formalism will include descriptions

of both motions, in order to obtain a more complete description of a thin flux

tube within an ensemble. Then an outline of the formalism for the behaviour

of a pair of flux tubes, including the powerful near-field scattering, will be

20



CHAPTER 1. INTRODUCTION

given. Numerous parameters will then be examined in order to identify

their role in the multiple scattering regime. This model is the first step in

describing the multiple scattering regime in large ensembles, and highlights

the importance of this regime on overall absorption and phase-shifts.

The next step is to extend the model outlined in Chapter 2, to a large

ensemble of flux tubes and this is achieved in Chapter 3. Continuing with

the goal of comparisons to observational studies, we further develop the for-

malism to include high order fluting modes. We then examine collective

behaviour through the study of various ensemble types. The ensembles ex-

amined include symmetric identical tube ensembles, randomly positioned

identical tube ensembles, and random non-identical ensembles. It is the aim

of this study to illustrate how the observed absorption and phase-shift can

change due to the nature of the ensemble. Additionally, it is examined if

the ensembles were replaced with single tubes of the same flux, whether the

behaviour is similar or different.

With the semi-analytical study examined in Chapters 2 and 3, the focus

of the thesis then shifts to addressing questions (5)-(7) in Chapter 4, with

an observational study of the seismic emission surrounding complex active

regions. Utilizing the data available from the SDO mission, in particular

HMI and AIA data, we present detailed findings of three complex active re-

gions that have enhanced seismic emission halos of varying extents. These

halos are examined through the computation of egression power maps and

are compared to the commonly examined local acoustic power halo. The

active regions are of differing sizes and magnetic configurations, which result

in different enhanced seismic emission. While recent studies by Schunker and

Braun (2011) and Rajaguru et al. (2013) have examined the relationship be-

tween local acoustic power and the magnetic field, none has yet investigated

the relationship with seismic source enhancement. Additionally, the similari-

ties between these two types of halos have not yet been extensively examined.

In this chapter, I present to the reader a comparison of three active regions, a

study of the halo morphology, and a comparison of seismic emission and local

acoustic power. This study takes strict statistical precautions in examining

and comparing the magnetic field with the seismic emission. Finally, this

chapter will compare the results in a qualitative fashion with the data from

the AIA instrument, in order to speculate on the role of magnetic canopies

with seismic enhancement.

This thesis shall then conclude with Chapter 5, where I will summarize

the major findings of the thesis and discuss future research prospects. I

acknowledge that this thesis is based on 3 published journal articles and one
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unpublished paper. These papers were collaborations between myself and

the co-authors. However, the majority of the work (initiation, data analysis,

programming, modelling, discussions and write-up) was performed by myself.
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Chapter 2

An Analytical Approach to the
Scattering Between Two Thin
Magnetic Flux Tubes in a
Stratified Atmosphere

This chapter outlines the formalism for the semi-analytical approach to the

scattering between thin magnetic flux tubes, extending the work of Hanasoge

and Cally (2009) with the inclusion of axisymmetric scattering. The formal-

ism also modifies the theory of Hanasoge and Cally (2009) and the original

formalism of Kagemoto and Yue (1986) to correct an unphysical symmetry

breaking identified independently by Hanson and Cally (2014) and Felipe

et al. (2012). The disparity is resolved within this chapter, and is found

to be the result of an incorrect description of the near-field. A simple case

of two thin flux tubes is examined, with results compared to other similar

studies.

25



2.1. INTRODUCTION

2.1 Introduction

Magnetic features ranging from ensembles of slender tubes to large mono-

lithic or spaghetti-like structures, are ubiquitous on the solar surface. Thin

magnetic flux tubes, like those found in plage, interact strongly with the

Sun’s acoustic p-modes, both absorbing and scattering incident waves (Braun

et al. 1990). Whilst the mechanism for the observed absorption and scatter-

ing by large monolithic sunspots is fairly well understood, the similar (albeit

smaller) observed affects of magnetic plage are not. Mechanisms operating

within large structures are unlikely to be responsible for the absorption in

smaller fibril structures like plage. Lately there has been a growing interest in

developing a sound theoretical framework to model the collective behaviour

of adjacent flux tubes.

The absorption and scattering observed in plage is thought to be the

result of a scattering regime between thin flux tubes present within the en-

semble. Upon encountering a single magnetic flux tube, a p-mode will lose

some of its energy, which is deposited upon the tube, with the remaining

energy scattered into the surrounding medium. The absorbed energy is then

converted into a vertically propagating slow wave (Cally and Bogdan 1993;

Bogdan et al. 1996) manifesting itself as kink or sausage like motion of the

thin tube. Generally, the scattered energy propagates away with a different

phase. Within the ensemble, the scattered wave field will then interact with

nearby tubes and scatter again. This cascade of energy, as the waves scat-

ter between tubes is the multiple scattering regime (Bogdan and Fox 1991).

Initial attempts to model the multiple scattering regime were restricted to

non-stratified media, due to the mathematical complexity that gravity in-

troduces (Bogdan and Zweibel 1987; Keppens et al. 1994, etc). Bogdan and

Zweibel (1987) were the first who attempted to characterize the multiple scat-

tering regime, concluding that an incident wave’s energy cascaded to smaller

scales the further the wave travels into a fibril medium. Bogdan and Fox

(1991) further shed light on the regime, finding that the scattered wave field

from a pair of flux tubes will differ greatly from that of a single tube when

the pair are within close proximity. Consequently, the nature (monolithic or

spaghetti) of the scatterer could then be discerned from the scattered wave

field (Keppens et al. 1994). However, neglecting gravity cuts out powerful

near-field oscillations that can strengthen collective behaviour.

In the absence of gravity, the far field eigenfunctions suffice when match-

ing internal and external wave fields. However, in a stratified atmosphere

the downward propagating slow wave is also known to be an acoustic source,
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manifesting as a near-field acoustic jacket around the tube (Bogdan and Cally

1995). When considering compact acoustic sources, the jacket modes heal

the surface velocity signature by removing the singularity present at r = 0

(for axisymmetric cases) (Cally 2013). The jacket modes form an infinite

continuum, are radially evanescent, and propagate up and down the tube.

As a result, any neighbouring tube will experience both the far- and near-

field generated by a flux tube, and in turn respond to it, contributing its own

scatter to the external medium. The scatter contributions of all other tubes

are no longer restricted to a discrete basis of far field modes, but rather con-

sist of a combination of discrete far-field modes and a continuum of near-field

modes. The description of the acoustic jacket and its continuous spectrum

in analytical models is challenging, and few scattering studies have included

it. In the case of an isolated thin tube, the mathematical formalism has

previously been developed for the dipole (m = ±1), or kink (Hanasoge et al.

2008), and monopole (m = 0), or sausage (Hindman and Jain 2012; Andries

and Cally 2011). Higher order fluting modes (m > 2) are not consistent with

the thin flux tube approximation and will be ignored.

Scatter from an isolated tube is solely the product of the incident wave,

and is restricted to the incident wave’s azimuthal order (m). However, in

the presence of nearby tubes, the scatter from all tubes must be calculated

simultaneously as each tube will contribute to its neighbour’s scatter. To

add to this challenge, the scatter is no longer bound to the m mode of the

incident wave and can now scatter into other m modes. Basing their theory

on Kagemoto and Yue (1986), Hanasoge and Cally (2009) were the first to

analytically describe the interaction between a pair of thin flux tubes in a

stratified atmosphere. They focused on the interaction of the kink mode os-

cillations m = ±1, ignoring the sausage mode (m = 0) due to unsatisfactory

boundary conditions, and concluded that the scatter properties of the pair

changed dramatically when in close proximity. It was also concluded that the

near-field’s contribution to the altered scatter properties was significant, as

it created a symmetry break between the m = ±1 scatter coefficients, even

when the tubes were aligned along x. The near-field also altered the phase of

the outgoing wave, demonstrating bizarre and unpredictable changes as the

tubes were separated. Recently, a numerical study by Felipe et al. (2013) ex-

amined the interaction between thick flux tubes, finding the absorption of m

modes between the tubes to be effective in the multiple scattering regime. In

contrast to Hanasoge and Cally (2009), they found that the multiple scatter-

ing regime can generate coherent phase change with separation distance, as

well as a lack of symmetry breaking between the ±1 modes in the near-field.
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The aim of this chapter is to incorporate the sausage mode into the semi-

analytical model of Hanasoge and Cally (2009), to investigate the interactions

between the kink and sausage modes, and to settle the disparity with the nu-

merical results of Felipe et al. (2013). This formalism is based on Hanasoge

and Cally (2009), and uses the arguments presented by Hindman and Jain

(2012) and Andries and Cally (2011) to implement the sausage mode. We

will then be able to compare our calculations with seismic analyses of ab-

sorption and scattering by plage on the Sun (e.g., Braun 1995) to determine

if the model captures the important characteristics of the interactions, and

hopefully to draw conclusions about the nature of the constituent flux tubes.

Section 2.2 outlines the mathematical formalism for flux tube scattering,

with Section 2.2.5 outlining the interaction with neighbouring tubes. Sec-

tion 2.4 outlines the results, with the relevance and comparison to Hanasoge

and Cally (2009) and Felipe et al. (2013) discussed in Section 2.5.

2.2 Mathematical Formalism

2.2.1 Wave propagation in the Polytrope

In this section we outline the interaction of flux tubes embedded in a strati-

fied atmosphere of constant gravity. The field-free atmosphere is an adiabat-

ically stratified (g = −2.775 × 104 cm s−2 ẑ) truncated polytrope of index

mp = 1.5. Following Hanasoge and Cally (2009) we use an atmosphere with

boundaries at depths of 392 km (z0) and 98 Mm below the photosphere.

The pressure and density of the atmosphere were previously given in Equa-

tion 1.11 where p0 = 1.21× 105 g cm−1 s−2 and ρ0 = 2.78× 10−7 g cm−3. Here

we adopt a right-handed cylindrical coordinate system, where x = (r, θ, z).

From this point on the indexm will denote the azimuthal order of the incident

wave mode and m′ the scattered.

Under constant gravity the velocity potential must then satisfy (Lamb

1945, p548):
∂2Φ

∂t2
= c2s∇2Φ− g∂Φ

∂z
, (2.1)

which has a solution of the form

Φ(x, t) = Ans−(1/2)−µWκn,µ

(
sν2

κn

)
cos(kpnx− ωt) (2.2)

where s = −z/z0 and

µ =
mp − 1

2
, ν2 =

mpω
2z0
g

, kpn =
ν2

2κpnz0
(2.3)
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are the convenient variables.

As discussed in the previous section, to accurately model stratified at-

mospheres the waves must be allowed to propagate further downward into

the solar interior. As such there is a requirement that as z → −∞ the

wave field will approach zero. By allowing this to occur, energy is allowed

to escape through the bottom of the model and thus removes any potential

resonances. However, at the top boundary (z = z0) the solution requires

a stress-free boundary condition ∇·ξ= 0. The stress-free boundary condi-

tion ensures that the pressure perturbations vanish, but prevents any upward

travelling waves from escaping.

In this model a propagating f - or p-mode, with a vertical displacement

eigenfunction Ψinc, is given by (Gizon et al. 2006);

Ψinc(x, t) =

np∑
n=0

∞∑
m=−∞

imJm(kpnr)Φm(κpn; s)ei(mθ−ωt), (2.4)

where Jm(z) is the Bessel function of the first kind of order m and argument

z. The nth order far-field eigenfunction is described by

Φp(κ
p
n; s) = s−1/2−µNn

[
Cp
nMκpn,µ

(
sν2

κpn

)
+Mκpn,−µ

(
sν2

κpn

)]
, (2.5)

where Mκ,µ(z) is the Whittaker M function of order κ , µ and argument z,

Nn is the normalization constant for any pn mode. These convenient dimen-

sionless constants are defined in section 1.4.2. The corresponding eigenvalues

κn are obtained through the relations outlined in Appendix A of Hanasoge

et al. (2008). Here n = 0 corresponds to the f -mode and n > 1 to the pn-

modes. Figure 2.1 shows the displacement eigenfunctions (Φn) for different

n’s. The f -mode’s motion is restricted to the surface, while increasing n

results in displacement deeper within the polytrope. The inclusion of gravity

invokes the need to include not only a discrete set of far-field modes but

also a continuous infinite set of near-field modes (Bogdan and Cally 1995).

The near-field eigenfunction differs from the afore mentioned propagating

eigenfunction through having complex roots:

ζp(κ
J
n; s) = s−1/2−µ

[
CJ
nM−iκJn,µ

(
i
sν2

κJn

)
+M−iκJn,−µ

(
i
sν2

κJn

)]
. (2.6)

In truncating the polytrope, much like Barnes and Cally (2000), at 98 Mm

we reduce this continuous spectrum of jacket modes to an unphysical dis-

crete spectrum. This truncation is required in order to utilize the interaction
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Figure 2.1: The vertical eigenfunctions (Equation 2.5) for an incident f -
mode (blue), p1 (red), p2 (Black), p3 (Green), p4 (Orange). The f -mode
is restricted to the surface, but with increasing n the plasma displacement
becomes greater with depth. These modes interact with the magnetic flux
tube inducing motion (Figure 2.2)

theory of Kagemoto and Yue (1986). By selecting a large enough discrete set

of jacket modes, we mimic the true jacket spectrum and develop an under-

standing of the nature of near-field interactions. Selecting a larger set (1500)

of jacket modes than the one we have used (1000), alters the results by less

than a percent.

2.2.2 Thin Flux Tubes

The determination of the scattering matrix for a single tube is essential in

trying to understand the interaction between nearby flux tubes. Consider a

flux tube that is embedded in a field free atmosphere that responds to an

incident f−mode. At depths below s = 1 the filament’s radius is small when

compared to the incident wavelength. The relatively small radius allows for

the utilization of the thin flux tube approximation, as outlined by Bogdan

et al. (1996). In this approximation, the longitudinal magnetic field b and

the tube radius R are given by

b(z) ≈

√
8πp(z)

1 + β
, and πR2(z) ≈ Φf

b(z)
, (2.7)

where Φf = 3.88 × 1017 Mx is adopted as the total magnetic flux per tube

throughout this article. The parameter β is defined as the ratio of gas pres-
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sure to magnetic pressure and is commonly referred to as plasma-β. Rapid

expansion of the flux tubes above this height requires both the introduction

of complex higher order fluting modes, as well as a variable plasma-β across

the tubes’ cross-sections. In the thin tube approximation their slender nature

forces β to be constant throughout the tube, as it is in thermal and radiative

equilibrium with the field free atmosphere. This is distinct from the thick

tubes of Felipe et al. (2013), where β varies both along and across the tube.

2.2.3 Tube Oscillations

Thin magnetic flux tubes are only capable of two oscillating modes, them = 0

and m = ±1, where eimθ dependence is assumed. Incident waves, Ψinc, of

these m mode orders generate horizontal and vertical displacement within

the tube (Figure 2.2), resulting in the tube oscillating in a sausage (m = 0)

or kink (m = ±1) like motion according to[
ω2(2mp + β(mp + 1)) +

2gs

z0

∂2

∂s2
+
g(mp + 1)

z0

∂

∂s

]
ξ‖

= −ω2(mp + 1)(β + 1)
∂Ψinc

∂s

(2.8)

and

[
ω2z0 +

2gs

(1 + 2β)(mp + 1)

∂2

∂s2
+

g

1 + 2β

∂

∂s

]
ξ⊥

=
2(1 + β)

1 + 2β
ω2z0

∂Ψinc

∂x

(2.9)

respectively (Bogdan et al. 1996), where ω is the angular frequency of the

incident wave. Here ξ⊥ and ξ‖ are the tube’s displacements perpendicular

and parallel to the z axis, respectively.

2.2.4 The Scattered Wave Field

In terms of the energy budget for the system, not all of the energy of an

incident wave is transferred to vertically propagating slow waves. Some of the

energy is scattered by the flux tube into the external medium. This scattered

wave field is determined through the matching of the internal motion and

the pressure to those of the external medium. Thus, upon responding to an
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Normalized tube displacement for incident f -modes at 3mHz

Figure 2.2: The real (solid) and imaginary (dashed) components of the nor-
malized vertical and radial displacements (ξ/kp) of a flux tube (β = 1), that
is impinged upon by a 3 mHz f -mode of order m = 0 (left) and m = 1
(right). The motions are vertical and radial for the sausage and kink modes
respectively. The slow magneto-acoustic waves travelling down the flux tube
propagate into the solar interior, transporting energy absorbed from the in-
cident wave.

incident wave, tube i’s scattered wave is:

φSi (ri, θi, s) = −
1∑

m=−1

[
np∑
n=0

SimnΦn(κpn; s)H(1)
m (kpnri)e

imθi

+
N∑

n=np

Simnζn(κjn; s)Km(kjnri)e
imθi

 , (2.10)

where H
(1)
m (z) and Km(z) are the Hankel and K-Bessel functions of order

m and argument z. The scattering matrix Simncontains all the scattering

coefficients of the propagating and evanescent modes. These coefficients are

found through the mismatch between the internal and external wave fields.

Satisfactory boundary conditions must be maintained in the calculation

of the scattering coefficients. This requires the pressure and horizontal dis-

placement to match at the tube boundary. To leading order of tube radius R,

as R → 0, the pressure is of higher order (for all three wave fields: internal,

scattered and incident) compared to that of the displacement for |m| = 1.

The agreement at the tube boundary is then achieved, to leading order,

through the matching of the horizontal displacement ξ⊥ alone:

Si±1nξ
scat
⊥ = ξint⊥ − ξinc⊥ , (2.11)

where scat, int and inc are the scattered, internal and incident wave fields

respectively. Whilst the matching of the kink modes is achieved relatively

easily, the matching of the sausage modes has presented problems in the past.

Unlike the kink mode matching, the pressure terms are not small, resulting in
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CHAPTER 2. SCATTERING BETWEEN A PAIR OF FLUX TUBES

both the pressure and displacement continuity needing to be maintained for

all three wave field components. The complexity of matching all three terms

in the thin tube approximation has restricted previous studies. However,

the requirements and achievement of matching have recently been outlined

by Hindman and Jain (2012) and Andries and Cally (2011) concurrently,

through the comparison of small argument expansions (as R(z)� λ) of the

Bessel functions. The internal and incident pressures can be matched to

leading order R, since the scatter pressure terms are proportional to lnR.

Matching the internal and incident wave fields then maintains the pressure

continuity. In turn, to leading order, the mismatch is then calculated through

the matching of the internal normal displacement (O(R)), to that of the

incident (O(R)) and scattered (O(R−1)) components. As long as the scatter

terms are proportional to R2, the displacement continuity is maintained.

Using these arguments, the scatter coefficients for the sausage mode are then

calculated through

DnS
i
0nφn =

R

z20
[Ninc,n(ω; z)−Nint,n(ω; z)] , (2.12)

where Dn is −2i/π for n 6 np, and −1 for n > np and N = ñ.∇Φ is the

normal displacement (Hindman and Jain 2012).

The absorption and phase shift of waves encountering magnetic regions

on the Sun’s surface can be quantified through Hankel analysis (Braun 1995),

whereby ingoing and outgoing waves in an annular pupil surrounding an ac-

tive region or plage are compared. Plage in particular is made up of numerous

flux tubes packed randomly but closely in an extended region. To make best

use of Hankel data therefore requires the development of a multiple scattering

theory including near-field effects. Although we only treat two tubes here,

extension to many tubes will follow in Chapter 3. With these tools, we hope

to be able to probe the nature of plage and its constituent flux tubes using

observed absorption and phase shifts.

We define the absorption coefficient (α) of an (m,n) incident wave in the

usual manner,

αmn =
|Ain|2 − |Aout|2

|Ain|2
, (2.13)

where Ain and Aout are the complex amplitudes of the incident and scattered

waves respectively. The change in phase of the scattered wave is

∆φmn = arg

{
Aout

Ain

}
. (2.14)
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The ‘absorption’ so defined includes both true absorption by the tubes, and

scatter into other (m′, n′) outgoing waves. A single (circular) tube does not

scatter in m, though it can in n. Multiple tubes will scatter in m as well.

The energy scattered into these other modes is best quantified in terms of

energy fractions. Generalizing the analysis of Hindman and Jain (2012, see

their Eq. (27)), the fraction of the incident wave’s energy that is scattered

to outgoing m′ and n′ is

εmn→m′n′ = |δnn′δmm′ + 2Sm′n′ |2, (2.15)

where Sm′n′ are the scattering coefficients (n 6 np) of the outgoing (m′, n′)

wave.

2.2.5 The Interaction Between flux tubes through the
Scattered Wave Field

Having determined the scatter coefficients for a single tube i, we now build

upon this matrix to include not only the incident wave but also the contribu-

tion of nearby tubes. Using the methodology of Kagemoto and Yue (1986),

the scattered wave (Equation 2.10) from an isolated tube i is expressed in

matrix notation as

φSi =
∑
n

ATinΨS
in, (2.16)

where the summation is over all propagating and evanescent modes. In the

summation the jacket modes follow on from np. Here Ain is a 3-element vector

containing the scattering coefficients for the sausage and kink modes, whilst

Ψin is a vector containing the scattered wave field from tube i. Specifically

Ain = −
(
Si−1n Si0n Si1n

)T
(2.17)

(ΨS
in)cd = H

(1)
c−2(k

p
nri)Φn(κpn; sd) (n 6 np) (2.18)

(ΨS
in)cd = Kc−2(k

p
nri)ζn(κpn; sd) (n > np), (2.19)

where c ranges over [1, 3], d over [1, 250], and sd is the dth point along the

s grid. Equation (2.16) describes only the zeroth order incident wave (φ0)

contribution. The scattered wave contribution from nearby tubes is then

described as an incident wave upon tube i, and this is achieved through the

Transformation Matrix. The transformation matrix Til relates the scattered

wave field from tube i to an incident wave upon tube l, that has a radial

separation of Ril and angular separation from the x axis of γil (Figure 2.3).
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Figure 2.3: The orientation of a pair of flux tubes with variables graphically
specified. The two tubes are separated by distance Ril, with the line at an
angle of γ from the +x axis. An incident sausage mode J0(kpr) is centred
upon one of the tubes, whilst the off-centre tube sees less of the incident
wave the further away it is.
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The elements of Til are derived from Graf’s addition formula (Abramowitz

and Stegun 1964):

H(1)
m (kpnri)e

im(θi−γil) =
∞∑

d=−∞

H
(1)
m+d(k

p
nRil)Jd(k

p
nrl)e

id(π−θl+γil), (2.20)

Km(kjnri)e
im(θi−γil) =

∞∑
d=−∞

Km+d(k
j
nRil)Id(k

p
j rl)e

id(π−θl+γil). (2.21)

By identifying the transformation components (Hankel and Bessel K) in

Equations 2.20 and 2.21 that act upon the incident wave components (Bessel

J and I), the individual elements that populate Til are then obtained. Specif-

ically,

(Til)pq = ei(q−p)αijH
(1)
q−p(kpRil) (n 6 np), (2.22)

and

(Til)pq = (−1)pei(q−p)(−π/2+γij)Kq−p(kjRil) (n > np) (2.23)

where in this case p = 3n + m′ + 2 and q = 3n + m + 2. Close inspection

of the exponential in Equation (2.23) reveals that it is different from that

of Kagemoto and Yue (1986) (as an e−iπ(q−p)/2 term is introduced), as well

as Hanasoge and Cally (2009). This additional factor has been introduced

because of the apparent break in symmetry between the m = ±1 in the

near-field, and derives from representing the solution in terms of a Hankel

function, instead of a Bessel K (see Abramowitz and Stegun 1964, Equation

9.6.4). Hanasoge and Cally (2009) concluded that jacket modes create a

break in symmetry in the scattering coefficient between the m = ±1 modes,

when the tubes are aligned along x. However, the only difference between

the m=±1 modes is the definition of the coordinate system. If the coordinate

system were reflected around the x axis, the scattering coefficient should not

change. Any tube located at the origin of the coordinate system should not

be able to identify a difference in scatter between m = ±1 from the off-centre

tube when it is on the x-axis. The apparent break in symmetry is significant

in the near-field, but this is due to the chosen solution describing the jacket

and incident wave fields described in Kagemoto and Yue (1986). We will

further address the mathematics of this issue later on, once we have outlined

the remaining matrices needed in the calculation of the scatter.

By using Til to define the scatter as an incident wave, Equation (2.10) can

then be expressed as an incident wave (superscript I) on any neighbouring
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tube l, located near tube i, as

φIl =
∑
n

(
φ0|ln +

N∑
i=1,i 6=l

ATinT
n
ilΨ

I
ln

)
, (2.24)

where the interior sum describes the contribution of all other tubes. To better

understand the contribution of all other tubes, the scatter and incident waves

must be related through the characteristics of the isolated tube (Kagemoto

and Yue 1986). As such there exists diffraction transfer matrices, called here

the B matrix, that relates the incident and scattered wave field for tube l:

Al = Blal, (2.25)

where B is populated through

(B)pq = Smn|n′ . (2.26)

In this case p = 3n′ + m + 2, q = 3n + m + 2, the vector al contains the

amplitude of the incident n wave upon tube l and Al contains the scatter

terms into all n. The incident wave amplitudes (al) are again derived from

Graf’s addition formula,

Jm(kpnri)e
im(θi−γil) =

∞∑
d=−∞

Jm+d(k
p
nRil)Jd(k

p
nrl)e

id(π−θl+γil), (2.27)

noting that an m incident wave will be seen as a combination of all other

m by any tube that is not located at the origin. It is important to note

that the axisymmetric flux tubes create a sparse B, with no information

pertaining to scatter into non incident m modes. Hence, all m-m′ scatter is

due to off-centre tubes experiencing the incident wave as a combination of

m modes.

As with the T matrix, the a vector is constructed through Graf’s addition

formula, and therein lies the symmetry problem. The symmetry break arises

due to the nature of the Jm, H
(1)
m and Km functions, of positive and negative

m order. For odd m the Bessel J (as well as H
(1)
m ) function behaves like

J−m = −Jm, and as a result through solving the linear algebra for Al no

difference arises between ±m . As the far-field components are described by

Jm and H
(1)
m , the matrix procedure of Kagemoto and Yue (1986) then sees

no difference in the scattered far-field ±m waves (when the tubes are aligned

with x). However, the Bessel K function is invariant for ±m, yet when

multiplied by the variant Jm (which is present in al), terms do not cancel
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and thus a difference in the ±m scattering coefficient arises. By examining

the definition of the Bessel K function (see Abramowitz and Stegun 1964,

Equation 9.6.4) the exponential factor returns the symmetry of the ±1 modes

when the tubes are aligned along the x axis, whilst remaining an appropriate

solution.

Expanding upon Equation (2.24), by utilizing Equation (2.25), completes

the picture of the scattered wave field from a flux tube pair:

Al = Bl

(
al +

N∑
i=1,i 6=l

TT
ilAl

)
, (2.28)

A1 = B1(a1 + TT
21B2[a2 + TT

12A1]), (2.29)

A2 = B2(a2 + TT
12B1[a1 + TT

21A2]). (2.30)

2.3 The Importance of the Coordinate Origin

The purpose of mathematical models is to emulate a physical system. Ob-

servational analysis can then test and judge their validity. In Hankel analysis

the observed wave field is decomposed into ingoing and outgoing Hankel func-

tions of order m. The advantage of the formalism outlined in this chapter is

that a number of comparisons can be made with the results of such a tech-

nique. Hankel Analysis was first used by Braun et al. (1987) and describes

the total observable wave field as a sum of ingoing waves (H
(1)
m ) and outgoing

waves (H
(2)
m ),

Ψm(r, θ, t) = ei(mφ+ωt)
[
Am(k, ω)H(1)

m (kr) +Bm(k, ω)H(2)
m (kr)

]
,

where a cylindrical coordinate system (r, θ) is usually used, thereby ignoring

the sun’s curvature. By using a fully spherical calculation, Bogdan et al.

(1993) justifies the use of the above cylindrical approximation by showing

that results obtained in both systems are similar. Typically, the analysis

of the wave field occurs within an annulus region surrounding the area of

interest (i.e. sunspot) centred at a focal point. By comparing the amplitudes

of the ingoing (Am) and outgoing waves (Bm) within this sampling region,

the scattering effects of the focal point can be determined.

However, the limitation with using this technique, and our formalism,

is that the sampled wave field is assumed to be centred at the focal point

or coordinate origin. As such, the amplitudes of both ingoing and outgoing

waves may differ by simply moving the coordinate origin a few Mm away.
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Figure 2.4 and Table 2.1 show the measured absorption and phase shift from

a pair of identical flux tubes, that are moved to different positions around

the coordinate origin. Irrespective of the coordinate origin, the degree of

scattering between the pair will remain the same. As such, caution must be

taken in interpreting the different observed absorption and phase shift as a

change in the interaction between the tubes. Rather, the apparent changes

in the scattering effects are due to how an m incident wave is interpreted

(i.e. Graf’s Addition Formula). For example, an incident m = 0 wave will

not be interpreted as an m = 0 wave by a coordinate system centred else-

where, and vice versa. By changing the focal point or coordinate origin the

scattering affects remain the same, but the amplitude of the incident m wave

(always centred at the origin) will be different depending upon the distance

from the origin. This issue may not be a problem in observational studies

as the amplitude of the ingoing waves may be assumed near homogeneous

in the quiet sun due to the constant generation of p-modes by granulation

across the entire surface. However, the outgoing waves are dependent on the

magnetic structure at the focal point. In this formalism both the incident

wave and outgoing waves are centred on the origin. Thus a tube will experi-

ence different amplitudes of an incident m wave depending on position, and

in turn have a different absorption coefficient, despite absorbing the same

proportion of m waves it experiences.

While this sensitivity to coordinate origin definition must be treated with

caution, it does have its uses. Braun et al. (1990) used the different focal

points in the Hankel analysis of an active region. In doing so, spatial maps of

the p-mode absorption were built up of the region and the greatest absorption

found to coincide with the largest spots of the active region. Absorption maps

of plage surrounding these active regions showed smaller values of absorption.

As mentioned in the introduction the extent of this observed plage absorption

and the contribution of the multiple scattering regime will be addressed by

this model.
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Figure 2.4: The coordinate axis relative to the flux tube pair in 4 cases. By
moving the coordinate origin, the apparent scattering effects are changed (see
Table 2.1). However, the difference in calculated absorption and phase-shift
is the result of different amplitudes of the same incident wave reaching the
tubes.

Table 2.1. The observed scattering effects from different coordinate origins
(see Figure 2.4)

Case (α/∆φ) m = −1 m = 0 m = 1

1 (α× 10−2) 4.68 6.68 4.68
2 (α× 10−2) 4.68 6.68 4.68
3 (α× 10−2) 4.09 4.26 4.09
4 (α× 10−2) 4.09 4.26 4.09

1 (∆φ) −0.42 −0.65 −0.42
2 (∆φ) −0.42 −0.65 −0.42
3 (∆φ) −0.39 −0.32 −0.39
4 (∆φ) −0.39 −0.32 −0.39
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Table 2.2. The absorption coefficient for an isolated tube at the origin

|m| β = 0.1 β = 1 β = 10

0 2.16× 10−4 2.45× 10−3 6.34× 10−3

1 3.55× 10−2 1.15× 10−2 1.18× 10−3

2.4 Results

Let us consider the case of two identical tubes (same β and Φf ), aligned

along the x axis and interacting through the sausage and kink modes. For

this study we concern ourselves only with the f -f scattering coefficients, as

pn scatter decreases rapidly with increasing n (Bogdan et al. 1996). Upon

scattering an incident wave, each tube will also experience the scatter of

the other tubes, and in turn produce further scatter. The resultant changes

in absorption for the central tube are seen in Figure 2.5, for a mode (m)

scattering into an outgoing mode (m). The greatest changes in absorption

(on the order of 10−4), for both modes, occur when the tubes are interact-

ing through the near-field, typically on a length scale of half the horizontal

wavelength (π/kp). However, the kink modes demonstrate a sensitivity to

the tube’s plasma-β, with smaller β tubes readily absorbing more (a mag-

nitude greater) than higher β tubes. Comparison of these changes with the

isolated case (Table 2.2), demonstrates that the presence of the second tube

alters the isolated absorption coefficient significantly.

Scattering into non-incident (m′ 6= m) modes is the subject of Figure 2.6.

The fraction of energy carried away by these m′ modes is greatest when

the tubes are close enough to interact through their near-fields. However,

as they are separated the energy fraction decreases. The energy fraction

also diminishes as the tube separation approaches zero, due to the system

returning to an axisymmetric state.

In this model, we have applied a different solution for the jacket modes

(Equation 2.21) in an attempt to restore symmetry between ±m modes. As

a result the apparent symmetry breaking between m = ±1 (Hanasoge and

Cally 2009), when the tubes are aligned along x, is absent. Scattering into

their respective modes is identical for both the +1 and −1 modes (see two

top panels of Figure 2.5). However, as the second tube is rotated around the

origin, the symmetry is broken and a difference in absorption arises between
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Figure 2.5: The change in absorption coefficient (∆α = α− αisolated) (of the
central tube only) of an incident m wave due to the presence of a nearby
tube for varying separation distances and β. The 3 mHz (λ = 4.9 Mm)
f -mode interacts with an identical pair of flux tubes, aligned along the x-
axis (β = 0.1: Dashed, β = 1: Solid, β = 10: Dot Dashed). Frames
specified by * have the β = 0.1 absorption scaled down by factor 10 for clarity
in near-field contribution. The absorption coefficients are calculated from
Equation (2.13). In all panels the central tube’s absorption is dramatically
altered (compared with the single tube absorption listed in Table 2.2) when
interacting with the nearby tube through the near-field.
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Figure 2.6: The fraction of energy (εmm′) that is scattered into non-incident
m′ modes by a pair of identical tubes for varying separation distances and
β. The 3mHz (λ = 4.9Mm) f -mode interacts with an identical pair of flux
tubes, aligned along the x-axis (β = 0.1: Dashed, β = 1: Solid, β = 10:
Dot Dashed). All β = 0.1 energy fractions are scaled down by factor 10 for
clarity of the near-field contribution. Scattering into kink modes is strongest
when the tubes have a small plasma-β. The energy fraction is calculated
from Equation (2.15).
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Figure 2.7: The change in absorption and phase of the central tube, as the
second tube is rotated around the origin at a distance of 500 km. The incident
m modes (solid: +1, dashed: -1, dot-dashed: 0) scatter off the second tube
producing a change in the central tube. Symmetry between the ±1 modes is
restored when the second tube is aligned on the x-axis (γil = 0, π). Whilst
the m = 0 mode is axisymmetric a change occurs when the second tube is
rotated about the origin, due to the kink mode scatter being absorbed as
sausage mode components (see Equation 2.27).

the −1 and +1 modes (Figure 2.7). With regards to the sausage mode, this

mode naturally has no preference between which kink mode to scatter into

(see bottom panel of Figure 2.6).

Expanding our view to the complete scattered wave field, rather than

that of the central tube, reveals the collective nature of a pair of flux tubes.

Akin to the central tubes absorption (and Hanasoge and Cally (2009), de-

spite the change to the jacket solution), the absorption of the flux tube pair

varies greatly when allowed to interact through their respective near-fields

(Figure 2.8). The changes in absorption are again significant when compared

to the non-interacting tube’s absorption coefficient (Table 2.2), returning to

an isolated absorption coefficient when sufficiently far apart. Additionally,

at higher frequencies incident waves are more readily absorbed by the tubes.

However, due to a shorter wavelength the pair need to be closer (in com-

parison to lower frequencies), to interact through their respective near-fields.

The affects of the proximity thus manifests itself in an altered absorption

coefficient, and hence the tubes no longer absorb and scatter as two unique

isolated tubes but rather as a collective scatterer. The impact of this col-

lective behaviour is also evident in the phase of the outgoing scattered wave

field (Figure 2.9). The sensitivity of the phase with tube separation (Hana-

soge and Cally 2009) is not present here, with coherent changes in phase

as the tubes are separated. The greatest changes in phase generally occur
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Figure 2.8: The change in absorption (α − αisolatedpair) of an identical pair
aligned along the x-axis. Absorption is generally enhanced within the near-
field, slowly returning to isolated values as the tubes are separated. Left
Panels: Comparison with Table 2.2 reveals the absorption of the pair is
enhanced compared to that of the central tube. The pair behave collectively.
Line types as in Figures 2.5 and 2.6.

in the kink modes with the higher frequency incident waves also aiding in

an increased change in phase. The near-field interactions are the cause of

the greatest phase changes, with the impact on travel times increasing with

proximity.

2.5 Discussion and Conclusions

While the results presented here are informative about m mode interactions,

we must first discuss limitations of the model before considering their signif-

icance. In truncating the polytrope, we reduce the number of jacket modes

from a continuous spectrum to a discrete one. The nature of the finite-depth

interaction theory of Kagemoto and Yue (1986), requires the use of this dis-

crete spectrum, but how much does the scatter differ when the polytrope

is allowed to extend to infinite depth? In numerical simulations the jacket

modes appear naturally, but these simulations are restricted in spatial reso-
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Figure 2.9: The change in phase of the scattered wave field from the pair,
compared to that of two isolated tubes. Large phase changes are seen in
the near-field, rapidly returning to isolated values as the tubes are separated
beyond a wavelength of the incident mode. Kink mode scattering (bottom
panels) produces the largest change in phase with high frequency also to the
contributing the increased phase changes. Smooth changes in phase occur
as the tubes are separated, contrasting the results of Hanasoge and Cally
(2009). Line types as in Figure 2.5 and 2.6.
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lution. By treating the jacket eigenfunctions analytically, we are not as easily

restricted by spatial resolution, and can consider their impact. In taking a

large enough subset of the jacket modes the eigenfunctions of the tube are

mimicked. However, attributing results from a partial basis to a complete

picture must be done cautiously. The second limitation is the use of the thin

tube approximation. Whilst completely valid below z0, how much are we un-

derestimating the degree of scatter from higher order fluting modes present

above z0? Felipe et al. (2013) performed numerical studies of thick interact-

ing tubes (capable of m > 2 modes), showing that whilst the sausage and

kink modes are the dominant modes for scatter, the contribution of higher

modes is not negligible. Recognizing this, we note that this simplified model

is not perfect in modelling realistic interactions between tubes that have a

comparable thickness to the incident wavelength. Nevertheless, it is a helpful

tool for parameter searches to characterize the multiple scattering regime.

Having stated these limitations let’s consider our adjusted near-field so-

lution. As discussed previously, the difference between m = ±1 modes is the

definition of the coordinate system. The near-field solution of Kagemoto and

Yue (1986) presents a symmetry problem for tubes interacting through ±m
modes. Whilst the Bessel K solution for the scattered jacket modes is accu-

rate, the invariant nature of Km (in contrast to H
(1)
m and Jm) between ±m

leads to symmetry breaking in the calculation of Equation (2.29). Our Bessel

K solution (Equation 2.21), which is a valid solution for the jacket modes,

has restored the scatter symmetry when the tubes are aligned along x. This

solution maintains the sensibility that m = ±1 modes differ only through a

coordinate system definition, and not through their respective scatter. Con-

sequently, without this new solution the interaction theory would stipulate

that the m = 0 mode (being axisymmetric) would show preferential scatter

into ±m modes. We also note that the incoherent phase changes as the tubes

are separated, found by Hanasoge and Cally (2009), are absent in these re-

sults. This is again due to the previous near-field solution. Our results show

coherent changes in phase as the tubes are separated, which is consistent

with the changes in phase of Felipe et al. (2013).

Interestingly, by moving the off-centre tube to a position where γil 6= 0,

the symmetry is no longer maintained (Figure 2.7). The eimθ dependence

of m 6= 0 waves creates a symmetry break between modes (when γil 6= 0),

owing to unequal amounts of ±m waves at the second tube. Therefore, a

difference in the scatter coefficient of the m = ±1 modes arises at the second

tube, and in turn a difference at the centred tube also occurs. The sensitive

nature of the scatter to the tube position, was also shown independently by
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Felipe et al. (2013) and Daiffallah (2014) in numerical studies for incident

plane waves. This sensitivity outlines another parameter to consider in the

determination of an ensemble’s constitution. Changes in the sausage mode

occur when the second tube is rotated around the origin, due to the second

tube scattering kink modes. In turn the central tube absorbs m = 0 modes

(as per Equation 2.27). The absorption of all modes is identical if the origin

is relocated to the centre of the second tube (i.e. γil = π), and this serves as

a reasonable check for the coordinate system definitions.

The inclusion of the sausage mode in this model highlights its importance

in the multiple scattering regime. The change in absorption for the sausage

mode is of the same magnitude as the kink modes for the 3 mHz case (Fig-

ure 2.5), owing to the fact that the off centre tube experiences any incident

m wave as a combination of m modes, and in turn scatters significantly into

both sausage and kink. However, in the higher frequency (5 mHz) case the

absorption of the sausage mode is a magnitude larger than that of the kink

modes when the tubes are in close proximity (see right panels of Figure 2.8).

These results are consistent with Felipe et al. (2013), which illustrated that

high frequency cases will produce larger absorption changes for the m = 0

modes than for the |m| > 1 modes. With respect to the phase shift of

the individual m modes (Figure 2.9) the close proximity of tubes generally

enhances the negative phase shift of the sausage mode (Hindman and Jain

2012), which results from shorter travel distances due to reflection from tube

boundaries. Akin to the absorption, the phase shift of the sausage modes

is enhanced by the higher frequency incident waves becoming comparable to

the phase shift generated by kink modes. Figure 2.9 illustrates that close

proximity and higher frequency incident waves may enable the phase shift

produced by m = 0 waves to surpass that of the kink modes in some cases

(such as thicker tubes), as anticipated by Felipe et al. (2013).

The desire to determine the properties of magnetic ensembles from the

scattered wave field results from the inability to directly discern the internal

constitution of magnetic features. Observational techniques to determine the

amplitude and phase of scattered waves from small magnetic elements exist

(see Duvall et al. (2006)), but which parameters govern the mechanisms that

affect the scattered wave field? The multiple scattering regime is well known

to alter the scattered wave field (Bogdan and Zweibel 1987; Keppens et al.

1994), and cannot be approximated by single scattering. Numerical studies

have begun to characterize this regime (Felipe et al. 2013; Daiffallah 2014),

and we have presented here a more complete semi-analytical model to aid

in the determination of these parameters. It has been demonstrated that
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scattering effects are sensitive to both the proximity and relative position

of nearby tubes. The inclusion of the sausage mode has also illustrated the

significance of the scattering between m modes, especially within the near-

field. In more detailed cases the model presented here can be used to address

the scattering between thin tubes, like those present within plage. In the

following chapter, we will apply the formalism developed here to address the

interactions of multiple non-identical tubes in regular and random ensembles.
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Chapter 3

The Scattering of Acoustic
Waves from Ensembles of Thin
Magnetic Flux Tubes

Motivated by the observational results of Braun (1995), we extend the model

described in Chapter 2 to address the effect of multiple scattering of f and

p-modes by an ensemble of thin vertical magnetic flux tubes in the surface

layers of the Sun. As in Hankel analysis, we measure the scatter and phase

shift from an incident cylindrical wave in a coordinate system roughly cen-

tred in the core of the ensemble. It is demonstrated that although thin flux

tubes are unable to interact with high order fluting modes individually, they

can indirectly absorb energy from these waves through the scatters of kink

and sausage components. It is also shown how the distribution of absorp-

tion and phase shift across the azimuthal order m depends strongly on the

tube position, as well as on the individual tube characteristics. This is the

first analytical study into the multiple scattering regime of magnetic tube

ensembles embedded within a stratified atmosphere.
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3.1 Introduction

As discussed in the previous chapter, the solar surface is threaded with thin

magnetic filaments that often appear at granule or supergranule boundaries,

or more prominently as massive ensembles (plage) associated with active

regions. These filaments may be modelled as isolated thin flux tubes embed-

ded within a field free plasma, interacting strongly with the solar acoustic

p-modes and the surface gravity f -mode, both absorbing and scattering wave

energy. Their seismic signature is a powerful constraint on models of solar

surface structure and magnetism.

So far no analytical study has examined multiple scattering within an

ensemble with gravity. However, a growing body of numerical studies has

begun to shed light on the significance of this regime. Felipe et al. (2013)

showed that the multiple scattering regime significantly impacts absorption

coefficients, as well as generally decreasing the phase shift of the outgoing

wave. It was also noted that the absorption generally increases with the

number of tubes. Daiffallah (2014) recently investigated the surface velocity

profiles created by closely packed thin tube ensembles, showing that relative

tube position and separation plays a significant role in the resultant vertical

velocity profiles.

In the previous chapter, we applied a slightly modified version of the

Kagemoto and Yue (1986) formalism to the interactions of f modes with a

pair of flux tubes (p-modes were included in the mathematical development,

but were not investigated in detail because of their much weaker scatter-

ing). We restricted attention to the sausage and kink motions of the tube

(|m| 6 1), as the mathematical thin tube approximation does not support

higher order fluting modes. In this paper we focus on the interactions be-

tween tubes that constitute a larger ensemble. In particular we are interested

in the absorption and phase shift that can be determined from the outgo-

ing cylindrical wave. Section 3.2 will outline the mathematical formalism

important to this study, with Section 3.3 presenting the results. Discussion

and conclusions are given in Section 3.4, with particular reference to the ef-

fect of the multiple scattering regime on measurable outgoing parameters.

Higher order m modes are included because they do interact with extended

ensembles.
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3.2 Ensemble Scattering Formalism

In this section we outline the scattering of various azimuthal modes (charac-

terized by integer m) from an ensemble of flux tubes. The formalism for the

propagation of f -modes and their interaction with a pair of thin flux tubes

is outlined in detail in Chapter 2. For the purpose of this study, we only

mention the key parts of the formalism required to extend the model to an

ensemble of arbitrarily positioned non-identical tubes.

Consider a random assortment of vertical flux tubes embedded within a

field free atmosphere. Again, the atmosphere used here is a stratified adia-

batic truncated polytrope (adiabatic index γ = 5/3), with constant gravity.

In such an atmosphere, the complete acoustic wave field (Ψ) will consist of

three components:

Ψ = Ψinc + Ψsca + Ψint, (3.1)

where inc, sca and int specify the incident, scattered and internal wave fields,

respectively. In the presence of magnetic filaments, an incoming f - or p-mode

(Ψinc) will interact with each flux tube, and in turn be scattered back into the

external medium (Ψsca). The fraction of energy that is scattered forms a wave

field of radially propagating modes, while the remainder of the incident wave

energy is transported vertically along the tube axis (Ψint). Being a stratified

atmosphere, Ψsca describes both the scattered propagating and evanescent

waves (Bogdan and Cally 1995).

In Hankel analysis (Braun et al. 1987, 1988, etc) the incoming and outgo-

ing waves are determined by observing the waves within an annulus centred

at a specific point. For comparative purposes we define the incoming and

outgoing wave in Equations (2.13–2.14) as waves centred at the coordinate

origin.

In the case of two tubes (Hanasoge and Cally 2009; Hanson and Cally

2014), a single tubes scatter coeffcients (Al) can be easily calculated using

a linear solve algorithm by rearranging Equation (2.28). We extend the

interaction between tube pairs to N multiple tubes, through the scattering

equation: [
I−

N∑
i 6=l,l=1

BlT
T
ilBiT

T
li

]
Al = Bl

(
al +

N∑
i 6=l,l=1

TT
ilBiai

)
. (3.2)

In this way we have calculated the exact A solution for N tubes. Similar

studies (e.g Felipe et al. 2013)) restrict the number of scatters between tubes

mimicing a complete scattered wave field within the ensemble. Figure 3.1
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Figure 3.1: The change in the scattering coefficient as the permitted number
of scatters between tubes is increased. The m = 0 (black) scatter coefficient
converges quickly within 2–3 scatters, while the |m| = 1) wave (red dashed)
is not as quick to converge.

shows the change in the scattering coefficient from the exact solution as the

number of scatters increases. The m = 0 scattering coefficient converges

rapidly within three scatters, whilst the |m| = 1 mode converges less quickly

within seven scatters.

3.2.1 The Interaction of Higher Order m Modes within
Ensembles

The Hankel analysis of plage (Braun 1995) has shown measurable non-zero

absorption coefficients for |m| > 1 waves. Due to the implementation of the

thin tube approximation, we only permit the interaction of |m| 6 1 waves

with the tubes. This is a consequence of the thin tube approximation. Any

higher order m incident waves will not interact with the individual tubes,

resulting in the scattering coefficient for that tube vanishing. Relating to

Equation (3.1), the total wave field after a fluting mode (|m| > 1) interacts

with a thin tube located at the origin will have a zero Ψsca and Ψint terms,

Ψ = Ψinc. (3.3)

Consequently, the incident wave leaves the system unaffected by the thin

tube. However, Graf’s addition formula (Equations 2.27) defines an m mode

by the coordinate origin. Any fluting mode defined with centre at the origin

is experienced as a mixture of all other m modes by any tube that is not

located at the origin. Thus, as a fraction of the incident wave’s energy is
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scattered by off-centre tubes through |m| 6 1 interactions, the amplitude of

the outgoing wave will be altered, despite the tubes being unable to interact

with pure |m| > 1 modes. In terms of an energy budget, the scattering from

an off-centre tube of |m| 6 1 components reduces the outgoing power of the

fluting modes.

With regards to the formalism of Kagemoto and Yue (1986), the Til and

al are expanded to be fully populated for a larger |m| set of modes. The

interaction of the tubes with fluting modes depends solely on the terms in

the B matrix. Since the tubes do not scatter these higher order modes, the

coefficients that populate B and correspond to |m| > 1 will simply be zero.

In doing this, there will be no scatter from an isolated tube located at the

origin for a |m| > 1 wave,

Al = Blal = 0. (3.4)

However, as Til is fully populated (and al for off-centre tubes) energy transfer

from a |m| > 1 wave to the tube is possible through kink and sausage com-

ponents seen by off centre tubes. In a closely packed ensemble any scatter

from the tube at the origin will purely be due to neighbouring tubes:

Al =
N∑

i=1,i 6=l

BlT
T
ilAi. (3.5)

3.3 Results

3.3.1 Symmetry Studies

Let us consider ensembles of identical flux tubes, all with uniform plasma-β =

1, that are symmetrically placed around the coordinate origin. In all these

cases we have allowed Graf’s formula to range over |m| 6 4 to demonstrate

the non-zero scattering of fluting modes. The incident wave is a f -mode of

order m, with a wavelength of λ = 4.9 Mm and frequency 3 mHz. A large

discrete subset of jacket modes is chosen to mimic the continuum of modes

present in an infinitely deep atmosphere. We define the change in absorption

(∆α) and in phase (∆ϕ) to be the difference between the values obtained

when the tubes are interacting, and when they are not.

We begin by extending the model of Hanson and Cally (2014) to three

tubes aligned along the x axis and centred upon the origin. In this ensemble

we have two cases. Firstly, the tubes are positioned at x = 0 and ±0.2λ,

which is close enough for near field interaction. In the second case, 1.5λ is

the separation distance between them. At this distance, the tubes are far
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Figure 3.2: The tube positions for all ensembles in this study. The dot
points represent the positions of the 7 tube ensemble, as well as the six tube
ensemble with the tube located at (0,0) absent. The crosses specify the
positions of the three tubes ensemble (that are separated by 0.2λ), while the
squares indicate the positions of the tubes within the randomly positioned
ensembles. The separation parameters Ril and γil are also represented. The
large circle highlights the 1 Mm radius circle, inside which the random tubes
cases are positioned.

enough apart to only interact through the far-field. The resultant absorption

and phase shift for both cases are seen in Figure 3.3. In each case, the

absorption coefficient and phase shift peaks for |m| 6 1 incident waves, with

the peaks being greatest for the near-field interaction case. If we compare

both cases to their respective non-interacting coefficients1, the changes in the

absorption and phase shift become negligible when only interacting through

the far-field. The changes in absorption for the near-field interacting triplet

are of the order 10−2 compared to that of the isolated cases. However, when

interacting through the far-field, the changes are of the order 10−3. This

difference between the near- and far-field cases can also be seen in the phase

changes. We conclude for this first ensemble set that for |m| > 1 waves, the

scattering is non-zero despite the tubes not directly interacting with these

waves. However, these scattering effects rapidly diminish as |m| increases.

Extending the model to a larger ensemble, we also investigate the case

of many tubes positioned evenly around a circle of radius 0.2λ. In particu-

1 Here we mathematically allow only a single scatter off each tube by neglecting the
Tn

il terms in Equation (2.24).
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Figure 3.3: The absorption and phase shift of the outgoing f -mode for three
tubes aligned along the x axis, centered on the origin and separated by 0.2 λ
(Black) and 1.5 λ (Blue Dashed), where λ = 4.9 Mm. The top panels show
the absorption and phase shift of an incident m wave when the three tubes
are interacting. The bottom panels show the difference in scattering between
interacting and non-interacting tubes. The change in absorption and phase
is large when the tubes are interacting through the near field, but when
far apart the interaction between the tubes is insignificant to the resultant
outgoing wave.
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lar we examine two similar ensembles, see Figure 3.2. Firstly, six tubes are

positioned on the circle, with the tube centers mapping out the vertices of a

regular hexagon. In the second ensemble, a seventh tube is also positioned at

the coordinate origin, as in Daiffallah (2014). The affects of the seventh tube

within the circle of tubes is seen in Figure 3.4. In each ensemble the absorp-

tion and phase shifts have slightly differing behavior for all m. The seventh

central tube acts to increase the absorption of the ensemble for |m| 6 1, but

only enhances the phase shift of the m = 0 wave. However, in comparison to

their respective non-interacting values, the six tube case sees greatest change

in absorption for |m| 6 1 waves, while the seven tube ensemble only peaks

at m = 0. The change in phase shift is significant for |m| 6 3 for both

ensembles, with the seven tube case experiencing a greater change. Compar-

ison to the three tube ensemble shows that the absorption and phase shift

are of the same magnitude. However, comparing the change in scattering

properties from the non-interacting tube cases demonstrates that the larger

ensembles experience a change in both phase and absorption, that is an order

of magnitude larger than the smaller three tube ensemble.

Within the solar atmosphere, as well as in this model, the scattering

between tubes is not just restricted to the order (m,n) of the incident wave.

In fact the tubes may scatter into all other m′ and n′ wave components.

The fraction of outgoing energy that is transferred from a pn to a pn′ wave,

for the above mentioned seven tube ensemble, is seen in Figure 3.5. The

plot is similar to Figure 3 of Hindman and Jain (2012) (for the m = 0

mode), demonstrating that for both the sausage and kink modes the energy

fraction diminishes with increasing n′. The greatest energy transfer occurs

with waves that are scattering from or to an f mode. Furthermore, Table 3.1

shows the energy fraction of the outgoing wave components (m′) from an

incident positive m. The strongest scattering is into the incident mode (m′ =

m), which is due to the δmm′ in Equation (2.15). Interestingly, due to the

symmetry of the system, the scattering of an even m is restricted to even m′

components, and vice versa for odd m.

3.3.2 Random Ensembles

While symmetry studies are useful in determining some characteristics of

ensembles that affect absorption and phase, we are also interested in how the

random nature of an ensemble affects measurable parameters. We have built

three ensembles, from which we will examine the effect of random positions,

as well as various tube characteristics. The first ensemble is of seven identical
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Figure 3.4: The absorption (left) and phase of the outgoing wave (right) from
a hexagonal ensemble of seven tubes (red dashed) and six tubes (blue). The
scattering coefficient examined here is the f -f coefficient. Six tubes are 0.2λ
from the origin, with the seventh tube located at the center. The hexagonal
distribution is symmetric and hence has symmetry between ±m modes. The
addition of the seventh tube acts to increase absorption and shift the phase
further to the negative, while also reducing ∆α for the m = ±1 modes.
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Figure 3.5: The energy fraction (Equation 2.15) of the outgoing pn′ from the
seven tube hexagonal case, with an incident pn mode of frequency 3 mHz.
The scattering is strongest when involving the f mode, with the energy
rapidly diminishing with increasing n for both the sausage and kink modes.
The color and small label indicate the nature of the incident wave (f , p1,
. . . ), the horizontal position indicates the scattered wave (for the incident
m only), and the vertical position represents the fractional energy in the
scattered mode (logarithmic scale). The outgoing energy fraction in the
original mode is not shown as it is nearly 1 in all cases.

Table 3.1. The energy fraction εmn of outgoing wave components m′

m′ m = 0 m = 1 m = 2 m = 3 m = 4

−4 4.3× 10−9 · · · 7.8× 10−9 · · · 1.5× 10−13

−3 · · · 1.6× 10−7 · · · 1.3× 10−8 · · ·
−2 2.0× 10−7 · · · 5.7× 10−6 · · · 7.8× 10−9

−1 · · · 1.6× 10−6 · · · 1.4× 10−7 · · ·
0 9.5× 10−1 · · · 3.5× 10−8 · · · 5.4× 10−9

1 · · · 9.5× 10−1 · · · 7.0× 10−10 · · ·
2 2.0× 10−7 · · · 9.8× 10−1 · · · 1.8× 10−11

3 · · · 1.2× 10−8 · · · 9.9× 10−1 · · ·
4 4.3× 10−9 · · · 1.2× 10−10 · · · 9.9× 10−1

Note. — The energy fraction (Equation 2.15) of an outgoing m′ wave,
produced by an incident +m wave. The dominant diagonal (bold face)
appears for cases where m′ = m. The symmetry of the seven tube system
forces the system to scatter into even m′, for an incident even m wave.
This is also the case for odd m. If the incident wave was of order −m the
results would be reversed about m = 0.
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β = 1 tubes, positioned randomly within 1 Mm of the origin. The second

and third ensembles are identical in tube placement to the first, but have a

selection of different β.

In the first ensemble (randomly distributed identical tubes), three cases

are studied for the incident wave frequencies of 3, 4 and 5 mHz. The resultant

absorption and phase shift can be seen in Figure 3.6. The largest scattering

effects in both outgoing values and change from isolated values are seen

in higher frequencies. The higher frequency waves also act in highlighting

differences in the absorption coefficients between ±m. As the tubes are not

symmetrical around the origin a difference in absorption appears between

±m. Interestingly, the ±m modes have no apparent difference in the phase

shift. Similarly to the previous ensembles, the scattering coefficients peak at

|m| 6 1 and rapidly decrease with increasing |m|.
The scattering effects of the second and third ensembles of non-identical

flux tubes is shown in Figure 3.7. Two cases are explored here, both with

different selections of plasma β (see Table 3.2), to which we compare the

values of the identical tube ensemble. In both these cases the differing β

amongst the ensemble acts in enhancing the overall absorption, in comparison

to the identical ensemble case. However, the changes from the non-interacting

ensemble demonstrates that depending on the β of the tubes present, the

distribution of ∆α can be very different across m. With regards to the

phase, one ensemble shows increased negative phase shift, while the other

shows a slightly diminished phase shift from the identical ensemble case.

The change in phase from isolated values supports this, showing that the

multiple scattering between the tubes enhances this difference. We note here

that while higher frequencies could not reveal the difference in phase across

±m, the random distribution in β highlights that a difference does exist (even

if it is very small).

We conclude this section by exploring how the scattering coefficient changes

with an increasing number of flux tubes within 2.5 Mm of the origin. The

tubes are identical, randomly distributed and each additional tube is added

to the ensemble without moving the others. Figure 3.8 shows the absorption

and phase shift for increasing tube numbers for both incident m = 0 and

m = 1. The addition of each tube generally increases the absorption, as well

as the negative phase shift. Although each added tube is randomly placed,

the absorption varies in a rough linear relationship with tube number, and

similarly with the phase shift for m = 1. However, the phase shift of the

m = 0 wave seems to depend quite sensitively on tube position, resulting in

a more irregular dependence on tube number.
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Table 3.2. The tube position and corresponding β for the three random
ensembles of seven fluxtubes.

x (Mm) y (Mm) β (Case 1) β (Case 2) β (Case 3)

0.17 -0.90 1 1 10
0.20 -0.30 1 5 0.5
0.50 0.25 1 0.5 5

-0.17 0.23 1 1 0.1
-0.56 -0.70 1 0.1 1
-0.80 0.35 1 1 0.1
0.82 -0.29 1 0.1 0.5
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Figure 3.6: The absorption and phase from an ensemble of seven randomly
positioned identical (β = 1) tubes. Again we investigate f -f mode scattering.
The incident wave (blue solid: 3 mHz, black dot-dashed: 4 mHz, red dashed:
5 mHz) is scattered differently by the ensemble for different frequencies.
The degree of absorption and phase shift is generally increased by higher
frequency waves. The absorption of the incident wave is not symmetric for
±m modes, as the assortment is randomly positioned around the coordinate
origin. However, the phase shift appears to be symmetrically distributed
across m.
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Figure 3.7: The absorption and phase from an ensemble of identical tubes
(blue) and two random non-identical ensembles (red dashed and black dot-
dashed). The tube positions are identical to those of Figure 3.6, but vary in
β. The incident wave is a f -mode of 3 mHz and all of the tubes reside within
1 Mm of the origin. The absorption and phase are distributed differently
across m and are strongly dependent upon the individual tubes present.
Differences in phase for ±m are more apparent when the tubes are non-
identical.
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Figure 3.8: The absorption and phase of a 3 mHz f mode (m = 0: red
star, m = 1 black dot), as the number of tubes that reside within a circle of
radius 2.5 Mm increases. Each additional tube increases the absorption and
negative phase shift. Generally following a linear relationship. We see in this
distribution that absorption of the m = 0 is greater, while the m = 1 wave
has a larger negative phase shift.

3.3.3 Case Study: Magnetic Flux

The results thus far have shown how the multiple scattering regime creates a

collective behaviour of an entire flux tube bundle. This collective behaviour

then raises the question, how do the scattering properties of an ensemble

differ from a single tube that has the same magnetic flux as the entire en-

semble? In order to remain consistent, we examine how a 3 mHz f -mode

interacts with two different cases. The first is a trio of ensembles with three

tubes within each (see Figure 3.9). The centres of these ensembles are sep-

arated by λ and are evenly spaced from the origin in an equilateral triangle

distribution. Within each ensemble are three identical tubes (with β = 1 and

flux = Φf ) which are separated by 0.2 λ (0.49 Mm), in a similar equilateral

triangle distribution to the larger structure. The second case replaces these

bundles with three individual tubes with the same magnetic flux as each

entire bundle (3 × Φf ). A comparison of these two cases will show how the

scattering affects of a bundle differ from that of a single tube.

Figure 3.10 shows the absorption and phase of both cases, as well as the

change from their isolated (non-interacting) values. In both cases the ab-

sorption and phase (for interacting tubes) have a similar distribution across

m. However, the peaks in the distribution appear at high m compared to the

other study in this chapter. These different peaks are the result of the tri-

angular positioning of the ensembles and the nature of the higher flux. The

greatest differences in the absorption of the two cases occur in the |m| 6 3

range, with higher m showing little difference between the two cases. How-
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Figure 3.9: The positions of the tubes in the magnetic flux case study. The
tubes within the small bundles (red points) are separated by ≈ 0.49 Mm
with respect to the other tubes within their ensemble, and the centre of each
bundle is located 4.9 Mm from the origin. The black dots show the compar-
ative case with three tubes located at the origin of the previous ensembles,
but with a flux equal to that of an entire bundle.

ever, the phase shows noticeable differences across all m. Close examination

of how the absorption and phase changes from the isolated situation shows

a very different distributions. In the three tubes case the absorption is de-

creased for |m| = 0, 3, 6, while the change in phase is small (of order 10−2).

However, the bundle case shows a decrease in absorption for |m| = 1 as

well, while the change in phase is a magnitude larger the the three tubes

case. Overall, the results of this study show how small bundles of flux tubes

can imitate a single flux tube of greater magnetic flux, resulting in a similar

distribution of the absorption and phase across m.

3.4 Discussion and conclusions

We have extended the work in Chapter 2 to ensembles of more than two

tubes. This study represents a significant step in understanding the seismic

behaviour of complex ensembles of small magnetic flux tubes threading the

solar surface. We have examined cases of both regular symmetric and random
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Figure 3.10: The absorption and phase (top) for the magnetic flux case study,
with their respective change to their non-interacting situations (bottom).
The line colours match that of Figure 3.9. As with the previous symmetric
studies in this chapter, the absorption and phase shift are identical across
±m. However, the configuration of this ensemble creates peaks in absorption
and phase in the range of 3 6 m 6 6 (instead of |m| 6 1).
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flux tube distributions within a stratified atmosphere, allowing scattering

between both m and pn modes. The incoming and outgoing waves are defined

in terms of waves centred upon the origin, in a similar fashion to observational

Hankel analysis. The caveats to our model are outlined in Hanson and Cally

(2014) (Chapter 2), and while here we address the indirect scattering affects

of incident |m| > 1 waves, the tubes are still assumed to be thin and unable

to scatter pure fluting modes (as defined in their local coordinate system).

As such, the direct absorption of fluting modes is still not addressed due to

mathematical complexity. Studies of thicker tubes that can directly interact

with these modes may require direct numerical simulation.

Clearly the thin tube approximation cannot be continued to arbitrary

height, as the expansion of the flux tubes eventually sees them thicken to the

stage where the assumption breaks down (Bogdan et al. 1996). Our stress-

free top boundary condition is a simplistic attempt to avoid this inconve-

nience, and ignores potential upward losses, both in the flux tubes (though

see Crouch and Cally 1999) and the field-free atmosphere. Upward losses

in the field-free region may not be important for low frequencies where the

p-modes reflect quite low, but above the acoustic cut-off they do in reality

penetrate into the atmosphere.

In this study the definition of absorption is positive by its very nature, as

there cannot be more energy emitted than was sent in. Felipe et al. (2013),

as well as the observations of Braun (1995) calculated negative absorption

coefficients (emission) in some cases, which was due to the coordinate defi-

nition, rather than real emission. We note that this study sends in a pure

cylindrical wave, and hence will not produce negative absorption in m. In nu-

merical studies (as well as observations), plane waves consist of all m modes

and hence interactions between various m in the multiple scattering regime

may lead to the perceived ‘negative’ absorption in Hankel analysis.

Having stated these clarifications, let us consider the implications of the

symmetric ensemble studies. In these studies the tubes are identical, and

positioned in a symmetrical nature around the origin. The three-tube cases

are similar in fashion to the numerical studies of Felipe et al. (2013), while

the seven-tube cases are similar to Daiffallah (2014). The symmetry of the

system maintains a mirror distribution of absorption and phase shift between

±m. Complementary to Felipe et al. (2013), the absorption peaks for the

|m| 6 1 modes, with |m| = 1 showing the greatest absorption, but these

coefficients diminish rapidly with increasing |m| thereafter. The multiple

scattering between the tubes alters the coefficients, primarily for |m| 6 1

modes. In this model these results are reasonable, given that the only scat-
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tering from a tube is in |m| 6 1 and outgoing wave components of |m| > 1 is

purely a fraction of the incoming |m| 6 1 wave. As in the study of Hanson

and Cally (2014), the near-field enhances the multiple scattering between

tubes, leading to greater changes in absorption and phase when compared

to the case of far-field interactions alone. Expanding to larger ensembles

of six or seven tubes demonstrates similar behaviour, with the larger tube

numbers altering the absorption and phase in significant ways. Firstly and

most clearly, the scattering effects are generally increased as a result of the

additional contribution from each tube to the scattered wave field. This is

reasonable given the results shown in Figure 3.8. Secondly, the presence of

additional tubes that are within the near-field of each other, creates a signif-

icant increase (an order of magnitude) in the change of absorption and phase

when compared to the smaller three tube values. Lastly, the addition of the

seventh tube reduces ∆α for the kink modes, while enhancing the negative

phase shift of the sausage mode. These three results demonstrate that the

addition of more tubes, within close proximity, can change the observable

distribution of absorption and phase across m.

Interestingly, in symmetric ensembles an incoming wave of even m is

unable to generate an outgoing odd m wave, and vice versa. The odd m

components scattered by each tube interferes at the origin with the same

components generated by a tube located on the other side of the origin. The

interference results in no outgoing wave of odd m from the origin, given an

incident even m wave. Thus, similar to a single tube that can only scatter

the incident m wave, a large symmetric ensemble is unable to scatter waves

of odd (or even) m order given the incident wave of even (or odd) order.

While truly symmetrical ensembles could not realistically exist, this is an

interesting result in the case of near-symmetrical ensembles; we may expect

diminished outgoing odd m components from an ingoing even m for roughly

symmetric ensembles. With regards to pn mode scattering, the results are

consistent with the observations of Zhao and Chou (2013) that the outgoing

energy of a pn′ mode rapidly diminishes with increasing n. The strongest

coupling is between the f -modes.

We have also investigated random ensembles of tubes. The random po-

sitioning of identical tubes breaks symmetry in m of the absorption. The

resulting asymmetry is enhanced for higher frequency waves, so these en-

sembles may be more sensitive observational probes. However, phase shows

an apparent mirror symmetry across m regardless of tube arrangement. We

note that the ensembles show a difference in phase between ±m, but these

differences are small compared to the actual values. This apparent symmetry
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could be attributed to the fact that as more thin tubes are placed randomly

within close proximity, the system will approach a closely symmetrical sys-

tem. In fact, when the system is of a small number of tubes (Hanson and

Cally 2014), or contains thicker tubes (Felipe et al. 2013), the asymmetric

nature is more apparent in the phase data.

Finally, we investigated the question of how the scattering effects induced

by the multiple scattering regime in a bundle, differ from those of a single

tube of magnetic flux equal to the entire bundle. The collective nature of

ensembles has been apparent to this point, and the results of this study

clearly point to the fact that the multiple scattering within a small ensemble

will result in the constituent tubes behaving as a single tube. It was shown

that the distribution across m were similar for both the absorption and phase

with a small degree of difference, especially in the |m| < 3 range. However,

the greatest difference in these two cases was apparent when investigating

the difference from their respective isolated values. While a non-interacting

ensemble is unphysical, these results demonstrated how powerful the near-

field is in altering the scattering nature of the constituent tubes.

Given these results and taking into account the simplicity of the model,

how can we use this model to interpret observable parameters? Braun (1995)

was amongst the first to determine the absorption and phase of cylindrical

waves within magnetic plage regions, finding significant measurable absorp-

tion, while Braun and Birch (2008) found that plage produces considerably

less shift than penumbrae and umbrae. We have shown here that within

closely packed ensembles the multiple scattering regime enhances both ab-

sorption and phase shift. In fact the larger the ensemble, or higher the

frequency, the greater the absorption. This is a reasonable result, given that

each additional tube will absorb more of the incident wave, and will have

this absorption coefficient enhanced by the scattered wave field from nearby

tubes. Within large enough ensembles the absorption coefficients should be

measurable above any noise. The spatial distribution of tubes appears to have

a greater effect on absorption at higher frequencies (5 mHz), which therefore

may be more useful observational probes. Also the absorption profiles are

heavily altered by the characteristics of the individual tubes (in this study

β), and may be used to indicate the internal constitution. Our obtained

phase shifts are small, possibly too small for measurable certainty (especially

at 3 mHz), and thus are not in contradiction to observation. Given obser-

vations with an appropriate spatial/temporal resolution, the outgoing phase

may be used for probing sub-surface structures, as we have shown that in-

dividual tube characteristics as well as the number of tubes will affect the
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outgoing phase. This model is a significant step in an analytical approach

to the multiple scattering regime. As the aim of scattering studies is to

constrain sub-surface structures with scattered wave field data, both numer-

ical and analytical models must continue to be improved to better interpret

observational results.
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Chapter 4

Using SDO Data to Examine
the Seismic Emissions
Surrounding Complex Active
Regions

The use of holography in the high-frequency p-mode spectrum can sufficiently

resolve the distribution of enhanced seismic emissions within halo structures

surrounding active regions. In doing so, the application of statistical methods

can ascertain relationships with the magnetic field. This is the focus of our

study.

The mechanism responsible for the detected enhanced seismic emissions

around solar active regions has yet to be explained. Furthermore the rela-

tionship between the magnetic field and enhanced seismic emission has not

yet been comprehensively examined. We have used vector-magnetograms

from HMI/SDO to image the magnetic field properties in the halo. In doing

so, the acoustic morphology of three active regions with complex halos and

glories, has been explored and some of these acoustic properties have been

linked to the magnetic field configuration. Additionally, we have compared

the results of the seismic emission maps calculated from holography and the

commonly used local acoustic oscillation map, finding that the two types of

halos are very similar, although close scrutiny does show subtle differences.
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4.1 Instrumentation: SDO

To study the mechanisms responsible for local helioseismic phenomena, high

resolution observations of the Sun need to be analysed. In order to achieve

this, the Solar Dynamics Observatory (SDO) was launched on the 11th of

February 2010, to provide near-continuous imaging of the full solar disk.

SDO’s three instruments, the Helioseismic and Magnetic Imager (HMI, Schou

et al. 2012b), EUV Variability Experiment (EVE, Woods et al. 2012) and the

Atmospheric Imaging Array (AIA, Lemen et al. 2012), simultaneously cap-

ture full-disk images in numerous wavelengths to provide detailed information

about the solar atmosphere. Improving on its predecessor, the Michelson-

Doppler Imager (MDI) on board the Solar and Heliospheric Observatory

(SOHO), SDO’s HMI provides higher resolution images of the surface veloc-

ity, magnetic field and intensity continuum more frequently and at four times

the resolution. Meanwhile, EVE measures the Sun’s extreme ultraviolet out-

put, which is responsible for heating the Earth’s upper atmosphere. Finally,

the AIA instrument provides detailed information of various regions ranging

in height from the photosphere to the upper corona. In this study, the data

products from the HMI and AIA instruments will be used to examine power

halos.

Since the beginning of its mission, HMI has provided Doppler data (Dopp-

lergrams) of high spatial resolution (0.5”) and temporal cadence (45 s). The

Dopplergrams are calculated from observations of the 6173.3 ± 0.1Å Fe I

line which has a formation height, once resolution limitations are accounted

for, of 140-150 km (Fleck et al. 2011). With these observations taken every

45 s, spectral analysis performed on any surface oscillations will have a high-

frequency limit at 11.1 mHz (an improvement on MDI: 8.3 mHz). This limit

is known as the Nyquist Frequency. Thus far, most holography studies have

used MDI data, but the higher resolutions of HMI make it ideal to examine

the spatial distributions of enhanced seismic glories, as well high frequency

seismic sources.

Another significant advantage of HMI data is its capability to detect

magnetic field characteristics, such as orientation and magnitude. A brief

overview of how magnetic field vectors are determined is given here, and for

further information refer to Hoeksema et al. (2014). The magnetic field char-

acteristics are determined from circular and linear polarized light, detected

by HMI every 135 s (Schou et al. 2012a). Detections are measured in six

wavelengths and averaged over 720 s to reduce noise, which reduces the ca-

dence to 12 minutes. These polarimetric quantities are the Stokes parameters
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(I,Q,U,V) and the final step in the pipeline is their inversion through the use

a custom version of the Very Fast Inversion of the Stokes Vector (“VFISV”,

Borrero et al. 2011; Centeno et al. 2014). The resultant maps (referred to as

vector-magnetograms) specify the absolute magnetic field strength as well as

the orientation (azimuth and inclination) in each pixel.

Prior to inversion of the Stokes parameters, the magnetic field orientation

was extrapolated through various methods (e.g. potential, linear force-free

and non-linear force-free fields), which is potentially problematic as it may

lead to inaccurate representations of the magnetic field (e.g. Wiegelmann

et al. 2005). However, as Stokes parameters are determined directly from

observation, confidence in the accuracy of magnetic field vectors is high. But,

while the Stokes parameters can give insight into the magnetic fields, there

is a major limitation that requires consideration. The determination of the

transverse magnetic field requires inversion of Zeeman splitting, which results

in an azimuthal ambiguity of 180◦ (Harvey 1969). This inherent ambiguity

is resolved in the HMI pipeline using a minimum energy method (Metcalf

1994; Leka et al. 2009; Hoeksema et al. 2014).

We conclude this section by outlining the capabilities of the AIA instru-

ment. Unlike HMI, AIA produces lower resolution images at 0.6′′, which

results from the larger field of view required to observe the corona. However,

due to the nature of the phenomenon it observes (e.g. flares) the cadence

is significantly better ∼12 s. AIA observes two ultra-violet (UV) and seven

Extreme Ultra Violet (EUV) channels. The two UV channels, 1700Å and

1600Å, highlight the concentration of magnetic fields near the photosphere

at heights 360 km and 430 km, respectively (Fossum and Carlsson 2005).

The presence of strong magnetic fields appear as black pixels within the im-

ages, while weaker magnetic fields (but still concentrated) appear as bright

pixels. These two channels show the nature of the magnetic field just above

the observation heights of HMI. Meanwhile, the seven EUV channels show

detailed information of upper chromosphere and corona. Together with HMI

data, the information provided by AIA will shed some light on the nature

of magnetic fields and seismic emission surrounding active regions. However,

holography is restricted to calculating seismic emission at and below the pho-

tosphere, and thus we are restricted in our comparisons with AIA data to a

qualitative nature.
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4.2 Data Processing

4.2.1 Data Selection

This study has focussed on large multi-polar active regions that have emerged

since the launch of SDO. Twenty-four hours of near-continuous observations

were sought for each active region, in order to obtain clear integrated power

maps that show the enhanced acoustic power halos at high frequencies. Each

chosen region is missing only a few frames (< 20) within their respective

24 hour period of observation. These missing frames were absent from the

HMI pipeline, presumably due to observational errors. In order to reduce

any line of sight errors, the observation time for each region was chosen so

that it passed through the central meridian half-way through its respective

time frame. The asymmetry of large active regions makes it difficult to

determine when the centre of a region passes through the meridian. However,

the Carrington latitudes and longitudes specified herein (see Table 4.1) are

to be considered the approximate centre of the associated active regions.

Table 4.1 outlines the chosen active regions and corresponding observation

dates, tracked Carrington latitude (L) and longitude (B), National Oceanic

and Atmospheric Administration’s (NOAA) Active Region (AR) designation

and the vector-magnetogram data sets used.

We note that in the quiet sun, spatial fluctuations caused by interference

among modes with the same frequency, can appear in local acoustic power

maps. Chou et al. (2009) stated the only way to reduce errors that arise from

these fluctuations is to increase the number of observed frames. Therefore,

twenty-four hours of observations ensures that a significant number of frames

are taken into account.

All data examined here comprises full-disk Dopplergrams, intensity con-

tinuum, SHARPs vector-magnetograms (see section 4.2.3 for further details)

and the AIA channels (1700Å, 1600Å). The frame size of the full-disk images

is 4096× 4096 pixels, where each pixel size is approximately 0.5′′ /362.5 km

(with AIA: 0.6′′/435 km). The temporal resolution of the Dopplergrams and

Intensity cubes are 45 s, while the SHARPs products are 720 s. This results

in 16 Doppler images for every SHARP image.

The following sections outline the procedure for data reduction (§ 4.2.2),

an overview of the SHARPs data (§ 4.2.3), the process required for using the

SHARPs products (§ 4.2.4) and the precautions taken with all data (§ 4.2.5).

76



CHAPTER 4. THE SEISMIC EMISSIONS NEAR ACTIVE REGIONS

Table 4.1. Information of Observed Active Regions

Date and Time Carrington NOAA AR Vector Magnetogram
of Initial Observation L and B designation data set

2011/02/13 1200 UT 35.9 -19.4 11158 SHARPs
2012/03/08 1000 UT 303.9 17.2 11429 SHARPs
2014/01/07 0800 UT 96.7 -9.8 11944 Full Disk

4.2.2 Data Reduction

Due to the varying sizes of the active regions and extent of the surrounding

plage, all three Doppler cubes have differing sizes on which holography com-

putations are performed. The Doppler data was Postel projected and tracked

at the specified Carrington coordinates (Table 4.1) throughout the twenty-

four hour period. Any missing or defective images were replaced with blank

frames. At each time step, the rotation effects of the sun were removed and

the resultant image was projected onto an appropriately sized blank frame

with a frame height and width of pixel count 2n (which assists in the Fourier

Transform). The data cube (of size 2n × 2n × 1920) was then transformed

using the Very Fast Fourier Transform algorithm, whereby each cube was

filtered into frequency bands of 1 mHz bandwidth. Having split the data

cube into bandwidths of 1 mHz, the temporal resolution of any computed

egression cube will be reduced to 1000 s (∆t = 1/∆ν). Since we will be

examining integrated power maps this reduction will not affect the results.

At this stage, two separate computations (mutually exclusive) are per-

formed. One transforms the maps back to the time domain and calculates

the associated oscillation power in each bandwidth, thereby determining the

local acoustic power. The other is the seismic holography computation in the

frequency domain, which is transformed back to the temporal domain and

the associated power of seismic sources is calculated.

Regarding the seismic holography computation, an egression (Equation

1.13) was calculated at the surface (z = 0)1, waves that only travel only

one skip were included, with all further skips ignored. The pupil size used

1I point out to the reader that as per the discussion in the introductory chapter, the
presence of strong seismic emitters in the halo will cause the appearance of artificial
seismic stalactites to appear at various depths. Hence, all holography computations will
be restricted to the surface.
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in these calculations has an inner radius of 7 Mm and an outer radius of

44 Mm, which results in a diffraction limit of 2.5 Mm. With the chosen focal

depth and pupil size, the egression integral (Equation 1.13) was calculated

using a plane-parallel assumption, where the curvature of the solar surface

is assumed to have negligible affects on the holography computation. This

assumption is valid, considering that the pupil size is significantly smaller

than the solar disk.

4.2.3 The Use of SHARPs and Full-disk Vector Mag-
netograms

At the time of this research, the SDO pipeline had full-disk images of all ob-

servable parameters, with the exception of computed full-disk disambiguated

azimuth maps (before January 2014). As such, the Space-weather HMI Ac-

tive Region Patches (SHARPs) were made available, in which the disam-

biguated azimuth is computed (Bobra et al. 2014). As a result of using these

SHARPs products, the following pipeline procedures need to be taken into

account. Once the full-disk Stokes parameters are computed, the data is then

reduced to rectangular patches (called HMI Active Region Patches; HARPS)

which typically contain regions of strong magnetic fields that may not coin-

cide with NOAA designations. Then, these patches are traced throughout

their transit across the solar disk (Turmon et al. 2014). The inversion of the

Stokes parameters within these patches then follow the previously discussed

process (§4.1). The limitation in comparing SHARPs products with full-disk

Doppler images is that the calculated patch is not large enough to cover all

of the quiet sun in which halos occur. As such this, study is forced to omit

data computed in the power maps that do not have corresponding SHARPs

data. However, the SHARPs products are generally large enough to examine

a majority of the halos.

For the active regions 11158 and 11429, the SHARPs data was used.

However, in the case of AR 11944 (which occurred after Jan 2014), full-disk

disambiguated vector-magnetograms were available. Three disambiguation

processes can be applied to this data which include ‘randomly assigned’,

‘radial-acute’ and ‘potential-acute’ methods. The SDO JSOC team advises

that the randomly assigned method is the safest for use in the quiet sun, due

to the other method’s tendency to show large-scale patterns in weak regions.

Therefore, we have used this method for resolving the ambiguity in the halo.

Having collected the vector-magnetograms of all three regions, the data

was then projected and aligned to the full-disk Dopplergrams. The alignment
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Figure 4.1: An illustration of how the heliographic plane differs from the
image plane. This difference requires the appropriate transforms of Equa-
tion 4.1 to be applied, in order to obtain magnetic field vector relative to the
solar surface. Image from Gary and Hagyard (1990).

was achieved through the matching of the reference latitude and longitude of

each region. Close scrutiny of SHARPs data reveals a 1 pixel misalignment

with the Dopplergrams, and this was taken into account in projections.

4.2.4 Mapping of the Magnetic Field Vectors

An inherent complication of observing the Sun is that measurements of ob-

servables such as Dopplergrams and magnetic fields are subject to the line-of-

sight. Specifically, the angle that subtends the normal of an observed point

on the solar surface will affect the measured parameter. Consequently, ap-

propriate transforms need to be made in order to draw conclusions on the

relationships between observables. To accurately examine the relationship

between the magnetic field and seismic emission, the magnetic field relative

to surface normal must be determined. Specifically, a transform needs to be

applied to the vector-magnetograms to convert the pixel values, which are

measured by the CCD (referred herein as the image plane), to values that are

relative to the solar surface (the heliographic plane). Figure 4.1 shows how

the image and heliographic plane differ due to the line of sight between the

observed solar surface and the detector. Gary and Hagyard (1990) specifies

this transformation of magnetic field image plane components (Bi
r, where
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r = (x, y, z)), to the heliographic plane (Bh
r ) as:Bh

x

Bh
y

Bh
z

 =

a11 a12 a13
a21 a22 a23
a31 a32 a33

Bi
x

Bi
y

Bi
z

 (4.1)

where the matrix terms are given by

a11 = −sin(Bo)sin(P ) sin(L− L0) + cos(P )cos(L− L0),

a12 = +sin(B0)cos(P )sin(L− L0) + sin(P )cos(L− L0),

a13 = −cos(B0)sin(L− L0),

a21 = −sin(B) [sin(B0)sin(P )cos(L− L0) + cos(P )sin(L− L0)]
−cos(B)[cos(B0)sin(P )],

a22 = −sin(B) [sin(B0)cos(P )cos(L− L0) + sin(P )sin(L− L0)]
−cos(B)[cos(B0)cos(P )],

a23 = −cos(B0)sin(B)cos(L− L0) + sin(B0)cos(B),

a31 = +cos(B) [sin(B0)sin(P )cos(L− L0) + cos(P )sin(L− L0)]
−sin(B)[cos(B0)sin(P )],

a32 = −cos(B) [sin(B0)cos(P )cos(L− L0) + sin(P )sin(L− L0)]
−sin(B)[cos(B0)cos(P )],

a33 = +cos(B)cos(B0)cos(L− L0) + sin(B0)sin(B).

(4.2)

Here B and L are the heliographic Carrington latitude and longitude of the

observed point on the solar surface, and B0 and L0 are the latitude and

longitude of disk centre. Additionally, the variable P is the solar P -angle

that subtends the rotation axis and the north-south axis of the solar disk

image.

We note that though the active region passes through the meridian (hence

Bx requires no transform at that time), the active region is still above disk

centre and thus requires the appropriate transforms to By and Bz.

Having calculated the heliographic field components, we redefine the in-

clination (γ) in a similar fashion to Schunker and Braun (2011),

tan(γ) =
Bz

Bh

, (4.3)
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where Bh =
√
B2
x +B2

y . Here γ ranges from −90◦ to +90◦, with the hori-

zontal field being 0◦ and +γ outward facing from the surface.

4.2.5 Statistical Precautions

The accuracy of the inferred field vector depends upon the strength of the

I,Q, U, V polarization signals. In the quiet sun, where the acoustic halo is

present, the signal strength of the Stokes parameters is generally weak, which

results in a higher noise level. Since we are primarily concerned with the

surrounding quiet sun in which the halos manifest, we have taken precautions

when interpreting the associated field information.

We first reduced the noise in the azimuthal data by taking an average

of the field vectors over a period of 36 minutes. Longer averaging results in

additional uncertainty due to solar evolution. In the results of this study, we

used the magnetic field data at the time the active region is situated on the

central meridian. For consistency, we examined the magnetic field at differ-

ent times and found the results to be in a general agreement (Appendix A).

The second precaution was to only consider pixels that have a good signal

to noise ratio (|B|2/|Berror|2 > 1; K.D Leka, Private Conversation). As a

final precaution, we analysed a quiet sun patch void of any apparent mag-

netic structure, and found a minimum field strength of 60 G remains. As

such, we omit pixels with field strengths below 60 G, attributing these values

to noise. Upon performing these precautions, the remaining pixels number

approximately 50% (see Figure 4.2) of those originally within the halo. As

a result, the confidence in interpreting these pixel values becomes high and

is a major improvement with respect to the work of Rajaguru et al. (2013),

which used all pixels and imposed a lower field strength threshold of 40 G.

Although a few studies have applied (in part) some of these precautions, we

are unaware of any that have been as strict when examining the halos.
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Figure 4.2: A mask applied to the active regions (in this case AR11429)
to remove all pixels that have a signal to noise ratio less then 1, are below
60 G and that are situated outside of the SHARPs image area. White pixels
remain in our analysis, while black pixels are removed. Pixels with stronger
magnetic field strengths (within the active region) have a larger S/N ratio,
therefore provide accurate field readings in the map, although they are not
important for halo analysis.
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4.3 Results

Figures 4.3 - 4.11 show the magnetic field maps, computed power maps (local

acoustic and seismic emission) and the halo and glory locations of the three

active regions examined. Power maps are displayed for the 1 mHz bandwidths

centred on 3, 6 and 9 mHz. Appendix C shows the power maps for more

frequency bands, but for the purpose of this chapter, these three bandwidths

will suffice in examining halo morphology at low (3 mHz), high (6 mHz)

and very high frequency (9 mHz) ranges. The morphological features of

the magnetic and power maps will be discussed in the following sections.

Particular attention will be given to the relationship between the magnetic

field and the power halos. The width of the halos specified herein will be the

smallest and largest widths from the penumbra boundary to the outer extent

of the C1.4 contour (see below for definition).

For statistical purposes, we define the seismic emission halo as the region

of enhanced power surrounding the active region at 6 mHz, with power ex-

ceeding 140% of the seismic power in the quiet sun (|H+|2/|H+0|2 > 1.4, see

Figures 4.5, 4.8, 4.11). Herein, we refer to the outer bounds of this region

as the C1.4 contour. Our choice in this power minimum provides a definable

boundary for computing masks within which the pixels can be examined. If

a lower limit is chosen, the halo becomes more diffuse with the quiet sun and

becomes hard to define a boundary with which to draw any statistical conclu-

sions. Interestingly, the boundary of C1.4 subtends an area of quiet emission

in the 1700Å channel (bottom panel, Figures 4.5, 4.8, 4.11), suggesting that

the physical conditions at 360 km, such as field line concentration, dictates

the morphology of the seismic halo at the lower height of 150 km. Addition-

ally, the area having intermediate seismic power (1 6 |H+|2/|H+0|2 < 1.4)

seems to be more of a transitory area, in which the magnetic field (near

the active region) is strong. The 1700Å maps shows the intermediate power

region coincides with high intensity pixels. We name this area the seismic

plateau and we discuss its properties later.

Small regions within the halos, where the excess in seismic power is more

then 1.8 × |H+0|2, have been identified as acoustic glories. The choice in

this lower limit is based on a visual inspection of the seismic maps, with the

identification of the most noticeable areas. A higher value of the threshold

in seismic power means that fewer glories will be recorded for our statistical

purposes. We aim at keeping a significant number of pixels that show sig-

nificant enhancement in the seismic power. Therefore an optimal threshold

value of 1.8 seems to suffice for all active regions analysed in this chapter.
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These regions are located in the halo and are delimited by the green contours

in Figures 4.5, 4.8 and 4.11.

4.3.1 Active Region Enhanced Power Morphology

10 February 2011: AR11158

The magnetograms and intensity continuum maps for AR11158 are shown in

Figure 4.3, with calculated power maps shown in Figure 4.4 and the identified

halo and glories in Figure 4.5. This complex active region has been the focus

of many studies, with particular interest in the X2.2 flare that generated a

sun quake on the 15th of February 2011 (Kosovichev 2011; Zharkov et al.

2011, etc.).

AR11158 is an isolated multi-polar region (Hale Class βγ) with an ap-

proximate area of 81× 127 Mm2. The continuum maps (Figure 4.3 panel a)

show three distinct regions. The east and west (relative to image) regions

contain single, large asymmetric sunspots with pore structures nearby. The

central region contains three large umbra regions separated by the surround-

ing and connecting penumbra. The magnetograms (panels b - d) show strong

magnetic fields (peak 2700 G) that are highly inclined (see panel d) within

the umbra of these three regions. These magnetic maps also show that the

western region is of negative polarity, the east is positive and the central re-

gion is bipolar. Surrounding the three main structures with strong magnetic

fields is a plage with weaker field strengths (300-1000 G).

The power maps in Figure 4.4 show a strong power deficit in both seismic

emission and local acoustic power, which corresponds to the strong magnetic

fields of the active region including plage. The low frequency maps (panels a

and b) show an acoustic moat (∼0.6 quiet sun units) surrounding the active

region of a varying width of 17-37 Mm. At high frequencies (panels c and

d), this moat is replaced with an enhanced power halo of similar width, in

both the seismic emission (∼1.54 quiet sun units) and local acoustic power

(∼1.45 quiet sun units). However at very high frequencies (9 mHz, panels

e and f), the seismic emission halo becomes diffuse within the surrounding

medium and the local acoustic halo is compact (with width ≈ 15 Mm),

tracing around the strong power deficit of the active region. Additionally,

in the local acoustic oscillation power, the formation of a secondary weaker

halo has appeared, surrounding the halo at a distance of 25 Mm.

Figure 4.5 shows C1.4 and C1.8 contours, which will be examined in this

study. These regions predominantly occur in the southern areas of the active

region, with a small halo component in the north. In this active region,
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strong seismic emitters are located within a glory to the south, occupying

approximately 4% of the total halo region. The size of the individual, high

powered emitters within the glory varies between 5-7 Mm in diameter.

Figure 4.3: Snapshots of intensity continuum (panel a), |B| (b), Bz (c), and γ
(d) for the active region AR11158 at the central meridian. AR11158 consists
of three distinct regions of strong magnetic fields separated by magnetic
plage.
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Figure 4.4: The seismic emission (left) and local acoustic (right) power maps
at 3, 6 and 9 mHz (top to bottom) of the active region AR11158, normalized
to the quiet sun. Comparison with Figure 4.3 shows that the seismic emission
and local acoustic power are in deficit in the presence of magnetic fields,
whether it be plage or stronger fields. Acoustic and seismic halos are visible
at 6 mHz.

86



CHAPTER 4. THE SEISMIC EMISSIONS NEAR ACTIVE REGIONS

Figure 4.5: The contours of the halo (yellow, |H+|2/|H+0|2 > 1.4), glory
(green, |H+|2/|H+0|2 > 1.8) and inner plateau boundary (blue, 1 <
|H+|2/|H+0|2 < 1.4) superimposed onto maps of Bz (top) and 1700Å in-
tensity (bottom) for the active region AR11158.
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08 March 2012: AR11429

Figure 4.6 shows the intensity and magnetogram maps of AR11429, with the

computed power maps shown in Figure 4.7. The halo, glories and plateau

are shown in Figure 4.8. This active region is of similar size to AR11158

covering an area approximately 77 × 133 Mm2 in size. However, the entire

active region has one encompassing penumbra. Interestingly, AR11429 is

known as a rare ‘delta island’ active region (Elmhamdi et al. 2013), where

the polarity is reversed compared to other active regions in the northern

hemisphere. While most active regions in the solar northern hemisphere lead

with negative polarity (for cycle 24), AR11429 leads with a positive polarity.

The intensity continuum maps show two predominant umbral regions to

the east and west, with surrounding penumbra. These umbra have a radius

of 11.5 Mm and 7 Mm, respectively, with a penumbra radius of 17 Mm and

9.5 Mm, respectively. Between these two regions are numerous magnetic

pores with various umbra radii between 1-2.3 Mm. The magnetograms show

a complex multi-polar active region (Hale Class βγδ) with associated plage

located to the east and in a band (3-12 Mm wide) surrounding the region.

The peak magnetic field strength of the active region is 2700 G and occurs in

the two large umbra regions. Unlike the previous active region, the polarity

here is contained at the north-east (positive) and south-west (negative), with

a magnetic neutral line separating the two.

At all frequencies, the seismic and acoustic power maps (Figure 4.7) show

a central region of greatly suppressed power (≈ 0.1 quiet sun values), which

coincides with the strong magnetic fields of the active region. Again, at

3 mHz, the acoustic moat is present and ranges in thickness between 27-

61 Mm. At 6 mHz, the area occupied by the 3 mHz acoustic moat is now

a region of enhanced seismic emission (∼1.6 quiet sun units), which is de-

tected in the helioseismic holography maps. This enhancement is also seen

in the local acoustic power maps (∼1.5 quiet sun units). The halo surrounds

the active region with a width of 25-60 Mm, and in some regions extends

slightly beyond the region suppressed at 3 mHz. The seismic glories are

mainly located at the north and south of the active region covering an area

approximately 40 × 76 Mm2 and 20 × 39 Mm2, respectively. Additionally,

there is a band of seismic glories located to the west occupying an area of

approximately 17×74 Mm2. The bottom two panels of Figure 4.7 show that

at higher frequencies (9 mHz), the seismic emission halo has become diffuse

with the surrounding quiet sun and the region of power deficit corresponding

with the strong magnetic fields, remains. However, the local acoustic power
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halo is now compact (10 Mm wide), with a hint of diffuse enhancement be-

yond (30 Mm). Bright compact acoustic power areas can be seen within

the central parts of the active region. These large power spikes (and their

cause) have often been ignored in studies, and have only recently begun to

be addressed (Zharkov et al. 2013, Donea et al. 2014, in preparation). As

the power halos within the surrounding quiet sun are the focus of this study,

we too will not address this phenomenon in detail.

There is a neighbouring active region located to the solar west (approx-

imately 190 Mm) with the NOAA designation of AR 11430. The region

between the two active regions is occupied by magnetic plage, which gener-

ates a small power deficit between the two. However, the two active regions

are far enough apart that seismic (and local acoustic) power halos are re-

stricted to their respective active regions, and as such the relatively small

halo of AR 11430 will be omitted.
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Figure 4.6: A snapshot of intensity continuum (a) and averaged maps (over
36 minutes) of |B| (b), Bz (c) and γ (d) for the active region AR11429 at
the meridian. While this active region is multi-polar, the fields of identical
polarity are confined into two separate regions, with positive polarity located
in the north east and the negative polarity located in the south west region.
Surrounding the entire active region is magnetic plage.
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Figure 4.7: The seismic emission (left) and local acoustic (right) power maps
at 3, 6 and 9 mHz (top to bottom) of the active region AR11429, normalized
to the quiet sun. The magnetic plage that surrounds the active region shows
a small deficit compared to the halo, but is close to quiet sun values.
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Figure 4.8: The contours of the halo (yellow), glories (green) and inner
plateau boundary (blue) superimposed onto maps of Bz (top) and 1700Å
intensity (bottom) for the active region AR11429.
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Table 4.2. Areas of the Seismic Halo and Glories

AR C1.4 Area (Mm2) C1.8Area (Mm2)

11158 6.0× 103 2.6× 102

11429 4.6× 104 1.0× 104

11944 7.5× 104 1.4× 104

07 January 2014: AR11944

This active region is the largest examined in this study, covering an area

of 125 × 228 Mm2 and a maximum field strength of 4300 G. This active

region has a Hale classification of βγδ, with a predominant sunspot (to the

image east) of radius 15 Mm for the umbra and 28 Mm for the penumbra. A

secondary smaller sunspot is located near the centre of the region, with an

umbral radius of 8 Mm and penumbra of 16 Mm. Trailing these sunspots are

small compact magnetic pores (1-3 Mm) of opposite polarity (negative) to

the spots. The magnetograms also shows extensive plage interwoven between

these pores. Figure 4.9 shows the continuum and magnetic maps for the

active region AR 11944.

The power maps (Figure 4.10) again reveal the three main morphological

features seen in the previous active regions: 1) The acoustic moat (∼0.4

quiet sun values) occurs again at 3 mHz with a width of 16-32 Mm wide, 2)

An enhanced halo (∼1.64 quiet sun values) surrounding the active region at

6 mHz (16-45 Mm wide), 3) The diffusive behaviour of the seismic halo, and

the change to the compact acoustic halo (≈ 10 Mm) at 9 mHz. However,

what is noticeably different in this active region, is the extent and intensity

of the seismic halo, as well as the presence of many seismic glories. The most

intense emitters (see Figure 4.11) are situated in the south-east and northern

sections of the halo, bordering the magnetic plage. The remainder of the halo

is still intense when compared to the other active regions.

Pixels within the centre of the large sunspot appear to be defective in the

Doppler images. Therefore, we have masked this region in order to remove

any artificial sources occurring within the computed holography maps.
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Figure 4.9: Snapshot of intensity continuum (panel a) and averaged |B| (b),
Bz (c) and γ (d) for the active region AR11944 at the meridian. This large
multi-polar active region consists of two sunspots of positive polarity, the
largest of which (located in the east) has a radius of 28 Mm. Trailing these
spots are small pores of negative polarity interwoven with dense magnetic
plage.
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Figure 4.10: The seismic emission (left) and local acoustic (right) power maps
at 3, 6 and 9 mHz (top to bottom) of the active region AR11944, normalized
to the quiet sun. Due to some damaged pixels at the centre of the large
sunspot, a mask is applied to prevent any artificial seismic sources appearing
in the holography.
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Figure 4.11: The contours of the halo (yellow), glories (green) and inner
plateau boundary (blue) superimposed onto maps of Bz (top) and 1700Å
intensity (bottom) for the active region AR11944.
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4.3.2 Correlations Magnetic Fields and Acoustic Power
Halos

In this section, relationships between the magnetic field, seismic and acoustic

power will be explored. This section has two parts. The first part examines

the relationships between field strength, inclination, power and frequency

when averaged over the entire region (including umbra, penumbra and quiet

sun). The second section focuses on the properties of halos and glories. By

isolating the halo from the ‘true’ quiet sun which is not acoustically enhanced,

and used for normalization purposes, we can ascertain accurate relationships

between the field and acoustic enhancement without skewing the results.

Given the similarities found between the properties of all three regions, we

decided to choose the results of AR11429 as representative for the following

discussions. The other active region results can be found in the Appendices.

Where specified, the results of all three active regions are examined.

Active Region as a whole

Figure 4.12 shows the average power (seismic and local acoustic) of AR11429

as a function of magnetic field strength and inclination (in bins of 10 G and

10◦) for three examined frequencies. The standard error of the mean power

is ±0.002 quiet sun units. From figure 4.12 some basic relationships can be

deduced. Firstly, with high magnetic field strength (> 350 G) both seismic

and local acoustic power pixels are in deficit, when compared to the quiet sun.

However, below this field strength the average power tend towards quiet sun

values, except in the 6 mHz case. At 6 mHz, the power becomes enhanced,

especially in the quasi-horizontal (< 40◦) fields of intermediate strengths

(60 < |B| < 150). These averaged power values include the halo and quiet

sun, hence the values are less than the actual halo enhancement (see next

section). Close examination of the 9 mHz plots show the high local acoustic

power spikes at high field strengths (> 2000 G) and intermediate inclinations

(±45◦), which correspond to the highly inclined strong magnetic fields of the

umbra. These high power spikes (noted in the previous morphology section)

are not apparent in the egression, which indicates they are not sources with

signatures that re-emerge within our pupil.

Figure 4.13 shows the average power as a function of field strength and

frequency, in two inclinations ranges |γ| < 40◦ (top) and |γ| > 40◦ (bottom).

In all four frames, the average power peaks between 5-7 mHz and at a field

strength between 60-300 G. The frames with a field inclination of less than

40◦ have a broadly enhanced power distribution (across |B|) with a greater
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Figure 4.12: The mean normalized power of the seismic emission (left) and
local acoustic (right) power as a function of |B| and γ of the entire map of
AR11429 for 3,6 and 9 mHz (top to bottom, respectively).
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power peak (> 1.4) centred at 6 mHz. Additionally, in all frames the acoustic

moat is apparent below 4.5 mHz, with greater power suppression at higher

field strengths and inclinations. A comparison between the two types of

power maps reveal significant similarities, yet subtle differences. While both

power maps peak at the same frequency and field strengths, there is more

acoustic power at higher ranges and the seismic power has a greater power

deficit within the frequency range of the acoustic moat. We will speculate

on these differences in section 4.4.

Figure 4.13: The average normalized power as a function of magnetic field
strength and frequency for two different ranges of |γ| (top: < 40◦, bottom:
> 40◦). The left frame shows the seismic emission power, while the right
frame shows the local acoustic oscillation power.
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Power Halo

Shifting our focus to the role of magnetic fields on enhancing seismic emission,

Figure 4.14 shows the average power within the halo in a similar fashion to

Figure 4.12, which examined the entire region. Also it should be noted that

we are only examining the pixels that lie within the seismic emission halo

at 6 mHz. Hence in all panels the pixel distributions (for specific γ and

|B|) are identical, with the corresponding power being the only difference

between each frame. Figure 4.14 reveals numerous morphological properties

of both types of halos. 1) There is a general symmetry of pixels around

γ = 0. 2) The relationship of power with frequency (shown in Figure 4.15) is

reflected here, with the greatest enhancement seen at 6 mHz and suppression

at 3 mHz. 3) At 3 and 9 mHz, local acoustic power generally dominates

over seismic emission power (which is dominant at 6 mHz). 4) The greatest

seismic emission and local acoustic power, occurs within relatively horizontal

(γ < 40◦) and intermediate field strengths (< 300G). 5) At 9 mHz, the

acoustic power is enhanced at greater magnetic field strengths (> 200G)

and more inclined fields (< 60◦), while the seismic emission power is similar

to quiet sun values. Figure 4.13 shows the normalized power in the entire

halo as a function of frequency (bins of 0.5 mHz). It is shown that the mean

seismic power dominates over local acoustic power at 5-6 mHz and 7.5-9 mHz.

However, below 4 mHz, the acoustic power is dominant.

These results demonstrate the similarities between the acoustic and seis-

mic power relationship with the magnetic field, however as stated above,

there are notable differences that distinguish the two. These differences in-

clude; the extent of power enhancement, as a function of field strength and

inclination, as well the halo behaviour at high frequencies. As a concluding

note to this result, there also appears to be an outlier to these observations at

6 mHz, 200G and γ = +80◦, which is greatly enhanced in both power types.

This does not occur at different time frames (see Appendix A) indicating

that at the chosen time of this magnetic field map, the field properties of a

glory were changing.
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Figure 4.14: The mean normalized power within the AR11429 halo of the
seismic emission (left) and acoustic (right) power for 3,6 and 9 mHz (top to
bottom, respectively).
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Figure 4.15: Average seismic (blue) and acoustic (red) power within the
halo, as a function of frequency. The data is averaged into bins of 0.5 mHz
and associated error bars shown. The halo region is enhanced in the high
frequency range, with seismic power dominating of the local acoustic.
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Table 4.3. Average pixel values within the examined regions

AR Map I II III Halo Plateau QS

3mHz (|H+|2/|ψ|2) 0.58/0.69 . . . . . . 0.59/0.71 0.66/0.74 1
6mHz (|H+|2/|ψ|2) 1.89/1.70 . . . . . . 1.54/1.45 1.18/1.15 1

AR 11158 9mHz (|H+|2/|ψ|2) 1.10/0.92 . . . . . . 1.00/0.96 0.98/0.97 1
|B| (G) 85 . . . . . . 105 133 46
γ (◦) -4 . . . . . . -1 2 -7
Iuv 0.95 . . . . . . 1.16 1.33 1
3mHz (|H+|2/|ψ|2) 0.68/0.80 0.59/0.71 0.73/0.87 0.68/0.78 1.03/1.07 1
6mHz (|H+|2/|ψ|2) 1.98/1.70 1.95/1.70 1.91/1.74 1.65/1.50 1.10/1.09 1

AR 11429 9mHz (|H+|2/|ψ|2) 1.07/0.99 1.07/0.99 1.12/1.05 1.02/1.03 1.11/1.15 1
|B| (G) 90 94 84 130 267 60
γ (◦) -6 -7 -13 -7 -12 2
Iuv 0.89 0.92 1.08 1.2 1.76 1
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Table 4.3 (cont’d)

AR Map I II III Halo Plateau QS

3mHz (|H+|2/|ψ|2) 0.54/0.60 0.49/0.55 0.49/0.61 0.44/0.61 0.30/0.40 1
6mHz (|H+|2/|ψ|2) 2.00/1.76 1.96/1.62 1.93/1.64 1.64/1.47 1.22/1.14 1

AR 11944 9mHz (|H+|2/|ψ|2) 0.90/0.90 0.84/0.81 0.99/0.84 0.89/0.9 0.76/0.89 1
|B| (G) 107 101 92 123 239 61
γ (◦) -1 1 -3 -5 -8 0
Iuv 1.32 1.16 1.06 1.38 1.89 1
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4.3.3 Seismic Glories

To distinguish regions of different seismic emissivity, we have identified seven

regions of significantly enhanced seismic emission within the three active re-

gion halos (see green contours in Figures 4.5, 4.8 and 4.11). Table 4.3 shows

a summary of the total seismic/acoustic power averaged over the defined

areas, along with estimates of the mean magnetic field strength, inclination

and the normalized 1700Å values. These regions are clear of magnetic struc-

tures such as plage and this lack of magnetic fields is also reflected in the

1700Å maps, devoid of both high and low intensity pixels. However, these

glories still contain some magnetic properties. Specifically, the magnetic field

strength varies between 85-128 G, with a near-horizontal average inclination

angle (±10◦). In comparison, the quiet sun magnetic field strength is around

60 G, though as discussed previously this is possibly noise. Of all seven zones,

the zones located around the large active region AR11944 were found to be

the most intense seismic emitters and this is seen to a lesser extent in the

oscillation power maps. Similar to the average power within the halos, the

acoustic power within glories is less then the seismic emission power (which is

generally 120-130% quiet sun units). Remarkably for each active region, the

mean power of its associated glories are relatively similar to each other. This

similarity may indicate that the degree of excess power within the glories

may be associated with the active region, not the location of the glory.

To further expand on the relationship between glories and the magnetic

field, we examine all of the seismic glories identified in the three active re-

gions. Figure 4.16 shows that seismic glories are 197% (with σ = 0.24) more

powerful than the quiet sun, while the acoustic power is 170% (σ = 0.22).

The peak magnetic field strength is below our error minimum, indicating

that the field strength is near quiet-sun values. However, the distribution of

magnetic field strength within the glories is broader than the quiet sun, with

the maximum field strength within these regions reaching around 200 G. The

distribution of field inclination within the glories is different to the quiet sun

(µ = 1◦, σ = 19◦), with a large majority (53%) with ±10◦ of horizontal and

the remainder within ±40◦.

We conclude by examining the power correlation between the two types of

power maps. Figure 4.17 shows a scatter plot of pixel values of the two types

of power maps for Region I of AR11429. These results show that within the

glory the seismic emission power generally dominates over the local oscillation

power. The length of the error bars are a standard deviation of the data. This

dominance is fairly consistent with the mean average seismic and acoustic
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Figure 4.16: Histogram plots of the seismic emission glory (blue) compared
to the quiet sun (red). The histograms are normalized to the number of
pixels within the region. The glory has a mean seismic power 97% greater
then the quiet sun, while the acoustic power is only 70%. When compared
to Figure 4.18 the seismic glory has a compact distribution over a small
magnetic field strength, while also the distribution across field inclination is
narrow and centred on a horizontal field.

power in all examined regions (see Table 4.3).

4.3.4 The Seismic Plateau

The seismic emission power maps at 6 mHz have revealed an intermediate

power belt (1 6 |H+|2 6 1.4) that is situated between the emission halo and

the penumbral boundary of each active region. We refer to this region as

a seismic plateau (see blue contour of Figures 4.5, 4.8 and 4.11) where the

average seismic power is 110-120% quiet sun values. This region contains

numerous pixels with high field strength values and therefore the number of

accurate pixels is high (i.e. 90% for AR11429).

106



CHAPTER 4. THE SEISMIC EMISSIONS NEAR ACTIVE REGIONS

Figure 4.17: The power correlation between seismic emission and local acous-
tic oscillations. The area sampled is Region I of AR 11429. The orange con-
tours show the density distribution of the points, with the greatest density at
(1.6, 1.9). The line of best fit is shown by the blue line, compared to a purely
linear relationship (black line). The error bars are the standard deviation of
the data (±0.2996).

107



4.3. RESULTS

Figure 4.18: Histogram plots of the seismic plateau (blue), compared to the
quiet sun (red). The histograms are normalized to the number of pixels
within both regions. The seismic plateau has a 10% larger mean acoustic
and seismic power, compared to the quiet sun. However, the magnetic field
strength and inclination is broader.

From the magnetic field maps it can be seen that these regions contain a

large proportion of magnetic plage. Figure 4.18 shows that while the seismic

emission and acoustic power have a mean value close to that of the quiet sun

(∼110%), the magnetic field morphology differs significantly. The plateau

field strength has a broad peak between 60-200 G, while the field distribution

is broader than the quiet sun, with values greater then 400 G. The field

inclination is also broadly distributed across all angles with most pixels within

±70◦ from horizontal. Referring to the AIA images (and Table 4.3) it can be

seen that the seismic plateau has high pixel values (1.7-1.8 quiet sun values)

indicating the presence of closely bundled field lines at the 1700Å formation

height.
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4.3.5 Spatial Correlations: Seismic versus Local Acous-
tic Power

In this section, we examine the spatial correlation between the most intense

local acoustic and seismic emission power kernels. Figure 4.19 shows filled

contours of the most powerful kernels of the local acoustic (blue) and seismic

emission (red) power (at 70% of their respective peak values) within glory

region II (AR11429). The background maps show the total magnetic field

strength (saturated at 400 G), inclination, intensity continuum and the local

acoustic power of region II.

In general, the large scale spatial correlation is good, with the kernels lo-

cated within an area situated between regions of high magnetic field strength

and inclination. However, this correlation is weakened when examining the

alignment of the individual kernels with respect to each other. Locations

where the kernels do not align, may suggest the presence of seismic signa-

tures that resurface within the pupil, but are not apparent in acoustic maps

due to dampening by local oscillations. Conversely, convective motion may

aid in enhancing local acoustic oscillations and as such do not appear as a

seismic signature. However, our pupil collects Doppler signals from magnetic

areas of the active region, where local oscillations are attenuated. These

magnetic fields act as an “acoustic shower-glass” (Lindsey and Braun 2005)

and will impact our assessment of seismic emissivity near magnetic fields

and its relationship with the local oscillation power. Efforts to correct this

“shower-glass” effect may address the lack of spatial correlation.

Figure 4.20 shows the same contours of the seismic and acoustic kernels

on the AIA 1700Å image. The darker pixels of the background image show

that 1700Å emission values are close to quiet sun values. Again we see how

closely the 1.4×|H+|2/|H+0|2 contour follows the enhancement of the 1700Å

channel. Close examination of the 1700Å channel suggests that enhancement

should occur in the quiet sun region located to the solar west (due to near

quiet sun values), yet there appears to be significantly smaller enhancement.

We are not sure why this is, and speculate in the conclusions.

In seismic holography we are limited to examining signatures at and be-

low the surface. In the statistical results of the previous sections, we have

included the normalized 1700Å values, since the formation height is relatively

close to the 6173Å detected by the vector camera. However, comparisons to

other AIA data sets, which have formation heights out to 1.2×R�, can not be

as direct. As the study of acoustic halos at different heights has already been

examined (Rajaguru et al. 2013), we qualitatively compare the seismic emis-
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sion halo to the magnetic field structure above the photosphere as seen by

AIA’s EUV channels. Figure 4.21 shows a slice of AR11429, including glory

regions I and II, in six wavelengths. The glories are located in the quiet sun

patches seen to the south and north in the 1700Å and 1600Å images. The

other channels (especially 171Å) show large magnetic loops extending out-

ward from the active region, over these glories. Keeping in mind that line of

sight issues greatly affect any visual interpretation of these magnetic struc-

tures, we speculate that the glories are below the horizontal part of these

loops, underneath what is known as the magnetic canopy. We will discuss

the implications of a canopy further in section 4.4

4.4 Discussion and Conclusions

We have used high-resolution HMI and AIA images to explore relationships

between enhanced seismic emission and local acoustic oscillation power ob-

served in the halos of active regions. In this study, we have taken significant

statistical precautions in examining the weak magnetic fields in the region of

the halo. Our main conclusions may be summarized as follows:

1) The complex multi-polar active regions have large patches of enhanced

seismic emission localized mainly in magnetically “quiet” areas surround-

ing the penumbrae;

2) We have been able to determine accurate statistical relationships between

the enhanced seismic emission and the local magnetic field morphology;

3) Seismic emission is enhanced at 5-7 mHz within regions of horizontally

inclined magnetic fields with intermediate field strengths of 60-200 G;

4) A plateau of intermediate seismic power has been defined;

5) Field properties of the halos indicate that it is situated within horizontal

fields (±40◦);

6) The morphology of the seismic emission halo and local acoustic halo are

similar in many ways, but differ at high frequencies and in degree of power

enhancement;

7) There is a strong relationship between significantly enhanced seismic sources

(glories) and a horizontal magnetic field morphology of intermediate strength;
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Figure 4.19: Filled contours of the acoustic (blue) and seismic emission (red)
power of the enhanced region II (AR11429) at 6 mHz, overlaid on maps of
the |B| (where pixels of |B| > 400 are saturated), γ, Intensity Continuum,
and local acoustic power at 6 mHz (top left to bottom right). While both
contours are localized in a large-scale fashion, examination of the individual
kernels reveals a weak spatial correlation.
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Figure 4.20: Filled contours of the acoustic (blue) and seismic emission (red)
power at 6 mHz of the enhanced region II, overplayed on maps of the 1700Å
AIA channel (top) and |B| saturated at 400G ( bottom). The C1.4 contour
borders the enhanced pixels of the 1700Å map. Close scrutiny of the kernel
locations show that they are located within relatively quiet regions, close to
the strong fields of the active region.
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Figure 4.21: Slices of the AIA images of AR11429. The wavelengths in each
image are as specified. In the 1600Å and 1700Å images the seismic glories
(region I and II) are located in quiet sun patches located to the north and
south.
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8) There is no exact spatial correlation between the local seismic power and

local oscillations in the halos.

Our results compliment those of previous studies (Schunker and Braun

2011; Rajaguru et al. 2013), which agree that a relationship exists between

the enhanced local acoustic power and the magnetic field. However, these

studies were unable to differentiate seismic sources from other acoustic os-

cillations (e.g. convection), but we have achieved this through the use of

holography. We have thoroughly examined the magnetic morphology of three

distinct regions of seismic emission: the halo, glories and what we refer to as

the ‘seismic plateau’. In examining these regions, it was found that seismic

emission is also greatly influenced by the magnetic field, with enhancement

occurring within regions of near-horizontal field inclination. However, regions

interwoven with magnetic plage (such as the plateau) hinder seismic emis-

sion, producing near quiet sun power belts situated between the enhanced

halo and the strong magnetic fields of an active region.

With regards to the relationship between the local acoustic power and

seismic emission power, we find a strong similarity. Both halos show the

greatest enhancement in the same frequency range and magnetic field mor-

phology. The similarity in these results is to be expected considering that

the seismic emission calculated by holography is a subset of the wave field

that produces the local acoustic power maps. Yet, examination of spatial

correlations show that localized acoustic noises may hinder the high powered

local acoustic kernels that are seen in seismic emission maps. Furthermore,

it is possible that local emitters submerged just below the photosphere emit

different amounts of energy in an upwards direction, when compared to the

downwards direction. For example, if the energy upward (contributing to

the local oscillations) was different to that emitted downward (contributing

to the signals sampled in the pupil) then one would expect to see the power

differences reported in this study. We understand this would not be the case

if the emitters were simple dipoles or quadrupoles, however it is possible to

contrive coherently related combinations of dipoles and quadrupole emitters

that support this.

The current study provides a wealth of information on the seismic sources

surrounding complex active regions, however the question of what mecha-

nism is responsible has yet to be answered. Our results concerning field

inclination and power enhancement are consistent with mechanisms, such as

mode-conversion (Khomenko and Collados 2009) and the trapping of waves

(Kuridze et al. 2008), that require a near horizontal magnetic field structure.
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Such a structure is known as the magnetic canopy, which spans over quiet

sun patches (or single granules) located near active regions. These canopies

have previously been linked to acoustic power halos (Muglach et al. 2005)

and our inspection of the AIA images (keeping in mind our caveats) appears

to support this.

With regards to the trapping of waves, Kuridze et al. (2008) suggested

that a small-scale canopy above a solar granules (on scale of ∼0.5 Mm) will

create a field-free cavity below, in which waves are trapped and enhance the

local Doppler signature. While the model was very simple (i.e. cold-plasma,

unstratified etc.), one would expect to see evidence of this process as seis-

mic sources restricted to within granular regions. The diffraction limited

(2.5 Mm) maps of holography are unable to resolve these small emitters.

However, to generate the observed seismic halo and glories, these small cav-

ities would have to be located closely together, be broadly distributed and

have lifetimes on par with the observation time frame. With regards to

the mode conversion process, fast waves with frequencies above the acoustic

cut-off travel to chromospheric heights to be refracted and converted into

slow-waves. This process is sensitive to field inclinations (Cally 2006), and

should generate additional seismic sources in horizontal field regions, where a

majority of the fast wave is returned to the surface. The change in the mor-

phology of local acoustic halos with chromospheric height (Rajaguru et al.

2013) compliments this theory and our analysis of the seismic emission ha-

los confirms that seismic sources are significantly enhanced within regions

of near-horizontal inclinations, as suggested by mode conversion. We note

that recent forward modelling work by Rijs et al. (2015) presents results

suggesting fast-wave refraction can produce the observed seismic emissions.

Although canopy related mechanisms may account for the seismic halo,

they are unable to clearly explain the presence of glories. If the magnetic field

in glory regions was quasi-horizontal (ideal for enhanced seismic sources),

while the field in the halo was more inclined, then it is possible that glories

are the result of mode conversion. However, a sustained horizontal field is

unlikely as the configuration will change in these localized regions over the 24

hours that the power maps are integrated. Although regions with an average

near-horizontal field (compared to nearby field lines) are plausible. In order

to ascertain whether these canopy mechanisms are responsible for glories,

an investigation into the evolution of the canopy and the presence of small

intense seismic sources needs to be performed.

Hindman and Brown (1998) suggested that kink motion of magnetic flux

tubes could deposit additional energy into the photosphere. This addition of
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energy into regions already enhanced by canopy related mechanisms, could

give rise to glories. However, this concept presents two problems that will

need addressing. Firstly, it’s unlikely that the kink mode is responsible for

any observed additional vertical oscillations, as it is transversal in nature

and any motion of the plasma will not be seen in Doppler images near the

disk centre. We suggest that if tube motion is responsible, then it is most

likely sausage motion, in which the compression of plasma would add to the

vertical velocity profile (see Figure 1.4). The second issue is a question of

flux tube lifetimes. Anchored flux tubes (in the surrounding photosphere)

are generally located at granular boundaries and any motion of these tubes

would have the same lifetime as the solar granules (on order of minutes),

adding little to the power maps over 24 hours. We suggest the presence of

seismic glories is probably due to some small scale dynamical process, that

has yet to be understood in terms of sustained enhanced seismic emission.

While we have discussed the agreement of our results with some proposed

mechanisms, there need to be further observational studies into the nature

of the magnetic fields, the plasma-β heights, magnetic canopies and their

relationship with the oscillation and emission power halo. Furthermore, the-

oretical and numerical models need to be developed, improved and tested

against observable parameters to better understand the mechanism respon-

sible for the enhanced seismic sources surrounding complex active regions.
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Chapter 5

Summary and Future Prospects

In this chapter, a summary of the research outcomes from chapters 2, 3 and

4 will be presented. Firstly, a short overview of the semi-analytical model

developed and implemented in chapters 2 and 3 will be presented, followed by

a review of the case study results. Then a conclusion of the analytical study

of this thesis will be given by discussing the future prospects of modelling

thin flux tube ensembles. The next section will begin with an outline of

the main insights gained in the study of seismic sources located near active

regions. We briefly highlight relationships with the magnetic field and the

main similarities and differences found between seismic and local acoustic

power. We will conclude this section with an overview of the future prospects

in studying power halos.
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5.1 The Behaviour of Flux Tube Bundles

Since the discovery of the 5-minute oscillations, the field of helioseismology

and in turn our understanding of the sun, has grown rapidly. Braun et al.

(1988) was amongst the first to establish the strong interactions between

solar acoustic waves and the magnetic fields of active regions. Consequently,

these observations have raised questions about possible mechanisms driving

the absorption and phase-shifts of solar p-modes, which are readily detected

within magnetic features.

In the first part of this thesis, the semi-analytical formalism of Kagemoto

and Yue (1986) (adapted for solar application by Hanasoge and Cally 2009)

was introduced, with several key changes applied, in order to explain the

absorption of solar p-modes within small scale magnetic features. Our first

key change introduced sausage motion into the formalism, allowing any thin

tube within a system to interact through the scattering of m = 0 waves.

Although, the kink mode has previously been examined in the context of the

multiple scattering regime (Hanasoge and Cally 2009), a system with both

sausage and kink motion has not. By allowing the tubes to interact through

both modes, the absorption profiles of the system change dramatically. In

the case studies of Chapter 2, it was shown that these changes were signif-

icant when the tubes were within close proximity (d < λ/2). Another key

change resulted from the lack of symmetry between m = ±1 modes shown by

Hanasoge and Cally (2009). This lack of symmetry was found to be incorrect

and arose from an inappropriate near-field solution. However, upon choosing

the appropriate solution, our results agreed with recent numerical studies by

Felipe et al. (2013).

While previous unstratified studies have shown that a multiple scattering

regime exists within tight bundles of tubes, we confirm the presence of this

regime in stratified cases and conclude that the near-field plays the most

significant role. Without the near-field, scattering is only due to the far-

field, which is small in comparison. Finally, it was shown that the properties

of the incident wave (frequency and m) will affect the extent of the multiple

scattering regime, in particular, the observable absorption and phase shift.

Overall, the results of the two tube case studies agree with numerical studies

and offer a deeper insight into how the multiple scattering regime enhances

the absorption of a flux tube bundle.

The second stage of the semi-analytical study was presented in chapter 3

(Hanson and Cally 2014), and involved the extension of the model to include

numerous flux tubes. Various ensemble structures and properties were ex-
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plored, with results showing the effect these had on the multiple scattering

regime. Motivated by the results of Braun (1995), the model was further

developed to include |m| > 1 waves, which are known to interact with solar

plage. It was shown that while these waves could not directly interact with

the tubes, they could be indirectly absorbed through the interaction of their

|m| 6 1 components. In the case studies, morphological parameters such as

flux tube properties (β, Φf ), position and symmetry were found to play a sig-

nificant role in the overall scattering properties of an ensemble. Additionally,

it was shown that small ensembles could mimic flux tubes of greater magnetic

flux by producing similar absorption and phase-shift profiles across m. As

with the flux tube pair cases, these ensemble studies are in agreement with

numerical studies, and hence represent a significant step in understanding

the role of the multiple scattering regime in large ensembles.

Overall, this model presents a computationally inexpensive (for moderate

numbers of tubes) and mathematically enlightening approach to investigat-

ing the multiple scattering regime. However, it is still simple and will require

further adaptations in order to be more physically accurate. In particu-

lar, while the stratification of the atmosphere has introduced an energy-loss

mechanism at the bottom of the tube, the model has a stress-free boundary

condition at the top which prevents waves escaping into the upper atmo-

sphere. By allowing the tube waves to escape through the top boundary into

the above chromosphere, the absorption and phase-shifts of the tube will

change. To address this energy escape mechanism, Gascoyne et al. (2014)

placed an isothermal atmosphere above a polytrope. As a result, energy

can be extracted from the tube waves, in the form of p-modes, which travel

within the isothermal atmosphere. Gascoyne et al. (2014) showed that the

stress-free boundary condition applied in this thesis, is valid for frequencies

under ∼3.5 mHz. However, once the frequency approaches the acoustic cut-

off, energy loss into the upper atmosphere must be considered. In light of

the results of Gascoyne et al. (2014), the next logical step for our model

is to include an isothermal atmosphere on top of the polytrope. Since the

acoustic waves below the acoustic cut-off, in non-magnetic regions, are un-

able to travel into this upper atmosphere, any matching of the wave fields

will be restricted to the tube. Gascoyne et al. (2014) matched the sausage

mode at the top tube boundary through the continuity of the vertical dis-

placement and Lagrangian pressure perturbation. Similarly in our model,

the kink modes will also need to be matched at the boundary through the

radial displacement. We suspect that the addition of the upper atmosphere

will significantly change the absorption, phase-shift and the extent of the
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multiple scattering regime

There is still a lot of work required in order to understand the interactions

between constituent tubes of a flux tube bundle. In recent years, numeri-

cal and analytical studies have come a long way in explaining the behaviour

of waves with small magnetic structures. However, further advancements

in both these approaches are required in order to compare with observa-

tional statistics. Additionally, with the improved observational capabilities

of instruments such as those on SDO and Hinode, the accurate probing of

subsurface structures may not be that far away.

5.2 Enhanced Seismic Sources

The phenomenon of enhanced acoustic power surrounding active regions has

been a mystery for the last few decades. In this thesis, observational statistics

has been presented in order to understand the morphology and significance of

the magnetic field in generating additional seismic sources. We have used the

helioseismic holography technique to discriminate oscillations that generate

acoustic waves, which re-emerge some distance away, from other localized

oscillations. With the capabilities of HMI, we have been able to generate

and examine the seismic source maps of an active region at unprecedented

resolutions. Furthermore, unlike previous holography studies we have made

direct comparisons with the magnetic field morphology.

In Chapter 4, the SDO data of three complex active regions was examined.

The study applied numerous precautions in order to obtain accurate statis-

tical relationships between observables. It was shown that magnetic fields of

intermediate strength (60-200 G) coincide with locations of enhanced seis-

mic emission. Additionally, the halos were predominantly located in regions

of field inclinations within ±40◦ from horizontal, while the highest powered

emitters (glories) coincided with fields closer to horizontal (±10◦). Compar-

isons were made with the commonly used local acoustic power maps, and sig-

nificant similarities were reported. However, close scrutiny of the two power

maps revealed a differing behaviour between enhanced seismic sources and lo-

cal oscillations at very high frequencies. Local acoustic oscillations were still

enhanced at 9 mHz, while the seismic sources were indistinguishable from

the quiet sun. Additionally, the differing degree of enhancement (relative to

quiet sun) within each map depended upon the frequency examined. This

study identified three regions of differing seismic emissivity which included

the halo, glories and a near quiet sun belt referred to as the seismic plateau.
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In examining these regions, the morphology of the magnetic field (strength,

inclination and concentration) was found to play a significant role in either

hindering additional seismic sources (high field strengths and/or inclinations)

or aiding them (horizontal fields of intermediate strength). These results are

in agreement with the studies of Schunker and Braun (2011) and Rajaguru

et al. (2013), though further observational statistics need to be gathered with

regards to how the above magnetic canopy is related to seismic sources.

The use of the helioseismic holography technique on HMI data has en-

abled this study to explore seismic sources that surround complex active

regions at high resolutions. Thus far, no other study has done this. Though

we have limited the use of holography to the 6173.34Å observation height of

140 km, this does not mean future studies are similarly restricted. Recently,

Rajaguru et al. (2013) used the outer pair of filtergrams on HMI (±172mÅ) to

calculate Doppler images corresponding to a height of 20 km. Furthermore,

it is possible to calculate other multi-height Dopplergrams (Paul Rajaguru,

Private Conversion) from the HMI data, which could be used by hologra-

phy. By using these images and comparing them to models, the relationship

between seismic sources and height can be identified.

However, the various limitations of holography need to be addressed in

order to obtain more accurate results. Of these limitations, the “Acoustic

Shower-glass” effect is the most important, so that the behaviour of acoustic

waves within the magnetized photosphere can be understood. Currently, the

holography technique does not consider the effect magnetic fields will have

on the ray path that waves follow from the source to the pupil locations. By

addressing this, the cause for the lack of spatial correlation between seismic

emitters and local acoustic power kernels maybe resolved.

Thus far, HMI and AIA have provided sufficiently high resolution images

of the acoustic and seismic power halos. To further understand this phe-

nomenon, this data needs to be compared with complex models in order to

identify the mechanisms responsible. In the context of granular canopy trap-

ping, or flux tubes motions, the current capabilities of SDO are insufficient to

observe such small scale phenomenon to a satisfactory resolution. However,

the 4m Daniel K. Inouye Solar Telescope (DKST, formerly ATST) (ground

based), which is set for operation in 2019, will provide unprecedented high

resolution (0.03”-0.08”) images of the solar magnetic field and may present

answers on the role these small-scale mechanisms play in enhancing local

oscillations. However, the images will still need to be compared to the con-

tinuous imaging of SDO, in order to comprehend the relationships between

the halo and magnetic fine structures.
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The study presented here has expanded upon its predecessors’ results

(Braun and Lindsey 1999; Donea et al. 2000; Donea and Newington 2011)

to further explore the application of helioseismic holography in ascertaining

relationships with the magnetic field and comparing them with the commonly

used local acoustic power maps.
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Appendix A

Statistical Precautions

This Appendix presents figures that support the statistical precautions car-

ried out in Chapter 4. Figure A.1 shows the histogram plots of the three

quiet sun patches used to normalize each of the active regions’ power maps.

The histograms are normalized to the number of pixels.

Figure A.2 shows the seismic and acoustic power as a function of field

strength and inclination (similar to Figure 4.12). Each row represents a

36 minute average taken at three different times (6 hours apart): before,

during and after the transit through the meridian. The distributions in each

row are similar, indicating that it is a good approximation to analyse only

36 minutes of magnetic data at a time, in order to reduce error arising from

solar evolution.
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Figure A.1: Histogram plots of the magnetic morphology in the quiet-sun
patches used to normalize each of the three active region’s power maps.
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Figure A.2: The seismic emission and local acoustic power of the halo sur-
rounding AR11429 at three times before, during and after the transit through
the meridian.
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Appendix B

Power as a Function of
|B| and γ

In this Appendix, the power distributions as a function of magnetic field

strength and inclination for AR11158 and AR11944 are presented. These

figures are similar to figures 4.12 and 4.14, presented in Chapter 4. Fig-

ures B.1 and B.2, show the distributions for AR11158 over the entire region

and halo, respectively. Likewise, Figures B.3 and B.4 show the distributions

for AR11944’s entire region and halo, respectively.
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Figure B.1: The mean normalized power (in bins of 10 G and 10◦) of the
seismic emission (left) and local acoustic power (right), for the entire map of
AR11158. Each row corresponds to the frequencies; 3,6 and 9 mHz from top
to bottom, respectively.
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Figure B.2: The mean normalized power (in bins of 10 G and 10◦) of the seis-
mic emission (left) and local acoustic power (right), for the halo surrounding
AR11158. Each row corresponds to the frequencies; 3,6 and 9 mHz from top
to bottom, respectively.
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Figure B.3: The mean normalized power (in bins of 10 G and 10◦) of the
seismic emission (left) and local acoustic power (right), for the entire map of
AR11944. Each row corresponds to the frequencies; 3,6 and 9 mHz from top
to bottom, respectively.
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|B| AND γ

Figure B.4: The mean normalized power (in bins of 10 G and 10◦) of the seis-
mic emission (left) and local acoustic power (right), for the halo surrounding
AR11944. Each row corresponds to the frequencies; 3,6 and 9 mHz from top
to bottom, respectively.
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Appendix C

Seismic and Local Acoustic
Power maps at all Frequencies

In this Appendix the nature of the seismic and local acoustic power halos

(for AR11429) for different frequencies will be shown, in order to illustrate

the behaviour of the halo at different frequencies. In each Figure, 7 frames

show 1 mHz bandwidth maps centred at frequencies between 2-10 mHz. The

8th frame (bottom right) shows the integrated power map for all frequencies.
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Figure C.1: A slice of the seismic emission power maps (AR11429) for different frequencies.
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Figure C.2: A slice of the local acoustic power maps (AR11429) for different frequencies.
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