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Abstract

The spaser nanolaser, which is the nanoplasmonic counterpart of the laser, en-

ables the generation and amplification of coherent surface plasmons (SPs) by means

of stimulated emission. Spaser opens up a new era of devices which overcome the

speed barriers of electronics and miniaturizing barriers of optics. This research is

mainly focused on engineering spaser devices, particulary the guidelines for design

optimization, new designs with improved characteristics, and potential applica-

tions. First, a general quantum mechanical model is developed considering the

degeneracy of localized SP modes supported by a resonator. Density matrix anal-

ysis of this system helps to derive an expression for SP generation rate and identify

the tunable parameters for design optimization. The developed model is then ap-

plied to optimize a simple spaser design, in which a metal nanosphere is resonantly

coupled to a quantum dot, by altering their material and geometrical parameters.

Next, alternative spaser materials are considered. Although not commonly used in

spaser designs, graphene possesses much better plasmonic properties compared to

gold or silver, and carbon nanotubes (CNTs) display excellent photoluminescence

properties. Therefore, a new all-carbon spaser design is proposed where a square

shaped graphene nanoflake (GNF) resonator powered by a CNT gain element of-

fering the advantages of tunability, robustness, flexibility, and thermal stability.

This design also is analyzed employing the general model to determine the differ-

ent material and geometric parameters of GNF and CNT influencing the spaser

operation. Based on these results, clear spaser design guidelines such as identifying

the crucial tuning parameters, fabricating the resonator, choosing the appropriate

gain medium and pumping mechanism, and relative placement of the components

are also sought. Finally, some new applications of spaser nanolasers are proposed

and a spaser powered cancer therapy is discussed in detail. In this setup, a large

number of tiny nanolasers penetrate tumors to thermally ablate malignant cancer

cells. Hence, this research as a whole contributes towards engineering the spaser

and catalyzing the process of its practical use and commercialization.
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Chapter 1

Introduction

The emerging era of nanoplasmonics is expected to improve the speed and ef-

ficiency of optical devices by facilitating miniaturization beyond the limitations

of conventional optoelectronics [20–23]. It became clearer that, as the technol-

ogy matures during the last 50 years, the utility and advantages of ‘electronics’

can be surpassed in certain instances by using ‘photons’ [24]. However, the used

dimensions in photonic circuits are of the order of micrometers, because the fun-

damental diffraction limit has intervened to constrain the miniaturization below

the subwavelength scale [24, 25]. These barriers are overcome in nanoplasmonic

circuits as the signal carriers are in a hybrid particle state between electrons and

photons which are known as ‘surface plasmons’ (SPs) [24, 25]. Generally, SPs are

excited at metal-dielectric interfaces and therefore endure with the intrinsic losses,

severely limiting propagation length to a few wavelengths [25–27]. Therefore, en-

ergy must be transferred from an external source to SPs in order to sustain their

existence [24]. The spaser (surface plasmon amplification by stimulated emission

of radiation) nanolaser, which is the nanoplasmonic counterpart of a conventional

laser, is the prime nanodevice that can generate SPs and amplify them [16, 28].

Bergman and Stockman proposed the the theory of spaser claiming that a

device consisting of a plasmonic resonator and an gain medium (or active medium)

can produce coherent SPs by stimulated emission [28]. Spasing occurs due to
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the nonradiative energy transfer from the gain medium to the resonator, exciting

localized SP modes [17, 28]. A number of theoretical and experimental work

based on spasers are available in literature, including proposals for different device

designs [28–31], theoretical analyses on the spasing phenomena [16, 17, 32–38], and

experimental demonstrations [18, 39–41].

Almost all these work is mainly focused on either physics of SP–matter inter-

actions or proposing new spaser geometries. Hence, less attention has been drawn

on engineering aspects of the spaser nanolaser, particulary the models for device

optimization, proper design guidelines, and the specific applications where spasers

could outperform other devices. Therefore the models, designs, and applications,

presented in this thesis attempt to fill that void and discuss the spaser in the

engineering domain.

1.1 Research Aims and Thesis Scope

1. To formulate a general quantum mechanical model to describe the

spaser considering the degeneracy of SP modes

Although ample theoretical models are available for resonator–gain media

interactions in spasers, it is seen that the output characteristics of a spaser depend

much on its design, particulary the properties of its constituents and their relative

placement [28–31, 33, 36]. In addition, it is important to study how the degeneracy

of SP modes influence spaser kinetics. We address these issues by formulating a

general quantum mechanical model describing spaser as n−state composite system

which will be discussed comprehensively in Chapter 2.

2. To investigate the means of spaser design optimization

The developed general model can be used to study the influence of material

and geometrical parameters on spaser operation. With this understanding, it is

possible to optimize a particular spaser design to meet preferred operational char-

18



acteristics. These methods of optimization are described in Chapters 3 and 5 for

different types of spaser designs.

3. To design new spaser nanolasers with improved characteristics

The knowledge obtained through general models and design optimization

can be utilised to design new spaser nanolasers for a given application. A couple

of different spaser designs are presented in Chapters 3 and 5.

4. To study the possibilities of using graphene and carbon nanotubes

(CNTs) in spaser designs

Graphene and CNTs are well known for their unique electrical, optical, and

mechanical properties. Over the last couple of decades, these two materials have

been extensively researched for nanoelectronics devices. By knowing their impor-

tant optical properties, we attempt to use them in spaser based nanoplasmonic

devices. A carbon based spaser design is presented in Chapter 5 where we show

that graphene and CNTs can optically interact.

5. To provide comprehensive design guidelines for engineering spaser

based devices

The developed models, designs, and optimizations methods, are useful to

characterize the spaser and propose guidelines for designing spaser based devices.

The guidelines discussed in Chapter 6 include choosing geometric parameters,

plasmonic materials, suitable gain media, appropriate gain media placement, and

pumping methods, according to the application requirements.

6. To propose new applications of spasers

As our overall objective is to bring the spaser into the engineering domain,

it is important to explore the potential applications. We discuss the possibility of

using spaser in future computing devices and biomedical engineering. In particular,
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a new cancer therapy based on spaser technology will be presented in detail in

Chapter 8.

1.2 Surface Plasmon Amplification by Stimulated

Emission of Radiation

1.2.1 Surface Plasmons

Surface plasmons can be simply described as the coherent oscillations of free

electrons on a metal–dielectric interface [25]. A quanta of the electromagnetic field

generated due to these electron oscillations could be represented by one SP [42].

Nature of these free electron oscillations depends on the geometry of the metal-

dielectric interface. Electron oscillations can propagate if the interface is not con-

fined and such waves are known as ‘surface plasmon polaritons (SPP)’ whereas they

are called ‘localized surface plasmons (LSP)’ when the surface geometry constrains

wave propagation [25].The smallest dimension that a wave could be confined is a

half of its wavelength, which is called the ‘diffraction limit’. The foremost advan-

tage of SPs is their ability to be confined into nanoscale dimensions with much

smaller wavelengths, in contrast to photons whose wavelengths are above 300 nm

[24, 25].

SPPs are utilized as signal carriers in nanoplasmonics devices and they prop-

agate along waveguide based circuit paths. Communications applications such as

SPP based modulators and switches have already been tested [43–45]. As SPPs

are nonradiative in nature, it is difficult to excite SPPs by just irradiating a metal–

dielectric interface with photons. Therefore specific maneuvers such as coupling a

prism or grating are utilized [25].

In contrast, LSPs are non-propagating oscillations of the free electrons in metal

nanoparticles and can be excited by direct illumination of light. The electric

field associated with the incident wave generates oscillations of nanoparticle’s free
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electrons and the curved boundaries of nanoparticles exerts a restoring force to

pull the escaping electrons. This causes a resonance for a given geometry, that

generates a maximum electric field for a certain incident wave frequency, which is

called ‘surface plasmon resonance (SPR)’ [25].

1.2.2 Stimulated Emission

Electrons in atoms are in different orbitals with discrete energy levels. Electrons

in lower energy levels are capable of absorbing a photon and excite to a higher

energy level. These transitions take place when the energy difference between two

levels equals to the incident photon energy and this process is called ‘absorption’.

Similarly, an electron in an excited state may relax to a lower energy level emitting

a photon without any external influence and this process is known as ‘spontaneous

emission’ [46].

Einstein predicted the existence of a third process called ‘stimulated emis-

sion’ [47]. He stated that the presence of a photon can also cause the reversed

process of the absorption – an excited electron in a higher energy level relaxes to a

lower energy level, emitting a photon identical to the incoming photon. Therefore

it is said that the incoming photon stimulates the excited electrons to emit an

identical photon. This prediction led to the successful demonstration of a maser

(microwave amplification by stimulated emission of radiation) in and a laser (light

amplification by stimulated emission of radiation) in 1957 [46, 48, 49].

1.2.2.1 Stimulated Emission of Photons and Laser

Laser is based on the phenomena of stimulated emission to amplify light. A

typical laser is made of a gain medium containing excitable atoms, which is excited

by a suitable energy pump, and an optical cavity that provides a feedback. When

photons passing through the gain medium, they stimulate the excited electrons

to decay and emit identical photons. If the pump source keeps exciting these
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active medium, number of emitted photons is multiplied amplifying the output

light beam [46, 49]. One of the commonly used optical cavity is a pair of mirrors

placed at the two ends of the gain medium. Therefore light is reflected back

and forth between the mirrors through the gain medium and amplified each time.

Usually one mirror is kept partially reflective so that some percentage of light can

escape the cavity, generating laser output. Because the resultant beam consists of

identical photons emitted due to stimulated emission process, the laser output can

be called a coherent source of light [46].

1.2.2.2 Stimulated Emission of SPs

The stimulated emission of photons had been an established phenomena with

the availability of commercial laser devices when Bergman and Stockman predicted

the possibility of stimulated emission of SPs in 2003 [28]. Similar to photons, SPs

are bosons with spin 1 and electrically neutral [16]. Therefore, they claimed that

SPs can undergo stimulated emission similar to photons do in lasers [16]. Seidel

et al. experimentally proved this theoretical concept in 2005 using an attenuated-

total-reflection setup [41]. They have detected stimulated emission of SPs at the

interface between a silver film and an optically pumped dye solution acting as the

gain medium. The results showed that experimental observations were in excellent

with theoretical predictions.

1.2.3 Spaser

Analogues to the generation of coherent light by stimulated emission of photons

in lasers, it is possible to design a device functioning as a coherent SP source by

stimulated emission of SPs, which has been termed as ‘spaser’ [32]. As shown in

Fig. 1.1, a typical spaser consists of a plasmonic resonator (similar to the laser

cavity) which supports SP modes, and a gain medium which supplies energy to

amplify them. Usually a metallic nanoparticle is used for the plasmonic resonator
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as they have enough free electrons to allow localized SP oscillations. During the

spaser operation, gain medium continuously gets excited when it receives sufficient

energy from an external pump source. These excited electrons are stimulated by

the resonant SP modes of the resonator to relax and transfer energy to the same

SP modes, very much resembling the feedback provided by the resonant cavity in

lasers. By this process, one SP mode could be built up to a large number SPs

which will result in a massive field concentration within an ultra-small volume of

a nanoparticle [18, 28, 32].
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Figure 1.1: Basic operation of a spaser; gain medium excites SP modes in the resonator

by stimulated emssion of SPs

1.2.3.1 Micro and Nanolasers

Since miniaturization of a laser cavity is restricted by the diffraction limit, which

is half a wavelength, making a real nanoscale laser is impossible. This is because

the light wavelengths are above 300 nm and the nanoscale is below 100 nm [25, 50].

Therefore, it is only possible to have ‘microlasers’ where stimulated emission of

photons takes place [51, 52].

However there is no such constrain for the plasmonic resonator of a spaser. Lo-
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calization dimensions of SPs are only limited by the non-locality radius, lnl = vF/ω

(where vF is Fermi velocity and ω is the SP angular frequency), which is about

1 nm for noble metals, where effects such as Landau damping arise [42]. There-

fore nanoscale device dimensions are readily achievable for spasers and any device

called ‘nanolaser’ should employ the mechanism of stimulated emission of SPs. In

other words all nanolasers are essentially spasers, thus sometimes spasers are called

‘nanolasers’ or ‘spaser nanolasers’ [17]. But converse may not be true, because a

spaser can be of microscale as well. There are ample literature of plasmonic micro-

resonators (or micro-cavities) being demonstrated [53, 54]. It is possible to use

them with suitable gain medium to construct microscale spasers.

1.3 Brief History of Spaser

Since 2003, there has been tremendous progress in the research on spasers.

While some theoretical studies attempt to introduce different spaser configura-

tions and analyze the resonator-active medium interactions, several noteworthy

experimental efforts focus on realizing spasers in practice. Here we highlight some

remarkable contributions.

1.3.1 Theoretical Work

1.3.1.1 Proposed Spaser Geometries

Several structures have been proposed for spasers. First of them is made of

a V-shaped metallic nanoparticle that act as the plasmonic resonator attached to

semiconductor quantum dots (QD) providing the gain as illustrated in Fig. 1.2 [28].

This theoretical contribution also proposed the plasmonic field quantization and

analyzed the gain provided by QDs.

Influenced by the concept of metamaterials, another study proposed a spaser

geometry where a two-dimensional array of split-ring shape plasmonic resonators
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Figure 1.2: First structure proposed for a spaser and a plot of its electric field [16, 17].

is supported by a substrate acting as the gain medium [30]. It acts as a source of

coherent radiation caused by plasmonic resonances which authors called a ‘lasing

spaser’. In addition, a bowtie-shaped metallic structure, in which QDs are placed

in the bowtie gap and multiple quantum wells are located in the substrate [31],

a metal groove with QDs placed at its bottom [29], and a spaser design with

electrically pumped nanowire gain medium [55], are among the notable spaser

geometries.

Even though most of these spaser designs employ QDs in the gain medium,

it is possible to use quantum wells, rare-earth ions or dyes, as excitable gain ele-

ments [24, 56]. QDs are widely used in many lasing setups as well [57–61]. As the

charge carriers in a QD are confined in all three dimensions to a very small size,

its density of states (DOS) almost resembles a set of delta functions, mimicking

an atomistic behavior with a well defined spectral response [60, 62, 63]. They also

promise a better stability over temperature variations [61].
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1.3.1.2 Resonator–Gain Medium Interactions

Many theoretical studies have been performed on interaction between gain ele-

ments and either localized or propagating SPs (LSPs or SPPs). In the initial work

to study spaser kinetics and determine spaser characteristics, Stockman et al. have

quantum mechanically analyzed the interaction between a metal nanoparticle and

closely located gain elements, which are modeled as two level systems (TLS), where

a pump source is present to continuously excite them [28, 32]. In this analysis,

plasmonic field is first quantized so that a quanta of SP mode l possesses an energy

of ~ωl, where ωl is the mode angular frequency, and SP creation and annihilation

operators are defined. Then the spaser Hamiltonian has been derived treating

the SP-TLS interactions quantum mechanically and the pump photon-TLS in-

teractions quasiclassically. This Hamiltonian has been used with density matrix

analysis in order to obtain operating spaser characteristics such as threshold spas-

ing condition, spasing frequency, and spaser linewidth [16, 28, 32, 42]. However,

this analysis does not consider the SP degeneracy which could be important in de-

sign aspects of the device. Therefore this work is extended in Chapter 2 to develop

a more generalized quantum mechanical model for spasers.

Khurgin et al. have discussed the threshold spasing condition, linewidth, and

coherence, of a spaser in Refs. [33, 64]. Considering a simple spaser formed of a

two level QD attached to a metal nanoparticle, Andrianov et al. have examined

some attributes of spasers such as dipole response to an optical wave [34], external

forced synchronization [35], and occurrence of Rabi oscillations [65].

Among the work on emitted radiation from nanoparticle-TLS ensembles, Ref. [37]

that studies the resultant photon statistics, Ref. [36], an examination of the polar-

ization of emitted photons of a ‘dipole nanolaser’, and Ref. [38] which presents the

spectral properties, are conspicuous. The theory of the spaser also suggests that

propagating SPs can be amplified by placing a gain medium in the vicinity [24].

This idea has been exploited to compensate the losses in metamaterials. A few
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of such utilizations are described in Refs. [66, 67] where SP-TLS interactions and

Refs. [68, 69] in which SP-four level system interactions are analyzed.

Although significant research has been published on SP-active media interac-

tions, it is seen that spaser operation highly depend on the design parameters.

Most of these studies are very much focused on the role of the active medium

and there is a need for comprehensive analysis for spasers. Most importantly, it

is required to analyze the influence of the degeneracy of the SP modes on opera-

tional spaser characteristics such as the spaser mode energy, SP generation rate,

threshold gain and resonator quality factor. Having these information, a spaser

can be further optimized and clear design guidelines for spasers can be developed

as described in the following chapters of this thesis.

1.3.2 Experimental Efforts

Since its theoretical formulation, many experimental efforts have been carried

out to fabricate a spaser. Although we have seen ‘stimulated emission of photons’ in

lasers, it is essential to prove the concept of ‘stimulated emission of SPs’ in practice.

This was done by Seidel et al. who amplified SPs at the interface between a flat

continuous silver film and a liquid containing organic dye molecules [41].

Plum et al. demonstrated that a combination of a metamaterial with a layer of

QDs can influence its optical properties [40]. When they optically pumped a layer

of deposited QDs on a metamaterial, its resonant transmission was altered resulting

in a reduction of Joule losses. This was the first step towards the demonstration

of a metamaterial gain device. Another loss compensation was reported by Flynn

et al. who sandwiched a gold-film plasmonic waveguide between optically pumped

InGaAs quantum wells [39].

The first demonstration of a spaser was done by Noginov et al in 2009 [18]. They

used a gold nanosphere with a radius of 7 nm surrounded by the gain medium which

is a 15 nm thick silica shell containing dye molecules. When the dye is optically

pumped, it released energy to the gold nanosphere causing excitation of localized
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SPs. The size of the whole spaser geometry was reported to be 44 nm as shown in

Fig. 1.3.

Figure 1.3: Structure of the first experimentally demonstrated spaser and a microscope

image of an ensemble of them [18].

1.4 Research In Summary

In spaser, stimulated emission of SPs occurs as a result of the interactions be-

tween SP modes of the plasmonic resonator and the electrons (or excitons) of the

active medium, where external energy pumping is present. The nature of these

interactions may depend on many factors including the size parameters of spaser

components, their relative placement, and the materials used. Therefore, the first

step of this research is to develop a general quantum mechanical model for spaser

nanolasers to find how these design parameters influence the SP–exciton interac-

tions and performance of a spaser. A new model is needed because the existing

theories, which focus more on the kinetics of the active medium, do not consider

the degeneracy of SP modes - an important parameter in device design. Analyses

based on this model shows that, due to the availability of different degenerate SP

states, a spaser can produce a completely different output after a slight alteration

28



of the geometry. This happens because of the change in the particular SP-exciton

interaction matrix elements and its influence on the kinetics of the entire system.

The next step of this research is to apply the developed general model to a

spaser with a simple design in which an optically pumped QD gain element supplies

energy to the localized SPs of a gold nanosphere. Although, a spaser may consist

of a large number of gain elements powering the resonator modes in practice,

the proposed method can be readily adopted to describe such spasers, provided

that no significant interaction exists among gain elements, thus the principle of

superposition prevails [18, 42].

These steps of the research helps to verify that operational characteristics of

a spaser–such as SP generation rate, emission wavelength, SP quality factor, and

threshold gain–strongly depend on the spaser’s geometry and composition [70].

Although many spaser designs have been proposed and analyzed in search of the

best performance, they are mostly based on noble-metal plasmonic nanocavities

of different geometries coupled to semiconductor quantum dot/well gain media.

Therefore new materials, especially the carbon allotropes, are considered for spaser

components and a unique all-carbon spaser is proposed where a graphene nanoflake

resonator is powered by a carbon nanotube (CNT) gain element. Graphene and

CNTs are widely used in optoelectronic applications due to their remarkable op-

tical and electronic properties. They posses a honeycomb lattice structure, with

carbon atoms in sp2 hybridization [71]. Furthermore, graphene SPs provide better

confinement, lower dissipation, and higher tunability than the SPs of noble met-

als and also provides a unique playground for the realization and studying strong

light–matter interactions [72, 73]. Similarly, semiconducting CNTs are well known

for generating excitons via optical absorption, and having absorption and emis-

sion parameters that are strongly dependent on their chirality [71, 74–77]. The

performance of this spaser is then investigated as a means of design optimization.

In addition, this design offers many advantages including mechanical strength and

flexibility, thermal and chemical stability, and utility in biomedical applications
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inherited with carbon allotropes [71, 75, 77, 78].

As the final stage of our research, we try to propose the potential applications

where spasers can perform much efficiently than other alternatives, especially in

computing devices and biomedical engineering. It has been suggested that spaser

can perform as ultrafast amplifiers and quantum generators [32]. This capability

hints that spasers can act as a building block in future information processing

devices. Being ultra-fast and ultra-small, spaser based devices can revolutionize

the field of consumer electronics. Similarly, biomedical engineering is a promising

area with many potential applications. In this study, an important biomedical

application; a new cancer therapy based on spaser nanolasers, is proposed. It

is an improved version of the photothermal cancer therapy where guided spaser

nanolasers are used to raise the temperature of malignant cells to cause selective

cell destruction [4, 79, 80]. In the proposed method of treatment, a cluster of

spasers self-assembled of graphene and CNTs operate close to cancer cells concen-

trating optical energy in large scale. This results in building up a strong electric

field on graphene resonators and heat generation, causing thermal ablation of the

malignant cancer cells. The method of treatment is proposed and the Efficiency

of this therapy over the conventional phototherapy therapy is shown through sim-

ulations.
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Chapter 2

General Quantum Mechanical

Model for Spaser

2.1 Resonator–Gain Medium Model

Plasmonic resonator, gain medium, and pumping mechanism, are the essen-

tial components to construct a spaser. Generally, plasmonic resonator is a metal

nanoparticle which supports a series of SP modes denoted by l =1, 2, 3,..., hav-

ing angular frequencies ωl, in the order of increasing energy. Spaser operation is

based on two main types of interactions; between pump source–gain medium and

gain medium–resonator. Figure 2.1 shows a basic interaction diagram of a spaser

for the case of optical pumping, in which a light source of angular frequency ωL

is used to excite the gain medium. By absorbing this energy, the gain medium

can generate electron–hole (e–h) pairs of energy ~ωL. Then these e–h pairs relax

forming excitons having a slightly less energy, say ~ωe. This implies that the gain

medium is a three level system. However, Bergman and Stockman assume the

3 → 2 transition to be a fast relaxation in their model, allowing it to be treated

as a two level system in theory [28, 42].

When ~ωe = ~ωl for a certain SP mode l, and the resonator and gain medium

are coupled sufficiently close allowing near field interactions, high energy excitons
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Figure 2.1: Interactions and energy transfers in a spaser

are stimulated to annihilate with 2 → 1 transition, transferring ~ωl energy to the

SP mode l. Hence only the lth SP mode receives energy and get amplified in

this scenario becoming the dominant ‘spaser mode’ [42]. Other modes are not

excited at all and therefore a highly coherent electric field is concentrated in the

resonator volume. Another advantage of spasers is their ability to excite dark

modes, the modes that cannot be excited by direct illumination (i.e. far field

coupling). Therefore, these dark SP modes do not emit light and undergo radiative

losses.

2.1.0.1 SP Quantization

In the theory of the spaser, SPs are quantized to be treated quantum mechani-

cally. This is done by writing the operator for the total electric field vector as the

sum of the fields El(r) excited due to each SP mode [28, 42]:

Ê(r) =
∑
l

Al El(r)(b̂l + b̂†l ), (2.1)

where b̂†l and b̂l are the SP creation and annihilation operators of the l th mode

(given by b̂l |n+ 1⟩ = |n⟩ and b̂†l |n⟩ = |n+ 1⟩ for bosons), and Al is a normalization

constant found by solving the equation of second quantization within dispersive
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media [81, 82]: ∫
V

1

2

∂

∂ω
(ωε(ω)) |AlEl(r)|2 dr = ~ωl. (2.2)

When the SPs are quantized, the SP–exciton interactions can be analysed

quantum mechanically to study the operating spaser characteristics according to

Ref. [28]. However, before doing such analysis, we extend this basic resonator–gain

medium model considering the degeneracy of SP modes, an important parameter

in design optimization.

2.2 Proposed General Model

Referring Fig. 2.1, we can notice that a spaser’s state can be given by a pair

of states; the exciton state and the SP state. Hence, it is possible to state that a

typical spaser consists of two main subsystems; which we call the ‘electronic sub-

system’ and ‘plasmonic subsystem’. Making a spaser is nothing but the resonant

coupling of these two subsystems.

2.2.1 Plasmonic Subsystem

2.2.1.1 Degeneracy of SP Eigenmodes

Although the plasmonic resonator of a spaser supports a series of SP eigen-

modes denoted by l = 1, 2, 3, ..., there can be multiple solutions for the electric

field El(r) of a particular mode l, especially when the resonator is symmetric in

shape [83]. For example, the lth SP mode of a spherical nanoparticle is 2l + 1

times degenerate [84]. If the spaser mode is one such SP mode, each degenerate

SP state may not receive energy equally from the gain medium although the cou-

pling is resonant. To analyse this situation and study how different degeneracies

are amplified, we further generalize the basic resonator–gain medium model with

added degenerate SP states to the plasmonic subsystem.
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2.2.1.2 SP States

The plasmonic resonator can possess many energy levels, including the ground

level with energy 0 and the SP states of energy ~ωl. Therefore, if the lth SP

mode is Ml times degenerate, the total number of SP states becomes 1+
∑

lMl as

shown in Fig. 2.2 below. Hence, any SP state can be denoted by an integer pair

(l,m) where m = 1, 2, 3, ...,Ml. The value of Ml totaly depends on the resonator

geometry which will be explained with examples in the Chapters 3 and 4. In our

notation, we define the ground SP state by |0p⟩ and any other general state with

one SP by
∣∣1p(l,m)

⟩
, where ‘p’ indicates the plasmonic subsystem.
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Figure 2.2: SP states of the plasmonic subsystem
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2.2.2 Electronic Subsystem

Despite the typical gain elements such as QD nanocrystals, QW, or dye molecules,

have many energy levels in their band structure, it is sufficient to consider 3 main

levels in order to study the operation of lasers or spasers [85]. Following a similar

notation to the plasmonic subsystem, we denote the ground state of the electronic

subsystem by |0e⟩, the relaxed exciton state by |1e⟩, and the high energy e–h

pair state by |2e⟩ which are assumed to possess the energies 0, ~ω11, and ~ω22,

respectively as shown in Fig. 2.3.
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Figure 2.3: Exciton states of the electronic subsystem

2.2.3 Spaser as an n-State System

Although we have identified the spaser as two different subsystems, it is a

single composite system which operates as a SP generation device. Hence, it is

possible to define the states of this composite system as the tensor product of the

states of the plasmonic and electronic subsystems [86]. However, only the spaser

mode is resonantly coupled to the gain medium because only one mode would

satisfy the condition ~ω11 = ~ωl. Therefore, it is sufficient to assume that only the

spaser mode would significantly interact with the gain medium so that the states
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representing other SP modes can be omitted in analysis.

Figure 2.4 illustrates the main product states of a spaser where a general SP

mode l interacting with the gain medium excitons. The state |1⟩ = |0e⟩ |0p⟩ is

the energy zero ground state of the composite system. By absorbing pump energy

~ωL ≈ ~ω22, the spaser can excite to the state |3⟩ = |2e⟩ |0p⟩ by forming e–h pairs

with the |1⟩ → |3⟩ transition. These e–h pairs form excitons with |3⟩ ; |2⟩ energy

relaxation where the state |2⟩ = |1e⟩ |0p⟩ possesses an energy of ~ω11. In this

transition, an small amount of energy equivalent to ~(ω22 − ω11) is dissipated to

the environment. When the spaser is at |2⟩, it is stimulated by the spaser mode

SPs in the resonator with the resonant energy ~ωl = ~ω11 to excite (or emit) an

identical SP and relax into one of the states |4⟩ = |0e⟩
∣∣1pl,1⟩, |5⟩ = |0e⟩

∣∣1pl,2⟩, ...
, |n⟩ = |0e⟩

∣∣1pl,Ml
⟩
where n =Ml+3. The likelihood of transition to each of these

states depends on how strong each degenerate SP mode (l,m) interacts with the

gain medium excitons, which we analyse by studying the spaser kinetics.
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Figure 2.4: The composite spaser system formed by taking the product states of the

gain medium and the degenerate SP states of the spaser mode
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2.3 Spaser Kinetics

2.3.1 Hamiltonian of the Spaser

Since the spaser is modeled as a composite quantum system, its Hamiltonian

H(t) can be given by the summation of the Hamiltonians of the non interacting

states of the electronic and plasmonic subsystems; He andHp, and the Hamiltonian

of the interacting states Hi [28]:

H(t) = He +Hp +Hi(t). (2.3)

The Hamiltonian of the non-interacting electronic subsystem is the sum of the

operators ~ωa |a⟩ ⟨a| which creates an exciton of energy ~ωa by acting on |a⟩:

He = ~ω11 |1e⟩ ⟨1e|+ ~ω22 |2e⟩ ⟨2e| . (2.4)

Here the state |0e⟩ is omitted because its energy is 0, therefore He |0e⟩ = 0. Sim-

ilarly, the Hamiltonian of non-interacting SPs, Hp can be written in terms of the

creation and annihilation operators b̂†l,m,b̂l,m of SPs corresponding to the quantum

numbers l and m:

Hp =

Ml∑
m=1

~ωlb̂
†
l,mb̂l,m. (2.5)

There are two types of interactions in a spaser; between the gain medium exci-

tons and the pump light, and the excitons and the SPs of the resonator. Therefore

the Hamiltonian of the interacting particles Hi can be decomposed into two parts:

Hi(t) = He,L(t) +He,p. (2.6)

where He,L and He,p represent excitons–pump light and excitons–SP interactions

respectively. In this analysis, we consider pump light classically treating it as wave

of ωL angular frequency with an envelop function φ(t). However, the SPs are in-

corporated quantum mechanically. Hence, the Hamiltonians for these interactions
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can be given by,

He,L(t) =
φ(t)V2e,0e

2
e−iωLt |2e⟩ ⟨0e|+ c.c., (2.7)

He,p = i~gl
Ml∑
m=0

V l,m
1e,0eb̂

†
l,m |0e⟩ ⟨1e|+ c.c., (2.8)

where Vf,i is the coupling coefficient matrix element for the transition |i⟩ → |f⟩,

i, f = {0e, 1e, 2e}, gl =
√
ωl/2εgVn, εg is the permittivity of the medium, Vn

is the normalization volume, and c.c. represents the complex conjugate [87–89].

The operator |f⟩ ⟨i| annihilates one particle in the initial state |i⟩ and creates one

particle in the final state |f⟩ instead.

Then the matrix element V l,m
f,i corresponding to the SP–exciton interactions

can be written as

V l,m
f,i = ⟨f |Elm.x |i⟩ = ⟨f | ⟨uc|Elm.x |uv⟩ |i⟩ , (2.9)

where Elm is the electric field excited due to one (l,m) SP, |uc⟩ and |uv⟩ are the

Bloch functions, and x is the displacement vector of the excitons [89, 90]. Assuming

the equality Elm = Elmelm, we may write

V l,m
f,i = ⟨uc| elm.x |uv⟩ ⟨f |Elm |i⟩ , (2.10)

The first matrix element in in the right hand side can be expressed through the

Kane’s parameter P and the bandgap Eg as ⟨uc| elpmp .x |uv⟩ =
√
2P/Eg [91, 92],

and the second matrix element, ⟨f |Elm |i⟩ = Υl,m
f,i , can be expressed by

Υl,m
f,i =

∫
V

ψ∗
f (r)Elm(r)ψi(r) dr, (2.11)

In the case where the gain element is very small compared to the resonator

(e.g. a QD), it is reasonable to assume that Elm(r) is approximately constant over

the QD’s volume, therefore the integral in Eq. (2.11) can be simplified to:

Υl,m
f,i = Elm(r0)δf,i (2.12)
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where r0 is the position of the gain element. However, generally from Eq. (2.10)

and Eq. (2.11), the matrix element for the SP–exciton interactions is given by

V l,m
f,i =

√
2P

Eg

Υl,m
f,i . (2.13)

Since this quantity determines the contribution to the total Hamiltonian by the

interactions of the spaser mode with the gain element, it is also an estimation of

the strength of spasing. When evaluating the matrix element V2e,0e, electric field

term Elm in Eq. (2.9) should be replaced by the electric field generated by the

pump light.

2.3.2 Plasmon Generation Rate

Having the Hamiltonian calculated, we can analyze the n states system com-

prises of the product states |1s⟩ , |2s⟩ , ..., |ns⟩, using the density matrix formalism.

We define the populations of the n states by ρ11, ρ22, ..., ρnn and assume that the

system has a short-term memory and its ambient is the reservoir for system’s dissi-

pations [93]. Then the relaxation superoperator, which is added to the commuted

Hamiltonian and density operator to incorporate dissipations, consists of a set

of constants that define the relaxation kinetics of the diagonal and off-diagonal

elements of the reduced density matrix [87, 93]. Using the Markov and secular

approximations, master equation of such a system can be given by [94]

∂ρµν(t)

∂t
=

1

i~
[H(t), ρ(t)]µν − γµνρµν(t) + δµν

∑
κ̸=ν

ξνκρκκ(t), (2.14)

where γµµ is the population relaxation rate of the state |µ⟩, γµν = (γµµ+γνν)/2+γ̂µν

is the coherence relaxation rate between the states |µ⟩ and |ν⟩, γ̂µν is the pure

dephasing rate, and ξνκ is the transition rate from state |κ⟩ to state |ν⟩ due to

interaction with the environment. We assume that the lifetime of the ground

state |1⟩ is very large, by setting γ11 = 0. The parameters γ44, γ55, ..., γnn define

the dissipation of degenerated states of the SP mode denoted by (l,m) quantum

numbers. However, since the energy and dielectric properties are common for all
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the degenerated SP states, we assume that all the spaser mode SP dissipation

constants are equal, and can be denoted by γp.

Populations ρ44, ρ55, ..., ρnn represent the excitation rates for the SP modes

(l,m) = (l, 1), (l, 2), ...,(l,Ml) respectively. Therefore, the total SP generation rate

of the lth mode, Rl is the sum of those populations. We can solve the system

of partial differential equations given in the Eq. (2.14) for the continuous wave

(CW) operation assuming that φ(t) = 1 and obtain an expression for the total SP

generation rate given by

Rl =
n∑

j=4

ω2
l

2ε2~
ξ23

γ22γ33γjj

γ13
γ213 +∆2

L3

γ2j
γ22j +∆2

2j

∣∣V2e,0e∣∣2 ∣∣∣V l,j−3
1e,0e

∣∣∣2 , (2.15)

where ∆L3 = ωL − ω′
3, ∆2j = ω′

2 − ω′
j when ~ω′

2, ~ω′
3, and ~ω′

j, are the energies of

the states |2⟩, |3⟩, and |j⟩, respectively. Since all the degenerate SP modes have the

same energy ω′
j = ωl ∀j, therefore ∆2j = ∆2l. We can assume that the detuning

of the energy of the pump light with the energy of the state |3⟩, ∆L3 << γ13 (i.e.

ωL ≃ ω11), hence
γ13

γ2
13+∆2

L3
≃ 1

γ13
. Further, we also assume that all degenerate SPs

of the same mode l decay equally and therefore γjj = γp and γ2j = γ2p ∀j. With

these simplifications, Eq. (2.15) can be further reduced to:

Rl =
ξ23ω

2
l

2ε2~γ13γ22γ33γp
γ2p

γ22p +∆2
2p

∣∣V2e,0e∣∣2 n∑
j=4

∣∣∣V l,j−3
1e,0e

∣∣∣2 . (2.16)

2.3.2.1 Parameters for Design Optimization

Suppose all the decay rates and the transition rates due to interaction with the

environment are constant for given materials. In that case, the total SP generation

rate of the spaser, Rl mainly depends on the matrix elements for the exciton–SP

interactions V l,m
1e,0e, pump light-exciton interactions V2e,0e, and the detuning ∆2p. If

exact resonance is achieved, ∆2p = 0 and we achieve the highest SP generation rate.

Therefore, from Eqs. (2.16) and (2.10) it is clear that there are many material and

geometrical parameters which influence the SP generation rate of a spaser as they

are directly related to the interaction matrix elements. In addition, the parameter
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ρjj represents the likelihood of each degenerate mode to be excited, which gives and

idea of the exact resultant electric field distribution. Since our general quantum

mechanical gives an idea of the spaser’s output and the relevant tuning parameters,

it is possible to utilize it as a platform for design optimization of spasers. In order

to investigate the means of doing that, we apply this model on a simple spherical

spaser design and analyse its performance in Chapter 3.
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Chapter 3

Metal Nanosphere–Quantum Dot

Spaser

As described in Chapter 2, a typical spaser consists of a plasmonic resonator

which supports SP modes and a gain medium which amplifies them. Having de-

veloped a new general quantum mechanical model that considers the degeneracy

of SP modes, in this chapter we apply it to study a simple spaser design with

a spherical geometry for design optimization. In this study, the optimum design

parameters of this spherical spaser are sought to achieve a high SP generation rate.

3.1 Spaser Design

Figure 3.1 shows a schematic diagram of the considered spaser design in which

the plasmonic resonator is a metal nanosphere surrounded by dielectric shell, and

a QD is embedded in the shell as a gain element. Spasing occurs when the QD

transfers energy nonradiatively to the nanosphere exciting localized SPs due to

stimulated emission with pumping is present.

The spherical core-shell structure is one of the most studied geometries for

surface plasmon resonance, because it is one of the few geometries where Maxwell’s

equations can be analytically solved [2, 84, 95–97]. Suppose the inner radius of
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Figure 3.1: Spaser model under consideration: R1 is the nanosphere radius, R2 is

the radius of the dielectric shell’s outer boundary. A QD is located at the position

r0 with respect to the nanosphere’s center. The parameters ε1, ε2 and ε3 denote the

permittivities of the nanosphere, dielectric shell, and ambient, respectively.

the metal nanosphere is R1 and it is smaller than the skin depth of the metal,

which is usually around 25 nm for noble metals [98]. The latter assumption is

necessary to allow the localized SP modes to excite within the whole nanosphere

as a coherent electron cloud oscillation. Further, we assume that R1 is greater than

the nonlocality length, which is about 1 nm for noble metals, to avoid the effects

of Landau damping [32, 42]. The outer radius of the shell (R2) must be chosen

such that the shell thickness is large enough for the QD to be entirely embedded

in the dielectric shell (i.e. R2 −R1 > QD diameter).

When the nanosphere radius and the shell thickness are fixed, the resonator sup-

ports a series of SP modes (dipole, quadrupole, etc.) with unique energies [2, 95].

These SP modes may overlap with the QD in different degrees, hence experience

the gain in different amounts as we have shown in Chapter 2. The SP mode receiv-
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ing the highest gain survives and becomes the dominant spaser mode. The spasing

mode receives gain as a result of the electronic transitions in the QD causing an-

nihilation of high energy excitons. Therefore the population inversion of the two

energy levels pertaining to these transitions becomes necessary, which is achieved

by optical pumping.

3.2 SP Modes of the Nanosphere

To find the localized SP modes of the metal nanosphere, we assume that QD’s

presence does not significantly affect the electric field in the system because the

QD is very small (i.e. about 1 nm in size) compared to the nanosphere so that

the effective permittivity change in the dielectric shell is negligible. Although this

trivial inhomogeneity can cause a very small shift of the mode frequencies of the

plasmonic subsystem [99], the omission of this perturbation does not affect our

study of this simple spherical spaser for design optimization.

We adopt a standard spherical coordinate system (r, θ, ϕ) where the origin

coincides with the center of the spherical shell (see Fig. 3.1). The supported SP

modes and relevant electric fields can be found by solving the vector Helmholtz

equation for this geometry, (∇2+k2)E(r, t) = 0 where E(r) is the electric field and

k is the wavenumber. For this spherical geometry, the method of Debye potentials

can be used to analytically solve the Helmholtz equation, which gives a series of

modes denoted by the angular momentum number l = 1, 2, 3, ... and its projection

m = −l,−l + 1, .., 0, .., l as the solution [84, 97]:

E(r, t) =
∞∑
l=1

l∑
m=−l

Elm(r) e
iωlt, (3.1)

where ωl is the angular frequency of the mode l. Due to the relation between l and

m for the resonator’s spherical geometry, SP mode l is 2l+1 times degenerate. The

solution also gives stationary electric field Elm(r) for each degenerate SP mode by

44



the expression:

Elm(r) =


dlN

(1)
lm for r ≤ R1,

glN
(1)
lm + flN

(2)
lm for R1 < r ≤ R2,

alN
(3)
lm for r > R2,

(3.2)

where

N
(ν)
lm = (1/k)∇×∇× [cos ϕ Pm

l (cos θ) z
(ν)
l (kr)], (3.3)

z
(ν)
l (kr) is one of the spherical Bessel functions jl(kr), yl(kr), hl(kr) in the standard

notation for ν = 1, 2, 3 respectively, Pm
l are associated Legendre polynomials, and

al, dl, gl and fl are constants assuring the field’s continuity at boundaries.

3.2.1 SP Energies

The SP modes expressed by Eq. (3.1) possess a unique energy determined by

~ωl. To find ωl , we first write a set of equations expressing the constants al, dl,

gl and fl in Eq. (3.2) by equating the tangential components of the field at the

metal-dielectric and dielectric-ambient interfaces. This results in a homogeneous

system of linear equations in which the condition for a nontrivial solution is applied

and the following relation for the lth mode SP resonance is obtained:

m1 [s1(k3q2 − k2q3)− q1(k3s2 − k2s3)] = k1 [s1(m3q2 −m2q3)− q1(m3s2 −m2s3)] ,(3.4)

where,

q1 =
√
ε2ψ

′
l(kmR1) q2 = −

√
ε1ψ

′
l(kdR1) q3 =

√
ε1χ

′
l(kdR1),

s1 = −ψl(kmR1) s2 = ψl(kdR1) s3 = −χl(kdR1),

k1 =
√
ε2ξ

′
l(k0R2) k2 = −ψ′

l(kdR2) k3 = χ′
l(kdR2),

m1 = ξl(k0R2) m2 = −ψl(kdR2) m3 = χl(kdR2),

ψl(x) = xjl(x), ξl(x) = xh
(1)
l (x) and χl(x) = −xyl(x) are the Reccati-Bessel

functions in standard notation and km, kd, and k0 are the wavenumbers of the
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electromagnetic field in the metal, dielectric, and ambient, respectively. According

to Eq. (8.2), the energy of a SP (~ωl) is a function of R1, R2, ε1, ε2, and ε3, which

implies that the geometric parameters of the resonator determine the energy of the

SP modes when the spaser materials are chosen.

Furthermore, this nontrivial solution of the boundary conditions allows us to

express the coefficients al, dl, gl in terms of fl as

al =
s1(k2q3 − k3q2)− q1(k2s3 − k3s2)

k1(q2s1 − q1s2)
fl, (3.5)

dl =
q3s2 − q2s3
q2s1 − q1s2

fl, (3.6)

gl =
q1s3 − q3s1
q2s1 − q1s2

fl. (3.7)

To find an expression for fl as a normalization constant, we follow the procedure

of secondary quantization for dispersive media as described in Section 2.1.0.1, and

equate the total energy of the electric field of a SP to ~ωl:∫
V

1

2

∂

∂ω
(ωε(ω)) |Elm(r)|2 dr = ~ωl, (3.8)

where V implies the volume integral over three dimensional Euclidean space.

3.3 QD Gain Element

Properties of the gain medium determine the nature of the exciton–SP inter-

actions of a spaser and the amount of amplification that each SP mode receives.

We have chosen a QD as the gain element in this spaser design as they are widely

used in many lasing setups [57–61]. As the charge carriers in a QD are confined in

all three dimensions to a very small size, its density of states (DOS) almost resem-

bles a set of delta functions, mimicking an atomistic behavior with a well defined

spectral response [60, 62, 63]. They also promise a better stability over tempera-

ture variations [61]. The decisive characteristics of a QD are its wavefunction and

the energy levels of the excitons. Electronic transitions between these levels fuel
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spasing and, as in the case of lasers, those transitions representing annihilation of

excitons would excite the SPs in the nanosphere by stimulated emission.

According the general model discussed in Chapter 2, an excitable QD like this

can be effectively described by three energy levels to account for pumping and

stimulated transitions. We denote the ground level of the QD by the state vector

|0e⟩ and two excited levels by |1e⟩ and |2e⟩. To assign energies to these three levels,

the quantum confinement effects of the QD are taken into account. Although a

QD can have any geometry, for the sake of simplicity, we assume that the QD is

spherical with a radius Rq, confined by an infinite potential barrier (i.e. potential

V (r) = 0 for r < Rq and it is infinite otherwise). The resulting time-independent

Schrodinger equation is separable in spherical coordinates and possesses a solution

similar to the hydrogen atom and given by [100],

ψnq ,lq ,mq(r, θ, ϕ) =

√
2

R3
q

jlq(ξnqlqr/Rq)

j(lq+1)(ξnqlq)
Y

mq

lq
(θ, ϕ), (3.9)

where nq, lq,mq are principal, azimuthal and magnetic quantum numbers describ-

ing the states, ξnqlq is the nqth root of the spherical Bessel function of the first kind

(i.e j(ξnqlq) = 0), and Y
mq

lq
are spherical harmonics.

The corresponding eigenvalues of the wave function ψnq ,lq ,mq(r, θ, ϕ) give the

excitable energy levels of an exciton:

Enq ,lq = Eg +
~2

2µR2
q

ξ2nq ,lq , (3.10)

where µ = m∗
em

∗
h/(m

∗
e + m∗

h) is the reduced mass of an exciton, m∗
e and m∗

h are

effective masses of an electron and a hole, and Eg is the bandgap of the QD

material. The energy levels denoted by Enq ,lq are 2lq + 1 times degenerate. For a

transition from an initial state |i⟩ with quantum numbers si = (ni, li,mi) to a final

state |f⟩ with quantum numbers sf = (nf , lf ,mf ), the absorbed energy from the

system will be ∆Ef,i = Enf ,lf − Eni,li . Energy is released in case this quantity is

negative.

Having this knowledge, we map the energy levels in Eq. (3.10) to three QD

energy levels. The state |0e⟩ is mapped to the energy zero ground level and for
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the states |1e⟩ and |2e⟩ we chose the next two lowest energy levels: (nq, lq) = (1,0)

and (1,1), assuming that probability of populating even higher energy levels is

very small. This mapping allows us to calculate the QD radius Rq required for a

resonant energy transfer to the resonator, where the energy of the spaser mode ~ωl

equals to the energy released by the QD transition |1e⟩ → |0e⟩, i.e.∆E0e,1e giving

Rq =
~ξnili√

2µ(~ωl − Eg)
. (3.11)

Although achieving perfectly matched resonance may be difficult in practice, hav-

ing a closer value to the quantity in Eq. (3.11) is adequate for spasing [28].

3.4 Applying the General Model for a Dipole

Mode Spaser and Design Optimization

Let us consider a case of a gold nanosphere-QD spaser where the dipole mode

(l = 1) of the gold nanosphere is resonantly coupled to the QD gain element as

shown in Fig. 3.1. The experimental realisation of this design can be achieved

within a few steps of nanofabrication. The gold nanosphere can be synthesised

by coagulation of colloidal gold and a silica (SiO2) coating can be used to embed

a CdSe QD according to the techniques described in Refs. [101] and [102]. The

radius and shell thickness of such particles can be easily controlled by chemical

means [18, 103, 104].

As the optical properties, a non-dispersive permittivity ε2 = 2.15 is assumed for

silica in contrast to gold which shows a frequency dependent dielectric properties.

The spaser’s outer boundary is assumed to be in free space, hence ε3 = 1. Since

this gold nanosphere is very small, it is required to consider the size dependency

modification to the permittivity given by [105, 106],

ε1(ω,R1) = ε∞ −
ω2
p

ω2 + iωΓ(R1)
, (3.12)

where ωp is the bulk plasma frequency of gold, Γ is the electron collision frequency

with damping defined by Γ = γb + (vF/2R1), γb is the bulk electron collision
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frequency of gold, vF is the Fermi velocity, and ε∞ is the contribution from the

interband transitions obtained by fitting ε1(ω,R1)|R1→∞ to the experimental data

published by Johnson and Christy [107] for bulk material. We also assume the

realistic values ωp = 1.36 × 1016 s−1, γb = 3.33 × 1013 s−1 , vF = 1.4 × 106 m/s,

and ε∞ = 9.84 in the solutions derived in Section 3.2 [106, 108].

3.4.1 Spaser Mode Energy

The knowledge of permittivities of the spaser materials helps to solve Eq. (8.2)

for l = 1 and find the spaser mode energy ~ω1. Because the wavenumber k =

ω/c = ω
√
µε ≃ ω

√
ε (we assume permeability µ = 1), all the terms in this

equation (q1, q2, ..., etc.) can be given in the terms of ω1, R1, R2, ε1(ω1, R1), ε2,

and ε3. Therefore, ω1 becomes a function of R1 and R2 when the permittivities

are known. However the presence of Reccati-Bessel functions in each term and the

complexity of the equation make an analytical solution unattainable. Therefore

we solve Eq. (8.2) numerically and plot the spaser mode energy with respect to

the nanosphere radius R1 and shell thickness tshell = R2−R1 as shown in Fig. 3.2.

The contour plot shows that there exist many (R1, tshell) pairs which can give

the same spaser mode energy. For example, if the spaser mode energy is 2.385 eV

(i.e. equivalent wavelength is approximately 520 nm), it traces a curve on the

contour plot as marked showing the (R1, tshell) values which can be used to make

a spaser resonator having the dipole mode energy of 2.385 eV.

3.4.2 Quantum States of the Spaser

The dipole SP mode of the spherical resonator is triply degenerate with (l,m) =

(1,−1), (1, 0), (1, 1) and therefore the states of the spaser’s plasmonic subsystem

are the SP states
∣∣1p(1,−1)

⟩
,
∣∣1p(1,0)⟩, ∣∣1p(1,1)⟩, and the ground state |0p⟩. When the

spaser mode energy is known, appropriate QD radius (Rq) for resonant coupling can
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Figure 3.2: Energy of the spaser mode as a function of the nanosphere radius R1 and

the shell thickness tshell = R2 −R1.

be found using Eq. (3.11). For the previously set operating point (~ω1 = 2.385 eV),

the substitution gives resonant QD radius to be 2.4 nm, for the assumed parameters

Eg = 1.74 eV, m∗
e = 0.13, and m∗

h = 0.45 for a spherical CdSe QD [109, 110]. Using

these parameters and Rq = 2.4 nm in Eq. (3.10) gives the three lowest energy levels

for QD: 0, 2.385, and 3.059 eV, assigned to the states of the electronic subsystem

|0e⟩ , |1e⟩ , and |2e⟩ , respectively. Hence, according to the general model developed

in Section 2.2.3, the total system of the dipole spaser consists of essential six states

as shown in Fig. 3.3:

|1⟩ = |0e⟩ |0p⟩ |2⟩ = |1e⟩ |0p⟩ |3⟩ = |2e⟩ |0p⟩

|4⟩ = |0e⟩
∣∣1p1,−1

⟩
|5⟩ = |0e⟩

∣∣1p1,0⟩ |6⟩ = |0e⟩
∣∣1p1,1⟩ (3.13)
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Figure 3.3: Product states of the dipole spaser.

3.4.3 SP Generation Rate

Although Fig. 3.2 shows that there are many R1, tshell values that one can

choose for a known spaser mode energy, just opting for an arbitrary (R1, tshell)

pair on the preferred spaser mode energy curve (e.g. 2.385 eV ) may not result in

the highest SP generation. Therefore it is necessary to find the SP generation rate

for this dipole spaser by analysing its 6-state system in order to find the optimum

design parameters.

As shown earlier in Section 2.3.2, the total SP generation rate of this dipole

spaser can be given by the sum of the populations of the states |4⟩ , |5⟩, and |6⟩:

R1 = ρ44 + ρ55 + ρ66. This quantity can be evaluated using the expression for Rl

given in Eq. (2.16),

R1 =
ξ23ω

2
1

2ε2~γ13γ22γ33γp
γ2p

γ22p +∆2
2p

∣∣V2e,0e∣∣2 6∑
j=4

∣∣V 1,j−5
1e,0e

∣∣2 . (3.14)

The relaxation constants, γ13, γ22, γ33, γ2p, and ξ23, depend on the environment and

used materials, but not on the spaser geometry. As the materials have already been

chosen, we can keep them constant and compare the normalized SP generation rate

as our goal is to find the optimum geometrical parameters result in maximum SP

populations. The only rate constant influenced by spaser’s geometry is the decay
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rate of SPs γp, which is a function of the spaser mode energy and given by [17]

γpl ≃
Im[ε1(ω)]
∂
∂ω
Re[ε1(ω)]

∣∣∣∣∣
ω=ω1

. (3.15)

By substituting the model for nanosphere’s permittivity given in Eq. (3.12), this

can be simplified to:

γp ≃
Γ

2

[
1 + (Γ/ω1)

2] . (3.16)

Since both the quantities Γ and ω1 depend on R1 and R2, γp also depends on them

for a given material.

Other required quantities to calculate the SP generation rate are the matrix ele-

ments V2e,0e for pump light–exciton interactions and V 1,−1
1e,0e , V

1,0
1e,0e, V

1,1
1e,0e for exciton–

SP interactions. As pump light is a controllable parameter at operation we keep

V2e,0e constant when optimizing the design parameters. However it is necessary to

compare the threshold gain requirement from the pump, which we consider later.

The expression for V l,m
i,f is given in Eq. (2.13):

V l,m
f,i =

√
2P

Eg

∫
V

ψ∗
f (r)Elm(r)ψi(r) dr, (3.17)

This integral is numerically evaluated using the QD’s wavefunction given in

Eqn. (3.9) for ψ∗
f (r), and ψi(r), and the expression for the electric field Elm from

Eqn. (3.2).

3.4.3.1 Optimum R1 and R2

First, we plot the SP generation rate, R1 of the dipole spaser with respect

to nanosphere radius and shell thickness as shown in Fig. 3.2, when the QD’s

location is fixed to the middle of the dielectric shell and Rq is fixed to the resonant

radius given by Eq. (3.11). From the figure, it can be noted that SP generation

rate is higher for smaller nanosphere radii and shell thicknesses. It monotonically

decreases when the total volume is increased.

Let us continue with the previous example (see Fig. 3.2) and draw the curve

corresponds to the spaser mode energy 2.385 eV on Fig. 3.4. Based on this curve, it
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Figure 3.4: Normalized SP generation rate is plotted with respect to nanosphere radius

R1 and shell thickness tshell when the QD’s location is fixed to the middle of the dielectric

shell. The drawn curve corresponds to the spaser mode energy 2.385 eV.

is observed that the SP generation rate varies with geometric parameters, even for

the same spaser mode energy. Hence, we may select parameters for the optimum

design by picking the (R1, R2) pair which results in the highest SP generation rate.

In our example, parameters (R1, R2) = (6 nm, 11 nm) offer the highest spaser mode

amplification for the 2.385 eV energy curve. Here we emphasize that, although this

result is obtained for a single QD dipole spaser, another spaser configuration may

consists of many QDs to achieve a higher gain. If this dipole spaser consists of

N QDs, then N ∝ (R3
2 − R3

1)/R
3
q if the QDs are uniformly distributed inside the

dielectric shell. In that case, having a bigger shell volume to accommodate more

QDs may result in a higher SP generation because all QDs contribute to the total

amplification. However, each QD does not contribute equally in many QDs case as

the location of the QD and its size play vital roles in deciding the SP generation

rate.
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3.4.3.2 QD Placement and Size

In order to examine how the location of the QD affects the SP generation rate

of the spaser, we fix R1 and R2, and plot R1 for the case of resonant QD radius (i.e.

Rq is also fixed) in Fig. 3.5. Here QD’s location r0 is varied within the dielectric

shell from the innermost to the outermost position with respect to the nanosphere’s

center. Such plots for four different (R1, R2) pairs are shown in Fig. 3.5. It can

be observed from these plots that the SP generation rapidly decreases when the

QD is moved away from the nanosphere. This happens because the interactions

between SPs and excitons get weaker towards the shell’s outer boundary as the

matrix element for interactions (V l,m
1e,0e) decreases in the radial direction according

to Eqs. (3.2) and (3.17). The decreasing rate is higher for smaller nanosphere radii.

Especially, when there are many QDs, their contribution to the spasing mode will

not be uniform. Hence, when designing a multiple QD spaser, we must set the

optimum size parameters such that a large number of QDs are closely located to

the nanosphere center.

Thus far, we have only considered the case where the QD radius is tuned

according to Eq. (3.11) such that its emission energy exactly equals to the energy

of the spaser mode. However, achieving the exact resonance may be difficult in

practice. To investigate the influence of matching the QD radius on spasing, we

vary Rq within an interval of 1-3 nm and plot the SP generation rate, as shown

in Fig. 3.6 for different shell thicknesses keeping the nanosphere radius fixed to

10 nm. According to this plot, highest SP generation is observable in the case of

exact resonance and it rapidly decreases when the Rq deviates from the resonant

QD radius. For example, if the the QD radius deviates about 0.5 nm from the

resonant value, the resultant plasmon excitation rate will tend to zero.
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Figure 3.5: Plot of SP generation rate with respect to the QD’s location r0 for different

R1, R2 pairs.

3.4.4 Threshold Gain

The plots in Figs. 3.4, 3.5, and 3.6, clearly illustrate how the geometrical

parameters of spaser design can be optimized to attain an elevated SP generation

rate. In addition, we need to discuss the threshold power required from optical

pumping which is a condition of spasing. This threshold power gain, which does

not depend on spaser geometry, is a function of the dielectric constants of the

spaser components and the spaser mode energy given by [17],

gth =
ωl

c
√
ε2

Imε1(ωl)[
Re
(

ε2
ε2−ε1(ωl)

)]−1

− 1
. (3.18)

However, the geometrical parameters of the spaser design indirectly affect the

threshold gain as the spaser mode energy is a function of them. Hence gth also be-

comes a function of the nanosphere radius and shell thickness as plotted in Fig. 3.7.

According to this plot, the gain does not vary much with the size parameters but
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Figure 3.6: The normalized SP generation rate is plotted with respect to the QD

radius and the shell thickness when the nanosphere radius is fixed to 10 nm and the

QD’s location is fixed to the middle of the dielectric shell.

the required threshold pump power for spasing is little higher when the nanosphere

is smaller. This might be because the influence of nanosphere radius and ωl on

the metal’s permittivity whereas the influence of the shell thickness comes only

through ωl. We mark the 2.385 eV curve, which was used in the previous exam-

ple, on threshold pump power plot and it gives an idea of choosing the optimal

geometrical parameters.

The case study performed throughout this chapter can be used to develop

clear design guidelines on choosing the optimum size parameters of the spaser

components and QD placement to achieve a maximum SP generation rate. In

the process of designing a spaser with this particular geometry, one might choose

its operating wavelength as the first step, then pick possible values for the size

parameters R1, R2 and Rq by examining the resulting in SP generation rate.

Then, it is necessary to figure out where to embed the QD. Although placing the

QD closer to the nanosphere would give a higher SP generation rate, the one need
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Figure 3.7: Threshold gain required by pumping with respect to nanosphere radius

and shell thickness.

to consider about the precise placement if multiple QDs are to be taken because

not all QDs can be placed close to the nanosphere’s boundary.
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Chapter 4

Spaser Materials and Potential of

Carbon

The analyses done in Chapters 2 and 3 suggest that the operating characteristics

of a spaser highly depend on its geometry and the used materials. Particularly

in Chapter 3, we sought the optimization methods for a nanosphere–QD spaser

design by tuning certain geometric parameters when the materials are chosen.

In this chapter we study on different materials can be used for different spaser

components and show that carbon based materials such as graphene and CNTs

can be effectively used in spaser designs.

Many designs have been proposed for spasers since its theoretical formula-

tion. These include a sandwiched gold-film plasmonic waveguide between opti-

cally pumped quantum wells [39], a V-shaped metal nanoparticle surrounded by

quantum dots (QDs) [28], an array of split-ring shape resonators placed on an

active substrate[30], a bowtie shaped metallic structure with bound QDs [31], and

a metal nanogroove with QDs placed at its bottom [29]. The common attribute of

all these designs is all of them use noble metals for the plasmonic resonator and

quantum dots/wells or dyes for the gain medium.
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4.1 Commonly Used Spaser Materials

4.1.1 Noble Metals

Although any metal nanoparticle placed in a dielectric ambient may undergo

localized surface plasmon resonance and support SP modes, noble metals (espe-

cially silver and gold) are unique because their resonances fall within visible light

or infrared frequencies and showing high absorption compared to alkali metals [25].

Applications of the resonant absorption and scattering effects of noble metals have

a long history of hundreds of years from when gold and silver were used for glass

staining for windows or ornamental cups giving bright colours. Although other

noble metals such as Cu, Pd, Al, and Pt also have resonance frequencies in vis-

ible or IR regimes, they show weak absorbtion properties and face problems like

surface oxides [1, 25]. This is the reason why most spaser designs have a gold or

silver nanoparticles as plasmonic resonators. They provide the luxury of tuning the

spaser mode energy of the design by altering the shape or changing size parameters

as we have seen in Section 3.4.1.

4.1.2 Quantum Dots/Wells

Similarly, there are few choices for the spaser gain medium. The semiconductor

QDs are the most popular among them and the first proposed spaser design also

had QDs in the gain medium [28]. The size of a QD could be as small as a

nanometer and as the charge carriers in a QD are confined in all three dimensions

to this small size, its density of states (DOS) plot becomes a set of delta functions,

very much similar to an atom [60, 62, 63]. They also promise a good stability

over temperature variations [61]. Quantum wells (QWs) also show distinct energy

levels similar to QDs but the carriers are confined only in two dimensions [111].

The used materials to fabricate QDs and QWs include CdSe, GaAs, InP, and many

other semiconductor materials [7–9].
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4.1.3 Florescent Dyes and Rare Earth Ions

Florescent dyes and rare earth ions are another two types of materials used

in some laser gain media and can be used for spasers as well. In addition, dyes

(or chromophores), which are fluorescent chemical compounds, can get excited by

absorbing light and emit in a different wavelength, are also used. For example, the

first experimentally demonstrated spaser had OG-488 dye molecules in the gain

medium [18]. Rare earth ions are the charged particles (e.g. Er3+, Yb3+, and Nd3+)

having the same capability [24]. All these gain elements can be conveniently used in

a spaser gain medium and regarded as a three level system in analysis [18, 24, 42].

4.2 Carbon Allotropes

Carbon has revolutionized nanotechnology research with the invention of its

new allotropes graphene, carbon nanotubes (CNTs), and fullerenes [112, 113].

Many research have been carried out to replace conventional semiconductor ma-

terials with these materials due to their remarkable electrical, mechanical, and

thermal properties. It has been found that graphene is a much better conductor

than silver [71, 113]. Importantly, it has also been shown that graphene support

SP excitations which exhibit better confinement, low dissipation and highly tun-

able characteristics compared to noble metal SPs. Therefore it is also a platform

for strong light-matter interactions [72, 73]. Hence, graphene becomes an excellent

substitution for a spaser cavity [114]. Similarly, semiconducting CNTs are well

known for forming excitons by electromagnetic absorption and consequent pho-

toluminescence [71, 74, 75]. The absorption and emission characteristics can be

tuned by changing the diameter or chirality of the CNT [76, 77]. These optical

properties similar to QDs and dye molecules suggest that CNTs can also be used

as a spaser gain medium. Therefore in the following sections, we investigate these

properties of graphene and CNTs in detail in order to design an all-carbon spaser.
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4.3 Surface Plasmons in Graphene

Many recent theoretical [73, 115, 116] and experimental [117–119] studies sug-

gest that graphene possesses much better plasmonic properties in terms of tunabil-

ity, field confinement and low resistive losses compared to noble metals. Carriers

in graphene behave as massless Dirac fermions (MDFs) due to their well known

conical band structure [72, 73, 118]. Due to high carrier concentration and mobil-

ity, graphene plasmons can travel much longer distances compared to noble metal

plasmons [72, 120]. Plasmonic properties of 2-dimensional graphene can be derived

from its frequency dependent optical conductivity:

σ(ω) = σintra(ω) + σinter(ω), (4.1)

representing the contributions by interband and intraband carrier transitions. Fol-

lowing the random phase approximation (RPA) and semiclassical Drude model

with finite temperature correction, intraband conductivity of 2-dimensional graphene

can be given by [120, 121]

σintra(ω) =
e2cEF

π~2
i2kBT

ω + iτ−1
ln

[
2 cosh

(
EF

2kBT

)]
(4.2)

where EF is the Fermi level, ec is the charge of an electron, ω is the angular

frequency, τ is the finite relaxation time, kB is the Boltzmann’s constant and T

is the temperature. However, at room temperature and within the Fermi levels of

interest, EF/2kBT ≫ 1 making cosh(EF/2kBT ) ≈ (1/2)e
EF

2kBT giving

σintra(ω) ≈
e2cEF

π~2
i

ω + iτ−1
. (4.3)

The interband contribution:

σintra(ω) =
e2c
4~

[
f(~ω − 2EF ) +

i

π
ln

∣∣∣∣~ω − 2EF

~ω + 2EF

∣∣∣∣] , (4.4)

where f is the Fermi-Dirac distribution function. It is assumed that the interband

contribution to the conductivity is negligible for low energies but it becomes much

significant for high energies such as visible light.
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Since EF can be controlled by either doping or electrostatic gating, the conduc-

tivity of graphene is highly tunable, even allowing dynamic controlling. Therefore

many applications based on graphene SPs have been proposed including waveguide

and plasmonic switches [72, 73, 122]. Therefore, here we examine how graphene

can be effectively used in the plasmonic resonator of a spaser.

4.3.1 Graphene Plasmonic Resonators

Plasmonic resonator of a spaser should have a confined geometry so that local-

ized SP oscillations are allowed. Graphene is a 2-dimensional sheet of carbon atoms

having a honeycomb lattice structure, with carbon atoms being in sp2 hybridiza-

tion. We can cut a preferred 2D shape from a graphene sheet as shown in Fig. 4.1.

Such a shape could be called a graphene nanoflake (GNF) and prepared using

common nanofabrication technologies such as chemical vapor deposition (CVD),

micromechanical cleavage, graphite oxide exfoliation, or epitaxial growth on a sub-

strate [123, 124]. When finding the SP modes supported by such a GNF, first we

use the expression for σ(ω) in Eq. (4.1) to derive the permittivity of graphene:

ε(ω) = 1 +
σ(ω)

ε0ω
(4.5)

where ε0 is the permittivity of free space [125]. Although the Eqs. (4.2–4.4) are

derived for an infinitely wide graphene sheet, these expressions provide a reasonably

accurate estimate for sufficiently wide GNFs exceeding at least 50 atoms (i.e. about

5 nm) in both dimensions [73]. In much narrower graphene sheets, the conductivity

may be affected by extreme carrier confinement. Therefore, the dimensions of the

cavity geometry can be carefully chosen well above this limit to avoid those effects.

4.3.1.1 SP Modes of a Square Shaped GNF

A GNF may take any geometry, such as rectangular, circular, or hexagonal

shape. Depending on the confinement geometry and dielectric properties, it pos-

sesses a unique set of eigenfrequencies describing the supported SP modes [42].
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Figure 4.1: A square shaped W wide GNF cut from a graphene sheet

In this chapter the SP modes of square shape GNF are studied considering the

fabrication ability with high precision and the convenience in analysis. Although

any rectangular graphene flake is easily preparable, without loss of generality, the

case of square is considered where only one geometric parameter comes into equa-

tions. For a given width W , the square shaped GNF resonator supports a series

of localized SP modes with unique energies.

As shown in Chapter 2, SPs localized on a spaser resonator can be represented

by two quantum numbers (l,m) representing the mode number and degeneracy

number. The eigenfrequencies of the localized SP modes on a GNF and respective

degeneracies are found by solving the Helmholtz equation (∇2 + k2)E(r) = 0 for

the considered W ×W square geometry. This equation can be solved numerically

for any geometry using the finite element method [126]. In order to do attain this

numerical solution, the GNF is assigned a finite thickness of t =0.5 nm as shown

in Fig. 4.1, which is the most common numerical modelling technique for graphene

and it has been shown that this value does not affect the solution significantly

[73, 116, 120]. This modification allows us to model graphene as a three dimen-

sional structure with very small thickness and the modified conductivity is given
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by σ(ω)/t.

Normalized electric field Elm(r) of the first five (lowest energy) SP modes sup-

ported by aW wide GNF are shown in Fig. 4.2(a). These modes can be indexed as

l =1, 2, 3,....., following the order of increasing SP energy. It is seen that only some

SP modes such as 2, 4 and 5 exhibit degeneracy unlike the spherical resonator we

studied in Chapter 3 where the degeneracy number is directly related to the mode

number. Although the shown 2, 4 and 5 modes are doubly degenerate, higher

order modes may show higher degeneracy numbers which can be found only by

observing the eigenfrequency solutions.
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Figure 4.2: (a) Normalized electric field distributions of the five lowest-energy modes

supported by a square GNF of width W . The mode energies are plotted as functions of

(b) Fermi energy for W = 50 nm and (c) GNF width for EF = 0.4 eV (the color legend

applies to both the plots).
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The tunability of SP energies of a GNF with respect to EF andW is illustrated

in Figures 4.2(b) and 4.2(c). According to the plots, SP energies span over a wide

range over the mid and near infrared regimes offering a tremendous freedom of

choice. Since EF can be changed by either doping or gating, SP energies are tunable

with respect to both the geometric and material parameters. One outstanding

advantage of graphene is even the dynamic tuning of a device by electrostatic

gating is possible while operation. Our results are validated as the trends in these

plots follow the proven relations for one dimensionally confined Wr wide graphene

nanoribbons having SP energies proportional to
√
EF and 1/

√
Wr [72, 120].

4.4 Carbon Nanotubes

As explained earlier, CNTs show favourable optical absorption and strong pho-

toluminescence efficiency so that they can be used in spaser gain medium [71, 75,

77]. Recent studies have revealed that the transitions involved in this phenomena

occur between exciton like states, which arise due to the unique electronic proper-

ties inherited by their molecular structure [75, 127]. In analysis, a CNT is assumed

to be formed by rolling a graphene sheet around a chiral vector C denoted by a

pair of integers (n,m) as shown in Fig. 4.3. Therefore, the electronic properties

of CNTs can be derived by applying necessary boundary conditions on graphene

band structure according to the zone folding method [71, 112].

4.4.1 Density of States of CNTs

First, the two dimensional band structure of graphene is derived according to

the tight-binding model and given by [71, 77],

E(kx, ky) = ±Ec

√√√√1 + 4 cos

(
3

2
kya

)
cos

(√
3

2
kxa

)
+ 4 cos2

(√
3

2
kxa

)
(4.6)

where a is the c-c bond length and Ec is the binding energy of carbon atoms. Since

a CNT is formed by rolling a graphene sheet along the chiral vector, CNT band
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Figure 4.3: Formation of a CNT by rolling a graphene sheet

structure is obtained by quantizing the graphene’s wavevector along the chiral

vector: k.C = 2πν (where k = (kx, ky) and ν is an integer). Because the angle

between a1 and a2 is π/3, the bandgap becomes zero (i.e. the CNT is metallic) if

mod|n−m| = 0 and the CNT is semiconducting otherwise.

Once the band structure is found, the DOS D(E) can be obtained by summing

up the contribution by each band ν [71, 77]:

D(E) =

√
3a2

2πR

N∑
ν=1

∫
δ(k − kν)

∣∣∣∣dϵ(k)dk

∣∣∣∣−1

dk, (4.7)

where R is the nanotube radius, ϵ(kν) = E, and N is the number of bands . It can

be shown that

D(E) =

√
3a

π2REc

∑
ν=1

|E|√
E2 − ϵ2i

(4.8)

where,

ϵi = aEc|3i+1|/2R, N = 4(m2+mn+n2)/ gcd(n,m) for semiconducting CNTs,

ϵi = aEc|3i|/2R, N = 4(m2 +mn+ n2)/3 gcd(n,m) for metallic CNTs,

and ‘gcd’ stands for greatest common devisor. This gives the CNT DOS plots

comprising a series of singularities known to be ‘Van Hove singularities’ as shown

in Fig. 4.4 [77].
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Figure 4.4: Density of states for (10,7), (7,6), and (10,9) carbon nanotubes

4.4.2 Semiconducting CNTs for Spaser Gain Medium

The DOS plot of the (n,m) = (10, 7) CNT in Fig. 4.4 is seen to be every-

where nonzero, indicating the metallic behavior of the nanotube. In contrast, the

DOS of the (7,6) and (10,9) CNTs exhibit wide bandgaps, which implies that both

nanotubes behave as semiconductors. The peaks in the DOS, Van Hove singulari-

ties, facilitate the formation of the well-defined exciton states which enable optical

transitions among those states [75, 112]. The energies of the exciton states can be

readily found using the DOS plots, as the first two exciton energies as E11 and E22

are marked on the figure.

When used as a gain element in a spaser design, a semiconducting CNT can

be resonantly excited by a suitable pump source so that it generates excitons of
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energy E22. These excitons can then relax to a lower state of energy E11 while

releasing the excess of energy E22 − E11 to the system’s ambient. If the energy of

the spaser mode equals to E11 and its plasmonic resonator is located closely to the

CNT allowing near field interactions, these excitons may annihilate and transfer

their energy exciting SPs in the resonator by stimulated emission.
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Chapter 5

Graphene–Carbon Nanotube

Spaser

In this chapter, we propose a carbon-based spaser design where a graphene

nanoflake (GNF) resonator is coupled to a carbon nanotube (CNT) gain element.

We theoretically demonstrate that the optically excited CNT can nonradiatively

transfer its energy to the localized SP modes of the GNF due to near-field inter-

actions between the SPs and the CNT excitons. According to the general model

presented in Chapter 2, by calculating the localized fields of the GNF SP modes

and the matrix elements for SP–exciton interactions, we find the optimal geometric

and material parameters of the spaser that yield the highest SP generation rate.

This design is specifically considered because it offers many advantages of car-

bon materials, including mechanical strength and flexibility, thermal and chemical

stability, and utility in biomedical applications [71, 75, 77, 78].

5.1 Spaser design

The proposed spaser design shown in Figure 5.1 employs a square shaped

graphene nanoflake (GNF) for the plasmonic resonator. This choice of the GNF’s

shape is made considering the simplicity of fabrication. As shown in Section 4.3,
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Figure 5.1: Schematic of the proposed spaser made of an optically pumped carbon

nanotube located above a square graphene nanoflake resonator.

for a given GNF width W , this resonator supports a series of localized SP modes

of unique energies. These modes spatially and spectrally overlap with the CNT

excitons in different degrees, therefore experience different amounts of gain. The

SP mode that is in resonance with the emission line of the CNT survives receiving

the maximum gain and becomes the dominant the spaser mode.

In order to maintain the spasing state, we assume that the CNT is continously

excited by a suitable pump source. Owing to the large absorption cross section

of CNTs at visible and infrared frequencies, we consider optical pumping [74,

76]. However, it has also been shown in a quantum wire based setup that even

electrical pumping of such a CNT gain element is possible [55]. The CNT excitons

generated by absorbing the pump photons annihilate and nonradiatively transfer

their energy to GNF SPs. These SPs stimulate the CNT’s excited excitons to relax

by generating more SPs of the same mode and energy, resulting in a buildup of

the spaser mode intensity.
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5.2 Implementation of the General Model

5.2.1 Plasmonic Subsystem
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Figure 5.2: Plasmonic subsystem of the carbon spaser representing the all SP states

with the respective electric field distribution of the each state plotted for the first five

modes.

The SP modes supported by the square shaped GNF can be denoted by
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(l,m) and their respective energies and field distributions can be found by solving

the Helmholtz wave equation with appropriate boundary conditions. According

to the numerical solutions obtained (see Section 4.3.1) the square-shaped GNF

supports both the degenerate and non-degenerate SP modes. Therefore, the states

of the spaser’s plasmonic subsystem can be denoted as shown in Fig. 5.3. The

SP modes l = 1, 3, etc. are non-degenerate, hence the respective SP states can be

defined by
∣∣1pl,1⟩. In contrast, the modes l = 2, 4, 5, etc. are doubly degenerate (i.e.

Ml = 2) and the SP states are defined by either
∣∣1pl,1⟩ or ∣∣1pl,2⟩. We have solved

the Helmholtz equation only up to five SP modes and it should noted that, unlike

the case for a sphere, there is no notable pattern for the maximum degeneracy

Ml. This design allows one to select the spaser mode energy to be degenerate or

non-degenerate depending on the application requirements.

5.2.2 Electronic Subsystem
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Figure 5.3: (a) The excitons having E11 and E22 energy difference between electron

and hole bands marked on the DOS plot of a semiconducting CNT and (b) relevant

exciton states of the electronic subsystem.
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In our spaser design, the optically excited CNT transfers energy nonradia-

tively to the GNF via the exciton–SP interactions. As described in Section 4.4.1,

the Van Hove singularities help the formation of exciton states enabling optical

transitions [75, 112]. The energies of these exciton states can be readily found us-

ing the DOS plots, where we marked the first two exciton energies as E11 and E22.

We design our spaser such that the pump laser resonantly excites a semiconducting

CNT from the sate |0e⟩ to |2e⟩ absorbing E22 amount of energy. The excitons then

relax to the state |1e⟩ of energy E11, and eventually transfers the excess energy

E22−E11 to the environment. If a GNF SP mode is resonantly coupled to the sate

E11, the excitons may annihilate and transfer their energy to the GNF in the form

of SPs by stimulated emission.

5.2.3 States of the Spaser

According to the derived general model in Chapter 2, the carbon spaser can be

defined as a quantum system with n = Ml + 3 states given by the tensor product

states of the electronic and plasmonic subsystems:

|1⟩ = |0e⟩|0p⟩,

|2⟩ = |1e⟩|0p⟩,

|3⟩ = |2e⟩|0p⟩,

|4⟩ = |0e⟩
∣∣1pl,1⟩,

|5⟩ = |0e⟩
∣∣1pl,2⟩,

. . . . . . . . .

|n⟩ = |0e⟩
∣∣1pl,Ml

⟩
.

where lth SP mode is the spaser mode. For example, the total system will consist

of 4 states if the non-degenerate l = 1 is the spaser mode, and 5 states if the doubly

degenerate l = 2 is the spaser mode, as shown in Figs. 5.4(a) and (b). This n-state
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system is evaluated using the master equation Eq. (2.14):

∂ρµν(t)

∂t
=

1

i~
[H(t), ρ(t)]µν − γµνρµν(t) + δµν

∑
κ̸=ν

ξνκρκκ(t), (5.1)

which is comprehensively described in Section 2.3.
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5.3 Design Optimization

5.3.1 Spaser Mode Energy

We may choose any SP mode as the spaser mode whose energy can be tuned

by changing the width of the GNF W or Fermi level EF by doping or electrostatic

gating as shown in Figs. 5.5(a) and 5.5(b). The energies are seen to vary over a

wide range from mid to near infrared regimes offering a great flexibility in spaser

design. Depending on the application, a suitable energy and a mode could be

chosen. However, it should be noted that finding a resonant gain medium would

be difficult if the spaser mode energy is very high. If a certain application requires

the spaser mode to be l = 4, 5, etc., picking a low EF range around 0.1 eV would

give the best results.

Figure 5.5(c) shows several CNTs of different chiralities that can be used in

different spaser configurations. There are no CNTs in the dotted region because

E22 should be larger than E11. The CNTs within the red color shaded area are the

most favorable for spaser operation, because the energy of the most GNF SP modes

are below 1 eV and the energy difference (E22 − E11) for such CNTs is relatively

small. Hence, for a preset ranges of the emission and pumping wavelengths of

the spaser, SP generation can be improved by selecting one of the CNTs from the

favorable region.

5.3.2 SP Generation Rate

By analysing the n-states system of the carbon spaser using the density matrix

formalism (see Section 2.3.2) , the total SP generation rate Rl =
n∑

j=4

ρκκ is given

by Eq. (2.16):

Rl =
ξ23ω

2
l

2ε2~γ13γ22γ33γp
γ2p

γ22p +∆2
2p

∣∣V2e,0e∣∣2 n∑
j=4

∣∣∣V l,j−3
1e,0e

∣∣∣2 . (5.2)
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Figure 5.5: Spaser mode energy is plotted with respect to (a) Fermi level when W =

50 nm and (b) GNF width when EF = 0.4 eV, and (c) the spaser mode and pump

energies for CNTs with different chirality (n,m)
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The required transition matrix elements V l,m
1e,0e = ⟨1e|Elm.r |0e⟩ for SP–exciton

interactions are numerically evaluated according to the integral in Eq. (2.11), sub-

stituting the numerically obtained Elm using the finite element method. Here we

assume that the state of the excitons along the CNT is described by the (with

respect to the CNT’s center) symmetric Gaussian wave function and also neglect

the inhomogeneity of the plasmonic field across the nanotube’s diameter, which is

less than 1 nm [113].

Now, using these results, we study how the performance of the spaser could

be optimized. Similar to the approach followed for the nanosphere–QD spaser

in Chapter 3, we keep the material dependant decay rates (ξ23, γ13, γ22, and γ33)

and the matrix element for pump light–exciton interactions |V2e,0e| constant and

plot normalized Rl with respect to the tuning parameters we consider for design

optimization. We assume the values for other constants as τ=10−13 s, γp=1010 s−1,

a=0.142 nm, and Ec=3 eV, reasonably agreeing with literature [70, 71, 73, 75, 77].

Consider the spaser configuration shown in Fig. 5.6 which consists of a semi-

conducting CNT of length L whose axis is located at a distance H, parallel to the

surface of a W ×W square GNF. For the sake of simplicity, we assume that the

centers of the GNF and CNT coincide while the nanotube’s axis makes an angle

θ with the GNF edge. The interested GNFs widths lie between 25 and 100 nm,

where the used conductivity model is accurate enough. The CNT length L may

vary from 0.2W to 2.5W and H is varied within the range of 5 to 20 nm, allowing

the near-field coupling between the GNF SPs and CNT excitons.

Figures 5.7(a) and 5.7(b) show how the normalized rates R1 and R2 vary with

respect to geometric parameters W , L and θ for H = 5 nm. It is seen that

both R1 and R2 peak for L ≈ 1.1W , with their absolute maxima achieved for

θ = π/4 + (π/2)k and θ = πk (k = 0, 1, 2, . . .), respectively. There are optimal

angles because the electric field distribution shapes are different for each SP mode.

This is why the mutual orientation of the CNT and GNF is crucial for spaser

performance and it should be tuned according to the spasing mode. When the
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Figure 5.6: Configuration of the spaser design

length of the CNT becomes smaller than the optimal length, the SP generation

rate reduces due to the reduction in the CNT’s dipole moment. In the alternate

situation of CNT’s size exceeding the optimal length, the reduction in the SP

generation rate is explained by the reduced spatial overlap between the SP field

and the CNT’s excitons.

Figure 5.7(c) illustrates the impact of the near-field coupling between the CNT

and GNF on the SP generation rate. The figure shows how Rl varies with the

distance from the CNT center to the GNF’s plane for the first five SP modes. For

each mode, we choose the optimal spaser parameters: L = 1.1W = 35 nm, θ = π/4

for l = {1, 3}, and θ = 0 for the rest of the modes. The SP generation rate is seen

to rapidly decrease with the CNT moving away from the GNF for all spaser modes.

In addition, the SP generation rate corresponding to the degenerate modes (with

l = 2, 4, and 5) are slightly larger than for the nondegenerate modes. This might

be due to the stronger spatial overlap of their near fields with the CNT excitons

as there are two mode orientations present.

To achieve a high spasing efficiency, the spaser mode should be resonantly

coupled to the lower exciton state |1e⟩. The coupling can be realized by matching

the GNF’s SP mode energy ωl with E11 by changing W or EF (see Figs. 5.5(a)
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and (b)). Figure 5.8(a) shows how the SP generation rate R1 varies with the SP

mode energy for five different CNTs, at their optimum configuration θ = π/4,

L = 1.1W = 35 nm, and H = 5 nm. The widths of the spectra on this figure

together with Fig. 5.5(b) indicate that the realization of the resonant SP–exciton

coupling would require a fabrication tolerance of about 1 nm. Alternatively, one

can achieve the resonance between the GNF SPs and the CNT excitons by doping

the CNT, oxidizing it, or having multiple carbon layers [71, 128, 129].

If several CNTs have the desired exciton spectrum, then the preference should

be given to the CNT with the highest emission and absorption cross sections at res-

onance. The most preferable CNTs are located in the right top corner of Fig. 5.8(b),

which indicates the two kinds of cross sections for 13 CNTs of different chirality

vectors. The positions of the CNTs within the plot were obtained using empirical

formulas [130].

5.3.3 Threshold Gain and Quality Factor

In addition to the SP generation rate, it is important to analyze the threshold

gain required for continuous spasing. This gain is known to predominantly depend

on the dielectric properties of spaser materials [42]. According to Fig. 5.9(a),

threshold gain grows exponentially with the spaser mode energy. For a given

value of ESP , the spasing threshold can be significantly reduced by doping the

GNF and increasing its Fermi level. As evidenced by Fig. 5.9(b), doping would

simultaneously improve the quality factor of the GNF resonator, which would in

turn result in lower losses and improved spaser performance.
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5.4 Advantage of the Design

The analysis of the spaser performance suggests that the proposed all-carbon

design is highly tunable and can be optimized to achieve a high SP generation rate.

In particular, the spaser mode energy can be varied from 0.2 to 1.2 eV, spanning

across a wide range of near and mid infrared frequencies. The emission energy can

be tuned within this range by changing the geometric parameters (W , L, and θ)

and the material parameters (EF and CNT chirality) of the spaser. The results

presented in Figs. 5.5–5.9 provide the necessary information for such a parametric

tuning. For instance, to design a spaser emitting at the 1362 nm wavelength (which

corresponds to the SP mode energy of 0.91 eV), one might use the second mode of a

sufficiently doped, 38 nm wide GNF with EF=0.4 eV (see Fig. 5.5(b)). According

to Figs. 5.5(c) and 5.8(b), the optimum generation of the spaser mode could be

achieved using a 34 nm long CNT of chirality vector (12,1) oriented parallel to

a pair of the GNF’s edges (θ = 0). The pumping wavelength must then be set

around 730 nm. This example suggests that the obtained results can serve as

the design guidelines for the experimental realization of a graphene–CNT spaser.

Availability of many tuning parameters of the spaser design significantly facilitate

easy fabrication by making the suggested parameters flexible.

The proposed graphene–CNT spaser can be experimentally realized using the

common nanofabrication techniques. A graphene sheet can be formed using such

methods as chemical vapor deposition (CVD), micromechanical cleavage, graphite

oxide exfoliation, or epitaxial growth on a substrate [123, 124]. When the spaser’s

emission wavelength (or the spaser mode energy) is chosen, Fig. 5.5 allows one

to select the appropriate width of the GNF to be patterned using a convenient

method, e.g. lithography, transfer printing, or direct laser shaping [131]. The

GNF can then be transferred to a low-index dielectric substrate such as SiO2 or

polydimethylsiloxane (PDMS). After that, a suitable CNT, picked up according to

the pumping and emission energies shown in Fig. 5.5(c), can be fabricated using
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CVD or other convenient technology [132]. The distance between the GNF and

CNT can be controlled by depositing a layer of the substrate material on top of

the GNF. This may introduce weak substrate effects, such as a small shift of the

spasing wavelength, which can be neglected if the substrate material is of low

refractive index and nondispersive [133].

In addition to broad tunability, the proposed spaser design offers advantages

such as mechanical strength and thermal stability due to the unique properties

of both graphene and CNTs. It can be used as an active element in plasmonic

nanocircuits, which overcome the miniaturization and bandwidth limitations of

the conventional optical and electronic circuits. The devices employing these cir-

cuits would inherit the robustness and stability properties of carbon allotropes.

The possible applications of spasers made of GNFs and CNTs range from ultra-

fast processors and flexible electronics to high-temperature devices and biomedical

sensing [71].
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Chapter 6

Guidelines for Spaser Design and

Optimization

So far, we have presented a general quantum mechanical model for spaser

nanolasers which considering the SP degeneracy, and studied the performance of

two spaser designs; a simple metal nanosphere–QD spaser (in Chapter 3) and a

GNF–CNT spaser (in Chapter 5) based on the developed model. In both the cases,

we saw that both the designs can be optimized for a high SP generation rate by

tuning some material and geometric parameters of the spaser components. With

this knowledge of the influence of different design parameters on the output char-

acteristics, in this chapter we attempt to provide clear design and optimization

guidelines for spasers in general.

6.1 Designing Spaser Components

6.1.1 Plasmonic Resonator

The plasmonic resonator of a spaser is supposed to support SP modes and

therefore essentially made of plasmonic materials. As comprehensively described in

Chapter 4, only gold, silver, and graphene, could be used as the resonator materials
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because only the nanoparticles made of these materials have shown strong localized

surface plasmon resonances in visible or infrared frequencies. Table 6.1 summarizes

the achievable spaser mode energies ~ωl for some types of resonators. It is seen that

graphene resonators are tunable over a wide range in the near and mid infrared

energies. However, if one needs a visible light frequency, the only choice would

be gold or silver. Once the spaser mode energy and the type of the resonator are

decided, the exact tuning parameters can be calculated by solving the Helmholtz

equation analytically or numerically as we have done in Sections 3.2 and 4.3.1 for

gold and graphene resonators.

Although ~ωl could be tuned at a high precision with the given geometrical

parameters, it might be difficult to find a gain medium that can be resonantly

coupled to all the ~ωl values. Therefore in practice, once the favourable range

for ~ωl is identified, the best match could be achievable by first selecting the gain

medium and then tuning the resonator to achieve the resonant energy transfer.

6.1.2 Gain Medium

There are plenty of options available when designing the gain medium of a

spaser, some of which are listed in Table 6.2. Depending on the spaser mode energy,

there can be many ways to select the suitable gain medium for a design. Different

types of QDs provide a large range of emission energies within both the visible

and NIR regimes. The advantages of QDs are smaller linewidths and continuous

tunability with its size parameters. Although only few types are given in the table

there are many varieties of QDs with different semiconductor materials.

Although dyes do not support continuous tuning like QDs, there are many dye

types made out from a large number chemical compounds which can resonantly

transfer energy to any plasmonic resonator after a slight tuning of the spaser mode

energy. Rare earth ions are similar, but as there are not much variations, there is

less freedom of tuning. Semiconducting CNTs are nanowires those with discrete

energy levels as we have described comprehensively in Section 4.4. There are a
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Table 6.1: Tunability of spaser mode energies for some resonator types [1–6]

Material Shape Spaser mode

energy (eV)

Tuning parameters

Silver sphere core/shell 2.4 – 3.5 radius, shell thickness

visible

cube 2.5 – 3.1 width, length, height

visible

rectangular bar 1.38 – 3.1 width, length

visible & NIR

spheroid 1.4 – 3.1 radius 1, radius 2

visible & NIR

Gold sphere core/shell 1 – 2.4 radius, shell thickness

visible & NIR

rod 1.3– 1.8 radius, length

NIR

cube 2– 2.5 width, length, height

visible

spheroid 1.4– 2.5 radius 1, radius 2

visible and NIR

Graphene square 0.1 – 1.5 width, length

near & mid IR
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Table 6.2: Characteristics of different gain media [7–15]

Gain Medium Pump energy

(eV)

Spaser mode

energy (eV)

Tuning parameters

Quantum dots

CdSe 1.9 – 3 1.7 – 2.7 size

visible visible

CdS 3.0 – 4.5 2.5 – 4.2 size

visible visible

CdTe/CdSe 1.7 – 2.3 1.4 – 1.9 core size,

visible visible and NIR shell thickness

InAs 1.1 – 1.7 0.9 – 1.5 size

NIR NIR

Dyes 0.8 – 4.5 0.6 – 4 chemical compound

visible & NIR visible & NIR (discrete values)

Rare earth ions 0.8 – 4.5 0.9 – 3 chemical compound

visible & NIR visible & NIR (discrete values)

Carbon nanotubes 1 – 2.5 0.5 – 1.5 chirality (n,m)

visible & NIR NIR (discrete values)

number of different CNTs with different chiralities giving a large set of possible

spaser mode and pumping energies. Although CNTs are not tunable as QDs, they

can be much advantageous in applications, especially where robustness is a key

factor.

6.1.3 Pumping Mechanism

Optical pumping is the most common method of exciting the spaser gain medium.

In this mechanism an external laser is used to pump energy in the form of pho-

tons which are absorbed by the gain medium atoms to achieve population inver-
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sion [18, 42]. The stimulated emission of SPs can takes place continuously as the

population inversion is maintained by an uninterrupted supply of pump photons.

However, if a semiconductor gain medium is used, electrical pumping would also

be a viable option. In this method an electrical current is injected through the

semiconductor, generating e–h pairs of high energies. In some cases a nanocrystal

or nanowire gain medium like CNT is used to directly inject through the pump

energy [55, 134]. In addition, there are some other mechanisms such as electric

discharge and chemical pumping used in lasers which we do not consider in spaser

design due to practical limitations.

6.2 Operational Characteristics and Optimization

Parameters

6.2.1 SP Generation Rate

The main purpose of a spaser nanolaser is to be utilized as a coherent source

of SPs. Therefore the SP generation rate becomes the most important parameter

when designing a spaser. As derived from our general model, the SP generation

rate of a spaser is given by Eq. (2.16):

Rl =
ξ23ω

2
l

2ε2~γ13γ22γ33γp
γ2p

γ22p +∆2
2p

∣∣V2e,0e∣∣2 n∑
j=4

∣∣∣V l,j−3
1e,0e

∣∣∣2 . (6.1)

This expression suggests that the SP generation rate can be boosted by the fol-

lowing methods.

1. Increasing the SP–exciton matrix element for each degenerate SP

state of the spaser mode l.

The matrix element
∣∣∣V l,m

1e,0e

∣∣∣ is a measure of how strong the energy transfer from

gain medium to the SP mode (l,m). According to Eq. (2.11)∣∣∣V l,m
1e,0e

∣∣∣ ∝ ∫
V

ψ∗
1e(r)Elm(r)ψ0e(r) dr, (6.2)
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which depends on the amount of excitons’ spatial overlap with the SP’s electric

field. Therefore placing the gain elements as close as possible to the field’s hotspots

would produce the best results. The effect of clever gain medium placement can

be clearly seen in Figs. 3.5 and 5.7 for nanosphere–QD and graphene–CNT spaser

designs. If there are more than one gain element, the resultant matrix element is

the summation of the integrals relevant to each gain element. In such situations,

gain elements should be placed to achieve the highest collective spacial overlap

rather than focusing on getting the maximum overlap for one or few elements.

2. Increasing the pump light–exciton matrix element

Similar to
∣∣∣V l,m

1e,0e

∣∣∣, the matrix element for pump light-exciton interactions is

given by ∣∣V2e,0e∣∣ ∝ ∫
V

ψ∗
2e(r)EL(r)ψ0e(r) dr, (6.3)

where EL(r) is the electric field caused by pump light. This integral value can be

increased by using gain elements with high absorption cross section and having a

high exciton density in the gain medium. Although increasing the pumping inten-

sity would also increase
∣∣V2e,0e∣∣, we do not consider it as an optimization parameter

because that requires raising the input power of the device.

3. Using an optimum spaser mode energy ~ωl

Although Rl ∝ ω2
l , having a very high spaser mode energy might cause an

increase in the threshold gain requiring high pumping power. Spasing would not

occur if the pump power is less than the threshold. Therefore it is required to

determine the spaser mode energy to be at the optimum point of operation.

4. Decreasing the detuning ∆2p

The detunig ∆2p = ~(ω2 − ωp) is the energy difference between the sate

|2⟩ = |1e⟩ |0p⟩ and any degenerate SP state |p⟩ = |0e⟩
∣∣1pl,m⟩. In ideal reso-
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nant coupling ∆2p = 0 which may be difficult to achieve in practice. However, a

slightly high value for ∆2p causes a drastic drop in SP generation rate as shown

in Figs. (3.6) and (5.8). Therefore this detuning should be minimized as much as

possible to obtain a high SP generation rate.

5. Selecting materials with suitable relaxation constants

In addition to these parameters, there is a significant contribution from the re-

laxation rates γ13, γ22, γ33, ξ23, and γp, of the gain medium materials. Gain medium

materials should be chosen such that the SP generation rate is maximized.

6.2.2 Threshold Gain

Spaser should be designed to minimize the required input power for the con-

tinuous operation. This is determined by the threshold gain required by the gain

medium for continuous spasing which is given by Eq. (7.7):

gth =
ωl

c
√
ε2

Imε1(ωl)[
Re
(

ε2
ε2−ε1(ωl)

)]−1

− 1
. (6.4)

where ε1(ωl) and ε2 are the dielectric constants of the resonator and the gain

medium respectively. This quantity mainly depends on the spaser mode energy

~ωl. Figs. 3.7 and 5.9 show how the respective design parameters influences gth

for the analyzed two spaser designs. Threshold gain is found to be exponentially

increasing with the spaser mode energy. Therefore the parameters should be chosen

such that both the SP generation rate and threshold gain are at optimum values.

6.2.3 Resonator Quality Factor

Another characteristic to be optimized is the resonator’s quality (Q) factor.

The Q factor is a measurement of the energy loss with SP oscillations. When

the eigenfrequencies ωl + iγl of a resonator are found by solving the Helmholtz

equation, Q factor of the resonator is given by ωl/2γl for each mode. Although
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nanoscale spaser resonators may not have large Q factors (see Fig. (5.9)) like

microresonators, it is important to design resonators with relatively high Q factor

to sustain SP oscillations for a long time.

6.2.4 Direction of Symmetry Breaking

One advantage of the presented general model in Chapter 2 is that it enables

the designer to manipulate the direction of symmetry braking. It is possible to

populate one SP state with a particular degeneracy. By placing the gain medium

such that
∣∣∣V l,m

1e,0e

∣∣∣ is large for certain m compared to others, the SP field can be

oriented in one direction. This might be helpful in some applications where non-

symmetric field patterns are required.
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Chapter 7

Applications of Spasers

7.1 SP Sources in Nanoplasmonic Devices

Figure 7.1: Speed and critical device dimensions of different technologies [19]

Earlier, nanoplasmonics was only used in the applications such as microscopy

and sensing. However, recently new trends have been emerged of nanoplasmonic

circuitry and devices, as they can potentially overcome the speed and miniatur-

ization barriers of other technologies. Although semiconductor electronics have

shown a great success in past 50 years or so, they experience RC delays limiting
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the processing speed. In contrast, photonics can facilitate high speed process-

ing but the miniaturizing beyond the diffraction limit is constrained. Therefore

nanoplasmonics is the only technology which allows the fabrication of ultra-fast

and ultra-small devices as shown in Fig. 7.1, because SPs can be confined to the

nanoscale [19, 25, 42].

To build circuits, we need active devices which act as sources of carriers, similar

to the transistor in electronics or laser in optics. Spaser is the device that can fulfill

this requirement in nanoplasmonics. As we have shown in Chapter 3 and 5, spasers

may have different designs where their SP generation rate and frequencies can be

controlled by tuning some design parameters and the pumping intensity. Figure 7.2

shows such a proposed rough schematic for a nanoplasmonic circuit where the

spaser nanolasers pump SPs into the circuits which propagate along plasmonic

waveguides. A substrate containing gain elements can be used to compensate

losses, ensuring the SP propagation.

Spaser 

nanolasers

Waveguides 

Gain medium and 

substrate

Figure 7.2: Use of spasers in a nanoplasmonic circuit
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7.1.1 Logic Circuits and Processors

According to Ref. [32], spaser can be used as a bistable amplifier representing

logical ‘0’ and ‘1’. The bit transitions 0 → 1 and 1 → 0 can be controlled by

changing the pumping level. Notably, it has been shown that the transition time is

in the order of femtoseconds, therefore the information processing speed can reach

well above 100 GHz. In these ultrafast nanoplasmonic chips, individual spasers

can communicate with each other through their local optical fields or connected

nanoplasmonic wires Fig. 7.2.

7.2 Qbits in Quantum Computers

Quantum bits are different from the bits used in conventional computing as

they can take more than two states of ‘0’ and ‘1’. Instead, a qbit can be in any of

superposition state α |0⟩+ β |1⟩ where the probability amplitudes |α|2 + |β|2 = 1.

Generally, any quantum system with an observable quantity, which has at least two

discrete eigenvalues, is a suitable candidate for implementing a qubit [135, 136].

Hence, there are many ways of using spasers in quantum computers.

According to the general model discussed in Chapter 2, spaser is a quantum

systems with n linearly independent states. For example, when the mode 2 is the

spaser mode in carbon spaser discussed in Chapter 5, it becomes a system with 5

states (see Fig. 5.4):

|1⟩ = |0e⟩ |0p⟩

|2⟩ = |1e⟩ |0p⟩

|3⟩ = |2e⟩ |0p⟩

|4⟩ = |0e⟩
∣∣1p2,1⟩

|5⟩ = |0e⟩
∣∣1p2,2⟩ .

95



Therefore it is possible to employ this spaser as a qbit with the notation |4⟩ ≡ |0⟩

and |5⟩ ≡ |1⟩. This approach is much similar to the qbits defined with respect to

the polarisation of photons in linear optics quantum computing (LOQC), where

horizontal and vertical polarizations are considered as the states |0⟩ and |1⟩ [137,

138].

e p
(2,1)

e p
(2,2)

Figure 7.3: Utilization of square GNF’s doubly degenerate SP mode l = 1 in a spaser

to implement |0⟩ and |1⟩ qbits

Therefore values of α and β in the superposition states α |0⟩+ β |1⟩ would be

proportional to the interaction matrix elements V 1,1
1e,0e and V

1,2
1e,0e respectively. It is

possible to use two CNTs in both sides of the GNF aligned with two mode shapes.

Then the preferred states can be easily prepared by tuning the pumping strength

for each CNT.

7.2.1 Cavity QED Approach

Another promising way of implementing quantum computers is using cavity

quantum electrodynamics [139, 140]. This approach uses a resonantly coupled

atom and an optical cavity as a qbit. The same concept can be applied for spasers

as well. For a non-degenerate SP mode (e.g. l = 1), it is possible to define

|0⟩ = |2⟩ = |1e⟩ |0p⟩ and |1⟩ = |4⟩ = |0e⟩
∣∣1pl,1⟩ as the qbit states. According to

the Hamiltonian for interactions between SP modes and exciton states given in

96



Eq. (2.8):

He,p = i~glV l,1
1e,0e(b̂

†
l,1 |0e⟩ ⟨1e|+ b̂l,1 |1e⟩ ⟨0e|), (7.1)

and there exist entangled states [139];

|±⟩ = 1√
2
(|0⟩ ± |1⟩), (7.2)

hence possible to construct quantum logic gates [139].

7.3 In Biomedical Applications

Plasmonic nanoparticles are excellent optical energy absorbers and also capable

of concentrate heat energy. Therefore they have been widely used in biosensing

and photothermal cancer therapy research [19, 25, 42, 141]. Spaser resonators too

are plasmonic nanoparticle assisted by a gain medium. Therefore they can perform

better than individual nanoparticles in many situations. For example, a spaser can

sense biological signals much efficiently with amplification and concentrate much

larger heat energy with stimulated emission of SPs.

7.4 Spaser Powered Photothermal Cancer Ther-

apy

Effective cancer therapies are among the most sought after technologies in

biomedical research. Although centuries of oncology research has been able to

deliver somewhat satisfactory chemotherapy and radiotherapy based treatments,

they cause many undesired side effects [142, 143]. This is because both these meth-

ods considerably damage the healthy cells in the patient’s body while destroying

the malignant cancer cells. Therefore, with the advancements of nanotechnologies,

much attention has been drawn on selective destruction of malignant cells while

healthy cells around are kept intact. One of the well known proposal to achieve this
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objective is photothermal cancer therapy, in which the cancer cells are thermally

ablated by electromagnetic radiation [141].

Early proposals of photothermal therapy were mostly focused on local hyper-

thermia generated using a laser or microwave beam as a direct thermal energy

source for cells [144, 145]. However, it has been shown later that metal nanopar-

ticle assisted photothermal therapy can deliver much improved results as they can

efficiently absorb photo-energy from laser radiation and convert them into heat

through surface plasmon resonance (SPR) [17, 141]. In this approach, initially a

large number of metal nanoparticles are delivered into the patient’s body so that

most of them surround the malignant cancer cells. This can be practically achieved

in vivo by binding those nanoparticles with so called ‘targeting agents’;e.g. some

antibodies and peptides [4, 141, 146], or employing a passive targeting mechanism

like enhanced permeability and retention (EPR) effect [79]. Then the locality of

targeted cells can be illuminated with an external laser so that metal nanoparticles

can absorb energy and dissipate heat into the surrounding. This should be done

until a sufficient temperature is achieved to burn these cells.

The proposed nanolaser cancer therapy is an improved version of photothermal

therapy because the targeted cells are sorrounded by spaser nanolasers instead

nanoparticles. In spaser, there is a metal nanoparticle that undergoes SPR, and in

addition, there is a gain medium that amplifies the resonant plasmonic fields in the

nanoparticle. The stimulated emission based field amplification in spasers causes

the build-up of a certain SP mode in the metal nanoparticles. Hence, when spasers

are used in photothermal therapy, this active component can help to multiply the

energy concentration and make the cell destruction more efficient compared to the

conventional approach.

Using the guidelines provided in Chapter 6, these spasers can be designed and

optimized by proper selection of materials and tuning the structural design to suit

in vivo operation. So far, successful demonstrations of conventional photother-

mal therapy have used nanoparticles such as spherical gold nanoshells [141, 147],

98



nanorods [4], graphene [79], and carbon nanotubes (CNTs) [80], as the photon ab-

sorbing elements. Importantly, these nanoparticles have been chosen because their

resonance energies can be tuned within the NIR regime where light shows relatively

less attenuation in biological tissues [141]. Here we opt for graphene and CNTs to

surround cancer cells and operate together as spasers for enhanced cell ablation

with optical pumping is present. This choice is made due to recent experimental

success of much improved photothermal therapy with graphene [79, 148], and our

previous work (Chapter 5) showing that a graphene nanoflake (GNF) in tandem

with a semiconducting CNT can efficiently operate as a spaser. Another advan-

tage of using graphene and CNTs is their favourable thermal properties. Both

these materials are excellent heat conductors and thermally stable even at very

high temperatures over 1000 0C [71], thus the thermal damage of the device is not

possible during the therapy.

Carbon nanotubes

Tumor 

cell

Graphene 

nanoflakes

Figure 7.4: Delivered GNFs and CNTs surround the tumor cells due to targeting

mechanisms and becomes a self-assembled cluster of nanolasers

7.4.1 Spaser Operation Near Cancer Cells

When GNFs and CNTs are successfully delivered to a cancer cell, they can

operate as a self-assembled cluster of spaser nanolasers as shown in Fig. 7.4. Here,
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GNFs behave as plasmonic resonators and receive energy nonradiatively from ex-

cited CNTs in the vicinity. As discussed in Chapter 5, this energy transfer takes

place when the excitons of CNTs are in resonance with one of the SP modes sup-

ported by GNFs. Since these excitons decay with this energy relaxation, CNTs

should be pumped with a suitable energy source to maintain them in excited state.

An advantage of using CNTs is their excitation energies in the NIR regime which

helps minimally attenuated optical pumping for in vivo operation of the spaser

cluster. It is possible to use one of the two NIR windows; 600-950 nm and 1000-

1350 nm wavelength ranges, where the attenuation of the electromagnetic waves

in biological tissues is relatively low. The attenuation can be further minimized

by using optical fibre to deliver the pump photons as close as possible to a tumor

site. When sufficient pump energy is available to achieve population inversion (i.e.

above threshold gain), stimulated emission of SPs (spasing) occurs building up a

large plasmonic field localized on GNFs [28, 149]. Due to high energy concentra-

tion on GNFs, temperature of the surrounding increases thermally ablating the

cancer cells [79, 141].

For a substantial heat dissipation, GNFs should receive energy resonantly at

the SPR wavelength (λSP ) which mainly depends on the GNF shape and the level

of doping. For the case of a square shaped GNF, the case we considered throughout

this thesis for the sake of simplicity, λSP mainly depends on the GNF widthW and

the Fermi level EF possessed due to doping [149]. The wavelength λSP and the

corresponding electric field ÊSP generated on a GNF can be found by solving the

Helmholtz wave equation (∇2+k2)ÊSP = 0 where k is the wave number. Although

the solution gives a series of SP eigenmodes (see Section 4.3.1), for this therapy,

we only take the lowest energy first mode which is usually within the considered

wavelengths and easy to excite [25].

The field intesity of the first SP mode excited on aW wide square shaped GNF

is shown in Fig. 7.5(a). This eigenmode has the form |ÊSP (r)| = ASP sin ( x
W
) sin ( y

W
)

where the amplitude ASP depends on the number of SPs (NSP ) sustained on the
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GNF by the active medium. Within the SP quantization scheme (Eq. (2.2)):∫
V

1

2

∂

∂ω
(ωε(ω)) |ÊSP (r)|2 dr = ~ωSP , (7.3)

amplitude of ÊSP (r) is of the order of 10
7 V/m for one SP on a GNF with considered

dimensions where |ÊSP | ∝
√
NSP . Therefore the plot in Fig. 7.5(a) is normalized

for an arbitrary NSP .
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Figure 7.5: (a) Electric field generated on the GNF resonator, (b) a typical density

of states plot of a semiconducting CNT where two lowest energy excitons E11 and E22

are marked, (c) GNF’s resonant wavelengths depending on the width W and Fermi level

EF, and (d) the dependence of the λ11 and λ22 wavelengths (corresponding energies E11

and E22) on the chirality (n,m) of CNTs

The wavelengths of generated SPs on GNFs (λSP ) and absorption by CNTs

(λPUMP ) should be properly selected to optimize this therapy. First, these wave-
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lengths should be preferably placed within NIR windows. Figure 7.5(c) shows the

placement of λSP for different values ofW and EF . However, the best case scenario

would be selecting pumping wavelength within NIR window 1 (E22 = 1.3 ∼ 2 eV

) and the spasing wavelength within NIR window 2 (E22 = 0.9 ∼ 1.25 eV) so that

the gain medium CNTs can be selected according to Fig. 7.5(d). It is possible to

select a range of CNTs like (8,3), (7,5), (11,3), etc. within the NIR windows of

interest to meet the requirement of spasing. These CNTs also have relative high

absorption cross sections compared to other nanotubes (see Fig. 5.8(b)). When a

CNT is selected, the spasing wavelength is known and the resonant GNF width

could be found according to Fig. 7.5(b) enabling strong interactions between the

resonator and the gain medium.

7.4.2 Efficiency of the Therapy

Let us assume a treatment for a tumor of Vt volume. To treat this cancer, first

we inject targeting agents attached mg(g) dose of GNFs and mcnt(g) dose of CNTs

to deliver Ng number of GNFs and Ncnt number of CNTs to the tumor site. Hence,

Ng ≈ αg
mg ×NA

12× (W 2/1.3× a2)
, (7.4)

Ncnt ≈ αcnt
mcnt ×NA

12× (πdcntL/1.3× a2)
, (7.5)

where αg and αcnt are the targeting efficiencies of functionalized GNFs and CNTs,

NA is the Avogadro constant, a = 0.142 nm is the C-C bond length in graphene,

L is the CNT length, and dcnt ≈ 0.0783
√
n2 + nm+m2 nm is the CNT diameter.

For this therapy we keep Ng : Ncnt ≈ 1 : 1 for formation of the spaser cluster

and W ≈ L considering the optimized performance according to Section. 5.3. In

addition, the density of the resonators and gain elements of the spaser cluster are

given by Ng/Vt and Ncnt/Vt respectively, giving the average resonator–gain element

displacement:

dx =
1

2

(
3Vt

4πNgNcnt

)1/3

(N1/3
g +N

1/3
cnt ), (7.6)
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assuming that the nanoparticles are Poisson distributed. This becomes dx =(
3Vt

4πNg

)1/3
for the case of Ng ≈ Ncnt.

Let us study the case in which (11,3) semiconducting CNTs are used for the

gain medium. Then, the pumping and spasing wavelengths would be 751 nm and

1190 nm (~ωSP=1.05 eV) respectively. This energy would be resonant to a 25 nm

wide GNF with 0.4 eV Fermi level. We assume that the attached targeting agents

do not alter the optical properties of GNFs and CNTs in this theoretical treatment.

Within our general model, availability of many gain elements can be taken through

superposition by each element. Since Ng : Ncnt ≈ 1 : 1, it is reasonable to assume

that the whole effect by the spaser cluster is equivalent to the operation of Ng

average spasers having similar design considered in Chapter 5. In order to sustain

population inversion within the gain medium, pumping should be provided above

the spasing threshold. Threshold gain of a spaser design is given by,[42]

gth =
ωSP

c
√
ε2

Imε1(ωSP )[
Re
(

ε2
ε2−ε1(ωSP )

)]−1

− 1
, (7.7)

where ε1(ωSP ) and ε2 are permittivities of the resonator and gain medium respec-

tively. For above set parameters, threshold gain is 4.5× 104 s−1 and therefore the

threshold pump power turns out to be 0.015W/cm2. Therefore in vivo spasing

takes place when the external NIR laser pumps energy beyond this rate and the

SP field gets largely amplified due to stimulated emission.

Therefore, the kinetics of this spaser cluster can be analysed according to Sec-

tion 5.3 and we prefer CNT length L ≈ W for the optimum SP generation rate

(see Fig. 5.7). Under these conditions, the SP generation rate for the mode 1 can

be derived from Eq. (5.2):

R1 =
ξ23ω

2
SP

2ε2~γ13γ22γ33γp
γ2p

γ22p +∆2
2p

∣∣V2e,0e∣∣2 ∣∣V 1,1
1e,0e

∣∣2 , (7.8)

where the matrix elements V2e,0e and V
1,1
1e,0e are found from the integral in Eq. (2.11).

For the relaxation rate constants we assume conservative values γ13 = γ22 = γ33 =

1010, γp = 1013 and γ2p ≈ 1/2(γ22 + γp) reasonably agreeing with literature [71,
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73, 75, 77]. This allows us to obtain a rough estimation of the efficiency of the

therapy by calculating the electric field generated on GNFs and then estimating

the temperature rise of the surrounding.

Since the objective of this study is to calculate the efficiency of the nanolaser

therapy, we do not focus on the exact scattering and the propagation through

the tissue. Instead, it is assumed that the NIR laser beam is β times attenuated

when a treated cancer cell is reached. We’ll show that, even with high attenuation

values such as β = 10 times, spaser based therapy can efficiently ablate cancer

cells. Therefore in this analysis (and in Figs. 7.6) and (7.7), pump power implies

the power density received at a cancer cell which is much less than the actual laser

power. We also assume that the linewidth of the pump laser is less than 1MHz,

so that the coherence length within biological tissue is high enough, allowing to be

treated as continuous wave pumping for the gain elements.

We use the RF module of COMSOL Multiphysics finite element analysis soft-

ware to calculate the electric fields and its Bioheat transfer module to study the

temperature rise with time. Here, the time dependant temperature T (t) is found

by solving the Pennes bioheat equation [150, 151]:

ρCp
∂T

∂t
+∇.(−k∇T ) = ρbCbωb(Tb − T ) +Qmet +Qext, (7.9)

where ρ, Cp, and k, are the density, specific heat capacity, and thermal conductivity

of the tissue where the cancer is grown, ρb, Cb, Tb and ωb, are the density, specific

heat capacity, temperature, and perfusion rate of blood, and Qmet and Qpump are

the heat generated by metabolism and the NIR pump laser respectively. For this

study, we consider a nanolaser treatment for tumor grown in liver area with the

values:[152–154]

blood density ρb = 1× 103 kg/m3,

specific heat capacity of blood Cb = 3, 639 J/(kg·K),

perfusion rate of blood ωb = 3.6× 10−3 1/s,

temperature of blood Tb = 370C,
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thermal conductivity of liver tissues kp = 0.56W/(m·K),

density of liver tissues ρp = 1.05× 103 kg/m3,

specific heat capacity of liver tissues Cp = 3600 J/(kg·K),

and heat generated due to metabolism Qmet= 33,800W/m3 and

QSP =
1

2
σ(ω)|Elm(r)|2 (7.10)

Figures 7.6 and 7.7 show the simulation results with respect to different pump

powers and nanoparticle dosages. For effective cell ablation, temperature should

be raised over 50 0C [79, 141]. According to Fig. 7.6(a), which plots the tempera-

ture of the tumor after 10 s laser irradiation, 50 0C can be easily reached within

a short period of radiation with power varying from 0.1 to 2 W/cm2 with appro-

priate number of nanoparticles Ng (≈ Ncnt) in the vicinity. In these plots, zero

attenuation of the laser power and 100% targeting efficiency are assumed. This is

because the targeting efficiency and attenuation coefficient highly depend on the

situation. Therefore, the actual power and dosage should be selected according

to the conditional estimations. For example, if the attenuation β is found to be

10 times and the targeting efficiencies αg and αcnt are about 50%, the pump laser

should be 10 times powerful and the dosage should be as double as the values

derived from the plots.

Figure 7.6(b) shows the time taken by tumor cells to reach 60 0C, which is

more than sufficient for thermal ablation, under different conditions. It might

take as long as 250 s for low powers and low nanoparticle (NP) concentrations.

However, with Ng = 1013 NP/cm3 GNFs and CNTs, 60 0C can be achieved with

much low powers such as 0.1 W/cm2 within 50 s. Power requirement gets even

smaller for larger dosages and vice versa. The temperature variation with time

is more clearly illustrated in Fig. 7.7. According to Fig. 7.7(a), which plots the

time dependant temperature for a fixed nanoparticle concentration Ng = 1012

NP/cm3, the rate of the temperature rise rapidly increases with the irradiation

power. This is because the undertaking stimulated emission is getting stronger
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Figure 7.6: (a) The temperature after 10s of NIR laser irradiation and (b) time taken

to reach 600 C for different pump power values and number of nanoparticles reached the

tumor site
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due to the fast excitation of the gain medium. From these plots, it is advisable to

have a nanoparticle concentrations over Ng = 1012 NP/cm3 because the time to

reach 60 0C looks too high for lower irradiation powers. This fact is consolidated

according to Fig. 7.7(b), where slightly higher concentrations show better results.

This is due to the increase of the GNF–CNT coupling efficiency with strong near

field interactions.

Although high concentrations and irradiation powers result in large heat gen-

eration, low values are always preferable for the patient’s health. In this therapy,

when 10 times attenuation and 50% targeting efficiency are assumed, injection of

2 × 1013 NP/cm3 GNFs and CNTs (total 4 × 1013 NP/cm3) and irradiating with

1 W/cm2 NIR for 40 s can elevate the tumor’s temperature to 60 0C. This is a

considerable improvement compared to the recently obtained best results for con-

ventional photothermal therapy in Ref. [79], where a 2 W/cm2 laser is used with

about 1015 nanoparticles delivered to the tumor site raising its temperature over

50 0C. This significant improvement is achieved because the stimulated emission

of SPs is the underlying mechanism of this therapy. As the theory of spaser and

experimental verifications suggest, spasers can generate much larger SP fields com-

pared to SP generation by direct light illumination [18, 42]. Therefore, proposed

spaser powered nanolaser cancer therapy can show much better results compared

to conventional photothermal therapy.
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Chapter 8

Conclusions and Suggestions for

Future Work

8.1 Conclusions

The spaser (or nanolaser), which is the nanoplasmonic counterpart of the laser,

enables the generation and amplification of coherent SPs by means of stimulated

emission. A typical spaser consists of a plasmonic resonator which supports SP

modes and an externally pumped gain medium which amplifies these SP modes.

Spasing occurs as a result of non-radiative resonant energy transfer from the gain

medium to a particular SP mode called ‘spaser mode’ via exciton relaxation. This

research has been conducted with the objectives of studying the engineering aspects

of the spaser, particulary the models for design optimization, new designs with

unique characteristics, design guidelines, and the potential applications of spasers.

First, we developed a general quantum mechanical model for spaser considering

the degeneracy of SP modes to identify the important parameters in design and

optimization. This model describes the spaser as a composite quantum system

with n−states when the spaser mode is (n− 3) times degenerate. The performed

density matrix analysis on this system led to obtain an expression for the SP

generation rate of a spaser. This analysis also revealed that a spaser design can
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be optimized for improved output characteristics by tuning certain material and

geometrical parameters.

Then we studied a simple spaser design in which a spherical gold-silica core-

shell resonator is powered by an optically pumped QD gain element. The spherical

resonator supports a series of SP modes denoted by l which are 2l+1 times degen-

erate. Hence the total system consists of n = 2l+4 states and it becomes n = 6 for

the dipole mode. The geometrical parameters such as core radius, shell thickness,

QD radius, and the QD placement, were found directly influencing the resonator–

gain medium interactions. Therefore, the optimum output characteristics such as

the spaser mode energy, SP generation rate, threshold gain, resonator quality fac-

tor, and direction of symmetry braking can be achieved by proper tuning of these

parameters. The other important parameters are the pumping intensity and the

decay constants of the spaser materials.

Suitable materials for a plasmonic resonator are silver, gold, and graphene,

and the gain medium may consists of QDs, QWs, dyes, rare earth irons, or CNTs.

However, most proposed spaser designs have used only few of these such as sil-

ver, gold, and QD/QWs. Nonetheless, graphene possesses much better plasmonic

properties compared to gold or silver, whilst CNTs are phenomenal in absorption

and photoluminescence. In addition, the devices made of them offer excellent tun-

ability, robustness, flexibility, and thermal stability characteristics. Therefore, we

have proposed a new all-carbon spaser design where a square shaped GNF res-

onator powered by a CNT gain element. Degeneracy levels of GNF SP modes are

much different from the spherical resonator. The quantum systems having n = 4

states for the non-degenerate first mode and n = 5 states for the doubly degen-

erate second mode have been analysed according to the developed general model.

The identified tuning parameters are the width and Fermi level of the GNF, CNT

length, and relative placement of them.

According to our results for both these designs and the developed model, the

operational characteristics of any spaser highly depend on its design. Therefore we
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attempted to obtain clear design guidelines to meet the requirements and optimized

the design. These guidelines include identifying the crucial parameters, designing

the resonator, choosing the appropriate gain medium and pumping mechanism,

and relative placement of the components.

From the engineering perspective, potential applications are equally impor-

tant as the models, designs, and optimization guidelines, for spaser nanolasers. It

has already been shown that they can be used to construct ultra-fast and ultra-

small logic devices with nanoplasmonic circuits. Further, we have proposed more

application scenarios in quantum computing and biomedical engineering. Espe-

cially, we have proposed a new ‘nanolaser cancer therapy’ where a large number of

nanolasers selectively destroy cancer cells by thermal ablation. These nanolasers

are self-assembled of separately injected GNFs and CNTs which are attached with

targeting agents. The proposed therapy has shown improved efficiency compared

to the conventional photothermal cancer therapy.

The idea of the spaser was proposed in 2003 [28] and experimentally demon-

strated in 2009 [18]. It has been identified as the potential device that can take

Moore’s law beyond 2020 with improving the processing speed. Our effort by

this research is to discuss it in terms of models for design optimization, unique

designs, and new applications of spasers, catalysing its progress and seeing real

world applications in near future.

8.2 Suggestions for Future Work

The work presented in this thesis can be extended in many pathways. First,

we assumed that there is no interaction between gain elements in the context of

multiple gain elements. For this reason our analysis is based on the resonator’s

interaction with one gain element, so that the total result can be obtained by the

superposition of the influence of individual elements. However, this might not be

100% accurate in some situations. Therefore the proposed general model can be im-
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proved for the spasers with multiple gain elements with the presence of interactions

between them. Secondly, although CW pumping is assumed in all our analyses,

pulsed pumping methods might be useful in some applications. Hence, extending

our model for pulsed operation may make it even more beneficial. Thirdly, factors

affecting the decay rates of the materials were not considered. Sometimes they were

kept constant or conservative values were assumed while giving priority to major

tuning parameters. However, these constants also contributes to the output char-

acteristics and may be tuned by controlling some factors such as temperature or

chemical means. Another factor to be considered is the possibility of electric-field-

induced florescence quenching in the gain medium. Although this might slightly

reduce the expected SP generation rate of a spaser, the effect will be minimal as

spasing is a nonradiative phenomena [155, 156]. However, the consideration of

florescence quenching can further improve the developed general model. Therefore

extending the model with these additional information may provide more flexibility

in design optimization.

Finally, much more work can be done on the proposed applications. In the per-

formance analysis done on the cancer therapy, the growth factor of tumors, change

of dielectric factors with cell death, change of optical properties of the nanopar-

ticles due to attaching targeting agents, and the moving nature of nanoparticles

were not considered. Therefore much precise estimations can be obtained incorpo-

rating these facts. For other applications of nanoplasmonic circuits and quantum

computers, we have just highlighted the possible use case scenarios and a proper

analysis is yet to be done. A detailed work may help to get an idea on device

function, processing speed, and methods of realization.
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Abbreviations

CNT Carbon Nanotube

CW Continuous Wave

DOS Density of States

e–h pair electron–hole pair

GNF Graphene Nanoflake

IR Infrared

Laser Light Amplification by Stimulated Emission of Radiation

LSP Localized Surface Plasmons

LOQC Linear Optics Quantum Computing

LSP Localized Surface Plasmon Resonanace

MIR Mid Infrared

NIR Near Infrared

NP Nanoparticle

QD Quantum Dot

QED Quantum Electrodynamics

QW Quantum Well

SP Surface Plasmon

Spaser Surface Plasmon Amplification by Stimulater Emission of Radiation

SPP Surface Plasmon Polaritons

SPR Surface Plasmon Resonance

TLS Two Level System
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Appendix: Numerical Methods

133



A.1. Deriving SP Modes

A.1.1 Spherical geometry

As the first step towards obtaining the electric field and the SP mode ener-

gies numerically he Helmholtz equation [84, 125]:

∇2E+ k2E = 0 (A.1)

where k = ω
√
ε/c is analytically solved.

For spherical symmetry, this can be solved using Debye potentials φ = u, v which

satisfies the equation,

∇2φ+ k2φ = 0 (A.2)

u and v can be derived as,

ulpmp = cos ϕ P
mp

lp
(cos θ) zlp(kr)

vlpmp = sin ϕ P
mp

lp
(cos θ) zlp(kr)

where, P
mp

lp
are associated Legendre polynomials and zlp(kr) is the radial depen-

dance of the electric field which equals to spherical Bessel functions, jlp(kr),ylp(kr)

and hlp(kr) in different zones.

It can be shown that, the vectors Mlpmp and Nlpmp :

Mlpmp = ∇× (vlpr) and Nlpmp = (1/k)∇×∇× (ulpr) (A.3)

satisfy Eq.(A.1) when ulpmp and vlpmp satisfy Eq.(A.2) [84, 157].

However the localized surface plasmon modes of the spherical shell can be

considered as only Transverse Magnetic (TM) where the electric field is radial.

Hence we do not consider the TE modes and only the Nlpmp component for the

electric field is taken into the account. In the TM mode, respective magnetic field

is in the form of Mlpmp .
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Here we have the notation Nlpmp = N
(1)
lpmp

,N
(2)
lpmp

,N
(3)
lpmp

when the radial depen-

dence in ulpmp , zlp(kr) = jlp(kr), ylp(kr), hlp(kr) respectively.

Therefore, the solution for the electric field has the form,

E(r, t) =
∞∑

lp=1

lp∑
mp=−lp

Elpmp(r) e
jωt

where Elpmp is proportional to Nlpmp .Hence, field in the metal core (region 1),

dielectric shell (region 2) and outer space (region 3), Elpmp(1),Elpmp(2) and Elpmp(3)

can be given as,

Elpmp(1) = dlpmpN
(1)
lpmp

(A.4)

Elpmp(2) = glpmpN
(1)
lpmp

+ wlpN
(2)
lpmp

(A.5)

Elpmp(3) = alpmpN
(3)
lpmp

(A.6)

alp , dlp , glp , wlp are coefficients derived from the boundary conditions,


0 q1 q2 q3

0 s1 s2 s3

k1 0 k2 k3

m1 0 m2 m3




alp

dlp

glp

wlp

 =


0

0

0

0


Ax = 0 (A.7)

Here,

q1 =
√
ϵ2ψ

′
lp
(kmR1), q2 = −√

ϵ1ψ
′
lp
(kdR1), q3 =

√
ϵ1χ

′
lp
(kdR1),

s1 = −ψlp(kmR1), s2 = ψlp(kdR1), s3 = −χlp(kdR1),

k1 =
√
ϵ2ξ

′
lp
(k0R2), k2 = −ψ′

lp
(kdR2), k3 = χ′

lp
(kdR2),

m1 = ξlp(k0R2), m2 = −ψlp(kdR2), m3 = χlp(kdR2)

where we use the notation of Reccati-Bessel functions ψlp(x) = xjlp(x) , ξlp(x) =

xh
(1)
lp
(x) and χlp(x) = −xylp(x) and km ,kd and k0 are wavenumbers in metal,

dielectric and free space respectively.
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To have a non-trivial solution for Eq. (A.7), the condition is

|A| = 0. (A.8)

The expanded determinant becomes,

m1 [s1(k3q2 − k2q3)− q1(k3s2 − k2s3)] (8.1)

= k1 [s1(m3q2 −m2q3)− q1(m3s2 −m2s3)] .

This is the condition for the lpth mode surface plasmon resonance. This relation is

solved numerically in order to find the SP energies. This is done using MATLAB

software by finding the roots of

F (ωlp) = m1 [s1(k3q2 − k2q3)− q1(k3s2 − k2s3)]

−k1 [s1(m3q2 −m2q3)− q1(m3s2 −m2s3)] = 0

when R1,R2 are given.

A.1.2 GNF square geometry

GNF is assumed to have a finite thickness of t = 0.5 nm for finite element

analysis, which is standard approach to numerical modeling of graphene.[73, 116,

120]. Then the three dimensional conductivity of the GNF (Graphene nanoflake)

is given by,[120]

σ3D(ω) =
e2EF

π~2
i2kBT

t(ω + iτ−1)
ln

[
2 cosh

(
EF

2kBT

)]
The SP mode energies are found by eigenfrequency analysis of the Helmholtz

equation using the COMSOL Multiphysics software.

A.2. SP Quantization

The SPs are quantized according to:∫
V

1

2

∂

∂ω
(ωε(ω)) |Elm(r)|2 dr = ~ωl, (A.9)
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(a)

(b)

Figure A.1: (a) The mesh degenerated for the finite element analysis of a 50 nm wide

GNF and (b) the generated electric field plot

where Elm(r) is the field generated by one SP. In both the cases of spherical and

square geometries, the solution of the Helmholtz equation gives this in the form:

Elm(r) = AlmNlm(r)

where Nlm(r) is a known function and Alm is a normalization constant found by

Alm =
~ωl∫

V
1
2

∂
∂ω

(ωε(ω)) |Elm(r)|2 dr
, (A.10)
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A.3. Interaction Matrix Elements

According to Eqs.(2.13) and (2.11), the interaction matrix elements are given

by,

V l,m
f,i =

√
2P

Eg

∫
V

ψ∗
f (r)Elm(r)ψi(r) dr. (A.11)

This integral is numerically calculated using MATLAB software for all the cases.

A.4. SP Generation Rate

According to Eq. (2.16), the SP generation rate of a spaser can be given by,

Rl =
ξ23ω

2
l

2ε2~γ13γ22γ33γp
γ2p

γ22p +∆2
2p

∣∣V2e,0e∣∣2 n∑
j=4

∣∣∣V l,j−3
1e,0e

∣∣∣2 . (A.12)

Since the interaction matrix elements are evaluated from Eq. (A.11), this quan-

tity is a direct calculation with the relevant decay constants assumed in different

sections.

A.5. Calculation of temperature rise of cancer

cells

The resultant electric field build up on GNF due to total SP generation is

substituted as a heat source:

QSP =
1

2
σ3D(ω)|Elm(r)|2
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for tissue in COMSOL bioheat transfer module to numerically solve the Pennes

bioheat equation:

ρpCp
∂T

∂t
+∇.(−kp∇T ) = ρbCbωb(Tb − T ) +Qmet +QSP .

In this case also graphene is assumed to have a finite thickness of 0.5 nm within

the finite element analysis.
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