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Abstract 
 

In most of the multiphase operations in the fluidized beds, the properties of the particles, i.e. 

size, density, and shape can differ from each other either from the beginning of the operations or 

they may change during the process because of attrition, coalescence or chemical reactions. The 

differences in particles properties can result in segregation or mixing phenomena in fluidized 

beds. Segregation is a popular phenomenon for granular materials and can be observed in various 

particulate systems due to the property differences. In this thesis, two types of segregation 

phenomenon were chosen to investigate. The first one is called layer inversion phenomenon and 

the second one is segregation under influence of particles shape.  

In terms of layer inversion phenomenon, even though substantial studies have been 

conducted, limited efforts are made to explain the segregation mechanisms behind this peculiar 

phenomenon. Therefore, there is a need to elucidate the fundamentals for the occurrence of layer 

inversion. In principle, the motion of particles is governed by forces acting on them, including 

particle-particle, particle-wall, and particle-fluid interaction forces. Thus, the layer inversion must 

be controlled by these interactions, and quantifying these interaction forces is crucial to reveal the 

segregation mechanism. Unfortunately, these interaction forces are difficult to measure 

experimentally. This difficulty, however, can be overcome by the combination of Computational 

Fluid Dynamics and Discrete Element Method (CFD-DEM). Therefore, the aim of the first part 

of the thesis was to use this approach to address what causes layer inversion and provide a 

thorough explanation of this phenomenon. The force analysis revealed that the particle-fluid 

interaction force is responsible for the occurrence of the layer inversion phenomenon. The 

particle-fluid force value on the large particle is greater than the particle-fluid force on small 
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particle at low velocity, hence the large particles are observed at the top of the bed at low liquid 

velocity. With increasing the liquid velocity, the particle-fluid force on large particle decreases 

and at the same time the particle-fluid force on the small particles increase until they intersect 

each other at the inversion velocity. Therefore, small and large particles receive same amount of 

particle-fluid force, and there is not any driving force to segregate the particles, resulting in well 

mixing condition in the bed. On the other hand, at higher velocity the particle-fluid force on the 

small particles is bigger than that of large particles and this leads to observing small particles at 

the top of the bed and large particles at the bottom section. Furthermore, the comparison of 

different drag force correlations revealed that Di Felice (1994) drag model failed to predict the 

inversion phenomenon while Rong et al. (2014) drag model predicted the inversion velocity with 

the best accuracy. In regards to the effects of different parameters on the inversion velocity, it 

was found that with increasing the particles size ratio, particles density ratio, and liquid velocity 

the inversion phenomenon happens at higher liquid velocity; however, with increasing the liquid 

density and liquid temperature the inversion velocity decreases. Finally, a mathematical model 

was proposed to predict the inversion velocity. The new mathematical model predicted the 

inversion velocity with average error of 14% which is consistent with the best available model in 

the literature. On the other hand, the maximum error of the new model is just 34% while the 

maximum error of other models is at least 150%. Therefore, in this regard it can be noted that the 

new model is more reliable in term of the range of prediction of the inversion velocity. 

In the second part of the thesis, the particles shape effects on fluidized beds behaviour and 

also on the mixing/segregation phenomenon was studied. In spite of substantial studies on the 

hydrodynamics of liquid fluidized beds of spherical particles, the effects of particles shape on the 

solid-liquid flow behaviour are still less reported and the answers to some fundamental questions 
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such as how and why particle shape affects flow phenomena are not clear, and hence still poorly 

understood. In the simulations, ellipsoidal particles were used as they can represent a wide range 

of particle shapes from oblate to prolate particles. It was observed that particles shape 

significantly affects the solid flow behaviour in liquid fluidizations of mono-sized particles. The 

spherical particles exhibited highest minimum fluidization velocity while the oblate and prolate 

particles had less minimum fluidization velocity. A uniform pressure gradient distribution was 

observed for spherical particles confirming their uniform expansion in the bed while changing the 

particles shape from spherical to oblate or prolate ones distorted the pressure gradient distribution. 

For the oblate and prolate particles, a maximum pressure gradient happened somewhere between 

the bottom and middle of the bed. Force analysis as well as particles orientation and terminal 

velocity analysis revealed that the changes of particle orientations is responsible for the 

entrainment phenomenon. 

A modified drag force correlations was proposed for the mixtures of polydisperse systems of 

non-spherical particles. There has been no such a drag model so far. The modified drag force 

provides more consistent results with experiments than the drag model developed based on 

mono-sized particles. The analysis of mixtures of spheres and ellipsoids in gas fluidized beds 

showed that the minimum fluidization velocity of spheres decreases when a second component in 

the shape of oblate or prolate particles are introduced into the spheres. Adding ellipsoids to 

spheres causes segregation phenomenon, and it reduces the mixing index. The reason behind the 

bad quality of mixing under influence of particles aspect ratio was found to be the effects of 

particles aspect ratio on the particle-fluid interaction force. On the other hand, according to 

analysis of mixtures of spheres and ellipsoids it was found that particles shape clearly affects the 

mixing and segregation phenomenon in liquid fluidized beds.  Increase in liquid superficial 
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velocity results in decreasing the mixing index. Nonetheless, for the mixtures of spheres and 

oblate particles, the mixing index remains constant after specific liquid velocity. The reason 

behind the segregation due to particle shape effect was found to be the role of the particles shape 

on the amount of the drag force that a particle receives when particle shape varies. The oblate and 

prolate particle have larger projected area compared to spherical particles and this leads to 

receiving larger drag force than that of spherical and hence a driving force is created and 

segregation happens.   
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 Introduction Chapter 1
 

Fluidization is the phenomenon that all particles are fluidized/suspended in the bed. In 

industries, fluidization is carried out in Fluidized Bed Reactors. The main advantage of fluidized 

beds is that when the fluids pass through the particles, particles are vigorously agitated. This 

results in no temperature gradients in the bed even in the situation with highly exothermic or 

endothermic reactions. The fluid-like flow of particles provides handling of solids easy. In 

addition, the circulating of particles between two fluidized bed reactors provides a possible 

condition to transport or import heat out or into the large reactors. The application of fluidized 

beds in various industries such as chemical, food, mining, petroleum, and energy industries have 

increased in the past decades. The fluidizations are also used in the polymerization of olefins, 

drying of starch and combustion of coal (Kunii and Levenspiel, 1991). Other applications of 

fluidized beds are particle classifications, backwashing of down-flow granular filters, in situ 

fluidized washing of soils, crystal growth, leaching and washing, adsorption and ion exchange, 

flocculation, electrolysis, and liquid-fluidized bed heat exchangers (Epstein, 2002). 

In most of the multiphase operations in the fluidized beds, the properties of the particles, i.e. 

size, density, and shape can differ from each other either from the beginning of the operations or 

they may change during the process because of attrition, coalescence or chemical reactions. The 

differences in particles properties can result in segregation or mixing phenomena in liquid 

fluidized beds. Segregation is a popular phenomenon for granular materials and can be observed 

in various particulate systems due to the property differences and/or other characteristics such as 

surface roughness, resilience, and electrostatic properties (Caulkin et al., 2010; Lozano et al., 
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2015; Ottino and Khakhar, 2000). Segregation can significantly affect the quality of 

manufactured products, but it can also be used to separate materials. It represents a challenging 

research area in granular research, and more research is required to understand this phenomenon. 

Therefore, the chief aim of the thesis is to investigate two types of segregation occurring in 

the fluidized beds using a combination of Computational Fluid Dynamics (CFD) and Discrete 

Element Method (DEM). The first segregation phenomenon is layer inversion phenomenon in 

solid-liquid fluidized beds, and another one is a segregation under influence of particles shape.  

In the first part of the thesis, the layer inversion phenomenon in liquid fluidisations is 

comprehensively studied. In the layer inversion, the fluidization system contains a binary mixture 

of particles in which small particles are denser than large particles. At low liquid velocities, the 

two species form distinct layers with the smaller and denser particles at the bottom while the 

larger and lighter particles at the top. At high liquid velocities, however, the two layers are 

inverted. Smaller particles move to the top, and larger particles are located at the bottom. This 

peculiar phenomenon, as shown in Figure  1-1, plays an important role in fluidized bed solid 

classifiers or biological reactors (Di Renzo et al., 2011). Substantial studies have revealed that the 

inversion velocity depends on many variables such as mixture compositions, size/density ratio, 

and fluid properties (Escudié et al., 2006b). Some investigators (Epstein and LeClair, 1985; 

Hancock, 1936) assumed that for a specific binary, the inversion velocity did not depend on the 

overall compositions of the two species. However, Moritomi et al. (1982) experimentally found 

that the layer inversion can be achieved by not only varying liquid superficial velocity but also 

changing proportions of a binary mixture in a constant velocity. These observations have made a 

clear picture of layer inversion for later investigators (Gibilaro et al., 1986; Jean and Fan, 1986). 
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More than 20 models have been proposed in the literature to predict the layer inversion 

phenomenon behaviour in liquid-solid fluidized beds (for example, Epstein, 2005; Gibilaro et al., 

1986; Patwardhan and Tien, 1985; Funamizu and Takakuwa, 1995; Moritomi et al., 1986; Jean 

and Fan, 1986; Gibilaro et al., 1986).  

 

Figure  1-1. A picture of layer inversion phenomenon (Escudié et al., 2006b). 

  

Despite a large number of experimental investigations on layer inversion in liquid fluidized 

beds, only a few researchers have put their efforts to numerically study this phenomenon. 

Generally speaking, there are two approaches to model liquid fluidized beds: continuum approach 

(e.g. so-called Eulerian-Eulerian approach or two-fluid model (A. Howley and J. Glasser, 2002; 

Reddy and Joshi, 2009; Syamlal and O'Brien, 1988)) and discrete approach (e.g. so-called 

Lagrangian-Eulerian or discrete element method (Di Renzo et al., 2011; Malone et al., 2007; 

Mukherjee and Mishra, 2007; Vivacqua et al., 2012; Zhou and Yu, 2009)). Particularly, as 

discrete approach such as CFD-DEM can provide some fundamental concepts of the flow at a 

particle scale, it has been verified as one of the most effective approaches to study the 
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fundamental behaviour of particle-fluid systems (Zhu et al., 2007, 2008). Such an approach has 

been used by some investigators to study layer inversion phenomenon (for example, Di Renzo et 

al., 2011; Mukherjee and Mishra, 2007; Vivacqua et al., 2012; Zhou and Yu, 2009; Malone et al., 

2007). 

Even though substantial studies have been conducted, limited efforts are made to explain the 

segregation mechanisms behind this peculiar phenomenon. Therefore, there is a need to elucidate 

the fundamentals for the occurrence of layer inversion. In principle, the motion of particles is 

governed by forces acting on them, including particle-particle, particle-wall, and particle-fluid 

interaction forces (Zhu et al., 2007 and 2008). Thus, the layer inversion must be controlled by 

these interactions, and quantifying these interaction forces is crucial to reveal the segregation 

mechanism. Unfortunately, these interaction forces are difficult to measure experimentally. This 

difficulty, however, can be overcome by the CFD-DEM. Therefore, the aim of this part of the 

project is to use this approach to address what causes layer inversion and provide a thorough 

explanation of this phenomenon. Different drag models have also been compared to examine 

their applicability in generating layer inversion phenomenon. In addition, parametric studies are 

conducted to figure out the impacts of particle and liquid properties on the inversion velocity. 

Finally, a mathematical model based on force balance criterion is proposed to predict the 

inversion velocity. 

In the second part of the thesis, the effect of particles shape on the hydrodynamics and 

segregation/mixing phenomenon in fluidized beds, particularly in liquid fluidizations, are 

investigated. To gain an understanding of liquid fluidisation behaviour, most studies, either 

experimentally or numerically, have focused on solid flow behaviour with mono-sized particles 

or mixtures with different particle sizes or densities. Mono-sized spherical particles make 
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homogenous fluidized beds (Johnson, 1949; Wilhelm and Kwauk, 1948), and the bed expansion 

can be described by Richardson and Zaki (1954) correlation. Apart from homogenous/particulate 

flow regimes, other flow regimes such as wavy (Didwania and Homsy, 1981), 

aggregative/turbulent (Didwania and Homsy, 1981; Wilhelm and Kwauk, 1948, slugging Lettieri 

et al., 2006), and bubbly (Didwania and Homsy, 1981) regimes can also be observed in liquid 

fluidized beds. Moreover, introducing a second or third component with a different size or 

density causes more complicated flow structures. Extensive efforts have been made in this 

direction to understand the principles of liquid fluidized beds of multicomponent mixtures of 

spherical particles (Di Felice, 1995; Didwania and Homsy, 1981; Escudié et al., 2006b; Gibilaro 

et al., 1986; Moritomi et al., 1982; Van Duijn and Rietema, 1982). As a result, various models 

have been proposed to quantify the solid-liquid fluidized bed characteristics (Asif, 2004; Escudié 

et al., 2006b; Moritomi et al., 1982). 

In spite of substantial studies on the hydrodynamics of liquid fluidized beds, the effects of 

particles shape on the solid-liquid flow behaviour are still less reported. Except for two physical 

experiments (Barghi et al., 2003; Escudié et al., 2006a), the previous studies considered particles 

as spheres, and few studies have been remarked on liquid fluidization of non-spherical particles. 

However, particles are generally irregular in most of processes (Escudié et al., 2006a) such as ore 

beneficiations using liquid-solid fluidized beds separator (Tripathy et al., 2017). The observations 

show that particle shape can cause different flow behaviour in liquid fluidizations rather than that 

observed for ideal spherical particles. However, the answers to some fundamental questions such 

as how and why particle shape affects flow phenomena are not clear, and hence still poorly 

understood. Therefore, firstly, CFD-DEM is used to examine the effects of particle shape on the 

flow characteristics in liquid fluidizations of mono-sized particles. Then, the effects of particles 

shape on the segregation and mixing phenomenon in binary mixtures of both gas-fluidized beds 
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and liquid fluidized beds are studied. So far, only limited studies are conducted to use CFD-DEM 

approach for the mixing behaviour of multi-component mixtures of non-spherical particles in 

fluidized beds. One main reason is that a proper drag force model for a multi-component mixture 

of non-spherical particles is still not available. Many drag models, so far, have been proposed for 

a binary mixture of spherical particles and systems with mono-sized non-spherical particles. 

However, these drag models are not recommended to be used for mixtures of non-spherical 

particles. This fact was also highlighted by Vollmari et al. (2017) who found noticeable 

differences between experimental and numerical predictions of mixing index for spheres and 

elongated cuboids mixtures as well as spheres and plates. They attributed such discrepancies to 

the lack of drag force model for polydispersity systems of spherical and non-spherical particles.  

Therefore, in the thesis, an effort is made to propose a drag force model, which considers 

different shapes in multi-component mixtures, by the combination of Rong et al. (2014), Hölzer 

and Sommerfeld (2008), and Rong et al. (2015) drag model. The mixing indices predicted by the 

new drag model and a mono-sized drag force model are compared with experimental data 

obtained in gas-fluidized beds. Then the new modified drag model is employed to study the 

segregation/mixing phenomenon under influence of particles shape in gas-solid fluidized beds 

and liquid-solid fluidized beds. 

Therefore, this thesis is organised into seven chapters; the overview of each chapter is 

summarized below. 

Chapter 1 (Introduction) contains a complete introduction of the thesis including a brief 

background for the motivation of this thesis, the research aims and an outline of the thesis 

structure. 
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Chapter 2 (Literature Review) provides a comprehensive literature survey on the following 

areas: layer inversion phenomenon in liquid fluidizations, particles shape effects on the 

hydrodynamics of mono-sized fluidized beds, the mixing and segregation under influence of 

particles shape. 

Chapter 3 demonstrates a comprehensive analysis of layer inversion phenomenon in liquid 

fluidized beds using CFD-DEM model.  

Chapter 4 studies solids flow characteristics in liquid fluidizations of mono-sized ellipsoidal 

particles in order to study the effects of particles shape on the hydrodynamics of fluidized beds of 

mono-sized systems. 

Chapter 5 introduces a modified drag model which is applicable to multicomponent systems 

of non-spherical particles. The new modified drag correlation is validated with experimental data 

from gas-fluidized beds, then the mixing/segregation phenomenon in gas fluidized beds is 

investigated.  

In Chapter 6, the particles shape effects on the mixing characteristics of binary mixtures in 

liquid fluidizations are studied.  

Chapter 7 summarizes the major findings of this thesis, and recommendations are presented 

for the future work. 
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 Literature review Chapter 2

 Overview  2.1

 This thesis focuses on a peculiar segregation/mixing phenomenon occurring in solid-liquid 

fluidized beds so called the layer inversion and the particles shape effects on the behaviours of 

fluidized beds, particularly the segregation and mixing phenomenon under influence of particles 

shape. Literature available on these subjects will be discussed here, followed by the thesis 

objectives.  

 Layer Inversion Phenomenon 2.2

2.2.1 Introduction 

Solid-liquid fluidized beds have been employed in industries since the 16th century when 

Agricola (1556) separated solids with different sizes (Di Felice, 1995). Thereafter, the 

applications of liquid fluidizations have been increased in many areas such as particle 

classification, backwashing of granular filters, crystal growth, leaching and washing, adsorption 

and ion exchange, electrowinning, self-cleaning heat exchangers, and bioreactors due to high-

efficient liquid-solid contact, favourable mass and heat transfer, high operation flexibilities, and 

reduced back mixing of phases (Epstein, 2005). Particle classifications in liquid fluidizations can 

be occurred by size, density or shape. Particles with the same shape and different size or density 

make the stratified bed with larger or denser particles at the bottom and smaller or less dense ones 

at the top. Depending on the difference between the particle size or density, two layers might be 

separated sharply or make mixing zones at the interface. The mixing zones can be along the 

whole bed regarding the composition of the binary (Di Felice, 1995).  On the other hand, when 
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particles in a binary mixture differ in both size and density, the mixing and segregation patterns 

in the bed get complicated.  

Liquid fluidization of a specific binary mixture differing in both size and density causes an 

interesting phenomenon. When a binary mixture with specific characteristics in which smaller 

particles are denser than the larger ones is fluidized, at low velocities the smaller denser particles 

are observed in the bottom of bed while the larger ones stay at the top of the bed. However, at 

high velocities these two separated layers are inverted. This phenomenon, as shown in Figure  2-1, 

is called the layer inversion. Velocity at which two species are uniformly distributed in the bed 

and above which the inversion of layers occurs is named the inversion velocity. In other words, in 

velocities lower or larger than inversion velocity, two layers are observed while at the inversion 

velocity two species are homogeneously mixed throughout the whole bed. This peculiar 

phenomenon plays an important role in fluidized bed solid classifiers or biological reactors (Di 

Renzo et al., 2011). 

 

Figure  2-1. A descriptive demonstration of the layer inversion phenomenon (Escudié et al., 
2006b). 
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In terms of particle classification or particle sorting operation, when large particles are 

denser it is expected to observe the large particles at the bottom of the operating bed at a wide 

range of fluidization velocity. However, for the specific mixture, as mentioned above that small 

particles are denser than large particles, large and small particles can be observed at the bottom or 

top or mixed along the bed depending on the liquid superficial velocity; top bed rich in large 

particles at low velocity and small particles rich in the bottom at high velocity. Therefore, the 

ignorance and unawareness of this inversion can result in unexpected separation, and knowing 

about this phenomenon helps the bed column operator to select the appropriate velocity for 

separation or mixing purposes. On the other hand, from the mixing point of view, the inversion 

point is the optimum operating condition. For example, if it is required to increase the heat 

transfer rate in a bed with chemically active particle species 1, one option can be adding species 2 

with chemically inert properties. Therefore, one can find a species 2 with a specific characteristic 

which meets the criteria for inversion layer and then chooses a velocity around the inversion 

point velocity as an operating condition that the bed shows perfectly mixing behaviour. This 

indeed results in extending the surface of species 1 and increasing the heat transfer coefficient.    

The previous works on the study of layer inversion can be classified into two groups: 

experimental works and physical models, and numerical simulations. Here, these two groups are 

discussed. 

2.2.2 Experimental Works and Physical Models  

From the first time that the layer inversion was observed by Hancock (Hancock, 1936) to the 

late of twenty century almost no investigations had been carried out in this area.  However, since 

early 80th of the twenty century, this peculiar phenomenon has come to the centre of investigators’ 

attention either experimentally or numerically. A simplified picture of layer inversion (Epstein 
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and LeClair, 1985) was based on elementary stability considerations, which states the species 

with a higher bulk density of monocomponent bed settle to the bottom.  Therefore, the inversion 

velocity is readily determined when the bulk densities of two monocomponent beds are equal, as 

displayed in Figure  2-2. This ideal and simplified model describes two distinct layers at low and 

high velocities and a mixed bed at inversion velocity as shown in Figure  2-3. Thus it predicts 

sudden inversion of layer at a velocity which leads to inverting two layers. This description of the 

phenomenon also does not consider the volume fraction of each component as an effective factor 

on the inversion point.   

 

Figure  2-2. Variations of the bulk density of small and large particles with liquid superficial 
velocity (Epstein and LeClair, 1985). 

However, the experiments of Moritomi et al. (1982) made a more realistic picture of 

inversion phenomenon. In their work, the effects of particle size ratio and mixture compositions 

on layer inversion were systematically investigated in liquid fluidized beds. They found that the 

intersection point of bulk densities of each monocomponent may not give the correct inversion 

velocity. For example,  the bulk density of pure beds of 100 g of glass beads with average 

diameter of 163 µm and 30 g and 50 g of hallow char with average diameter of 775 µm were 
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calculated based on the bulk density equations proposed, which is given as: (1 )b f pρ ερ ε ρ= + − ; 

where bρ  is the bulk density of monocomponent bed, ε is the void fraction of the bed, 
fρ is the 

density of fluid, and 
pρ  is the density of particle. These bulk density variations with liquid 

velocity are presented in Figure  2-4. As it can be seen from this figure, the bulk density of 30 g 

and 50 g of hallow char are similar as the bed bulk density of hollow char does not depend on its 

weight. As a result, a mixture of 30 g hollow char and 100 g activated carbon and a mixture of 50 

g hollow char and 100 g activated carbon give only one intersection. Moritomi et al. (1982), 

therefore,  concluded that for binaries with different compositions, the bulk density variations 

with liquid density is the same, so the bulk density concept is not an appropriate model to predict 

the inversion point. Furthermore, it was found that the lower part of two layers consisted of both 

components with a composition that was independent of overall bed composition and solely 

depended on the liquid velocity. Therefore, five flow patterns were encountered as the liquid 

superficial velocity was increased (as illustrated in Figure  2-1). It was observed that small 

particles in the mixture expand with the liquid velocity in the same manner as its 

monocomponent bed while the height of the top layer of large particles increases till inversion 

velocity and then starts to decrease. They kept both particles types weights constant to study the 

effect of size ratios. The inversion velocity decreased with increasing large particles diameter for 

a constant small particles diameter. The inversion velocity, however, increased with increasing 

small particles diameter for a constant large particles diameter. In terms of the effect of binary 

compositions on inversion phenomenon, it was found that loading more large particles to the 

constant amount small particles caused an increase in inversion velocity. Nonetheless, the layer 

inversion always occurred when two bulk density curves of monocomponent beds intersected.  
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Figure  2-3. A simplified picture of the layer inversion phenomenon (Gibilaro et al., 1986). 

 

 

Figure  2-4. Change of bulk density of monocomponent bed with liquid velocity (Moritomi et al., 
1982).  

 



Chapter 2 Literature Review 

 
14 

The more realistic picture of the layer invasion created by Moritomi et al. (1982) was later 

confirmed by many investigators (Gibilaro et al., 1986; Jean and Fan, 1986; Matsuura and 

Akehata, 1985). Van Duijn and Rietema (1982) employed the momentum equations of a two-

phase flow to develop criteria based on the concept of bulk density in order to calculate the 

inversion velocity. They found that the inversion velocity is only dependent on the solid and 

liquid properties, which is actually in contrary to the observations of Moritomi et al. (1982).  

Epstein et al. (1985) proposed a model based on bulk density concept to study the layer 

inversion. In their model, they assumed that segregation degree of a binary mixture depends on 

the difference between the bulk densities of two components when each species is fluidized 

separately at the same given liquid superficial velocity. They used the criteria that at the inversion 

point the bulk densities of the two species beds are the same to determine the inversion velocity 

and corresponding void fraction. The correlation of Richardson-Zaki (Richardson and Zaki, 1954) 

was employed to calculate the void fraction of each monocomponent beds since the void fraction 

of each species was required to calculate the bed bulk densities. The predicted inversion 

velocities were in satisfactory agreement with experiments for some binaries; however, the 

significant differences were also observed. That was attributed to assuming identical Richardson-

Zaki indices for the two species. The necessary and sufficient conditions were also proposed 

based on their model for the occurrence of solids layer inversion which is given as:

1 2 1mf c cε ε ε< < < ; where 
mfε is minimum fluidization porosity, ciε is voidage of species i at the 

critical(inversion) velocity. In this model, the properties of liquid and solids are only considered, 

so the model does not explain the effect of the binary compositions on the predicting of the 

inversion point. In addition, this model is also constrained to the assumption that two particles 

have the identical flow regimes which might not be always right.   
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A model based on settling velocity of each component, which uses a concept of apparent 

porosity to take into account the particle-particle interaction, was developed (Patwardhan and 

Tien, 1985) to predict the inversion velocity of binary mixtures. They modified the particle 

settling velocity correlation proposed by Masliyah (1979) in the way that they replaced the 

particle diameter with the average particle diameter. The authors then assumed the criterion that 

at the inversion point, large and small particles have the same settling velocity to calculate the 

inversion point. This model showed reasonable agreements with sedimentation observations, but 

poor agreements with the data of fluidizations were observed. Their model also did not consider 

the fact that the bed compositions affect the inversion velocity.  

 

Figure  2-5. Solid concentration relationships for the system water/zirconia/copper (Gibilaro et al., 
1986). 

The effective voidage model was applied to a binary mixture in liquid fluidized beds to 

interpret the layer inversion phenomenon (Bhattacharya and Dutta, 2002). They also employed 

the concept of settling velocity to predict the inversion velocity similar to the work of 

Patwardhan and Tien (1985) with this difference that they assumed the average diameters of 

neighbouring particles, calculated from the Sauter mean diameter, and the test particle had its 
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own size. The model reliability was verified by comparing the model prediction with 19 

inversion velocities measured in experiments, and overall, a good agreement was found. 

Gibilaro et al. (1986) proposed complete segregation model to predict the bed expansion 

characteristics of a binary mixture. They equated a pressure drop constraint relationship by 

equalling the pressure drop calculated from modified Ergun equation (Foscolo and Gibilaro, 1984; 

Gibilaro et al., 1985) and the pressure drop from bed weight at a given liquid superficial velocity. 

Therefore, the solution of this equation for a liquid velocity gave the all possible concentration 

pairs which could exist at the mixed layer (an example is illustrated in Figure  2-5). They assumed 

that the mixed layer composition corresponded to the pair that made the maximum bulk density 

(as shown in Figure  2-6), and the velocity in which the composition of the pair equalled to the 

overall bed composition was considered as the inversion velocity. They also treated the mixed 

layer as a mono-component bed with specifying an average diameter. Their model made good 

agreements with experimental measurements. However, as displayed in Figure  2-7, the authors 

found that the model was suffering from predicting a sharp fall in height of mixed zones after 

inversion point, which that was smoother in experiments. They attributed the discrepancies to 

ignoring the random mixing effects of particles in the model, which this effect could result in 

mixing between two layers.  
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Figure  2-6. Bulk density evaluations for the illustrative example of Figure  2-5 (Gibilaro et al., 
1985). 

 

 

Figure  2-7. a comparison between Gibilaro et al. (1986)  model and experiments (Gibilaro et al., 
1986).  

Epstein (2005) modified the complete segregation model of Gibilaro et al. (1986) by 

adopting the bed expansion equation as a combination of Di Felice (1994) and Schiller and 

Naumann (1933) model correlations. Jean and Fan (1986) carried out Experimental studies to 
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characterize the occurrence of layer inversion phenomenon. A new criterion based on "particle 

segregation velocity" was proposed to determine the inversion velocity. Using all experimental 

data from their work, Moritomi et al. (1982), and Matsuura and Akehata (1985) works, it was 

found that the model predicted the inversion velocity within about 3% error based on 

experimental bed voidage, and 19% error based on voidage calculated from the serial model. 

They also developed criteria to determine if the layer inversion will occur for a given set of the 

binary particle. According to their criteria, the layer inversion occurs if and only if: 

2 1b bρ ρ>  at    { }0 1 2max ,p mf mfU U U U= ≤                                                                                     ( 2-1) 

 

and  

1 2e eU U>                                                                                                                                       ( 2-2) 

where biρ is the bulk density of the particle i , 0U is liquid superficial velocity, 
mfiU is the 

minimum fluidization velocity of the component i , and  eiU is an extrapolated velocity in the 0U

vs. iε  plot as the bed voidage approaches 1. 

Moritomi et al. (1986) developed a model based on applying force balance for each 

component and using unit cell model for defining the voidage function to calculate the drag force 

on a particle in a mixed layer. The presented unit cell model fairly predicted the monocomponent 

bed expansion, but almost failed to predict the voidage and mixing index for the case of 

uniformly mixed bed.   

A model based on force balance relationships of each particle was also developed by 

Funamizu and Takakuwa (1995) to obtain the volume fraction of each species in the mixed layer 

of liquid fluidization of binary mixtures beyond the laminar flow. In the model, they introduced a 



Chapter 2 Literature Review 

 
19 

new description of drag force coupled with Richardson-Zaki correlation which resulted in the 

calculation of the mixed layer compositions. The velocity at which the mixed layer composition 

equalled to the overall bed composition was assumed to be the inversion velocity. As discussed 

by the authors, the application of the model far away the inversion point might lead some 

discrepancies in the results due to the random mixing effects of particles, which causes the 

mixing of particles between two layers. Another issue raised in this work about the application of 

the model was that despite the fact that the model could predict the volume fractions of the mixed 

layer and the monocomponent layer, the order and thickness of the layer were not predictable by 

the model. 

Generally speaking, more than 20 models have been proposed in the literature to predict the 

layer inversion phenomenon behaviour, particularly the inversion velocity. Escudié et al. (2006) 

compared these models using available experimental data. It was found that there were 

uncertainties in their comparisons because, in some experiments, the temperature had not been 

reported or specified exactly. Nonetheless, the best model calculated the inversion phenomenon 

properties within ±14% errors.  

Regarding the review in the area of study of layer inversion phenomenon done by Escudié et 

al. (2006), most of the experimental research had been applied in a small column. So, there was a 

need to study large beds since the scale up to large liquid fluidized beds had already not been 

explored. To reach this aim, some researchers have provided some experimental data in large 

liquid fluidized bed ( 210 mm semi-cylindrical column(Chun et al., 2011) and 190mm cylindrical 

column (Vivacqua et al., 2012)). Chun et al. (2011) observed the inversion phenomenon by 

increasing the liquid velocity as described, as shown in Figure  2-8. They found that introducing a 

gas co-currently with the liquid causes inversion velocity to decrease. Vivacqua et al. (2012) 
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concluded decreasing the temperature enhanced mainly the expansion behaviour of the smaller 

particles, and this can play an important role in intensifying the segregation of the two species. 

Layer inversion phenomenon in gas-liquid fluidized beds was also studied experimentally by Rim 

et al. (2013, 2014). The authors found that in gas-liquid co-current upflow, the superficial liquid 

velocity at the layer inversion point decreases as the superficial gas velocity increases. Recently, 

Tripathy et al. (2017) conducted experiments to study the iron ore and quartz misplacement in a 

liquid fluidized bed separator. They performed qualitative and quantitative evaluations of the 

particles misplacement. It was observed that there was a critical mean particle size ratio that 

inversion started and misplacement was highest; and the particle misplacement increased with the 

increase of operating superficial velocity, static bed height and overflow height.  

 

Figure  2-8. Snapshots showing bed inversion in liquid fluidized bed for PB:GB volume ratio 
0.54:0.46 with increasing superficial liquid velocity: (a)18.2mm/s, (b)28.1mm/s, (c) slightly 
greater than 33.1mm/s, (d) 38.2mm/s, (e) 43.1mm/s. Inversion was observed at 33.1 mm/s (Chun 
et al., 2011). 

2.2.3 Numerical Simulations 

Despite a large number of experimental investigations on layer inversion in liquid fluidized 

beds, only a few researchers have put their efforts to numerically study this phenomenon. 
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Generally speaking, there are two approaches to model liquid fluidized beds: continuum approach 

(e.g. so-called Eulerian-Eulerian approach or two-fluid model (A. Howley and J. Glasser, 2002; 

Reddy and Joshi, 2009; Syamlal and O'Brien, 1988)) and discrete approach (e.g. so-called 

Lagrangian-Eulerian or discrete element method (Di Renzo et al., 2011; Malone et al., 2007; 

Mukherjee and Mishra, 2007; Vivacqua et al., 2012; Zhou and Yu, 2009)). Particularly, as 

discrete approach such as CFD-DEM can provide some fundamental concepts of the flow at a 

particle scale, it has been verified as one of the most effective approaches to study the 

fundamental behaviour of particle-fluid systems (Zhu et al., 2007, 2008). Such an approach has 

been used by some investigators to study layer inversion phenomenon (for example, Di Renzo et 

al., 2011; Mukherjee and Mishra, 2007; Vivacqua et al., 2012; Zhou and Yu, 2009; Malone et al., 

2007). 

Mukherjee and Mishra (2007) combined DEM approach with a simplified fluid model to 

investigate the layer inversion, but they just qualitatively observed this phenomenon. Zhou and 

Yu (2009) used the combined CFD-DEM approach to reproduce the layer inversion behaviour. 

They applied a method to adapt the monodisperse drag force model (Di Felice, 1994) for the 

binary mixtures. They qualitatively reproduced the phenomenon, as shown in Figure  2-9, with 

good agreement with experiments. Malone et al. (2007) also combined CFD and DEM to figure 

out the parameters that affect the layer inversion phenomenon, but no comparison with 

experimental data was performed. They compared their simulations results with some models 

from literature and concluded that the discrepancies should be further investigated in the future.  

Di Renzo et al. (2011) utilized a new drag force model which was developed for polydisperse 

systems (Cello et al., 2010), and found that the comparison between experimental data from 

literature and their simulation results were satisfactory. Experimental and numerical studies were 

also conducted by Vivacqua et al. (2012) to analyse the factors such as temperature, bed aspect 
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ratio on inversion phenomenon in a binary liquid fluidized bed. The results were found in a 

reasonable agreement with experimental measurements. 

 

 

Figure  2-9. Snapshots of flow patterns in liquid fluidization for different liquid superficial 
velocities (Zhou and Yu, 2009). 

 

 Particle shape effects on the Mixing and Segregation Phenomenon 2.3

2.3.1 Introduction 

Particles are mostly non-spherical in nature and engineering practices. A picture of diverse 

applications of non-spherical particles in different areas is presented in Figure  2-10. It is reported 

(Zhong et al., 2016)  that at least 70 % of the raw materials are in non-spherical shapes in various 

industries such as pharmaceutics (Freireich et al., 2011, Freireich et al., 2015), agriculture (Ren et 

al., 2012; Shao et al., 2014), energy (Abbaspour-Fard, 2004; Kruggel-Emden et al., 2012), 
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mining (Adema et al., 2010; Peacey, 1979), environment (Paterson et al., 2004), and geological 

engineering (Knuth et al., 2012). A better understanding of the non-spherical particulate system 

behaviours improves the design and control of industrial processes. However, these behaviours 

are more complicated than spherical particles in many processes such as packing (Hidalgo et al., 

2009), compaction (Delaney et al., 2015), conveying (Njobuenwu and Fairweather, 2015), or 

fluidization (Zhou et al., 2011). In this project, the main focus is on the effects of particles shape 

in fluidized beds. In this project, gas-solid fluidized beds and liquid-solids fluidized beds are 

studied. Therefore, the literature survey on this topic will be presented here; but first, some 

background on the non-spherical definitions are given.  

 

 

Figure  2-10. Various non-spherical particulate systems in nature and industry (Zhong et al., 2016). 
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2.3.2 Non-Spherical Particles Description 

Generally speaking, non-spherical particles can be classified into regular (e.g., ellipsoids, 

cones, disks; see Figure  2-11) and irregular (non-symmetric rough surfaces) shaped particles. In 

this work, ellipsoidal particles are used as they can represent a wide range of particle shapes from 

oblate to prolate particles. The aspect ratio and the sphericity are considered as the most common 

shape factors to describe ellipsoids shape (Pourghahramani and Forssberg, 2005).  

 

 

Figure  2-11. Various particle shapes with different aspect ratio (Yovanovich et al., 1995). 

 

The aspect ratio is a factor that depends on the orientation. Spherical particles exhibit the 

aspect ratio of 1 regardless of the orientation while particles with other shapes can have aspect 

ratio smaller or larger than one. The high and low values of aspect ratio represent an irregularity 
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of a particle shape. For the regular ellipsoid shaped particles shown in Figure  2-12, the aspect 

ratio is defined as (Loth, 2008): 

bAR
a

=                                                                                                                                  ( 2-3) 

where b and a are the parallel and normal diameters, which, respectively, correspond to the 

semi-minor and semi major axis lengths. When AR =1, the geometry becomes sphere. Ellipsoidal 

are categorized as oblate ( AR <1) and prolate ( AR >1) shapes. Oblate particles become a circular 

disk when 0AR → , and for the prolate particles, the shape approach to a needle shape when 

AR →∞ .  The effective diameter ( d ) of an ellipsoid is given as: 

1 2
3 3d aAR bAR

−
= =                                                                                                                     ( 2-4) 

Another shape descriptor of ellipsoidal is sphericity. Sphericity is combination of geometric 

shape and surface smoothness. The Wadell sphericity is defined as:  

 s

r

S
S

φ
∆

=
∆

                                                                                                                                    

( 2-5) 

where sS∆ is the surface area of a spherical particle with the same volume as the real particle 

and rS∆  is the surface of the real particle. It is believed that a sphere will have a sphericity value 

of 1 if the surface asperities are negligible; however, a sphere with detectable surface asperities 

and particles of any other shapes could also have sphericity values greater than one. Particles of 

the same geometric shape but different surface smoothness will have different sphericity values 

and particles with the same surface smoothness but different geometric shape will also possess 

different sphericity values (Gan, 2015).  
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Figure  2-12. Schematic of (a) prolate (b>a) and (b) oblate (b<a) ellipsoidal particles (picture from 
Gan, 2015) 

 

2.3.3 The Role of Particles Shape on Fluidizations 

As it was mentioned above, since the effects of particles shape on fluidizations are the main 

aim of this part of the project, the literature survey on gas-solid fluidized beds and solid-liquid 

fluidized beds are presented as follows. Note that the particles shape influence on the fluidized 

beds are categorized into experiential works and numerical simulations.  

2.3.3.1 Particle Shape Effects in Gas-Solid Fluidized Beds 

2.3.3.1.1 Experimental works 

As it is found that the particles shape is an important factor on the fluidization systems, some 

experimental works have been performed to discover the effects of particle shape on fluidizations. 

Liu and Lister (1991) conducted experiments to study the effects of particle shape on the 

minimum spouting velocity and fountain height in a spouted fluidized bed. They used thirteen 

different particles shapes, as displayed in Figure  2-13. They concluded that the predicted fountain 
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heights were much lower than the experimental values when the particle shape factor was ignored. 

Liu et al. (2008) investigated the characteristics of fluidized beds of non-spherical particles with 

eight different morphologies. They observed that non-spherical particles exhibit a smaller 

minimum fluidization velocity than spherical particles. As the sphericity decreased, the minimum 

fluidization velocity also decreased. This resulted in poorer fluidizing quality in terms of pressure 

drop, minimum fluidization velocity, etc. A relationship between the minimum fluidization 

velocity of non-spherical particles and that of spherical particles was found and presented in 

Figure  2-14. Overall, they concluded that particle morphology has an obvious effect on fluidizing 

quality. 

 

Figure  2-13. Photographs of the seed particles used (Liu and Litster, 1991).  
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Figure  2-14. /mf mf sphU U − of plate-like particles vs. Zingg factor (Liu et al., 2008). 

 

Shao et al. (2013) carried out experiments to characterize the solid waste fluidized bed 

containing non-spherical particles. Silica sand was selected as a fluidization medium and four 

different particles, as displayed in Figure  2-15, as simulative solid waste. They reported that the 

pressure drop curve as a function of fluid velocity was clearly fluctuant and it always 

underestimated the minimum fluidization velocity when the fluid velocity was increased; while 

the pressure drop curve for decreasing the fluid velocity was smooth and the minimum 

fluidization velocity was more reliable. The static bed height was found to have to influence on 

the minimum fluidization velocity, whereas the minimum fluidization velocity increased with the 

increase of the volume fraction of irregular particles. They also developed a correlation to predict 

the minimum fluidization velocity of any particle system from a single kind of particle system to 

the multi-component irregular particle mixtures.  
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Figure  2-15. Physical properties of irregular particles used in Shao et al., 2013. 

Some investigators also addressed the importance of particle shape on the macroscopic 

behaviour of fluidizations such as pressure drop (Allen et al., 2013; Eisfeld and Schnitzlein, 2001; 

Nemec and Levec, 2005; Rangel et al., 2001; Singh et al., 2006). They proposed various 

correlation to predict the pressure drop of beds containing non-spherical particles. For example, 

Dolejs and Machac (1995) proposed a new method for calculating the pressure drop of 

Newtonian fluid flow through  

 

Figure  2-16. Pressure drop versus superficial gas velocity in the bed (Shao et al., 2013). 
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fixed beds of spherical and non-spherical particles. Ozahi et al. (2008) planned an experimental 

study to figure out the applicability of the well-known Ergun correlation on the prediction of 

pressure drop for beds containing non-spherical particles. In the experiments, two different 

shapes of cylindrical particles were used. The results showed that the well-known Ergun 

correlation could predict the pressure drop with 20%±  error. However, they modified the Ergun 

equation so that the new correlation predicted the pressure drop of non-spherical materials with

4%± . 

Allen et al. (2013) compared their own measured pressure drops from experiments with 

those from the Ergun equations for non-spherical particles and found that the Ergun equation 

should not be used to calculate the pressure drop of packed beds of non-spherical particles and it 

could over predict the pressure drop by as much as 100%. They also observed that recent 

correlations calculate the pressure drop of non-spherical particles different from the measured 

values. They recommended that in order to propose a correlation to calculate pressure drop of a 

packed bed of irregular particles, a sample of the particles with given packing arrangement must 

be used. Vollmari et al. (2016) examined the pressure drop of 13 different shape particles, shown 

in  

Table  2-1, in a fluidized bed. They employed Particle Tracking Velocimetry (PTV) 

technique to detect particles and determine their orientations and heights. Channels at low 

superficial velocities were observed for a particle with a low sphericity; which resulted in lower 

pressure drops because all particles were not suspended. It was observed that equidimensional 

particles like cubes and ideal cylinder can accumulate in the corners of the fluidized beds. 

Particles orientations were found to have a great effect on the pressure drop and the difference 

between pressure drops of same height beds was attributed to the orientation of the particles. In 
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addition, elongated particles intended to become vertically oriented with increasing the 

superficial velocities. Other investigators (Ku and Lin, 2008; Zhang et al., 2005) also observed 

such a phenomenon. 

Table  2-1. Particle properties used in Vollmari et al., 2016. 

 

Recently, Shao et al. (2016) extended their previous work (Shao et al., 2013) to the study of 

mixing behaviour of binary and multi-component mixtures of particles in waste fluidized beds. In 

this work, they selected 9 types of non-spherical particles to present solid wastes and used silica 

sand as fluidization medium. They formed binaries by mixing silica sand and one kind of non-

spherical particles and multi-component by mixing silica sand and two or more types of non-

spherical particles. For the analysis, they described the mixing quality with a self-defined mixing 

index M and they also investigated the flow patterns using a fluidization number N which is 

defined as the ratio of gas superficial velocity to the minimum fluidization velocity. It was found 

that for a specific binary mixture, a stable mixing state was reached when the fluidization number 
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was greater than 1 (N>1), and the mixing time t > 12 s (see Figure  2-17). The authors found the 

good mixing condition when the density of non-spherical particles is similar to that of 

fluidization medium in the binary of multi-component mixtures. 

 

Figure  2-17. Mixing behaviour of wood pelletW1 at different superficial gas velocities (Shao et 
al., 2016). 

 

Most recently, Vollmari et al. (2017) conducted experiments to study the mixing processes in 

mono- and disperse system under influence of particle shape. They examined the mixing quality 

of four different shaped particles types in a laboratory scale gas-fluidized beds. By analysing the 

results using the Lacy mixing index (Lacey, 1954), they found that adding plate shape particles to 

a mixture generally increase the mixing rates. This was attributed to the role of particles 

orientation. The fastest monodisperse was observed for pates followed by cubes and elongated 

cuboids while the slowest mixing rate was achieved for spherical particles. In addition, 

surprisingly, the mixing of disperse systems was found to be slower than those of monodisperse 

ones.   
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2.3.3.1.2 Numerical Simulations 

Generally speaking, there are two approaches to model fluidized beds: continuum approach 

(e.g., so-called Eulerian-Eulerian approach or two-fluid model (Anderson and Jackson, 1967; 

Enwald et al., 1996; Gidaspow, 1994)) and discrete approach (e.g., so-called Lagrangian-Eulerian 

or discrete element method (Feng and Yu, 2004; Hoomans et al., 1996; Kafui et al., 2002)). Note 

that continuum approaches are more desirable in terms of computing time, they have been 

reported to be less accurate in prediction of mixing and segregation process (Fan and Fox, 2008; 

Sun et al., 2009) and even in generating of basic flow characteristics (Pirker et al., 2010). 

Alternatively, discrete approach such as the combination of Computational Fluid Dynamics (CFD) 

and Discrete Element Method (DEM) (CFD-DEM) has been widely employed to study the 

fundamental behavior of granular materials (Rong and Zhan, 2010; Zhu et al., 2007, 2008), and 

fluidized beds of spherical particles (Beetstra et al., 2007; Munjiza et al., 2011; Rong and Zhan, 

2010; Di Renzo et al., 2008; Feng et al., 2004; Feng and Yu, 2007; Norouzi et al., 2011; Olaofe et 

al., 2014). For example, Olaofe et al. (2014) investigated the mixing and segregation 

phenomenon of disperse systems of spherical glass beads with the same density and different size. 

It was found that the CFD-DEM model with appropriate drag model for polydispersity systems 

was able to successfully predict the mixing quality observed in experiments, and it was 

concluded that the role of drag force in the prediction of hydrodynamics of particles in gas-

fluidized beds is important. Di Renzo et al. (2008) utilized CFD-DEM simulation data to propose 

a model for the mixing process. In their work, they changed particles density ratio and the excess 

velocity and kept other parameters including particles size constant to develop a mixing map 

which was claimed to be extensible to a more complex system with different size and density. 

Feng and Yu (2004) observed that good mixing of spherical particles of different size occurred at 

high gas velocities, while at lower velocities segregation took place. More comprehensive review 
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of the application of CFD-DEM on the study of fluidized beds was given by Zhu et al. (2007, 

2008). However, all of those studies focused on the simulations of the spherical particles while 

non-spherical particles can be found in various parts of industries such as refuse-derived fuel and 

biomass (Wiinikka and Gebart, 2005), drying applications (Perré, 2010), food processing 

(Kozanoglu et al., 2002), and bulk solid handling (Qian and Yan, 2012). Therefore, in recent 

years, researchers put their efforts to consider complexly shaped particles in the simulations.  

Zhong et al. (2009) were the first investigators who employed CFD-DEM model to simulate 

the flow of cylinder-shaped particles in a gas-solid fluidized. A cylinder-shaped particle was 

approximated by clustered spheres. In the model, Tran Cong et al. (2004) drag model was 

implemented. They found that simulated flow patterns and pressure drops at different superficial 

gas velocities were in good agreement with the experimental results from a visual fluidized bed 

(see Figure  2-18). However, this approach might not be recommended for dense flows as the 

effects of the void fraction were not appropriately considered (Vollmari et al., 2016). Hilton et al. 

(2010) used a drag force model (Hölzer and Sommerfeld, 2008) that considers the particles shape 

and orientation to study gas fluidizations of non-spherical particles, e.g., cuboid and ellipsoid (see  

Table  2-2 ), by CFD-DEM model. They claimed that particles shape had significant effects 

on the fluidized beds dynamics. The non-spherical particles exhibited greater pressure gradients 

than spherical ones (Figure  2-19) and the traditional Ergun equation could not predict the 

pressure drop of the beds comprising of non-spherical particles. On the other hand, non-spherical 

particles reduced the fluidization velocities in comparison to the case of spherical particles. 
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Figure  2-18. Comparison of simulated flow patterns with experiments at different superficial gas 
velocity: (a) Uf  = 0.5 m/s, (b) Uf  = 1.0 m/s, (c) Uf  = 1.5 m/s, and (d) Uf  = 2.0 m/s (Zhong et al., 
2009). 

 

Table  2-2. Size and shapes of particles used in Hilton et al., 2010. 

 

Zhou et al. (2011) developed a CFD-DEM model for ellipsoid particles to investigate the 

effects of particles shape in gas-fluidized beds. Their model presented a good consistency with 

experiments in terms of particle flow pattern (Figure  2-20). It was found that particle shape 

significantly affects bed permeability and the minimum fluidization velocity. The minimum 
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fluidization velocity decreased with decreasing in aspect ratio from 1.0 to 0.25, while for aspect ratio 

larger than one, the minimum fluidization velocity decreased first, and then it increased (Figure  2-21).  

 

Figure  2-19. Non-dimensionalised friction factor against Reynolds number for 4 and 8 mm 
volume equivalent diameter particles. Lift-off pressures are shown by the dotted diagonal lines. 

Post-fluidisation the average friction factor follows this line, as expected. The Ergun curve, 
shown as a solid black line, shows excellent agreement with our spherical simulations (Hilton et 

al., 2010). 

 

 

Figure  2-20. Comparison of snapshots of solid flow patterns observed in the experiments (the top 
figures) and CFD–DEM simulations (the bottom figures) when the gas superficial velocity is 3.0 
m/s (Zhou et al., 2011). 
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Figure  2-21. Effect of aspect ratio on the minimum fluidization velocity (Figure  2-21). 

Ren et al. (2012) simulated corn shaped particle using clustered particles. They found that 

spherical particles mix more evenly and faster than corn-shaped particles. Oschmann et al. (2014) 

observed that mixtures of spheres and complex shaped with same equivalent volume displayed 

some segregations, which were attributed to variations of cross-sectional area and consequently 

different particle-fluid forces. Vollmari et al. (2017) investigated the mixing quality of mixtures 

with four different shapes both experimentally and numerically. The mixing speed and quality 

predicted by CFD-DEM coupled model were generally found in good agreement with their 

experiments for various mixtures. However, as it was discussed by the authors, there were found 

some significant discrepancies between the mixing index predicted by CFD-DEM and that of 

experiments for the mixtures of spheres and elongated cuboids as well as spheres and plates 

(Figure  2-21). They attributed such discrepancies to the lack of drag force model for 

polydispersity systems of spherical and non-spherical particles. 
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Figure  2-22. Experimental (left column) and numerical results (right column) for mixtures of 
7mm spheres as the bottom component and 7mm spheres (a-b), 5mm× 6mm× 6mmcubes (cd), 4 
mm × 4 mm × 11 mm elongated cuboids (e-f) or 2 mm × 9 mm × 10 mm plates (g-h) as the top 
component (Vollmari et al., 2017). 

 

2.3.3.2 Particle Shape Effects in Liquid-Solid Fluidized Beds 

Contrary to the relatively extensive works on the study of particles shape effects in gas-solid 

fluidized beds, up to now, only two experimental research (Barghi et al., 2003; Escudié et al., 

2006a) have been carried out to examine the particles shape in liquid-solid fluidized beds, and no 
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simulations has been performed in this area. Barghi et al. (2003) observed that cylindrical 

particles with the length/diameter ratio L/D = 1 were mixed well with spherical particles, but 

elongated cylindrical particles with L/D = 2 segregated from spherical particles. Escudié et al. 

(2006a) carried out experiments in water-fluidized binary mixtures of Teflon spheres, discs, and 

rods. All the particles in the experiments had the same volume and density. In monocomponent 

systems, they observed that pressure gradients variations of spherical particles with height are 

uniform while for discs and rods, the pressure gradient exhibited a maximum in a specific height 

(Figure  2-23). They also found that that differences in particles shape can result in 

segregation/mixing phenomenon in binary mixtures of particles with same volume and density, 

and serial model (Epstein et al., 1981) was able to predict bed expansions for binary and ternary 

mixtures of different particles shapes. 

 

Figure  2-23. Dynamic pressure gradient profiles for the three particle shapes: (a) Spheres, U = 
0.316m/s, (b) discs, U = 0.251m/s, (c) rods, U = 0.316m/s (Escudié et al., 2006a). 

 Computational Modleing of Fluidized Beds 2.4

There are two general approaches to model particle-fluid systems: Continuum (Eulerian-

Eulerian) and Discrete (Lagrangian-Eulerian) approaches. In the continuum approach (i.e., Two-
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Fluid Model), the particle flow is considered as a fluid with specific properties such as density 

and viscosity, which are described by some closure equations. Therefore, this approach depends 

on some constitutive equations that determine the momentum exchange between particles. Many 

efforts have been made to define appropriate constitutive or closure equations, but there is not 

any general continuum theory valid to any flow. On the other hand, in the discrete approach (i.e., 

CFD-DEM) each particle is tracked and the equation of motion is considered for any individual 

particle, so there is no need to constitute or closure equations. 

TFM, which employs a Eulerian approach for both particles and fluid phases, is mostly 

applied on process modeling and various particulate systems (Chang and Zhou, 2003; Lan et al., 

2009; Gan et al., 2011). The fluid and the solid phases are considered as interacting continua. 

Continuity and locally averaged Navier-Stokes momentum equations are written for each phase, 

and interphase interaction is accounted through appropriate correlations in momentum equations. 

This approach requires constitutive equations for the solid phase to relate the solids stress tensor 

to the velocity field. The interphase interaction terms typically involve empirical relationships for 

drag, heat transfer and other exchanges.  

Without no generation or destruction within the phases, the continuity equations for the fluid 

phase and particle phase are given as: 

fluid phase: 

𝜕�𝜌𝑓𝜀𝑓�
𝜕𝜕

+ 𝛻. �𝜌𝑓𝜀𝑓𝑢𝑓� = 0 
          ( 2-6) 

particle phase: 

𝜕�𝜌𝑝𝜀𝑝�
𝜕𝜕

+ 𝛻. �𝜌𝑝𝜀𝑝𝑣𝑝� = 0 
          ( 2-7) 

 
The volume fractions are related as: 
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𝜀𝑝 + 𝜀𝑓 = 1              ( 2-8) 

 

where: 

𝜀 = volume fraction 𝜌 = density 
 

𝑢 = fluid velocity vector  𝑣 = particle velocity vector 
 

and subscripts 𝑓 and 𝑝 stand for fluid and particle, respectively. 

The momentum equations for the fluid and the particle phases are written as: 

Momentum conservation: 

fluid phase: 

𝜕�𝜌𝑓𝜀𝑓𝑢𝑓�
𝜕𝜕

+ 𝛻. �𝜌𝑓𝜀𝑓𝑢𝑓𝑢𝑓� = −𝜀𝑓𝛻𝑝 − 𝐹𝑝𝑓 + 𝛻. 𝜏𝑓 + 𝜌𝑓𝜀𝑓𝑔 
    ( 2-9) 

particle phase: 

𝜕�𝜌𝑝𝜀𝑝𝑣𝑝�
𝜕𝜕

+ 𝛻. �𝜌𝑝𝜀𝑝𝑣𝑝𝑣𝑝� = −𝜀𝑝𝛻𝑝 − 𝛻𝑝𝑝 + 𝐹𝑝𝑓 + 𝛻. 𝜏𝑝 + 𝜌𝑝𝜀𝑝𝑔 
 

                
( 2-10) 

  where: 

In the recent years, the continuum approach in the study of liquid fluidized beds has been 

employed much more than the discrete approach because it needs less computational time, but it 

is also less accurate than discrete approach. In other words, continuum model sometimes would 

not be able to predict the particle flows satisfactorily due to some assumptions made in this 

approach for particle flows such as considering the particle phase as a continuum media, and 

∇. τi = Viscous force ρ𝑖ε𝑖g = Gravitational force 

εp∇p  = Static pressure force ∇pp = Solid pressure force 

Fpf = Interphase force  
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definitions of non-realistic parameters such as particles viscosity and pressure. However, discrete 

approach such as discrete element model (DEM) provides some fundamental concepts of the flow 

helping better understanding of underlying mechanisms in granular flows. 

The particle-particle, particles-wall, and particle-fluid interactions determine the 

macroscopic behaviour of particle-fluid flow. Therefore, having a deep understanding of these 

particle scale interaction forces results in evolving better approaches for process control.  In the 

recent years, the rapid development of computers with high computational power along with 

better understanding of the physical mechanisms in particle scale has led to developing several 

discrete modeling techniques including the Discrete Element Model (DEM) (Zhou, 2007). 

Discrete Element Model approach provides information in microscopic scale that is extremely 

difficult or even impossible to be measured experimentally.  

The CFD models can be coupled with DEM to determine the particle-fluid flows. Many 

investigators have used these models such as LB-DEM (Cook et al., 2004), PPM-DEM (Ge and 

Li, 2003a, b, DNS-DEM Hu, 1996; Pan et al., 2002), and LES-DEM (Zhou et al., 2004a; Zhou et 

al., 2004b). Therefore, based on the time and length scales of fluid flow, different fluid-solid 

models can be made from discrete and continuum approach. Nonetheless, the CFD-DEM model 

has been used more commonly in the study of particle-fluid flows. 

Yu and Xu (2003) discussed the merits/demerits of the three popular numerical models used 

in particulate systems in details including TFM, DNS-DEM, and DEM-CFD. As mentioned 

above, in the two-fluid model (TFM), the particle and fluid phases are considered as 

interpenetrating continuum media, and two phases are coupled together with momentum 

exchange and volume fraction equations. In this approach, the numbers of equations are 

extremely reduced because for both particle and fluid phase one computational cell is applied that 
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this cell and it is much bigger than particle size, but it still is enough small relative to the whole 

system. However, as discussed above, the accuracy of TFM method is highly dependent on 

constitutive or closure relations for the solid phase and the momentum exchange.  

In DNS-DEM, the computational cell for fluid is considered as small as possible to be 

comparable with the particle spacing, while particles are treated as discrete moving boundaries 

Hu, 1996. In this model, the particle–fluid system is treated implicitly by using a combined weak 

formulation. DNS yields detailed results of hydrodynamic interactions between fluid and 

particles in a system (Pan et al., 2002). Nevertheless, it has one main flaw, which is its ability in 

controlling particle collisions.  

In DEM-CFD coupling approach, solving of Newton’s equations of motion give the solids 

velocities and positions while CFD determines the fluid flow properties in a computational cell 

scale (Hoomans et al., 1996; Tsuji et al., 1993; Xu and Yu, 1997; Xu and Yu, 1998). The DEM 

and MDS differ from each other due to different length scale, and the implementation of inter-

particle forces. 

Yu and Xu (2003) commented that in particle-fluid flow modeling the most difficulty is due 

to trouble in solid phase modeling rather than fluid phase. Therefore, the DEM-CFD is more 

demanded because it is more convenience than DNS- or LB-DEM model in terms of 

computational, and it provides more details in particle scale than TFM. Therefore, in this work, 

the main focus is on the DEM-CFD coupling method. 

In CFD-DEM coupled approach, proposed firstly by Tsuji et al. (1992,1993), the particle 

flow is determined based on Newton’s equations of motion by DEM approach, and the fluid flow 

is described by CFD model on the basis of local-averaged Navier-Stokes equations.  
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2.4.1 Governing Equations for Solid Particles in CFD-DEM 

Particles in particle-fluid flow systems generally have two motions: translational and 

rotational. According to Newton’s second law of motion, the governing equations are given by: 

 , , ,( )i i
e ij d ij pf i i

j

m d m
dt

= + + +∑ f f fv g                                                                                     ( 2-11) 

 , ,( )i
i t ij r ij

j

dI
dt

= +∑ T Tω                                                                                                        ( 2-12) 

where mi is the mass of particle i, iv  and iω  are the translational and angular velocities of 

particle i, iI  is the moment of inertia of particle i, ,e ijf  and ,d ijf  are the elastic contact force and 

damping force, respectively, ,pf if is the interaction force between particle and fluid, and im g  is the 

gravitational force. The torque acting on the particle i  by particle j includes two components: 

,t ijT which is generated by tangential force and causes particle i to rotate, and ,r ijT  commonly 

known as the rolling friction torque. The required equations to calculate these forces have been 

well established and can be found elsewhere (Zhu et al., 2007). Generally, particles contact forces 

can be divided in two approaches: linear and non-linear approaches.  

Table  2-3. Equations to calculate forces and torques acting on the particle i . 

Forces or torques Equations 

Normal elastic force, 
,en ijf  * * 3/24

3 nE R δ − 
 

n  

Normal damping force,
,dn ijf  ( )

1
2* *

,6n ij n n ijc m E R δ− v  

Tangential elastic force, 
,et ijf  { } 3/2

, , , ,max , ,max1 (1 min , / )s cn ij t ij t ij t ij tm δ δ δ − − − f δ  

Tangential damping force, 
𝐟𝑑𝑑,𝑖𝑖 

1/2
, , , ,max , ,max , , , ,max(6 1 / / ) ( / )t s ij cn ij t ij t ij t ij t ij t ij t ijmγ m δ δ δ δ δ− −f v  

Coulomb friction force, 
,t ijf  

,s en ij tm− f δ  
Torque by tangential forces, , ,( )et ij dt ij× +f fijR  
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,t ijT  

Rolling friction torque, 
,r ijT  

, ,
n

r ij en ij ijm f ω  
Pressure gradient force, 

,pg if  
iV p− ∇  

where 1 1 1

ij i jm m m
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=
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ij
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R r r
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=
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, , ( .n ij ijv v= n).n , , ,t ij ij n ijv v v= −  

Note that the tangential force ( , ,f fct ij dt ij+ ) should be replaced by ,ft ij when ,maxt tδ δ≥ . 
 

• The Linear approach 

 The most common linear model, which is developed by Cundall and Strack (1979), is called 

linear-spring-dashpot model in which the spring considers the elastic deformation and the 

dashpot is used for viscous dissipation, as shown in Figure  2-24. 

 

Figure  2-24. The linear-spring-dashpot contact force model. 

 

• The non-linear models: 

The non-linear models have been mainly derived cantered on Hertz and Mindlin-Deresiewicz 

‘s theories (Hertz, 1882; Mindlin and Deresiewicz, 1953). These kinds of models take too long 

time for DEM simulations of granular flows. Therefore, the simplified models have been 

developed based on Hertz and Mindlin-Deresiewicz ‘s theories to be practical in DEM simulation 

such as the semi-latched spring for-displacement model (Walton and Braun, 1986), the simplified 
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tangential force model (Thornton and Yin, 1991), and the direct force-displacement tangential 

force model (Langston et al., 1995a). The Langston’s model has been applied commonly in the 

study of the behaviour of granular flows, ownning to its simplicity and intuitiveness (Langston et 

al., 1995a, b; Zhou et al., 1999; Zhou et al., 2002; Zhu and Yu, 2002). The equations used to 

calculate the particle-particle interaction forces and torques are listed in Table 2-3. 

The inter-particle forces acting on the contact point cause a torque resulting in particles 

rotation. Calculation of normal component of torque, which is often called rolling friction torque, 

is very difficult compared to that of tangential one (Brilliantov and Pöschel, 1998; Greenwood et 

al., 1961; Johnson, 1985; Kondic, 1999). The normal component of torque is assumed negligible 

in many DEM techniques. However, many researchers have observed that the torque have 

important effects in some cases such as the formations of shear band (Iwashita and Oda, 1998 and 

heaping Zhou et al., 1999), and movement of a single particle on a plane (Zhou et al., 1999; Zhu 

and Yu, 2006).  

The non-contact forces, which normally include the van der Waals force, capillary force, 

electrostatic force, ligand-receptor binding of biological cells, and liquid bridging due to a thin 

liquid film about a particle in a gas and sintering forces, also have important effect on the 

particle-fluid flow behaviour, particularly in flows with fine of moist particle system. In DEM 

approach, there is a capability to apply these forces directly and quantitatively in equations. As 

depicted in Figure  2-25, Zhu et al. (2007) studied the importance of some most common non-

contact forces.  
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Figure  2-25: The comparison of the non-contact force (Zhu et al., 2007). 

 

In the literature, various drag models are available to calculate the drag force for mono-sized 

spherical particles (Di Felice, 1994; Ergun, 1952; Gidaspow, 1994; Rong et al., 2013; Syamlal 

and O'Brien, 1988; Wen and Yu, 1966 ), binary mixtures of spherical particles (Cello et al., 2010; 

Rong et al., 2014; Van der Hoef et al., 2005; Yin and Sundaresan, 2009), and mono-sized non-

spherical particles (Ganser, 1993; Haider and Levenspiel, 1989; Hölzer and Sommerfeld, 2008; 

Rong et al., 2015). 

2.4.2 Governing Equations for Fluid Phase in CFD-DEM 

In the CFD-DEM model, the liquid flow is described by CFD model on the basis of locally-

averaged Navier-Stokes equations (Anderson and Jackson, 1967; Gidaspow, 1994). Therefore, 

the mass and momentum conservation equations governing liquid phase are respectively 

described as: 
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( )
.( ) 0f
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ε

ε
∂
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∂

u                                                                                                    ( 2-13) 
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ρ ε
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=

∂
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uu gt                              ( 2-14) 

where u , 
fρ , and p are the fluid velocity, fluid density, and pressure, respectively; t  and 

fε  

are the fluid viscous stress tensor and porosity which are given as †[( ) ( ) ]u uft m= ∇ + ∇  and 

1
1 /vk

f ii
V Vε

=
= − ∆∑ , where iV  is the volume of the particle i , vk  is the number of particles in 

the computational cell, and V∆  is the cell volume . 
,d if  is the drag force and 

,pg if is the pressure 

gradient force which is listed in Table  2-3. 

A full description of CFD-DEM coupled approach for non-spherical (ellipsoidal) particles is 

presented in section  4.3, chapter 4. 

 Summary and objectives 2.5

Regarding the first part of the thesis (component 1), the layer inversion phenomenon in 

liquid fluidized beds has been found to be a complex phenomenon and the reasons behind the 

phenomenon have not been well understood. Only limited efforts have been made to explain the 

segregation mechanisms behind this peculiar phenomenon. Therefore, in this thesis, CFD-DEM 

model which provides details in particle scale is first used to explain the underlying the 

mechanism behind the inversion phenomenon. Then, different drag force capabilities in 

reproducing of layer inversion phenomenon is examined. The third objective of this part is to 

perform a systematic study on the effects of particles and liquid properties on this phenomenon. 

Finally, a mathematical model is proposed in order to predict the inversion velocity.  
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In the second part of the project, the particles shape effects on the fluidized beds are 

investigated using CFD-DEM model. The ellipsoids are emloyed in order to consider particles 

shape. According to the literature, a little is known about the influence of particles shape on the 

behaviour of fluidized beds, particularly liquid fluidized beds. Thus, the second part of the thesis 

is classified into three stages to get a better undestanding of the particle shape effects. In the first 

stage (component 2), the aim is to examine the effects of particle shape on the flow 

characteristics in liquid fluidizations of mono-sized particles. The particles shape effects are 

analysed mainly in terms of particle flow patterns, pressure drop, and bed expansion. In addition, 

force and particle orientation analysis are also conducted to examine the effect of particle shape 

and explain the occurrence of entrainment phenomenon. In the second stage (component 3), a 

modified drag force correlation applicable to multicomponent systems of non-spherical particles 

are proposed. The reason is that up to now, there is no such a drag correlation. In the last stage 

(component 4), the modified drag force proposed in the previous stage is used in order to perform 

a systematic study on the mixing/segregation characteristics of liquid fluidizations under 

influence of particles shape. The results are mainly analysed in terms of pressure drop variations, 

minimum fluidization velocity, mixing index, and particle scale forces.  
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 Investigation of Causes of Chapter 3

Layer Inversion and Prediction of 

Inversion Velocity in Liquid 

Fluidizations of Binary Particle 

Mixtures                             

 Overview 3.1

In this chapter, the layer inversion phenomenon is successfully reproduced by CFD-DEM, 

and the underlying segregation mechanisms are analysed in terms of particle-fluid interaction 

forces. The results reveal that the layer inversion is caused by the relative change of particle-

fluid interaction forces on particles. For large particles, the reduction of the pressure gradient 

force cannot be compensated by the increased drag force, resulting in the downward flow. 

Meanwhile, small particles tend to move upward because the increased drag force exceeds the 

decreased pressure gradient force. In addition, the effects of particle and liquid properties on 

layer inversion are examined, and different drag force models in predicting the layer inversion 

are also assessed. It indicates that Rong et al. (2014)’s drag model represents the layer 

inversion with the best accuracy. Finally, a model based on the force balance criterion is 

proposed to predict the inversion velocity showing a better accuracy. 

 Introduction 3.2

Segregation is a popular phenomenon for granular materials, and can be observed in 

various particulate systems due to the property differences of particles in size, density, shape, 

and/or other characteristics such as surface roughness, resilience, and electrostatic properties 
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(Caulkin et al., 2010; Lozano et al., 2015; Ottino and Khakhar, 2000). Segregation can 

significantly affect the quality of manufactured products, but it can also be used to separate 

materials. It represents a challenging research area in granular research, and many efforts have 

been made either experimentally (Mobius et al., 2001) or theoretically (Schröter et al., 2006). 

This chapter is focused on an important segregation phenomenon called layer inversion in 

liquid fluidization, which plays an important role in fluidized beds solid classifiers or 

biological reactors (Di Renzo et al., 2011). 

In layer inversion, the fluidization system contains a binary mixture of particles in which 

small particles are denser than large particles. At low liquid velocities, the two species form 

distinct layers with the smaller and denser particles at the bottom while the larger and lighter 

particles at the top. At high liquid velocities, however, the two layers are inverted. Smaller 

particles move to the top, and larger particles are located at the bottom. This peculiar 

phenomenon plays an important role in fluidized bed solid classifiers or biological reactors 

(Di Renzo et al., 2011). Layer inversion was reported for the first time by Hancock (1936), 

then it quickly attracted extensive investigations (Escudié et al., 2006b; Gibilaro et al., 1986; 

Jean and Fan, 1986; Moritomi et al., 1982; Patwardhan and Tien, 1985; Syamlal and O'Brien, 

1988; Van Duijn and Rietema, 1982). Substantial studies have revealed that the inversion 

velocity depends on many variables such as mixture compositions, size/density ratio, and 

fluid properties (Escudié et al., 2006b). Some investigators (Epstein and LeClair, 1985; 

Hancock, 1936) assumed that for a specific binary, the inversion velocity did not depend on 

the overall compositions of the two species. However, Moritomi et al. (1982) experimentally 

found that the layer inversion can be achieved by not only varying liquid superficial velocity 

but also changing proportions of a binary mixture in a constant velocity. These observations 

have made a clear picture of layer inversion for later investigators (Gibilaro et al., 1986; Jean 

and Fan, 1986). 
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More than 20 models have been proposed in the literature to predict the layer inversion 

phenomenon behaviour in liquid-solid fluidized beds (for example, Epstein, 2005; Gibilaro et 

al., 1986; Patwardhan and Tien, 1985; Funamizu and Takakuwa, 1995; Moritomi et al., 1986; 

Jean and Fan, 1986; Gibilaro et al., 1986). Escudié et al. (2006b) compared these models 

using available experimental data and classified the models into five distinct groups based on 

mechanisms and approaches adopted. It was found that there were uncertainties in their 

comparisons because in some experimental cases the temperature had not been reported or 

specified exactly. Nonetheless, the best model could calculate the inversion phenomenon 

properties within ±14% error. Some studies provided some data in large liquid fluidized bed 

(210 mm semi-cylindrical column (Chun et al., 2011) and 190 mm cylindrical column 

(Vivacqua et al., 2012)). Layer inversion phenomenon in gas-liquid fluidized beds was also 

studied experimentally by Rim et al. (2013, 2014). 

Despite a large number of experimental investigations on layer inversion in liquid 

fluidized beds, only a few researchers have put their efforts to numerically study this 

phenomenon. Generally speaking, there are two approaches to model liquid fluidized beds: 

continuum approach (e.g. so-called Eulerian-Eulerian approach or two-fluid model (A. 

Howley and J. Glasser, 2002; Reddy and Joshi, 2009; Syamlal and O'Brien, 1988)) and 

discrete approach (e.g. so-called Lagrangian-Eulerian or discrete element method (Di Renzo 

et al., 2011; Malone et al., 2007; Mukherjee and Mishra, 2007; Vivacqua et al., 2012; Zhou 

and Yu, 2009)). Particularly, as discrete approach such as CFD-DEM can provide some 

fundamental concepts of the flow at a particle scale, it has been verified as one of the most 

effective approaches to study the fundamental behaviour of particle-fluid systems (Zhu et al., 

2007, 2008). Such an approach has been used by some investigators to study layer inversion 

phenomenon (for example, Di Renzo et al., 2011; Mukherjee and Mishra, 2007; Vivacqua et 

al., 2012; Zhou and Yu, 2009; Malone et al., 2007). 
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Mukherjee and Mishra (2007) combined DEM approach with a simplified fluid model to 

investigate the layer inversion, but they just qualitatively observed this phenomenon. Zhou 

and Yu (2009) used the combined CFD-DEM approach reproduced the layer inversion 

behaviour, but they applied a method to adapt the monodisperse (Di Felice, 1994) drag force 

model for the binary mixtures. Di Renzo et al. (2011) utilized a new drag force model which 

was developed for polydisperse systems (Cello et al., 2010), and found that the comparison 

between experimental data from literature and their simulation results were satisfactory. 

Experimental and numerical studies were also conducted by Vivacqua et al. (2012) to analyze 

the factors such as temperature, bed aspect ratio on inversion phenomenon in a binary liquid 

fluidized bed. The results were found in a reasonable agreement with experimental 

measurements. 

Even though substantial studies have been conducted, limited efforts are made to explain 

the segregation mechanisms behind this peculiar phenomenon. Therefore, there is a need to 

elucidate the fundamentals for the occurrence of layer inversion. In principle, the motion of 

particles is governed by forces acting on them, including particle-particle, particle-wall, and 

particle-fluid interaction forces (Zhu et al., 2007 and 2008). Thus, the layer inversion must be 

controlled by these interactions, and quantifying these interaction forces is crucial to reveal 

the segregation mechanism. Unfortunately, these interaction forces are difficult to measure 

experimentally. This difficulty, however, can be overcome by the CFD-DEM. Therefore, the 

aim of this chapter is to use this approach to address what causes layer inversion and provide 

a thorough explanation of this phenomenon. Different drag models are also compared to 

examine their applicability in generating layer inversion phenomenon. In addition, parametric 

studies are conducted to figure out the impacts of particle and liquid properties on the 

inversion velocity. Finally, a mathematical model based on force balance criterion is proposed 

to predict the inversion velocity. 
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 Model descriptions 3.3

The combined CFD-DEM has been well developed and documented in the literature (for 

example, Feng et al., 2004; Xu and Yu, 1997; Zhou et al., 2010). Here, it is extended to liquid 

fluidizations with some modifications in the calculation of particle-fluid interaction force. For 

convenience, the model is briefly described below. 

3.3.1  Governing equations for particle phase 

Particles in particle-fluid flow systems generally have two motions: translational and 

rotational. According to Newton’s second law of motion, the governing equations are given 

by: 

 , , ,( )i i
e ij d ij pf i i

j

m d m
dt

= + + +∑ f f fv g                                                                            ( 3-1)   

, ,( )i
i t ij r ij

j

dI
dt

= +∑ T Tω                                                                                                ( 3-2)                                            

where mi is the mass of particle i, iv  and iω  are the translational and angular velocities 

of particle i, iI  is the moment of inertia of particle i, ,e ijf  and ,d ijf  are the elastic contact force 

and damping force, respectively, ,pf if is the interaction force between particle and fluid, and 

im g  is the gravitational force. The torque acting on the particle i  by particle j includes two 

components: ,t ijT which is generated by tangential force and causes particle i to rotate, and 

,r ijT  commonly known as the rolling friction torque. The required equations to calculate these 

forces have been well established and can be found elsewhere (Zhu et al., 2007).  

Table  3-1 lists the equations used to calculate the particle-particle, particle-wall, and particle-

fluid interaction forces and torques. 
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Note that particle-fluid interaction force consists of many types of forces, including drag force, 

pressure gradient force, virtual mass force, Basset force, Saffman force, and Magnus force 

(Zhu et al., 2007). According to Di Renzo et al. (2007), the drag force and the pressure 

gradient force are two dominant forces, and other types of particle-fluid interaction forces can 

be ignored in the CFD-DEM simulations of liquid fluidizations. This is because the equations 

of these forces were developed mainly from simplified flow conditions, hence their 

applicability to liquid fluidizations is not clear. Moreover, such forces have been ignored in 

many literature studies, but the simulations still can produce consistent results with 

experiments (Cornelissen et al., 2007; Di Renzo et al., 2011; Di Renzo and Di Maio, 2007; 

Ehsani et al., 2016; Ghatage et al., 2014; Lettieri et al., 2006; Peng et al., 2016; Reddy and 

Joshi, 2009; Yang and Duan, 2013).  Hence, in this work, only the drag force and the pressure 

gradient force are considered and included in the present CFD-DEM model.  

 

 

 

 

Table  3-1. Equations to calculate forces and torques acting on the particle i . 

Forces or torques Equations 

Normal elastic force, 
,en ijf  * * 3/24

3 nE R δ − 
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Normal damping force,
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Rolling friction torque, 
,r ijT  

, ,
n

r ij en ij ijm f ω  
Drag force, 

,d if  Rong et al. (2014)’s model (see Table 2) 
Pressure gradient force, 
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Note that the tangential force ( , ,f fct ij dt ij+ ) should be replaced by ,ft ij when ,maxt tδ δ≥ . 
 

Drag force can be calculated by different drag models (for example, Di Felice, 1994; 

Ergun, 1952; Gidaspow, 1994; Koch and Hill, 2001; Syamlal and O'Brien, 1988). Note that 

the drag models developed for mono-sized particles should not be employed for multi-sized 

systems. Therefore, some investigators attempted to propose new correlations for 

multicomponent systems (for example, Cello et al., 2010; Rong et al., 2014; Van der Hoef et 

al., 2005; Yin and Sundaresan, 2009; Zhou and Yu, 2009). In this work, Rong et al. (2014)’s 

drag model is applied, but the applicability of other drag models shown in Table  3-2 are also 

assessed and given in Section  3.5.3. 

Table  3-2. Drag force models assessed in the present work 
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3.3.2 Governing equations for liquid flow 

In the CFD-DEM model, the liquid flow is described by CFD model on the basis of local-

averaged Navier-Stokes equations (Anderson and Jackson, 1967; Gidaspow, 1994). Therefore, 

the mass and momentum conservation equations governing liquid phase are respectively 

described as: 

( )
.( ) 0f

ft
ε

ε
∂

+∇ =
∂

u                                                                                                    ( 3-3) 

, ,

1

( )
.( ) .( )

vk
f f d i pg i

f f f f f
i

p
t V

ρ ε
ρ ε ε ρ ε

=

∂
+∇ = −∇ − +∇ +

∂ ∆∑
u f + f

uu gt                             ( 3-4) 

where u , 
fρ , and p are the fluid velocity, fluid density, and pressure, respectively; 

t  and 
fε  are the fluid viscous stress tensor and porosity which are given as 

†[( ) ( ) ]u uft m= ∇ + ∇  and 
1

1 /vk
f ii

V Vε
=

= − ∆∑ , where iV  is the volume of the particle i , vk  is 
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the number of particles in the computational cell, and V∆  is the cell volume . 
,d if  is the drag 

force and 
,pg if is the pressure gradient force which are listed in  

Table  3-1 and Table  3-2. 

3.3.3 Coupling methodology 

The coupling methodology of CFD and DEM has been well established (Feng et al., 2004; 

Xu and Yu, 1997), and hence is only briefly described here. In principle, at each time step, 

DEM gives the positions and velocities of individual particles, so the porosity and volumetric 

particle-fluid forces in a computational cell are evaluated. CFD will then use this information 

to calculate the fluid flow field. The fluid flow data will be used in the next time step to 

determine the particle-fluid interaction forces acting on the individual particle, resulting in the 

determination of new position and velocity of solids for the next time step. 

 Simulation conditions 3.4

The physical and geometrical parameters implemented in the present simulations are 

listed in Table  3-3. The simulation conditions are set similar to the experimental work 

performed by Jean and Fan (1986). To reduce the number of particles in the simulation, the 

cylindrical column utilized in their experiments is replaced by a slot with 10 mm (width) 

×1.556 mm (thickness) ×180 mm (height). The binary mixture of  

Table  3-3. Parameters used in the present simulations. 

Parameters Values 

Particle size ( )mm , pd  
small particles: 193; large particles: 778 

Particle density
3( . )kg m−

, pρ  small particles: 2,510; large particles: 1,509 

Volume fraction of large particles (-),
LX  

0.48  

Young’s modulus ( )E , 2.N m−  81.0 10×  
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Poisson’s ratio ( )v , 2.N m−  0.4 
Sliding friction coefficient ( )m ,- 0.3 
Damping Coefficient ( )nc ,- 0.3 

Liquid (water) viscosity ( . )Pa s , fm  0.001 

Liquid (water) density 
3( . )kg m−

, fρ  1,000 

Liquid superficial velocity
1( . )cm s− , 

0( )U  

0.34-1.7 

Time step ( )s , t∆  64.455 10−×  
Bed geometry  
       Width ( )W , mm  10 
       Height ( )H , mm  180 
       Thickness ( )D , mm  1.556 
Number of CFD cells ( )nx nz×  8 × 144 
Bed distributor  Uniform 

 

particles composes species 1 with 193 µm  glass beads (GB), and species 2 with 778µm 

activated carbon (AC), where the volume fraction of AC is 48%, based on mixture I in the 

work of Jean and Fan (1986). For this geometry, 2-D CFD and 3-D model are used. For 

boundary conditions, no-slip boundary conditions are applied to the interaction between wall 

and liquid phase. For collisions between particles and walls, walls are considered as a particle 

with infinite diameter. Periodic boundary conditions are applied to the front and rear direction 

of the slot to eliminate the wall effect. The inlet fluid velocity is constant; however, in the 

output atmospheric pressure is assumed. In the simulations, well-mixed particles are first 

generated randomly and settled down to form a packed bed under gravity. Then, the liquid is 

uniformly introduced from the bottom at a pre-set superficial velocities 0( )U  to fluidize the 

packed bed. During the simulation, different types of interaction forces including particle-

particle, particle-wall and particle-fluid interactions (including the drag force and the pressure 

gradient force) are recorded for further analysis. 
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 Results and discussion 3.5

3.5.1 Layer inversion phenomenon 

Figure  3-1 shows the flow patterns of small and large particles in liquid fluidized beds at 

different U0. The initial bed configuration for all cases is shown in Figure  3-1(a), where large 

particles (in red) and small particles (in green) are well mixed. At U0 = 0.34 cm/s, larger 

particles move to the top (Figure  3-1(b)); however small ones pile up at the bottom. At U0 = 

0.6 cm/s, the bed height expands a little bit, but small particles begin to percolate into larger 

particles, forming a mixed region of small and large particles at the upper part; simultaneously, 

some large particles also move downward to form a mixed region at the bottom section. At U0 

= 1.0 cm/s, a well-mixed bed is formed both in the upper and bottom parts (Figure  3-1 (d)). 

With the further increase of U0, the layer inversion starts to occur (Figure  3-1 (e)). At high U0 

=1.7 cm/s (Figure  3-1(f)), two species are almost completely separated to form two discrete 

layers. This visual analysis demonstrates that the inversion velocity, in which two species are 

well mixed throughout the whole bed, is around 1.0 cm/s, which is consistent with that 

reported (Jean and Fan, 1986). The results confirm that the current CFD-DEM approach is 

able to reproduce the layer inversion satisfactorily, consistent with the experimental 

observations (Di Renzo et al., 2011; Jean and Fan, 1986; Moritomi et al., 1982; Rasul et al., 

2000; Vivacqua et al., 2012). 
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Figure  3-1. Snapshots (a-f) of flow patterns in liquid fluidized beds at different liquid 
superficial velocities U0: (a) 0 cm/s; (b) 0.34 cm/s; (c) 0.6 cm/s; (d) 1.0 cm/s; (e) 1.5 cm/s; 
and (f): 1.7 cm/s. Six inset figures at the left top: temporal variations of the mean height of 
each of the species at different liquid superficial velocities. 

The formation process of flow patterns shown in Figure  3-1(b)-(f) can be illustrated by 

the temporal variations of mean height of particles (see inset figures in Figure  3-1 ). Here, the 

spatial mean height is calculated by ( ),1
(1/ ) /iN

i j i it j
H t H N

∆ =
= ∆ ∑ ∑ , where iN denotes the 

total number of species i  (small or large) and 
,j iH  is the height of particle j of species i . It 

can be observed that from the time (t=0) when liquid is injected from the bed bottom to the 
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time when each species reaches to the stable conditions, two stages can be identified: transient 

and steady-state. During the transient stage, bed height experiences expansion and particles 

move upward under the particle-fluid driving forces. Depending on U0, the binary mixture 

intends to segregate or mix partially (or completely). At the stable stage, particles reach their 

macroscopically equilibrium conditions resulting from the transient stage and their mean 

height fluctuates around a mean value.  

At inversion velocity at which two species are well mixed throughout the bed, the 

average height of two components should be equal. The local-averaged height is averaged 

over the period of simulation time, and calculated by ( ),1
(1/ ) /iN

i j i it j
H t H N

∆ =
= ∆ ∑ ∑ . 

Figure  3-2 (a) shows the local-time averaged height of small and large particles which is 

normalized by the maximum bed height in each case. This figure demonstrates that the 

increase of the inlet velocity causes small particles to move toward the top of the bed, while 

large ones decrease their heights. This continues until at the inversion velocity of 1.0 cm/s, 

small and large particles are blended uniformly resulting in the same mean height. Further 

increasing the velocity changes the position of the two species, so small particles have a 

higher height and large ones move to the lower part of the bed. Jean and Fan (1986) examined 

the variations of different bed heights as defined in the inset in Figure  3-2(b) (for example, ℎ𝑇 

- the total bed height of the binary mixture, ℎ𝐵𝐵 - the height of the bottom layer, and ℎ𝑇𝑇 - the 

height of the top layer). This figure shows the height of the bottom layer which is normalized 

by ℎ𝑇 . It can be seen that it not only demonstrates the layer inversion process, but also 

confirms that the inversion velocity of this binary species is 1.0 cm/s which is consistent with 

the value reported by Jean and Fan (1986). 
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Figure  3-2. Variations of the mean-normalized height of each component with liquid velocity; 
(b) variations of normalized bottom layer height with liquid velocity (the left-bottom inset is a 
schematic diagram of the definition of different bed heights introduced by Jean and Fan 
(1986)).  

 

3.5.2 Force analysis 

The solids behaviour in fluidized beds is determined by particle-fluid, particle-particle, 

particle-wall interaction forces, and gravitational force. Hence, the analysis of these forces can 

reveal what causes the layer inversion. Note that as the layer inversion takes place in the 

vertical direction, only the forces in this direction are analysed.  It also should be noted that all 

the forces in this work are normalized by the particle weight. The spatial and time-averaged 

forces are respectively given by ( ),1
/iN

i j i ij
F F N

=
= ∑  and ( ),1

(1/ ) /iN
i j i it j

F t F N
∆ =

= ∆ ∑ ∑ , 

where F can be the drag force, the pressure gradient force, the total particle-fluid interaction 

force, and particle-particle or particle-wall interaction forces. 

 



Chapter 3 Investigation of Causes of Layer Inversion and Prediction of Inversion 
Velocity in Liquid Fluidizations of Binary Particle Mixtures 

 
64 

 
Figure  3-3. Snapshots displaying the spatial distribution of particle-fluid interaction forces at 

steady state conditions at different liquid superficial velocities: (a) drag force, (b) pressure 
gradient force, and (c) total particle-fluid interaction force. 

 

Figure  3-3 illustrates the spatial distributions of the drag force, the pressure gradient force, 

and the total particle-fluid interaction force acting on particles at three different velocities of 

0.34 cm/s (below the inversion velocity), 1.0 cm/s (at the inversion velocity), and 1.7 cm/s 

(above the inversion velocity). It can be observed that at U0 = 0.34 m/s (Figure  3-3 (I)), large 

particles have smaller drag force but much larger pressure gradient  
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Figure  3-4. Probability density function of normalized forces on particles at different liquid 

superficial velocities on small particles ((a), (b), (c)); and large particles ((d), (e), (f)). 

force than small particles. Therefore, according to Figure  3-3 (I-c), which is the summation of 

Figure  3-3(I-a) and Figure  3-3(I-b), large particles are located at the top of the bed. At the 

critical velocity (1.0 m/s) shown in Figure  3-3 (II), the particle-fluid interaction forces on both 

small and large particles are almost the same (Figure  3-3 (II-c)). Thus, two components are 

mixed well along the height of the bed. Figure  3-3 (III) illustrates the particle-fluid force 

distribution at the velocity of 1.7 cm/s. From Figure  3-3 (III-c), it can be observed that smaller 
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particle-fluid interaction forces are exerted on large particles resulting in staying in the lower 

part of the bed. 

Figure  3-4 quantitatively demonstrates the probability density distribution of the drag 

force, the pressure gradient force and the total particle-fluid interaction force exerted on large 

and small particles at different liquid velocities. It can be observed that the increase in 

velocity causes both large and small particles to receive larger drag force (Figure  3-4(a) and 

(d)), and smaller pressure gradient force (Figure  3-4(b) and (e)), which results in increasing 

the particle-fluid interaction force on small particles, but decreasing on large ones. Therefore, 

small particles may intend to rise to the top at high liquid velocities. In addition, all the forces 

are distributed more uniformly in a narrower range at the inversion velocity of 1.0 cm/s, but 

the distributions are wider for high and low liquid velocities.  

To explore the mechanisms responsible for the occurrence of layer inversion, the 

temporal variations of different interaction forces are plotted and shown in Figure  3-4. Here, 

the spatial mean forces are used, and defined as follows. For large particles, the particle-

particle, particle-wall and particle-fluid interaction forces are defined as

( ),

, ,1 1
/ ( ) /L c iN k

pp L pp ij L Li j
m N

= =
 =   ∑ ∑f f g , ( ), ,1

/ ( ) /LN
pw L pw i L Li

m N
=
 =  ∑f f g , and 

( ), ,1
/ ( ) /LN

pf L pf i L Li
m N

=
 =  ∑f f g , respectively, where LN is the number of large particles,  

,c ik is the number of particles contacting with particle i ,
,pp ijf is the particle-particle 

interaction force between particles i  and j , 
,pw if is the particle-wall interaction force 

between particle i  and the wall, and Lm g  is the weight of large particles. Note that the 

notations  and  stand for the magnitude and average of the variable, respectively. 

Forces acting on small particles can be calculated in the same manner. Figure  3-5 clearly 

shows that compared to the particle-fluid interaction force, inter-particle and particle-wall 
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interaction forces are very small. However, the interactions between small and large particles 

contribute the force balance for each species. It has been checked and confirmed that the 

entire bed weight is balanced by the total particle-fluid interaction force, and the particle-wall 

interaction force can be safely ignored. For each species, its weight is balanced by not only 

the particle-fluid interaction force but also the interaction forces between small and large 

particles. For example, at a low velocity of U0 = 0.34 cm/s, the particle-fluid interaction force 

on small particles is less than 1.0, and the particle-particle interaction force from large 

particles to small particles is upward to support the partial weight. However, for large 

particles, the particle-fluid interaction force on large particles is larger than 1.0, so downward 

negative particle-particle interaction force is required to balance the weight of large particles. 

Such a force balance can be found at other velocities as well (Figure  3-5 (b) and (c)), proving 

a macroscopic equilibrium of forces in the bed.   

The driving force for the movement of particles is the particle-fluid interaction force. As 

clearly shown in Figure  3-5, the particle-fluid interaction force is dominant, and their values 

vary around 1.0. Notably, a slight difference exists for large and small particles at different 

velocities. At U0 = 0.34 cm/s (Figure  3-5 (a)), the particle-fluid interaction force acting on 

large particles is larger than 1.0; the value on small particles less than 1.0. At U0 = 1.0 cm/s 

(Figure  3-5 (b)), the particle-fluid interaction forces acting on both particles are similar. At U0 

= 1.7 cm/s (Figure  3-5 (c)), the particle-fluid interaction force on small particles is larger than 

1.0, but less than 1.0 on large particles. It is believed that such a slight difference of particle-

fluid interaction forces acting on different particles is responsible for the layer inversion. To 

further demonstrate this, the average values of particle-fluid interaction forces against U0 is 

calculated and plotted in Figure  3-6 (a). 
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Figure  3-5. The variation of the mean forces on both large and small particles in the vertical 
direction: the top row is particle-fluid interaction force; the middle row is the particle-particle 
interaction force; and the bottom row is the particle-wall (including side and bottom walls) 
interaction force. Figures from the left to the right are corresponding to different liquid 
velocities: (a) 0.34 cm/s, (b) 1.0 cm/s, and (c) 1.7 cm/s. Note that the time-axis in the figures 
is on a logarithmic scale. 

Figure  3-6 (a) shows that with increasing U0, the particle-fluid interaction force acting on 

large particles gradually decreases, but the force acting on small particles increases. At a low 

U0, the mean particle-fluid interaction force on large particles is larger than small particles, 

hence large particles incline to depart from the bottom toward the top of the bed; while small 

particles accumulate at the bottom because they have low particle-fluid interaction force. 

Hence, increasing U0 results in a lower driving force for segregation of two species. Hence, at 

U0 = 0.6 cm/s, mixed regions of particles are observed at the bottom (dominated by large 

particles) and the top (dominated by small particles). At U0 = 1.0 cm/s, the particle-fluid 

interaction forces on both species are equal; thus, there is no driving force to separate large 

and small particles. When U0  is larger than 1.0 cm/s (the inversion point), e.g., 1.5 cm/s, 

small particles receive large particle-fluid interaction force from the flowing fluid and move 

toward to the top part of the bed; large particles, on the other hand, intend to be at the bottom 

section. At this velocity, as the driving force is not large enough, a mixture of large and small 

particles is still observed between the top part which is dominated by small ones and the 

bottom part which is prevailed by large ones. With U0 increasing further, e.g., at U0 = 1.7 

cm/s, the particle-fluid interaction force on small particles is much higher than large particles, 

resulting in the disappearance of mixed regions and the generation of two distinct layers: 
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small particles being at the top part of the bed, and large ones accumulating at the bottom 

section. 

 
Figure  3-6. Variations of temporal-spatial mean forces with liquid superficial velocity for both 
large (represented by circles) and small particles (represented by triangles): (a) the total 
particle-fluid interaction force, and (b) the drag force and pressure gradient force. 

Therefore, the driving force for the layer inversion is the difference of particle-fluid 

interaction forces acting on large and small particles. However, the variation trend of particle-

fluid interaction force against U0 is the result of counteractions of drag force and pressure 

gradient force. As observed from Figure  3-6(b), the drag force on both small and large 

particles increases with U0 increasing, which is consistent with the general understanding of 

the nature of the drag force. But interestingly, the pressure gradient force acting on both 

species reduces. However, for large particles, the pressure gradient force contributes more to 

the total particle-fluid interaction force than the drag force. The increasing rate in the drag 

force is not sufficient to compensate the loss in the pressure gradient force, hence the total 

particle-fluid interaction force exerting on large particles reduces with U0, causing large 

particles gradually fall down. On the other hand, the pressure gradient force and drag force 

acting on small particles almost have equivalent values in the whole range of velocities. More 

importantly, the increasing rate of the drag force on small particles not only compensates but 

also exceeds the decreasing rate of the pressure gradient force. Hence, the total particle-fluid 
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interaction force acting on small particles increases with U0, driving small particles to move 

upward.  

3.5.3  Comparison of different drag force models 

Several drag force models have been adopted in the literature to calculate the momentum 

transfer between particles and fluid phases in multiphase systems. In this section, the widely 

used drag models developed for multicomponent systems (Cello et al., 2010; Rong et al., 

2014; Yin and Sundaresan, 2009) as well as the most commonly used drag model for mono-

component systems (Di Felice, 1994) are compared with respect to the prediction of layer 

inversion. In particular, the comparisons are made on the basis of the fact that the actual 

inversion velocity for the binary mixture is 0.99 cm/s (Jean and Fan, 1986). The simulation 

conditions are the same as explained in Section  3.4 for all cases. A summary of drag models 

assessed is given in Table  3-2.  

Figure  3-7 display snapshots of particle positions for the different drag force models at 

three different velocities of 0.34 cm/s, 1.0 cm/s, and 1.7 cm/s. Figure  3-7 (I-b) shows that Di 

Felice (1994) model fails to represent expected flow pattern at low velocities in which large 

particles should be at the top of the bed. This is mainly due to the fact that this model was 

developed for mono-sized particle systems. Figure  3-7 (I-c) shows that Rong et al. (2014)’s 

model predicts the segregation patterns well in low liquid velocity. The other two drag models 

(Cello et al., 2010; Yin and Sundaresan, 2009) also can produce similar segregation pattern. 

Note that the bed expansion is quite similar to different drag laws except for Yin and 

Sundaresan (2009)’s model which predicts a slightly larger expansion. 
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Figure  3-7. Snapshots of flow patterns in solid-liquid fluidized beds for different drag force 
models at different liquid superficial velocities: (a) Cello et al. (2010); (b) Di Felice (1994); (c) 
Rong et al. (2014); and (d) Yin and Sundaresan (2009). All snapshots are coloured based on 
drag force values. 

Figure  3-7 (II) illustrates the particle flow patterns at the inversion velocity (1.0 cm/s) for 

different drag models. Similarly, Di Felice (1994)’s model cannot generate well-mixed flow 

patterns at this velocity. Yin and Sundaresan (2009) and Rong et al. (2014) models predict a 

fairly uniform distribution of particles in the bed. However, less large particles accumulate at 
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the bottom for Cello et al. (2010)’s model. Both Yin and Sundaresan (2009) and Cello et al. 

(2010)’s models represent higher bed expansion than other models. At high liquid velocities 

(Figure  3-7 (III)), it is anticipated that small particles move toward the top of the bed and 

large ones locate at the bed lower part. It can be seen that all drag force models can produce 

such flow patterns, although still some discrepancies in the prediction of bed expansion. 

Figure  3-7 also depicts the spatial distribution of normalized drag force predicted by 

different drag models. It can be observed for all cases, the drag forces acting on small 

particles are reasonably larger than those on large particles, and this matter is quite obvious in 

Rong et al. (2014)’s darg model. The probability density functions of the drag forces 

predicted by different drag models are plotted in Figure  2-1. It can be observed that Di Felice 

(1994)’s model predicts the wide distribution of the drag force and pressure gradient force 

compared to other models. However, the drag forces calculated by Rong et al. (2014)’s model 

have the narrowest distribution and largest peak values.  

In terms of the capability of the drag models to predict the inversion velocity, the 

inversion velocities predicted are presented in Table  3-4 and compared with the inversion 

velocity reported in experiments by Jean and Fan (1986), which is 0.99 cm/s. It can be seen 

that some disagreements are found for this specific binary mixture. Di Felice (1994)’s model 

fails to predict the segregation patterns hence the inversion velocity. Both Yin and Sundaresan 

(2009)’s drag model and Cello et al. (2010)’s drag model underestimate the inversion velocity 

with errors at 20% and 13 %, respectively. The inversion velocity predicted by Rong et al. 

(2014) model has the best agreement with the one measured in physical experiments.  
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Figure  3-8. Probability density function of the drag force and the pressure gradient force 
predicted by different drag models (U0 = 0.34m/s): (a) and (c) for small particles; (b) and (d) 
for large particles. 

 

Table  3-4. Inversion velocities predicted by different drag force models. 

3.5.4 Effects of particle and fluid properties on inversion velocity 

The inversion velocity is affected by particle and liquid properties. In this section, the 

influences of particle size ratio and density ratio, and fluid properties such as viscosity, 

density, and density are examined to perform a systematic analysis of the impacts of these 

parameters on the inversion velocity. Figure  3-9 (a) and Figure  3-9 (b) displays the effects of 

particle size ratio and density ratio on the inversion velocity, respectively. It can be observed 

that the inversion velocity decreases with increasing particle size ratio and density ratio. Fitted 

Drag models Di Felice 
(1994) 

Yin and Sundaresan 
(2009) 

Cello et al. 
(2010) 

Rong et al. 
(2014) 

Inversion velocity 
(cm/s) 

fail 0.79 0.86 1.0 

Error (%) fail -20.20 -13.13 1.01 
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curves are also plotted for each figure. It shows that the rate of decreasing for the case of 

particles size ratio is sharper than the linear falling trend of particles density ratio effect. This 

implies that the influence of particles size ratio is more significant that the effects of particle 

density ratio. In addition, reducing the inversion velocity with increasing particles size and 

density ratio indicates that small and large particle get well-mixed at lower velocities. In the 

range of size and density ratios examined, no layer inversion is observed when particle size 

ratio is less than 2.85 and particles density ratio is less than 0.19 or larger than 0.52.  

The effect of particle size and density ratio can be explained by the particle-fluid 

interaction force ratio as a function of liquid superficial velocities, and shown in Figure  3-9 (c) 

and (d). Note that the particle-fluid force ratio is defined as the ratio of mean particle-fluid 

force on large particles to mean particle-fluid force on small particles. It can be found from 

Figure  3-9 (c) that at a specific size ratio such as 3.7 (the base case similar to work of Jean 

and Fan (1986)), the particle-fluid force ratio declines with increasing liquid superficial 

velocities and at inversion velocity, the force ratio becomes 1.0 as previously explained in 

Section  3.5.2 and Figure  3-6. Figure  3-9 (c) illustrates that with increasing the particle size 

ratio, the force ratio trend becomes sharper and it intersects with the dashed line (ratio = 1.0) 

at a lower velocity, so the inversion velocity decreases. Nonetheless, at the size ratio of 2.85, 

the particle-fluid force ratio for the whole range of velocities are larger than one, which means 

that large particles at different liquid velocities have higher mean heights than small particles, 

and the layer inversion cannot happen for this size ratio and less. Note that the further increase 

in liquid velocity causes particles to be entrained to freeboard, and the fluidized bed becomes 

hydraulic conveyor.  

In the case of the effect of particles density ratio, similar behaviour can be found 

(Figure  3-9(a)). For the density ratio of 0.19, for instance, since the force ratio is always 

bigger than one, even at high velocities, large particles are exposed to higher particle-fluid 
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interaction force resulting in staying at the top of the small particles at the entire range of 

liquid velocity. Hence, layer inversion does not occur. On the other hand, when the density 

ratio is 0.52, the force ratio value is less than one which causes large particle have less mean 

height than small particles at the operating velocities, and again no layer inversion happens.  

 
Figure  3-9. (a) The effect of particles size ratio on the inversion velocity; (b) the effect of 
density size ratio on the inversion velocity; (c) variations of particle-fluid force ratio with 
liquid superficial velocities at different particles size ratio; and (d) variations of particle-fluid 
force ratio with liquid superficial velocities at different particle density ratio.  
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Figure  3-10. (a) The effect of liquid viscosity on the inversion velocity; (b) the effect of liquid 
density size ratio on the inversion velocity; (c) variations of particle-fluid force ratio with 
liquid superficial velocities at different liquid viscosity; and (d) variations of particle-fluid 
force ratio with liquid superficial velocities at different liquid density. 

 

Figure  3-10 demonstrates the effects of liquid density and viscosity on the inversion 

velocity. From Figure  3-10 (a), it can be seen that when the liquid becomes more viscous, the 

layer inversion happens at a lower velocity. This implies that the more the viscous the liquid, 

the less liquid velocity is required to reach a well-mixed condition. The fitted curve shows 

that the relationship between the inversion velocity and liquid viscosity is polynomial. On the 

other hand, increasing liquid density increases the inversion velocity which shows a linear 

relationship (Figure  3-10(b)). To figure out the reason for such effects, the particle-fluid force 

ratio against liquid velocity is also examined and shown in Figure  3-10(c) and (d). 

Figure  3-10 (c) shows the particle-fluid force ratio at different liquid viscosity, indicating that 

increasing liquid viscosity shifts the force ratio curve to a lower value. This causes the force 
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ratio intersects with the dashed line (the ratio =1.0) at lower liquid velocity, which implies 

that the particle-fluid force on small and large particles approach to the same value at a lower 

velocity (inversion velocity). The opposite trend happens when liquid density increases 

(Figure  3-10 (d)). In this case, the particle-fluid force on small and large particles meet each 

other at a higher velocity when heavier liquid is used.  

Figure  3-11 illustrates the impact of operating temperature on the inversion velocity. In 

this case, it is assumed that all particles and liquid are at the same temperature when the 

temperature is increased, so there is no heat transfer between particles and liquid. With the 

temperature increasing, liquid viscosity and density are affected while particle properties are 

assumed to be independent of temperature. From Figure  3-11, it can be found that the 

inversion velocity increases with increasing the temperature. Such an influence was also 

observed by previous researchers (Escudié et al., 2006b; Vivacqua et al., 2012). This can be 

attributed to the counteraction effects of liquid density and viscosity when the temperature 

changes. With the temperature increasing, the density and viscosity decrease. According to 

Figure  3-11, the inversion velocity increases with reducing liquid viscosity but decreases with 

reducing liquid density. 

Therefore, the effect of liquid temperature can be regarded as the simultaneous effects of 

liquid viscosity and liquid density. However, as the temperate varies in the range of 5 to 35 ºC, 

and hence has little impact on the water density (e.g. water density decreases from 0.999 to 

0.992 in this range), the effect of the temperature is mostly determined by the liquid viscosity 

which is sensitive to liquid temperature. The inversion values in Figure  3-11 (a) for different 

viscosities are also plotted in Figure  3-11. It can be observed that the trends of temperature 

effect and viscosity effect are similar. 
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Figure  3-11. The effects of operating temperature on the inversion velocity. 

3.5.5 A new mathematical model for prediction of inversion velocity 

From above discussions (Figure  3-6, Figure  3-9, and Figure  3-10), it has been found that 

at the inversion point, the dimensionless particle-fluid interaction force ratio of large particle 

to that of small particles is equal to one. This is the criterion for this new mathematical model 

which can be written as: 

, pg,L

d,S pg,S

(f f ) /
1

(f f ) /
d L L

S

W
W

+
=

+
                                                                                               ( 3-5) 

where “pg” is the abbreviation of pressure gradient, “L” stands for large particles, “S” stands 

for small particles, “d” stands for drag force, and “W” is the particle weight. The pressure 

gradient force can be calculated by pg,if ( / )iV dp dz= − ; where “V” is the particle volume. 

Therefore, Eq. (3-5) can be rearranged as: 
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,

d,S

f ( )

f ( )

d L L
L

S
S

dpV Wdz
dp WV
dz

−
=

−
                                                                                                     ( 3-6) 

The drag force in Eq. (3-6) can be determined by Rong et al.’s model (2014) as given in 

Table  3-2. On the other hand, there is a need to have an equation for the pressure gradient 

calculation. Based on the fact that the total pressure drop is equal to the total bed weight per 

unit cross-sectional area in fluidized beds, the pressure gradient along the bed height can be 

determined by: 

[ (1 )( )]f L L s s
dp x x
dz

ερ ε ρ ρ− = + − +                                                                              ( 3-7) 

By substituting Eq. (3-7) and the drag force from Table 1 into Eq. (3-6), there would be 

one non-linear equation with two unknown variables (𝜀,𝑈0). Therefore, another equation is 

required to find two unknown variables. This equation can be derived from the condition that 

the particle-fluid interaction force on small or large particles is equal to the particle weight at 

the inversion point (Figure  3-6), and given by: 

,f ( )d L L L
dpV W g
dz

− =                                                                                            ( 3-8) 

         or  

,f ( )d S S S
dpV W g
dz

− =                                                                                             ( 3-9) 

Eq. (3-6) and one of the Eq. (3-8) or Eq. (3-9), which represent two non-linear equations 

with two unknown variables (𝜀,𝑈0), can be solved with any numerical methods such as the 

Newton–Raphson method. Therefore, for a specific binary mixture, once the particle 

properties such as diameter, density and volume fractions and liquid properties (viscosity and 
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density) are known, the inversion velocity can be determined by solving of Eq. (3-6) and Eq. 

(3-8) or Eq. (3-9).  

In order to verify the capability of the current model, 29 different mixtures with reported 

experimental inversion velocity are chosen. The 29 selected binary mixtures cover a wide 

range of particles size (0.091-3.15 mm), particle density (1,170-11,330 kg/m3), liquid density 

(1,000-1,070 kg/m3), and liquid viscosity (0.001-0.14 Pa s). Figure  3-12 compares the 

inversion velocities predicted by the proposed model and those of measured values from 

experiments, generally showing a good agreement.  

 
Figure  3-12. The comparison of inversion velocity predicted by the model and measured 
experimentally. 

 

 

 

Table  3-5. Different mathematical model for prediction of the inversion velocity. 
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No. Researchers Model type 

Model 1 Epstein and LeClair, 1985 Bulk density equivalence model 
Model 2 Hu, 2002 Bulk density equivalence model 
Model 3 Patwardhan and Tien, 1985 Apparent porosity model 
Model 4 Escudié et al., 2006b Modified apparent porosity model 
Model 5 Bhattacharya and Dutta, 

2002  
Effective voidage model 

Model 6 Moritomi et al., 1986  Unit cell model 
Model 7 Funamizu and Takakuwa, 

1995  
Force balance model 

Model 8 Jean and Fan, 1986 Segregation velocity model 
Model 9 Escudié et al., 2006b Segregation velocity model +packing 

model 1 
Model 10 Escudié et al., 2006b Segregation velocity model +packing 

model 2 
Model 11 Escudié et al., 2006b Segregation velocity model + serial 

model 
Model 12 Escudié et al., 2006b Pseudofluid segregation velocity model 

Asif (1998b) +packing model 1 
Model 13 Escudié et al., 2006b Pseudofluid segregation velocity model 

Asif (1998b) +packing model 2 
Model 14 Escudié et al., 2006b Pseudofluid segregation velocity model 

Asif (1998b) +prop. avg. model 
Model 15 Escudié et al., 2006b Corrected pseudofluid segregation 

velocity model + serial model 
Model 16 Escudié et al., 2006b Corrected pseudofluid segregation 

velocity model +packing model 1 
Model 17 Escudié et al., 2006b Corrected pseudofluid segregation 

velocity model +packing model 2 
Model 18 Escudié et al., 2006b Corrected pseudofluid segregation 

velocity model + prop. avg. model 
Model 19 Gibilaro et al., 1986 Complete segregation model 
Model 20 Epstein, 2005 Modified complete segregation model 
Model 21 Asif, 1998 Property-averaging model 
Model 22 Escudié et al., 2006b Property averaging model 
Model 23 Asif, 2002 Packing model 1 
Model 24 Asif, 2002 Packing model 2 
Model 25 Asif, 2004 Hybrid model 
Model 26 Escudié et al., 2006b Hybrid model: property-averaging and 

packing model 1 
Model 27 Escudié et al., 2006b Hybrid model: property-averaging and 

packing model 2 
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Figure  3-13. (a) Comparison of the mean errors of different models; and (b) comparison of the 
maximum and minimum mean errors of different models. 

The prediction errors by the current model are also compared with those by other models 

as given in Table  3-5. The models are named from 1 to 27 in Table  3-5. Here, the prediction 

error is defined as exp mod exp| | / 100erimental el erimental
inv inv invError U U U= − × . Figure  3-13 (a) shows the 

comparison of the average error by the current model with the average errors of other 27 

models. It can be found that the highest mean error is from Patwardhan and Tien (1985)’s 
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model, and the lowest mean error is 14% predicted by models 25, 26 and 27. The current 

model prediction error is 14.4 % which is inconsistent with the best available models in the 

literature. As shown in Figure  3-13 (b), previous models predict the inversion velocity in a 

wider range with maximum error at least 150% while the maximum error by the current 

model is 34.1%. Therefore, the current model’s error distribution is narrower than previous 

models. This can be attributed to the fact that the current model does not need any empirical 

correlations for terminal velocity, void fraction, or Richardson and Zaki indexes as required in 

previous models. In addition, the current model can consider the effect of particle properties 

(size, density, and volume fraction) and liquid properties (density and viscosity). Therefore, 

the current model is more comprehensive with a better accuracy and reliability in predicting 

the inversion velocity than other models shown in Table  3-5. 

 Summary 3.6

In Summary, the CFD-DEM approach is applied to liquid-solid fluidized beds to 

investigate the layer inversion phenomenon. The force analysis revealed that the particle-fluid 

interaction force is responsible for the occurrence of layer inversion. When the liquid 

superficial velocity increases, the pressure gradient force decreases while the drag force 

decreases. However, for large particles, the rate of increasing the drag force cannot 

compensate the rate of decrease in pressure gradient force. Thus large particles move to the 

bottom of the bed at high velocity. At the inversion velocity, the amount of particle-fluid 

forces on the small and large particle are equal. Thus, there is no driving force for segregation 

and at this velocity two components are mixed uniformly. We also performed systematic 

studies to figure out how particle and liquid properties affect the inversion phenomenon. It 

was found that increasing in particles size and density ratios lead to a delay in layer inversion 

and in some cases no layer inversion happens. By increasing in liquid viscosity, the inversion 

velocity decreases while denser and hotter liquid increases the inversion point. It is found that 
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the changes in inversion velocity due to changes in particles and liquid properties can be 

directly related to particle-fluid force on small and large particles.  

The comparisons of different drag force correlations (Cello et al., 2010; Di Felice, 1994; 

Rong et al., 2014; Yin and Sundaresan, 2009) revealed that Di Felice model fails to reproduce 

this phenomenon, but Rong et al. (2014)’s model predicts the inversion velocity with better 

accuracy than other drag models. Nonetheless, Cello et al. (2010) and Yin and Sundaresan 

(2009) drag models also can reproduce the layer inversion with good agreements. A new 

mathematical model was proposed in this chapter in order to predict the inversion velocity. 

The model is based on the criterion that the ratio of dimensionless particle-fluid force on large 

particles to the dimensionless particle-fluid force on small particles is 1.0. The major 

advantage of this model is that it does not require correlations such as those needed to 

estimate terminal velocity, void fraction, and Richardson and Zaki indexes in previous models. 

The proposed model predicts the inversion velocity with the mean accuracy of 14.4 % which 

is the same of the best available model in the literature. In addition, the maximum error by the 

current model is just 34% which is much less than others. 
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 CFD-DEM Modelling of Chapter 4

Solid Flow Characteristics in Liquid 

Fluidizations of Ellipsoidal Particles 

 Overview 4.1

In this chapter, CFD-DEM approach is used to investigate the hydrodynamics of non-

spherical particles (ellipsoids in particular) in liquid fluidisations. The non-uniformity 

distributions of pressure gradient and porosity with bed height are successfully captured for 

ellipsoids at high liquid superficial velocities, consistent with those reported in the literature. The 

results also show that ellipsoids intend to enter the freeboard region and entrainment may occur. 

Disc-shape particles expand more significantly than spherical and elongated particles. The force 

analysis indicates that with particle aspect ratio deviating from 1.0, the drag force acting on 

ellipsoids increases while pressure gradient force reduces. Particle shape effects shown above are 

closely related to particle orientations which can significantly affect particle-fluid interaction 

force and particle terminal velocities.  

 Introduction 4.2

In most of the multiphase operations in liquid fluidized beds, particle properties such as size, 

density and shape may experience significant changes during the process because of attrition, 

coalescence, comminution or chemical reactions. The difference in particle properties can result 

in significant segregation problem in liquid fluidized beds. 
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To gain an understanding of liquid fluidisation behaviour, most studies, either experimentally 

or numerically, have focused on solid flow behaviour with mono-sized particles or mixtures with 

different particle sizes or densities. Mono-sized spherical particles make homogenous fluidized 

beds (Johnson, 1949; Wilhelm and Kwauk, 1948), and the bed expansion can be described by 

Richardson and Zaki (1954) correlation. Apart from homogenous/particulate flow regimes, other 

flow regimes such as wavy (Didwania and Homsy, 1981), aggregative/turbulent (Didwania and 

Homsy, 1981; Wilhelm and Kwauk, 1948), slugging (Lettieri et al., 2006), and bubbly (Didwania 

and Homsy, 1981) regimes can also be observed in liquid fluidized beds. Moreover, introducing a 

second or third components with a different size or density causes more complicated flow 

structures. Extensive efforts have been made in this direction to understand the principles of 

liquid fluidized beds of multicomponent mixtures of spherical particles (Di Felice, 1995; 

Didwania and Homsy, 1981; Escudié et al., 2006b; Gibilaro et al., 1986; Moritomi et al., 1982; 

Van Duijn and Rietema, 1982). As a result, various models have been proposed to quantify the 

solid-liquid fluidized bed characteristics (Asif, 2004; Escudié et al., 2006b; Moritomi et al., 1982). 

In spite of substantial studies on the hydrodynamics of liquid fluidized beds, the effects of 

particles shape on the solid-liquid flow behaviour are still less reported. Except for two physical 

experiments (Barghi et al., 2003; Escudié et al., 2006a), the previous studies considered particles 

as spheres, and few studies have been remarked on liquid fluidization of non-spherical particles. 

However, particles are generally irregular in most of processes (Escudié et al., 2006a) such as ore 

beneficiations using liquid-solid fluidized beds separator (Tripathy et al., 2017). Barghi et al 

(2003) observed that cylindrical particles with the length/diameter ratio L/D = 1 were mixed well 

with spherical particles, but elongated cylindrical particles with L/D = 2 segregated from 

spherical particles. Escudie et al. (2006a) reported that differences in particle shape can result in 

segregation for binary mixtures of particles with the same volume and density. Epstein et al. 
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(1981) demonstrated that the serial model (Epstein et al., 1981) was able to predict bed 

expansions for binary and ternary mixtures of different particle shapes. These observations show 

that particle shape can cause different flow behaviour in liquid fluidizations rather than that 

observed for ideal spherical particles. However, the answers to some fundamental questions such 

as how and why particle shape affects flow phenomena are not clear, and hence still poorly 

understood.   

In recent years, mathematical modelling, typically based on the CFD-DEM approach, has 

increasingly become an efficient tool to study fluidisations. CFD-DEM has been verified as one 

of the most effective approaches to study the fundamentals of granular materials (Zhu et al., 

2007), and it provides some fundamental concepts of flow regimes in fluidized beds. Therefore, 

in this chapter, CFD-DEM is used to examine the effects of particle shape on the flow 

characteristics in liquid fluidizations. In the simulations, ellipsoidal particles are used as they can 

represent a wide range of particle shapes from oblate to prolate particles. Different aspect ratios 

varying from 0.28 to 5.33 are employed, and results are analysed mainly in terms of particle flow 

patterns, pressure drop, and bed expansion. In addition, force and particle orientation analysis are 

also conducted to examine the effect of particle shape and explain the occurrence of entrainment 

phenomenon. 

 Model Descriptions   4.3

The CFD-DEM approach has been well developed and documented in the literature (Feng et 

al., 2004; Xu and Yu, 1997; Zhou et al., 2010), and its extension to coarse (Zhou et al., 2011; 

Zhou et al., 2009) and fine (Gan et al., 2016; Gan et al., 2017) ellipsoidal particles has been 

presented for gas fluidizations. In this work, it is further extended to liquid fluidizations. For 

convenience, the model is briefly given below. 
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4.3.1 CFD-DEM governing equations for ellipsoids  

The particle phase in the particle-fluid flow is considered as a discrete phase. According to 

the DEM (Cundall and Strack, 1979), a particle can have two types of motions: translational and 

rotational, which are determined by Newton’s second law of motion. The governing equations for 

the translational and rotational motion of particle i with radius Ri, mass mi, and moment of inertia 

Ii can be written as: 

, , ,
1
( )v f f f

ik
i i

c ij d ij pf i i
j

m d m
dt =

= + + +∑ g                                                                                         ( 4-1) 

and 

, , ,
1
( )

ik
i

i t ij r ij n ij
j

dI
dt =

= + +∑ M M Mω                                                                                             ( 4-2) 

where im  is the mass of the particle i , vi
 and 

iw  are translational and angular velocities of the 

particle i , ik  is the number of particles interacting with the particle i , 
,c ijf  and 

,d ijf  are elastic 

contact force and damping force, respectively. 
,pf if is the interaction force between particle and 

fluid, and 
im g  is the gravitational force. iI  is the moment of inertia of particle i , and the torque 

acting on the particle i  by particle j  includes three components: 
,t ijM which is generated by 

tangential force and causes the particle i  to rotate,
,r ijM  commonly known as the rolling friction 

torque, and 
,n ijM is the torque generated by normal force when the normal force does not pass 

through the particle centre.  
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The liquid flow field is described by CFD on the basis of local-averaged Navier-Stokes 

equations (Anderson and Jackson, 1967; Gidaspow, 1994). Therefore, the mass and momentum 

conservation equations governing the liquid phase are respectively described as: 

( )
.( ) 0f

ft
ε

ε
∂

+∇ =
∂

u                                                                                                                     ( 4-3) 

( )
.( ) .( )f f

f f pf f f fp
t

ρ ε
ρ ε ε t ρ ε

∂
+∇ = −∇ − +∇ +

∂

u
uu F g                                                            ( 4-4) 

where u , 
fρ , p , and 

pfF are the fluid velocity, fluid density, pressure, and volumetric fluid-

particle interaction force, respectively; t  and 
fε  are the fluid viscous stress tensor and porosity 

which are given as 1[( ) ( ) ]u uet m −= ∇ + ∇ and 
1

1 /ik
f ii

V Vε
=

= − ∆∑  , where 
iV  is the volume of 

particle i (or part of the volume if particle is nor fully in the CFD cell), 
ik  is the number of 

particles in the computational cell. 
em is the fluid effective viscosity determined by k ε−  the 

model (Launder and Spalding, 1974) which has been used in our previous work (Gan et al., 2017; 

Zhou et al., 2011; Zhou et al., 2009). The volumetric fluid-particle interaction force in a 

computational cell volume of V∆ is calculated by ,1
( ) /F fik

pf pf ii
V

=
= ∆∑ , where 

,pf if  is the particle-

fluid interaction force on the particle i . 

4.3.2 Particle-particle and particle-fluid interaction forces  

The equations to calculate contact forces and torques between two spheres have been well 

established (Zhu et al., 2007), and also extended to ellipsoidal particles (Gan et al., 2016; Zhou et 

al., 2011). Zheng et al. (2013) proved that the normal and tangential contact force models used 

for spheres are also valid for ellipsoids. In addition, since ellipsoids provide smooth/continuous 

surfaces, the same Coulomb condition or sliding/rolling friction models as used for spheres can 
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also be applied. The equations used in this work to calculate the inter-particle forces and torques 

are listed in Table  4-1. 

Table  4-1. Equations to calculate forces and torques acting on the particle i . 

Forces or torques   Equations 

Normal elastic force, ,cn ijf  * * 3/24 / 3 nE R δ− n  

Normal damping force, ,dn ijf  * * 1/2
,(8 ) vn ij n n ijc m E R δ−   

Tangential elastic force, ,ct ijf  3/2
, ,max

ˆ| | (1 ( / ) )fs cn ij t t tm δ δ− − δ  

Tangential damping force, ,dt ijf  1/2
, ,max ,max ,(6 1 / / )f vt s ij cn ij t t t t ijc mm δ δ δ− −

 

Coulomb friction force, ,t ijf  ,
ˆfs cn ij tm− δ

 

Torque by tangential forces, ,t ijM  , ,( )R f fct ij dt ij× +c,ij  

Torque by normal forces, ,Mn ij  , ,( )R f fcn ij dn ij× +c,ij  

Rolling friction torque, ,r ijM  , , ˆf n
r ij n ij ijm ω

 

Where 1/ 1/ 1/ij i jm m m= + , * 1/ (2 )R A B′ ′= , * 2/ (2(1 )E E v= − , ˆ / | |n n n
ij ij ij=ω ω ω , ˆ /t t t=δ δ δ ,

,max (2 ) / 2(1 )t s nδ m ν ν δ= − − , , ,ij j i j c ji i c ij= − + −v v v R Rω ω , , ( .n ij ij=v v n).n , (,t ij ij= × ×v v n) n . 

Note that tangential force ( , ,f fct ij dt ij+ ) should be replaced by ,ft ij when ,maxt tδ δ≥ . 

 

Various forces have been identified to determine interactions between particles and liquid, 

including the drag force, the pressure gradient force, the virtual mass force, the Basset force, the 

Saffman force, and the Magnus force (Zhu et al., 2007). Comprehensive discussions have been 

made by Di Renzo et al. (2007) that except for the drag force and the pressure gradient force, 

other types of particle-fluid interaction forces can be ignored in the simulations of liquid 

fluidizations. This is due to the fact that the equations of these forces were developed mainly 
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based on single-particle/dilute systems or under simplified fluid flow conditions (e.g., creeping 

flow), hence their applicability is questionable (Clift et al., 1978). Moreover, such forces have 

been ignored in many studies in the literature, demonstrating that the reliable and consistent 

results with experiments can be generated (Cornelissen et al., 2007; Di Renzo et al., 2011; Di 

Renzo and Di Maio, 2007; Ehsani et al., 2016; Ghatage et al., 2014; Lettieri et al., 2006; Peng et 

al., 2016; Reddy and Joshi, 2009; Yang and Duan, 2013). Hence, in this work, only the drag force 

,d if  and the pressure gradient force (
,pg i iV p= − ∇f ) are considered and included in the present 

CFD-DEM model.  

Different correlations have been proposed to calculate the drag force on spheres (Zhu et al., 

2007). In particular, the approach proposed by Di Felice (1994) is one of the most popular ones 

(Feng et al., 2004; Xu and Yu, 1997; Zhou et al., 2011), and also suitable for ellipsoids as 

demonstrated in  our previous work (Zhou et al., 2011). Therefore, this method is still used, and 

the equation is written as (Di Felice, 1994): 

2
, 0.5 ( )f u v u vd i D f f i i i i fC A γρ ε ε −

⊥= × − −                                                                ( 4-5) 

where  
2

103.7 0.65exp[ (1.5 log Re ) / 2]iγ = − − − , A⊥ is the cross-sectional area perpendicular to 

the fluid flow, Rei
is the relative Reynolds number, which is defined as Re | | /u vi f v f i i fdρ ε m= − , 

where dv  is the equivalent diameter defined as the diameter of a sphere with the same volume as 

the ellipsoid particle. 
DC  is the drag coefficient, which can be calculated by different models as 

briefly discussed below.  

Considerable investigations have been made to determine the drag coefficient CD for non-

spherical particles, with shapes varying from cubes and cylinders to ellipsoids and more generally 
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irregular shapes (Ganser, 1993; Haider and Levenspiel, 1989; Hölzer and Sommerfeld, 2008; 

Militzer et al., 1989; Ouchene et al., 2016; Richter and Nikrityuk, 2012; Yow et al., 2005). Based 

on the work by Sommerfeld and Lain (2008) that Ganser’s (1993) correlation over-predicts the 

particle average velocity, Holzer and Sommerfeld (2008) used a large number of experimental 

data from literature and performed numerical study as well to propose a correlation for 
DC which 

is applicable over a wide range of Re numbers, and also considers the effects of both particle 

shape and orientation. This has been verified by Hilton et al. (2010), Zhou et al. (2011), and Rong 

et al. (2015). Therefore, this correlation (Hölzer and Sommerfeld, 2008) is used in this work to 

calculate the drag coefficient expression 
DC on an ellipsoidal particle, and given as: 

0.20.4( log )
3/4

, , ,

8 1 16 1 16 1 10.42 10
Re Re ReD

p i p i p i

C φ

φ φφ φ
−

⊥⊥

= + + + ×                                            ( 4-6) 

where φ  is the sphericity of an ellipsoid which is defined as the ratio of surface area of a sphere 

being equivalent volume of the ellipsoid to the surface area of the ellipsoid. φ⊥ is the crosswise 

sphericity, defined as the ratio between the cross-sectional area of the volume equivalent sphere 

and the projected cross-sectional area ( )A⊥
 of the considered particle. 

4.3.3 Particle-particle contact detection and particle orientation  

The particle-particle contact point detection for non-spherical particles is much more 

complicated and time-consuming than spheres. Different analytical methods can be found in the 

literature (Džiugys and Peters, 2001; Lu et al., 2015) to determine the contact points of ellipses or 

ellipsoids, including intersection algorithm, geometric potential algorithm, and common normal 

algorithm. Dziugys and Peters (2001) reported that geometric potential algorithm provides more 

accuracy as well as efficiency, so it has been employed in the most of the previous work 
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(Džiugys and Peters, 2001; Lin and Ng, 1997; Zhou et al., 2011) and also in this work. It is worth 

mentioning that the algorithm to detect one contact point involves the numerical solutions of a 

sixth–order polynomial equation. Thus, the computational time required to determine all 

detection points is huge.  

Besides, particle orientation is one of the main differences in the modeling of spherical and 

non-spherical particles and must be considered. It can be generally described by the three Euler 

angles ( , , )φ θ ψ (Goldstein, 1980). To determine the inertia tensor Ii
of an ellipsoid conveniently, 

at each time step, the rotational equation given by Eq. (2) in the space-fixed coordinate system 

( , , )x y z  is converted to the body-fixed coordinate system ( , , )x y z′ ′ ′ , which is a moving Cartesian 

coordinate system fixed with the particle and whose axes are superposed by the principal axes of 

inertia. Therefore, the calculation of angular velocities 
iω′  of particles would be the same as 

spheres. They are then used to determine the new three Euler angles on the basis of the so-called 

quaternion method (for more details see the refs: Džiugys and Peters, 2001; Goldstein, 1980).  

4.3.4 CFD-DEM coupling methodology  

In the CFD-DEM coupling technique, the particle motions are determined by Newton’s 

second law of motion at a particle scale, and the continuum fluid flow is described on the basis of 

local-averaged Navier-Stokes equations at a CFD computational cell level. The coupling 

methodology of two phases at different scales has been well established and documented in the 

literature for spheres (Feng et al., 2004; Xu and Yu, 1997) and extended to ellipsoids (Gan et al., 

2017; Zhou et al., 2011), and hence still used in the current work. In this coupling method, at 

each time step, DEM gives positions and velocities of individual particles, so the porosity and 

volumetric particle-fluid forces in a computational cell are evaluated. CFD will then use this 
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information to calculate the fluid flow field. The fluid flow data will be used in the next time step 

to determine the particle-fluid forces acting on an individual particle, resulting in the 

determination of new position and velocity of solids for the next time step.  

 Simulation Conditions 4.4

For the comparison purpose, the simulation conditions are set similar to the experimental 

work conducted by Escudie et al. (2006a).To reduce the number of particles, the cylindrical 

column is replaced by a slot with periodic boundary conditions applied to the front and rear walls 

to eliminate wall effect. For this geometry, 2-D CFD and 3-D DEM are used, which was 

successfully employed in the previous studies (Feng et al., 2004; Zhou et al., 2011). The poured 

packing method (Zhang et al., 2001) is used to generate the fixed bed. In this method, random 

velocities and orientation are assigned to each ellipsoid, and then particles fall from a certain 

height under gravity. The settling process continues until all particle velocity approaches to zero. 

Then, the packed bed is used to inject liquid uniformly from the bottom of the bed. The steady 

state condition is achieved when the pressure drop and bed voidage fluctuates around their mean 

values. No-slip boundary condition is applied to the interaction between wall and liquid phase. 

For the collisions between particles and side walls, walls are considered as a particle with infinite 

diameter. The physical and geometrical parameters implemented in the present simulations are 

listed in Table  4-2.  

Particles with different shapes from oblate to prolate are generated with varying aspect ratio 

of spheroids. Spheroids, as shown in Figure  4-1, are composed of three radii: a is assigned to the 

radius in the polar direction, and b and c are considered as the radii in the equatorial plane. 

Therefore, the particle aspect ratio ( AR ) is defined as: AR /c a= . Consequently, AR>1 
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corresponds to prolate spheroids, AR=1 stands for spheres, and AR<1  is for oblate spheroids. 

Two key variables are examined in this work to make qualitative and quantitative comparisons 

with physical experiments. One is particle aspect ratio which varies from 0.28 to 5.33 (see Table 

2), and the other is liquid superficial velocities (U0) which are from 0.055 to 0.316 m/s, similar to 

the physical experiments (Escudié et al., 2006a). 

 

Table  4-2. Parameters used in the present simulations. 

Particle phase  
Density ( )pρ , 3.kg m−   2160.3 

Equivalent diameter ( )pd , mm 9.525, 9.461 

Particle shape Oblate, sphere, and prolate 
Particle Aspect Ratio (AR), - 0.28, 0.5, 0.75, 1.0, 1.5, 2.5, 3.5, 5.33 
Number of particles ( )N , - 4500 
Young’s modulus ( )E , 2.N m−  81.0 10×  
Poisson’s ratio ( )v , 2.N m−  0.3 
Sliding friction coefficient ( )m ,- 0.1 
Damping Coefficient ( )nc ,- 0.3 
Time step ( )t∆ , s 62.5 10−×  
  
Liquid phase  
Viscosity ( )fm , 1 1. .kg m s− −  0.001 
Density ( )fρ , 3.kg m−  1000 
  
Bed geometry  
       Width ( )W , m  0.127 
       Height ( )H , m  3.0 
       Thickness ( )D , m  4 pd

 
Number of CFD cells ( )nx nz×  9 216×  
Bed distributor  Uniform 
Time step ( )t∆ , s 62.5 10−×  
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Figure  4-1. Illustrations of spheroids with different aspect ratios (AR): (a) oblate spheroid with 
AR = 0.5, and (b) prolate spheroid with AR = 2. The vector OA is used to represent particle 
orientation (O - particle mass centre; A - polar apex). 

 

 Results and Discussions 4.5

4.5.1 Flow patterns 

Figure  4-2 shows the particle flow patterns in the beds containing oblate (AR = 0.28), 

spherical (AR = 1), and prolate (AR = 3.5) particles at different liquid superficial velocities. As 

an inherent characteristic of liquid fluidizations (Didwania and Homsy, 1981; Wilhelm and 

Kwauk, 1948), it can be seen that spherical particles expand homogenously regardless of liquid 

superficial velocities (Figure  4-2(II)). In addition, the interface between the bed and the freeboard 

is clear, and no particles are entrained to the freeboard region. On the other hand, oblate and 

prolate particles (Figure  4-2(I) & (III)) intend to expand to higher heights compared to spheres. 

The interface is clear when liquid velocities are low. But it becomes difficult to distinguish the 

interface at high liquid velocities as some particles are carried to the freeboard. The entrainment 

phenomenon of disc-shaped particles captured is consistent with the observations by Escudie et al. 
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(2006a). In their experiments, however, they did not mention the entrainment of prolate particles 

(rod-like shape). The reason might be due to the fact that the maximum velocity used in their 

work was less than the terminal velocity that prolate particles need to enter the freeboard region.  

  

 
Figure  4-2. Particle configurations for different aspect ratios:  (I) AR = 0.28, (II) AR = 1.0, and 
(III) AR = 3.5. For each aspect ratio, liquid superficial velocities used are: (a) 0.1 m/s, (b) 0.15 
m/s, (c) 0.2 m/s, (d) 0.225 m/s, (e) 0.251 m/s, (f) 0.275 m/s, (g) 0.316 m/s,                     (h) 0.325 
m/s, and (i) 0.47 m/s. 

The macroscopic flow structures shown in Figure  4-2 are inherently related to microscopic 

characteristics of particles such as particle-fluid interaction force, particle-particle interaction 

force, and particle orientations. For example, the enlarged section of beds (the insets in 

Figure  4-2), which shows the entrainment of particles, indicates that particles in the dense beds 

receive different drag forces than those in the freeboard regions. Therefore, the force and particle 



         Chapter 4 CFD-DEM Modelling of Solid Flow Characteristics in Liquid Fluidizations of 
Ellipsoidal Particles 

 
98 

orientation analysis will be presented in the later sections to explain the occurrence of 

entrainment phenomenon as observed in Figure  4-2. 

 

 
Figure  4-3. Effect of aspect ratio on the pressure drop variation with time and its corresponding 
standard deviation: (a) Spherical particles (AR = 1), (b) oblate particles (AR = 0.28), (c) prolate 
particles (AR = 3.5); and (d) variations of standard deviation with liquid superficial velocities for 
different particle shape. 

 

4.5.2 Pressure drop 

Pressure drop is an important characteristic of packed and fluidised beds. The pressure drop 

fluctuation has been employed as a tool to identify different flow regimes in fluidized beds (Fan 

et al., 1981; Felipe and Rocha, 2004; Trnka et al., 2000). Figure  4-3 shows the pressure gradient 

temporal variations for different particle shapes and liquid superficial velocities. It can be 
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observed that for spheres (Figure  4-3(a)), the pressure gradient jumps to a maximum quickly after 

injecting fluids and then fluctuates around a mean value. However, for oblate and prolate 

particles (Figure  4-3(b) and (c)), it takes a longer time to reach the stable condition, with the 

pressure gradient falling down gradually, and then fluctuating in a mean value.  

The standard deviations of the pressure gradient as a function of liquid superficial velocities 

are plotted in Figure  4-3(d). It can be observed that for all aspect ratios, the standard deviation of 

pressure gradient firstly increases with liquid velocities to reach a maximum, and then decreases. 

This trend was also reported in the study of gas-solid fluidized beds (Fan et al., 1981; Gopalan et 

al., 2016; Ishii and Horio, 1991), and the velocity at which maximum standard deviation occurs 

corresponds to the velocity so-called transition velocity between slugging fluidization and 

turbulent fluidization (Ishii and Horio, 1991). However, the flow regimes in liquid fluidizations 

are quite different from that in gas-fluidized beds. Liquid fluidized beds generally present 

uniform bed expansion which is called smooth/particulate fluidizations (Didwania and Homsy, 

1981). Depending on the particle and liquid properties, other types of regimes such as wavy, 

turbulent, and bubbly flow pattern might be observed (Didwania and Homsy, 1981). For the 

simulation conditions considered in this work (similar to those used in the experiments (Escudié 

et al., 2006a)), the wavy and bubbly flow regimes are not observed. Therefore, two flow regimes 

can be identified by the transition velocities shown in Figure  4-3 (d): particulate and turbulent 

fluidizations. Furthermore, Figure  4-3 (d) shows that particle aspect ratio affects the transition 

velocities significantly. For example, the transition velocity for spheres is 1.87Umf  (Umf - 

minimum fluidisation velocity); however, it increases to 3.46Umf and 5.56Umf for prolate 

particles (AR = 3.5) and oblate particles (AR = 0.28), respectively. This implies that oblate and 

prolate particles intend to enter into the turbulent fluidization regime at higher relative velocities 
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(U0/Umf). The effect of particle aspect ratio on the transition velocity is further shown in 

Figure  4-4. Clearly, spheres have the lowest relative transition velocity (Utran/Umf). As aspect 

ratio deviates from 1.0, the transition point moves to relatively higher velocities, and this effect is 

more significant for oblate particles.  

 
Figure  4-4. The effect of aspect ratio on the transition velocities from particulate fluidisation to 
turbulent fluidisation. 

 

The pressure drop-liquid superficial velocity curves are plotted in Figure  4-5 for different 

particle aspect ratio. Note that the pressure drop is non-dimensionalised by bed weight. Generally, 

with increasing the liquid velocity, the pressure drop increases. After the Umf, the pressure drop 

fluctuates around 1.0, balancing the bed weight. The figure also shows that at the same liquid 

velocity, spheres generate less pressure drop in packed beds than oblate and prolate particles. 

This indicates that spheres exhibit high permeability, which also was reported in the literature 

(Gan et al., 2016). Figure  4-6 shows the effect of aspect ratio on Umf, indicating that with 

decreasing aspect ratio from 1, Umf decreases significantly. For prolate particles, Umf decreases 

sharply first with aspect ratio, and then slightly. Spheres have the highest Umf. This could be due 
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to the enhanced projected area of ellipsoids in packed beds, and consequently larger particle-fluid 

interaction force on ellipsoids when particles distort from the spherical shape. 

 
Figure  4-5. Dimensionless pressure drop variations as a function of liquid superficial velocities: 

(a) Oblate spheroids (AR ≤ 1.0), and (b) prolate spheroids (AR ≥ 1.0). 

 

 
Figure  4-6. Effect of particle aspect ratio on the minimum fluidization velocity. 
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Figure  4-7 demonstrates the time-averaged pressure gradient variations with bed height for 

different particle shapes at two different liquid velocities (U0 = 0.1 m/s and 0.251 m/s). Note that 

the pressure gradient used here does not include the hydrostatic pressure gradient. At low U0 

(Figure  4-7 (a-c)), except the bed surface region, the pressure gradients along the bed height are 

largely uniform which denotes the homogenous distribution of particles. However, at high U0 

(Figure  4-7 (e-f)), particle shape affects the pressure gradient distributions significantly. For 

spheres, the pressure gradient still stays constant along the bed height. But for oblate and prolate 

particles, parentheses-shape relations can be observed, consistent with those reported (Escudié et 

al., 2006b).  As shown in Figure  4-7 (d) and (f), the pressure gradient increases with the bed 

height to reach a maximum and then decreases. These parenthesis-shape pressure gradient profile 

for ellipsoids could be due to the simultaneous effect of liquid injection and the significant effect 

of particle shape on particle motions. Liquid injection from the bed bottom increases the local 

bed porosity but decreases the energy dissipations due to flowing liquid through the particles. 

Consequently, the pressure gradient is low near the bed bottom. However, as the liquid injection 

power is not strong enough to overcome particle interlocks due to non-sphericality of particles, 

particles are accumulated and locked in some regions above the distributor which results in high-

pressure gradients. It is worth mentioning that the pressure gradient trends for oblate 

(Figure  4-7(d)) and prolate (Figure  4-7(f)) particles are similar which implies that particle 

distributions and pressure gradients are independent of particle shape types.  
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Figure  4-7. Time-averaged pressure gradient variations along the bed height for oblate (a, d), 
spherical (b, e), and prolate (c, f) particles at two different liquid superficial velocities:  (a-c) 0.1 
m/s, and (d-f) 0.251 m/s. 

 

4.5.3 Bed expansion  

The macroscopic behaviour of liquid fluidised beds can also be examined by the bed 

expansion analysis, which can provide useful information to understand the behaviour of binary 

mixtures, as shown by many investigators (Epstein and LeClair, 1985; Moritomi et al., 1982; 

Patwardhan and Tien, 1985). Figure  4-8 displays the bed porosity temporal variations for oblate 

(AR = 0.28), spherical (AR = 1), and prolate (AR = 3.5) particles at low (U0 = 0.1 m/s) and high 

(U0 = 0.251 m/s) liquid superficial velocities. At low U0, compared with spheres, oblate and 

prolate particles take a longer time to expand to a maximal height and then descend into a lower 
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height. This is caused by the fact that the interlock of ellipsoids increases and particles need more 

time to break the interlocks and expand. Once the bed becomes loose, the local voidage increases 

resulting in the deduction of the particle-fluid interaction force on particles. Finally, particles fall 

into their final steady condition. This behaviour was also reported by Ma et al. (2016) for 

fluidizing rod-shaped particles. However, at high U0 (Figure  4-8(b)), such maximal bed height 

peak does not appear during the expansion process. This is because at a high liquid flow rate, the 

particle-fluid interaction force is strong enough to overcome the interlocks between particles at 

the early stage of bed expansion, and the beds can expand freely.  

 
Figure  4-8. Transient bed expansion for different particle aspect ratios at two different liquid 
superficial velocities: (a) 0.1 m/s, and (b) 0.251 m/s. 

 

The time-averaged bed voidage variations with bed height for different particle aspect ratio 

and liquid velocities are displayed in Figure  4-9, showing similar feature to the pressure gradient 

distribution. At low liquid velocities, porosity is almost constant for each aspect ratio, indicating 

that particles are distributed uniformly along the bed height (Figure  4-9(a-c)).  
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Figure  4-9. Time-averaged local voidage variations along the bed height for oblate (a, d), 
spherical (b, e), and prolate (c, f) particles at two different liquid superficial velocities: (a-c) 0.1 
m/s, and (d-f) 0.251 m/s. 

However, at a higher U0 (Figure  4-9 (d-f)), the porosity distributions are strongly affected by 

aspect ratio. For spheres (Figure  4-9 (e)), the porosity does not vary with bed height. But for 

ellipsoids with aspect ratio at 3.5 (Figure  4-9 (f)), the porosity distribution changes to distorted 

parentheses-shape. The minimum porosity appears at the level of one-third of the bed height, 

which indicates that prolate particles are inclined to form clusters here. These clusters are mainly 

due to the interlocks among prolate particles. The high porosity at the bed bottom section 

indicates that due to liquid injection from the bed bottom, fewer particles rest at the distributor 

resulting in a higher void fraction. Oblate particles at the aspect ratio of 0.28 show the similar 

porosity distribution as prolate particles (Figure  4-9 (d)). 
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The time-averaged overall bed void fractions under different conditions are plotted in 

Figure  4-10. Figure  4-10 (a-c) show that the bed voidage predicted is in a good consistency with 

the experimental data reported by Escudie et al. (2006a). In Figure  4-10 (d), the effect of aspect 

ratio on porosity is presented at different liquid velocities. It is found that the porosity-AR 

relation shows ‘V’ shape in which minimum void fraction corresponds to spheres. When aspect 

ratio deviates from 1.0, the bed experiences large expansion with the bed voidage increasing 

gradually.  

 
Figure  4-10. Bed expansion variations with liquid superficial velocities and aspect ratios: (a) 
oblate particles (AR=0.28), (b) spherical particles (AR=1), (c) prolate particles (AR=5.33), and (d) 
effects of aspect ratio on the bed expansion at different liquid superficial velocities. 
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Figure  4-11. Richardson-Zaki’s equation parameters as a function of aspect ratio: (a) extrapolated 
velocity Ue, and (b) expansion index (n). 

 

In liquid fluidized beds of mono-sized spherical particles, the beds expand homogenously. 

The bed expansion can be estimated by the well-known Richardson and Zaki (1954) equation U0 

/Ue = εn, where eU  is the extrapolated value of 0U in 0log( )U  vs. log( )ε  diagram when voidage 

approaches one, and n  is the expansion index. The unknown variables of eU  and n  can be 

calculated by fitting a power-law equation ( bY aX= ) on the data points of 0U  as a function of 

ε . These fitted curves are shown in Figure  4-10 (a-c) for both experimental data (Escudié et al., 

2006a) and simulation results, and the calculated values of eU and n  are plotted in Figure  4-11. 

From this figure, it can be seen that the effects of particles shape on eU  and n  are significant. The 

maximum eU  corresponds to spherical particles. With decreasing aspect ratio from 1.0 to 0.28, 

Ue decreases. On the other hand, prolate particles show a minimum at the aspect ratio of 3.5. 

Figure  4-11(b) also illustrates that the effect of particle aspect ratio on the expansion index is 

complicated. The simulation results have a good agreement with experiments in the prediction of 
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n for the aspect ratio of 0.28. But the model underestimates the values of n for spherical and 

prolate particles. However, the curve provides the general trend on how particle aspect ratio 

affects the expansion, providing useful information for understanding. 

4.5.4 Force analysis  

In essence, the beds behaviour for different shapes of the particle is determined by forces 

acting on particles, for example, the gravitational force, and interaction forces among particles, 

particles and fluid, and particles and walls. The analysis of these forces is helpful to understand 

the bed expansion and entrainment phenomenon under the influence of particle shape. 

Figure  4-12 shows the probability density distributions of various forces at 0 0.251 /U m s=  for 

different particle shapes. It can be found that the common characteristics of the force distributions 

is that most of them demonstrate unimodal distributions. For instance, Figure  4-12 (a) and (d) 

display that particles present normal distribution of drag force with the skewness is almost zero. 

For oblate particles (Figure  4-12 (a)), with decreasing aspect ratio from 1.0 to 0.5, the drag force 

distribution profile is not affected much by aspect ratio, but the magnitude increases significantly. 

With the further decrease in aspect ratio to 0.28, the distribution not only shifts to the right but 

also becomes wider with a lower peak. This implies that particles with lower aspect ratio intend 

to have a wide range of drag force. This could be due to the fact that more random orientations of 

particles generate a wide range of projected area, which affects the magnitude of drag force. For 

prolate particles (Figure  4-12 (d)), the similar trend can be observed.  
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Figure  4-12. Effects of particle aspect ratio on the force probability density distribution at liquid 
superficial velocity of 0.251m/s: top two figures - drag force, middle two figures - pressure 
gradient force, and bottom two figures - particle-particle interaction force. Note that in the left 
column (a-c) are oblate particles, and in the right column (d-f) are prolate particles. 
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The pressure gradient force distributions in Figure  4-12 (b) and (e) illustrate that the pressure 

gradient force on spherical particles are more uniform than oblate and prolate particles. In 

addition, with increasing (Figure  4-12(b)) and decreasing (Figure  4-12(e)) aspect ratio, the 

pressure gradient force distributions shift to the left, indicating the decreased pressure gradient 

force, and particles experience a wider range of pressure gradient force. For particle-particle 

interaction force distributions, Figure  4-12 (c) and (f) show that all particle shapes express a non-

symmetric distributions with long right-hand tails and maximum peak near the y-axis. This 

illustrates that most of the particles experience the low magnitude of particle-particle interaction 

force. For both oblate and prolate particles, the curves slightly shift to the left side and the peak 

values increases. This means that at the same liquid velocity, the beds of ellipsoids can expand 

more significantly and particles have more free space to move without severe interactions. 

 

Figure  4-13. Effect of particle aspect ratio and liquid superficial velocities on spatial-temporal 
averaged forces: (a) drag force and (b) pressure gradient force.   

The average values of drag force and pressure gradient force as a function of particle aspect 

ratio and liquid superficial velocity are shown in Figure  4-13. At a given 0U , with increasing 

particle aspect ratio from 0.28 to 5.33, the drag force declines first and then increases with a 
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minimum occurring at AR = 1. Spheres have the minimum drag force. This is because the 

projected area increases when particles changes to oblate or prolate shapes. However, the 

projected area is also affected by particles orientations which will be discussed in the next section. 

The pressure gradient force curve shown in Figure  4-13(a) is opposite to drag force variations. 

The maximum pressure gradient force can be observed for spheres. This is because that at the 

given U0, spherical particles have a lower bed height and hence larger bed density than oblate 

and prolate particles.  

The time-averaged force variations with bed height are examined at 0 0.251 /U m s=  and 

shown in Figure  4-14. For oblate particles (AR = 0.28), Figure  4-14 (a) shows that the mean drag 

force on an oblate particle along the bed height fluctuates smoothly around a mean value from the 

bed bottom to the height near the bed interface (displayed by vertical red dashed-line). But 

starting from the bed interface to higher heights, the mean drag force increases (this increasing 

trend has been found to be attributed to the particle orientation which will be discussed in the 

next section). On the other hand, the mean pressure gradient force on an oblate particle varies 

slightly with the bed height and it falls to lower values as it passes the bed interface (Figure  4-14 

(b)). The growing trend of mean drag force and declining tendency of mean pressure gradient 

force on oblate particles passing the bed interface result in sufficient particle-fluid interaction 

force to balance the particle weight (Figure  4-14 (c)). This causes particles which have positive 

velocities and have passed the bed interface (Figure  4-14 (d)) to flee from the dense bed and enter 

the freeboard region. Hence, the entrainment occurs. The particle-particle (Figure  4-14 (e)) and 

particle-wall (Figure  4-14 (f)) interaction forces become zero as the freeboard region is dilute.  
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Figure  4-14. Time-averaged variations of different variables with bed height at liquid superficial 
velocity of 0.251 m/s: (a) drag force, (b) pressure gradient force, (c) particle-fluid interaction 
force, (d) particle vertical velocity, (e) particle-particle interaction force, (f) particle-wall 
interaction force, and (g) total force acting on particles. The red dash line – bed interface height 
for ellipsoids at AR = 3.5, brown dash line – bed interface height for spheres, and green dash line 
– bed interface for ellipsoids at AR = 0.28. 
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However, spherical and prolate particles (AR = 3.5) show quite a different behaviour at the 

same fluidization velocity. When a sphere approaches the bed interface, the mean drag force 

(Figure  4-14 (a)) rises slightly and pressure gradient force (Figure  4-14 (b)) decreases remarkably. 

As the declined pressure gradient force cannot be compensated by the slight increase in the drag 

force, spheres which cross the bed interface encounters a sharp decline in particle-fluid 

interaction force (Figure  4-14 (c)) which is the main driving force for the particle motion. Thus, 

these particles begin to deaccelerate and reduce the velocities (Figure  4-14 (d)) to zero and then 

negative values which lead them to return to the dense bed. An analysis of the mean force 

variations for prolate particles (AR = 3.5) also clearly reveals the similar phenomenon. Under this 

condition, the particle-fluid interaction force acting on the particle cannot be large enough to 

overcome the particle weight, so particles which have just passed the bed interface would return 

to the bed under the influence of gravitational force.  

4.5.5 Particle orientation analysis 

One key difference between spheres and ellipsoids is the particle orientation. Spheres do not 

present orientation due to the isotopic feature. However, ellipsoids can exhibit a wide range of 

orientation, which makes significant influences on the fluidization behaviour. Therefore, an 

analysis of particle orientation can provide information to explain the flow structures of ellipsoids. 

In this work, the angle between the vertical z-axis and OA shown in Figure  4-1 is defined as 

particle orientation angle ( )α . Note that OA  is the vector from particle centre to the polar apex. 

Therefore, the orientation angle of 0ο indicates that OA  is parallel to the z-axis, and 90ο  

indicates that OA is perpendicular to the z-axis. For convenience, all orientation angles varying 

from 90 360−ο ο  are transformed to the angles between 0ο to 90ο . The angles can be calculated as 

180 α−ο  if (90 ,180 )α ∈ ο ο , or 180α − ο  if (180 ,270 )α ∈ ο ο , or 360 α−ο  if (270 ,360 )α ∈ ο ο . 
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Figure  4-15 shows the temporal variations of the mean orientation angle of particles as a 

function of particle aspect ratio and liquid superficial velocity. At 0 0.1U = /m s (Figure  4-15 

(a)), as expected, the orientation angle for spheres fluctuates around 45ο  due to the isotropic 

nature; however, this is not the case for oblate and prolate particles. Oblate particles (AR = 0.28) 

intend to increase the orientation angle from 27° at the early stage to reach a stable condition in 

which the mean angle oscillates around a mean value (36.7º). This implies that due to the 

interaction from the fluid, the disc-shaped particles become more inclined to its horizontal 

orientation. On the other hand, prolate particles (AR = 3.5) are more likely to be in the horizontal 

direction before introducing the liquid, then the mean angle decreases to a low constant value. 

This indicates that prolate particles intend to align their long axis direction parallel to the vertical 

z-axis. With the increase of U0 to 0.251 m/s, prolate particles (AR = 3.5) have a larger mean 

angle (around 48° shown in Figure  4-15 (b)), indicating the tendency to become horizontally 

orientated. The mean orientation angle of oblate particles increases slightly with U0, indicating a 

slightly more random orientation.  

 
Figure  4-15. Variations of particle orientation with time for various aspect ratios at                               

two different liquid superficial velocities: (a) 0.1 m/s, and (b) 0.251 m/s. 
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Figure  4-16 illustrates the mean orientation angle variations with particle aspect ratio at 

different liquid superficial velocities. At low U0 (e.g., 0 0.1U = /m s ), with increasing aspect ratio 

from 0.28 to 1, the angle declines first and then increases with the minimum at AR = 0.5. But the 

minimum disappears gradually with increasing 0U . Therefore, the less the aspect ratio, the more 

tendency for oblate particles to be in the horizontal position. On the other hand, with increasing 

aspect ratio to the values larger than 1.0, the orientation angle decreases which indicates that 

when particles get more elongated, they intend to be in the vertically-orientated direction. As 0U  

increases, the beds expand and particles have more space to orient to their stable positions which 

is the horizontally orientated direction; thus the orientation angle grows. At 0 0.251U = /m s , the 

orientation angle of prolate particles is apparently independent of aspect ratio. 

 
Figure  4-16. Effects of particle aspect ratio and liquid superficial velocities on the bed average 
orientation angle. 

 Figure  4-17displays the mean orientation angle along the bed height for different aspect 

ratios. As shown in Figure  4-17 (a), the mean angle of oblate particles (AR = 0.28) in the bed 
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dense region is almost constant, fluctuating around a fixed value. However, when particles 

approach the bed interface, the angle decays sharply. This indicates that oblate particles move 

towards the top of the bed in a horizontally-oriented position. This is the reason that when oblate 

particles reach the region near the bed interface, they encounter high magnitude of drag force 

from the liquid (Figure  4-14 (a)). This indicates that how particle orientation can affect particle 

motions significantly. For spheres (Figure  4-17(b)), as expected, orientation angle is constant at 

different heights. For prolate particles, Figure  4-17 (c) shows that the orientation angle increases 

in the bed interface region, indicating that prolate particles prefer to orient horizontally. 

 

 
Figure  4-17. Effect of liquid superficial velocities on the particle orientation angle distributions 
with bed height when U0 = 0.251 m/s: (a) AR = 0.28, (b) AR = 1.0, and (c) AR = 3.5. 

Note that when particles with different shapes approach and pass the bed interface at same 

liquid superficial velocity 0 0.251U = /m s , they undergo different phenomena. Oblate particles are 
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entrained by fluid, but spherical and prolate particles return to the dense bed. This phenomenon 

can be explained by the terminal velocities of particles. It is the particle orientation that changes 

the projected area of particles and hence the magnitude of drag force and pressure gradient force. 

The changes of forces significantly affect the terminal velocities of particles. The terminal 

velocity of particles at different orientation angles can be calculated based on the general force 

balance on a single particle falling in a stagnant liquid. The calculated terminal velocities of the 

oblate (AR = 0.28), spherical (AR = 1.0), and prolate (AR = 3.5) particles at different orientation 

angles are plotted in Fig. 18.  

 
Figure  4-18. Effect of particle orientation on the terminal velocity of ellipsoidal particles. 

Figure  4-18 reveals the significant effect of particle orientation on the terminal velocities of 

particles. It can be observed that generally, spheres have larger terminal velocities than oblate and 

prolate particles except for some ranges of orientation angle (e.g., particularly for prolate 

particles with the orientation angle less than ~24º, but note that prolate particles preferably have 

an angle larger than 24º as shown in Figure  4-16).  Prolate and oblate particles can have the same 
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terminal velocity at the angle of around 63°. Hence, according to Figure  4-18, the occurrence of 

entrainment phenomenon for different shapes of particles strongly depends on the orientation 

angle and also the operational liquid superficial velocity. This can be used to explain the 

difference of flow patterns as observed in Figure  4-2. For example, at U0 = 0.251 m/s, the 

terminal velocities of spheres and prolate particles in the entire range of particle orientation 

angles are larger than 0.251 m/s. As a result, no entrainment occurs at this velocity. However, for 

oblate particles, the terminal velocity at a certain range of orientation angles is less than 0.251 

m/s, hence oblate particles with the angle in this range would enter the freeboard region. When 

liquid superficial velocity is increased to 0.325 m/s (Figure  4-2 (h)), prolate particles which reach 

the interface with orientation angles more than 60° can be entrained to the freeboard region. 

However, the significant increase in liquid velocity to 0.47 m/s for spheres still do not cause any 

entrainment as shown in Figure  4-2 (i). This is because the terminal velocity of spheres is high 

(e.g., 0.54 m/s as shown in Figure  4-18), and independent of orientation angle. Hence, the 

entrainment phenomenon does not occur. 

4.5.6 Summary 

In summary, we employed CFD-DEM to investigate the effect of particle shape on the 

hydrodynamics of liquid fluidizations. Spheroids are used in this work to represent non-spherical 

particles. It was found that particles shape significantly affects the solid flow behaviour in liquid 

fluidizations. The entrainment phenomenon was observed for oblate particles, but spheres and 

prolate particles did not enter to the freeboard regions at the same velocity. Spheres exhibit the 

uniform distributions of pressure gradient and porosity along the bed height, independence of 

liquid superficial velocity. However, at high liquid velocities, non-symmetric parentheses-shape 

profiles are observed for ellipsoids with maximum pressure gradient and porosity happening at a 
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certain height. This is mainly caused by particle interlocks due to non-sphericality of particles. 

Elongated or platy particles are easily accumulated at high liquid velocities and locked in some 

regions above the distributor which results in high-pressure gradient and low porosity. Besides, 

bed permeability decreases remarkably for ellipsoids, and spheres have the largest minimum 

fluidization velocity. Finally, the changes of particle orientations have been found to be 

responsible for the entrainment phenomenon.  
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 A modified drag model for Chapter 5

multicomponent mixtures of non-

spherical particles 
 

 Overview 5.1

In this chapter, CFD-DEM is used to investigate the effects of particle shape on the mixing 

process. A modified drag model suitable for multicomponent mixtures of non-spherical particles 

is proposed first, and its validity is then verified by comparison to experimental data. In addition, 

the results show that adding a second component (oblate or prolate particles) to spheres results in 

reducing the minimum fluidization velocity of the mixtures; however, oblate particles in 

decreasing the minimum fluidization velocity is more significant than prolate particles. The 

mixing index increases with increasing gas velocity while after a specific gas velocity, the mixing 

index becomes constant. The results also show that with the added component changing from 

spheres to oblate/prolate particles, clear segregation happens in the bed. It is found that the effect 

of particle shape on the particle-fluid interaction force is responsible for the occurrence of 

particle segregation. 

 Introduction 5.2

Different numerical methods were used to study mixing process in the fluidized bed by either 

continuum approach (Fan and Fox, 2008; Pirker et al., 2010; Sun et al., 2009) or discrete 

approach (Di Renzo et al., 2008; Feng et al., 2004; Feng and Yu, 2007; Norouzi et al., 2011; 
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Olaofe et al., 2014; Zhu et al., 2007, 2008). Note that continuum approaches are more desirable 

in terms of computing time, but the results are less accurate in prediction of mixing and 

segregation process (Fan and Fox, 2008; Sun et al., 2009) and even in generating basic flow 

characteristics (Pirker et al., 2010). Alternatively, discrete approach such as CFD-DEM has been 

widely employed to study the fundamental behaviour of granular materials (Zhu et al., 2007, 

2008), and the mixing/segregation process in fluidized beds (Di Renzo et al., 2008; Feng et al., 

2004; Feng and Yu, 2007; Norouzi et al., 2011; Olaofe et al., 2014). For example, Olaofe et al. 

(2014) investigated the mixing and segregation phenomenon of disperse systems of spherical 

glass beads with the same density and different sizes. It was found that the CFD-DEM model 

with appropriate drag model for polydispersity systems was able to successfully predict the 

mixing quality as observed in experiments, and concluded that the role of drag force in the 

prediction of hydrodynamics of particles in gas-fluidized beds is important. Di Renzo et al. (2008) 

utilized CFD-DEM simulation data to propose a model for the mixing process, and a mixing map 

was developed which was claimed to be extensible to more complex systems with different 

particle sizes and densities. Feng and Yu (2004) observed that good mixing of spherical particles 

of different sizes and densities occurred at high gas velocities, while at lower velocities 

segregation took place. 

However, all the aforementioned studies considered particles as ideal spherical particles. In 

practice such as biomass particles in gasification or combustion process (Cui and Grace, 2007),  

coating of tablets in fluidized beds (Li et al., 2015), food processing (Kozanoglu et al., 2002), and 

bulk solid handling (Qian and Yan, 2012), particle shapes are complex, either regular or irregular. 

Particle shape can affect particle behaviour significantly, as demonstrated in mono-sized 

fluidizations (Cai et al., 2016; Chen et al., 2017; Gan et al., 2016; Hilton et al., 2010; Ma et al., 
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2016; Vollmari et al., 2016; Zhou et al., 2011). However, it is still little known about fluidizations 

of multicomponent mixtures of non-spherical particles and how particle shape affects the mixing 

and segregation. Some efforts have been made in this direction (Alobaid et al., 2013; Barghi et al., 

2003; Escudié et al., 2006a; Oschmann et al., 2014; Ren et al., 2012; Shao et al., 2016). For 

example, observations from Escudié et al. (2006a) showed that particles shape can significantly 

cause segregation in binary mixtures with particles having the same size and density. 

Experimental work of Shao et al. (2016) examined the mixing behaviour of non-spherical 

particles in a waste fluidized bed, showing that high particles mixing index can be achieved when 

the density of non-spherical particles is similar to the density of fluidization medium in multi-

component mixtures. Ren et al. (2012) found that spherical particles mix more evenly and faster 

than corn-shaped particles. Mixtures of spheres and complex shaped particles with same 

equivalent volume displayed some segregations, which were attributed to variations of cross-

sectional area and consequently different particle-fluid interaction forces (Oschmann et al., 2014). 

Vollmari et al. (2017) investigated the mixing quality of mixtures with four different shapes both 

experimentally and numerically. The mixing speed and quality predicted by CFD-DEM coupled 

model were found in good agreement with their experiments. Adding plates to mixtures resulted 

in faster mixing rates. However, in cases of adding cubes and elongated particles to other 

complex shaped particles, the mixing was not affected significantly.  

So far, only limited studies have been conducted to use CFD-DEM approach for the mixing 

behaviour of multi-component mixtures of non-spherical particles in fluidized beds. One main 

reason is that a proper drag force model for a multi-component mixture of non-spherical particles 

is not available. Many drag models so far are proposed for a binary mixture of spherical particles 

and systems with mono-sized non-spherical particles. These drag models are not recommended 
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for mixtures of non-spherical particles. This fact was also highlighted by Vollmari et al. (2017) 

who found noticeable differences between experimental and numerical predictions of mixing 

index for mixtures of spheres and elongated cuboids as well as spheres and plates. They 

attributed such discrepancies to the lack of drag model for polydispersity systems of spherical 

and non-spherical particles.  

Therefore, in this chapter, an effort is made to propose a drag model for mixtures of different 

shapes by the combination of drag models of Rong et al. (2014), Hölzer and Sommerfeld (2008) 

and Rong et al. (2015). In addition, it is not well understood that when particle shapes change 

from one shape to other shapes, how this affects the mixing quality. Ellipsoidal particles are able 

to overcome this as they can represent a wide range of particle shapes from oblate (disc-like) to 

prolate (elongated) particles. Thus, a systematic analysis of effects of particle aspect ratio, which 

varies from 0.25 to 3.5, on the mixing of binary mixtures is carried out. 

 Model Descriptions 5.3

The CFD-DEM model used in this chapter is the same as the model which was explained in 

the sections of  4.3 of Chapter 4. The only difference is in using a new correlation for the drag 

force correlation of mixture of non-spherical particles, which is described in the next section.   

5.3.1 Drag model for mixtures of non-spherical particles 

In the literature, various drag models are available to calculate the drag force for mono-sized 

spherical particles (Di Felice, 1994; Ergun, 1952; Gidaspow, 1994; Rong et al., 2013; Syamlal 

and O'Brien, 1988; Wen and Yu, 1966 ), binary mixtures of spherical particles (Cello et al., 2010; 

Rong et al., 2014; Van der Hoef et al., 2005; Yin and Sundaresan, 2009), and mono-sized non-

spherical particles (Ganser, 1993; Haider and Levenspiel, 1989; Hölzer and Sommerfeld, 2008; 
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Rong et al., 2015). However, so far there has been no drag models for mixtures of non-spherical 

particles. The extension of drag models developed based on mono-sized particles to binaries of 

non-spherical particles can result in discrepancies between simulations and experiments 

(Vollmari et al., 2017). Therefore, in order to develop a drag model that is suitable for 

multicomponent mixtures of non-spherical particles, three drag models of Rong et al. (2014), 

Holzer and Sommerfeld (2008), and Rong et al. (2015) are combined in this work to formulate a 

drag model for binary mixtures of non-spherical particles, and details are given below. 

Rong et al. (2014) employed Lattice Boltzmann method to propose a drag model for 

mixtures of spherical particles. Extensive discussion of the drag model’s advantages over other 

drag models can be found in Rong et al. (2014). The general equation of this drag model, which 

is similar to the general format of Di Felice (1994) model used in the literature, is given by Eq. 

(5-1): 

( , Re )2
, 00.5 ( , , ) ( )f u u f

d i D f f i i f i i fC A d x β ερ ε α ε ε −
⊥= − −v v                                                   ( 5-1) 

where 0DC  is the drag coefficient of an isolated sphere which is determined by 

( )2

0 0.63 4.8 / ReDC = + (DallaValle, 1948), 
fρ is the liquid density, A⊥ is the projected area 

of particles in the fluid flow direction (for spheres, it is 2 / 4dπ  and d  is the harmonic mean 

diameter of a mixture and determined by 
1

1
/N

i ii
d x d

−

=
 =  ∑ , id  is the particle size of 

component i, N is the total number of components (for binary mixtures, N=2), ix is the volume 

fraction of a component in a mixture, α  is the coefficient which determines the fraction of total 

drag force based on the mean particle size should be allocated to each component, and calculated 

by 2 2
1

( , , ) (1 ) / ( ( / ))N
i i f i i i ii

d x A B x y Ay Byα ε
=

= − − + +∑ , the parameters A  and B  are, respectively, 
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given by ( ) 0.5(1 )f fA ε ε= −  and 0.5B = , iy  is the diameter ratio of i th component given by 

/i iy d d= , β  is the corrective exponent and defined as 

2 2
10( , Re ) 2.65( 1) (5.3 3.5 ) exp 0.5(1.5 log Re )f f f fβ ε ε ε ε  = + − − − −  , Re  is the Reynolds number based 

on mean particles size and defined as Re /uf idε u= − v , 
fε is the voidage, u  is the local 

fluid velocity vector, iv is particle velocity, and u is the fluid kinetic viscosity.  

Note that Eq. (5-1) only applies to binary mixtures of spherical particles. In this work, Eq. 

(5-1) is still used but modified for binary mixtures of non-spherical particles. The details of the 

modification of Eq. (5-1)  includes: 

(i) The drag coefficient 0DC in Eq. (5-1) is determined by Holzer and Sommerfeld (2008)’s 

drag model. This coefficient was proposed based on a large number of literature experimental 

data and performed numerical studies, and hence is applicable over a wide range of the Reynolds 

numbers. One important advantage of this coefficient is that it considers the effects of both 

particle shape and orientation. The reliability of the drag coefficient has been verified by (Hilton 

et al. Hilton et al., 2010, Zhou et al. Zhou et al., 2011, and Rong et al. Rong et al., 2015). 

Therefore, this correlation (Hölzer and Sommerfeld, 2008) is used in this work to calculate the 

drag coefficient CD0 on an ellipsoidal particle, which is given as: 

0.20.4( log )
0 3/4

, , ,

8 1 16 1 16 1 10.42 10
Re Re ReD

p i p i p i

C φ

φ φφ φ
−

⊥⊥

= + + + ×                                            ( 5-2) 

 

where φ⊥ is the crosswise sphericity, defined as the ratio between the cross-sectional area of the 

volume equivalent sphere and the projected cross-sectional area ( )A⊥
 of the considered particle. 



Chapter 5 A modified drag model for multicomponent mixtures of non-spherical particles 

 

 
126 

 (ii) The particle diameter id  in the modified drag model is replaced by the volume equivalent 

diameter which is given as 1/3(6 / )i id V π=  where iV  is the volume of the ellipsoid i. However, when 

two ellipsoids have different shapes but the same volume, their equivalent particle diameters are 

equal to each other. As a result, the parameterα approaches one and the equation (Eq. (5-1)) 

would be simplified to the case for mono-sized particles. Therefore, there is a need to modify the 

definition of particle equivalent diameter ( id ) to overcome the problem. Here, we use another 

equivalent particle diameter in terms of the projected area of particles, which are also used in 

many studies of drag coefficient (Heiss and Coull, 1952; Rodrigue et al., 1994; Singh and 

Roychowdhury, 1969; Unnikrishnan and Chhabra, 1991). The projected area-based equivalent 

diameter is determined by 1/2(4 / )p
i pd A π=  where pA is the projected area of the particle normal to 

the direction of its motion. 

(iii) Add a corrective function to Eq (5-1) to consider the effect of particle shape. The 

corrective function, which is proposed by Rong et al. (2015) for mono-sized ellipsoidal particles, 

is used here and defined as ( ), Re( , ,Re) fJ λ φε φ ε − < >= . Clearly, J is a function of local porosity, 

particle sphericity of ellipsoids, and Reynolds number. Hence, the modified drag equation can be 

written as: 

( )( ( , Re ) , Re )2
, 00.5 ( , , ) ( )f u u f

d i D f f i i f i i fC A d x β ε λ φρ ε α ε ε − + < >
⊥= − −v v                           ( 5-3) 

   

where the sphericity φ is to represent particle shape factor, and defined as the ratio of surface area 

of a sphere having the same volume of the non-spherical particle to the surface area of the 

particle. The exponential term in the corrective function J is defined as 
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( ) 2
, Re (1 ){ exp[ 0.5(3.5 log Re ) ]}C Dλ φ φ< > = − − − − < > , where the parameters of C and D are 

respectively given by ( ) 39 20.6C φ φ= −  and 2( ) 101.8( 0.81) 2.4D φ φ= − + . 

The three steps above should be applied to Eq. (5-1), hence the new equation (Eq. (5-3)) can 

be considered as a modified drag model which considers not only particle shape and size but also 

particle volume fraction. 

 Simulation conditions 5.4

The CFD-DEM simulations are conducted in a rectangular slot with periodic boundary 

conditions applied to the front and rear walls to eliminate wall effects. For this geometry, 2-D 

CFD and 3-D DEM are used, which was also successfully employed in the previous studies 

(Feng et al., 2004; Zhou et al., 2011). The poured packing method (Zhang et al., 2001) is used to 

generate the fixed bed. In this method, random velocities and orientation are assigned to each 

ellipsoid, and then particles fall from certain height under gravity force. The settling process 

continues until all particle velocity approaches to zero. Then, the packed bed is used to inject 

liquid uniformly from the bottom of the bed. The steady state condition is achieved when the 

pressure drop and bed voidage fluctuates around their mean values. No-slip boundary condition is 

applied to the interaction between wall and liquid phase. For the collisions between particles and 

side walls, walls are considered as a particle with infinite diameter. The physical and geometrical 

parameters implemented in the present simulations are listed in Table  5-1. 

 

Table  5-1. Parameters used in the present simulations. 

Particle phase  
Density ( )pρ , 3.kg m−   772.5   
Equivalent diameter ( )pd , mm 7 
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Particle shape Oblate, sphere, and prolate 
Particle Aspect Ratio (AR), - 0.25, 0.5, 1, 1.5, 2, 3.5 
Number of particles ( )N , - 6000 
Young’s modulus ( )E , 2.N m−  81.0 10×  
Poisson’s ratio ( )v , 2.N m−  0.4 
Sliding friction coefficient ( )m ,- 0.3 
Damping Coefficient ( )nc ,- 0.3 
Time step ( )t∆ , s 62.5 10−×  
  
Gas phase  
  
Viscosity ( )fm , 1 1. .kg m s− −  1.83e-005 
Density ( )fρ , 3.kg m−  1.168 
  
Bed geometry  
                     Width ( )W , m  0.2 
                     Height ( )H , m  1.0 
                     Thickness ( )D , m  4 pd  
Size of CFD cells 2 2p pd d×  
Bed distributor  Uniform 
Time step ( )t∆ , s 62.5 10−×  
  

 

Particles with different shapes from oblate to prolate are generated with varying aspect ratio 

of spheroids. Spheroids are composed of three radii: a is assigned to the radius in the polar 

direction, and b and c are considered as the radii in the equatorial plane. Therefore, the particle 

aspect ratio (AR) is defined as AR =c/a. Consequently, AR >1 corresponds to prolate spheroids, 

AR=1 stands for spheres, and AR<1 is for oblate spheroids. In order to perform a systematic 

analysis of the effects of particles shape on the mixing quality of binary mixtures, all properties 

of particles (i.e., volume and density) except shape and the volume fraction of each component 

(50 % by volume) remain constant in all simulation cases. Each binary mixture is generated by a 

combination of spherical particles and spheroids with a specific aspect ratio (i.e., AR = 0.25, 0.5, 

1, 1.5, 2, 3.5). Therefore, in this work, six different binaries are studied to figure out that when 
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particles shape gradually change from flat shape to a sphere and then elongated shape how this 

affects the mixing quality of mixtures. Each binary is made by adding a second component in 

ellipsoidal shape to the spheres with the equal volume fraction of 50%. Note that a mixture of 

spheres and ellipsoids is presented in the format of AR(ψ1, ψ2), where AR stands for Aspect 

Ratio, ψ1 is the aspect ratio of component 1 ( mono-sized spheres), and ψ2 is the aspect ratio of 

component 2 (added mono-sized ellipsoids). 

The mixing quality of a mixture can be quantified by calculating mixing index. Various 

methods have been proposed in the literature to quantify the mixing/segregation quality in 

fluidized beds (Hemati et al., 1990; Lacey, 1954; Nienow et al., 1978; Rice and Brainovich, 

1986). Among them, the well-known Lacy mixing index (Lacey, 1954) is used in this work. The 

Lacy mixing index can be given by 2 2 2 2
0 0( ) / ( )RM S S S S= − − , where 

2S is the actual variance, 2
0S  

and 2
RS  are the variances of the completely segregated and well-mixed states, and respectively 

given by 2
0S p q= ×  and 2 ( ) /RS p q N= × , where p  and q are the volume fraction of spheres 

and added ellipsoids in a mixture, and N  is the number of particles in the samples. Note that due 

to the presence of bubbles in the beds, the weight of each sample can be significantly different 

from each other and this can affect the mixing index calculation. To avoid this problem, some 

researchers (Feng et al., 2004; Rhodes et al., 2001) proposed different approaches. Here, the 

method proposed by Feng et al. (2004) is used to handle this problem. Feng et al. (2004) 

discretized the bed to fixed sample sizes and the contribution of each sample to the total mixing 

index calculation is considered with a weighting factor. Thus, the actual variance 
2S is expressed 

as: 
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2 2

1

1 ( )
n

wf i
it

S k X X
k =

= −∑                                                                                                              

( 5-4) 

where t wfk k=∑  and 
wfk is a weighting factor, equal to max/N N ( N  is the number of 

equivalent particles in the i th sample, and maxN is the maximum number of equivalent particles 

among all the samples at a considered time step). n  is the number of samples, iX  is the volume 

fraction of spheres in the i th sample,  and X is the volume fraction of spheres in the whole bed 

which in this work is equal to p .  

Another important parameter for mixing index calculation is the selection of the sample size 

(Fan et al., 1970; Feng et al., 2004). Therefore, for each binary mixture, the effect of sampling 

size on the mixing index is firstly investigated for a well-mixed bed and a fully segregated bed, 

and then an optimum range of sample size is chosen. Figure  5-1, for example, displays the effect 

of sample size on the mixing index for the two extreme configurations of well-mixed beds and 

fully segregated beds containing different binary mixtures of AR(1, 0.25), AR(1,1) and AR(1,3.5). 

It can be seen from Figure  5-1(a) that with a sample size of 0.016-0.027 m, the mixing index of 

well-mixed bed is close to one, and at the same time the mixing index of fully segregated beds is 

close to zero. Therefore, the middle value (0.0215 m) of this range is selected to calculate the 

mixing index for all the cases of binary mixtures of spheres and oblate particles with AR=0.25. 

On this basis, a similar analysis is performed for other binary mixtures to find a reasonable 

sample size. Hence, the sample size of 0.018 m is chosen for the mixture AR (1, 1) (Figure  5-1 

(b)), and the sample size of 0.028 m for the mixture AR (1, 3.5) (Figure  5-1 (c)). 
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Figure  5-1. Sampling size effects on mixing index for two extreme conditions of well-mixed bed 
and fully segregated bed; (a) binaries of oblate (AR=0.25) and spheres, (b) binaries of two 

identical spheres, (c) binaries of prolate (AR=3.5) and spheres. 

 Results and discussion 5.5

5.5.1 Validations of the modified drag model 

The modified drag model can be validated by comparisons with other drag models and 

physical experiments. In particular, since limited experimental data for binary mixtures of 

ellipsoids are available to quantitatively validate the modified drag model, the experimental work 

of Vollmari et al. (2017) is selected to verify the modified drag model’s capabilities in the 

modeling of binary mixtures of spherical and non-spherical particles. In the work of Vollmari et 

al. (2017), the mixing quality of four different shapes (sphere, cube, elongated cuboid, and plate) 

are analyzed experimentally and numerically. Here, the experimental results of the binary 

mixture of plates and spheres are chosen to compare with the simulated results by the present 

model. Note that plate-like particles can be estimated by ellipsoids with very low aspect ratio. 

The comparisons of the CFD-DEM results in two different cases are carried out first. In the 

first case, the modified drag force model (Eq. (5-3)) is implemented into the CFD-DEM model 

and in the second case, the drag force model developed based on mono-sized non-spherical 
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particles is used in the model. Note that the drag force on the basis of mono-sized drag coefficient 

is calculated by 2
, 0.5 ( )f u v u vd i D f f i i i i fC A γρ ε ε −

⊥= × − − , where  

2
103.7 0.65exp[ (1.5 log Re ) / 2]iγ = − − −  , A⊥ is the cross-sectional area perpendicular to the fluid 

flow, Rei
 is the relative Reynolds number, which is defined as Re | | /u vi f v f i i fdρ ε m= − , 

where dv  is the equivalent diameter defined as the diameter of a sphere with the same volume as 

the ellipsoid particle. 
DC  is the drag coefficient given by Eq. (5-2).  This drag force equation was 

also used in previous works (Gan et al., 2016; Oschmann et al., 2014; Vollmari et al., 2017; Zhou 

et al., 2011) to calculate the drag force on non-spherical particles in fluidized beds.  

Figure  5-2 compares the particle flow patterns predicted by the two drag models at different 

times, indicating no significant difference. Generally speaking, from both Figure  5-2 (a) and (b), 

it can be observed that when the gas is injected into the bed, the oblate particles (pink colour 

particles at the top in intimal stage) expands remarkably to a maximum a maximum height while 

spherical particles slightly move towards to the top. The mixing process happens gradually in 

both cases. While oblate particles at the top part of the bed are mixed with some spheres, some 

spheres are fully segregated at the bottom of the bed. Obvious bubbles can be seen in the top 

layer of the bed, which can be the cause of mixing process of spheres with oblate particles. It is 

can be seen that when the modified drag model is implemented into the model (Figure  5-2 (a)), a 

smaller number of spherical particles (in green) is accumulated at the bottom. This implies more 

mixing of spheres into oblate particles. 
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Figure  5-2. Particles configurations predicted with (a) modified drag force model (Eq. (5-3)) (b) 
drag model for mono-sized drag model at different times and at the gas velocity of 2.4 m/s. 
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In order to quantify the difference of the results predicted by the two different drag models, 

the mixing indices of a binary mixture of spheres AR(1,1), and the mixture of AR(1,0.25) 

corresponding to Figure  5-2 (a) and (b) are plotted in Figure  5-3. For the case of AR(1,1), when 

the modified drag model is applied, it is anticipated that the particles flow pattern as well as 

mixing index become similar to the case simulated with mono-size drag model. This verification 

can be seen in Figure  5-3 (a) where mixing index of two different drag models become identical 

for mixtures of identical spheres. However, as shown in Figure  5-3 (b), a noticeable difference is 

observed between mixing indices calculated for two cases of binaries of spheres and oblate 

particles (aspect ratio AR= 0.25). From Figure  5-3 (b), it can be observed that when the mono-

size drag model is used, the mixing index of the mixture is unstable and change in the shape of a 

wave. Such an unstable mixing index variations with time for the binary mixtures of spheres and 

plates were also reported in the numerical simulations by Vollmari et al. (2017). However, the 

experimental mixing index for this binary mixture was observed more stable at the steady-state 

condition (see Fig. 3 in Vollmari et al. (2017)). The mixing index predicted by the modified drag 

model in this work shown in Figure  5-3 (b) demonstrates more stable mixing index which is 

similar to the observations in Vollmari et al.  (2017). In addition, the mean mixing index with the 

modified drag model is fluctuating around the mean experimental value while there is a big 

difference between the mean experimental mixing index and the case with mono-sized drag 

model. This further validates the capabilities of the new modified drag model in simulating the 

binary mixtures of non-spherical particles. Therefore, for all simulations, the modified drag 

model as presented in Eq. (5-3) is employed. 
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Figure  5-3. Comparison between the mixing index of beds simulated by modified drag model (Eq. 
(7)) and drag model for mono-size particles (Eq. (12)); (a) binaries of two spheres with the same 
size and density, (b) binaries of oblate particles (AR=0.25) and spheres.   

 

Note that with the addition of the second component of ellipsoids to spheres, the bed 

performance changes correspondingly, particularly the relationships of the pressure drop and gas 

velocity as plotted in Figure  5-4. This figure shows the curves for mono-sized particles (spheres 

or ellipsoids) and their binary mixtures. The pressure drop variations with gas velocity for 

spheres is compared with Ergun equation (Ergun, 1952) and shown in Figure  5-4 (a). It can be 
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seen that the prediction of CFD-DEM model with the modified drag model is consistent with 

Ergun predictions of pressure drop with gas velocity, further confirming the validity of the 

modified drag model.  Figure  5-4 (a) also shows that spheres generate less pressure drop than 

oblate and prolate particles in packed beds of mono-sized particles. This indicates that spheres 

exhibit high permeability, which also was reported in the literature (Zhou et al., 2011). This 

figure also illustrates the cases of mono-sized oblate and prolate particle with aspect ratios of 

0.25, 0.5, and 2. With increasing the liquid velocity, the pressure drop increases and after the 

minimum fluidization point (Umf), the pressure drop fluctuates around mean value which is equal 

to bed weight per unit area. Figure  5-4 (b), (c), and (d) show the pressure drop-gas velocity 

variations of binary mixtures of oblate and prolate particles with spheres. Generally, the pressure 

drop variations of binary mixtures locate between the two curves for the two mono-sized particles. 

This indicates that adding non-spherical particles to spheres increase the pressure drop at a 

specific velocity, leading to lower permeability. 

 Figure  5-4 also demonstrates that the highest minimum fluidization velocity of mono-

components belongs to spheres while changing the particles shape to oblate or prolate 

significantly decreases the minimum fluidization velocity. This could be due to the enhanced 

projected area of ellipsoids in packed beds, and consequently larger particle-fluid interaction 

force on ellipsoids when particles distort from the spherical shape. When the second component - 

ellipsoidal particles- is added to the spheres to make binary mixtures of spheres and ellipsoids, 

the Umf of mixtures generally increases compared to the Umf of added ellipsoids. From this figure, 

it can be found that when the second component (ellipsoids) with a specific aspect ratio is added 

to spherical particles, the minimum fluidization velocity reduces remarkably. This indicates that 
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spherical particles can start to fluidize at lower gas velocity by adding some prolate or oblate 

particles to the spheres.  

 

 

Figure  5-4. The pressure drop variations as a function of liquid superficial velocities: (a) mono 
particles with different aspect ratios, (b) binaries with AR (1, 0.25), (c) binaries with AR (1, 0.5), 

(d) binaries with AR (1, 2).  

5.5.2 Mixing behaviour under influence of particles shape 

Figure  5-5 demonstrates snapshots of particles flow pattern for different mixtures of spheres 

and ellipsoids at the steady state condition at the gas velocity of 2.4 m/s. The mixtures of 

identical spheres (Figure  5-5 (c)) exhibits a well-mixed mixture. However, when the aspect ratio 

of the added ellipsoids is decreased or increased, two components intend to segregate. For the 

mixture of oblate particles and spheres, with decreasing the particle aspect ratio the segregation 
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degree increases. A similar effect can be observed by adding prolate particles to spheres; 

mixtures of prolate particles with greater aspect ratio with spheres reduce the mixing quality.  

 

 

Figure  5-5. Particles configurations predicted for different binaries at an equilibrium state at the 
gas velocity of 2.4 m/s. 

 

Fig. 6 shows the effects of gas superficial velocity on the mixing index for different binary 

mixtures of spheres and ellipsoids. Starting from binary mixtures of spheres and oblate particles 

(AR(1, 0.25)) (Fig. 6 (a)), the mixing index fluctuates with high amplitude at lower velocities 

(1.6 and 1.9 m/s). This can be due to particles interlocks which requires strong forces, from fluid 

or other particles to be broken down. On the other hand, with increasing the gas velocity, the 

variations of mixing index at the dynamic equilibrium state with time becomes smoother. This 

implies that the mixing quality enhances with increasing the gas velocity for the mixtures of 

spheres and oblate particles as the high gas velocity can exert a greater drag force on particles, 
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leading to more vigorous particles motions which prevent particles from interlocking, and hence 

more uniform mixing quality over the time can be achieved. 

 

Figure  5-6. The effects of gas velocity on the mixing behavior of different mixtures: (a) AR(1, 
0.25), (c) AR(1,1), and (e) AR(1,3.5); The required time to reach steady-state mixed condition as 
a function of gas velocity for different mixtures: (b) AR(1, 0.25), (d) AR(1,1), and (f) AR(1,3.5). 
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For the case of binary mixtures of identical particles (Figure  5-6 (b)), on the other hand, it is 

found that the identical spheres cannot get fully mixed (MI=1) at lower velocity, while with 

increasing the velocity over 1.6 m/s, particles reach to fully mixed state. Increase in gas velocity 

from 1.6 m/s to 2.2 m/s reduces the required time to reach the equilibrium state, while further 

increase in gas velocity to 2.2 m/s does not affect the required time to reach stable mix condition. 

Figure  5-6 (c) illustrates that time variations of mixing index for binaries of prolate particles 

(AR=3.5) and spheres exhibit fewer fluctuations compared to mixtures of spheres and oblate 

particles (Figure  5-6 (a)). This further emphasizes the significance of particles shape on the 

mixing quality. Even though different gas velocities result in different transition time to reach a 

stable mixed condition, the final mixing degree is not much affected by gas velocity. 

5.5.3 Relations of mixing index to forces acting on particles 

Figure  5-8 displays the mixing index as a function of the aspect ratio of the added component 

to the spheres. This figure shows that a clear segregation occurs when the shape of the added 

component is changed from spherical to oblate or prolate ones. Oblate particles decrease the 

mixing index more sharply compared to the oblate particles. Reducing the aspect ratio of the 

second added component from 1 to 0.5, for example, drops the mixing index by 17%, while 

increasing the aspect ratio from 1 to 1.5, reduces the mixing index only 8%. This effect and the 

overall effect of aspect ratio on the mixing index shown in Figure  5-8 can be related to the effects 

of particles aspect ratio on a number of particles scale forces. 

The spatial mean forces are defined as follows to elucidate the influence of particles shape on 

the mixing index.  For one component with larger aspect ratio, the particle-particle, particle-wall 
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and particle-fluid interaction forces are defined as ( ),

, ,1 1
/ ( ) /L c iN k

pp L pp ij L Li j
m N

= =
 =   ∑ ∑f f g , 

( ), ,1
/ ( ) /LN

pw L pw i L Li
m N

=
 =  ∑f f g , and ( ), ,1

/ ( ) /LN
pf L pf i L Li

m N
=
 =  ∑f f g , respectively, where LN is 

the number of particles with larger aspect ratio,  
,c ik is the number of particles contacting with 

particle i ,
,pp ijf is the particle-particle interaction force between particles i  and j , 

,pw if is the 

particle-wall interaction force between particle i  and the wall, and Lm g  is the weight of the 

particle with larger aspect ratio. Note that the notations  and  stand for the magnitude and 

average of the variable, respectively. The spatial-temporal mean forces are also calculated by 

averaging the spatial mean forces over the steady-state time period. Spatial-temporal mean forces 

acting on another component- with smaller aspect ratio - can be calculated in the same manner. 

Figure 5-7 illustrates the spatial distribution of the total particle-fluid force at a steady state 

condition in three different mixtures of spherical and ellipsoidal particles. From Figure 5-7(a), it 

can be seen that the particle-fluid force value distribution on oblate particles (disk-shape) is in 

large range than those on spherical particles. As a result, spherical particles intend to stay in the 

lower part of the bed and disk-shaped particles are observed mostly in the upper part of the bed. 

This leads to bad mixing and segregation under influence of particles shape occur. However, 

when two identical spherical particles are mixed (Figure5-7(b)), all particles almost receive the 

same amount of particle-fluid force and well mixing occurs with no sign of segregation. The 

particle-fluid force distributions for the mixture of spherical particles and prolate particles (Figure 

5-7(c)) show non-uniform force distributions which cause the segregation in the bed.    
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Figure  5-7. The total particle-fluid force distributions in three different mixtures: (a) AR(1,0.25), 
(b) AR(1,1), (b) AR(1,3.5); U0 =2.4 m/s. 
 

 

Figure  5-8. The effects of the aspect ratio of the added component to the spheres on the mixing 
index and particle-fluid force ratio at U0=2.4 m/s. 
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Figure  5-9. Variations of temporal-spatial mean forces with the aspect ratio of the added 
component for both components: (a) added component (ellipsoids),  and (b) spheres at U0=2.4 

m/s. 
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The ratio of the spatial-temporal mean particle-fluid interaction force on the added ellipsoids 

to the spatial-temporal mean particle-fluid interaction force on spheres is plotted in Figure  5-8. 

As it can be seen from this figure, when the added ellipsoid is a sphere, the particle-fluid force 

ratio is equal to one. This is because, in this situation, all particles have same characteristics, i.e., 

size, density, and shape. Thus, the mixing index for this binary of AR(1,1) becomes one and a 

perfect mixing is achieved. This further verifies the capability of the new modified drag model. 

On the other hand, when the shape of the added component to the spheres changes from spherical 

(AR=1) to prolate (AR<1) or oblate(AR>1) particles, the amount of upward particle-fluid force 

exerted on the oblate or prolate particles exceeds the amount of upward particle-fluid force 

exerted on spheres. This provides a driving force for segregation and as a result, the mixing index 

of binaries of spheres and oblate particles or spheres and prolate particles tends to be less than 

one. Figure  5-9 shows different force variations as a function of the aspect ratio of added 

ellipsoids for both spheres and added ellipsoids. It can be found that the effect of particles shape 

on the pressure gradient force is much less than the effect of particles aspect ratio on the drag 

force for bothe spheres and added ellipsoids. With decreasing the aspect ratio from 1 to 0.25 and 

increasing the aspect ratio from 1 to 3.5, the drag force on the added ellipsoids (Figure  5-9 (a)) 

increases while the drag force on the spheres decreases (Figure  5-9 (b)). The increasing the drag 

force for the case of added ellipsoids is because of the fact that changing the aspect ratio 

increases the projected area, and hence the drag force increases. This increase in the drag force 

leads to increase in particle-fluid force to over one. On the other hand, the drag force on spheres 

decreases with adding ellipsoids, and this reduces the particle-fluid force to under one. A 

segregation occurs as a result of the difference in particle-fluid force. This segregation is mostly 

affected by the effects of particles aspect ration on the drag force. Since the upward particle-fluid 
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force on the added ellipsoids (Figure  5-9 (a)) is larger than one for oblate and prolate particles, 

the negative value of particle-particle interaction force hinders the particles to continuously move 

upward, and makes the total force equal force; note that the particle-wall force on added 

ellipsoids is almost zero. On the other hand, the particle-fluid force on spheres (Figure  5-9 (b)) is 

less than one for binaries including oblate and prolate as added ellipsoids. Thus, the particle-fluid 

force is not big enough to balance the particle weight, and the positive value of particle-particle 

and particle-wall force must contribute to the total force balance to make the spheres suspended 

in the beds. Therefore, the overall force on the whole bed is also balanced for both spheres and 

added ellipsoids.  

 

 Summary  5.6

A CFD-DEM model is developed to study the effects of particles shape in the binary 

mixtures of non-spherical particles. Spheroids are used in this work to represent non-spherical 

particles by varying aspect ratio from 0.25 to 3.5. A modified drag model was proposed to be 

implemented in CFD-DEM model. The proposed drag model can not only consider the particles 

shape and orientations but also the volume fraction of each component. The modified drag force 

presents more consistent results with experiments in comparison to drag model which was 

developed for mono-sized particles. This implies the significance of proper selection of drag 

force in the simulation of binary mixtures of non-spherical particles. In addition, it was found that 

adding ellipsoids to spheres causes segregation phenomenon, and it reduces the mixing index and 

the reason behind the bad quality of mixing under influence of particles aspect ratio is found to be 

the fact the drag force on the oblate and prolate particles added to spheres are greater than that on 

spheres, thus it causes a driving force for segregation.  
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 Mixing and Segregation Chapter 6

Characteristics of Binary Mixtures of 

Ellipsoidal Particles in Liquid 

Fluidizations 

 Overview 6.1

In this chapter, CFD-DEM approach is employed to perform a systematic analysis of the 

effects of particle shape on the particle intermixing and segregation phenomenon in liquid 

fluidization systems. The modified drag model proposed in chapter 5 is used to calculate the drag 

force. Different particle shape from oblate to prolate particles are produced by varying aspect 

ratio of ellipsoids from 0.25 to 3, and eight binary mixtures of spheres and ellipsoids are 

examined. The results show that when particles with oblate or prolate shapes but having the same 

volume and density of spherical particles are added to spheres, they cause obvious segregation. 

The segregation becomes more significant with increasing or decreasing particle aspect ratio 

from 1.0 and liquid superficial velocity. The relationship of mixing index with aspect ratio under 

different liquid velocities is established, and a detailed explanation is given. It is revealed that 

increasing the projected area and hence the drag force results in the separation of ellipsoidal 

particles from spheres.  
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 Introduction 6.2

As discussed in the section  2.3.3.2 of Chapter 2, the particle shape effects have not been well 

studied. From literature survey, it is found that except two experiments (Barghi et al., 2003; 

Escudié et al., 2006a), most of the previous works considered particles as spherical. Up to date, 

no numerical studies on the liquid fluidizations of non-spherical particles has been conducted in 

the literature. Note that particles are highly irregular in the most of practical processes (Escudié et 

al., 2006a) such as ore beneficiations using liquid-solid fluidized beds separator (Tripathy et al., 

2017). The observations show that particles shape can have an influence on the mixing of 

particles in liquid fluidizations. However, the understanding of the underlying mechanisms is 

little known and there is a need to investigate the effect of particle shape on the mixing and 

segregation of particle mixtures in liquid fluidizations. To achieve this goal, numerical modelling 

is used in this chapter. The CFD-DEM model is used to investigate the role of particles shape on 

the mixing and segregation in liquid fluidizations. In the simulations, ellipsoid particles are used 

to study the shape factor since they can present a wide range of particles shape from oblate to 

prolate shapes. Different ellipsoids are generated by varying the particle aspect ratio (varying 

from 0.25 to 3). Eight binary mixtures of spheres and ellipsoids are produced and examined, and 

the mixing quality is quantified by means of the Lacy mixing index.  

 Model descriptions and Simulation Conditions 6.3

Please refer to the section of  5.3 of chapter 5 for the descriptions of CFD-DEM model. The 

physical and geometrical parameters implemented in the present simulations are listed in 

Table  6-1. A rectangular slot that the thickness is much less than the width and height is used to 
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carry out the simulations. For this geometry, 2-D CFD and 3-D DEM are used, which was also 

successfully employed in the previous studies (Feng et al., 2004; Zhou et al., 2011). In this work,  

Table  6-1. Parameters used in the present simulations. 

Particle phase  

Density ( )pρ , 
3.kg m−
  2000   

Equivalent diameter ( )pd , mm 7 
Particle shape Oblate, sphere, and prolate 
Particle Aspect Ratio (AR), - 0.25, 0.5, 0.65, 0.8, 1, 1.13, 

1.5, 2, 3 
Number of particles ( )N , - 6000 
Young’s modulus ( )E , 2.N m−  81.0 10×  
Poisson’s ratio ( )v , 2.N m−  0.4 
Sliding friction coefficient ( )m ,- 0.3 
Damping Coefficient ( )nc ,- 0.3 
Time step ( )t∆ , s 62.5 10−×  
  
Liquid phase  
  
Viscosity ( )fm , 1 1. .kg m s− −  0.001 
Density ( )fρ , 3.kg m−  1000 
  
Bed geometry  
                     Width ( )W , m  0.2 
                     Height ( )H , m  1.0 
                     Thickness ( )D , m  4 pd  
Size of CFD cells 2 2p pd d×  
Bed distributor  Uniform 
Time step ( )t∆ , s 62.5 10−×  
  

 

spheroids are used to generate particles with different shapes from oblate (disc-shaped) to prolate 

(elongated) particles. Spheroids are composed of three radii: a is assigned to the radius in the 

polar direction, and b and c are considered as the radii in the equatorial plane. In order to perform 

a systematic analysis of the effects of particles shape on the mixing quality of binary mixtures, all 
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properties of particles (i.e., volume and density) except shape and the volume fraction of each 

component (50 % by volume) remain constant in all simulation cases. Each binary mixture is 

generated by a combination of spherical particles (50% by volume) and spheroids (50% by 

volume) with a specific aspect ratio ( i.e., AR = 0.25, 0.5, 0.65, 0.8, 1, 1.13, 1.5, 2, 3). Each 

spheroid has the same volume and density as spherical particles. Note that a mixture of spheres 

and ellipsoids is presented in the format of AR(ψ1,ψ2), where AR stands for Aspect Ratio, ψ1 is 

the aspect ratio of component 1 - spheres, and ψ2 is the aspect ratio of component 2 - added 

ellipsoids. In this work, eight different binary mixtures are studied to figure out that when 

particles shapes gradually change from oblate shape to a sphere and then elongated shape, how 

this change affects the mixing quality of mixtures. 

In this chapter, the mixing quality of a mixture is quantified by Lacy mixing index (Lacey, 

1954 ) as given explained in the section of   5.4 of chapter 5.  

 Results and discussion 6.4

6.4.1 Flow patterns and mixing quality  

Figure  6-1 shows the particles flow pattern for binary mixtures of spheres and oblate 

particles at different liquid superficial velocities. Note that the initial bed configurations before 

injecting the liquid is fully segregated (Figure  6-1 (a)). It can be observed that for the mixture of 

AR(1, 0.5), the bottom region of the bed is occupied by spherical particles for the whole range of 

velocities, which is consistent with the observations by Escudié et al. (2006a). However, this 

region becomes more distinct at higher velocities. At U0=0.09 m/s, some spherical particles 

percolate into the top part and make a partially mixed region, and no region with only oblate 
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particles can be differentiated.  As the liquid velocity increases, two components intend to 

segregate more noticeably. As a result, a clearer interface is created between two layers at higher 

velocities. With aspect ratio increasing to AR=0.8 (case II in Figure  6-1), the mixture presents 

different behavior. At U0=0.09 m/s, a partial mixing can be seen in the whole bed with the 

bottom section rich in spherical particles and the top section rich in oblate particles. With 

increasing the velocity, these sections become richer in one component. Yet, the degree of 

segregation is not as high as that of the mixture AR(1,0.5). It is due to the fact that oblate 

particles with AR=0.8 are closer to spherical particles than those with AR=0.5, and this causes 

the segregation more difficult. Hence, particles intend to mix and this is further shown in 

Figure  6-2. 
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Figure  6-1. Solids configurations for binary mixtures of oblate particles and spheres: (I) 
AR(1,0.25), (II) AR(1,0.8) at different liquid velocities: (a) 0 m/s; (b) 0.09 m/s; (c) 0.13 m/s; (d) 

0.16 m/s; (e) 0.19 m/s. 
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Figure  6-2. Solids configurations for different binary mixtures: (I) AR(1, 1), (II) AR(1, 1.13), and 
(III) AR(1, 2) at different liquid velocities: (a) 0 m/s; (b) 0.09 m/s; (c) 0.13 m/s; (d) 0.16 m/s; (e) 

0.19 m/s. 
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Figure  6-2 displays the particle flow patterns of binary mixtures of spheres and prolate 

particles at different liquid velocities. It can be observed that as expected, the mixture of spheres 

demonstrates a well-mixed particle configurations at different liquid velocities (Figure  6-2 (I)). 

This is because for the mixture of AR(1, 1), all particles have the same properties such as size, 

density and shape. However, changing the added ellipsoids from spherical to prolate with 

AR=1.13 (Figure  6-2 (II)) prevents particles from good mixing. At U0=0.09 m/s for the mixture 

of AR(1, 1.13), partial segregation can be seen with spheres rich in the bottom section and prolate 

particles rich in the top. At U0=0.13 m/s and higher velocities, spherical particles mostly 

accumulate at the bottom of the bed while they also present at the top of the bed and mix with 

prolate particles. As a result, two distinct regions similar to the case observed for the mixture of 

AR(1, 0.8) cannot be generated. For the mixture of AR(1, 2), except at U0=0.09 m/s, spheres and 

prolate particles are segregated more significantly at higher velocities.  

To further confirm whether the initial bed structures affects the final flow pattern of particles. 

Figure  6-3 compares the variations of mixing index with time for two mixtures of AR(1,1) and 

AR(1,0.8) under different initial bed conditions: well-mixed and fully-segregated. As seen from 

Figure  6-3 (a), the particle flow pattern and the mixing index are similar to each other at the 

equilibrium state. This not only confirms the validity of the model but also confirms that the 

initial bed configurations do not affect the particle segregation patterns at the equilibrium state. 

Figure  6-3 (b) also shows that for the case of initially segregated particles, the spheres and oblate 

particles start to intermix to each other until they reach to the mixing index of 0.75. On the other 

hand, when the initial bed configuration is well-mixed, two components segregate as time elapses 

until the mixing index approaches to the case with the fully-segregated initial bed condition. 
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Therefore, this further confirms the independence of the final mixing index to the initial bed 

configuration.  

 
Figure  6-3. Effects of particle initial configurations on the mixing index of binary mixtures: (a) 

mixture of AR(1, 1); and (b) mixture of AR(1, 0.8). 

The segregation under influence of particle shape for different binary mixtures can be further 

quantified by the vertical distribution of volume fraction of spheres. The volume fractions of 



Chapter 6 Mixing and Segregation Characteristics of Binary Mixtures of Ellipsoidal 

Particles in Liquid Fluidizations 

 

 
155 

spheres along the bed height are recorded every 0.015 seconds in simulations, then the time- 

averaged volume faction of spheres is plotted in Figure  6-4. Figure  6-4(a) shows that the binary 

mixture of spheres and oblate particles with AR=0.25 displays two distinct layers at different 

velocities. For example, from the bottom of the bed to the height of 0.13 m, spheres are located at 

the bottom with the volume fraction of almost 1.0, and then the volume fraction of spheres 

reduces sharply to 0.08 and then becomes zero above the height of 0.2 m. On the other hand, 

other binary mixtures (Figure  6-4 (b-d)) do not generate such a sudden variation in the volume 

fraction of spheres along the bed height, demonstrating less clear interface between spheres and 

ellipsoids.  

 
Figure  6-4. Variation of the volume fraction of spheres along the bed height for different binaries 

at different liquid superficial velocities. 
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Figure  6-4 (b) shows that the volume fraction of spheres at the bottom cannot reach 1.0 even 

at higher velocities. This implies that the mixture of AR(1,0.8) has less tendency to segregate 

than the mixture of AR(1,0.25). From Figure  6-4 (c-d), it also can be found that increasing the 

liquid velocity increases the volume fraction of spheres at the bottom section, facilitating the 

segregation. Sharper changes in variations of spheres volume fractions with height can be 

observed for the mixture of AR(1,2) than the mixture of AR(1,1.13). This indicates that as the 

added ellipsoids become more elongated, the mixing region between two distinct layers, which 

are rich in each component, becomes narrower.   

 
Figure  6-5. Mixing index variations with time for different liquid superficial velocities and 

different mixtures: (a) AR(1, 0.5); (b) AR(1, 0.8); (c) AR(1, 1.13); and (d) AR(1, 1.2). 
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6.4.2 Mixing index 

The variation of mixing index with time for different binary mixtures of spheres and added 

ellipsoids at different liquid velocities are presented in Figure  6-5. Note that the non-zero value of 

mixing index at the initial stage, where particles are segregated, is a result of the sampling cell 

locations as some samples could include two different shaped particles; hence binary mixtures 

with the mixing indices less than 0.13 (the initial mixing index) are considered as fully 

segregated. Generally speaking, the mixing index increases with time, indicating that the bed 

gradually changes from full segregated to partially mixed, and the final state depends on the 

liquid velocity and aspect ratio of added ellipsoids. Increasing the liquid velocity not only 

decreases the final mixing index but also reduce the time to reach a stable condition. 

The spatial-temporal averaged mixing indices as a function of liquid superficial velocities for 

different binary mixtures are plotted in Figure  6-6. Generally, the mixing index decreases with 

increasing the liquid superficial velocities. This implies that the higher liquid velocities cause two 

types of particles to become more segregated. The declining trend of mixing index for different 

mixtures of spheres and oblate particles are similar to each other except for the mixture of 

AR(1,0.25). The mixing index drops until U0=0.19 m/s and then almost becomes constant, 

indicating the independence of mixing index after a specific velocity. Note that the mixing index 

for the mixture of AR(1,0.25) is less than 0.13 - the mixing index value for fully segregated bed, 

it can be concluded that no mixing happens for this mixture. Spheres and oblate particles with 

AR=0.25 intend to segregate completely. On the other hand, it can be observed that the mixing 

index for the mixture AR(1,1.13) decreases with increasing velocity from 0.09 m/s to 0.16 m/s 

and then it almost remains constant (Figure  6-6 (b)). This shows that further increase in liquid 
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velocity does not result in more segregation. The mixing index of the mixtures of AR(1,2) and 

AR(1,3), however, drops at higher velocities until a complete segregation is achieved.  

 
Figure  6-6. The effects of liquid superficial velocity on the temporal-spatial averaged mixing 

index of different binaries of ellipsoids and spheres: (a) binaries of oblate particles and spheres, 
(b) binaries of prolate particles and spheres. 

 

Figure  6-7 illustrates the effect of aspect ratio of added ellipsoids on the mixing index at different 

velocities. It can be seen that as expected, the maximum mixing index happens when the aspect 

ratio of added ellipsoids is 1.0 which are spheres. When the aspect ratio of added ellipsoids is 

decreased from 1 to 0.25 (oblate particles), the mixing index declines significantly. The similar 

phenomena can be observed when the aspect ratio is increased from 1.0 to 3 (prolate particles), 

but the decreasing trend is smoother than oblate particles. With increasing the liquid velocity, the 

mixing index drops sharply with changing the aspect ratio from 1.0 to below or above one. 
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Figure  6-7. Mixing index variation with respect to the aspect ratio of added ellipsoids to spheres 

at different liquid velocities. 

 

6.4.3 Force Analysis 

The segregation of binary mixtures can be explained by the forces acting particles, including 

particle-particle and particle-fluid interaction force. Therefore, analyzing these forces can help in 

a better understanding of the segregation occurring due to particle shape effects. Figure  6-8 

shows the distributions of the drag force, the pressure gradient force, the particle-particle 

interaction force, and particles velocity in the bed for three binary mixtures of AR(1,0.8), AR(1,1) 

and AR(1,2) when U0=0.09 m/s. Starting from the mixture of AR(1,0.8), the drag force 

distribution on added ellipsoids is mostly coloured by green while the drag force on spheres is 

generally coloured by light blue. This indicates that the added ellipsoids have higher drag forces 

than spheres. The pressure gradient force distribution (Figure  6-8(b), top row) shows that in some 
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regions the pressure gradient force is higher than other regions. These regions can correspond to 

the regions with high particle-particle contacts (Figure  6-8(c), top row) or dense regions. 

Nonetheless, no significant pressure gradient force difference on spheres and added prolate 

particles can be observed.  The particle velocity field for this mixture demonstrates six particle 

circulation loops in the bed. The two loops at the bottom of the bed are responsible for the 

circulation of spherical particles, while the two loops in the middle mostly cause a mixing of 

spheres and prolate particles which are mostly found at the top of the bed. Two side loops also 

convey prolate particles to the bottom and take some spherical particles to the top, resulting in a 

mixed region near the side walls.  

For the mixture of AR(1,1), the drag and pressure gradient forces are more uniform than the 

mixture of AR(1,0.8). It can be observed that for the bed containing identical spherical particles, 

two symmetric vortices are generated in the middle and two near the side walls. Particles can 

ascend from the side wall region or from the middle of the bed. These four circulation loops 

generate a good mixing in the bed. When the aspect ratio of added ellipsoids increases to 2, the 

symmetric circulation loops are altered into arbitrary circulation patterns with different sizes 

(Figure  6-8 (d), bottom row). These small vorticities only cause local mixing and most of the 

spheres located in the bottom section of the bed are not involved in the mixing process. This 

might be due to the fact that the drag force distribution on added prolate particles displays greater 

values than spheres (Figure  6-8 (a), bottom row), considering the similarity of pressure gradient 

force distribution on spheres and prolate particles (Figure  6-8(b), bottom row). 
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Figure  6-8. The snapshots of particles configuration at steady state conditions coloured by 

different forces when U0=0.09 m/s: (a) drag force, (b) pressure gradient force, and (c) particle-
particle force; (d) particles velocity field coloured and sized by vertical velocity. Note that the top 

row is for the mixture of AR (1, 0.8), the middle row is for the mixture of AR(1,1) and the 
bottom row is for the mixture of AR(1,2). 

Regarding the above discussion, it is believed that the segregation phenomenon due to 

particle shape dissimilarity is inherited in the role of particle-particle and particle-fluid (the drag 

and the pressure gradient) interaction forces. Thus, it is essential to perform quantitative force 
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analysis. Note that segregation mostly happens in the vertical direction, the forces in the vertical 

direction are only analyzed in this work. The spatial mean forces are defined as follows. For the 

component with larger aspect ratio, the particle-particle, particle-wall and particle-fluid 

interaction forces are respectively defined as ( ),

, ,1 1
/ ( ) /L c iN k

pp L pp ij L Li j
m N

= =
 =   ∑ ∑f f g , 

( ), ,1
/ ( ) /LN

pw L pw i L Li
m N

=
 =  ∑f f g , and ( ), ,1

/ ( ) /LN
pf L pf i L Li

m N
=
 =  ∑f f g , where LN is the number of 

particles with larger aspect ratio,  
,c ik is the number of particles contacting with particle i ,

,pp ijf is 

the particle-particle interaction force between particles i and j, 
,pw if is the particle-wall interaction 

force between particle i  and the wall, and Lm g  is the weight of the particle with larger aspect 

ratio. Note that the notations  and  stand for the magnitude and average of the variable, 

respectively. The spatial-temporal mean forces are also calculated by averaging the spatial mean 

forces over the steady-state time period. Spatial-temporal mean forces acting on another 

component- with smaller aspect ratio - can be calculated in the same manner. 

Here the force analysis is carried out for three selected binary mixtures at a specific velocity 

in order to avoid repetition. The spatial-averaged forces as a function of time for binary mixtures 

of AR(1, 0.8), AR (1, 1), and AR (1, 2) at U0=0.09 m/s are plotted in Figure  6-9. For the mixture 

of  AR(1,0.8), it can be seen that the pressure gradient force on the spheres and oblate particles 

are almost identical. However, the drag force on oblate particles is greater than that of spheres. 

This produces a larger total particle-fluid interaction force on oblate particles than that of spheres. 

As a result, this driving force causes segregation among spheres and added oblate particles. The 

particle-fluid interaction force on spheres is bigger than one, so the negative value of particle-

particle interaction force prevent particles to leave the bed and it also balances the total force to 
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be one. On the other hand, the particle-fluid interaction force on the spheres is less than one, 

which indicates that in order to make the spheres suspended in the bed the positive particle-

particle interaction force from added oblate particles are required. The particle-wall interaction 

forces on both components are negligible. When the aspect ratio of the added ellipsoid is one 

(Figure  6-9 (b)), all forces on the two components are equal as expected, this is because the two 

types of particles are identical in this binary mixture. Hence, there is no driving force between the 

two components to separate, and a good mixing is observed in this case. On the other hand, 

similar to the case of AR(1,0.8), the drag force on the added prolate particles is bigger than that 

of spheres and this leads to separation of spheres and prolate particles (AR=2).  

The effects of the aspect ratio of added ellipsoids on the mixing index as demonstrated in 

Figure  6-7 can be clarified by analyzing the drag force (note that the pressure gradient force 

acting on two types of particles are almost identical as demonstrated in Figure  6-9). Figure  6-10 

shows the variations of mixing index, the drag force ratio, and the projected area ratio as a 

function of the aspect ratio of the added ellipsoids. Here, the drag force ratio is defined as the 

ratio of the drag force on added ellipsoids to the drag force on spheres, and the projected area 

ratio is similarly defined. It can be seen that when the aspect ratio of added ellipsoids is equal to 

one, the drag force ratio is also equal to one and there is no driving force for segregation. 

However, when the aspect ratio distorts from one, the drag force ratio on the added ellipsoids 

become larger than one. This implies that two types of particles receive a different amount of 

drag force and this leads to separation of the two components. The reason behind such a variation 

of drag force with aspect ratio can be found in the variation of the projected area ratio with 

changing the aspect ratio. Changing the particles shape from spherical to oblate or prolate ones 



Chapter 6 Mixing and Segregation Characteristics of Binary Mixtures of Ellipsoidal 

Particles in Liquid Fluidizations 

 

 
164 

generates larger projected area and consequently larger drag force. Therefore, the mixing quality 

under influence of particles shape is explicitly related to the particle scale force variations, 

particularly the drag force. 

 
Figure  6-9. Spatial-averaged forces variations with time for different binaries: first row: binary of 
oblate particles (AR=0.8) and spheres, second row: binary of identical spheres, binary of oblate 
particles (AR=0.8) and spheres, binary of prolate particles (AR=2) and spheres. Note that right 
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column presents the drag force, pressure gradient force, and particle-fluid force and left column 
shows the particle-particle interaction force and the particle-wall interaction force. 

 
Figure  6-10. Mixing index, drag force ratio, and projected area ratio as a function of the aspect 

ratio of the added ellipsoids when U0 = 0.09 cm/s. 

 Summary 6.5

In summary, we used CFD-DEM model to study the mixing and segregation phenomenon 

under influence of particle shape in solid-liquid fluidized beds. Eight binary mixtures of spheres 

and ellipsoids are examined. The special cases for the mixture of AR (1, 1) and the different 

initial bed configures are also included in the discussion to support the results simulated. We 

foundf that particles shape clearly affects the mixing and segregation phenomenon in liquid 

fluidized beds. When the aspect ratio of the added ellipsoids changes from one to above or below 

one, a transient segregation phenomenon is observed. In addition, increase in liquid superficial 

velocity results in decreasing the mixing index. Thus, more clear segregation occurs at higher 

liquid velocity. The reason behind the segregation due to particle shape effect is found to be the 
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role of the particles shape on the amount of the drag force that a particle receives when particle 

shape varies.  
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 Conclusions and Chapter 7

Recommendations for Future Work 

 Conclusions 7.1

This thesis aims to investigate the underlying mechanism behind the mixing and 

segregation phenomenon in a particle scale in fluidized beds. This aim has been achieved with 

the help of an advanced combination of Computational Fluid Dynamics and Discrete Element 

Method (CFD-DEM). Two specific types of segregation have been studied: The first one is 

called layer inversion phenomenon and the other one is the segregation under influence of 

particles shape. In the latter case, ellipsoidal particles, which can represent a wide variety of 

shape from disc-shaped particles to elongate-shaped particles, are used in order to consider 

particles shape in the model. The key findings are briefly summarized below: 

In chapter 3, layer inversion phenomenon in solid-liquid fluidized beds was 

comprehensively studied using CFD-DEM. It is revealed that the layer inversion is caused by 

the differences of particle-fluid interaction forces acting on large and small particles. When 

liquid velocity increases, the pressure gradient decreases and the fluid drag force increases. 

For large particles, the decreasing rate of the pressure gradient force exceeds the increasing 

rate of drag force, causing the total particle-fluid interaction force on large particles to 

decrease from above 1.0 to below 1.0. Hence, large particles move downward. But for small 

particles, the decreasing rate of the pressure gradient force is less than the increasing rate of 

the drag force, causing the total particle-fluid interaction force on small particles to increase 

from below 1.0 to above 1.0 and driving small particles to move upward. When the particle-

fluid forces for both types of particles are 1.0, it corresponds to the well-mixed state or the 

layer inversion point.  
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The parametric studies on the layer inversion show that particles and liquid properties 

have significant influences on this phenomenon. Increasing in particles size and density ratios 

lead to a delay in layer inversion and in some cases no layer inversion happens. With 

increasing in liquid viscosity, the inversion velocity decreases while denser and hotter liquid 

increases the inversion point. It is found that the changes in inversion velocity due to changes 

in particles and liquid properties can be directly related to particle-fluid force on small and 

large particles.  

Comparisons of different drag models (Cello et al., 2010; Di Felice, 1994; Rong et al., 

2014; Yin and Sundaresan, 2009 ) have been made to figure out how different drag laws could 

predict the layer inversion. The results show that Di Felice (1994) model fails to regenerate 

the layer inversion, but Rong et al. (2014)’s model predicts the inversion velocity with better 

accuracy than other drag models. Nonetheless, Cello et al. (2010) and Yin and Sundaresan 

(2009) drag models also can reproduce the layer inversion with good agreements.  

A new model has been proposed on the basis of the criterion that the ratio of 

dimensionless particle-fluid force on large particles to the dimensionless particle-fluid force 

on small particles is 1.0. The major advantage of this model is that it does not require 

correlations such as those needed to estimate terminal velocity, void fraction, and Richardson 

and Zaki indexes in previous models. The results show that the proposed model predicts the 

inversion velocity with a mean accuracy of 14.4 % which is the same of the best available 

model in the literature. Also, the maximum error by the current model is just 34% which is 

much less than others.  

In chapter 4, the effects of particles shape on the behaviour of liquid fluidized beds of 

mono-sized particles were studied. It has been found that particles shape significantly affects 

the solid flow behaviour in liquid fluidizations. The analysis of standard deviation of pressure 

drop indicates that spheres have the lowest relative transition velocities (Ucr/Umf) with bed 
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regimes from particulate to turbulent fluidisations, and ellipsoids have higher values. The 

analysis of flow patterns shows that at the same liquid velocity, oblate particles display 

entrainment phenomenon, but spheres and prolate particles do not. This indicates that oblate 

particles have low terminal velocities than spheres and prolate particles, which is found to be 

closely related to orientations of ellipsoids.   

Particle shape also causes the non-uniformity distributions of pressure gradient and 

porosity along the bed height. Spheres exhibit the uniform distributions of pressure gradient 

and porosity, independence of liquid superficial velocity. However, at high liquid velocities, 

non-symmetric parentheses-shape profiles are observed for ellipsoids with maximum pressure 

gradient and porosity happening at a certain height. This is mainly caused by particle 

interlocks due to non-sphericality of particles. Elongated or platy particles are easily 

accumulated at high liquid velocities and locked in some regions above the distributor which 

results in high-pressure gradient and low porosity. 

Particle shape affects the bed permeability and minimum fluidization velocity. Bed 

permeability decreases remarkably for ellipsoids, and spheres have the largest minimum 

fluidization velocity. The bed expansion can be predicted, generally showing good 

agreements with experiments. At the same liquid superficial velocity, spheres show minimum 

void fraction, and ellipsoids have more significant bed expansion. The relationships of 

parameters Ue and n in Richardson and Zaki’s equation with aspect ratio are also discussed, 

illustrating the significant effect of particle shape.  

Force distributions of particles along the bed height are significantly affected by particles 

shape. This is mainly caused by the changes of particle orientations which has been found to 

be responsible for the entrainment phenomenon. It is shown that the terminal velocity of 

prolate particles is greater than spheres at small orientation angles (e.g., 0~24 degree). 

However, for oblate particles, the terminal velocity is almost always less than spheres, and 
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also prolate particles in the range of 0~64 degrees. As a result, at the same operating liquid 

velocity, oblate particles intend to be entrained to the freeboard region. 

In chapter 5, a modified drag force model applicable to multicomponent was proposed 

and it was validated against the experimental data for the case of gas-fluidized beds. The 

modified drag force presents more consistent results with experiments in comparison to drag 

model which was developed for mono-sized particles. This implies the significance of proper 

selection of drag force in the simulation of binary mixtures of non-spherical particles. Adding 

ellipsoids to spheres causes segregation phenomenon, and it reduces the mixing index. 

Mixtures of oblate and spheres exhibit significant segregation while adding prolate particles 

to spheres causes less reduction in mixing index. In addition, when ellipsoids are mixed with 

spheres, they decrease the minimum fluidization velocity of particles, resulting in fluidization 

at a lower velocity. In addition, the reason behind the bad quality of mixing under influence of 

particles aspect ratio is found to be the effects of particles aspect ratio on the particle-fluid 

interaction force, particularly the drag force. The drag force on the oblate and prolate particles 

added to spheres are greater than that on spheres, thus it causes a driving force for segregation. 

In chapter 6, the mixing and segregation phenomenon under influence of particles shape 

in solid-liquid fluidized beds were investigated. It was found that particles shape clearly 

affects the mixing and segregation phenomenon in liquid fluidized beds. When the aspect 

ratio of the added ellipsoids changes from one to above or below one, a transient segregation 

phenomenon is observed. In all binary mixtures of spheres and ellipsoids, some spherical 

particles intend to accumulate at the bottom and some of them make a partial mixing with 

ellipsoids. This might be attributed to the effects of particle shape on the particles circulation 

loops. Overall, the more the aspect ratio distorts from one, the more segregation is produced 

in the bed. Furthermore, increase in liquid superficial velocity results in decreasing the mixing 

index. Thus, more clear segregation occurs at higher liquid velocity. Nonetheless, for the 
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mixtures of spheres and oblate particles, the mixing index remains constant after specific 

liquid velocity. This velocity corresponds to the maximum segregation that can be achieved 

under influence of particles shape. In addition, the reason behind the segregation due to 

particle shape effect is found to be the role of the particles shape on the amount of the drag 

force that a particle receives when particle shape varies. The oblate and prolate particle have 

larger projected area compared to spherical particles and this leads to receiving larger drag 

force than that of spherical and hence a driving force is created and segregation happens.   

 Recommendations for Future Work 7.2

The inversion phenomenon in liquid fluidized beds was investigated in particle scale, and 

a new mathematical model was also proposed in this thesis. Nonetheless, some works related 

to this topic is suggested for the future studies. The prediction of inversion velocity by 

conducting experiments, performing simulations, or using mathematical models can be 

expensive, time-consuming, and inconvenient, respectively. On the other hand, proposing a 

general phase diagram that inversion velocity can be directly and conveniently extract from it 

could be a better mean to calculate the inversion velocity. This phase diagram can be based on 

some dimensionless number developed from particles and fluid properties. Needless to say 

that an extensive set of inversion velocity data for different binaries for a wide range of 

particles and liquid properties is needed to develop such a phase diagram. In addition, the 

effects of particles shape on the inversion phenomenon have not been investigated. Thus there 

is a need to figure out when particles shape change from spherical to non-spherical, how that 

would affect the inversion phenomenon.  

In terms of the effects particles shape on the flow charactictics of fluidized beds as well 

as on the mixing/segregation phenomenon in fluidized beds, more works need to be 

conducted. For example, it was reported in this thesis that the minimum fluidization velocity 

of mono-sized particles, decreases when particles shape changes from spherical to non-
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spherical even the particle density volume and density is kept constant. However, the reason 

behind this effect has not been known. In addition, the role of bed width on the segregation 

and mixing phenomenon under influence of particles shape is not well known. Some research 

is recommended to be done in this direction to clarify such an effect. 

A modified drag model was proposed in this project for the polydisperse systems of non-

spherical particles, and until now, there is no such a drag model. The modified drag model 

was our best choice to be used in this work; however, it is not perfect. Therefore, it is 

suggested to propose a new darg force correlation for multicomponent of non-spherical 

particles. This could be performed by employing some direct methods such as Lattice 

Boltzmann Method (LBM)-DEM.   
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