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Abstract

This thesis is about the rigid cosmological Newtonian limits on large time and space scales and answers
the following fundamental question:

On what space and time scales can Newtonian cosmological simulations be trusted to approximate
relativistic cosmologies?

We will resolve this question under small initial data and the positive cosmological constant con-
dition. Specifically, we focus on solutions which are initially a small perturbation of the Friedmann-
Lemaitre-Robertson-Walker (FLRW) solution. Here, the FLRW solution is an exact solution to the
Einstein field equation that represents a homogeneous, isotropic, fluid-filled universe undergoing ac-
celerated expansion once the cosmological constant is positive.

Our work is planned in the following two steps.

In the first step (see Chapter 2), we only focus on the long time scales by restricting our attentions
on a manifold (0, 1] x T3 (cosmological versions of isolated systems) covered by Newtonian coordinates
and conformal compactified temporal coordinates. This is a simplification of our final task which will
be investigated in the next step. We establish the existence of 1-parameter families of e-dependent
solutions to the Einstein-Euler equations with a positive cosmological constant A > 0 and a linear
equation of state p = €2Kp, 0 < K < 1/3, for the parameter values 0 < ¢ < €. These solutions exist
globally to the future, converge as € N\, 0 to solutions of the cosmological Poisson-Euler equations of
Newtonian gravity, and are inhomogeneous non-linear perturbations of FLRW fluid solutions. The
basic idea to achieve this is to rephrase the Einstein-Euler system with A > 0 to a quasilinear symmetric
hyperbolic system with jointly singular terms in € and time ¢ by judiciously choosing the conformal
factor of a conformal transform and the source term in the wave gauge. Our main aim is to analyze
such a singular system, which leads to the long time existence of the solutions to the Einstein-Euler
equations, Poisson-Euler equations, and the expected Newtonian error estimates. Initialization must
be carefully treated in general relativity due to the constraint equations on the initial hypersurface.
Moreover, initial data must be regular in € in Newtonian limits problem to prevent it from blowing
up in the Newtonian coordinates. A standard method developed by Lottermoser will be adopted in
this chapter to set up the initial data by solving the constraint equations.

In the second step (see Chapter 3), we generalize the above methods and results for long time
scales to those for large cosmological spacetime scales by focusing on a manifold (0, 1] x R? covered by
Newtonian coordinates and compactified temporal coordinates. We establish the similar conclusions as
above: the existence of 1-parameter families of e-dependent solutions to the Einstein-Euler equations
with a positive cosmological constant A > 0 and a linear equation of state p = e2Kp, 0 < K < 1/3, for
the parameter values 0 < € < ¢y. These solutions exist globally on the manifold M = (0,1] x R3, are
future geodesically complete for every € > 0, and converge as € \, 0 to solutions of the cosmological
Poison-Euler equations of Newtonian gravity. Furthermore, they can be interpreted a representing
inhomogeneous nonlinear perturbations of a FLRW fluid solution where the inhomogeneities are driven
by localized matter fluctuations that evolve to good approximation according to Newtonian gravity.
The key idea and starting point follows the techniques of the above long time results to conformally
transform the Einstein-Euler system to the singular symmetric hyperbolic one. However, this system
on R3 becomes more complicated than the previous one on T3, which involves certain complex function
spaces and more delicate analysis. The initialization of this situation becomes more complicated and,
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in order to solve constraint equations, we introduce Yukawa potential operators which provide better
mapping properties than Riesz potential operators. With the help of such operators and Banach’s
fixed point theorem, we conclude the existence of suitable initial data in certain function spaces.

In summary, we answer the above fundamental question on large spacetime scales and establish,
under suitable assumptions, the existence of realistic inhomogeneous cosmological solutions that (i)
admit a foliation by spacelike (i.e. constant time) hypersurfaces diffeomorphic to R?, (ii) exist globally
to the future, (iii) can be approximated to arbitrary precision uniformly to the future by a Newtonian
solution, and (iv) represent non-linear perturbations of a Friedmann-Lemaitre-Robertson-Walker fluid
solution.
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Chapter 1

Introduction

Shall I refuse my dinner because I do not
fully understand the process of digestion?

Oliver Heaviside

1.1 Background

Until the beginning of the last century, people believed that the universe is flat and described by
Euclidean geometry. They were confident in the fact space and time are distinct and nobody could
even imagine they are conceptually related. As a consequence, by modeling gravity as a type of
force, the Newtonian gravity theory worked very well in describing the universe during that time.
Nevertheless, things started to change when Maxwell’s electromagnetism theory achieved great success
and experiments evidenced that the speed of light is a constant. In 1905, Albert Einstein proposed
his famous theory of special relativity which entirely subverted the understanding of space and time.
However, there is no room for gravity in such a theory. After ten years of struggle, Einstein finally
unveiled the most beautiful gravitational theory up to now which is known as general relativity. In
this theory, the core idea is that gravity is not simply a force or a certain phenomenon in spacetime,
rather, gravity is the spacetime, warped by matters.

At the level of equations, general relativity is governed by the Einstein field equation which is an
equation bridging spacetime geometry and matters. Specifically, the Einstein field equation builds a
relationship between the curvature of spacetime and the stress-energy tensor (expressing the mass-
energy distribution) of the matter (see (1.3.1) for the exact form). Unlike general relativity, Newtonian
gravity presents a much simpler formulation, which encodes the gravitational field by a scalar func-
tion known as Newtonian potential and claims this Newtonian potential is determined by a mass
distribution (see, for instance, (2.1.51) and (3.1.61)).

Although general relativity has achieved great success both aesthetically and experimentally, New-
tonian gravity is still an efficient gravitational theory which also gives excellent predictions under a
wide range of conditions (such as slow-moving) due to centuries’ worth of experiments. As many
authors have pointed out (for examples, see [81, 85]) this implies that the predictions of general rel-
ativity should reduce to those of Newtonian gravity under the situations when Newtonian gravity
is well-evidenced, for example, when the matter is slow-moving. For convenience, we introduce a
dimensionless parameter, €, which expresses the “slowness” of the system and is defined by

€= —,
c
where c is the speed of light, and vy is a characteristic speed associated with the matter. Using this
€, the above statement can be expressed as the predictions of general relativity should reduce to those
of Newtonian gravity as € (0. This seems to be obvious and clear but most references do not give an
accurate reason why this is true. In fact, most references formally answered this only at the level of
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the field equations. That is, the Einstein field equation recovers the Poisson equation under the limit
€ \ 0 or, generally, when the gravitational field equation couples with some matter field, the matter
field equation also converges to those in Newtonian gravity as € N\, 0. It seems these have already been
proven, but it doesn’t answer the physical phenomenon of general relativity converging to those of
Newtonian gravity as € N\, 0 because the predictions (i.e. physical phenomenon) of general relativity
and Newtonian gravity are not described directly by their equations but by their solutions. There is
no obvious reason to believe if equations have such similarity, then solutions have such similarity too.
Therefore, it is vital to examine the behavior of solutions as € \, 0 and this is much more complicated
than simply letting € \, 0 in the field equation. In this thesis, we attempt to understand the behavior
of solutions to Einstein-matter equations in the limit € N\, 0 and see if such behavior of these solutions
tends to the solutions in Newtonian gravity. We refer to this aim as the (rigorous) Newtonian limit.

At the level of the field equation, the relationship between Newtonian gravity and general relativity
such as Newtonian limits or higher order post-Newtonian expansions have been broadly investigated
by many authors (for example, see [8, 9, 16, 19, 21, 22, 30, 46, 47, 48] and references therein) and
most works are in the setting of isolated bodies and involve formal calculations. The basic idea of such
formal strategies of approximation methods are expanding the metric to certain orders of € assuming
this expansion is existent and convergent, then using these expansions to expand the field equation
correspondingly, partially solving certain finite order field equations to derive certain order coefficients
of the expanding series of the formal solution. The hypothesis of the existence and convergence of this
expansion, underlying this method, is very strong. There is no obvious reason to believe it is always
true. Our question is to answer whether this assumption is true in certain circumstances. In other
words, our goal is to answer Newtonian limits in the level of the solution, by solving the fully nonlinear
Einstein field equation and the corresponding equations in Newtonian gravity rigorously and prove
that the error between their solutions are dominated by order of € in some situations.

This question was avoided for a long time until Alan Rendall [70] tried to answer it in the case
of asymptotically flat solutions of the Vlasov-Einstein system. The main difficulty in understanding
this question is, in order to prove this rigidly, one needs a better understanding of the existence of the
Cauchy problem for the Einstein equations which was not an easy task for a long time. It was not until
a decade ago that Todd A. Oliynyk started his systematic work on this topic and established a firm
foundation of rigorous Newtonian limits from the solution point of view (please refer to [59]-[65]). The
key analysis tool for rigorous Newtonian limits is from the techniques of singular limits of symmetric
hyperbolic equations involving a singular term with respect to €. By rewriting the Einstein-matter
equation in the Newtonian coordinate, this system becomes a form that

. 1 .
AU + AU + ~C'OU = H. (1.1.1)

Such a system has been investigated by, for example, G. Browning and H.O. Kreiss [12], S. Klainerman
and A. Majda [41] and S. Schochet [76, 75]. The rigorous Newtonian limits theory are rooted in such
analysis.

Historically, research was focused on the Newtonian limits and post-Newtonian expansions of
isolated bodies which are important objects in astrophysics. Physicists use these important techniques
to calculate physical quantities for the purpose of comparing general relativity with experiments. Most
works, for example, [8, 9, 16, 19, 21, 22, 30, 46, 47, 48] and references therein, only involve formal
calculations without answering the underlying questions about the convergence of Newtonian limits
or post-Newtonian expansions, with only a few exceptions [70, 63, 60, 59] where rigorous results were
established.

Recently, the attention about the Newtonian limits and the post-Newtonian expansions has shifted
to cosmological settings from the isolated one, because of questions surrounding the physical interpreta-
tion of large scale cosmological simulations using Newtonian gravity and the role of Newtonian gravity
in cosmological averaging. From a cosmological perspective, the most important family of solutions
to the Einstein-Euler system are the Friedmann-Lemaitre-Robertson-Walker (FLRW) solutions that
represent a homogeneous, fluid filled universe. Thus, for the Newtonian limit problem in the cosmolog-
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ical setting, we must first verify that the existence of a perturbation of FLRW solutions which are 1-
parameter families of e-dependent solutions to the Einstein-Euler system and then try to show that such
e-dependent solutions converge to solutions of the cosmological Poison-Euler equations of Newtonian
gravity, as € N\, 0. After generalizing Newtonian gravity to the cosmological setting [74], Newtonian
theory can describe gravity on all scales except in regions near compact neutron stars or black holes
[15, 39]. Here too, the majority of results of Newtonian limits and post-Newtonian expansions on cos-
mological scales are based on formal calculations [13, 14, 15, 17, 23, 33, 34, 38, 43, 44, 55, 56, 57, 68, 87|
with the articles [61, 62, 64, 65, 51, 50] being the only exceptions where rigorous results have been
obtained. We remark that in [61], the author gave a somewhat surprising result that there are cosmo-
logical post-Newtonian expansions to any specified order in certain circumstances.

When considering the Newtonian limits on cosmological scales, there are some outstanding dif-
ferences compared to the isolated situations, as pointed out in [65]. In order for solutions of the
cosmological Poisson-Euler system to be cosmologically relevant, the initial data must be chosen
wisely. The key requirement for the initial data is that the inhomogeneous component of the fluid
density should be composed of localized fluctuations that represent local, near Newtonian subsystems
for which the light travel time between the localized fluctuations remains bounded away from zero in
the limit € \, 0. In other words, the inhomogeneous part of the 1-parameter families of e-independent
families of initial data, in the relativistic coordinates, which are defined by (1.3.9), consists of a finite
number of spikes with characteristic width ~ e, which is centered at arbitrary e-independent points.
Once we have transformed the relativistic coordinates to the Newtonian ones, the initial data becomes
a finite number of spikes with characteristic width ~ 1, which is centered at arbitrary e-dependent
points, and the distance between centers of these spikes are of order 1/e, which verifies that the light
travel time between the localized fluctuations remains bounded away from zero in the limit € 0. We
will come back to this problem with more detailed discussions in §1.3.3 and Chapter 3 step by step.

This thesis will contribute to the rigorous Newtonian limits on the cosmological setting with the
positive cosmological constant A > 0, and mainly focus on the cosmological Newtonian limits on
the long time scale and the large spatial scales, which has already implied all the local results of
cosmological Newtonian limits in certain assumptions included in the previous works [61, 62, 64, 65].

As we have mentioned above, [61, 62, 64, 65] are the only results on the rigorous Newtonian limits
for the cosmological setting. First, [61, 62] established the local-in-time existence of a large class
of one-parameter families of cosmological solutions to the Einstein-Euler equations on a spacetime
region [0,7T) x T3 for some T > 0 that have a Newtonian limit. However, one should note that in these
short time results, the authors do not require that the cosmological constant be positive. Due to the
limitations on the local spacetime region of the above works, there are two further main directions
to explore. On one hand, as pointed out in [34], the class of solutions that [61, 62] constructed
were not valid on cosmological scales, and therefore did not distinguish the relationship between
Newtonian gravity and general relativity on cosmological scales. This is because these solutions have
a characteristic size ~ ¢ and should be interpreted as cosmological versions of isolated systems. To
solve this difficulty, [64, 65] introduced a new type of initial data which we have briefly stated in the
previous two paragraphs and is interpreted as cosmological relevant initial data. Under these data,
the solutions are cosmological relevant as well. However, we point out these papers [64, 65] are still
local-in-time results on cosmological Newtonian limits although they bring cosmological versions of
isolated systems to authentic cosmological scales. On the other hand, on temporal direction, a key
question is to understand how long such solutions with cosmological Newtonian limits can survive.
The current thesis intends to answer such questions. There are two steps to proceed in the following
two chapters (Chapters 2 and 3). In Chapter 2, we will focus our spatial manifold on T3 which
are cosmological versions of isolated systems as in [61, 62]. The reason for such a simplification is
to concentrate on developing a technique to prove the existence of the long time Newtonian limit of
solutions around the FLRW background by ignoring the effects of the spatially cosmological relevance.
After this, with the successful technique for the long time Newtonian limits in hand, in Chapter 3, we
attempt to generalize the method for long time scheme to long time Newtonian limits on cosmological
scales which means the spatial manifold is R? with carefully chosen cosmological relevant data. Up
to this stage, we have provided the cosmological Newtonian limits on the complete spacetime region
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[0,00) x R3. One significant requirement in this thesis comparing with [61, 62] is that the cosmological
constant must be positive A > 0, which is a crucial condition for the structure of the analysis for long
time results.

In summary, there are four stages of the investigations of rigorous cosmological Newtonian limits.
We list them as follows:

1. [61, 62] gave the short time existence of Newtonian limits on cosmological versions of isolated
Systems;

2. [64, 65] gave the short time existence of Newtonian limits on cosmological scales;

3. Chapter 2 provides the long time existence of Newtonian limits on cosmological versions of
isolated systems;

4. Chapter 3 provides the long time existence of Newtonian limits on cosmological scales.

This work can be carried out due to recent developments of the fully nonlinear future stability of
Friedmann-Lemaitre-Robertson-Walker (FLRW) solutions with the positive cosmological constant. H.
Ringstrom [71] was the first to investigate the future global non-linear stability in the case of Einstein’s
equations coupled to a non-linear scalar field. Inspired by H. Ringstrom’s work, I. Rodnianski and
J. Speck [73] established the future non-linear stability of these FLRW solutions under the condition
0 < K < 1/3 and the assumption of zero fluid vorticity. Then, M. Hadi and J. Speck [35] and J.
Speck [77] answered that this future non-linear stability result remains true for fluids with non-zero
vorticity and also for the equation of state parameter values K = 0. By employing the conformal
method developed by H. Friedrich [26, 27], C. Liibble and J. A. V. Kroon [53] proved the above
question for the equation of state parameter values K = 1/3 that is the pure radiation universe.
After these, T. Oliynyk [66] gave an alternative proof for such non-linear future stability problems of
FLRW solutions based on a completely different method which is the basic tool for us, in the current
thesis, to extend the short time existence of cosmological Newtonian limits to the long time one.
This method transforms the Einstein-Euler system to a singular in time, symmetric hyperbolic system
by choosing the conformal factor and the source term of the wave gauge and variables judiciously.
Although this system is singular in time, due to the right sign of the singular term, it still behaves
well for the analysis, which we will explain in more detail in §1.3. It is worth noting that in 1994,
U. Brauer, A. Rendall and O. Reula [11] proved a fully non-linear future stability problem on the
Newtonian cosmological model, which laid the foundation on the corresponding stability problem in
the Newtonian setting.

1.2 Fundamental question

The fundamental question posed in this thesis is: on what space and time scale can Newtonian
cosmological simulations be trusted to approximate relativistic cosmologies?

We will resolve this question under small initial data and the positive cosmological constant con-
dition. Specifically, we focus on solutions which are initially a small perturbation of the Friedmann-
Lemaitre-Robertson-Walker (FLRW) solution. Here, the FLRW solution is an exact solution to the
Einstein field equation that represents a homogeneous, isotropic, fluid-filled universe undergoing ac-
celerated expansion once the cosmological constant is positive.

This question was first explored in [61, 62] which implied the existence of cosmological Newtonian
limits on small space-time scales. Next, [64, 65] developed a method to answer it on cosmological
scales but still on small-time regions. Although the above works answered the short time existence
of cosmological Newtonian limits completely, there is no result on the rigorous long time existence
of Newtonian limits. The motivation of the current thesis is to push previous short time results
to the complete space and time scales, that is, we attempt to answer this question on very large
space-time scales. In order to achieve this purpose, however, we have to impose more fundamental
assumptions which are small initial data and the positive cosmological constant condition. The reason
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these assumptions are required is, because the Einstein-Euler system is a fully non-linear system, we
have to use these additional conditions to control the long time behavior for the purpose of preventing
the nonlinearity from becoming uncontrollable.

In this thesis, we will resolve this question under a small initial data condition. Informally, we
establish the initial data set in the cosmological scale which solves the constraint equations and
construct the existence of 1-parameter families of e-dependent solutions to the Einstein-Euler system
with the positive cosmological constant A > 0 that: (i) are defined for ¢ € (0,¢p) for some fixed
constant €y > 0, (%) exist globally on (t,2%) € [0,4+00) x T? (Chapter 2) and (¢,2%) € [0, +00) x R3
with cosmological relevant data (Chapter 3), respectively, (iii) converge, in a suitable sense, as € \ 0
to solutions of the cosmological Poisson-Euler equations of Newtonian gravity, and (iv) are small,
non-linear perturbations of the FLRW fluid solutions.

1.3 Methodology

This thesis contributes to the existence of rigorous Newtonian limits of solutions to the Einstein-Fuler
equations with the positive cosmological constant A > 0. We start with the dimensionless version of
the Einstein-Euler equations with positive cosmological constant A > 0 (see Appendix A for a detailed
derivation of the dimensionless Einstein-Euler system):

GH 4+ NG =T™, (1.3.1)
vV, T" =0. (1.3.2)

where GH = RH — %RQ‘“’ is the Einstein tensor constructed by Ricci tensor R*” and scalar tensor R
of the metric g = g, dz*dz", and

T = (p+p)o"t" + pg"”

is the perfect fluid stress-energy tensor. Here, p and p denote the fluid’s proper energy density and
pressure, respectively, while 9" is the fluid four-velocity, which we assume is normalized by

o, = —1. (1.3.3)

We focus on barotropic fluids with a linear equation of state of the form

1
p=cKp, 0<K< 3 (1.3.4)

The dimensionless parameter € can be identified with the ratio

€= —,
c

where c is the speed of light and vy is a characteristic speed associated with the fluid.

Due to the nonlinearity of above Einstein-Euler system, we must use some exact solution as the
reference solutions, by carefully controlling the nonlinearities of Einstein-Euler equations, to find new
solutions perturbed around this exact solution. The Friedmann-Lemaitre-Robertson-Walker (FLRW)
solution, which represents a homogeneous, isotropic fluid-filled universe undergoing accelerated ex-
pansion, is an exact solution to above (1.3.1)—(1.3.2). From a cosmological perspective, they are the
most important family of solutions to the Einstein-Euler system. In this thesis, we will concentrate
on the inhomogeneous non-linear perturbations of these FLRW solutions, that is, we view the FLRW
metric as our reference solution. Letting (Z'), i = 1,2,3, denote the standard coordinates on the 3
dimensional manifold B which in this thesis, we take to be T3 and R? in Chapter 2 and 3, respectively,
and t = 7° a time coordinate on the interval (0, 1], the FLRW solutions which are composed of the
metric h(t), the velocity of homogeneous perfect fluid o5 (t) and the density of the fluid u(t) on the
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manifold covered by (Z*)

M:=(0,1] xB
are defined by
h(t) = & 2dtdt + a(t)?6;;dz" 7, (1.3.5)
A
o (t) = —t\/;&t, (1.3.6)
p(1)

Hlt) = - e (1.3.7)

where (1) is the initial density (freely specifiable) and a(t) satisfies

— td( \/7/ . (1.3.8)

1.3.1 Analysis of Newtonian limits

In this section, the key idea of the rigorous analysis scheme of Newtonian limits, which were established
by [59, 60], will be introduced. The fundamental tools for this scheme are the techniques of the singular
in e symmetric hyperbolic equations investigated in [12, 41, 75, 76].

We will refer to the global coordinates (Z#) on manifold M defined above as relativistic coordinates.
In order to discuss the Newtonian limit and the sense in which solutions converge as € ~\, 0, we need
to introduce the spatially rescaled coordinates (z*) defined by

t=2"=2" and z'=ex', e>0, (1.3.9)

which we refer to as Newtonian coordinates.

The first key step for Newtonian limits is to identify the “right” variables which contain the correct
information of the orders of . Then by choosing a suitable gauge, one can write the Einstein-Euler
equations, in terms of Newtonian coordinates, to the following singular symmetric hyperbolic equation

A 1 .
A€, t,z,u)0ou + Al(e, t, z,u)du + —COpu = Fe, t,z,u) (1.3.10)
€

where C* are constant matrix. The corresponding limiting equations of the above singular hyperbolic
equation is defined by

AO(t, z, @)yt + AN(t, z,0) 0t + C' 0w =F(t, x, @) (1.3.11)
Cid;1 =0 (1.3.12)

where A := lime\ g A* and F = lime\ o F'. In fact, the Poisson-Euler equation in Newtonian gravity
can be written in the form of the above limiting equation (1.3.11)-(1.3.12). Therefore, one can regard
u is the solution to Einstein-Euler equations and « is the solution to Poisson-Euler equations. By
Newtonian limits, we mean under suitable assumptions, we try to prove ||u — i||some norm < Ce. This
has a positive answer for the short time region investigated in [12, 41, 75, 76] based on some conditions.
To handle this singular system in € is to observe that in the energy estimate, % <w, Ciaiw> = 0 due to
C" being a constant matrix. This will eliminate the worst singular term. However, one difficulty we
point out here is, usually, Einstein-Euler equations can not be written in the form of (1.3.10) directly,
there will be a 1/e singular term appearing in the error term. To conquer this difficulty, we shift the
unknown variables by some quantity &, then the 1/e singular term in the errors will be absorbed into
%Ci&w where w = u — £ and £ is some quantity related to the Newtonian potential. However, this
shift will introduce the nonlocal term into the errors. This shifted component £ is essentially related
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to the Newtonian potential and hence the nonlocal term is related to the Poisson equations.

1.3.2 Conformal singularized symmetric hyperbolic PDEs

The main goal of this thesis is to answer the cosmological Newtonian limit question on long time
and cosmological spacetime scales. The above scheme of the analysis of Newtonian limits provided in
§1.3.1 is not sufficient for this purpose now. We have to make additional assumptions to ensure the
short time solutions to Einstein-Euler equations, Poisson-Euler equations and the estimates between
these two sets of solutions can be extended to the long time region. The key assumptions are the
positive cosmological constant A > 0 and the smallness conditions on the initial data. Here, we will
give a brief demonstration on solving the long time scheme by a naive linear model. The detailed
nonlinear proof is described throughout Chapter 2 and 3.

In order to proceed the long time Newtonian limit we transform the long time problem on [0, c0)
to a short time one on (0, 1] by a time coordinate transform and conformal transform (see (2.1.9),
(2.1.12)—(2.1.13) or (3.1.8), (3.1.15)—(3.1.16) for the details), where the future lies in the direction
of decreasing t and the timelike infinity is located at t = 0. To achieve this, we apply the scheme
established by Todd A. Oliynyk in [66]. By using suitable variables U (considering suitable variables
for long time scheme and suitable orders of €), the conformal factor and the wave gauge (carefully
choosing the source term of the wave gauge to eliminate some bad error terms in Einstein-FEuler
equations), with the help of rescaling spatial coordinates ' = ex’ (i = 1,2,3), the Einstein-Euler
system can be re-expressed as the following model

. 1, 1
Ae, t,z,U)00U + Al(e, t,z,U)0;U + EC'L@-U = EQl(e, t,x, U)PU + H (e, t,z,U) (1.3.13)

for t € (0,1], where C? are constants and P is a constant projection. The outstanding difference of this
model (1.3.13) compared with (1.3.10) is the presence of a singular in time term (e, ¢, z,U)PU. If
this singular term takes “right” sign, then, with other assumptions which make sure the nonlinearity
of it is under control, the solution exists on ¢t € (0, 1] which implies the global existence on [0, c0) in
terms of the standard time coordinate for FLRW metric. In fact, later on, we will see the rescaled
difference %(U — U) between solutions U to Einstein-Euler equations and the ones U to the Poisson-
Euler equations also satisfies the similar equations to (1.3.13), but the function space for this difference
must be larger than the one for solutions U and U. Therefore, for the sake of the analysis of the long
time scheme, it is necessary to analyze (1.3.13) in more detail. In Chapter 2 and 3, we will research
such systems on different initial data sets and background manifolds, respectively.

Because the local existence of the above model is back to (1.3.10), standard methods can be applied.
By the continuation principle, the key step is to obtain an a priori estimate of U to this equation. The
importance of this a priori estimate for such a system is twofold: First, it gives W1 estimates of
U, which allows us to extend our solution to ¢ € (0, 1] eventually; Second, once we write the rescaled
difference %(U - U) into a equation of the similar form of (1.3.13), this a priori estimate yields the
estimate of Newtonian limits directly, that is |U — U |lsome norm < Ce. It seems difficulties arise when
we analyze this equation (1.3.13) as € N\, 0 and ¢ ~\, 0 due to the singularities in € and time ¢. In
order to illustrate how to eliminate the singularities of ¢ and ¢ in the energy estimates as € \, 0 and
t \( 0 and convey the basic spirits of the analysis of such a model equation, we look at the following
extremely simplified linear model first,

1., 1
U + —a'U = SU +aU (1.3.14)
€

for t € [~1,0), where a’, a is a constant. We emphasize that, as we will carry out in the model
equations in Chapter 2 and 3, we switch ¢ € (0,1] to the standard time orientation ¢ € [—1,0), where
the future is located in the direction of increasing time, while keeping the singularity located at ¢t = 0.
We do this in order to make the derivation of the energy estimates as similar as possible to those for
non-singular symmetric hyperbolic systems, which we expect will make it easier for readers familiar
with such estimates to follow the arguments below. To get back to the time orientation used to
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formulate the conformal Einstein-Euler equations, we need only apply the trivial time transformation
t— —t.

Let us focus on the energy defined by
Ul = (U, 0)z. (1.3.15)

Then this model equation yields, by acting the inner product of U on the both sides of (1.3.14),
2
oU|* = ¥HU||2+2aHUH2 (1.3.16)
provided
1 i
—(U,a'0;U) = 0. (1.3.17)
€

This condition (1.3.17), in fact, holds for all of our proof in Chapter 2 and 3 due to the manifolds of
integration are T3 and R? respectively. Then we conclude that

to9 t 92
at(||U||2+ / —SIIU\I2d8> S+ [ ~2juiPas (1.3.18)

To To

Then applying Gronwall’s inequality leads to the boundness of a new energy

t

2

U +/ —EHUHst (Note that s < 0). (1.3.19)
To

This is the core analysis for the long time scheme. Of course, our system is far more complicated than
this model due to the full nonlinearity. That is why our proof is only valid for small initial data and
requires plenty of structural assumptions on the coefficients and remainder terms. In other words, all
of those assumptions and smallness of initial data ensure these nonlinearities are under control and
make sure this nonlinear system is eventually dominated by such a simple linear model. In order to
close such type of estimates by Gronwall’s inequality, we have to select appropriate function spaces
wisely as our working platform. One requirement for these function spaces is they must be subspaces
of W% in order to apply the continuation principle later.

Once we get the a priori estimates in the suitable norms using above basic and simplified ideas, we
are able to use the continuation principle! to extend our local solutions to the long time ones because
above a priori estimates have already implied that |U||y1.0c < Co is bounded for the known local
solutions U on t € [Tp,T'). The fact that ||U||jy1.« < Co will rule out all the other alternatives of
Majda’s criterion in Corollary D.4.3 (that is, the second and the third alternatives in this Corollary
can not occur). This is the spirit and mechanism that we will follow in our main analysis of long time
issues in Chapter 2 and 3.

1.3.3 [Initialization and function spaces of the evolution equations

Suitably selecting initial data is crucial for the Newtonian limit questions because inappropriate data
may lead to a blow-up of Newtonian data on the initial hypersurface as € N\, 0. The initial data are
governed by the constraint equations which are essentially an elliptic system. We have to specify some
part of the data, then the other data will be derived from these free ones via constraints. One key
issue when specifying the free data for the Newtonian limit problem is to make sure the free data
have the suitable order of €. In this thesis, we will use a formulation for constraints developed by M.
Lottermoser [52].

!The continuation principle can be found in Appendix D.4. In fact, we also give a brief introduction of bootstrap
arguments in this appendix because in order to get the a priori estimate above, one may adopt bootstrap to obtain it,
but we directly derive this estimate in Chapter 2 and 3 instead. However, we assure that one, of course, could get it by
bootstrap arguments via the same key steps.
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In Chapter 2, when we investigate the Newtonian limits on the cosmological version of the isolated
system, the initialization is standard and we can directly apply the technique of [52] to our system,
then using the implicit function theorem to conclude the existence of the complete initial data set.

However, in Chapter 3, when considering the Newtonian limits on cosmological scales, the initial-
ization becomes more complicated. In order to endow this system with cosmological relevant data
rather than isolated data, we will adopt the basic idea from [65]. Before stating this idea, let us first
illustrate the reason why the results in Chapter 2 fail on the cosmological scales. In Chapter 2, we
have established the existence of 1-parameter families of e-dependent solutions to the Einstein-Euler
equation on T3 for the long time scale, that converges to solutions of the cosmological Poisson-Euler
equations as € \, 0. If we lift these solutions to the covering space, they become periodic solutions on
R3 but with the period ~ € in relativistic coordinates. When € \, 0, all the solutions collapse, and
is equivalent to the behavior of the isolated system, rather than the system on cosmological spatial
scales in astrophysics. Then in order to prevent such a collapse to the isolated system picture, as [64]
and [65] proposed, we have to, in relativistic coordinates, initially fix the inhomogeneous component of
fluid density around several fixed points which are independent of €, with the characteristic width ~ e.
Then in relativistic coordinates, as € \, 0, such inhomogeneous components of density collapse into
bumps separately around those fixed points, which gives the exact picture of our universe on cosmo-
logical scales. Next, in order to convey the key idea and explain such data in Newtonian coordinates
more quantitatively, we give the initial density by

N
o o Y
6peg(x) = 3 (x - ?) (1.3.20)
A=1
where x = (%), §p is in a certain function space and ¥ = (y1,y2,-- ,yn) € R3V are fixed spatial

points in relativistic coordinates. However, we illustrate it here in a very rough fashion and the exact
statements will be presented step by step later. Due to (1.3.9), we know every bump given by (1.3.20)
is of characteristic width ~ e in relativistic coordinates and centered at yy € R3 for A = 1,---, N.
Therefore, this seems consistent with our aim in relativistic coordinates. Nevertheless, readers may
immediately notice that this initial datum, in Newtonian coordinates, is singular in €, which seems
unexpected for the Newtonian setting. However, because the light travel time between the localized
fluctuations remains bounded away from 0 in the limit € ~\, 0 on the cosmological scales of astrophysics
(see [65] and [64] for more details), the above setting precisely gives us the “right” initialization even
though this data seems singular. In other words, if there is no such singular behavior in € in Newtonian
coordinates, due to the flattened light cone, the light travel time between the localized fluctuations is
identically 0, which contradicts the observations in astrophysics. Therefore, such types of initial data
do well to depict the universe both in the Newtonian picture and the relativistic one.

In addition, the previous approach of initialization in Chapter 2 fails because the operator A~}
for functions on R? is not as good as the one for functions on T3. Note that for functions defined on
R3, (—A)fg is a bounded operator from LP to LY where p, ¢ are described in Theorem B.0.1. [65]
gave a method to solve this difficulty by introducing an inhomogeneous conformal factor. Using the
inhomogeneous components of this conformal factor ensures that the remainder terms of the constraints
possess certain structures. That is, all the remainder terms are in L5/5. From a special case of Theorem
B.0.1, |[(=A)"fllze S 1f Nl zes5, one can derive that u* € L®. Furthermore, one is able to establish a
suitable contraction mapping, by which the author concludes the existence of a complete initial data
set. However, in our current case, in view of the long time scheme, we use a wave gauge with a special
source term which directly leads to the presence of the linear term of u% in the remainders. This
causes the failure of the method in [65] because the specified structure of the remainders can not be
achieved due to this linear term of u’*. We do not intend to improve the method of [65], instead, we
will propose another way to solve the constraints in this thesis by introducing some fractional Yukawa
potential operators (52 — A)fg (k > 0) and investigating some important properties of such operators.
The basic idea is to use (k2 — A)~! to solve the elliptic equation of the constraints instead of using
A~L. The significant benefits from Yukawa potential operator (k% — A)_s/ 2 are the rescaling operators
e(k? — A)71/2 and (k% — A)~1/20; are bounded operators from W*? to W*P. By choosing suitable
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variables, with the help of the gauge constraints, we write the gravitational constraint

(GOH - TO#)’Initial hypersurface = 0

to the following elliptic system,

()= (e 2)) (1.3.21)

where ¢ and 1)/ are the constraint data, 5 is the free data, a > 0,b < 0, c >0 and d > 0, and

e A — 62‘a —eb0; .
—edd A —éc

Then acting A~! to both sides of (1.3.21) (note that A is not always invertible, so we have to do more
work, we just ignore this here to convey the basic idea), we can construct a contraction mapping. It
turns out that Yukawa potential operators along with some specific structures of the remainder terms
f and ¢ make sure such contraction exists. Subsequently, we conclude the existence of complete
initial data by the Banach’s fixed point theorem. We briefly state this result as follows. Suppose
s€Zss3,r>0and§ = (y1, - ,yn) € R3N. Given free data £ = (ﬁéj,ﬁaeﬁﬁ)\,éf\) € RST(R3,S3 x

H*(R3,S3)) x (L5 N K*(R%,R)) x (L5 NK*(R3,R?)), for A\=1,--+ ,N. 6p.y and % _ are defined by

N N
p > 5 Y 5 3 _j YA
5Pe7}7(x) = 5p)\ (X — 6) and Zi’}_’.(x) = Zi (X — p )7
A=1

where (ﬁ? , ﬁg{ e 0Pc3, ”g,y) are free data which represent some components of the metric, the inhomo-

geneous component of the density, and the spatial velocity of the perfect fluid. Then for » > 0 chosen
small enough such that

| s + ([5G N ez + 191, g

Lrks T 12

6 <r
>‘||LSOKS -
Then there exists an small constant €9 = €p(r) > 0 and a family of one parameter maps
v i Op Op s (M3
{Ueyy Ue 35 u'y,e,§’ ui7€7y‘7 uO,e,SI” Uny 6,55 %j,e,5 5Ce,§}‘lnitial hypersurface e X (R ) (1322)
where

X5(R%) := R*TH(R?,Sy) x R*TH(R? R) x R%(R?,S3) x (R*(R® R%))? x R*(R% R) x R*(R?,R?) x R*(R® R),

RER®, V) ={ue LR V)| Due H Y (R* V)}

Qv Y Op Ope e
and {ue,y’ Ue,ys Uy ¢ 5 Wi e 5 Uo.e5 Wy.e50 %he§

the evolution of the Einstein-Euler system.

0y} are the variables we will choose for the analysis of

From the above initialization, we see that the initial data is in some function space X*(R?) which
is composed of function spaces R* and R**!. Because of this, in Chapter 3, we analyze the model
equation (1.3.13) in function space R* instead of H®.

1.4 Notation

In this thesis, the main results and the analysis are located in Chapter 2 and 3. We will adopt slightly
different systems of notation in these two chapters for their own benefits. We will introduce the
corresponding conventions of notations in §2.1.1 and §3.1.1, respectively. For the readers’ convenience,
a detailed index of notation can be found in Appendix E which lists all the frequently used definitions
and non-standard notations in Chapter 2 and 3, respectively.
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1.5 Thesis outline

Chapter 2 is based on the accepted journal paper “Newtonian limits of isolated cosmological systems
on long time scales” (Chao Liu and Todd A. Oliynyk). This chapter contributes to the long time
existence of cosmological Newtonian limits of solutions around the FLRW metric on T3, which is a
cosmological version of the isolated system. We establish the existence of 1-parameter families of e-
dependent solutions to the Einstein-Euler equations with a positive cosmological constant A > 0 and a
linear equation of state p = €2Kp, 0 < K < 1/3, for the parameter values 0 < € < €. These solutions
exist globally to the future, converge as € \, 0 to solutions of the cosmological Poisson-Euler equations
of Newtonian gravity, and are inhomogeneous non-linear perturbations of FLRW fluid solutions. In
this Chapter, we first select suitable variables, the conformal factor and the wave gauge to write
the Einstein-Euler system to the model equation (1.3.13). Next, we discuss a local-in-time existence
and uniqueness result along with a continuation principle for solutions of the reduced conformal
Einstein-Euler equations and the conformal cosmological Poisson-Euler equations, respectively. Then
by analyzing the model equation (1.3.13), we establish uniform a priori estimates for solutions to the
model which characterizes both the conformal Einstein-Euler equations and the € \, 0 limit of these
equations. We also establish error estimates by direct applying the model equations as well, that is,
a priori estimates for the difference between solutions of the singular hyperbolic equation and the
corresponding € \, 0 limit equation. After that, we construct e-dependent 1-parameter families of
initial data for the reduced conformal Einstein-Euler equations that satisfy the constraint equations
on the initial hypersurface. In the end of this Chapter, using the results of the model equation and
the constructed initial data, we conclude the Newtonian limits we expect.

Chapter 3 is based on the submitted journal paper “Cosmological Newtonian limits on large
spacetime scales” (Chao Liu and Todd A. Oliynyk) which generalizes the results in Chapter 2 to
the results on cosmological scales, that is, by judicious cosmological relevant initial data selections,
we achieve the long time Newtonian limit approximation of solutions of Einstein-Euler equations
on authentic cosmological scales. Specifically, we establish the existence of 1-parameter families of
e-dependent solutions on R? to the Einstein-Euler equations with a positive cosmological constant
A > 0 and a linear equation of state p = €2Kp, 0 < K < 1/3, for the parameter values 0 < € < ¢.
These solutions exist globally to the future, converge as € \, 0 to solutions of the cosmological Poisson-
Euler equations of Newtonian gravity on cosmological scales with cosmological relevant data, and are
inhomogeneous non-linear perturbations of FLRW fluid solutions. In this chapter, we first select
suitable variables, the conformal factor and the wave gauge to write the Einstein-Euler system to the
model equation (1.3.13) as in Chapter 2. However, the difference is in this stage, the remainder term
of the model equation (1.3.13) includes the singular term of €, which is localizable. We then discuss
the initialization as we briefly discussed in §1.3.3. Next, we build the local-in-time existence and
uniqueness result along with a continuation principle for solutions of the reduced conformal Einstein-
Euler equations; with the help of uniformly local Sobolev spaces, (we can use uniform local Sobolev
spaces due to the localizable equations) and improve the solutions to better function spaces. Similarly,
we also build the local-in-time existence and uniqueness result along with a continuation principle for
solutions of the conformal cosmological Poisson-Euler equations. After these, in order to get the
model equation (1.3.13), we have to shift the variables to new ones. The shifted quantity would also
be defined via the Yukawa potential, which is more complicated than the method used in Chapter
2. This shifted variable eliminates the e-singularity in the remainders, but note that the equations
become nonlocalizable. Next, we analyze the model equation (1.3.13) with some requirements and use
the model equation as a tool to derive a long time Newtonian limit results on cosmological scales. Due
to the difficulties of this chapter, we give the following flow chart (Figure 1.1) to help readers track
the proof.

In Chapter 4, we review the thesis, provide a general discussion of the cosmological Newtonian
limits approximation to general relativity, and pose some future questions.
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Chapter 2
Newtonian limaits of 1solated
cosmological systems on long time
scales



Chapter 2 is based on the accepted journal article: Chao Liu and Todd A. Oliynyk, New-
tonian limits of isolated cosmological systems on long time scales, accepted by Annales
Henri Poincaré

Abstract. We establish the existence of 1-parameter families of e-dependent solutions to the
Einstein-Euler equations with a positive cosmological constant A > 0 and a linear equation of state
p = e2Kp, 0 < K < 1/3, for the parameter values 0 < ¢ < €g. These solutions exist globally to
the future, converge as € \, 0 to solutions of the cosmological Poisson-Euler equations of Newtonian
gravity, and are inhomogeneous non-linear perturbations of FLRW fluid solutions.

References are considered at the end of the thesis.



Chapter 2

Newtonian limits of isolated
cosmological systems on long time
scales

When I look for their origin, it goes back
into infinity; when I look for their end, it
proceeds without termination. Infinite,
unceasing, there is no room for words about
(the Dao). To regard it as in the category
of things is the origin of the language that
it is caused or that it is the result of doing
nothing; but it would end as it began with
things.

Zhuangzi

2.1 Introduction

Gravitating relativistic perfect fluids are governed by the Einstein-Euler equations. The dimensionless
version of these equations with a cosmological constant A is given by

GH 4 NG =T, (2.1.1)
v, T" =0, (2.1.2)

where G* is the Einstein tensor of the metric
§ = Gudadz’,
and
T = (p+p)o"o” +pg"”

is the perfect fluid stress-energy tensor. Here, p and p denote the fluid’s proper energy density and
pressure, respectively, while ¢” is the fluid four-velocity, which we assume is normalized by

oo, = —1. (2.1.3)
In this article, we assume a positive cosmological constant A > 0 and restrict our attention to

17
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barotropic fluids with a linear equation of state of the form

1
b= e2Kp, O<K§§.

The dimensionless parameter € can be identified with the ratio

€= —,
c

where c is the speed of light and vy is a characteristic speed associated to the fluid. Understanding
the behavior of solutions to (2.1.1)-(2.1.2) in the limit € \, 0 is known as the Newtonian limit, which
has been the subject of many investigations. Most work in this subject has been carried out in the
setting of isolated systems and has almost exclusively involved formal calculations, see [8, 9, 16, 19,
21, 22, 30, 46, 47, 48] and references therein, with a few exceptions [59, 60, 70] where rigorous results
were established. Due to questions surrounding the physical interpretation of large scale cosmological
simulations using Newtonian gravity and the role of Newtonian gravity in cosmological averaging,
interest in the Newtonian limit and the related Post-Newtonian expansions has shifted from the
isolated systems setting to the cosmological one. Here too, the majority of results are based on formal
calculations [13, 14, 15, 17, 23, 33, 34, 38, 43, 44, 55, 56, 57, 68, 87] with the articles [61, 62, 64, 65]
being the only exceptions where rigorous results have been obtained.

From a cosmological perspective, the most important family of solutions to the system (2.1.1)-
(2.1.2) are the Friedmann-Lemaitre-Robertson-Walker (FLRW) solutions that represent a homoge-
neous, fluid filled universe undergoing accelerated expansion. Letting (z'), i = 1,2,3, denote the
standard periodic coordinates on the 3-torus’ T2 and ¢t = z° a time coordinate on the interval (0, 1],
the FLRW solutions on the manifold

M. = (0,1] x T?

are defined by

h(t) = —%dtdt + a(t)?6;;dz'd7’, (2.1.4)
A
r(t) = —t\/;@, (2.1.5)
pr(1)
pH(t) = MOEEEISK (2.1.6)

where pp(1) is the initial density (freely specifiable) and a(t) satisfies

— td( \[,/ . (2.1.7)

Throughout this article, we will refer to the global coordinates (z#) on M, as relativistic coordinates.
In order to discuss the Newtonian limit and the sense in which solutions converge as € ~\, 0, we need
to introduce the spatially rescaled coordinates (z*) defined by

t=3"=2" and Z'= e, e>0, (2.1.8)

which we refer to as Newtonian coordinates. We note that the Newtonian coordinates define a global
coordinate system on the e-independent manifold

M := M; = (0,1] x T3,

Remark 2.1.1. Due to our choice of time coordinate ¢ on (0, 1], the future lies in the direction of
decreasing t and timelike infinity is located at ¢ = 0.

"Here, T? = [0,€]"/ ~ where ~ is equivalence relation that follows from the identification of the sides of the box
[0,€]™. When € = 1, we will simply write T".
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Remark 2.1.2. The non-standard form of the FLRW solution and the e-dependence in the manifold
M. is a consequence of our starting point for the Newtonian limit, which differs from the standard
formulation in that the time interval has been compactified from [0, o) to (0, 1] and the light cones of
the metric (2.1.4) do not flatten as € \, 0. For comparison, we observe that the standard formulation
can be obtained by first switching to Newtonian coordinates, which removes the e-dependence from
the spacetime manifold, followed by the introduction of a new time coordinate according to

e

T

t=e , (2.1.9)

which undoes the compactification of the time interval. These new coordinates define a global coordi-
nate system on the e-independent manifold [0, 00) x T2 on which the FLRW metric can be expressed

as
h = —drdr + €%a(r)d;jda'dx’

A
where a(7) = a(ef\/;T). Dividing through by €2 yields the metric

he

1 o
—6—2de7 + a(1)d;dx'da’

which is now in the standard form for taking the Newtonian limit. In particular, we observe that the
light cones of this metric flatten out as € N\ 0.

Remark 2.1.3. Throughout this article, we take the homogeneous initial density pg (1) to be inde-
pendent of €. All of the results established in this article remain true if pg(1) is allowed to depend on
€ in a C' manner, that is the map [0,€p) > € — p% (1) € Rsq is C! for some ¢ > 0.

Remark 2.1.4. As we show in §2.2.1, FLRW solutions {a, pg} depend regularly on € and have well
defined Newtonian limits. Letting

i = li d pg=li 2.1.10
a=lima and py = limpy ( )

€

denote the Newtonian limit of a and pp, respectively, it then follows from (2.1.6) and (2.1.7) that
{a, pr} satisfy

and

—ta/(t) :&(t)\/i\/j;Jrﬁfg)@), a(l) =1,

which define the Newtonian limit of the FLRW equations.

In the articles [61, 62], the second author established the existence of l-parameter families of
solutions? {gt, pe, 9}, 0 < € < €, to (2.1.1)-(2.1.2), which include the above family of FLRW
solutions, on spacetime regions of the form

(T1,1] x T2 c M.,

for some T € (0, 1], that converge, in a suitable sense, as € “\ 0 to solutions of the cosmological Poisson-
Euler equations of Newtonian gravity. Although this result rigorously established the existence of a
wide class of solutions to the Einstein-Euler equations that admit a (cosmological) Newtonian limit,
the local-in-time nature of the result left open the question of what happens on long time scales. In
particular, the question of the existence of 1-parameter families of solutions that converge globally to
the future as € \, 0 was not addressed. In light of the importance of Newtonian gravity in cosmological
simulations [18, 24, 78, 79], this question needs to be resolved in order to understand on what time

2To convert the 1-parameter solutions to the Einstein-Euler equations from [61, 62] to solutions of (2.1.1)-(2.1.2), the
metric, four-velocity, time coordinate and spatial coordinates must each be rescaled by an appropriate powers of ¢, after
which the rescaled time coordinate must be transformed according to the formula (2.1.9).



CHAPTER 2. NEWTONIAN LIMITS OF ISOLATED COSMOLOGICAL SYSTEMS ON LONG TIME SCALES 20

scales Newtonian cosmological simulations can be trusted to approximate relativistic cosmologies. In
this article, we resolve this question under a small initial data condition. Informally, we establish the
existence of 1-parameter families of e-dependent solutions to (2.1.1)-(2.1.2) that: (i) are defined for
€ € (0,¢) for some fixed constant €y > 0, (i) exist globally on M, (iii) converge, in a suitable sense,
as € \, 0 to solutions of the cosmological Poison-Euler equations of Newtonian gravity, and (iv) are
small, non-linear perturbations of the FLRW fluid solutions (2.1.4)-(2.1.7). The precise statement of
our results can be found in Theorem 2.1.7.

Before proceeding with the statement of Theorem 2.1.7, we first fix our notation and conventions,
and define a number of new variables and equations.

2.1.1 Notation

Index of notation

An index containing frequently used definitions and non-standard notation can be found in Appendix
E.1.

Indices and coordinates

Unless stated otherwise, our indexing convention will be as follows: we use lower case Latin letters, e.g.
i, j, k, for spatial indices that run from 1 to n, and lower case Greek letters, e.g. «, 3,7, for spacetime
indices that run from 0 to n. When considering the Einstein-Euler equations, we will focus on the
physical case where n = 3, while all of the PDE results established in this article hold in arbitrary
dimensions.

For scalar functions f(t,z¢) of the relativistic coordinates, we let

f(t,x%) == f(t,ex) (2.1.11)

denote the representation of f in Newtonian coordinates.

Derivatives

Partial derivatives with respect to the Newtonian coordinates (z#) = (¢,2%) and the relativistic co-
ordinates (") = (t,z%) will be denoted by 9, = 9/dz" and 9, = 0/0z", respectively, and we use
Du = (0ju) and Ou = (9,u) to denote the spatial and spacetime gradients, respectively, with re-
spect to the Newtonian coordinates, and similarly du = ((itu) to denote the spacetime gradient
with respect to the relativistic coordinates. We also use Greek letters to denote multi-indices, e.g.
a=(a1,as,...,0n) € Z%,, and employ the standard notation D* = 97" 952 - - - 95~ for spatial partial
derivatives. It will be clear from context whether a Greek letter stands for a spacetime coordinate
index or a multi-index.

Given a vector-valued map f(u), where u is a vector, we use Df and D, f interchangeably to
denote the derivative with respect to the vector u, and use the standard notation

Df(u) - du = %

f(u + tou)
t=0

for the action of the linear operator D f on the vector du. For vector-valued maps f(u,v) of two (or
more) variables, we use the notation D;f and D, f interchangeably for the partial derivative with
respect to the first variable, i.e.

Dy f(u,v) - du:= 4

g f(u+ tou,v),

t=0

and a similar notation for the partial derivative with respect to the other variable.
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Function spaces

Given a finite dimensional vector space V, we let H*(T", V), s € Z>(, denote the space of maps from
T" to V with s derivatives in L?(T"). When the vector space V is clear from context, we write H*(T")
instead of H*(T, V). Letting

(wo) = [ (ula)o(o) da,

where (-,-) is a fixed inner product on V, denote the standard L? inner product, the H* norm is
defined by
lullfs = Y (D%, Du).

0<]a|<s
For any fixed basis {e;}}¥_; of V, we follow [61] and define a subspace of H*(T", V') by

N
H3(T", V) = {u(x) = Zul(x)eI € HS(’]I‘”,V)‘(l,uI> =0forI=1,2,--- ,N}.
=1

Specializing to n = 3, we define, for fixed ¢y > 0 and r > 0, the spaces

X5 (T?) = (—ep,€0) x Br(HTH(T?,S3)) x H¥(T?,S3) x B,.(H*(T?)) x H*(T? R?),

€0,T

where Sy denotes the space of symmetric N x N matrices, and here and throughout this article, we
use, for any Banach space Y, B.(Y) ={y € Y ||lylly < r} to denote the open ball of radius r.

To handle the smoothness of coefficients that appear in various equations, we introduce the spaces
EP((0,€0) x (T1,T2) x U, V), p € Z>o,

which are defined to be the set of V-valued maps f(e, t,£) that are smooth on the open set (0, ¢g) x
(Ty,T2) x U, where U C T" x RY is open, and for which there exist constants Cy, > 0, (k,f) €
{0,1,...,p} X Z>g, such that

|0tkD§f(€at7£)’ < Ck,é) V(Eatag) € (07 60) X (T17T2) x U.

If V.=Ror V is clear from context, we will drop the V' and simply write EP((0,¢€p) x (T1,T2) x U).
Moreover, we will use the notation EP((11,1%) x U, V') to denote the subspace of e-independent maps.
Given f € EP((0,¢) x (T1,T2) x U,V), we note, by uniform continuity, that the limit fo(¢,§) :=
lime g f(€, ¢, §) exists and defines an element of EP((T1,T%) x U,V).

Constants

We employ that standard notation
asb

for inequalities of the form
a<(Ch

in situations where the precise value or dependence on other quantities of the constant C' is not
required. On the other hand, when the dependence of the constant on other inequalities needs to be
specified, for example if the constant depends on the norms ||u||z~ and ||v||fe, we use the notation

C = C([lullLee, f[vllze)-

Constants of this type will always be non-negative, non-decreasing, continuous functions of their
arguments, and in general, C will be used to denote constants that may change from line to line.
However, when we want to isolate a particular constant for use later on, we will label the constant
with a subscript, e.g. C, Co, Cs, etc.
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Remainder terms

In order to simplify the handling of remainder terms whose exact form is not important, we will use,
unless otherwise stated, upper case calligraphic letters, e.g. S(e,t,x,§), T (e, t,x, &) and U(e, t,x,§),
to denote vector valued maps that are elements of the space EO((O,E()) x (0,2) x T™ x BR(RN)),
and upper case letters in typewriter font, e.g. S(e,t,z,€), T(e, t, z,&) and U(e, t, z, ), to denote vector
valued maps that are elements of the space E'((0,€p) x (0,2) x T" x Br(RY)).

2.1.2 Conformal Einstein-Euler equations

The method we use to establish the existence of e-dependent families of solutions to the Einstein-Euler
equations that exist globally to the future is based on the one developed in [65]. Following [65], we

introduce the conformal metric
g =g (2.1.12)

and the conformal four velocity
o = eVt (2.1.13)

Under this change of variables, the Einstein equation (2.1.1) transforms as
G =T .= " TH — 2V Agh” + 2(VIVYT — VAIVYT) — (28T + [VT|2)g", (2.1.14)

where O = W%, |?\I/|§ = g v“\I/?V\I/, and here and in the following, unless otherwise specified, we
raise and lower all coordinate tensor indices using the conformal metric. Contracting the free indices
of (2.1.14) gives

where T = g, 7", which we can use to write (2.1.14) as

_ _ - _ 1—-e2K
QRN = AVRTVT 4 AVROVYT — 2 |00 4 2|V + <26

o+ A) 62\1l:| gt
—2e2Y (1 + K)po"t”.  (2.1.15)
We will refer to these equations as the conformal Finstein equations.

Letting f‘?w and I'}, denote the Christoffel symbols of the metrics g, and g, respectively, the
difference I'},, — I'},,, is readily calculated to be

I, =T, =70 Vo ¥ + Gua V¥ — GuwVal).
Using this, we can express the Euler equations (2.1.2) as
V,T" = —6T"'V ¥ + §osgT* gV, 0, (2.1.16)

which we refer to as the conformal Euler equations.

Remark 2.1.5. Due to our choice of time orientation, the conformal fluid four-velocity v#, which we
assume is future oriented, satisfies
2" < 0.

We also note that v# is normalized by
Mo, = —1, (2.1.17)

which is a direct consequence of (2.1.3), (2.1.12) and (2.1.13).



CHAPTER 2. NEWTONIAN LIMITS OF ISOLATED COSMOLOGICAL SYSTEMS ON LONG TIME SCALES 23

2.1.3 Conformal factor

Following [66], we choose
U = —Int (2.1.18)

for the conformal factor, and for later use, we introduce the background metric

h= —%dtdt + E2(t)0;;dz"da’ (2.1.19)

where
E(t) = a(t)t, (2.1.20)

which is conformally related to the FLRW metric (2.1.4). Using (2.1.7), we observe that E(t) satisfies

QE(t) = %E(t)Q(t), (2.1.21)
where Q(t) is defined by
Q) =1— % /; + pfg(t). (2.1.22)

A short calculation then shows that the non-vanishing Christoffel symbols of the background metric
(2.1.19) are given by

_ A iy 1.
Ty = 3, B8, and Fjo = 200, (2.1.23)
from which we compute
_ — A
37 =Wy, = ?Q(sg. (2.1.24)

2.1.4 Wave gauge

For the hyperbolic reduction of the conformal Einstein equations, we use the wave gauge from [66]
that is defined by

ZM =0, (2.1.25)
where
ZFh = Xt 4 YH (2.1.26)
with
X 1 TH _ &1 5 FHV Luw 5 o8 A I3 DH — moVTp
XH =TV -4 = —-0,7 +§g 308057 —?Qéo (TH = go"T%) (2.1.27)
and
V1 VoL 2A PIL B NTIAY
YH .= 2VHAT + géo = =2(g"" — ")V, V. (2.1.28)

2.1.5 Variables

To obtain variables that are simultaneously suitable for establishing global existence and taking New-
tonian limits, we switch to Newtonian coordinates (z#) = (t,z') and employ the following rescaled
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version of the variables? introduced in [66]:

1% —
O — =~ 2.1.2
Y € 2t ( 9)
1 (5 3(g* — ™)
Op _ = iU L = — 21
U ; (809 57 , (2.1.30)
Op 15 —Op
u = —0ig ", (2.1.31)
y 1/ .. g
uw(t @) = - (ﬂ —-07), (2.1.32)
PR D
u}] = 8", (2.1.33)
1
U — Eﬁ’ (2.1.34)
1_
1
zi = E@, (2.1.36)
1 —3(1+€3K) =
and
5¢ = ¢ — Cu, (2.1.38)
where
g7 =a"'g", o = (det gij)_% = (det g3, gij = ()71, (2.1.39)
g=g"0 -7% - glna — ?mE, (2.1.40)
A 3
g = —gégé(‘)’ + 5?5}’6”, (2.1.41)
and
1 _ 2
As we show below in §2.2.1, (g is given by the explicit formula
) Co — t3(1+62K)
t) = 1) — | 2.1.4
Cu(t) = Cu(1) 1+62K“< a1 ) (2.1.43)

where the constants Cy and (p(1) are defined by

VA + (1) + VA
Co = N > 1 (2.1.44)

and

Cu(1) Inpp (1), (2.1.45)

B 1
142K
respectively. Letting

i = 11\1‘% Cu (2.1.46)

3We emphasize that in the subsequent sections, we will only focus on the case that the density p is strictly positive.
This will be guaranteed later by choosing the perturbations around the FLRW solutions small enough. In this situation,
the Euler system can not become degenerate.
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denote the Newtonian limit of (g, it is clear from the formula (2.1.43) that

0 _ 43
CH@yzmpHu)—2m<iia>. (2.1.47)

For later use, we also define

zﬂzéﬁ. (2.1.48)
Remark 2.1.6. It is important to emphasize that the above variables are defined on the e-independent
manifold M = (0,1] x T3. Effectively, we are treating components of the geometric quantities with
respect to the relativistic coordinates as scalars defined on M, and we are pulling them back as scalars
to M by transforming to Newtonian coordinates. This process is necessary to obtain variables that
have a well defined Newtonian limit. We stress that for any fixed € > 0, the gravitational and matter
fields {g"”, o, p} on M, are completely determined by the fields {u®, " u, z;,¢} on M.

2.1.6 Conformal Poisson-Euler equations

The € N\, 0 limit of the conformal Einstein-Fuler equations on M are the conformal cosmological
Poisson-Euler equations, which are defined by

3 o 3(1-Q
00+ \&aj (p) = 30 (2.1.49)

t
A ) ) ) ) Al . 13 .. ) 571
250,59 I 51 5310.50 — ([ 22550 22 590 i . 9 o
3p8tz + K& p+ pz'0;z? = 3t'02 2Ap8® (8 = Ez(?), (2.1.50)
. A L2 g
AD = gtTHpc’ (A :=6"0,;05), (2.1.51)

where II is the projection operator defined by

Mu =u— (1,u), (2.1.52)
for u € L*(T?),
2
o Co — 3\ 3
E(t) = 2.1.53
0=(%=t) 2.1.59)
and 5
. 2t
Qt) = —— 2.1.54
0= 5 (2154

with Cp given by (2.1.44).

It will be important for our analysis to introduce the modified density variable C defined by
¢ =In(t?p),

which is the non-relativistic version of the variable ¢ introduced above, see (2.1.37). A short calculation
then shows that the conformal cosmological Poisson-Euler equations can be expressed in terms of this
modified density as follows:

.3, y 30
A .o Al.. 13_..

20,50 4 510,50 + KOIE = [ 2osi — ~25id 2.1.
36tz + 20,77 + K&'¢ 35% 2A8 , (2.1.56)

° A o s
A@:E?E%RQ (2.1.57)
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2.1.7 Main Theorem

We are in the position to state the main theorem of the article. The proof is given in §2.7.

Theorem 2.1.7. Suppose s € Z>3, 0 < K < é, A >0, pg(l) > 0, r > 0 and the free initial
data {59, po, 7"} is chosen so that W9 € B,(H*t1(T3,S3)), i € H*(T3,S3), po € B.(H*(T?)),
' € H*(T3,R3). Then for r > 0 chosen small enough, there exists a constant eg > 0 and maps
v e Cw(Xs (T?’),H8+1(T3 S4)), = Cw(Xs (T3),HS+1(T3)) vuV c Cw(Xs (TS) HS(’]I‘3,S4))7

€0,T €0,T €0,T
tp € C’w( X5 (T3),H5(T%)), 2 = (%) € C¥(XZ, .(T%), H*(T3,R?)), and 8¢ € C¥ (X2, . (T), H*(T?)),
such that*
©0 ~ 10 vkl vkl v vk A -1y cp 2
uti=1 = M (e, 0™ 0y, po, ) = EgA pody + O(€7),
u =y =1 (e, uk Uk po, 0F) = €2 (ﬁ” — Bﬁpqépq6”> + O(€%),
2A
uli—1 = (e, W0, po, ) = 62351%- +0(€),
Zi|t:1 = 5i(€aﬁklaﬁl(§l7/307 k) ﬁ ( )
pr(1) + po +Po
6C)i=1 = 6C(e, 0k Tk po, ) =In (1 + + 0(e?),
ugli—1 := to (e, 7, 1, fo, ') = O(e)
and

ub? 1=y = " (e, 0 0k po, 7F) = O(e)

determine via the formulas (2.1.29), (2.1.30), (2.1.32), (2.1.34), (2.1.36), (2.1.37), and (2.1.38) a
solution of the gravitational and gauge constraint equations, see (2.6.3)-(2.6.4) and Remark 2.6.1.
Furthermore, there exists a o > 0, such that if

6 o+ 1165 [ 225+ 1ol 7=+ 11712+ < o,

then there exist maps

ul € C°((0,1], H*(T3,S4)) N CL((0, 1], H*~1(T3,S,4)),
ut” € CO((0,1], H*(T?,S4)) N C1((0,1], H*~'(T?,Sy)),
ue € CO(0,1], H*(T*)) n C*((0,1], H*~'((T%)),
uy,e € CO((0,1], H*(T?)) N C'((0, 1], H*~1((T?)),
§¢ € C°((0,1], H5(T?)) n C((0,1], H¥~H(T?)),
26 € C°((0,1), H5(T3),R®)) Nn C1((0,1], HS (T3, RY)),
for e € (0,¢), and
® € CO((0,1], H*P2(T*)) N C*((0, 1], H*TH(T?)),
8¢ € C°((0,1], H*(T?)) n C'((0,1], H*~1(T?)),

2 € CY((0,1], H¥(T3, R?) n C((0,1], H*~1(T3,RY)),

such that

(i) {ul” (t,x),uc(t,x), 6 (t, x), 25 (t, 2)} determines, via (2.1.12), (2.1.13), (2.1.17), (2.1.29), (2.1.32),

4See Lemma 2.6.7 for details.
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(2.1.34), (2.1.36), and (2.1.37)-(2.1.41), a 1-parameter family of solutions to the Finstein-Euler
equations (2.1.1)-(2.1.2) in the wave gauge (2.1.25) on M,

(ii) {D(t,x),C(t,x) = 6 + (o, i(t, @) = Eo(t)_Qéijéj(t, 2)}, with (g and E given by (2.1.47) and
(2.1.53), respectively, solves the conformal cosmological Poisson-Euler equations (2.1.55)-(2.1.57)
on M with initial data |i=1 = In(pg (1) + po) and 2 |i—1 = ' /(prr (1) + po),

(iii) the uniform bounds

18N £oo (0,17, 18y + 1@l Lo o752y + 1251 zoe 011,15y + 10Cell Lo o, 25) + 1251 oo (0,17,50) S 1

and

1wt | oo (0,10, ¢) + 1 ell Lo (0,10, m5) + [[well oo (0,1], E5) + [y ell oo 0,17, 5) S 1

hold for € € (0,€p),
(iv) and the uniform error estimates

16Ce = ¢l Loo((0,1),115-1) + 125 = Zjll Lo (0, 1)x s -1) S €
Jug'sll oo (0,17, 15-1) + [ — 0605 OkPI| Loo (0,11, 51y + 1Uh” | oo (0,17, 155-1) S €
and

2y ell oo (0,17, 5= 1) + [[tell oo (0,17, 5-1) S €

hold for e € (0,¢€p).

2.1.8 Future directions

Although the 1-parameter families of e-dependent solutions to the Einstein-Euler equations from Theo-
rem 2.1.7 do provide a positive answer to the question of the existence of non-homogeneous relativistic
cosmological solutions that are globally approximated to the future by solutions of Newtonian gravity,
it does not resolve the question for initial data that is relevant to our Universe. This is because these
solutions have a characteristic size ~ € and should be interpreted as cosmological versions of isolated
systems [34, 64, 65]. This defect was remedied on short time scales in [65]. There the local-in-time ex-
istence of 1-parameter families of e-dependent solutions to the Einstein-Euler equations that converge
to solutions of the cosmological Poisson-Euler equations on cosmological spatial scales was established.

In Chapter §3, we combine the techniques developed in [65] with a generalization of the ones
developed in this article to extend the local-in-time existence result from [65] to a global-in-time
result. This resolves the existence question of non-homogeneous relativistic cosmological solutions
that are globally approximated to the future on cosmological scales by solutions of Newtonian gravity,
at least for initial data that is a small perturbation of FLRW initial data. However, this is far from
the end of the story because there are relativistic effects that are important for precision cosmology
that are not captured by the Newtonian solutions. To understand these relativistic effects, higher
order post-Newtonian (PN) expansions are required starting with the 1/2-PN expansion, which is, by
definition, the € order correction to the Newtonian gravity. In particular, it can be shown [67] that
the 1-parameter families of solutions must admit a 1/2-PN expansion in order to view them on large
scales as a linear perturbation of FLRW solutions. The importance of this result is that it shows
it is possible to have rigorous solutions that fit within the standard cosmological paradigm of linear
perturbations of FLRW metrics on large scales while, at the same time, are fully non-linear on small
scales of order e. Thus the natural next step is to extend the results of Chapter §3 to include the
existence of 1-parameter families of e-dependent solutions to the Einstein-Euler equations that admit
1/2-PN expansions globally to the future on cosmological scales. This is work that is currently in
progress.
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2.1.9 Prior and related work

The future non-linear stability of the FLRW fluid solutions for a linear equation of state p = Kp
was first established under the condition 0 < K < 1/3 and the assumption of zero fluid vorticity by
Rodnianski and Speck in [73] using a generalization of a wave based method developed by Ringstrom
in [71]. Subsequently, it has been shown [28, 35, 53, 77] that this future non-linear stability result
remains true for fluids with non-zero vorticity and also for the equation of state parameter values
K =0 and K = 1/3, which correspond to dust and pure radiation, respectively. It is worth noting
that the stability results established in [53] and [28] for K = 1/3 and K = 0, respectively, rely
on Friedrich’s conformal method [26, 27], which is completely different from the techniques used in
[35, 73, 77] for the parameter values 0 < K < 1/3.

In the Newtonian setting, the global existence to the future of solutions to the cosmological Poisson-
Euler equations was established in [11] under a small initial data assumption and for a class of poly-
tropic equations of state.

A new method was introduced in [66] to prove the future non-linear stability of the FLRW fluid
solutions that was based on a wave formulation of a conformal version of the Einstein-Euler equations.
The global existence results in this article are established using this approach. We also note that this
method was recently used to establish the non-linear stability of the FLRW fluid solutions that satisfy
the generalized Chaplygin equation of state [49].

2.1.10 Overview

In §2.2, we employ the variables (2.1.29)-(2.1.38) and the wave gauge (2.1.25) to write the conformal
Einstein-Euler system, given by (2.1.15) and (2.1.16), as a non-local symmetric hyperbolic system, see
(2.2.103), that is jointly singular in € and t.

In §2.3, we state and prove a local-in-time existence and uniqueness result along with a continuation
principle for solutions of the reduced conformal Einstein-Fuler equations and discuss how solutions to
the reduced conformal Einstein-Euler equations determine solutions to the singular system (2.2.103).
Similarly, in §2.4, we state and prove a local-in-time existence and uniqueness result and continuation
principle for solutions of the conformal cosmological Poisson-Euler equations (2.1.55)-(2.1.57).

We establish in §2.5 uniform a priori estimates for solutions to a class of symmetric hyperbolic
equations that are jointly singular in e and ¢, and include both the formulation (2.2.103) of the
conformal Einstein-Euler equations and the € Y\, 0 limit of these equations. We also establish error
estimates, that is, a priori estimates for the difference between solutions of the singular hyperbolic
equation and the corresponding e N\, 0 limit equation.

In §2.6, we construct e-dependent 1-parameter families of initial data for the reduced conformal
Einstein-Euler equations that satisfy the constraint equations on the initial hypersurface ¢ = 1 and
limit as € \, 0 to solutions of the conformal cosmological Poisson-Euler equations.

Using the results from §2.2 to §2.6, we complete the proof of Theorem 2.1.7 in §2.7.

2.2 A singular symmetric hyperbolic formulation of the conformal
Einstein-Euler equations

In this section, we employ the variables (2.1.29)-(2.1.38) and the wave gauge (2.1.25) to cast the con-
formal Einstein-Euler system, given by (2.1.15) and (2.1.16), into a form that is suitable for analyzing
the limit € N\, 0 globally to the future. More specifically, we show that the Einstein-Euler system
can be written as a symmetric hyperbolic system that is jointly singular in ¢ and ¢, and for which
the singular terms have a specific structure. Crucially, the e-dependent singular terms are of a form
that has been well-studied beginning with the pioneering work of Browning, Klainerman, Kreiss and
Majda [12, 40, 41, 45], while the ¢-dependent singular terms are of the type analyzed in [66].
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2.2.1 Analysis of the FLRW solutions

As a first step in the derivation, we find explicit formulas for the functions Q(¢), pg(t) and E(t) that
will be needed to show that the transformed conformal Einstein-Euler systems is of the form analyzed
in §2.5. We begin by differentiating (2.1.22) and observe, with the help of (2.1.6), (2.1.20) and (2.1.21),
that it satisfies the differential equation

—t0,(1 — Q) + 2(1 +EK)(1-Q)? = ;(1 + ?K). (2.2.1)
Integrating gives
93(1+e*K)
where Cj is as defined above by (2.1.44). Then by (2.1.22), we find that
4C At3(1+e2K)
0 (2.2.3)

pH(t) = (CO — t3(1+62K))2a

which, in turn, shows that (x(t), as defined by (2.1.42), is given by the formula (2.1.43).

It is clear from the above formulas that €2, p and (g, as functions of (¢, €), are in C?([0, 1] x [0, eg]) N
W32°([0, 1] x [—eo, €0]) for any fixed €y > 0. In particular, we can represent ¢t~ and ;) as

1 P
S0 =E0E = 2R (1) and 90 = 2T3RQy(h),

respectively, where we are employing the notation from §2.1.1 for the remainder terms Q; and Q.

Using (2.2.2), we can integrate (2.1.21) to obtain

2
t 282+362K Co — t3(1+e2K) 3(1+€2K)
E(t) = _—— = —— >1 2.2.4
(1) = exp (/1 STEK) — O ds) ( Co—1 = (2.2.4)

for t € [0,1]. From this formula, it is clear that £ € C?([0, 1] x [—€0, €0]) NW3°([0,1] x [—e0, €0]), and
that the Newtonian limit of F/, denoted E and defined by

o

E(t) = y{%E(t),

is given by the formula (2.1.53). Similarly, we denote the Newtonian limit of 2 by

o

Qt) = lm (1),

which we see from (2.2.2) is given by the formula (2.1.54).

For later use, we observe that E, Q, py and (j satisfy

1 1
—E'9?E+ “E719,E = 1 K 2.2.
OfE + ; Oy 2At2( +3e“K)pp, (2.2.5)
5 3
E'9?E +2E72(0,E)* - ZE*IatE = a1 EK)pr (2.2.6)
and
3 A .
O = == = —3E'OE = —7ly = —4h; = 273 K1) (2.2.7)

as can be verified by a straightforward calculation using the formulas (2.1.43) and (2.2.2)-(2.2.4). By
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(2.1.47) and (2.1.54), it is easy to verify

0,Cy = —%Q = Cftztg. (2.2.8)
We also record the following useful expansions of t'+3°K (e, t) and Q(e, t):
PSR — gy X (e,t) where X(e,t) K/ ATV 0 ¢\ (2.2.9)
and
E(e,t) = E(t) + eE(e,t) and  Q(e,t) = Q(t) + eA(e, t) (2.2.10)

for (e,t) € (0,€p) x (0,1], where X, E and A are all remainder terms as defined in §2.1.1.
2.2.2 The reduced conformal Einstein equations

The next step in transforming the conformal Einstein-Euler system is to replace the conformal Einstein
equations (2.1.15) with the gauge reduced version given by

—2RM 42V WMZY) 4 AW 77 = —4VIVVT + AVIOV D

_ 1 - K
— 2|0V +2|VI[* + (;p + A) e”] g —2e2Y (1 + EK)pot'v", (2.2.11)

where
AP = —Xgy) 4y igy),
We will refer to these equations as the reduced conformal Finstein equations.

Proposition 2.2.1. If the wave gauge (2.1.25) is satisfied, ¥ is chosen as (2.1.18) and 7" is given
by (2.1.24), then the following relations hold:

Vi) = _0(“5V)A (@Q - 1Q> - AQ&&@W:
t 2t
_ 1_ 1_ 1_ _ 1_
Ov = t2900 E)/0 + ;707 ‘V\II‘Q t2g00
v v 8A (N v 0 4N?
YHYY = AVIOVYT + ﬁa P+ 5060

and

VYY) = _ovHTrY — ;f\ 0(ugt) — tétg“”-

Proof. The proof follows from the formulas (2.1.18), (2.1.24) and (2.1.26)-(2.1.28) via straightforward
computation. ]

Remark 2.2.2. For the purposes of proving a priori estimates, we can always assume that the wave
gauge (2.1.25) holds since this gauge condition is known to propagate for solutions of the reduced
Einstein-Euler equations assuming that the gravitational constraint equations and the gauge constraint
ZM = 0 are satisfied on the initial hypersurface. The implication for our strategy of obtaining global
solutions to the future by extending local-in-time solutions via a continuation principle through the
use of a priori estimates is that we can assume that the wave gauge Z* = 0 is satisfied, which, in
particular, means that we can freely use the relations® from Proposition 2.2.1 in the following.

5In fact, the only relation from Proposition 2.2.1 that relies on the gauge condition Z* = 0 being satisfied is OU =

t%gOD _ %YO 4 %,70
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A short computation using the relations from Proposition 2.2.1 then show that the reduced con-
formal Einstein Equations (2.2.11) can be written as

_ = S 2A _2A 4A A 4A
_9ORM 1 9 (uXV) _Xmxv o e 220 w200, 1V 4 70k (e sv)
R 42V + T == 0g a2 (g + 3> 0y 00 — 329 dg O

2 _ v [ =00 A 2 P v 2 P _ —V
— t—Qg“ <g + 3> —(1—¢ K)ﬁg” —2(1+e¢ K)t—Qv“v . (2.2.12)
Recalling the formula (e.g. see [29, 72])
_ 1 o
R = Sg" 7050, g"" + VT + (QW XrxY),

where

Q" = G 7ONG "G ) Do Gap + 29T} G057 T Ty, + AT3,3" Gr(a L), 35" + (TF = 3) (T = 7"),
(2.2.13)
we can express (2.2.12) as

~ - _ 2A 2A 4A A
—g' 70N, g" — 2V — QM + S Qg = 20" — o5 <§°° + 3> % o
4A 2 A P _yw P pi-v
—3?g0k5( 8 v) _ g (goo + 3> - (1- EZK)?‘Q'U’ -2(1+ 62K)t—2v“v
(2.2.14)

By construction, the quadruple {U, k., prr, U5}, see (2.1.5), (2.1.6), (2.1.18) and (2.1.19), is the
conformal representation of a FLRW solution, and as such, it satisfies the conformal Einstein equations
(2.1.14) under the replacement {gw, p, 0} — {Auw, prr, e 9% }. Since X# and Y* vanish when g, —
huy, it is clear that the conformal Einstein equations (2.1.14) and the reduced conformal Einstein
equations (2.2.14) coincide under the replacement {guw,p,v} = {huw, pr,e¥ v}, and thus it follows
that h, satisfies

B ) v O R s %Qh“l’ %athw (1-e K)%{B“” — 21+ 81{)@525555,

(2.2.15)
where V is the Levi-Civita connection of EW,

_ —otnan A 1 2A
VU = ho(”cso)? <8t§2 - tQ) — = Qo
and S ~ S o o
QY =P ORI ) Dy hap + 20 P WAV RS+ 455, WOV R o7 PO REY.

Using the formulas (2.1.23) for the Christoffel symbols of hy,, it is not difficult to verify via a routine
calculation that independent components of the equation (2.2.15) agree up to scaling by a constant
with the equations (2.2.5)-(2.2.6).

Setting v = 0 and subtracting (2.2.15) from (2.2.14), we obtain the equation

o _ _ _ 2A -
— 020, (g0 — h0) — 2(V 5D — G0y (Qr0 — Q1Y) + ST U™ = )

2A - 4A A 4A 2 A
_ 0 Tp0y 00 | 2\ cpuc0 Ok (ks0) —00 , 4
En (g h*™) 2 <g + 3> 00 — 327 5o 0y, 29 (g + 3>

1 _ A
— (= @) (5 o)+ @ 1] =20+ ) (5 pm)o#e 4 pu (0440 - 588
(2.2.16)
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for the difference g#%—h*0. This equation is close to the form that we are seeking. The final step needed
to complete the transformation is to introduce a non-local modification which effectively subtracts out
the contribution due to the Newtonian potential.

For the spatial components, a more complicated transformation is required to bring those equations
into the desired form. The first step is to contract the u = i,v = j components of (2.2.14) with 9@17
where we recall that (gx) = (g¥)~! . A straightforward calculation, using the identity §x;0,,g"
—3ad,a”! (recall a = det(gt!)) and (2.2.16) with p = 0, shows that g, defined previously by (2.1. 40)
satisfies the equation

_ 1 1 o A A 272
— 5020, — 2A§00; <8tQ - Q) - 2§A°F§0—Q + QF 008+ —Qg 0GTd) 5.

2A A 2A - 4A?
~ 59" (ET'O}E - ET*(8E)?) — Q+ Qg% -5 ) =5 00+ E0E
3 3 9t
2 ( 00 A ? 2, P (00 A 2P (00 N i
—t2<g +3> —(1—c¢ K)t—2 9 -3 —2(1+e€ K)tQ v = g 9ig o), (2.2.17)

where
A oz o 55 A i
QZQOD—Fgg)‘ a)\gz’jaogj_ggijQ]‘

Under the replacement {g,., p, 0} — {Buy,pH,e‘I’f)ﬁ,}, equation (2.2.17) becomes

_oppol <at(2 - 19) — 212939 AQ + 25?2 Q568 + imﬂ(l o) hij — —AhOO (E710}E — E*(0,B)?)
Cau s P D) S g it (100 8) a2 s
where
Qu = Qf + h“c’) ij0oh — %hij g and b= ()T = By,

which, for the reasons discussed above, is satisfied by the conformal FRLW solution {¥, EW, PH, 17?{}
Taking the difference between (2.2.17) and (2.2.18) yields the following equation for g:

N\oA A = 00 700\ 1 1 200 200 A 20% ok
— g 7000,q9 —2A(g" — h )E 02 — EQ 2(gTQ) — A7%) — ; Q+ WQ(FZ’O — %i0)6%,
2A2 =) - . 2N g0 - _ _ 2N 00 =
+ WQ( gOUTd) g, — ROl Ry — ?(goo — WY (E7'O}E — E7X(0E)?) + 729 (5% — 1)
oA~ 2/ o AN? A _
—(Q—QH):gaoq o) g%+ 3) —(1—-K)=(p— pn) (900—3> —(1—€2K)tQPH (900—1—

A s A A
-2(1+ EQK)t—2 [(ﬁ — pH) <50T10 - ggijfﬂ@]> + pH <U0’UO -3 gng U]>:| . (2.2.19)

Next, denote
£ — sisi Y
kl = Ok9; _ggklg )
and apply éﬁﬁn to (2.2.14) with p =1, v = m. A calculation using the identities

a_lﬁfiﬁaglm = 0,8" and L‘f;glm =0,
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where we recall that g¥ is defined by (2.1.39), then shows that g satisfies the equation

2A 2(1 + €2K)

o - 2 - - - D i
— g 0\0y (59 — 67 — Ecggnv%m) — QY =370, - 07) - t%c;gn@lam, (2.2.20)

«

where
- /1 0\ - 1 ..
Qz] — _g)\oa/\ <a£27jn> 6U§lm + aﬁﬁﬂ@lm

Making the replacement {g,u, p, 0} = {huw, pH, e‘I’ﬁI‘fI}, equation (2.2.20) becomes

2 . _ -
_7£ﬁn,val{,—ym) _ QZsz =0, (2.2.21)
o

where

. o 1 . _ 1 . 7 1

A ! L w3 2

@l = 100 )0 L QU = (ethyy) S =

and

g T
Ly = 007 — gékléw.
Subtracting (2.2.20) by (2.2.21) gives

_gA 8/\60(9]—5])—2<a£15nv(17 )_Eclin,Hv;lI’y )> —(QY — }]I)

2A 2(1 + €2K)

= 508" — ) - LLpalvm. (22.22)

«

2.2.3 e-expansions and remainder terms

The next step in the transformation of the reduced conformal Einstein-Euler equations requires us to
understand the lowest order e-expansion for a number of quantities. We compute and collect together
these expansions in this section. Throughout this section, we work in Newtonian coordinates, and
we frequently employ the notation (2.1.11) for evaluation in Newtonian coordinates, and the notation
from §2.1.1 for remainder terms.

First, we observe, using (2.1.29), (2.1.34) and (2.1.40), that we can write o as

3
a=FE2exp <6A (2tu® — u)>. (2.2.23)
Using this, we can write the conformal metric as

g7 = E20Y + QY (2.2.24)

where

0Y = 0" (e, t,u,u) == = (a — E7?) (69 + eu”) + E7%uY, (2.2.25)
€

and OV satisfies ©%(e,t,0,0) = 0 and the E'-regularity properties of a remainder term, see §2.1.1.
By the definition of u%, see (2.1.29), we have that

g™ = + 2etu (2.2.26)

and, see (2.1.30) and (2.1.31), for the derivatives

Dog™H = 6(u8“ +3u®), and 8;5% = 2tu = eu?“. (2.2.27)
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Additionally, by (2.2.23), we see, with the help of (2.1.21), (2.1.29)-(2.1.31) and (2.1.34)-(2.1.35), that

1 3 3
O = —QQZQ + 6@—(3u00 + u80 —wup) and Q= eng(ugo — u;).

A
Then differentiating (2.2.24), we find, using the above expression and (2.1.32)-(2.1.33), that

o 2 L . . L
0,3 = 0,h" — 17539@” +ea [u + %(3@40052 4+ u® — ug) (69 + eu'?)| . (2.2.28)

Since g;; is, by definition, the inverse of g%, it follows from (2.2.24) and Lemma D.1.2 that we can
express g;; as

gij = E*8ij + eSij(e, t,u, u"), (2.2.29)
where S;;(e,¢,0,0) = 0. From (2.2.24), (2.2.26) and Lemma D.1.2, we then see that
G = B + €2 (e, t,u”, u), (2.2.30)

where 2, satisfies Z,,(¢,t,0,0) = 0 and the E'-regularity properties of a remainder term. Due to
the identity

5)@;11/ = _§u05A§07§7V (2'2‘31)
we can easily derive from (2.2.28) and (2.2.30) that

('_%gu,, = 50.5“,, + €S0 (€, t, u®? u,';‘ﬂ, Uy), (2.2.32)

where S,,+(€,t,0,0,0,0) = 0, which in turn, implies that

00, =5 = e (et u uu? ), (2.2.33)

where Ifw(e, t,0,0,0,0) = 0. Later, we will also need the explicit form of the next order term in the
e-expansion for I'y,. To compute this, we first observe that the expansions

_ 3 . )
Aogro = exékiEQ[ugl + (34 49)u’] 4 €8ko0(e, t, u  u, ugﬂ, Uy) (2.2.34)
and
_ 3\ 2
Orkgoo = —€ <A> ugo + GQSOOk(e,t,uaﬁ, u,ug‘ﬂ,uw), (2.2.35)

where Skoo(€,t,0,0,0,0) = Soor(€,t,0,0,0,0) = 0, follow from (2.2.24), (2.2.26), (2.2.28), (2.2.31) and
a straightforward calculation. Using (2.2.34) and (2.2.35), it is then not difficult to verify that

_ 3 . 1/3\2 . )
Tiy :eK[ugl + (3 + 4Q)u") + € (A) E726%u0 + €T (e, t, u?  u,ug? ), (2.2.36)
_. ) Q . 1 2 L .3 . )
Tl - 7 :eskjE”?a'w — e§E25kj [—;Q@” + E72(uf + K(3u00 +ul’ — ug)d7) ] + Tig (e, t, u u,ulf uy),

(2.2.37)

where I} (¢, t,0,0,0,0) = 0 and I (e, t,0,0,0,0) = 0.

Continuing on, we observe from (2.1.37) that we can express the proper energy density in terms
of ¢ by

pim p= PIHER) (AR (2.2.38)
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and correspondingly, by (2.1.42),

i — 3+EK) (14+K)Ch (2.2.39)

for the FLRW proper energy density. From (2.1.38), (2.2.38) and (2.2.39), it is then clear that we can
express the difference between the proper energy densities p and pyr in terms of 6¢ by

dp:=p—py= t3(1+62K)e(1+62KKH (e(l"'EQK)‘SC — 1>. (2.2.40)
Due to the normalization v#v,, = —1, only three components of v, are independent. Solving
vy, = —1 for 7g in terms of the components v;, we obtain

g+ @ P )
0 — —00 )
g

which, in turn, using the definitions (2.1.29), (2.1.32), (2.1.34), (2.1.36), we can write as

1
U =——F—=
Vo

where Vs (e, t, u,u*,0) = 0. From this and the definition 2" = g%, we get

+ 2V (e, t, u, ul, 2;), (2.2.41)

io = _ﬂ_F €2w2(€7t,u7uuyvzj)7 (2242)

where Wa(e, t, u, u"”,0) = 0. We also observe that

o* = e(2tu0k@+ﬂzi) and 2F = 2tu0k@+§ikzi (2.2.43)

follow immediately from the definitions (2.1.36) and (2.1.48). For later use, note that z* can also be
written in terms (g"”, z;) by

=]

T o VI W 1 ]
2= ﬂzj + g? [—gojzj + 6\/—goo\/l — gWEQ(ﬂZj)Z + 62ﬂ2’j2k . (2.2.44)

Using the above expansions, we are able to expand Q"*, Q and Q¥.

Proposition 2.2.3. Q"**, Q and QY admit the following expansions:
Q" —Qf =e@", Q-Qum=¢Q, and QY- Qf=eQ”,
where
Q Q
oM — E*Q?R“’”(t)ugo + S RM(t ) + eSM (e, t, u™  u, u® uy),

Q Q
Q= E‘Z?Ry(t)ugo + ?R(t, u) + eS(e, t,u8 u, ugﬁ, Ug),
2{

~ij _
=F
< t

i Q.. o
Rlﬂ(t)ugo + ?R” (t,u) + €S9 (e, t, u™?  u, u?”, uy),

with® u = (uo‘ﬁ,u,UOi,u?,ug), {RM R, 7%”} linear in u, {R””V,RV,QZ‘W} satisfy

o

O RME()| + |0RE(1)] + [0 RY* ()] < 2,

and the terms {S””,S,Sij} vanish for (e, t,u®?, u, u?ﬁ,ug):(e,t,0,0,0,0).

SHere, in line with our conventions, see §2.1.1, the quantities written with calligraphic letters, e.g. S and R, denote
remainder terms, and consequently also satisfy the properties of remainder terms.
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where Q“”(g,j) quadratic

Proof. First, we observe that we can write Q" as Q" = Q"(g, dg), g is
0. Since Q% = Q" (h,dh), we can

in 9g = (9,g") and analytic in g = (g") on the region det(g) <
expand Q" (h + €S,0h + €T) to get

Q" (h+eS,0h+€T) — QY = eDQV (h,0h) - S + eDQL" (h,0h) - T + G (€, h,0h, S, T) (2.2.45)

where G* is analytic in all variables and vanishes for (S,7) = (0,0), and DQ4"” and DQ%L” are linear
in their second variable. By (2.2.24), (2.2.26), (2.2.27) and (2.2.28), we can choose

S = (" (et,u,u®) and T = (T (e,t,u, u, g, ul?)
for appropriate remainder terms S and TH¥, so that
g=h+eS and 9g=O0h+e€T.
Using the fact that
7 A 1N 1 WU &g YA 729

where h = (—26355 6%), we can, using the linearity on the second variable of the derivatives DQ}",
¢ =1,2, write (2.2.45) as

Q - Q - -
QM — QY = eE_2?DQ‘1W(h, h) S+ eE_2?DQ‘2“’(h, h)- T+ 629“1’(6, h,0h,S,T). (2.2.46)
Expanding ©%, recall (2.2.25), as

Qi — = (A(Qtuoo —u)d" + u”) + eAY (e, t, u, ut),

where A% (e,t,0,0) = 0, we see from (2.2.24), (2.2.26), (2.2.27) and (2.2.28) that

1 _ . 1 L
SH = = (g — W) = 2t} 05u™ + 41658 u% + 88y — <3(2tu00 — u)o + u”) +eB (e, t,u, u?),

€ \F— T E2Z\ A
(2.2.47)
where B*(e,t,0,0) = 0, and

T = Yagv —amm) = 00500 (ul” + 3u®) + 40y 5Eu + 2886%) 80w + 3u) + 285"8Y) 5w’
3

@)

[\

t "V TE2|A E? A

(2.2.48)

where C4”(€,t,0,0,0,0) = 0. The stated expansion for Q** is then an immediate consequence of
(2.2.46), (2.2.47), (2.2.48) and the boundedness and regularity properties of E' and (2, see §2.2.1 for
details. The expansions for Q and Q% can be established in a similar fashion. O

Finally, we collect the last e-expansions that will be needed in the following proposition. The proof
follows from the same arguments used to prove Proposition 2.2.3 above.

Proposition 2.2.4. The following expansions hold:

_ _ 2 .
AV — V) — 50— W) = e,

1 \n= -\ A 2A2 — _ i
(&Q — tQ) +2(3°19, — hmvf]\o)?ﬁ - WQ(F—% — Vi) 5%

0 oo A

Q(Q—hoo);
2A2 . i)y 2A _ B N 2N _

= o A" Thpdis — K030hiy) + (g% — A% (ETFE — E2(QE)) - 59 (g%~ 1Y) =€

1 3 g 17 .. 3 5
— 20015780 — | = (2tu®® — w)6Y + u“] + = [u? + = (3u060 + w2 — ug)éw] + €CL” (e, t, u, U ug, us),
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and
2 (Iglt £, 705 — 3L, 4 T3 ) = &7,
where
10 fQQ 10y 00 Q 10 10 af af
EW =F ?]—" (t)u7+?.7-" (t,u) + eS" (€, t,u™” u, us” , uy)
Q
P+ TF )+ eS(e g ug),

g Q.. Q.. o
&Y = Efz?f"”(t)uv + ?.F'” (t,u) + eSY (e, t, u™? u, u?”, uy),

&= E_Q%P(t)u

with u = (u®?, u, u, ug , u,), {.7:“07,]:7,]:"“7} satisfy
|0 F 7 (8)] + |0 F (8)] + [0:F 77 (8)] S 82,

{FrO F,Fii\ are linear in v, and the remainder terms {S*,S, 87} vanish for
(e,t, uaﬁ,u,ug‘ﬁ,ug):(e,t,0,0,0,0).

2.2.4 Newtonian potential subtraction

Switching to Newtonian coordinates, a straightforward calculation, with the help of Propositions 2.2.3
and 2.2.4, shows that the reduced conformal Einstein equations given by (2.2.16), (2.2.19) and (2.2.22)

can be written in first order form using the variables (2.1.29)-(2.1.38) and (2.1.48) as follows:

O Op Op O
- Ug . Ug 1 - Ug 1. Ug X
BY0y ugu + B%0 u?“ + —C%0 u?‘u = ;%Pg u?‘u + 51, (2.2.49)
uO,u uO,u € uO,u uO,u
w\ o (ug\ oy (u\ gprgm (ug\
BOE)O uzj + Bkak u;j + *Ckﬁk u;j = — tipg u;’J + So, (2.2.50)
ub b € b b
B U 5 uQ 1 . UuQ 2E2g00 . () .
Boag ug | + Bkak up | + ECkak u | = — tiﬂl’g u; | + 53, (2.2.51)
u u u u
where
-g* 0 0 —4tu'%  —e* 0
B=pg* 0o g* o |, BF=E?| —0©H 0o o], (2.2.52)
0 0 —g" 0 0 0
i 0 —&" 0 i -g® 0 0
Ck=|-s" 0 o], B=E*[ 0 3g% o [, (2.2.53)
0 0 0 o 0 —g»
10 4 100
Pa=(0 & 0, P,=(0 0 0], (2.2.54)
1 1
5 0 35 0 00
. . Q01 4 gr0 4eu00u8“ — QeOry00 4 Geuo’“ug“ _ 2u0,u(1 _ 62K)t2+362K6(1+E2K)(<H+6C) + fou
1= 0

0

(2.2.55)
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fo = = 2(1 + EK )R ARG to0) (1 (vo - \/§> (vo+ \/§> 5 + vozk55>
€

1A1

_ EKAtl-‘rSeQKe(l-f—ezK)CH (e(1+62K)5C _ 1)6614 _ 7§t725615p3 (2256)
€
Sy = E? 0 : (2.2.57)
2
A Q + & + 4euug — 8e(u)? + f
S3 = E? 0 : (2.2.58)
%
fi9 = —2¢(1+ 62K)g_lEth?’&QKe(HEQK)Czkzl, (2.2.59)
and
7 4A 14+362K (1+€?K)Cy (,(1+€2K)6¢ 2 A 1432 K (142 K) i 5
f:—eK?t e (e —1)+2e(1+e¢ K)ggijt e 22
—2(1— EQK)u00t2+3€2K6(1+62K)(<H+5C) —2(1+ €2K)t1+3e2K6(1+62K)< <Uo+ /g) 1 <170_ 1;) .
€

(2.2.60)

At this point, it is important to stress that the equations (2.2.49)-(2.2.51) are completely equivalent
to the reduced conformal Einstein equations for € > 0. Moreover, these equations are almost of the

form that we need in order to apply the results of §2.5. Since the term % <170 — g) is easily seen
to be regular in € from the expansion (2.2.42) , the only e-singular term left is —%%t%EQ(;pch, which

can be found in the quantity fo“. Following the method introduced in [59] and then adapted to the
cosmological setting in [61], we can remove the singular part of this term while preserving the required
structure via the introduction of the shifted variable

wit = ut — 63040y, (2.2.61)

where @ is the potential defined by solving the Poisson equation

1A g
AD = gﬁEQHpHe?K = §E2te<HHe‘SC (A =6Y0,0;), (2.2.62)
which, as we shall show, reduces to the (cosmological) Newtonian gravitational field equations in the
limit € \, 0. In this sense, we can view (2.2.61) as the subtraction of the gradient of the Newtonian
potential from the gravitational field component ugo.

Using (2.2.62), we can decompose —%%t%E%pég as

_11;1512E25p(5g — _légAq) _ gégEQtlJrgezK(b‘i‘ EEQSM(G,t, 6(), (2263)
€ €

where

1 1 1 2 2
— = _ (1+e2K)¢ 1+e2K)6¢
0= - <1, PRy 5p> = (1 —Tne H (e< ) 1) (2.2.64)
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and

Al 2 2 2
SH(e,t,6¢) = g?ﬂ[te@ (€5C —1)— 143K (142 K)Ca (€(1+6 K)6¢ 1)] 587
which obviously satisfies S#(e,t,0) = 0. Although it is not obvious at the moment, ¢ is regular in €, and
consequently, with this knowledge, it is clear from (2.2.63) that —%56‘ A is the only e-singular term

in —%%t%EQ(Sp. A straightforward computation using (2.2.62) and (2.2.63) along with the expansions

from Propositions 2.2.3 and 2.2.4 then shows that replacing uk in (2.2.49) with the shifted variable
(2.2.61) removes the e-singular term —75“ A® and yields the equation

Op Op Op Op
B~ 9y wg‘u + B¥0 w?‘u + —C%0 ,wlOH = ESB]P)Q u)lo'u + G1 + S, (2.2.65)
uO,u O,u € uOu uO,LL
where
. —E‘2% [Doﬂo(t)ugo + Douk(t)wgo] - %Dou(t, u) + 46u00u8“ — deuO%0 4 FOn
G = E? 0 , (2.2.66)
0
R QDO“kBkCI) + @kl(wak@l SH (e, t,ub, u,ugﬂ,ug)
Si=1 2 15 g"o,® — gklé“aoalcp +e 0 , (2.2.67)
0 0
DO (1) = —RO™(t) — FOrv(t), D% (t,u) = —R%(t,u) — FO(t,u) (2.2.68)
and
0 2 ;1432 K (142 K)(Ca+50) [ 1 [ -0 AN ([ o AN o, o kg
fP==214+€¢K)t e H 2" — 3 70+ 3 0p + U270y
€
_ AGKt1+362K6(1+62K)CH(€(1+62K)5C ) _ 2u0,u,( )t2+352K (1+e2 K) (¢ +6¢)
A
- §t1+3€2K¢6f)‘ + S*(e,t, 6C). (2.2.69)

With the help of the expansions from Propositions 2.2.3 and 2.2.4, we further decompose Sy and S
into a sum of local and nonlocal terms given by

SQ = ég + 5'2 and Sg = ég + 53, (2.2.70)
where
i —E22[D” (Ouf + D7 (D] — $D”(t,0) + deu®uy + f1
Gy = F2 0 , (2.2.71)
_g u ij
i f%f)ijkakcb S (e, t, uo‘ﬁ,u,ug"g,ug)
Sy = 0 + € 0 , (2.2.72)
0 0
. —E_2% [DO( )UOO + Dk( Jw 00] %D(t, u) + 4euOug — 86(u00)2 + f
Gy = E? 0 ; (2.2.73)
go
i —2Dkg, S(e,t,uo‘ﬁ,u,ug‘ﬁ,ug)
S5 = 0 te 0 , (2.2.74)

0 0
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D" (t) = R (1) - F(t), D”(t,u) = ~R”(t,u) — F(t,u), (2:2.75)

DI(t) = —RM(t) — F*(t) and D(t,u) = —R(t,u) — F(t, u). (2.2.76)

Not only is the system of equations (2.2.50), (2.2.51) and (2.2.65) completely equivalent to the reduced
conformal Einstein equations for any € > 0, but it is now of the form required to apply the results
from §2.5. This completes our transformation of the reduced conformal Einstein equations.

2.2.5 The conformal Euler equations

With the transformation of the reduced conformal Einstein equations complete, we now turn to the
problem of transforming the conformal Euler equations. We begin observing that it follows from the

computations from [65, §2.2] that conformal Euler equations (2.1.16) can be written in Newtonian
coordinates as

_ C _ C 1 -~ C _
B, <z + B0 ( ) =B ( i) + 8, (2.2.77)
where
1 0
_ (=
0
=12 ]
6@ K Mlj
—k Lk
o (g ) _(wr @
- L = — \ L sk —11 k]
é K—le%% @5] K MUZ
_ 1 0 )
B=1o K71 -3 K) % |
X 0 0
]P)2:< k 5
0 4
5_ —Lfr;wv%
T\ =K1 3521{)* — K~ Mv“ll” )’
v
and
. iU goo _ _
Mij = 9 = 5,80 = 5 90i + (50308

In order to bring (2.2.77) into the required form, we perform a change of variables from z* to Zj,

which are related via a map of the form z* = z(z;, g""), see (2.2.44). Denoting the Jacobian of the
transformation by

im 92"
J = 92
we observe that iy iy
i __ pim 0 Z 3 ,ul/ 7 ;w
Oyz2'=J 8gzm+5ga W(? —i—eéaa W@

Multiplying (2.2.77) by the block matrix diag(1,.J7!) and changing variables from (, 2%) to (3¢, 2;),
where we recall from (2.1.38) that 6¢ = ¢ — (y, we can write the conformal Euler equations (2.2.77)

as
2% <5C> 4 B*a, <§C> _ %%pz <5C> 48 (2.2.78)
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where
0 1 eg—gﬁm
B = | . GG (2.2.79)
eh Jit KMl yim
71 Zk ka
BF=[ T 2.2.80
<1}10Jkl K~ 1 ,10M lejzm k ( )
1 0

and
0 _ iy _. )
—LiTho — L’,‘Fz 'UJTTO + (’yfo F%O) 650 adgzwao w oy P gt 8 Wak PNy
K= M 7t g 0z aog‘w/-i—EK LM UOJJI aagfwa g

"=\ i, 1T,
By direct calculation, we see from (2.2.44) and the expansions (2.2.24) and (2.2.26) that
(2.2.82)

1/710 —|—6 Jj

Jik = 25 4 e 4 ezsik(e, t,u, ut, z5)
where $%(e,,0,0,0) = 0. Similarly, it is not difficult to see from (2.2.44) and the expansions (2.2.24)

and (2.2.26)-(2.2.28) that
UV —QQ i 3 0 (3 7 af af
8 =-20 | E ?zjd + X(uo +3u™) | +eS' (6, b u, u™ uy, ug”, z5)

07 02
0 w/ 7
5‘78 W@ + 6608 7
(2.2.83)
and
k i
o 0z g = eguklék—i—ezS(e tyu, u? .y, ) (2.2.84)

L
o0 ogh

where S§'(e,¢,0,0,0,0 0) =0 and S(e,,0,0,0,0,0) = 0. We further note that the term
found in S above is not singular in e. This can be seen from the expansions

—K 1M, wlrfwv
(2.2.24), (2.2.26), (2.2 30) and (2.2.36), which can be used to calculate

17.
J ,,0,0
—i-fFOOv v
€E——
« «
Bau’yvuryﬁwzj)a

(2.2.85)

1
fI‘J i —2F]v +€F] 2tz
e

37 F 2256 + [ug’ + (3 + 4Q)u”] 31

_Qéikugo + €S (e, t,u,u

where S7(e,,0,0,0,0,0) = 0.
Using the expansions (2.2.82), (2.2.83) and (2.2.85) in conjunction with (2.2.24), (2.2.26), (2.2.30)
(2.2.33), (2.2.41), (2.2.42) and (2.2.43), we can expand the matrices {B°, B¥ %8} and source term S

defined above as follows:
1 0 0 0
BY = <O K1E251m> +e (O Kl@lm) + €289, t, u,uaﬁ,u%uﬁ'y‘ﬂ,zj), (2.2.86)
E_25km e § /Z’»\tUOO k @km + %tuOOE_Q(skm
v A @kl 4 KtuOOE 25kl Kfl(@lm 4 %tu00E7251m)zk
(2.2.87)

k 3 Zk
B" = K E725kl K71E725lmzk

2ak
+ €°8 (e,t,u,uaﬂ,uy,uffﬂ,z]),
0
> + €2S(e, t,u, uo‘ﬁ,uv,ug‘ﬁ,zj)

5 (1 0 L (0
0 K-1(1-32K)E-2%m) T \0 K-lom

(2.2.88)
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and

. 0
S = 3
(—J{_l[V@i(—ug—+(—3+—49)um)%-é(i)Qﬁfaémugq>
L. —E B0 4 LE25,,[ 2008 + B2 (ug? + 2(3u% + ud’ — ug)6™)] 4 Sudish
S (e, t, u,uaﬁ,uy,ugﬁ,zj)

+ €28y (e, t, u, u®b, Uy, u,‘;‘ﬁ, 2j), (2.2.89)

where the remainder terms S, 8, S, §; and S, all vanish for (u, u®?, uw,u?,ﬁ, zj) = (0,0,0,0,0). We
further decompose S into a local and nonlocal part by writing

S=G+5, (2.2.90)
where
0
- § . .
G K1 [\/%(fugl + (=3 4400 + 1 (3)> E—Qézkwgo] 5 (2.2.91)
and
= ; +eS(etyu,u uy, ul?, 25) (2.2.92)
Tk (3 Etkge) TN ) 2.

2.2.6 The complete evolution system

To complete the transformation of reduced conformal Einstein-Euler equations, we need to treat ¢,
defined by (2.2.64), as an independent variable and derive an evolution equation for it. To do so, we
see from (2.2.78) that we can write the time derivative of §¢ as

015 —eo(m) [ -5 () + 1 (1) + 5]

Zm m

= \/§ (2" 0k6¢ + E726"" O zm) + €S(e, t,u, u? uy, ul?, 25), (2.2.93)

where ey = (1,0,0,0) and S vanishes for (u, u“ﬁ,uv,ugﬁ,zj) = (0,0,0,0,0). Noting that (2.2.7) is
equivalent to

1 3 3
———0 =—pg — -2
112K tPH tﬂH n PH

it follows directly from the definition of §¢, p and dp, see (2.1.38), (2.2.38) and (2.2.40), that

B 1 1 3 op
and 1 1

Using (2.2.94), (2.2.95) and (2.2.86)-(2.2.89), we can write (2.2.93) as

3
# § _ é By _ § 2 443EK 00 _(14+€2K)¢ Kk
T 62K6t((5p) - t(Q 1)dp+ 1/ Aak(pz )= —¢ (A) t O (u™e ")

TLe3UHER) g 62t3(1+62K)S(6, t,u, u?, Uy, ugﬂ, 2j, Oz, 0C, Ok0C), (2.2.96)
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where
1
2

O
_ EkjE_Q?5k]e(1+62K)(€H+5<)

. 2 , -3 . 6 o
S — E25kj _gQ@k] +E’2(u§j +K(3UOO+U80—UO)5k]) 6(1+62K)(<H+5C)+Ku215£€e(1+62K)(<H+5O

and the remainder term S satisfies S(e, ¢,0,0,0,0,0,0,0¢,0) = 0. Taking the L? inner product of
(2.2.96) with 1 and then multiplying by 1/(et3+<"5)) we obtain the desired evolution equation for ¢
given by

=G+ 38, (2.2.97)
where
G=(1+K)(1L,8) 3(1+§2K)Q¢ (2.2.98)
and
S =e(1+K){(1,8(e,t,u,u? uy, usP, 25, 025, 6C, 0p6C) ). (2.2.99)

Next, we incorporate the shifted variable (2.2.61) into our set of gravitational variables by defining
the vector quantity

U, = (ug“,wg“,uo“,uéj,u?,uij,uo,uk,u)T, (2.2.100)
and then combine this with the fluid variables and ¢ by defining
U = (U}, Uy, ¢)7, (2.2.101)
where
U, = (6¢, )T (2.2.102)

Gathering (2.2.50), (2.2.51), (2.2.65), (2.2.78) and (2.2.97) together, we arrive at the following complete
evolution equation for U:

) 1 . 1
B%0,U + B'9;,U + —~C9,U = ;BPU+H+F, (2.2.103)
€
where
B 0 0 0 0 B0 0 0 0 Ct0 0 00
0 B 0 0 0 A 0 B 0 0 0 ' 0 C" 0 00
B°=|0o o B> 0o of, B'=[{o o B 0 0|, C=]0 0 C 00/,
0 0 0 B0 0 0 0 B 0 0 0 0 00
0 0 0 o0 1 0 0 0 0 0 0 0 0 00
(2.2.104)
B 0 0 0 0 P, 00 0 0
0 —2E2g%71 0 0 0 0 P, 0 0 0
B=|0 0 —2E%5°1 0 o|, P=|0 0 P, 0 Of, (2.2.105)
0 0 0 B 0 0 0 0 Py 0
0 0 0 0 1 0 0 0 0 0

H-= (él, ég, ég, G, G)T and F = (51, 527 gg, S, S)T (2.2.106)
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The importance of equation (2.2.103) is threefold. First, solutions of the reduced conformal
Einstein-Euler equations determine solutions of (2.2.103) as we shall show in the following section.
Second, equation (2.2.103) is of the required form so that the a priori estimates from §2.5 apply to
its solutions. Finally, estimates for solutions of (2.2.103) that are determined from solutions of the
reduced conformal Einstein-Euler equations imply estimates for solutions of the reduced conformal
Einstein-Euler equations. In this way, we are able to use the evolution equation (2.2.103) in conjunc-
tion with the a priori estimates from §2.5 to establish, for appropriate small data, the global existence
of 1-parameter families of e-dependent solutions to the conformal Einstein-Euler equations that exist
globally to the future and converge in the limit € Y\, 0 to solutions of the cosmological conformal
Poisson-Euler equations of Newtonian gravity.

2.3 Reduced conformal Einstein-Euler equations: local existence
and continuation

In this section, we consider the local-in-time existence and uniqueness of solutions to the reduced
Einstein-Euler equations and discuss how these solutions determine solutions of (2.2.103). Further-
more, we establish a continuation principle for the Einstein-Euler equations which is based on bounding
the H® norm of U for s € Z>3.

Proposition 2.3.1. Suppose s € Z>3, €9 > 0, € € (0,¢0), Tp € (0,1], (gh") € H*T(T2,Sy4), and (g")
€ H*(T3,Sy), (vh) € H*(T2,R*) and py € H*(T?), where v}y is normalized by Gouw vy = —1, and
det(gh"”) < 0 and po > 0 on T2. Then there exists a T1 € (0,Tp] and a unique classical solution

2 1 1
(9", 0", p) € () C((T1, Tol, B =H(T2)) x (1) C*((T1, Tol, H*Y(T2)) x (1) CH(Th, To], H*~(TY)),
=0 =0 =0

of the reduced conformal Einstein-Euler equations, given by (2.1.16) and (2.2.12), on the spacetime
region (T, Ty] x T that satisfies

(g™, Bog” . v", p) =1 = (b )", 04, Po).

Moreover,

(i) there exists a unique ® € ﬂ}zo C'((Ty, Ty, H*t274(T?)) that solves equation (2.2.62),

(ii) the vector U, see (2.2.101), is well-defined, lies in the space

1
U e () CU(Th, To], HH(T, V),
£=0

where
V=R'xR?2 xR* x S3 x (S3)® x S3 x R x R® x R x R x R® x R,

and solves (2.2.103) on the spacetime region (T1,Tp] x T2, and

(iii) there exists a constant o > 0, independent of € € (0,€y) and Ty € (0,Tp), such that if U satisfies

1O oo (21 10,275 (13)) < 04

then the solution (gh",v*,p) can be uniquely continued as a classical solution with the same
regularity to the larger spacetime region (T, Ty] x T2 for some Ty € (0,Ty).

Proof. We begin by noting that the reduced conformal Einstein-Euler equations are well defined as
long as the conformal metric g remains non-degenerate and the conformal fluid four-velocity remains
future directed, that is,

det(g") <0 and ° < 0. (2.3.1)
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Since it is well known that the reduced Einstein-Euler equations can be written as a symmetric
hyperbolic system” provided that p remains strictly positive, we obtain from standard local existence
and continuation results for symmetric hyperbolic systems, e.g. Theorems 2.1 and 2.2 of [54], the
existence of a unique local-in-time classical solution

(™, 7", p) € ﬂc‘ (T, To], HH4(T3)) ﬂc’f (Ty, To), H¥~4(T3)) ﬂcf (Ty, To), H~4(T?))
£=0 £=0
(2.3.2)

of the reduced conformal Einstein-Euler equations, for some time T € (0,7Tp), that satisfies
(6", 005", 0", p)li=, = (95", 91" v, Po)
for given initial data
(", g, 0", po) € H*TH(T,Sa) x H*(TZ,S4) x H(TZ,RY) x H¥(TY)
satisfying (2.3.1) and pg > 0 on the initial hypersurface t = Ty. Moreover, if the solution satisfies
det(g"(z7)) <1 <0, (7)< e <0 (2.3.3)
and
p(E) > e3> 0 (2.3.4)
for all (z7) € (T1,Tp) x T2, for some constants ¢;, i = 1,2, 3, and

19" | Lo (1 o], oo (1)) H1OGH | oo (1 g, w00 (12)) T oo (1 1), wtooe (m2y) F 161 Lo (1 1), wtooe (12

then there exists a time 77 € (0,71) such that the solution uniquely extends to the spacetime region
(T, Tp] x T2 with the same regularity as given by (2.3.2).

Next, we set

u = (u", ub” u, uy, 6C, 2),

where v, u5”, u, uy, 6¢ and z; are computed from the solution (2.3.2) via the definitions from §2.1.5.
From the definitions (2.1.37) and (2.1.38), the formulas (2.1.43)-(2.1.45), the expansions (2.2.24)-
(2.2.26) and (2.2.42), and Sobolev’s inequality, see Theorem C.1.1, there exists a constant ¢ > 0,
independent of 77 € (0,7p) and € € (0, €p), such that

(W u, 6C, 2) || Loo (1 1) 5 (12)) < © (2.3.5)
implies that the inequalities (2.3.3) and t_3(1+52K)ﬁ > c¢3 > 0 hold for some constants ¢;, © = 1,2, 3.
Moreover, for o small enough®, we see from the Moser inequality from Lemma C.1.3 and the expansions
(2.2.24)-(2.2.28) and (2.2.42)-(2.2.43) that

15" | oo (2 o), wose (12)) + 109" || Loo (11 o), wooe (1))

10" oo (1 01 wreoo (1)) + 1l oo (21 oy o (n8)) < C(@) (10l oo (4 00,175 (28)) + 1)

"This follows from writing the wave equation (2.2.14) in first order form and using one of the various methods for
expressing the relativistic conformal Euler equations as a symmetric hyperbolic system. One particular way of writing the
conformal Euler equations in symmetric hyperbolic form is given in §2.2.5 which is a variation of the method introduced
by Rendall in [69]. For other elegant approaches, see [10, 25, 86].

8We emphasize that by choosing o small enough, with the help of Sobolev embedding theorem (i.e. H® C C* ¢ Wh*
since s > 3/2 + 1) and (2.3.5), we have |[(u"",u, 8¢, 2:)| oo ((1y 1), wiiee(r3y) < 0, which ensures (2.3.3)-(2.3.4) for
(t,Z") € (T1,To] x T2 by the definitions from §2.1.5, that is the conformal fluid four-velocity remains future directed, the
conformal metric g*” remains non-degenerate and p remains strictly positive. This actually help us rule out the third
alternative of Majda’s criterion in Corollary D.4.3.

< 00,
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Thus by the continuation principle, there exists a o > 0 such that if (2.3.5) holds and

| oo (1 1), E (13)) < 00, (2.3.6)

then the solution (2.3.2) can be uniquely continued as a classical solution with the same regularity to
the larger spacetime region (77, Ty] x T2 for some T} € (0,T1).

Since A : H*T2(T3) — H*(T?) is an isomorphism, we can solve (2.2.62) to get

1
%@ = QE%CHA*WSC € () CH (T, To), H*F>74(T?)). (2.3.7)
=0

As (g and E are uniformly bounded on (0, 1], see (2.1.43) and (2.2.4), it then follows via the Moser
inequality from Lemma C.1.3 that the derivative 0, ® satisfies the bound

#7200 ey < C U a1o0) 1Oz

uniformly for (t,¢) € (T1,To] x (0,€p), where C is independent of initial data and the times {77, T5}.
But, this implies via the definition of U, see (2.2.101), that

lall oo (1 7], 15 (12)) < C (10 oo (y,m0), 115 (1)) 1Ol poe (1 10), 5 (73 -

Since
H(’U,’W,’u,, 5C7 Zi)“Loo((Tl,Tg},HS(’]I‘3)) < “U“Lw((Tl,TO},HS(’IF3))a
we find that
Ul Los (1 10, 5 (13)) < © (2.3.8)

implies that the inequalities (2.3.5) and (2.3.6) both hold. In particular, this shows that if (2.3.8) holds
for o > 0 small enough, then the solution (2.3.2) can be uniquely continued as a classical solution with
the same regularity to the larger spacetime region? (T}, Ty] x T2 for some T} € (0,T}) eventually. [

Remark 2.3.2. In fact, when using continuation principle (Theorem D.4.2 and Corollary D.4.3), we
have to rule out the second and the third alternatives of Majda’s criterion (Corollary D.4.3). The
third alternative is easily ruled out by letting ¢ small enough as we have mentioned above. About the
second alternative, the above proof clearly implies | DUl|po0(73) < [|[U|lgs < 0 < oo for t € (T1, Tp)-
We need to estimate [[0;U||poo(s). From the equation (2.2.103), [|0;U|| oo (rs) can be estimated by
[Ullw1.00(r3)y by noting that B# and B is smooth in the unknown variable U (with the help of the
Moser inequality from Lemma C.1.3). It is easy to prove that via standard steps. We will present
similar proofs in §2.5 under the similar structure of the equations (see (2.5.30)) and in that cases,
the coefficient matrices are of much better properties (e.g. E° class) to make sure ||0,U||~ is well
controlled.

2.4 Conformal cosmological Poisson-Euler equations: local existence
and continuation

In this section, we consider the local-in-time existence and uniqueness of solutions to the confor-

mal cosmological Poisson-Euler equations, and we establish a continuation principle that is based on

bounding the H* norm of (¢, 57).

Proposition 2.4.1. Suppose s € Z>3, (o € H*(T®) and (30) € H*(T3,R3). Then there erists a

9This is because of the continuation principle Theorem D.4.2 and Corollary D.4.3 from Appendix D.4. It is obviously
that H* C C* ¢ W for s > 3/2 4+ 1 due to the Sobolev embedding theorem and it implies | U100 < |U|lms < o
for t € (Tl,To}.
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Ty € (0,Tp] and a unique classical solution

1 1 1
(¢, 2, ®) € () CX(T1, To), HH(T?)) x () CH((Th, To], HY(T%,R?)) x (1) CX((Ty, Tol, H*H>74(T%)),
=0 =0 £=0

of the conformal cosmological Poisson-Euler equations, given by (2.1.55)-(2.1.57), on the spacetime
region (T, Ty] x T that satisfies o o
(¢, 2")|t=1 = (o5 20)

on the initial hypersurface t = Ty. Furthermore, if
H(C? ch/Z)HL"O((Tl,To}JLIS) < 00,

then the solution (C, %i,fi') can be uniquely continued as a classical solution with the same reqularity
to the larger spacetime region (T5,Tp] x T3 for some Ty € (0,T1).

Proof. Using the fact that A : H*t?2 — H* is an isomorphism, we can solve the Poisson equation

(2.1.51) by setting
A

b = §tE"?A—lHeé. (2.4.1)
We can use this to write (2.1.55)-(2.1.57) as
. 3, . p 30
¢ + \/K(zfajc+ajzf) = (2.4.2)
A . Al o 1 e :
\/gatzﬂ + 203 + K ( = \/ggsﬂ - §tE263A_1He<. (2.4.3)

It is then easy to see that this system can be cast in symmetric hyperbolic form by multiplying (2.4.3)

by EQK_l\/%. Even though the resulting system is non-local due to the last term in (2.4.3), all of
the standard local existence and uniqueness results and continuation principles that are valid for local
symmetric hyperbolic systems, e.g. Theorems 2.1 and 2.2 of [54], continue to apply. Therefore it
follows that there exists a unique local-in-time classical solution

1 1
(¢, #") € () CU(Ty, To), H*H(T%)) x () CH(T1, To], H*H(T?, R?)) (2.4.4)
=0 =0

of (2.4.2)-(2.4.3) for some time T € (0,7p) that satisfies
(G2 =m, = (o, 20)
for given initial data (Co, £0) € H*(T3) x H*(T3,R3). Moreover, if the solution satisfies

<l zoe (v 1), w100y + Hgi“LC’O((T17TO],W1a°°) < o0,

then there exists a time 75 € (0,77) such that the solution (2.4.4) uniquely extends to the spacetime
region (T7,Tp] x T3 with the same regularity. By Sobolev’s inequality, see Theorem C.1.1, this is
clearly implied by the stronger condition

1S, 2| ooy ey < 00

Finally from (2.4.1), (2.4.4) and the Moser inequality from Lemma C.1.3, it is clear that

1
O e () CH((Ty, To], HP27H(T?)).
(=0
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O

Corollary 2.4.2. If the initial modified density (o € H*(T?) from Proposition 2.4.1 is chosen so that
: or (To) + po
&= 1“(%)’
0
where py = %, po € H(T3), and pr(To) + po > 0 in T3, then the solution (C,3',®) to the
conformal cosmological Poisson-FEuler equations from Proposition 2.4.1 satisfies

Hp=06p:=p—pg in (T1,To) x T3

Proof. Since p = #3¢C satisfies (2.1.49), we see after applying (1, -) to this equations that (1, p) satisfies

d 3(1— Q1))

%@’5@» — - (1,p(t)), Ti <t<Ty,

while from the choice of initial data, we have

(1,6(Tv)) = pu(To).

By a direct computation, we observe with the help of (2.1.54) that pg = (éfo_/t\g’f; satisfies the differ-

ential equation

Cony =150y 0<r<m, (2.4.5)

and hence, that
<1,po(t)> = ﬁH(t), T <t <Ty, (2.4.6)

by the uniqueness of solutions to the initial value problem for ordinary differential equations. The
proof now follows since

, (2.1.52) o (246) . .
1p “ 5 (1,p) P2 5 pu(t) n (T, To] x TP,
O
Remark 2.4.3. Letting o
0¢ = ¢ —Cn, (2.4.7)
where, see (2.1.10), (2.1.47) and (2.2.3),
Cr =W(t3py), (2.4.8)

it is clear that the initial condition

: pr(To) + po
Cli=m, = hl(TS’)’

from Corollary 2.4.2 is equivalent to the initial condition

5o, = 1n<1 i ﬁH‘?’%))

for 5{0.

2.5 Singular symmetric hyperbolic systems

In this section, we establish uniform a priori estimates for solutions to a class of symmetric hyperbolic
systems that are jointly singular in € and ¢, and include both the formulation of the reduced conformal
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Einstein-Euler equations given by (2.2.103) and the € \, 0 limit of these equations. We also establish
error estimates, that is, a priori estimates for the difference between solutions of the e-dependent
singular symmetric hyperbolic systems and their corresponding e ™\, 0 limit equations.

The e-dependent singular terms that appear in the symmetric hyperbolic systems we consider are
of a type that have been well studied, see [12, 40, 41, 45], while the ¢-dependent singular terms are of
the type analyzed in [66]. The uniform a priori estimates established here follow from combining the
energy estimates from [12, 40, 41, 45] with those from [66].

Remark 2.5.1. In this section, we switch to the standard time orientation, where the future is
located in the direction of increasing time, while keeping the singularity located at ¢ = 0. We do
this in order to make the derivation of the energy estimates in this section as similar as possible to
those for non-singular symmetric hyperbolic systems, which we expect will make it easier for readers
familiar with such estimates to follow the arguments below. To get back to the time orientation used
to formulate the conformal Einstein-Euler equations, see Remark 2.1.1, we need only apply the trivial
time transformation t — —t.

2.5.1 Uniform estimates

We will establish uniform a priori estimates for the following class of equations:

. 1 . 1
A°90U + A9, U + =C'o,U = ZQ[IPU +H in [Ty, Ty) x T", (2.5.1)
€
where
U= (w,u)",
AO — A(l)(€7t7 xz, w) 0
0 AY(e, t,z,w) )
yus Al (e, t, z,w) 0
0 Ab(e, t,z,w) )’
;  (Ci 0 (P10
o= (T &) =0 w)
o — A; (e, t, 2, w) 0
o 0 Ao (e, t,z,w) )"’
H= Hl(E,t,LU,’UJ) + Fl(E,t,LU)
a HQ(G,t,.’IZ’,U},U)+R2 FQ(G,t,J}) ’
1

and the following assumptions hold for fixed constants eg, R > 0, Ty <T1 <0 and s € Z~,,/241:

Assumptions 2.5.2.

1. The C¢,i=1,...,n and a = 1,2, are constant, symmetric N, x N, matrices.

2. The Py, a = 1,2, are constant, symmetric N, x N, projection matrices, i.e. P2 = P,. We use
PL =1 — P, to denote the complementary projection matriz.

3. The source terms Hy(e, t,z,w), a = 1,2, Fy(e, t,x), a = 1,2, and Ma(e, t,z,w,u) satisfy H €
E°((0,€0) % (2Tp,0) x T"x Br(RN1), RN, Hy € E°((0, €9) % (2Tp, 0) x T" x Br(RN') x B(R™2) x
Br((RN1)"),RN2), F, € C°((0,€0) x [To, T1), H*(T",RN*)), My € E°((0,€0) x (2Tp,0) x T™ x
Br(RNt) x Br(R™2), M, xn,), and

Hy(e,t,x,0) =0, Hsy(e,t,2,0,0)=0 and Ms(e,t,z,0,0) =0

for all (e, t,x) € (0,€9) x (2Tp,0) x T™.
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4. The matriz valued maps Al (e, t,z,w), i = 0,...,n and a = 1,2, satisfy A’ € EO((O, €) X
(21p,0) x T™ x Bg(RNa),Sy, ).

5. The matriz valued maps A%(e, t,x,w), a = 1,2, and Ay(e, t,x,w), a = 1,2, can be decomposed
as

Ad(e,t,m,w) = AY(1) + eAd (e, t, z, w), (2.5.2)
Ag(e, b, 2, w) = Ao (t) + Aale, b, z,w), (2.5.3)

where AS € E((2Tp,0),Sn,), Ao € E'((2T0,0), My, xn, ), A € E'((0,€) x (2Tp,0) x T" x
Br(RM),Sy,), Ay € E°((0, ) x (2Tp,0) x T x Br(R™),My,xn, ), and™

DAy (e, t,2,0) = DA% (e, t,2,0) =0 (2.5.4)
for all (e, t,z) € (0,€9) x (27p,0) € T™.
6. For a =1,2, the matriz A, commutes with P, i.e.
[Po, Aa(e, t,z,w)] =0 (2.5.5)
for all (e,t,z,w) € (0,€) x (2Tp,0) x T" x B(RM).

7. P3 is a symmetric (N1 + Na) x (N1 + N2) projection matriz that satisfies

PP; = P3P = P3, (2.5.6)
P3Al(e, t, 2, w)Ps = P3C'Py = P3(e, t, z,w)P3 =0 (2.5.7)

and
[P3, A%(e, t, 2, w)] = 0O (2.5.8)

for all (e, t,z,w) € (0,¢e0)x (2Tp, 0)xT" x Br(RN), where Py = 1—P3 defines the complementary
projection matriz.

8. There exists constants k, y1, v2 > 0, such that

1 1
—1 < A%, t,x,w) < —Ay(e, t, z,w) < Yol (2.5.9)
4! K

for all (e,t,z,w) € (0,¢) x (2Tp,0) x T" x B(RM) and a = 1,2.
9. For a = 1,2, the matriz A satisfies
P A% (e, t, 2, PLw)P, = Py Ad(e, t, z, Pw)PE = 0 (2.5.10)
for all (e,t,x,w) € (0,¢) x (2Tp,0) x T x B(RM).

10. For a = 1,2, the matriz PL[D,AY - (AQ) 71 P1w]PL can be decomposed as

Pt [DwAL(e t,z,w) - (A (e, t, z,w)) Qll(e t,x w)]P’lw]P =184(e, t, z,w) + Ty(e, t, z, w, Prw)
(2.5.11)

for some &, € EO((O,EO) x (2Tp,0) x T™ x BR(RNl),MNaxNa), a=1,2, and ¥, € EO((O, €0) X
(2T0,0) x T" x Br(RN1) x ]RNl,MNaxNa), a = 1,2, where the T,(e, t,z,w,&) are quadratic in .

Before proceeding with the analysis, we take a moment to make a few observations about the
structure of the singular system (2.5.1). First, if 2 = 0, then the singular term %QUP’U disappears

90r in other words, the matrices g |w—0 and A% |,—o depend only on (e, t).
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from (2.5.1) and it becomes a regular symmetric hyperbolic system. Uniform e-independent a priori
estimates that are valid for ¢ € [T, 0) would then follow, under a suitable small initial data assumption,
as a direct consequence of the energy estimates from [12, 40, 41, 45]. When 2 # 0, the positivity
assumption (2.5.9) guarantees that the singular term %QlIP)U acts like a friction term. This allows us to
generalize the energy estimates from [12, 40, 41, 45] in such a way as to obtain, under a suitable small
initial data assumption, uniform e-independent a priori estimates that are valid on the time interval
[T1,0); see (2.5.40), (2.5.41) and (2.5.42) for the key differential inequalities used to derive these a
priori estimates.

Remark 2.5.3. The equation for w decouples from the system (2.5.1) and is given by
- 1 . 1
A%9gw + AL d;w + “Clopw = 2 Prw+ Hy+ Fy - in [T, Ty) x T (2.5.12)
Remark 2.5.4.
1. By Taylor expanding A%(e, t, 7, P{w + Pyw) in the variable Pyw, it follows from (2.5.10) that

there exist matrix valued maps flg, ;12 € E! ((O, €0) X (270, 0) x T™ x BR(RNl),MNaxNa), a=1,2,
such that

PEAL (e, t, 2, w)Py = PL[AY (e, t, 2, w) - Pyw]P, (2.5.13)

a

and
P, A% (e, t, 2, w)PE = Po[A%(e, t, 2, w) - Pyw]PF (2.5.14)
for all (e,t,z,w) € (0,¢) x (2Tp,0) x T™ x B(RM).
2. It is not difficult to see that the assumptions (2.5.9) and (2.5.10) imply that
IP>aL (Ag(e,t,x,IP’le))_llPa =P, (Ag(e, t,m,}P’fw))_lIF’é =0

for all (e, t,z,w) € (0,€e) x (2Tp,0) x T* x B(RM). By Taylor expanding (A%(e, t,x, Pfw +
Pyw)) ™! in the variable Pyw, it follows that there exist matrix valued maps BY, BY € E'((0, €y) %
(21p,0) x T x Bg(R™),Mp,xn,), @ = 1,2, such that

PL(AY(e, t,z,w)) "By = PL[BY(e, t, 2, w) - Pru]P, (2.5.15)
and

P, (AQ(e, t,z,w)) ' PL = Py [BY(e, 1, x, w) - Pyw]PL (2.5.16)
for all (e,t,z,w) € (0,¢) x (2Tp,0) x T™ x B(RM).

To facilitate the statement and proof of our a priori estimates for solutions of the system (2.5.1),
we introduce the following energy norms:

Definition 2.5.5. Suppose w € L>®([Tp,Ty) x T RM) k € Z>o, and {P,, A%}, a = 1,2, are as
defined above. Then for maps f,, a = 1,2, and U from the torus T" into R and R™M x RMN2,
respectively, the energy norms, denoted || falll, z= and [|U][ s, of fo and U are defined by

”|fa”|2,Hk = Z <Dafa’A2(Evt"7w(t7’))Dafa>

0<|a|<k

and

U == Z (DU, A° (e, t, -, w(t,-)) D*U),
0<|a|<k
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respectively. In addition to the energy norms, we also define, for Ty < T' < T7, the spacetime norm of
maps f,, a = 1,2, from [Ty, T) x T" to R™a by

1
2

1
HfaHM]P‘?Z’k([TO,T)XT”) = || fall oo (7,1, 1%y + (—/T t”Paf(l(t)”?{kdt)
0

Remark 2.5.6. For w € L®([Ty, Ty) x T" RN1) satisfying 1wl Lo (7, m)xTm) < R, we observe, by
(2.5.9), that the standard Sobolev norm ||-|[ z+ and the energy norms || - ||, zx, @ = 1,2, are equivalent
since they satisfy

1
—=l e < -l e < VA2l - (s

Nan

With the preliminaries out of the way, we are now ready to state and prove a priori estimates for
solutions of the system (2.5.1) that are uniform in e.

Theorem 2.5.7. Suppose R > 0, s € Zxp 941, To <T1 <0, €g > 0, € € (0,¢60), Assumptions 2.5.2
hold, the map

U= (w, ﬂcf ([To, Th), H*~5(T", RN)) ﬂcf ([To, Th), H*~ 14T RMN2))
=0

defines a solution of the system (2.5.1), and for t € [Ty, T1), the source terms F,, a = 1,2, satisfy the
estimates

1E1L(e, )l ms < CUllwllzoe (0,8, 1w (8) | 175 (2.5.17)

and

1Es(e Oll s < Cllwlliosqiryyarny Il ez o) (@l + [u@llges),  (25.18)

where the constants C(||w| poo(1y,0),1+)) and C(||’LUHLOO([TO¢)7H5), @]l Loo ((15,8), - 1)) are independent of
€ € (0,¢e0) and Ty € (Tp,0]. Then there ezists a o > 0 independent of € € (0, ¢y) and Ty € (Tp,0), such
that if initially
[w(To)llzs <o and  [[u(To)| =1 < o,
then
R
||w||L°°([T0,T1)><T'"‘) < 5

and there exists a constant C' > 0, independent of € € (0,¢y) and Ty € (To,0), such that

lollasge iz + lullge

t
1
([To.t)xT") —/ —||[P3U || grs-1 d7 < Co
To T

for Ty <t <1Ty.

Proof. Letting Cgop, denote the constant from the Sobolev inequality, we have that
[w(To)[ L < Csobllw(To)|[ s < Csono

We then choose o to satisfy

A

o< min{ljf}, (2.5.19)
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5 R
where R = 0o SO that

R
lw(To)|| L < 3

Next, we define
Ki(t) = [wll Lo ((mp,0),m55)  and  Ka(t) = |ul| oo (17y,), 151>

and observe that K;(Tp) + Ko(Tp) < R/2, and hence, by continuity, either K (t) + Ko(t) < R for all
t € [Ty, T1), or else there exists a first time T, € (Tp,T1) such that K,(T}) + Ko(T,) = R. Letting
T, = T3 if the first case holds, we then have that

Ki(t) 4+ Ko(t) < R, 0<t<T,, (2.5.20)

where T, = T} or else T, is the first time in (Ty, T1) for which K, (T,) + Ko(T}) = R.

Before proceeding the proof, we first establish a number of preliminary estimates, which we collect
together in the following Lemma.

Lemma 2.5.8. There exists constants C(K1(t)) and C(K1(t), Ka(t)), both independent of € € (0, €p)
and Ty € (Ty, T1], such that the following estimates hold for Ty <t < T, < 0:

= Z w, AY[(AD) 1Ay, DYPw) < _fC(Kl)HwHHSHleHHS, (2.5.21)
\a|<s
2 N _ N 1
—7 > (D%, AJ[(AD) Az, DIPou) < = O (Jull - +llwl ) (P2ull 7 + [Paw]Fs),
jal<s—1
(2.5.22)
— ) (Dw, A)[D*, (A9) " Ai]9w) <C(K1)||w]|F, (2.5.23)
jal<s
— > (D%, AY[D®, (A9) M A5)0u) <C(K)|ullFe s, (2.5.24)
|a|<s—1
— Y (D%w,[A}, D*|(A}) " Clow) < C(K1)|wlFs, (2.5.25)
lal<s
— > (D%, [AS, D*|(A9) " C305u) < C(K)[[ulFems, (2.5.26)
la|<s—1
(0% (6% ]‘
Y (D w, (9:AY) D*w) < C(K) |w||Fs — ;C(KﬁHwHHsHleH%S, (2.5.27)
jal<s

(6% (6% 1
Y (D, (8:A3) D) < CO(K) ullFre-s — SC (K, Ka)([[ull = + [lwll ) (Pl 7o + [Prw]F)

laf<s—1
(2.5.28)

and

1
Z <D°‘P3U,(8tA0)DaIP’3U>g—;C(Kl)HIP’leHsH]P’gUH%S_l+C(K1)||]P3UH%IS_1. (2.5.29)

ja|<s—1

Proof. Using the properties P? = Py, P; + P{ = 1, P{ = Py, and DP; = 0 of the projection matrix



CHAPTER 2. NEWTONIAN LIMITS OF ISOLATED COSMOLOGICAL SYSTEMS ON LONG TIME SCALES 54

P, repeatedly, we compute

- = Z w, AV[(AD) 7124y, DYPw)
\a|<s
2 2
=—2 > (DPrw, AY[(A]) "', DU Prw) — 5 > (D Prw, Py AJ[(A]) "2, D Prw)
|| <s ol <s
by (2.5.5) 2 « 0 0y—1 « 2 ampl 1 40 0\—1 o
= Z (DPrw, AT[(A}) ™ 2y, D*Prw) — n Z (DPrw, Py Aj[(A])” P12, DYPrw)
lo|<s lo|<s
2 2
== > (D°Pyw, AY(AD) 7', DJPyw) — = D (D Prw, Py AYPY [Py (A]) ™' P12y, D°JPrw)
ol <s lo|<s

2
- > (DPiw, P AJP [Py (AD) "' P12y, DOPyw).

laf<s

From this expression, we obtain, with the help the Cauchy-Schwarz inequality, the calculus inequalities
from Appendix C, the expansions (2.5.2)-(2.5.3), the relations (2.5.4), (2.5.13), and (2.5.15), and the
inequality (2.5.20), the estimate

—= Z w, AY[(AY) 71, DYPyw)

|a\<s

1 - _
S-3 [IIA?\Hslplw\IHs\ID((A?) 1920z A AL s [Pyl 125 | D (P (AD) ™ P12 ) | o
_ 1
+ |y AYPy | a2+ |Pi ]| || D (P (A7) IIP>1911)||Hs—1] IPrwllgre-r < =C(K) 7wl as [Prow] 7

for Ty < t < T, where the constant C(K) is independent of € € (0,¢p) and T, € (Tp,71]. This
establishes the estimate (2.5.21). By a similar calculation, we find that

2 2

- > <Dau,Ag[(Ag)*1m2,Da]ﬁvm:—z > (DPyu, AJ[(A9) Az, DY|Pyu)
laf<s—1 |a|<s—1
2 2

- > <Da]P>2lu,P;Agpi[Pi(Ag)*lpg%,DO‘]PM—E > (DPyu, Py AJP,[Py(A9) ' Pz, DV|Pou)
lo|<s—1 |a|<s—1

1 1 1
< —;C(Kl)lleHsH]P’zull?gs—l - ;C(Kl)HUHHHH]P’leHSH]P’WHHH - ;C(Kl)HUHHHH]P’leHSH]P’WHHH
1
< _ZC<K1>(HUHHS*1 + [[wl ) (IP2wll7e-1 + [IPow]|Fs),

which establishes the estimate (2.5.22).

Next, using the calculus inequalities from Appendix C, we observe that

Z (D%, —A9[D*, (A9) " Ab]dsu) S| AS| oo [[ull7rs—1 | D((AS) ™ AY) || ra—r < C(K1)||ullFror
0<]al<s—1

which establishes the estimate (2.5.24). Since the estimates (2.5.23), (2.5.25) and (2.5.26) can be
obtained in a similar fashion, we omit the details.

Finally, we consider the estimates (2.5.27)-(2.5.28). We begin establishing these estimates by
writing (2.5.12) as

1 . ,
edow = eE(A(l))_IQllIP’lw — (AN AL 9w — (A TCIw + (AN T H, + (AN TR (2.5.30)
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Using this and the expansion (2.5.2), we can express the time derivatives 9;4%, a = 1,2, as
OtAg :DwAg . 6tw + DtAg
= — DyAq - (A}) T Aj0w — [Dy A7 - (A7) C103u]
1
+ [Dw Ay - (AY) " Hi] + D, Ap + [Dy AY - (A) 'Ry + Eu)wAg S(A) T Pw]. (2.5.31)

Using (2.5.31) with a = 2, we see, with the help of the calculus inequalities from Appendix C, the
Cauchy-Schwarz inequality, the estimate (2.5.17), and the expansion (2.5.11) for a = 2, that

> (D, (0, A)D ) < Y [<Dau,1@2i(atAg)P§Dau>+<Dau,P;(atAg)P2Dau>
lo|<s—1 lo|<s—1

+(D%u, Py(9; APy Du) + (D%, Py (3 AY)Po D“u)
2 _
<C(K1)|lull3s—: — ;HUHHs—lH(A?) 1201 || oo || Dap A3| oo [[Poe| o1 [ Prow|| s

1 _ 1
- ;HleHHsH(AO) 19U | oo | Doy AR o [Pl 7y — ;IIUqus—lc(Kl)IIIP’lwII?;s—l
1

<C(E) ullfre-s — T O (KL, Ka)([full g + lwll =) (IP2ul77s—1 + [IProwllFs)-

This establishes the estimate (2.5.28). Since the estimate (2.5.27) can be established using similar
arguments, we omit the details. The last estimate (2.5.29) can also be established using similar
arguments with the help of the identity P3P = PP3 = P3. We again omit the details. O

Applying A°D(A%)~! to both sides of (2.5.1), we find that
) 1 . . - )
A9y DU + A'9;D°U + ~C'9;D°U = —A°[D*, (A"t A%)o,U — [A°, DY (A%~ LCio,U
€
1 1
+ TADPU + ZAO[DO‘, (AY1AIPU + A°D*[(A°)1H],  (2.5.32)

where in deriving this we have used

(25.2) 1

140 poja0y i 22 1io 4 40, pey(a0) i = (A9, DAY Lciau
€

€
and
A[D™, (A% NC'O,U = A°D((A°)~tC'9,U) — D*(C'9;U)
= A°D*((A°)'C'o,U) — D¥(A°(A°) "' C'o,U) = [A°, D*(A%) " Cio,U

Writing AY, a = 1,2, as AY = (Ag)%(Ag)%, which we can do since AY is a real symmetric and
positive-definite, we see from (2.5.9) that

(AD) 290, (A%) "2 > &l (2.5.33)

Since, by (2.5.5),
(D" f D R, f) = (D, f, (AD)3[(AD 52, (A H(ADIDEf), a =12

it follows immediately from (2.5.33) that

2 2K 2K
- Z (Do‘u,QlQDO‘IP)QM < 7|HP2UH\§,HS—1 and ; Z <Do¢w’2[1Do¢P1w> < 7|HP1wH’%,H5'

0<|r|<s—1 0<|a|<s

[\

(2.5.34)
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Then, differentiating (D%w, A D%w) with respect to t, we see, from the identities (D%w, C10; Dw) = 0
and 2(D%w, AY9; D*w) = —(D%w, (8; A}) D*w), the block decomposition of (2.5.32), which we can use
to determine D*0sw, the estimates (2.5.17) and (2.5.34) together with those from from Lemma 2.5.8
and the calculus inequalities from Appendix C, that

Al e = 3 (Dw, (0 ADNDw) +2 3 (D%w, AYD )

0<|a|<s 0<a|<s

1 « 7 «
<CO(K1)|lwl[Fs - ;C(Kl)\leHsHIF’le%s + Y (D%w, (8;A)) D w)

0<|a|<s
=0
2 . .
= > (Dw,Ci{o;Dw) —2 Y (D%, AVD®, (AD) "' Af)osw)
0<|a|<s 0<]|e|<s
1 — 7 2 a a
—2 > (Dw,[A}, D*)(A)) 10181~w>+; > (D, 2, DPyw)
0<|a|<s 0<]|e|<s
2
+o > (Dw, AY(A) 1Ay, DPyw) +2 Y (Dw, AYD[(A}) N (Hy + F)))
0<|a|<s 0<|a|<s
1
<C(KD)lwll? g + n 2k — Co (K ||w]| s ] [Prwll} e (2.5.35)

for t € [Ty, Ty). By similar calculation, we obtain from differentiating (D%u, AQDu) with respect to
t the estimate

Al s = 3 (D, (BADD W) +2 Y (Du, ASDByu)

0<]a|<s—1 0<a|<s—1

1
<CEDullfgss = S CE Ko)([ull g + wllms) (IPoull e + [IProw]7.)

=0
) 9 )
> (D%, (8;A5)D) — = > (D%, C30;D"u)
0<la]<s—1 € 0<lal<s1
—2 > (D, AJ[D*, (A9 Aoy —2 Y (D%, [AY, D*|(A3) " Ci0u)
0<|al<s—1 0<]af<s—1
2 (6% 8% 2 « — «
+2 > (D, Ay DPyu) - > (D%, AY[(A9) s, DPu)
0<]el<s 0<]o]<s—1
1
+ 2 Z <DaujAgDa[(Ag)1 (Hz + EM2]P)3U + F2)]>
0<]al<s—1

<C(K1, Ka)(ull3 o1 + lwll g:) — %Cz(Kviﬁ(HuHHsfl + [[wll ) IPrw]IF g
+ %[% — Ca(K, Ka)(Jull o + [[wll =) P23, gy
= ) Ul s + Il ) ST e (25.30)
for t € [To, T).
Applying the operator A°D*P3(A%)~! to (2.5.1), we see, with the help of (2.5.6)-(2.5.8), that
A9y D P3U + P3 A'P30; D*PsU + %]chip?,aiDanU = — A°[D*, (A%) "' P A'P5)0;PsU

_ , 1 1
—[A°, DY (A%) TIP3 CP30;PsU + Emwgmng + EAO (D (AY)TIP3AP3|PsU + A°D*[(A°) 1P H].
(2.5.37)
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Then, by similar arguments used to derive (2.5.35) and (2.5.36), we obtain from (2.5.37) the estimate
OPsU 7o = D (DPsU, (,A°)DPsU) +2 Y (D°P3U,P3A°P3 D0, P3U)
0<|a|<s—1 0<]a|<s—1
1
< — S C(E) [Prw]| = [P5U [ Fos + C (K1) [PV [0
=0

+ > (DPsU,( GA’)DO‘IP3U>—2 > (DPsU,C'0;D°PsU)

0<a]<s—1 € 0<lal<s-1
—2 > (DP3U, A°[D*, (A°) ' A9,PsU + [A°, D*|(A%) "' CTO,PsU)
0<||<s—1
2 « o 2 o 0 0\—1 «
+5 D (DPUADPU) + 2 Y (DUPU, A°[(A°) 71, DUPsU)
0<|a|<s 0<|a|<s—1
+2 > (DPsU, A°D*((A°)'PsH])
0<]a|<s—1

CED)PsU [[37s1 + CUED) [P5U || gy (||H1||Hs—1 + [[1H2l[ a1 + [ F1ll o

1
1Bl ) + 5 (20 = Calir, Ko) (Il + 1l o) ) BV oo
C(ED)[BsU -1 + C (K, Ko) ( )P s

1
+ (26 = Colrr, Ko) (Il + ull o) ) 1PV een.

Dividing the above estimate by [|PsUl||| -1 gives

OlPsUl o1 < CEDPSU | go-r + C K, Ka) (llwlly gy + Ml ro-1))

n 1</<; _ Oy(K1, K»)

252 (e + o) WP (25.38)

Next, we choose ¢ > 0 small enough so that
(01(1%) + 20y (R, R))a <k
in addition to (2.5.19). Then since
2% — (O (K (T0)) oo (Th) 2= + Co K (To), Ka(To) (leo(To) i+ lu(To) 1) ) > 5.
we see by continuity that either
2k — (Cl(Kl(t))Hw(t)HHs + Ca (K1 (1), K2(t)) ([[w(®) || = + Hu(t)‘|H5*1)) >k, 0<t<T,
or else there exists a first time 7™ € (0, T}) such that
25 — (Cl(Kl(T*))Hw(T*)HHs + Co(K1(T7), Ko (T7))([[w(T7) || s + HU(T*)HHH> = .
Thus if we let T* = T, if the first case holds, then we have that
2K — (Cl(Kl(t))Hw(t)lle + Co(Kq (1), Ko (1)) ([w(®)l| e + ||u(t)HHs*1)) >k, 0<t<T"<T.
(2.5.39)

Taken together, the estimates (2.5.20), (2.5.35), (2.5.36), (2.5.38) and (2.5.39) imply that

2 2
allwlly g <C(R)| \HPWHM,Hs, (2.5.40)
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. 1 .
Oullull3 s <CR)(Null3 o + Nl z0) — 203(R)(H|UH|§,HS—1 + lw|

2
L) IIPsU N o

t o Pl o + S IPully s (2.5.41)
and
5 K
OlIP3U | gys—s <C(R)(IP3U N grs—s + Newllly s + Mlullly, pram) + 27|||P3U|||Hsf1 (2.5.42)

for 0 <t <T™* <Ti.

Next, we set

2
X = [lwlly s + llu]

2 2 2
ams-ty Y = [Prwlly ge + IPoullly ro-r,  and - Z = [[P3U|| gs-s-

Since C3(R)X (1Ty)/o < C(R)o, we can choose o small enough so that C3(R)X (1p)/o < k/4. Then

N

by continuity, either C3(R)X (t)/o < r/4 for t € [Ty, T™), or else there exists a first time T" € (Tp, T™)
such that C3(R)X(T")/o = k/4. Thus if we set T'= T if the first case holds, then we have that

L X (¢
Cg(R);) <k/4, Ty<t<T<T" <T.. (2.5.43)

Adding the inequalities (2.5.40) and (2.5.41) and dividing the results by o, we obtain, with the help
of (2.5.43), the inequality

X X
6t<> SCR)——Z+,— To<t<T<T"<T, (2.5.44)
g o

while the inequality

K

2tZ, To<t<Tr<T. (2.5.45)

8tZ§C(R)<Z+J+X) +
(o

follows from (2.5.42) and Young’s inequality. Adding (2.5.44) and (2.5.45), we find that

X Y1/(Y (X Y1(Y
8t(+Z—/{/ <+Z>dT+O’>§C(R)<+Z—K/ <+Z>d7+a> (2.5.46)
o 4 Jp, T\ 0o o 4 Jp, T\ 0o

for Ty <t < T < T* < T,. Since X(Tp) < C(R)o? and Z(Tp) < o, it follows directly from (2.5.46)
and Gronwall’s inequality that

X Y1/Y 5 R
+Z—’{/ (+Z>d7’—|—a§eC(R)(tTO)C’(R)U, To<t<T<T*<T.,
o 4 Jr, T\ 0o

from which it follows that

t
1 2~ *
lwllasge 2o,y + lullasgs , zo.xTm) —/ “IPsUllgs-1dr < O(R)o, To<t<T<T" <T,
, , -

(2.5.47)
where we stress that the constant C'(R) is independent of € and the times T, T*, Ty, and T;. Choosing
o small enough, it is then clear from the estimate (2.5.47) and the definition of the times 7', T, and
Ty that T = T* =T, = Ty, which completes the proof. O

2.5.2 Error estimates
In this section, we consider solutions of the singular initial value problem

A 1 . 1
Ade, t, z, w)dow + Al (e, t,z,w)0w + ~Clow = ;Qll(e,t, z,w)Prw+ Hy + Fy in [Ty, Th) x T,
€
(2.5.48)
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w(x)|—, = () + es°(e, x) in {Tp} xT",
(2.5.49)
where the matrices A(l), Aﬁ, 1=1,...,n, and 2; and the source terms H; and F} satisfy the conditions

from Assumption 2.5.2. Our aim is to use the uniform a priori estimates from Theorem 2.5.7 to
establish uniform a priori estimates for solutions of (2.5.48)-(2.5.49) and to establish an error estimate
between solutions of (2.5.48)-(2.5.49) and solutions of the limit equation, which is defined by

o o 1o . N o
A?@ou") + A’l&a’) = 29[11@112) — Ci@ﬂ) +H+ F in [Tg, Tl) X Tn, (2.5.50)
Ciopb = 0 in [Ty, T1) x T", (2.5.51)
W(x)|t=g, = W (x) in {Tp} x T". (2.5.52)

In this system, A(l) and 21, are defined by (2.5.2) and (2.5.3) with a = 1, respectively, Az1 and H; are
defined by the limits

Al(t,z, ) = lim AL (e, t,z,40) and  Hy(t,z,w) = lim Hy (e, t, z,0), (2.5.53)
e\0 e\0

respectively, and the following assumptions hold for fixed constants R > 0, Ty < T} < 0 and s €
Z>n/2+1i
Assumptions 2.5.9.

1. The source terms'* Fy and v satisfy P e CO([TO,T1),HS(’]I‘",RN1)) and
v € Ny C*([To, Th), HH=4(T", RM)).

2. The matrices A’l, i = 1,...,n and the source term Poll satisfy'? tAll € El((QTo,O) x T™ x
Br(RM),Sy,), tH; € EY((2Tp,0) x T" x Br(RM),RM), and

Dy(tHy(t,2,0)) = 0.

We are now ready to state and establish uniform a priori estimates for solutions of the singular
initial value problem (2.5.48)-(2.5.49) and the associated limit equation defined by (2.5.50)-(2.5.52).
Theorem 2.5.10. Suppose R > 0, s € Zwp/o41, To < T1 <0, ¢ > 0, w? € H(T™,RM), 0 ¢
Lw((O,eo),HS(T",RNl)), Assumptions 2.5.2 and 2.5.9 hold, the maps

1 1
(w,b) € () C*([To, Tv), H* (T, RM)) x () C*([To, Tv), H*~* (T, R""))
=0 £=0

define a solution to the initial value problems (2.5.48)-(2.5.49) and (2.5.50)-(2.5.52), and for t €
[To,T1), the following estimate holds:

1
[o@ll=sr = ZIPro@)lgrss1 + 100 () llzre < C (]| oo (70,0919 [0l a5, (25.54)
1E (Ol s + 180:F3 ()] 111 < C (1] oo (109,109 1B (@) 1255 (2:5.55)
IFi (6 t) s < C(lwll ooy ,5) (@) 125, (2.5.56)
HAzl(€7tﬂ ,tf)(t)) - All(tv '7w( )”HS*1 < EC(H’UJ( )HL‘X’([To,t),HS)) (2'5'57)

and

[H(e,t, - b () = Hit, -, o (0)) | ot + 1Fa (e, t) = Fa(8)]] o

"The source term F; should be thought of as the € \( 0 limit of Fy. This is made precise by the hypothesis (2.5.58)
of Theorem 2.5.10.

2From the assumptions, see Assumption 2.5.2.(3)-(4), on A} and Hj, it follows directly from the (2.5.53) that A} €
E°((2T0,0) x T" x Br(R™),Sy,) and Hy € E°((2T0,0) x T" x Br(RN1),RM).
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< €C(wll oo 1z, 15 191 oo (1., 15y ) (lw ()| s + N2 (@) |75 -1 + ([0 () || 11+,
(2.5.58)

where
1 .
z=—(w—w—ev)
€

and the constants C(HU}||LO®([TO¢)7H$)); C'(Hlf)||Loo([T0,t),HS)) and C(”"‘UHLW([TO,Tt),HS)v ||TDHL°°([T071‘/)7HS))
are independent of € € (0,¢9) and the time Ty € (Tp,0).

Then there exists a small constant o > 0, independent of € € (0,€9) and T} € (Tp,0), such that if
matially
10| s 4 ||°)| s <o and  Cid° =0, (2.5.59)
then
max{ || w| zoo (1y,1)x ) W Lo ((70,11) xTm) } < 3 (2.5.60)

and there exists a constant C > 0, independent of € € (0,¢y) and Ty € (Tp,0), such that

HwHM]P?lO’S([TO,Tl)XT") + ||12)”Mﬂg?fys [To,Ty)xTn) T Htatw|’Mff571([T07T1)><’]I‘”)

t t
1
+ [ ||0w|| gs—rdT — / =Py || gs—1d7 < Co, (2.5.61)
To Ty T
||w — 12}||Loo([T07t)7Hs—l) S ECO’ (2.5.62)
and
t1
- / LIB1 (w = ) |2yendr < 002 (2.5.63)
To T

fO?"TgSt<T1.

Proof. First, we observe, by (2.5.2) and (2.5.10), that A? satisfies
P AP, = P AYPL. (2.5.64)
Using this, we find, after applying P; to the limit equation (2.5.50), that
b=Pw (2.5.65)
satisfies the equation
P AYP10,b + Py ALP10ib = %Plﬁlﬂplb + P Hy + P F, (2.5.66)
where
Fy = —Py AP o7 + P Fy — P1CLo;v.

Clearly, F, satisfies )
[E2 ()| o1 < C (0]l oo (1,0),225) [0 (8) ] 125 (2.5.67)

for 0 <t < T by (2.5.54), (2.5.55) and the calculus inequalities from Appendix C, while

16(T0) | ro=1 < %[ s < o, (2.5.68)



CHAPTER 2. NEWTONIAN LIMITS OF ISOLATED COSMOLOGICAL SYSTEMS ON LONG TIME SCALES 61

by the assumption (2.5.59) on the initial data, and P H; (¢, z, ) satisfies
P H(t,2,0) =0 (2.5.69)

by Assumption 2.5.2.(3).

Next, we set
Yy = t@tii’).
In order to derive an evolution equation for y, we apply t9; to (2.5.50) and use the identity

tatf = tth + [D’wf ' tatuoj] = Dt(tf) - f + [Dwf ' tatuo)]? f = f(t,l',?i)(t,.%’)),

to obtain ) .
/i?@ty + Aﬁc’)ly = g (Plﬁlpl + fi?)y — ;Qllb + RQ + ﬁg + FQ, (2.5.70)
where
Hy = Dy(tHy) — Hy + [DoHy - y] + (Di21)b — (D A%y
and

Fy = —[Dy A% - )9 — Dy(tAL) b + ALdjih + tOF) + tCLd;0.
Note that in deriving the above equation, we have used the identity
APy = P1A; = P1A P, (2.5.71)

which follows directly from (2.5.3) and (2.5.5). We further note by (2.5.54), (2.5.55) and Assumption
2.5.2.(4) and Assumption 2.5.9.(2), it is clear that F» and Hy = Ha(t,x,w, b, y) satisfy

1E2 ()l o1 < C (=) (yll o1 + 0]l 1<) (2.5.72)

for Ty <t < Tp and

Hy(t,2,0,0,0) = 0, (2.5.73)
respectively. Using (2.5.50) and (2.5.59), we see that

Yli=r, = [(AD) TP — 1(AD) T AL0yab — 1(AD) T ClOw + 1A T L + (AD) T L:TO,

which in turn, implies, via (2.5.59), (2.5.54)-(2.5.55), and the calculus inequalities from Appendix C.1,
that
Yl grs—1(To) < C(o)o.

A short computation using (2.5.48), (2.5.50) and (2.5.51) shows that
; 1 . 1 . .
A(l’(?tz + A’l&z + EC{&z = ;Qll]P’lz + Ry + F5, (2.5.74)

where

A

1 o 1 o 1, . o . ) 1
F2 = E(Hl - Hl) + Z(Fl - Fl) - E(All - Azl)é?lw - Allaﬂ) - A(l)&gv + ;Pﬂlﬂ?’lv

and

~

1 - 1
Ry = —EA?y + < 2b,
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and we recall that A} and 20, are defined by the expansions (2.5.2)-(2.5.3). Next, we estimate
1 o .
EHHl (E’t’ K w(t)) - Hl(ta E w(t))HHS_l
1 . 1 . : .
< ;HHl(evt’ K w(t)) - Hl(evt’ K w(t))HHs—l + EHHl(E’tv 'vw(t)) - Hl(t’ K w(t))HHs—l
< C(lwllzoe im0y, 10y 10| oo 70,0, 115)) (0 ()| 12 + 120 [ rs=1 + 100 12),  (2.5.75)

for Ty <t < Ty, where in deriving the second inequality, we used (2.5.58), Taylor’s Theorem (in the
last variable), and the calculus inequalities. By similar arguments and (2.5.57), we also get that

1 i i 0
Ay (et w(t)) — Ay (-, w(t)) ] o
< C(lwllzoe (z,), 155 101 Loo (110,09, 154)) (1w ) | 25 + 2@ | -1 + N[0 () | mzs),  (2.5.76)

again for Ty < t < Tj. Taken together, the estimates (2.5.54), (2.5.58), (2.5.75) and (2.5.76) along
with the calculus inequalities imply that

1Eo (e, )l g1 < Cllwll oo (qry oy, 005 [0 oo g 00,19 (1w () e + 12 (@) grs—s + [ (E)l+)  (2.5.77)
for Ty <t < T. Furthermore, we see from (2.5.54) and (2.5.59) that we can estimate z at t = Ty by

2|l gs-1(To) < C(o)o. (2.5.78)
We can combine the two equations (2.5.48) and (2.5.50) together into the equation
A? 0 w AL 0 w 1/Ct 0 w
(o ag)o )+ (0 ) () (6 )2
1 /24, 0 Py 0 w H, F
_ - : : : L), 2.5.
I (0 ml> (o P1> (w) * <H1> - <F1 - C;aﬂ) (2.3.79)

and collect the three equations (2.5.66), (2.5.70) and (2.5.74) together into the equation

b b b b

. 1 . 1
A0, |y | +A450; [y | + Ecgai y| =P |y |+ Ho+ R+ P, (2.5.80)
z z z z
where
PiAP, 0 0 ' P AP, 0 0
AY = 0 AV 0 ), A= 0 Ao |, (2.5.81)
0 0 AY 0 0 Al
00 0 P, 0 0 P12, Py 0 0
C% == O 0 0 5 ]P)Q == 0 ﬂ O 5 QLQ = —[P1911P1 ]P)lgllpl + A? O 5 (2582)
00 Ci 0 0 Py 0 0 A3
Plﬁl 0 ]P)1~F2
_H2 = fIQ s R2 = 0 and F2 = F2 . (2.5.83)
0 Ry Fy

We remark that due to the projection operator P; that appears in the definition (2.5.65) of b and in
the top row of (2.5.81), the vector (b,y,2)T takes values in the vector space P{RM x RNt x RM and
(2.5.81) defines a symmetric hyperbolic system, i.e. A and A} define symmetric linear operators on
PiRM x RM x RN and AY is non-degenerate.
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Setting
00 0 00O
00 0 00O
Ps:=10 0 P, 0 O],
00 0 1 0
00 0 00O

it is then not difficult to verify from the estimates (2.5.54), (2.5.56), (2.5.67), (2.5.72) and (2.5.77),
the initial bounds (2.5.59), (2.5.68) and (2.5.78), the relations (2.5.64), (2.5.69), (2.5.71) and (2.5.73),
and the assumptions on the coefficients {A9, A%, /01(1), A‘l, A1, Ay, H, F'}, see Assumptions 2.5.2 and
2.5.9, that the system consisting of (2.5.79) and (2.5.80) and the solution U = (w,,b,y, 2)T satisfy
the hypotheses of Theorem 2.5.7, and thus, for ¢ > 0 chosen small enough, there exists a constant
C > 0 independent of € € (0,¢p) and T} € (T, 0) such that

. R
| (w, W) || oo (j7,71) xTP) < 3 (2.5.84)
and
t1
[(w, @) azge _(mo.yxmy + 1100, 5 2l asge  (mo.t)xTm) — / —|[PsU||grs—1 d7 < Co (2.5.85)
1 2, T T

for To < t < T7. This completes the proof since the estimates (2.5.60)-(2.5.63) follow immediately
from (2.5.84) and (2.5.85). O

2.6 Initial data

As is well known, the initial data for the reduced conformal Einstein-Euler equations cannot be chosen
freely on the initial hypersurface

Sr, = {To} x T3 c M =(0,Tp] x T> (T > 0).

Indeed, a number of constraints, which we can separate into gravitational, gauge and velocity nor-
malization, must be satisfied on ¥7;,. There are a number of distinct methods available to solve these
constraint equations. Here, we will follow the method used in [61, 62], which is an adaptation of the
method introduced by Lottermoser in [52].

The goal of this section is to construct 1-parameter families of e-dependent solutions to the con-
straint equations that behave appropriately in the limit € N\, 0. In order to use the method from
[61, 62] to solve the constraint equations, we need to introduce new gravitational variables u*” and
1" defined via the formulas

G = 09" = B3(W™ + ) = b+ EER and G4 = 0,00 (2.6.1)

respectively, where
Viah o /x . - 3
0= ﬁ = §|g|, || = —det g, I =E’R" and |7 =—detqu, = % (2.6.2)
p g

Notation: In the following, we will use upper case script letters, e.g. 2(&), Z(§), -7 (§), to denote
analytic maps of the variable £ whose exact form is not important. The domain of analyticity of these
maps will be clear from context. Generally, we will use . to denote maps that may change line to
line, while other letters will be used to denote maps that need to be distinguished for later use. We
also introduce the following derivative notation to facilitate the statements,

R 1 .
Oy = -8,0: + 5)00.
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The total set of constraints that we need to solve on X7, are:
(G — T9)|,—z, =0 (Gravitational Constraints),

(2.6.3)

A . 2 R .
<8V(E3u””) - ZEgu’LO TR o+ 2 ?958 =0 (Gauge constraint) (2.6.4)

%G—E:” 0 — E3A )
t=Top

and

(0"0, + 1)|i=1, =0 (Velocity Normalization).
(2.6.5)

Remark 2.6.1. It is not difficult to verify that the constraint (2.6.4) is equivalent to the wave gauge
condition Z* = 0 on the initial hypersurface £7,. Indeed, it is enough to notice that 9, (h*") =
—E32Q6k and

. A A 14 A
(=00,g"" — g 0,0) — ;955 =7 L — ?Qé(‘{.

1

Xt = -0,g" ~ " -

2.6.1 Reduced conformal Einstein-equations

-~ A
Oy /1] — 7%

Before proceeding, we state in the following lemma a result that will be used repeatedly in this section.
The proof follows from the definition of 6, see (2.6.2), and a direct calculation. We omit the details.

Lemma 2.6.2.
- 6 3 Fuv o 24w 3,1 2.3 3 ~00 255 4 -
Ole, ") =F —Kdet(h +e2uw) =FE +§e E —3 0 + E*UY65 ) + €S (e, t, E, 0,
(2.6.6)
where . (e,t, E,0) = 0.
Using this lemma, we can express the gauge constraint (2.6.4) as follows:
( . 1 . 2 o A 3. L
O (E30%0) = — 20, (E31%%) + B30 4 — 3 | - 2490 1 B2,
€ t 3t A
1 3A 3AOO 2417 2 ~ LY 26.7
=GB -0+ BAGy | + S (et B Q/t i) (2.6.7)
. 1 i 2 o .
O(E3I0) = — —op(E3F) + ZE?’uJ0
€

where .7 (e, t, E,§/t,0) = 0. The importance of the relations (2.6.7) is that they allow us to determine
the time derivatives 9pti? on the initial hypersurface Y7, from the metric variables ¥ and their spatial
derivatives on X7, .

Lemma 2.6.3.
0,(0 — E%) Z%GE%@% + 2 ety B, Q8 O 3 (2.6.8)
and
00 = — %62E3aia00 + %G2E55klaiﬁkl + e, t, B QL WY 9L 1), (2.6.9)

where the o/ and .%; are linear in (0;&“”,11?) and vanish for (e,t, E,Q/t,0,0,0) = 0.
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Proof. The proof of this Lemma follows from straightforward calculations; we only prove (2.6.8).

Noticing . .
0100 = 59" 09w = 59w 03" (G = 0" ) (2.6.10)

it is not difficult to verify that

1 Q 3 . Q Q
815(0 - EB) = 50,@;/,1/809”” - 3E3? = ﬂGEBakuOk + 3E3? — 3E3? + 62%

follows from (2.6.7). O

We proceed by differentiating (2.6.7) with respect to time ¢ to obtain, with the help of Lemma
2.6.3, the following:

1 : 14 2 2 Ab—FE3
2/ 13,00\ __ L 3nik 3~k0 300
6 — E3A A /2 60— FE3
e oty (3‘9) %2
_106'E3Aik 13 . 1Q 538, 41k0 15” B Qb 80 . ik
_?kz( u)_gg +§ KU +t72 (677 ) /7t7u , olu 7u0)
2/ 1350 1 35k 2 3.0 21 35k
at (E o ) = — Zak;ao(E o )+ ?E W — Egak(E u )
1 N 2 i 2+301 »
=~ SOl + 2 B0 — 25, (R
€ 0 12 €

(2.6.11)
where .7 (e, t, E,Q/t,0,,0,0,0) = 0.

Next, we consider the following reduced version of the conformal Einstein equations (2.1.14), which
we write using the metric variable " defined by (2.6.1):

L osoq g am o) _ Lo oAy L A 5 Lowsv gz . L ows 2
o A v v — uv T puv ’ ’ YR YV wrzv ng
5gad  On0:9" + VI — g VAI™ + 5 Q (9,09,0) — S XMX" — V2" + 599" VaZ

1 vV > 'Rl 1 AUV vilAwiZ v v = v IA v
. gﬂz: AT 562‘1’/\9# + 2(VAVYT — VHOVY ) — (200 + |V\I/]§)§g“ . (2.6.12)

where
AUV (A Aa 1 2 MUy 1A;U/A 2 nap 2 va v 1A)\O'/* N ~puv i saf
Q (gaagve) 259 Q - Z.g ga,@(e Q —0 &) - 59 gaﬁaag 5>\9
1 osgonwr ~ A avpA » 1 sogrnva ~ 4 .
+ 978" 01000257 0§ + 1577 5" 02505059

with Q" as defined previously by (2.2.13). By (2.1.27), (2.2.13), (2.6.1), (2.6.10) and the identity

—_

_ R N e A 1 R A VA N
F;),\LV = _ga(pal/)g)\a + = Aggaﬁgﬁuaogaﬁ + Z <29a55€\uau)ga6 - g)\agm/gaﬁaagaﬁ) ) (2'6'13)

[\

it is obvious that #2Q*” is analytic in g, 5?]“" and 6. From this and the formula (2.6.13), it is clear

that Q" is analytic in §*, 3" and 6. Moreover, using (2.6.7) and (2.6.13), it can be verified by a
straightforward calculation that Q" satisfies

Q" (3,09,0) — Q4f (h, Oh, B%) = eTH (1) + 29 (e, t, B,Q/t, 2, 1%, 0,17 i)

for coefficients 7;“5Vk that depend only on ¢ and where Q“"(e, t,E,Q/t,z,4%%,0,0) = 0.
Using the easy to verify identities
1 1

— Ao A . A e 1 R
= 5&80&: B o009 = 5309,
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_ 1 1 - - 2N 2A -
V== (09— 2Q+T3Q) and VY= -200 - — + T},
t t 32 3¢
we can write the reduced conformal Einstein equations (2.6.12) as
1 yoa 1,1 A 1,1
N g™ + VW) — — g [ 9,0 — Q T30 g g =50
2927 ON0:™ + 559" 1 ( : + o > 0262 + 8"

Al 2A A v 1 11
= — 0"+ = [(g 3) 5E 08 +§%5,(€“50)] 1+ & K)pihe” + ~ 2Kpg’“”’ (2.6.14)

3t0 3t? 012

This equation is satisfied for the FLRW solutions (2.1.4)-(2.1.7), i.e. we can substitute {g"", p, v} —
{*, ppr,e¥oh;}. Dividing the resulting FLRW equation through by 62, we get

7A0 A w4 67(11—1/) E3A;U/1 0 1Q 2 0 v ul/l =0
92h 8)\8 h 02 VH’)/ _ﬁh E at - = +"Y)\0 2Q +7h
AE3 E°2A A E°A1 E3 -
=— ——0oh" R0+ — ) 645 + 1+ eK)pudhsy + Kpght. (2.6.1
3t g7 0h +923t2< ) 0 gzt e R)pndodo + gy i€ Kon (26.15)
Subtracting (2.6.15) from (2.6.14) yields
AT A A [ Auv 7 v Ao Ao\ A Luv 2 [ o(pzv) ES = (K =v)
G0N0, (§" — 1) + (5 — h7)0\Dh + 20° ( Vg —ﬁvﬂ’Y
1 “ 1
9 — ) (@Q - Q) (E® — 0)h (@Q - tQ) O = ) T

. 1 _ . , E3.
+ (B3 — e)hwﬂioa + egW;(Lﬁo — TR+ 2(Q" — QM) + 29 < w 0h‘“’>

2A - 2A E3\ & . 4A A ES A
= — — pryN T o y22% 2 —00 . OO v
S 000(3" — ) = 20 <1 ; )60h +—3t29 [((g + 3> = (h 3>> 55

v ES A 1 E3 .
+ *0’%5(’"‘5 apn 292 5(1+€K) <pv“v” - 73 pH5“50> + 29?2621( <p§‘w — ethW> . (2.6.16)

2.6.2 Transformation formulas

Before proceeding, we collect in the following lemma a set of formulas that can be used to transform
from the gravitational variables used in this section to those introduced previously in §2.1.5 for the
formulation of the evolution equations.

Lemma 2.6.4. The evolution variables u’*, u” and u can be expressed in terms of the gravitational
variables U* by the following expressions:

A
uO = % (2*)05“ + 0%y + 6E2”36”6“> + ES (e, t, E,Q/t, 0P, (2.6.17)
2A 2417 3 ~af
u= e?E U8 + e (e,t, E,Q/t, 47), (2.6.18)
u'l = eF? <A” 3ﬁkl5k15ij> + .SV (e, t, B, Q/t, 1), (2.6.19)

where all of the remainder terms vanish for (e,t, E,Q/t,0) = 0. Moreover, the 0-component of the
conformal fluid four-velocity v* can be written as

[A
ﬁ = g + ezy(e,t,E, Q/tvﬁaﬁazj)' (2620)

Proof. First, we observe that (2.6.17) follows directly from (2.2.26) and Lemma 2.6.2. Next, using
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(2.6.1), it is not hard to show that

" 1 9. .
det (") = (V") (B + SETH0y) + LS = B0 + S ET <Au°° - E%%ij)

+ 'S (e, t, B,Q/t,00),
from which it follows that
1 y
aF*=1+ 662 (iaoo - E%ﬁf@j) + &S (e,t, E,Q/t, 1%P) (2.6.21)
by (2.1.39). Then by (2.1.34), (2.1.40) and (2.6.21), we have

1A 2A g
u = 2tu’’ — -3 In[1+ (aB? —1)] = e?EQﬁ%j + .7 (e,t, B, Q/t, 0%,
€
while
1 Ny 1 g g
I ((aG) gl — —w) — E? <aw - 3ak15klalﬂ> + SS0(e,t, B, Q/t, 1%P)

€

follows from (2.2.24), (2.6.1), (2.6.21) and
1 ..
()t =E1 - G%Eﬁwézj + LS (e,t, B, Q/t, ).

Finally, (2.6.20) follows from (2.2.42), (2.2.26) and (2.6.17)-(2.6.19) O

2.6.3 Solving the constraint equations
We now need to write the constraint equations in a form that is suitable to used the methods from
[61, 62]. We begin by defining the rescaled variables

~id v ~1j _vij ~0 _~0 ~Op ~Op
uJ|7f=To = eu”, Ug |t=T0 =Ug, U u|t=T0 =u* and Uy ‘t=To =U,

and noting that
akﬁijh:TO = €ak1v1ij. (2.6.22)
We then observe that the following terms from (2.6.16) can be represented as

B3 930,10 + 2(02V (150 — EOTYA0)) — 620E3ﬁ“0% <at9 - 19) + %f_yo(ﬁf]o" — E3hH0)

A 1 2A A
+ (B - 9)hmv = <8tQ - Q) + (R = ") 200 + (B3 — ) = fy/\OQ = (0 — E*o:h""

:625/#(6,15,E,Q/t,atsz,x,uaﬁ,akaaﬂ,agj). (2.6.23)

We also note that

-3 3 3
OE® — 20 = e 0% 4+ E.F (e, 1, B, QJt, i, 90t i),

_ 1
A A 3
(2.6.24)

6

Using (2.6.7) and (2.6.11) to replace the first and second time derivatives of 1'% by spatial derivatives
of """ and the time derivatives 1} in (2.6.16) with v = 0, we obtain, with the help of (2.6.23)-(2.6.24),
the following elliptic equations on Y7, for 140:

2A

) " A i A A+1 o kO
AuOO—WE2(T0)5p+6<8k(<7O%)kU ) -3 3 E?(To) 00" + (3t+TtQ) *(Th) Oy >
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+ R0 (e, 1, i 1, 3;0,0, 5p, 2T) =0, (2.6.25)

) A ) A 2 ) )
A" + € <3E2(T0)akﬁ6k - \/; B (To)pz' + akm%kaaﬁ)>
0

+ 2R (e, 1, it 1, 3;0,1%, 6p, ) =0, (2.6.26)

where the coefficients ’7;0[; k= 7;?5]“(%) are constant on X7, and the remainder terms satisfy
F#"(¢€,0,0,0,0,0,0) = 0.

Remark 2.6.5. From the above calculations, it is not difficult to see that the elliptic equations
(2.6.25)-(2.6.26) are equivalent to the gravitational constraint equations (2.6.3) provided that the
gauge constraint (2.6.4) is also satisfied. Recalling that (2.6.7) is equivalent to the gauge constraints,
it is clear that we can solve the gauge constraints by using (2.6.7) to determine the time derivatives
0i*0 from the metric variables 1#¥ and their spatial derivatives.

Decomposing 6p = p — py and pz® on X7, as
Spli=t, = po+€d and  (p2)|i—p, =)' + 7,
where
po =10pli=1,, &= %(1450)’7&:%, Pl i= (1,02 ) i=g, and ' =T(p2")|;—m,,
it is clear that z'|;—7, and dp|i—1, depend analytically on (i/*, i 00, gzub), and in particular,

pr(To) + fo + €¢

(2.6.27)

2 |t=T0 =

From this and the fact that the spatial derivatives 9; : H*(T") — H* }(T") define bounded linear
maps, we can, by Lemmas D.2.1 and D.2.2 from Appendix D.2, view the remainder terms Z* from
(2.6.25)-(2.6.26) as defining analytic maps

(—€0, €0) X Br(H*TY(T3)) x H3(T?) x B,(H*(T?)) x B.(R) x R® x H*(T?) 3 (e, 0", 1ilF, po, ¢, ", /')
— (e, W 1LF, po, @, 47, ') € HYH(T?) (2.6.28)

for » > 0 chosen small enough. Using this observation, we can proceed with the existence proof for
solutions to the constraint equations.

Theorem 2.6.6. Suppose s € Zsp /o4 and v > 0, U9 € B,.(H*1(T3,S3)), ﬁéj € H%(T3,S3), po €
B.(H*(T3)), #* € H*(T3,R3). Then for r > 0 chosen small enough so that the map (2.6.28) is well-
defined and analytic, there exists an ey > 0, and analytic maps b e Cv(Xe, - R), e C"’J(Xesovr,R?’),
e C¥(Xg ., H¥T(T3 RY)) and ﬁg” € C¥(X: ., H5(T? RY)) that satisfy

$(¢,0,0,0,0) =0, '(¢,0,0,0,0) =0, %(¢,0,0,0,0)=0 and #*(e,0,0,0,0) =0

such that

pliet, = pr(To) + o + €,
pir(To) + po + €¢’

u B 1jl()O ﬁO]
u |t:T0 = | &0 )

u?  en¥

~00 ~07

u) U
Oouli=ry = [ % % |

U U

Zi|t=T0 =
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where the ﬁgo are determined by (2.6.7), solve the constraints (2.6.3), (2.6.4) and (2.6.5). Moreover,
the fields {¢, 9", 1% 1%} satisfy the estimate

[0+ 17+ 1% | provs + 15" Lz S I pross + 1 s + G0l a2 + 17122

uniformly for e € (—ep, €9) and can be expanded as

¢ = e (e, WE WF po, ), O = e (e, W, WF, o, 71, (2.6.29)

o 2A il wik o i o i ik o

uOO B WEQ(TO)AilpVO + ey(67ujk7u{)kap07l/l) and uOl = 6y1(67u]k7u]0k7p071/1)7 (2630)
0

where the maps .7 and .#* that are analytic on X? - and vanish for (e,ﬁjk,ﬁék,f)g, q;) = (¢0,0,0,0).

\T

Proof. Acting on (2.6.25) and (2.6.26) with (1,-) and II , we obtain, with the help of (2.6.20) and
(2.6.28), the equations

gzvb—e<1,%0 (e,ﬁﬂ”,ﬁg’“,ﬁo,é,&j,ﬁj)> —0, (2.6.31)
A — ;T/ZQEQ(TO)ﬁO + el (e, w0 po, é, 07, ﬁj) =0, (2.6.32)
N <1,%ﬂ' (e,ﬁﬂ”,ﬁg’“,ﬁo, &, Dj>> —0 (2.6.33)
and
AW 4 (1% (e,ﬁ“l’,ﬁgk, o, &, 0, w’) —0, (2.6.34)

which are clearly equivalent to (2.6.25)-(2.6.26). Next, we let
vi= (@, 6l po, ') and B = (qz, ¢i7ﬁ0u> ,

and write (2.6.31)-(2.6.32) more compactly as

F(Ev L, B) :== L(¢, B) +€M(€7Lw3) =0, (2635)
where
?
L, B) = Gl
Al — %E%Tg)éﬁﬁg

Recalling that the Laplacian A defines an isomorphism from H**(T?) to H*~!(T?), we observe that

0
(O’L7ﬂ): 07L7 0

%EQ(To)(SgA_lpvo

solves (2.6.35). Since DgF(0,¢,[) - 68 = L(0,0/3), we can solve (2.6.35) via an analytic version of the
Implicit Function Theorem [20, Theorem 15.3], at least for small €, if we can show that

~ z
LB) = | &yt
Ao

defines an isomorphism from R x R3 x H5H1(T3 R*) to R x R3 x H*~1(T3,R*). But this is clear since
A H5TY(T3) — H*71(T?) is an isomorphism. Thus, for r > 0 chosen small enough and any R > 0,
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there exists an ¢g > 0 and a unique analytic map

P : X: — RxR3x HTYT3 RY)

€0,T

that satisfies
F(t,P(e,1),e) =0

for all (¢,1) € (—€o,€0) x Br(H ™ (T?,S3)) x Br(H*(T?,Ss3)) x B, (H*(T?)) x B,(H*(T3,R?)) and

0
P(e, 1) = n 0 . + O(e). (2.6.36)

Finally, the estimate
(@] + 167+ 1% | grosr + g lzrs S 1 grosn + 15 [ ars + 150l ez + 17112

follows from analyticity of P, (2.6.36) and (2.6.7). O

2.6.4 Bounding U|;_q,

For the evolution problem, we need to bound Ul;—r,, see (2.2.101), by the free initial data {1™*, ¥, 5o, 7*}
uniformly in €. The required bound is the content of the following lemma.

Lemma 2.6.7. Suppose that the hypotheses of Theorem 2.6.6 hold, and that q; € C”(X§O7T,R), 1Zl €
C¥(XE R, u% e C¥(XE ., HTH(T3 RY)) and 1 uo” € C¥(X§ ., H5(T? RY)) are the analytic maps
from that theorem. Then on the initial hypersurface Y1,, the gravitational and matter fields

o 0
{u“”,ufyj,w Houg! u, uy, 25, 6C}

can be expanded as follows:
A y y
u0u|t:TO = (TO)A lpo&u + 62y‘u(6 u uO , PO,V l)v

6T3

2A
2 9 EQ(TO)VZ]6 +63y<6 uk uO 7ﬁ07 l)v

u‘t:TO

g 1L g 5
w1, = E*(Tp) <u” - 3ukl5kl5”> + 79 (e, M 1kl po, 7Y,
pu(To) + po

1 o + € Po 9 -
= —— 1|1 In (1
Ole=no = T2 n( ! )> n( T ondy ) e 76T 5" o, 7

Zj‘t:To = Ez(TO) +6°¢j(67ﬁklaﬁ’5lvﬁ07ijl)a

pu (T,
wliery = e (e, WUl po, ),
u8“|t:TO=eﬂ<eu uo,ﬁo ),

vl
u’Y‘t:TO = e (6 u u0 » 0,V )
and
ij ij vkl ~kl ol
u»$|t=T0 = 6{5”7](6,11 7u0 y PO,V )7
for maps & that are analytic on XZ ,. Moreover, the estimates

0 0
lu" le=to [ resr + tle=zo s + ;" o=y | s + g™ li=ro s + [lepale=ry | 125
g le=ry s + 19(To)| S €7 osr + g [[ar= + [l poll s + 171 =)
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and
25 e=y e + 110Cle=to |l e S I | pross + (6§ 22+ + | Bollzzs + 15| s

hold uniformly for e € (—eq, €o).

Proof. First, we observe by (2.2.27), (2.2.61), (2.2.62), (2.2.63), (2.6.1), (2.6.22) and Lemma 2.6.2 that

1., A o
Wi, = 5aiuooé“ 5’(;@19 (To) iAo + 0% 61! + 2.7 (e, W 1l po, ), (2.6.37)
where . (¢€,0,0,0,0) = 0, which in turn, implies by (2.6.30) that

u|t =Ty — 65%“(6 ukl uO 7ﬁ0’ l)a (2638)
where again . (¢,0,0,0,0) = 0. Furthermore, by (2.2.27), (2.6.1), (2.6.17), Lemma 2.6.2 and Theo-

rem 2.6.6, we see that

11y 0 L, |
uf ey = =503 — = 92606 300 = e (e, 1 ik, o, ), (2.6.39)

where .##(€,0,0,0,0) = 0.
Next, we see from (2.1.21), (2.1.39), (2.6.1), (2.6.8), (2.6.9) and Theorem 2.6.6, that we can express

Ou as

_6Q(Tp)

T + 2.7 (e, 1% 1l po, ) (2.6.40)
0

a0’ =30 0 = guog™ =

and
_ _ 9 .. ik ik < vi
« 36jg3 =3a lﬁjg: 62—8]-1100 +63Y(6,u2k,u6k,po,uz)

3 .
:e2ﬁE2(TO)A L9;p0 + .7 (e, W* i, po, %), (2.6.41)
0

where the error terms .# vanish for (e, i, 1, 5o, ') = (¢,0,0,0,0). Using (2.6.17) and (2.6.39), we
then find with the help of (2.1.35) and (2.6.40) that

1A 12A Q(Ty)

B ik b o i
uole=1, = 3u + u80 ;5 30,02 — 3 T = eSp(e, 0™, 0y", po, V'), (2.6.42)
while we note that
o0, A o - 1A ij Mif s
uk|t:TO =wy, —+ WE (TO)akA 0 — :ga 8ka Eyk(E,Ll , U 5 PO, V ) (2643)
0

follows from (2.2.62), (2.6.41) and (2.6.37). Again the error terms .#, vanish for (e, u™*, ¥, sy, ) =
(€,0,0,0,0). Starting from (2.1.33) and (2.1.39), we see, with the help of (2.6.42), Lemmas 2.6.2 and
2.6.3 along with Theorem 2.6.6, that

g 1 L y
ug =1, = ;ao(g L9=15i7) = €79 (e, M, 1k, po, 1Y), (2.6.44)
where .7 (¢,0,0,0,0) = 0. By a similar calculation, we find with the help of (2.6.38) and (2.6.43)

that 1
ulion, = ~Okla™107157) = e e, i 0l o, ), (2.6.45)
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where .7 (€,0,0,0,0) = 0. Noting that
1 7 vik wik oo i
P(To) = méﬁz e (e, W', ug", po, ")

0

by Theorem 2.6.6, the estimate
1 o=ty | o + tlemro | mrosn + |wf" o=z s + g L=y |75 + etgl o= | 5
Hllwd =z lrs + 16(To)| S €([[0 || gosr + 105 Lzs + 1 Bollzzs + (17| 122),

which holds uniformly for € € (—eg,€p), follows directly from (2.6.38), (2.6.39), (2.6.42), (2.6.43),
(2.6.44), (2.6.45), Lemma 2.6.4 and Theorem 2.6.6.

Next, we observe from z; = %@£+@zi, (2.2.42), (2.6.1), (2.6.17)-(2.6.19), (2.6.27) and Theorem
2.6.6 that we can write z;|;—7; as

Jer, = EX(Ty) ——2— + 7 (e, F 0, 5o, ), 2.6.46
Zile=T, ( O)p (To) + 7o e (e, 0’5 Pos ") ( )
where . (¢€,0,0,0,0) = 0. In addition, we note that
1 po+ €o fo >
li=ry, = ——=—1In |1 =In(1 5 2.6.47
Chr = 1 ore n( E pH(TO)> a (14 ) st ) 6D

follows from (2.2.39), (2.2.40) and Theorem 2.6.6, where .¥(¢,0,0,0,0) = 0. Together, (2.6.46) and
(2.6.47) imply that the estimate

2 le=t0 |75 + 10C =y llzzs S 167 gross + N[0 e + [0l = + 1177|122

holds uniformly for € € (—eg, €). O

2.7 Proof of Theorem 2.1.7

2.7.1 Transforming the conformal Einstein-Euler equations

The first step of the proof is to observe that the non-local formulation of the conformal Einstein-Euler
equations given by (2.2.103) can be transformed into the form (2.5.48) analyzed in §2.5 by making
the simple change of time coordinate

tist=—t (2.7.1)
and the substitutions

w(t, z) = U(—t,z), A%, —t,w) = B%(e, -1, U), Al(e,f,w) = —Bi(e, -1, U), Ai(e,t,w) = B(e, 1, U),
(2.7.2)

Ci=—-C', P, =P, Hi(e,t,w) = —H(e,—t,U) and Fi(e,t,2) = —F(e, —t,2, U, 0,®, 0,0, P, 0,0, D).
(2.7.3)

With these choices, it is clear that the evolution equations (2.2.103) on the spacetime region ¢ € (17, 1],
0 < T < 1, are equivalent to

; 1 . 1 . .
AY0w + ALw + zCiaiw = ;QlllP’lw + Hy + Fy for (£,z) € [-1,=Ty) x T3,
which is of the form studied in §2.5.2, see (2.5.48). Furthermore, it is not difficult to verify (see

[66, §3] for details) that matrices {A},C%,2A;,P1} and the source term H; satisfy the Assumptions
2.5.2.(1)-(9) from §2.5.1 for some positive constants k,~y1,v2 > 0.
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To see that Assumption 2.5.2.(10) is also satisfied is more involved. First, we note that this
assumption is equivalent to verifying P+[DyB - (B?)"'BPU]P+ admits an expansion of the type
(2.5.11). To see why this is the case, we recall that BY and P are block matrices, see (2.2.104)-(2.2.105),
from which it is clear using (2.2.52)-(2.2.54) that we can expand P+[DyB - (B?)"'BPU|P" as

Py [DyB° - W|P§ 0 0 0 0
0 Py [DyB° - W|Py 0 0 0
0 0 Py [DyB® - WPy 0 0], (274)
0 0 0 Py [DyB° - WPy 0
0 0 0 0 0
where
(B°)~1BP, 0 0 0 0
0 2E2g(BY) 1P, 0 0 0
W = (B")"'BPU = 0 0 —2E25%0(B0)~1p, 0 0|U
0 0 0 (B°)~18P; 0
0 0 0 0 0
Y 0 0 0 0
0 —21 0 0 0
-P|l0 0 -21 0 0fu
0 0 0 (B8P, 0
0 0 0 0 0
with
1 0 0
35
0 0 1

Next, by (2.1.32), (2.1.39), (2.2.23), (2.2.26), and (2.2.52), we observe that B° can be expressed as

i 2 — 2etu® 0 0
BY = E? 0 (6 + eu)E~% exp (e (2tu®® — u)) 0
0 0 & — 2¢tu®

Noting from definition (2.2.100) of U; that % and u are components of the vector P{ Uy, where
P1 = diag (PQ, ]IVDQ,IFDQ),

it is clear that BY, as a map, depends only on the the variables (e, tUj, PllUl). To make this explicit,
we define the map B%(e,tUy, P{Uj) := B%(e,t,U). Letting & denote linear maps that projects out
the components U; from U, i.e.

U, = 20,
we can then differentiate B® with respect to U in the direction W to get

DyB" W = DyB°(e,tU1,P{U;) - W = (D2 B Dy (tUy) + D3 B°Dy(P1Uy)) - W
= (tD2B°Dy(2U) + D3 B Dy(P{ 2U)) - W
= tDyB°PW + D3BY (P 2)W = tD,B° PW, (2.7.5)
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where in the above calculations, we employed the identities

Y 0 0 0 0
P, 0 0 00\[0 —21 0 0 0 Y 0 0
PW=|[0 P, 0 00|][0 0 -21 0 ofu=(0 —21 o |PU;
0o 0o P, oo/|O 0o 0o (BY '8P, 0 0 0 —21
0 0 0 0 0
and
PLPW =0.
By (2.2.79), it is not difficult to see that
(PQ)L[DUBOW]@V:(DUB.W 8):0, (2.7.6)

which in turn, implies via (2.7.4), (2.7.5) and (2.7.6) that
P+ [DyB’- (B°)"'BPU|P*
= tdiag (Py Do B PWPy, Py Do B WPy, Py Dy B° WPy, 0,0).

From this it is then clear that P+[DyB? - (B?)"!BPUJP* satisfies Assumption 2.5.2.(10).

2.7.2 Limit equations

Setting

U = (ag, o, o, a4l a7 g, g, 6, 0, %, 6) T, (2.7.7)
the limit equation, see §2.5.2, associated to (2.2.103) on the spacetime region (T,1] x T3, 0 < T < 1,
is given by

B%9,U + B'9,U + C'9;V —=-BPU+H+F in (Ty,1] x T3, (2.7.8)
C'9,U =0 in (T3,1] x T2, (2.7.9)
where

B*(t,0) ::%B#(e,t,ﬁ), B(t,U) :zli\%B(e,t,ﬁ), H(t,U) ::li{%H(e,t,ﬁ), (2.7.10)

and
o Q Owi 2 3 U2kl & okl p o Q~ijr o
F:=(-——D%g,®d —sFE25M9,0 — E~26"610,0,®,0,——D " 0,P,
t I 0 0 t
O 1/3)\2 T
o,o,—;Dﬂ'ajci,o,o,o,—K*l5 <A> E“Q(slkaké,o) . (2.7.11)

In F, the coefficients D% and DY" are as defined by (2.2.68) and (2.2.75), & is the Newtonian
potential, see (2.1.57), and E and Q are defined by (2.1.53) and (2.1.54), respectively.

We then observe that under the change of time coordinate (2.7.1) and the substitutions

w(t,z) = U(=1,z), AYF, w) =B (=i, 0), AL(f,w) = —BY (-, 0), 2, ({,w) =B(-4,0), Ci = -C,
(2.7.12)

v(t,z) = V(~t,z), P, =P, H(f,w)=—H(-f U) and F\({,2) = —F (1, ), (2.7.13)



CHAPTER 2. NEWTONIAN LIMITS OF ISOLATED COSMOLOGICAL SYSTEMS ON LONG TIME SCALES 75

the limit equation (2.7.8)-(2.7.9) transforms into
o o 1o . o o
AYOpi + ALop = ;mlm —Ciow+ Hi + Fy in [—1,-Ty) x T3,
Cloab =0 in [-1,-Ty) x T3,

which is of the form analyzed in §2.5.2, see (2.5.50)-(2.5.51) and (2.5.53). It is also not difficult to
verify the matrices A’ and the source term H; satisfy the Assumptions 2.5.9.(2) from §2.5.2.

2.7.3 Local existence and continuation

For fixed € € (0,¢€p), we know from Proposition 2.3.1 that for 77 € (0,1) chosen close enough to 1
there exists a unique solution

1
Ue () C' (T, 1], H 4T3, V))
=0
0 (2.2.103) satisfying the initial condition

Uli=1 = (U8“|t=1,w2”|t:1,u0“|t=1,U6]|t=1,U2]|t=1,U”|t=1,U0|t:1,uk\t=1,u|t:1,5C|t:1,zi|t:1,¢|t=1) )

where the initial data, u8“ =1, wgu lt=1, .., is determined from Lemma 2.6.7. Moreover, this solution
can be continued beyond 77 provided that

sup [|U(t)]|gs < oc.
te(T1,1]

Next, by Proposition 2.4.1, there exists, for some T € (0, 1], a unique solution

1 1
(E5.8) € () O Tl BT x () C(T Tl (T BY) x () CH(Th. ol 24T,
=0 =0 =0
(2.7.14)
to the conformal cosmological Poisson-Euler equations, given by (2.1.55)-(2.1.57), satisfying the initial
condition

. 76y
s Zi)i=1 = (1 1)+ po), ———2— ). 2.7.15
(6 2)l= (n(pH( )+ o) PH(1)+P0> ( )
Setting
V= (V¥ VO, 0,1,0,0,14,0,0,0,0) (2.7.16)
where
ou N I 1 e s " 22 o
Vol = —E2 00 @ + B0 0i® = —  E*05® + tE%0,  — )., (2.7.17)
Vo = QDOWA_la 8;® + 2£2 AL A-19,(p57)5" 2.7.1
= 0;® + 3P k(027)07 (2.7.18)
o
V/om 5“E2— +5” A S BN, (2.7.19)
i Q ~igr 2
VI = ?DJ A‘18k8T<I>, (2.7.20)
and

Vi = ?DJA—lakajqa (2.7.21)
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it follows from Corollary 2.4.2 and (2.7.14) that V is well-defined and lies in the space

1
Ve () CH((T2. 1], H XT3, V).
(=0

Defining

U = (0,0,0,0,0,0,0,0,0,8(, 5,0), (2.7.22)
where we recall, see (2.4.7), (2.4.8) and Theorem 2.1.7.(ii), that

6 =C—Cy and £ = B2V, (2.7.23)
we see from Remark 2.4.3, (2.7.7) and (2.7.14)-(2.7.15) that U lies in the space

1
Ue () O (1o, 1], HYT?, V)
=0

and satisfies

U| (0000000001<1+ ﬁ“) V10 0>T
t:1 == ) 7 M M M ) ) ) ) n b v o) *
pu(1) )" pu(1) + po

It can be verified by a direct calculation that the pair (V, U) determines a solution of the limit equation
(2.7.8)-(2.7.9). Moreover, by Proposition 2.4.1, it is clear that this solution can be continued past T5
provided that

sup [[U(1)||ms < oo.
tE(TQ,l]

2.7.4 Global existence and error estimates

For the last step of the proof, we will use the a priori estimates from Theorem 2.5.10 to show that
the solutions U and (V, U) to the reduced conformal Einstein-Euler equations and the corresponding
limit equation, respectively, can be continued all the way to t = 0, i.e. T1 = T» = 0, with uniform
bounds and error estimates. In order to apply Theorem 2.5.10, we need to verify that the estimates
(2.5.54)-(2.5.58) hold for the solutions U and (V,U). We begin by observing the equation

3 L 3(1-0Q
0,0p = \/;aj (p27) + (t)éf) (2.7.24)

holds in (T, 1] x T3 by (2.1.49), (2.4.5) and the equivalence of the two formulations (2.1.49)- (2.1.51)
and (2.1.55)-(2.1.57) of the conformal Poisson-Euler equations. From this equation, (2.1.54) and the
calculus inequalities from Appendix C, we obtain the estimate

5p : o : o
o ()| = OB oy Vol e IO + [Olle), To<e<1 (2725
Hs—

Recalling that we can write the Newtonian potential as

o Al - A o, ¢ s
= §§E2A_16p° = §tE?e<HA—1(e<5< —1) in (Ty,1] x T3 (2.7.26)

by (2.1.47), (2.4.1) and Corollary 2.4.2 we see, using the calculus inequalities from Appendix C and
invertibility of the Laplacian A : H¥*1(T3) — H*~1(T?), k € Z>1, that we can estimate %@ by

S ®(1)

1.
t

| <l IO, Ta<ts. (2.7.27)
H.s
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Dividing (2.7.26) by ¢ and then differentiating with respect to ¢, we find using (2.7.24) that

é ]. A 2 A 1 A ]. 2 -1 ook _
O () gth QATIop+ [ 5 5 BOA (pz)—o, (2.7.28)

which, by (2.7.26), is also equivalent to

8 b = /3”E2(1 — A5 — [E%a A~ pz ) (2.7.29)

From (2.7.28) and (2.7.29), we then obtain, with the help of the calculus inequalities and the invert-
ibility of the Laplacian, the estimate

)

for To < t < 1. Continuing on, we differentiate (2.7.29) with respect to t to get

o Al [(5s o Al Al
0} = S50 (29 4) EPAT6p— |55 B2 AT 00, (pz ) +33 E2(1 —Q)A19, (pz )
(2.7.31)
where in deriving this we have used the fact that € satisfies (2.2.1) with ¢ = 0 and that A=14p is
well defined by Corollary 2.4.2. Adding the conformal cosmological Poisson-Euler equations (2.1.49)-

(2.1.50) together, we obtain the following equation for pz7:

o 3
~ /3 ~ /3 " 4-3Q0 . 1 /3\2 ...
. 3 e B (asiziy _ coj L [3\2 .
Ot (pz ) + AK6 p+ A& (pz z ) e <A> po P

Substituting this into (2.7.31) yields the estimate

100 o1 + CUISCI ooty 1 2ill oo ey, o)) NSCE) 75 + (1238 [ ), (2.7.30)

Hs+1

107 @11+ < CUIBC noe ((t,11,15)5 Wil oo (1,10 ) UGS @) L1 + 12 (@) le)s To <# <1, (2.7.32)

by (2.7.27), the invertibility of the Laplacian A : H**(T3) — H*1(T3), k € Z>1, and the calculus
inequalities from Appendix C. Next, from the definition of P, see (2.2.105), and (2.7.28), we compute

1 1 1 1 T
PV = <2t(vooﬂ + VOm), EVf“, %(VOO“ + VO“),O,O,O,O,O,O,O,O,O> , (2.7.33)

where the components are given by

o 1A Al
(VOO“ + Vo) 75“E26t <t> —5“§t—3E4QA I5p = —5# 37 ~ E'o,AT! (p"%’“) ;o (2.7.34)
1 Qo . Al
SV =g DWATI0R0;® + 2%\ | 5 5 AT (520 (2.7.35)

Routine calculations also show that the components of 9,V are given by

. ) . S o I
OV =E251 ( 20 — > O ( ; ) + E*55 020 — t—2E256‘<I>, (2.7.36)
T 2
PASE —5“E29— + &‘E?at (q)) + 55‘A <4Q + am) A‘ldp + o4 AE4QA 1o, <5”> ,
(2.7.37)

8V =0, ( ) DITAL9,0,8 + = (8,5D’JT)A*18;€8T<I> + DI AT 00, (a,@) , (2.7.38)
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0, Vi, =0, ( ) DIAT00;% + - (atDJ)A‘lakaj@ + = DIAT09; (0:) (2.7.39)
and
a0 =0, (th) DUWIAT 9,05 + L (ODM)A 90y + DM AT 040, (018
Al 20 ; 2 i j
N 2E2\f Lo [ A (5) — 2AT 0¥ + Alakat@sﬂ)} . (2.7.40)

Recalling the the coefficients D, DUk and DJ are remainder terms as defined in §2.1.1, it is then
clear that the estimate

V@) s+t PV @) s + 10V ()| 125
< C(I6C N poo ((t1115) 1 ill oo ey, ) ) NSC O a2 + 1260 1 122), (2.7.41)

which holds for T < ¢t < 1, follows from the formulas (2.1.53), (2.1.54), (2.7.16)-(2.7.21) and (2.7.33)-
(2.7.40), the estimates (2.7.25), (2.7.27), (2.7.30), (2.7.32), the calculus inequalities and the invertibility
of the Laplacian. By similar reasoning, it is also not difficult to verify that F, defined by (2.7.11),
satisfies the estimate

VBl + [OF @) -1 < CUSC ey preys Wil o o) (1EE) e + [Z6(Dlire), — (2.7.42)
for Tor <t < 1.

From the definition of F, see (2.2.106), along with (2.2.67), (2.2.72), (2.2.74), (2.2.92) and (2.2.99),
the definitions (2.2.61) and (2.2.100)-(2.2.102), and the calculus inequalities, we see that F can be
estimated as

IF@) s < C(I1UN oo (ta1,29)s 06l oo (t,11,25)) (O @) | 115+ 1010k @ (8) | 75 +[|0:0k P () | 11¢), (2.7-43)
for T} <t < 1. Appealing again to the invertibility of the map A : H¥TY(T3) — H-Y(T3), k € Z>,
it follows from (2.2.62) and the calculus inequalities that we can estimate the spatial derivatives of ®

as follows:
102(0) 2+ + 910D ()12 < C (I Lo (0118009 [T | (2.7.44)

for Th <t < 1. Using (2.2.7) and (2.3.7), we see that 0;0;® satisfies
Ao ¢ “ippae o A a ¢ —1( 8¢
0;0r, P = §E e H(l — Q)akA 11e° + gE teS O, A e’c 06 ).

Replacing 0,0¢ in the above equation with the right hand side of (2.2.93), we see, with the help of the
calculus properties and the invertibility of the Laplacian that 0,0, ® can by estimated by

10:0k®| s < C|6¢]| oo (2,11, 1)) ([|0e0C | grs=1 + [16C prs=1) < CU| poo (2,1, ) 10N s (2.7.45)
for Th <t < 1. Combining the estimates (2.7.43)-(2.7.45) gives
[F@ i < Ol o) VO, T <t <1. (2.7.46)

Together, (2.7.41), (2.7.42) and (2.7.46) show that source terms {F}, F1,v}, as defined by (2.7.3) and
(2.7.13), satisfy the estimates (2.5.54)-(2.5.56) from Theorem 2.5.10 for times —1 < ¢ < —T5, where

T3 = max{Tl, TQ}.

This leaves us to verify the Lipschitz estimates (2.5.57)-(2.5.58). We begin by noticing, with the
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help of (2.2.52), (2.2.87) and (2.7.22), that

Bi(e,t,U) =0,

i oy 3 51 E725im 9 i .
B (67t7U) - \/ K (E—25il K_IE_Qélm§i> + €S (G,t,U)

and

. . [3 [ 3 E25im
BZ(O,t,U) = X (E°_25Z'l K_1E°v—25lm£,i) :

From the above expressions, (2.2.10) and the calculus inequalities, we then obtain the estimate
IB'(e,t, U) = B'(t, U)|| gs—1 < eC(| Ul poo(t1,m5)), T3 <t <1

Next, using (2.2.59), (2.2.60), (2.2.66), (2.2.69), (2.2.71), (2.2.73) and (2.7.22), we compute the com-
ponents of H(e, ¢, U), see (2.2.106), as follows:

o . T
Gi(e,t,U) = <_2(1 +ezK)E2t1+3€2Ke(1+e2K)(<H+5C)y/g%kdg —i—eS“(e,t,U),0,0) ,

Gale, t,U) = (e5Y(e,1,1),0,0)",  Gs(e,t,U) = (eS(e,t,1),0,0) ",
G(e,t,U) = (0,0)T and G(e,t,U) =0,

where S#, S¥ and S all vanish for U = 0. It follows immediately from these expressions and the
definitions (2.2.106) and (2.7.10) that

o o - 2 : A T
H(t,U) = (—2E2te<H+5<\/32’“(55,0,0,0,0,0,0,0,0,0,0,0> :

and, with the help of the calculus inequalities and (2.2.9)-(2.2.10), that

IH(e,t, U) — H(t, U)|| g1 < C(| U] ooy, ) Ol -1, Ty <t < 1. (2.7.47)
To proceed, we define
1 o
Z=-(U-U—¢€V), (2.7.48)
€

and set
2(t,2) = Z(—t, x). (2.7.49)

In view of the definitions (2.2.106) and (2.7.11), we see that the estimate
IF(e,t,) = F(t, ) et <C([U oo (o) <€||U||HS—1 106l o1 + Ok 0P| g1
10001 ®] o1 + [O6(E72® = E720) | s + Q00U E~20 — B728)] o )
< C(I1Ullpoo(t,11,5)) (GHUHHS + [ 0p(E72® — E720) || o1 + (1060 (B2 — E°*2<i>)||Hs_1), (2.7.50)

which holds for T5 < t < 1, follows from (2.2.9)-(2.2.10), the estimates (2.7.41), (2.7.44) and (2.7.45),
the calculus inequalities, and the estimate

1Sl e S €(1,8) S ellSllz2 < eC(|[U]| oo a1, [Ull < CU oo e,y U L5

By (2.1.42), (2.1.47), (2.2.9), (2.2.62), (2.7.26), (2.7.41), (2.7.48), the invertibility of the Laplacian and



CHAPTER 2. NEWTONIAN LIMITS OF ISOLATED COSMOLOGICAL SYSTEMS ON LONG TIME SCALES 80

the calculus inequalities, we see also that
10L(E72® — BE728)| o = |[E20 — E20|| s < [|eSHT1e% — o1 || 1y s
S [eSH — eSH[[[T(e% — 1) gro—2 + [|e“HTI(e%¢ — €°¢) || pro—
. c s .
< C (I8¢ poo ((t,17,155)5 16C 1 poo (a,17,1%)) (1€ = Carll| €€ = 1| sz + 1|6¢ — 8¢ || grs—1)

< GC(H(SCHLOO((t,l],HS)v H(SéHLOO((t,l],HS)) (ello¢ s + N2l grs—r + IV [l rs—1)
< (U e ey 1O 00) (10N + 1Bles + 1 0l)  (27.50)

for T5 < t < 1, while similar calculations using (2.2.7), (2.2.8) and (2.2.10) show that
1800 (E~2® — E728)| o1 = ||80(E2® — E728)|| 7= < [|04(eSH L% — eSHTTe%) | o2
< C(H5Q|Lw((t,1],Hs)a H(SéHLOO((t,l],HS)) (GHCSCHHS*l + €2(|8:0¢ | grs-1 + 116C — OC]| o
+ 1e201(8¢ = 6152 + 16 = 6C =1 10:5C | 1+ )
< C(16¢I oo t,11,09) 1€ oo ((t.17,185)) (€||5<||Hs—1 + €210 | o1 + €| Z o1 + €| V| gz
+1€0:(6¢ = Q)| o2 + €(|Z| o1 + HVHHsfl)Hat%HHsﬂ) (2.7.52)

for T3 <t <1.

Next, by (2.2.8), it is easy to see that (2.1.55) is equivalent to

00¢ + \/i(éjajaé’ +0;4) = 0.
Using this, we derive the estimate
10:0¢ | a1 <CUIZ5 oo (eir) (1€ ms + 12511 ms), Ts <t <1, (2.7.53)
while we see from (2.2.93) and (2.7.44) that

10:0¢|| prs—1 <C(1U|| oo ((t,17, 115 0k® | oo t11,20)) (16¢1 ms + 125 225 + €(|U || o1 + |0k ® | grs—1))
<O zoo (t,11,5)) 10| 125 (2.7.54)

for T3 <t < 1. We also observe that
167250k (5¢ — 5C) | o2 < 10 [€725(5C = 8O)] [l o2 + 195 [e*2F] (5C = 6O) | -
< CUSC o=ty 125 e (1,15 10C = 6C g1 (2.7.55)
and
6% k(zm — Zm)llzre-2 < CUSCl zoe o119 12 — Zmll s (2.7.56)

hold for T3 < t < 1. Furthermore, by (2.2.24), (2.2.26), (2.2.41), (2.2.43), (2.7.23) and (2.7.48), we
see that

I2* = s < COUN sy (12 + [Vl + slge)  (2757)
and, with the help of (2.2.10), (2.7.41), (2.7.44) and (2.7.55)-(2.7.57), that

1€%0¢ (8¢ — 3C) || rs—2 S [1€°6 (25 0kC — 2800C) || o2 + | (B 20 2m — E2012m)| o2 + €| €% S|| pro-2
< €26 (28 — 2YOR0C || oz + [|€%2F 0k (6 — 8O)|| g2 + (| €* (B2 — E~2)Op2m|| o>
+ 1€% 0% (2m — Zm) | gs—2 + €]|€°°S|| rs—1
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< eC(|Ull oo ((t,11,049 1O | oo 13,1849 (12 | =1 + 1O a2 + [0 1z, (2.7.58)
where both estimates hold for T3 < ¢ < 1. We also observe that (2.7.41) and (2.7.52)-(2.7.58) imply

1000, (E2@ = E72®)| a1 < eC (U pooqe,11, %) 101l oee,11,1) (10 L5 + 121 =1 + [0 1<)
(2.7.59)

for T3 <t < 1. Gathering (2.7.50), (2.7.51) and (2.7.59) together, we obtain the estimate

¥ (e, t,) = Bt )l o1 < eCUIU poo ey, 149 10 oo ey, r)) (Ol + 12 grs=r + [0 o),
(2.7.60)

for Ts < t < 1. The estimates (2.7.47) and (2.7.60) show that source terms { H1, Hy, Fy, }%1}, as defined
by (2.7.3) and (2.7.13), and z, defined by (2.7.49), verify the Lipschitz estimate (2.5.58) from Theorem
2.5.10 for times —1 < t < —Tj.

Having verified that all of the hypotheses of Theorem 2.5.10 are satisfied, we conclude, with the
help of Lemma 2.6.7, that there exists a constant o > 0, independent of € € (0, ¢y), such that if the
free initial data is chosen so that

1690 g1+ (165 =+ Nl Aoll =+ (17| 2 < o,
then the estimates
HUHLOO((T3,].],HS) < CU, HUHLOO((T3,1],HS) < Co and HU - UHLOO((T371]’H571) < eCo (2.7.61)

hold for some constant C' > 0, independent of T3 € (0,1) and ¢ € (0,¢€p). Furthermore, from the
continuation criterion discussed in §2.7.3, it is clear that the bounds (2.7.61) imply that the solutions
U and U exist globally on M = (0, 1] x T3 and satisfy the estimates (2.7.61) with T3 = 0 and uniformly
for € € (0,¢€). In particular, this implies via the definitions (2.2.101) and (2.7.7) of U and U that

I8¢ (t) — 6C(H)[|s—1 < €Ca, ||25(t) — ()| o1 < eCo,
|ug” (t)|| grs—1 < €Co,  |lu” (t) — 55556k<i>(t)”HH < eCo, |u'(t)|gs-—1 < eCo,
luo()]| grs—1 < €Co,  |ug(t)||gs—1 < eCo  and ||u(t)| gs—1 < eCo

for 0 < t <1, while, from (2.2.42), we see that

< Ceo
Hsfl

holds for 0 < ¢t < 1. This concludes the proof of Theorem 2.1.7.
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Cosmological Newtonian limits on large spacetime scales.

Abstract. We establish the existence of 1-parameter families of e-dependent solutions to the
Einstein-Euler equations with a positive cosmological constant A > 0 and a linear equation of state
p=¢e2Kp, 0 < K < 1/3, for the parameter values 0 < ¢ < €. These solutions exist globally on the
manifold M = (0,1] x R3, are future geodesically complete for every e > 0, and converge as € \, 0
to solutions of the cosmological Poisson-Fuler equations. They represent inhomogeneous, nonlinear
perturbations of a FLRW fluid solution where the inhomogeneities are driven by localized matter
fluctuations that evolve to good approximation according to Newtonian gravity.

References are considered at the end of the thesis.



Chapter 3

Cosmological Newtonian limits on
large spacetime scales

Two things are infinite: the universe and
human stupidity; and I'm not sure about
the universe.

Albert Einstein

3.1 Introduction

Galaxies and clusters of galaxies are prime examples of large scale structures in our universe. Their
formation requires non-linear interactions and cannot be analyzed using perturbation theory alone.
Currently, cosmological Newtonian N-body simulations [18, 24, 36, 78, 79, 84] are the only well devel-
oped tool for studying structure formation. However, the Universe is fundamentally relativistic, and
so the use of Newtonian simulations must be carefully justified. This leads naturally to the question:
On what scales can Newtonian cosmological simulations be trusted to approximate realistic relativistic
cosmologies? The main aim of this article is to rigorously answer this question. Informally, we estab-
lish, under suitable assumptions, the existence of realistic inhomogeneous cosmological solutions that
(i) admit a foliation by spacelike (i.e. constant time) hypersurfaces diffeomorphic to R3, (ii) exist
globally to the future, (iii) can be approximated to arbitrary precision by a Newtonian solution, and
(iv) represent a non-linear perturbation of a Friedmann-Lemaitre-Robertson-Walker (FLRW) fluid
solution; see Theorem 3.1.6 for the precise statement.

In this article, we treat all matter in the Universe as a perfect fluid with a linear equation of state,
a widely used approximation in cosmological studies, and we assume a positive cosmological constant
A > 0 in concordance with observational evidence. The evolution of such fluids are governed by the
Einstein-Euler equations given by

GH 4+ NG = TH, (3.1.1)
v, T" =0, (3.1.2)

where G* is the Einstein tensor of the metric § = G dxhdz”,
T = (p+p)o"o” +pg"”

is the perfect fluid stress-energy tensor, the pressure p is determined by the proper energy density p
via the linear equation of state

p=eKp, 0< K<

9

W =

85
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the fluid four-velocity v¥ is normalized by
Mo, = —1, (3.1.3)

and the dimensionless parameter € can be identified with the ratio e = °Z, where c is the speed of
light and vp is a characteristic speed associated to the fluid.

The proof of our main result, Theorem 3.1.6, is based on a rigorous Newtonian limit argument,
that is, taking the € \, 0 limit of solutions to the Einstein-Euler equations. The starting point for
the Newtonian limit argument is the introduction of a suitable 1-parameter family of background
solutions to the Einstein-Euler equations (3.1.1)-(3.1.2) that have a well defined Newtonian limit. For
our argument, we use a 1-parameter family of FLRW solutions that represent a family of homogeneous,
fluid filled universes undergoing accelerated expansion. Letting (z°), i = 1,2, 3, denote the standard
coordinates on the R? and t = z° a time coordinate on the interval (0, 1], the FLRW family we employ
is defined on the manifold

= (0,1] x R3

and the metric, four-velocity, and proper energy density are given by

- 3 o
h(t) = —thdt + a(t)?0;;dz' dz (3.1.4)
vm(t) = —t\/zék, (3.1.5)
and
p(1)

p(t) = W’ (3.1.6)

respectively, where the initial proper energy density u(1) is freely specifiable and a(t) satisfies

— [,/A pt) . (3.1.7)

Remark 3.1.1. For simplicity, we assume that the homogeneous initial density p(1) is independent
of €. All of the results established in this article remain true if u(1) is allowed to depend on € in a C!
manner, that is, the map [0, ¢g] > € — pf(1) € Rsq is C* for some ¢y > 0.

Remark 3.1.2. The representation (3.1.4)-(3.1.6) of the FLRW solutions is not the standard one
due to the choice of time coordinate that compactifies the time interval from [0, 00) in the standard
presentation to (0, 1] in the coordinates used here. Letting 7 denote the standard time coordinate, the
relationship between the two time coordinates is

P
S

t=e" (3.1.8)

Due to our choice of time coordinate, the future lies in the direction of decreasing t and timelike
infinity is located at ¢t = 0.

Remark 3.1.3. As we show in §3.2.1, the FLRW solutions {a,u} depend regularly on e and have
well defined Newtonian limits. Letting

=1l d =li 1.
a E{I(l)a and [ 6{1{1)/; (3.1.9)

denote the Newtonian limit of a and p, respectively, it then follows from (3.1.6) and (3.1.7) that {a, i}
satisfy
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—ta/(t) = &(t)\/i\/g + “;t) a(l) =1,

which define the Newtonian limit of the FLRW equations. We further note that

(1) = ju(1).

and

Throughout this article, we will refer to the global coordinates (z*) on the manifold M, defined
above, as relativistic coordinates. In addition to the relativistic coordinates, we need to introduce the
spatially rescaled coordinates (z*) on M defined by

t=2"=2" and 7' =ex', e >0, (3.1.10)

which we will refer to as Newtonian coordinates. These coordinates are necessary for the definition of
the Newtonian limit since they are used to define the sense in which solutions converge as € \, 0.

Before proceeding with our discussion of the Newtonian limit and the statement of Theorem 3.1.6,
we need to first fix our notation and conventions, and introduce a number of new variables that will
be needed to state our main result.

3.1.1 Notation

Index of notation

An index containing frequently used definitions and non-standard notation can be found in Appendix
E.2.

Indices and coordinates

Unless stated otherwise, our indexing convention will be as follows: we use lower case Latin letters, e.g.
i, J, k, for spatial indices that run from 1 to n, and lower case Greek letters, e.g. «a, 3,7, for spacetime
indices that run from 0 to n. When considering the Einstein-Euler equations, we will restrict our
attention to the physical case n = 3.

For scalar functions f(z°,z%) that are given in terms of the relativistic coordinates, we will use the
notation

f(t,2") = f(t e’ (3.1.11)

to denote the representation of f in Newtonian coordinates. More generally, we use this notation for
components of tensors. For example, given the representation X = X7(z9, xi)(?j of the vector field X
in relativistic coordinates, then X7 is defined by X7 (¢,z") = X7 (t, ex").

Derivatives

Partial derivatives with respect to the Newtonian coordinates (z#) = (¢,2%) and the relativistic co-
ordinates (z#) = (t,z') will be denoted by 8, = 9/9z* and 0, = 0/9z*, respectively, and we use
Du = (0ju) and Ou = (9,u) to denote the spatial and spacetime gradients, respectively, with respect
to the Newtonian coordinates, and Ju = ((itu) to denote the spacetime gradient with respect to the
relativistic coordinates.

Greek letters will also be used to denote multi-indices, e.g. a = (a1, o2, ..., ay) € Z2, and we will
employ the standard notation DY = 91" 952 - - - 99 for spatial partial derivatives. It will be clear from
context whether a Greek letter stands for a spacetime coordinate index or a multi-index. Furthermore,
we will use DFu = {D“u||a| = k} to denote the collection of partial derivatives of order k, and we
will have occasion to use the notation §° = §% 0j; for spatial partial derivatives.

Given a vector-valued map f(u), where u is a vector, we use Df and D, f interchangeably to
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denote the derivative with respect to the vector u, and use the standard notation

fu+téu)
t=0

dt

for the action of the linear operator Df on the vector du. For vector-valued maps f(u,v) of two (or
more) variables, we use the notation D;f and D, f interchangeably for the partial derivative with
respect to the first variable, i.e.

D, f(u,v) - du = 4

o flu+ tou,v),

t=0

and a similar notation for the partial derivative with respect to the other variable.
Function spaces

Given a finite dimensional vector space V', we let H*(R", V), s € Z>g, denote the space of maps from
R™ to V with s derivatives in L?(R™). When the vector space V is clear from context, we write H*(R")
instead of H*(R™, V). Letting

(o) = [ (o), via))

where (-,-) is a fixed inner product on V, denote the standard L? inner product, the H* norm is
defined by

lullfs = D (D%, D%u).

0<||<s

We let H;(R", V') denote the uniformly local Sobolev spaces, which we recall are defined as follows:
let # € C§°(R™) be a function such that 6 > 0 and

1 <!

0, |z|>1
and define 0q,(x) by 04, = 0((x —y)/d). Then u belongs to H,(R",V) if there exists a d > 0 such
that

[ulls, == sup [|04yullms < oo.
yeR”

We note that the norms corresponding to different d > 0 are equivalent, and in addition, they are

equivalent to the norm \/supyeRs Eoé\algs Jan Oay[D¥u(z)]2d .

For s € Z>1, we define the spaces
RYR?, V) ={ue L°(R* V)| Due H (R’ V)}
and
K*(R",V)={ue L®R", V)| Duec H YR",V)}
with norms
lullgs = Dullges + lullze and fullics = [l + [ Dullgzer, (3.1.12)
respectively. On R? and for s € Z>9, the inequalities
[Dullgrs=1 + lullws-re + [[ullws—200 S lJullrs S (|1 Dullrs—r + lullws-re + [Jullws—20,  (3.1.13)

lullrs S Nullers S Nlull g + llullxs (3.1.14)
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are a direct consequences of the Sobolev and interpolation inequalities, see Theorems C.2.1(2) and
C.2.2.

To handle the smoothness of coefficients that appear in various equations, we introduce the spaces
Ep((o,eo) X (TI,TQ) X U, V), pE Zzo,

which are defined to be the set of V-valued maps f(e,t,&) that are smooth on the open set (0, ¢ey) X
(Ty,Ty) x U, where U C R™ x RY is open, and for which there exist constants Cx, > 0, (k,/) €
{0,1,...,p} X Z>0p, such that

0" DEf(e,t,€)| < Crypr Y (e,1,8) € (0,60) x (T1,Ty) x U.

If V.=Ror V clear from context, we will drop the V and simply write EP((0,€p) x (T1,12) x U).
Moreover, we will use the notation EP((Ty,T3) x U, V') to denote the subspace of e-independent maps.
By uniform continuity, the limit fy(¢,&) := lime\o f(€,t, &) exists for each f € EP((0,€) x (T1,732) x
U,V) and defines an element of EP((T1,T2) x U, V).

We further define, for fixed ¢y > 0, the spaces
s (T3 s+1 (3 s (T3 g 5 (T3 § 5 (M3 ™3
X2 (R3) = (0,e0) x R*TI(R?,Sg) x H*(R3,S3) x (LsﬂK(R ))x(LSHK(R,]R)>

and

X5(R%) = MR, S,) x R(R3,R) x R*(R?,S3) x (R*(R% R%))® x R*(R®,R) x R*(R%,R%) x R°(R?,

where Sy denotes the space of symmetric N x N matrices.

If X and Y are two Banach spaces with norms || - || x and || - ||y, respectively, then we use

Ifllxny = Ifllx +flly, feXnY,

to denote the intersection norm. We will also employ the notation B, (X) ={f € X |,|fllx <r} to
denote the open ball of radius r in X that is centered at 0.

Constants

We employ that standard notation
a<b

for inequalities of the form
a<Ch

in situations where the precise value or dependence on other quantities of the constant C is not
required. On the other hand, when the dependence of the constant on other inequalities needs to be
specified, for example if the constant depends on the norms ||u||z~ and ||v||fe, we use the notation

C = C(llullzee; lvllze)-

Constants of this type will always be non-negative, non-decreasing, continuous functions of their
arguments, and in general, C' will be used to denote constants that may change from line to line.
When we want to isolate a particular constant for use later on, we will label the constant with a
subscript, e.g. C1,Cs, Cs, etc.

Remainder terms

In order to simplify the handling of remainder terms whose exact form is not important, we will,
unless otherwise stated, use upper case script letters, e.g. .#(e,t,2,§) and I (¢,t,z,&), and upper
case script letters with a hat, e.g. (e, t,z,€) and (e, t,z,€), to denote vector valued maps that,

R),
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for some €9, R > 0 and N € Z>, are elements of the spaces E°((0,¢) x (0,2) x R" x B(R")) and
E! ((O, €0) x (0,2) x R" x Bg (RN )), respectively. In addition, we will use upper case script letters

with a breve, e.g. Z(¢) and Z(€), to denote analytic maps of the variable ¢ whose exact form is not
important; for these maps, the domain of analyticity will be clear from context.

We will say that a function f(z,y) vanishes to the n'* order in y if it satisfies f(x,y) ~ O(y") as
y — 0, that is, there exists a positive constant C' such that |f(x,y)| < Cly|™ as y — 0.

3.1.2 Conformal Einstein-Euler equations

Returning to the setup of the Newtonian limit, we follow [51] and replace the physical (inverse) metric
g" and fluid four-velocity v* by the conformally rescaled versions defined by

g = 2 g (3.1.15)

and

v

ot = eV, (3.1.16)

respectively. Recalling the well known identity

Ry — Ry = =3, 8V — 2V, V, U + 2(V, UV, ¥ — [VI|2g,,),

where m and RW are the covariant derivative and Ricci tensor of g, respectively, O = ?“?M,
and ]v\ll\g = g"'V, ¥V, ¥, we find that under the change of variables (3.1.15)-(3.1.16) the Einstein
equation (3.1.1) transforms as

G =T .= " TH — 2V Agh + 2(VIVY T — VIOVYD) — (28T + [VT|2)g", (3.1.17)

where here and in the following, unless otherwise specified, we raise and lower all coordinate tensor
indices using the conformal metric g,,. Contracting the free indices of (3.1.17) gives R =14A-T,
where T' = g,wT # and R is the Ricci scalar of the conformal metric. Using this and the definition
G" = R — LRg" of the Einstein tensor, we can write (3.1.17) as

R = 2VHVYW — 2VHUVY W + | D0 + 2| V| + (1 _;QK;; + A) 62‘1’] g + e (14 €K)p'v”,
(3.1.18)
which we will refer to as the conformal Finstein equations.
Following [51, 66], we fix the conformal factor by setting
¥ = —1Int, (3.1.19)
and we introduce the background metric
h = hy,dz"dz" = —%dtdt + E%(t)6;;dz"d7?, (3.1.20)
where
E(t) = a(t)t. (3.1.21)

We note that the background metric E/w is conformally related to the FLRW metric (3.1.4) according
to (3.1.15) under the replacement g — h*" and g"” — h*”, where h*” denotes the inverse of h,, .
By (3.1.7), we observe that E(t) satisfies

O,E(t) = %E(t)Q(t), (3.1.22)
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where Q(t) is defined by

Q) =1—1/1+ M,(\t) <0. (3.1.23)

For use below, we observe that the relation
=2 -2)A (3.1.24)

follow directly from the definition of Q. Straightforward calculations show that the non-vanishing
Christoffel symbols 77, contracted Christoffel symbols 77, Riemannian tensor R of ., Ricci tensors

Ry and RA = hHYRHPR 5, and Ricci scalar R of the background metric (3.1.20) are given by

Yoy = ?I}tE?Qaij Vio = %Qa;i, 37 = hAL, = %953, (3.1.25)
R = ~Rigg’ = 5(0~ O — 10,98, (3.1.26)
Roii’ = —Rig;” = 3/22E2(Q — Q2 —t00)5i;, Ry = ;EW(%&; — §1.00), (3.1.27)
Roo = Ry = %(Q — Q2 —t9,Q), Ru= —;;EQ(Q — 302 — t0:Q) 6, (3.1.28)
R = ;};(Q - Q0% —t9,Q), RY= —;;E—Q(Q — 302 — t0;,Q)6% (3.1.29)
and
R = —%(Q — 202 — t9,0). (3.1.30)

t2

Since the FLRW solution (3.1.4)-(3.1.6) satisfies the Einstein equations, we deduce from (3.1.18) that

h* and p satisfy

1— K
2

. e I _ _ _ A
RM = 29" VYU — 29F OOV T + (BT +2(9 |7 + < i+ A> e”’] 4 Y (1 4 EZK)Hgagag,
(3.1.31)

where V,, is the covariant derivative with respect to the background metric hag, B = h*'V,V, and
VU2 = hvy, ¥y, V.
Routine calculations show the Ricci tensor can be expressed as
DUV __ 1 AT o AW (1 V) DMV DY AV
R = 2§ VaVeg" + VXY + R + P 4 Q (3.1.32)

where

I O T _ 1,
X =g X%, = =Vag™ + 50005 Vag" and X%, = —2 (03 V9™ + 9o2 V13 — 57 0400:67297).

2
(3.1.33)
L rviass v Limvas rass v Lo ruaviad  rapim o
PH = — 5(@‘” — WMRPRy 5" — §h“A(9a6 — )Ry — 5(9“’\ — W) (G — h*P)Ry0s
1 —V TN\ LB 1 VA=« F e’ D 1 —v v —Q N D
—5( A= BMRIR, 8 - 3" Mg = h ) Ryag" — 51 A= NG = PRy
(3.1.34)

and

o 17(77*7*7 —uo Vs - & = = AT VO = VO ZUAT . =
QY =—(" 7V 00a V30" + 3" 0PV 3900V 0 7" + §0p7" V27" VG + §apd” Vo3 V25™)
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1 _ _ N 3 _ _
+3 (7" G5AVaG" Vo™ + "GV adsrVed™ — VAG"*Vai" — Vag" Vag™) — g"* X", X

4+ guBgVoX)\ﬁa Xa)\a o guﬁglonAag Xa)\ﬁ + Xaag guﬁvﬁgya . Xaﬁa guﬁ@agucr . Xaﬁggua@ag,uﬂ
(3.1.35)

Employing (3.1.32), we can write the conformal Einstein equations (3.1.18) as

_ gaﬂ@aﬁﬂgﬂll . 2?(#}21/) _ 27@“” . 215#1/ N 2@;”/ _ _4?#?1/\]} + 4?;1\1]?1/\1,
1 - €K

—2 5\11+2|w:|2+< 5

p+ A) e”’] g — 22V (1 + EK)potv".

Letting FV,, and '}, denote the Christoffel symbols of the metrics g, and g,,, respectively, the
difference T, — T}, is readlly calculated to be I, — T, = §7%(9ua Vo U + G0a V¥ — G, Vo V). Using
this, we can express the Euler equations (3.1.2) as

V,T" = —6T"'V VU + §osT* gV, 0, (3.1.36)

which we refer to as the conformal Euler equations.

Remark 3.1.4. Due to our choice of time orientation, the conformal fluid four-velocity v#, which we
assume is future oriented, satisfies ?° < 0. Furthermore, it follows directly from (3.1.3), (3.1.15) and
(3.1.16) that v* is normalized, that is,

v, = —1. (3.1.37)

Wave gauge

In order to obtain a hyperbolic reduction of the conformal Einstein equations that is useful for ana-
lyzing the Newtonian limit over long time scales, we need to choose a gauge that is well defined on
long time scales and in the limit € N\, 0. For this, we follow [51] and employ the wave gauge defined by

M =Xt 4+YHF =0 (3.1.38)
where
D LN T AT (3.1.30)
and
YH = —2(g" — h*)V, U = % (g“o + 1;55) : (3.1.40)

Field variables

The gravitational and matter field variables {g"”(Z), p(z), v*(Z)} in relativistic coordinates, as they
stand, are not suitable for establishing the global existence of solutions or taking the Newtonian limit

€ \ 0. In order to obtain suitable variables, we switch to Newtonian coordinates (z*), t = 2%, and
employ the following field variables, which are closely related to the ones used in [51]:
1% — Row
o= —m 3.1.41
ut ==, ( )
L[ 0e 3(g™ — h%)
== | 809g" - = 3.1.42
uO € ( llvog 2t ? ( )
1 -
u = —0)%ig"", (3.1.43)

u = %(gj — h), (3.1.44)
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1. _
ujf = ~050,%,(a”'g7 = h™), (3.1.45)
1
U= Eg, (3.1.46)
1 0 0= —ov Tov A_
U = 350,V u(g”" = ") — §V“ na |, (3.1.47)
1
2 = -, (3.1.48)
et
1 —3(1+e3K) =
and
§¢C=C—Cu (3.1.50)
where

§7 =a7'g7, o= (detg)3/(det B*)3 = E%(detgi;)"3 = E2(det g™)3, gi; = (§7)", (3.1.51)

- A
q=g"—h% - g na, (3.1.52)
1 e

and we are freely using the notation (3.1.11). As we show below in §3.2.1, (5 is given by the explicit

formula ,

9 Co — 13(1+€*K)

t) = 1) — | 3.1.54
Calt) = (1) 1+62K“< - (3.1.54)

where the constants Cy and (7 (1) are defined by

A+ )+ VA
Co = N TR 1 (3.1.55)

and .
)= ——=Inpu(l
(1) = o (1),
respectively. Letting )
=1li 3.1.56
CH Hm Cu ( )

denote the Newtonian limit of (g, it is clear from (3.1.54) that

o _ 43
Cu(t) =Inp(l) —2In (gz _tl ) (3.1.57)

For later use, we also define
2t = —7, (3.1.58)

Remark 3.1.5. It is important to emphasize that in the above variables we are treating components
of the geometric quantities with respect to the relativistic coordinates as scalars when transforming
to Newtonian coordinates. This procedure is necessary in order to obtain variables that have a well
defined Newtonian limit. We further emphasize that, for any fixed ¢ > 0, the gravitational and
matter fields {g"”(z),v"(z), p(z)} in relativistic coordinates are completely equivalent to the fields
{u(z),u¥ (x),u(x), z;(z),((x)} defined in the Newtonian coordinates.
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3.1.3 Conformal Poisson-Euler equations

The € N\ 0 limit of the conformal Einstein-Euler equations define the conformal cosmological Poisson-
FEuler equations and are given by

3 3(1-0
é&ﬁ<+-\/t\é9 (p) = 3= (3.1.59)

t
. S i A1 ... 13t 67 _ .
gpatzj + Kﬁaip + pz'oiz? = ggsz 34 E EQ@-CI), (3.1.60)
- AE3

where A := §%9,9; is the Euclidean Laplacian on R?,

2
o C()—t3 3
pr— .1.
B = (G=7) (3.1.62)
5p=p—fi, (3.1.63)
and 5
o 2t
Q) = 1.64
) = e (3160

with Cp as defined above by (3.1.55) and /i defined by (3.1.6) and (3.1.9). It will be important for our
analysis to introduce the modified density variable ¢ defined by

¢ =n(t?p),

which is the non-relativistic version of the variable ¢ defined above by (3.1.49). A short calculation
shows that the conformal cosmological Poisson-Euler equations can be expressed in terms of this
modified density as follows:

. 3 . 30
ag+\bﬂ%@c+@%): - (3.1.65)
/A /A1 13t 67 .
J 13 J _ _ .
8tz + 2'0;z +K 8 33 QAEEQ&Q)’ (3.1.66)
- A
@:5— es — el (3.1.67)

3.1.4 Initial Data

Thus far, the set up for the Newtonian limit closely mirrors that from [51] with the essential difference
being that in this article, we are concerned with a fixed spacetime of the form M = [0,1) x R? as
opposed to e-dependent spacetimes of the form! [0,1) x T2. The change in the spatial hypersurfaces
from T? to R? is important because it will allow us to consider initial data that is physically relevant
in the cosmological setting. To understand this improvement, we first recall that the 1-parameter
families of e-dependent solutions to the Einstein-Euler equations that were shown in [51] to exist
globally to the future on [0, 1) x T2 and converge as € \, 0 to solutions of the cosmological Poisson-Euler
equations were interpreted as the cosmological analogues of isolated systems. This interpretation, first
discussed in [34], comes from lifting these solutions to the covering space where they become periodic
solutions on [0,1) x R? with period ~ €. Since the period determines the spatial size of the universe,
the matter in these solutions have a characteristic size ~ € that shrinks to zero in the Newtonian
limit, which is analogous to the behavior of matter in an isolated system under the Newtonian limit.

n [51], unlike the current article, the manifold changes according to the coordinate system used. In relativistic
coordinates, the manifold is [0,1) x T2, where T? is the 3-torus obtain from identifying the sides of the box [0, €]*, while
in Newtonian coordinates, the relevant manifold is [0,1) x T3.
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This leads to the conclusion that the solutions from [51] do not represent gravitating systems on
spatial cosmological scales. Instead, they represent gravitating systems on spatial scales comparable
to isolated systems. However, they do exist globally to the future which certainly includes time scales
that are cosmologically relevant. We further note that the isolated system interpretation also applies
to the local-in-time cosmological Newtonian limits from [61, 62], which while only being shown to exist
locally in (cosmological) time, do not require a small initial data assumption.

To obtain solutions that are relevant for cosmology, the initial data must be chosen correctly. In
particular, the inhomogeneous component of the fluid density should be composed of localized fluctu-
ations, each one of which behaves like an isolated Newtonian system. Furthermore, the fluctuations
should be separated from one another by light travel times that remain bounded away from zero as
€ \( 0. Thus, we need to specify, in relativistic coordinates, 1-parameter families of e-dependent fami-
lies of initial data that can be separated into homogeneous and inhomogeneous components where the
homogeneous component has a regular limit as € \, 0 while the inhomogeneous component consists
of a finite number of spikes with characteristic width ~ € that can be centered at arbitrarily chosen,
e-independent spatial points. Initial data of this type represents cosmological initial data that deviates
from homogeneity due to the presence of a finite number of matter fluctuations that remain casually
separated and behave as isolated systems in the limit € 0.

The starting point for constructing this type of initial data is to first select initial data for the
matter, which we will specify on the initial hypersurface

= {1} x R3 =R,

In relativistic coordinates, we choose 1-parameter families of initial data for the proper energy density
p and the spatial components o of the conformal 3 velocity by setting
o X s _ i (X
p(1,%) = (1) +0peg(Z) and 97(1,%) = ezl (%),
€ Y\e

where

N
6peg(x) = 8 (x . &) (3.1.68)
-
¥ =34 (x . &) (3.1.69)

and the profile functions 65 and éf\ are elements of Ls N K* for some s € Z>3. It is clear from these
formulas that this initial data represents a perturbation of the FLRW initial data (p|s, ’|x) = (u(1),0)
by N fluctuation of width ~ e that are centered at the fixed spatial points yy € R3, A=1,2,..., N, on
the initial hypersurface Y. As is well known, initial data for the Einstein equations cannot be chosen
freely due to presence of constraints that must be satisfied on the initial hypersurface. This has the
effect that the description of the initial data for the gravitational field is much more complicated, and
consequently, we defer further discussion of the initial data to §3.3.

3.1.5 Main Theorem

With the set up complete, we are now able to state the main result of this article. The proof is given
in §3.7.

Theorem 3.1.6. Suppose s € Z>3, 0 < K < %, A>0, u(1)>0,r>0,¥%=(y1, - ,yn) € R,
Y = {1} x R3 is the initial hypersurface, and the free initial data {ﬁ?,ﬁg{e,éﬁ)\jf\} is chosen on X
so that: i € R (R3,Sy), i, € HY(R3,Sy), 9y € L5 NK°(R%,R) and %, € L3 N K*(R%,R?) for

A=1,--,N, and ép.y and Egy are as defined above by (3.1.68) and (3.1.69), respectively. Then
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there exists a constant r > 0 such that if the free initial data is chosen to satisfy

lEells := 17| goss + 8GNz + 165 g en + 1A 0

LSOKS L5ﬂK5 -

then there exists a constant ey = €o(r) > 0 and maps @', : X2 (R®) — R¥TY(R3,Sy), G5 : X5 (R?) —
REFURS), al 2 X5 (RY) — RA(R3,S4), dgey : X2 (R3) R (R, Sieg t X5 (R?) > RS(R3,R3),
and 5Ceg : (0,€0) x (L3 N K*(R3)) = R*(R3), such that

0 O
uli‘ (6 ue7u()e=6peyvz ) ()
. 92A
Ue 5|5 =l 5(€ T ,u06,5p€7y, 6y) = j 352] + O(€%),

. 1 g
] __ i kl _ 2 %) “kl ) 3
Wl =i (e, i, L 8 g 2L ) = (ug -l 5k15a> +0(e),

2iegls =5 eg(e Wb, 0peg, 5L g) = duzky + O(e),
o : 5
0Ceyls =0Cey (€ 6pey) = 1+ 2K In <1 + ;1,(613’>7

U515 —ugey(e,ufl,uoe,épe,y, iy) = 0(e),

and
O,E,y‘Z _u()fy(e’ue 7u0 676p6 Y7 ) = O(f)

determine, via the formulas (3.1.41), (3.1.42), (3.1.44), (3.1.46), (3.1.48), (3.1.49), and (3.1.50), a
solution of the gravitational and gauge constraint equations, see (3.3.3)-(3.3.4). Furthermore, there
exists a constant o € (0,7], such that if the free initial data is chosen to satisfy

69 e+ 1585 e+ 6505+ 120 g L <o
then there exist maps
ul’?, € C°((0,1], R*(R%,84)) N CH((0, 1], R*™H (R, Sy)),
i 5 € CO((0,1], R*(R%,S0)) N CH((0,1], R°H(R®, Sy)),
uey € CO((0,1], R*(R*)) N CH((0, 1], R*H((R?)),
Uyey € CO((0,1], R*(R%)) N CH((0, 1], R*H((R?)),
3Gz € CO(0, 1], R*(R?)) N CH((0, 1], R*H(R?)),
Ziey € C((0,1], R* (R, R)) N CH((0, 1], R*H(R?, RY)),

for e € (0,¢), and

.y € CO((0,1), R*F3(R?)) N CM((0,1], BT (R?)),
6Cey € CO((0,1), HA(®R?) N C((0, 1], H* ' (RY)),
Ziey € CO(0,1], H*(R?,R%) N CH((0, 1], H*H(R®, RY)),

such that

(1) {u 5t 2),ueg5(t,2), 00 5(t, ), 2 5(t, )} determines, via (3.1.15), (3.1.16), (3.1.37), (3.1.41),
(3.1.44), (3.1.46), (3.1.48) and (3.1.49)-(3.1.52), a 1-parameter family of solutions to the Einstein-
Euler equations (3.1.1)-(3.1.2) in the wave gauge (3.1.38) that exists globally to the future on
M = (0,1] x R?,

(ii) {Deg(t,2), (gt x) = 6oy + Cu, 2 5(t, ) 1= E(t)7209%; 5(t, )}, with ¢y and E given by
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(3.1.57) and (3.1.62), respectively, solves the conformal cosmological Poisson-Euler equations
(3.1.65)-(3.1.67) on that exists globally to the future on M and satisfy the initial conditions

. 4CHA . o i
Ceyle = ln<(CO —1y + (5p€5,) and Z;}—;’E = zzy,

(iii) the uniform bounds

16Ce5ll oo (0,11,15) + [ @egllpoo 0.1, m5+2) + 12,05 oo (orxars) + 10Ce.5 o (0,11, 7%)

zjegllLoeoag,r) S 1
and

HUZ;’HLOO((LO],RS) + | ug‘inLm((o,”,Rs) + ||uey

| Lo (0,1),rs) T 1tre 3l Loo(0,],75) S 1,
hold for e € (0,¢€p),

(iv) and the uniform error estimates

10€e5 — 6CegllLoo(0,11,r5-1) + 125,65 — ZjegllLoo(oxrs—1) S €
feg — 00000k Pe gl Loo (0,11, m5-1) + 1Ul gl oo (0,17, R5—1

Y

lugre ll Looa0n,m5-1) + llu ) Se

and

[ty e.51 Loo (0,10, R5-1) T+ ezl Loo (0,1, R5-1) S €

hold for € € (0, €).
3.1.6 Future directions

While Theorem 3.1.6 establishes the existence of a large class of inhomogeneous cosmological solutions
that are approximated on large cosmological scales by solutions of Newtonian gravity and gives a
positive answer to the question at the beginning of the introduction, many questions remain to be
answered. For example, the small initial data assumption needed to establish Theorem 3.1.6 suggests
the problem of understanding when to expect a similar result to hold without a small initial data
assumption. Due to phenomena such as black hole formation, such a result will not hold for all choices
of initial data. However, it could hold for carefully chosen large initial data.

In a separate direction, there are relativistic effects that are important for precision cosmology
that are not captured by the Newtonian solutions. To understand these effects would require that the
Theorem 3.1.6 is generalized to account for higher order post-Newtonian (PN) corrections starting
with the 1/2-PN expansion, which is, by definition, the € order correction to the Newtonian gravity.
Preliminary work in this direction is currently in preparation [67]. An interesting result of this work
is that it characterizes the subset of the 1-parameter families of solutions from Theorem 3.1.6 that
can be interpreted on large scales as a linear perturbation of an FLRW solution as those that admit
a 1/2-PN expansion. Thus a generalization of Theorem 3.1.6 to include the existence of 1-parameter
families of solutions to the Einstein-Euler equations that admit a 1/2-PN expansion would provide
a mathematically rigorous resolution to the following perplexing question: How can the Universe be
accurately modelled on small scales using Newtonian gravity, yet, at the same time, be accurately
modelled on large scales as a fully relativistic perturbation of an FLRW spacetime?

3.1.7 Prior and related work

The future non-linear stability of the FLRW fluid solutions for a linear equation of state p = Kp
was first established under the condition 0 < K < 1/3 and the assumption of zero fluid vorticity by
Rodnianski and Speck in [73] using a generalization of a wave based method developed by Ringstrom
in [71]. Subsequently, it has been shown [28, 35, 53, 77] that this future non-linear stability result
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remains true for fluids with non-zero vorticity and also for the equation of state parameter values
K =0 and K = 1/3, which correspond to dust and pure radiation, respectively. It is worth noting
that the stability results established in [53] and [28] for K = 1/3 and K = 0, respectively, rely
on Friedrich’s conformal method [26, 27], which is completely different from the techniques used in
[35, 73, 77] for the parameter values 0 < K < 1/3.

In the Newtonian setting, the global existence to the future of solutions to the cosmological Poisson-
Euler equations was established in [11] under a small initial data assumption and for a class of poly-
tropic equations of state.

A new method was introduced in [66] to prove the future non-linear stability of the FLRW fluid
solutions that was based on a wave formulation of a conformal version of the Einstein-Euler equations.
The global existence results in this article are established using this approach. We also note that this
method was recently used to establish the non-linear stability of the FLRW fluid solutions that satisfy
the generalized Chaplygin equation of state [49].

3.1.8 Overview

In §3.2, we employ the variables (3.1.41)-(3.1.50) and the wave gauge (3.1.38) to write the conformal
Einstein-Euler system, given by (3.1.18) and (3.1.36), as a symmetric hyperbolic system that is jointly
singular in € and ¢. By the results of [66], this system is suitable for obtaining the existence of solutions
that exist globally to the future; however, it not suitable for obtaining such solutions in the limit € ™\ 0
due to the singular dependence of the solutions on the parameter €. This defect is remedied in §3.5,
where we introduce a non-local transformation that brings the system into a form, given by (3.5.23),
that is suitable for establishing global existence with uniform control as € 0.

In §3.3, we use a fixed point method to construct e-dependent 1-parameter families of initial data
for the reduced conformal Einstein-Euler equations that satisfy the constraint equations on the initial
hypersurface 3. The fixed point method is similar to one employed in [51]. However, due to the
non-compact nature of the initial hypersurface and the translation invariance of the the norms, the
proof is technically more difficult and relies crucially on potential theory, in particular, the Riesz and
Yukawa potential operators.

In §3.4.1, we state and prove a local-in-time existence and uniqueness result for solutions of the
reduced conformal Einstein-FEuler equations along with a continuation principle. We establish this
local-in-time result by first working in uniformly local Sobolev spaces where we can apply standard
theorems. We then show that these results continue to hold in the functions spaces used to obtain
global existence in §3.7. Similarly, in §3.4.2, we state and prove a local-in-time existence and uniqueness
result and continuation principle for solutions of the conformal cosmological Poisson-Euler equations.

We generalize, in §3.6, the uniform a priori and error estimates established in [51] to hold for a
closely related class of symmetric hyperbolic equations on [T, T1) x R? that are jointly singular in e
and t. This class includes both the formulation (3.5.23) of the conformal Einstein-Euler equations and
the € N\, 0 limit of these equations.

Finally, in §3.7, we complete the proof of Theorem 3.1.6 by using the results from §3.3 to §3.6 to
verify that all the assumptions from §3.6 hold for the non-local formulation (3.5.23) of the conformal
Einstein-Euler equations. This allows us to apply Theorem 3.6.10 to get the desired conclusion.

3.2 A singular symmetric hyperbolic formulation of the conformal
Einstein—Euler system

In this section, we employ the variables (3.1.41)-(3.1.50) and the wave gauge (3.1.38) to transform
the conformal Einstein-Euler system, given by (3.1.18) and (3.1.36), into the form of a symmetric
hyperbolic system that has a particular singular dependence on e and t; more specifically, the e-
dependent singular terms are of a form that has been well-studied beginning with the pioneering work
of Browning, Klainerman, Kreiss and Majda [12, 40, 41, 45], while the t-dependent singular terms are
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of the type analyzed in [66]. This type of system has been investigated on spacetime regions of the
form (0,1] x T3 in our previous work [51]. In this section, we derive a modified version of this system
that is adapted to spacetime regions of the form (0, 1] x R3.

3.2.1 Analysis of the FLRW solutions

In [51], we derived some explicit formulas for the functions Q(t), u(t) and E(t) that will be needed
again in this article. For reader’s convenience, we reproduce them here beginning with

943(1+e*K) 4COAt3(1+€2K)

(t) - $3(1+e2K) _ Co and M(t) - (CO — t3(1+62K))27 (3.2'1)

where C is as defined above by (3.1.55). From the formula for u(t), it is then clear that the formula
(3.1.54) for (p(t) follows immediately from the definition (3.1.53). Furthermore, it clear from the
above formulas that €, p and (g, as functions of (¢, €), lie in C2([0, 1] x [0, €0]) NW3°°([0, 1] X [—e0, €0])
for any fixed €y > 0, from which it follows that we can represent t~1Q and 9;§2 as

1 A A
Q=ET0.E = 2K g ) and 9,0 = 2K 9, (1),

respectively, where here, we are employing the notation from §3.1.1 for the remainder terms 2, and
2.

Using (3.2.1), we can integrate (3.1.22) to obtain

2
t 9243 K Co — B+ K) \ 3(1+e2K)
= e — f— - >
E(t) =exp </1 SOFR) C()ds) ( Co 1 >1 (3.2.2)

for t € [0,1]. From this formula, it is clear that E € C2([0, 1] X [—eo, €0]) N W3°°([0, 1] x [—€0, €0]), and
the Newtonian limit of £, denoted E and defined by

E(t) = lim E(t
(t) lim (1),

is given by the formula (3.1.62). Similarly, we denote the Newtonian limit of Q by

Q(t) = lim Q(¢
(t) = lim Q(2),

which we see from (3.2.1) is given by the formula (3.1.64). For latter use, we observe that E,  and
Cpr satisfy

3 ) ) R
OG =~ Q= —3E"'OE = —jy = —75; = "5 K 24(t)

as can be verified by a straightforward calculation using the formulas (3.1.54) and (3.2.1)-(3.2.2). By
(3.1.57) and (3.1.64), it is also easy to verify

: 3¢ 6
olg=——-0=——. 3.2.3
tgH ¢ Co — 3 ( )
We record the following useful expansions of '3 K E(e t) and Q(e, t):
K €
K — 4 2 (1), X (e,t) = 62/ AT I ¢\, (3.2.4)
e Jo

E(e,t) = E(t) + e£(e,t) and  Q(e,t) = Q(t) + e (e, 1) (3.2.5)
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for (e,t) € (0,€0) x (0,1], where 2, & and & are all remainder terms as defined in §3.1.1.

3.2.2 e-expansions and remainder terms

In order to transform the reduced conformal Einstein-Euler equations into the desired form, we need to
understand the lowest order e-expansion for a number of quantities. We compute and collect together
these expansions in this section. Throughout this section, we work in Newtonian coordinates, and
we frequently employ the notation (3.1.11) for evaluation in Newtonian coordinates and the notation
from §3.1.1 for remainder terms.

First, we observe, using (3.1.41), (3.1.46) and (3.1.52), that we can write « as
3 3 P
a = exp <€A (2tu00 — u)) =1+ o (2tu00 - u) + EZ (e, t,uM, u),

where & (6,t,0,0) = 0. Using this, we can write the conformal metric as

g7 = E7%6Y 4+ @Y, (3.2.6)

where

O = QU (e, t,u,u™) == = (a — 1) E~26 + au,
€

and OV satisfies ©%(e,t,0,0) = 0 and the El-regularity properties of a remainder term, see §3.1.1.
From the definition of u%, see (3.1.41), we have that

g = R + 2etu, (3.2.7)
and by (3.1.42) and (3.1.43),
00F0g"” = e(ug” +3u®) and Vg = eu” (3.2.8)

for the derivatives. Additionally, with the help of (3.1.22), (3.1.41)-(3.1.43) and (3.1.46)-(3.1.47), we
have also that

3
Vo = eay (3u0052 + u%o — ug). (3.2.9)

Then differentiating (3.2.6), we find, using the above expression and (3.1.44)-(3.1.45), that
o 3 .
6, 0,Vog"" =eauy + exg(h” + eu?) (3u®0620 + ud’ — uy). (3.2.10)
Since §;; is, by definition, the inverse of g%, it follows from (3.2.6) and Lemma D.1.2 that we can
express §;; as
Gij = E*0ij + eZij(e. tu, ), (3.2.11)
where ,f»:‘;ij(e,t, 0,0) = 0. From (3.2.6), (3.2.7) and Lemma D.1.2, we then see that
Guv = hyw + B (e, 1,077, 1), (3.2.12)

where 2, satisfies Z,,(¢,t,0,0) = 0 and the El'-regularity properties of a remainder term. Due to
the identity Vagu = —Juoc V237" Gy, We can easily derive from (3.2.8), (3.2.10) and (3.2.12) that

@Ug,u,l/ = fgguua(ev t, u)?

where
_ (.08 aB
u = (™, u,us’, uy),
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and 3’,2“,,0(6, t,0) = 0, which in turn, implies that

A

Xg, =T — A0 = €7 (6,1, 0), (3.2.13)

where .¥ Zy(e,t,O) = 0. Later, we will also need the explicit form of the next order term in the
e-expansion for I'y,. By a straightforward calculation, it is then not difficult to verify that

_ 3 . . 1 /3\2 . i
oo :eK(ugl + 3u%) — €5 <A> E26%uQ 4 €2.7 4o (e, t, ), (3.2.14)
. . 3 » . 1 3 » "
o — m = ﬁe(éwéklu?l - u,(gz) - e§E25kj [(ugj + KE_Q(?)UOO + ugo — uo)(s”)] + 62fzo(e,t, u),
(3.2.15)

where jéo(e,t,O) =0 and fA:O(e,t, 0) =0.

Continuing on, we observe from (3.1.49) that we can express the proper energy density in terms
of ¢ by

pi=p = PUTER) 1K) (3.2.16)
and correspondingly, by (3.1.53),

11 = $30+EK) (1K) Cn (3.2.17)

for the FLRW proper energy density. From (3.1.50), (3.2.16) and (3.2.17), it is then clear that we can
express the difference between p and p in terms of 6¢ by

§pi= p— p = BUHEE) (K (e(1+62f<)5g _ 1)_ (3.2.18)
Due to the normalization v#7,, = —1, only three components of ¥, are independent. Solving
vy, = —1 for 7g in terms of the components v;, we obtain

5”0+ /(§%0:)” — g™ (g7 viv; + 1)

o - ) 3.2.19
- (3219)
which, in turn, using the definitions (3.1.41), (3.1.44), (3.1.46), (3.1.48), we can write as
_ 1 2 afy v
Up = — + eV (e, t,u, ut, z5), (3.2.20)
/_ 500
9
where ¥5(e, t, u, u*,0) = 0. From this and the definition 7° = g%, we get
O -g% + EW o (e, t,u, ut z5), (3.2.21)
where WAQ(E, t,u,u*,0) = 0. We also observe that
o* = E(ZtUOk@—I-ﬁZi) and 2F = 2tu0k@+§ikzi (3.2.22)

follow immediately from the definitions (3.1.48) and (3.1.58). For later use, note that zF can also be
written in terms of (g, z;) as

=i0 '
) - . 1 1 , :
2t =gz + ;00 [—goﬂzj + 6\/—500\/1 ~ g0 €2(g%2;)? + g7k zj 2| - (3.2.23)
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3.2.3 The reduced conformal Einstein equations

The next step in transforming the conformal Einstein-Euler system is to replace the conformal Einstein
equations (3.1.18) with the gauge reduced version given by

— gV Vg — 2V HXY) - 2RM — 2P — 2QM 4 2V ZY) 4 AV 77 = _4AVHVY D

= _ 1-eK
L AVRUVYY - 2|00 + 2V O + (6

5Pt A) e”] g — 2V (1 + EK)pote”,  (3.2.24)

where
AP = X gy) 4y egh),

We will refer to these equations as the reduced conformal Einstein equations. From (3.1.34) and
(3.1.35), it is not difficult to verify, using (3.1.41)-(3.1.47), that P*” and Q*”, when expressed in
Newtonian coordinates, can be expanded as

PP =e M (e, t,u  u) + E 4 (e, t,uP ),
@2627/””(6,@@,

where 7" is quadratic in (u®?,u), #" vanishes to second order in u, and Z*" is linear in (u®?,u).
Remark 3.2.1. In the above formula and for the rest of this section, the remainder terms sat-
isfy the following properties: #*¥(e,t,u) vanishes to second order in u, Z(e,t u) L (e, t, u)

L (e t,u), LH(e,t,u) and L (e, t,u) are linear in u, while #(e,t,u), ##(e,t,u), " (e t, u)
and _# " (e, t,u) vanish for u = 0.

Using (3.1.31) and (3.1.38), we observe that the reduced conformal Einstein equations (3.2.24) can
be written as

— GV V3G 4 2VHYY) —2PHY _9QM L YRYY — XPXY = —4(VAVYT — TFTV D)
o o A
+ 4(VAOVYT — GHOITYT) — 2627 (1 + €2K) <pv“v” - ugagag)
_ - 1—eK _ _ 1 - €K .
— 2|00 4+ 2]V + (;ﬁ + A) ew] 7 +2[BU + AU + (——n+ A)e? |
(3.2.25)
In the following proposition, we list various formulas for crucial terms in (3.2.25). These formulas can

be established via direct computation; we omit the details.

Proposition 3.2.2. If the wave gauge (3.1.38) is satisfied, and ¥ and 7" are as given by (3.1.19) and
(3.1.25), respectively, then the following relations hold:

VAT = —gﬂ“l, VAT = —Bﬂoi = ;}ta{;, V¥ =v,V= —52%, Ov = t%goo — %Yo + %10,
0= LR 4050 = 150 = g v i = -
YHYY = AVAOVYT + ?ﬂ‘gé(“ g0 ;\2 ShoY,  AVHVIU = ga“éo + ;‘:;;Qh%“a”
and
VYY) = _9UrTrw — ;’; sy — L;O G5+ 32 g5y,
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Using Proposition 3.2.2, we see that (3.2.25) can be written as

- - _ _ ~ 2A - 4\ A v
— gaﬁaavﬁ(gm/ _ huu) L EW _opHV Q#V _ 50 VU( _ huu) _ < —0X + 5)\> 5&#50)

3t 3t2
,32 (900 + Q) t%(l +€K) <(p — @)o"” + p (o' — 1;55‘560 - @A( — B
- 1_:[((5 — g — ]L_:I(u(g“” — Ry — ﬂQ [( —n)s\ey) gi%g“a;’)] (3.2.26)
where
Q1= 2QM + XXV = W/ (et )
and

EM = goPapswa(@" — W) — gt W (@Y — b)) — 5P (G — A7),

Contracting both sides of (3.2.26) with 67, we find that

e _ ~ _ ~ 2A _ 4A A
= 57 0a0,75(g" — W) + 10 — 2P0 — Q10 = S2aG 0T (9" — W) — <§“° + ) %

3t2 3
4A o 2/ A\ 2 B e A
~ 529 365y - 2 (900 + 3>9“0 - 51+ K) <(p — @) o0 + p(vM0° — 355)>
20 - 1 - €K 1— €K - 2N .
— A0 — ) — (o — ) g"0 — —————u(g"° — W) — =508 (3.2.27
2 (g ) 2 (p—m)g 2 (g ) 329" 0 ( )

where
_ ~ Q
g0 = 508 — 26E*2?5’“m5;ju9,9 + e (e, t,u) + € _FH (e, t,u).

To proceed, we need to express (3.2.27) in terms of evolution variables (3.1.41)-(3.1.50). In order to
achieve this, we first derive, using(3.1.41), (3.1.42), (3.1.43) and (3.2.8), the identities

1, o
udr 22(53‘709“” — 3eu®) = —u® + 2t9pu’* + 2061 4%, (3.2.28)

4A A
3 — E2Q6;u™8l + gE?Q@k(sf@“ + 2068 u . (3.2.29)

1

1.,- 1

Ut ==Y, g = 2t-0u +
€ —— €

From these identities, we get

3
—SEﬂaouO“ — 12etu* opu' = — e%ﬂ(ug“ +u) + e L% (e, t,u) + 2 7% (e, t,u). (3.2.30)

Using this, we can write (3.2.27) as

1
— §%0ud" — 4tu®*oud — — Mo + L% (e, t,u) + € 7% (e, t, )
g i

1 Q 4A , 1- €K
=— Q—tgoo(ugu + u') + 2E_2?5km5,’;u9,9 + 4eu00u8“ — 4eq 000 _ gﬁéfuzo — 27; L
21 L 0 A 40 1-€K1 ~

while we see that

1 1
—g" 00’ =~ g*ug" — 5" + g% tm“ u'* (3.2.32)
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follows from (3.2.28). We see also that

_ 3 3
o = <588z%§“” - gt%o“) = e = i+ eye tu)

follows from (3.2.8), from which we deduce that

1 3
gjaoug“ — Egjakugﬂ = 2—t§il u? + LM (e, t,u) + e 1 (e, t, ). (3.2.33)
Together, (3.2.31), (3.2. 32) (3.2.33) for a system of evolution equations whose principal part involves
the metric variables {ug",u*, u%}.

Next, we contract both sides of (3.2.26) with 5ﬁ5f, to get

_ _ _ _ ~ 2A _ 2 A
— g*P5k6L 0. 5(g" — W) + EF — 2PM — QM = 55l Go (g — B) — 5 <§00 + )gkl

3t t2 3
2 e 1-€EK w 1=K . - 10A 4 -
= (1 EK)p = == (p — W7 = ——5—p(@" — B") = 570" - B, (3.234)
where
EM = 5,’255& =M (e, t,u) + 2 _gF (e, t,n).

Using the identity

y ! = k082

gkl5 0 Vﬂg =3V, Ina + 2gkl5ﬂ 7 (3.2.35)

where we recall that (jg;) = (§¥)7!, and the definitions (3.1.41) and (3.1.47), a direct calculation,
using the identity

gagkl = *gkz(aag )gjla (3'2'36)

shows that

A2

= Q
e -af - sk=10°% ) 2
3 39 Oa (gk”;ﬁg + > 63(65 t LI) te j(ea t, u)

and

38858 (Dai) Vs (3" — W) = eZ (e, t,u) + €7 (¢, t,u).

We then observe that these two expressions can be used to write (3.2.34) as

1 2
— §%8yug — 4tu o ug — =g opu; + Z(e,t,u) +€ 7 (e, t,u) = —ggoouo + deuug
g A g

Al 2 49 11-€K A A 10A
00 00 _00 i
— 8e(u™)? +§*@(1+6 K)pv'v! Ujgzg—*/\u o) (p— 1) (9 3> gWQGJQU
—pl+ekK) <(p = m’? + p(2000 - 5) ) - 20—+ g nOY . (3237)
We also observe that the equations
2A 2A
3" B — fg WO = 3715295 ull g 4 g(EQQ +2B%0% + 2Et0,Q)6;;u” g (3.2.38)

and

—ﬂ@gu:—ﬂuo (3.2.39)
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follow easily from differentiating w; and w, see (3.1.46)-(3.1.47), with respect to t. Together (3.2.37),
(3.2.38) and (3.2.39) form a system of evolution equations whose principal part involves the metric
variables {ug, uj, u}.
To obtain evolution equations for the remaining metric variables {ugj , ufj ,u}, we define
i _sisi L. ij
le = 5k51 - ggklg )

and contract éE;ﬁn on both sides of (3.2.34). A calculation using the identities (the first identity can
be derived with the help of (3.2.35))

y _ o 2 0 L
07 0006 g = 01Vs (0" g) - S8audkg " and  gg™ =0,

where we recall that g is defined by (3.1.51), then shows that the following equation holds:
L 20 0O _ o y
= 570 (8,0095(a719")) + 55°70a (8791055 ) + 57 Dala 5 )5,00 59" + a” g £
2 1 . o
- =g, P - 2,9 (5, V57
_2A

P VB VA —1l-pvy
3t5,u51/vo(a g )

2 1 . 1—eK 1 - 10A 1 . -
S+ CR)p S o i ) W S Qo R (3.2.40)

Furthermore, using identity (3.2.36), it is not difficult via a straightforward calculation to verify that

Lp R =e L (e t,u) + € 7V (e, t, 1), (3.2.41)
9 0 » y
ggaﬁaa (ﬁ”gkﬁg*lo?) =L (e, t,u) + 62/”(6,15, u®® ) (3.2.42)
and
700 (a8} )00 35 =€* 7 (e, t, ). (3.2.43)

Using (3.2.41)-(3.2.43), we can then rewrite (3.2.40) as

— 3%00ug — 4w oug — ~gM ok + LY (e,t,u) + € I (e, t, )
g i

9 g 12 1 .
= —;ﬂuéj + deu®uf — Et—Q(l + ezK)paQ;fnT)l@m, (3.2.44)

while differentiating u’ and u", (3.1.44)-(3.1.45), with respect to ¢ yields
M opul? — %gilaluf)j — PHie b u) + e (e, ) (3.2.45)
and
—5%9u" = —g"%uf + gﬂ%m"j : (3.2.46)

Together (3.2.44), (3.2.45) and (3.2.46) form a system of evolution equations whose principal term
involves the remaining metric variables {ug, v, u"}.

Gathering (3.2.31)-(3.2.33), (3.2.37)-(3.2.39) and (3.2.44)-(3.2.46) together, we arrive at the fol-
lowing formulation of the reduced conformal Einstein equations:

Op Op Op Op
. Uy . Ug 1~ Uy 1. Ug R
By (w | + B 0k | w | + -CM0k | ) | = ;BP2 | 0" | + S, (3.2.47)

uOr uOr uOr uO+
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i i ij

N 0. N : 1~ ) ). .
By | w | + B0k (u) | +-C"oh | | = ———=Pa | u/ | + 52+ Co, (3.2.48)
K. € t .
u* ut ut u*
ug Uuo uo 92 F2500 ]
~0 Sl 1~ g« 5 A
B0y |ui | + B0k | u; | + EC O lu | =— ; Py | w | + 53+ Gs, (3.2.49)
u u u u
where
i -3 0 0 ) 4t —0* 0
B'=pg* 0 g* o |, B =F? | —ok 0o o], (3.2.50)
o 0 —g» 0 0 0
0 =8 0 ) -3 0 0
Ck=|-s" 0o o], B=E*[ 0 3g% o |, (3.2.51)
0 0 0 0 0o —g%
104 ] 100
Po=|0 6 0|, Py=(0 0 0], (3.2.52)
1 1
104 00 0
2E—2%5km5ll:u%) _ 2(1—;2K) Spudr 4 fOu + Lo 4 e gOn
Sy = E? Lol 4 ¢ goul , (3.2.53)
gOOu +6j00u
" Al1 1 /A / A,
fOn =35 Spdl — 5p5“ (@° — 5,;5“ (2° — 5) 5p5“ g0 — 2u5“ ig?
21 ~ /A A, 2 A A eK
- ﬁgﬂég (LO - g) (LO+ g) *GK <5P'UN'U + ,Uz(’UM’U - 35”)) 3 t2 —0 (Sg,
) ex(1+ eQK)pgflﬂffnzlzm + £
Gy = E2 il , (3.2.54)
g0
2 N 2 @f & 2
- ) 672(1—;152K)Ap2’12]% — 7(1+t2 K>p(v£+ \/g) - 5 3t2 K(Sp 20-¢’K) ; K) Spu? + &
G3=F ol ,
ZO
(3.2.55)
S =e( 7Y, g, T and Sy=e( g, g, 7O (3.2.56)

3.2.4 The conformal Euler equations

In this section, we turn to the problem of transforming the conformal Euler equations. We begin by
noting that it follows from the computation in [51, 65] that conformal Euler equations (3.1.36), when
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expressed in Newtonian coordinates, are given by

00 (S 1 ko (S~ Lap. () 4 a
B2, <zi + B*0y J) =B8R2 i)+, (3.2.57)
where
Ly
BY — 1 €3
- Lo )
Eﬁ K_lMZj
—k Lk
S (5 & Lt bt
= R s = | I sk -11 k>
gjé K_lMZ]%% iéj K @MZ]Z
_ 1 0 )
P=lo k11 -seK) 2 |
A 0 0
]P)2 = < k|
5 ~L{T}, 0" % 7
K71 =3¢ K) 5 g0j — K~ M0 T}, 055 )
Us
L' =o' — gdf)‘
and
;i Uj goo
M:: = G:i — =0n: — ==an, e TR
970 I T G S (g2l

In order to bring (3.2.57) into the required form, we perform a change of variables from 2 to z;, which
are related via the map 2z' = 2*(zj, g"*) given by (3.2.23). Denoting the Jacobian of the transformation
by

gim . _ 02
" Oz
we observe that , 4
~ - 02" - .0z -
Oy2t = J™Y 2 + 52 g g + €6l D5 d;gM .

Multiplying (3.2.57) by the block matrix diag (1,.J7!) and changing variables from (, 2%) to (3¢, 2;),
where we recall from (3.1.50) that §¢ = ¢ — (g, it is not difficult to verify that we can write (3.2.57)

as
By <SC> + B*o, <j<> = %’31@’2 (M) +8 (3.2.58)

m Zm
where
LY
1 € 1778 sz

L it N il yim
Bk B ézk é!]km
= —Jkl K—l E%Mijjjljimzk ’

1 0
B = <0 K1 - 362K)10Jml>

V0%
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and

~LIT}, — LIT, 07 s + (7 —Fio) el agw 0@9 S
IJJZM ’U”‘ 1FZ V}O +e (J)le,ylo K_lMi]J]l 1Mlj OJ]laaiV akguu

W
I

A direct calculation employing (3.2.23) and the expansions (3.2.6) and (3.2.7) shows that
Jk = B2 4 @ 1 E.5F (e, t,u,ut, 25), (3.2.59)

where jik(e, t,0,0,0) = 0. Similarly, it is not difficult to see from (3.2.23) and the expansions (3.2.6)
and (3.2.7)-(3.2.10) that

%4 v o2 3 i i i, 0 i i
agwa g = <50E —2;6" + \/1(52@8 + 3u%) + 5g,u? —2620u° )) + e (e, t,u, 25)
(3.2.60)
and
(5k 92" 5 ny 6 03 5k 2
vo 89#1’81"9 = —ey U d; 0; + €7 (e, t,u, 25), (3.2.61)

where .7 (¢,t,0,0) = .%(¢,t,0,0) = 0. We further note that the term —KﬁlJﬂMij@%fiyﬂﬁ% found
in S above is not singular in e. This can be seen from the expansions (3.2.6), (3.2.7), (3.2.12) and
(3.2.14), which can be used to derive

71“3 St —2FJ voz’ + el“j 22k 4 FOOU v

A 2Q

1/3 . .
33 — AP —|—u0] + 3u% — 3 <> E7257Ru0 4 eI (e, t,u, 2;), (3.2.62)

A

where .#7 (e, t,0,0) = 0. Moreover, using the expansions (3.2.59), (3.2.60) and (3.2.62) in conjunction
with (3.2.6), (3.2.7), (3.2.12), (3.2.13), (3.2.20), (3.2.21) and (3.2.22), we observe that the matrices
{B°, B* %} and source term S can be expanded as

1 0 0 0 ~0
B’ = (o K—lE—251m> te (0 K—1@Zm> +eS (e, 8,1, 2), (3.2.63)
Bk _\/? Zk E—Qékm I é %tuoozk @k’m + %tUOOE—Qékm
“VA\E26M K1E-25tmek ) TV \OM 4+ 340 E26K KO0 4 344,00 B-26im) o
+ 62<52k(€, t,u,zj), (3.2.64)
1 0 0 0 .
b= <0 K-1(1- 362K)E25lm> te (0 Klglm) + S (6,8, 2)) (3.2.65)
and

0
S = (—K—l [\/%(_uoz + (—3+4Q)u0’) + % (%)% E—25lku20]>

2 3 00 00 _ i 6,005k
+€( sE 513( BT 5(;'1%?6 t+uug.) up)d )+ AU 61) &S (e b, %), (3.2.66)
s Uy My <9

where all the remainder terms .%", .%, .%| and .% vanish for (u, z;) = (0,0).
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3.2.5 The reduced conformal Einstein-Euler equations

Collecting (3.2.47), (3.2.48), (3.2.49) and (3.2.58) together and setting
U = (U, Uy)7T, (3.2.67)

where

. on 0 o
U; = (uou,uk“,uo“,ugj,u?,u”,uo,uk,u)T and Uy = (5C,zi)T, (3.2.68)

we obtain the following symmetric hyperbolic formulation of the reduced conformal Einstein-Euler
equations:

- S 1 . . 1 . -
B9, U 4+ B9, U + ~C'9,U = -BPU+H (3.2.69)
€
where
B 0 0 0 Bt 0 0 0 Ct 0 0 0
0 B 0 0 , 0 B 0 0 , 0 C' 0 0
BY — . B — v Ci = g 3.2.70
0o 0 BY o]’ 0o 0 B o]’ 0o o0 C* o]’ ( )
0 0 0 B 0 0 0 B 0 0 0 0
B 0 0 0 P, 00 0
10 —2E?%g%r 0 0 10 Py 0 0
B=1, 0 —2B%3°1 0 |’ P=10 0 B o] (3:2.71)
0 0 0 B 0 0 0 PPy

H = (51,5 + G2, 83+ G3,9)7,

and H vanishes for U = 0. The importance of this formulation of the reduced conformal Einstein-
Euler equations is that it is now of the form analyzed in [66]. As a consequence, we could, for fixed
e > 0, use the results of [66] to obtain the global existence to the future under a suitable small initial
data assumption. What the above formulation is not yet suitable for is analyzing the limit ¢ \ 0.
To bring the system into a form that is suitable requires a further non-local transformation, which is
carried out in §3.5.

3.3 Initial data

Before continuing on with the analysis of the evolution equations, we will, in this section, turn to
the problem of selecting initial data. It is well known that the initial data for the reduced conformal
Einstein-Euler equations cannot be chosen freely on the initial hypersurface

Y={1} xR¥*Cc M = (0,1] xR?

due to constraint equations that must satisfied on 3. To solve these constraints, we employ a variation
of Lottermoser’s method [52] (also see [51, 61, 62, 64]), which we use to construct 1-parameter families
of e-dependent solutions to the constraint equations that behave appropriately in the limit € \, 0. In
order to use Lottermoser’s method, we represent the gravitation field in terms of the variables u*” and
~ /J/l/ .

Uy that are defined via the formulas

G = 0gM = B 4 A and AR = 9,0M, (3.3.1)
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respectively, where

= 1 ) .
0 = \/% = E*i’q/g\g\, gl = —det g, and |h| = —dethy,, = %E‘G. (3.3.2)

The complete set of constraints that we must solve on X are:

(GO —T%)|s, =0 (gravitational constraints), (3.3.3)
ZM|s, =0 (gauge constraints) (3.3.
and
(v'0, +1)|x, =0 (velocity normalization). (3.3.5)

3.3.1 Transformation formulas

Before proceeding, we first establish some transformation formulas that will be used repeatedly in our
analysis of the constraint equations. In the following, we will freely use the notation set out in §3.1.1
for analytic remainder terms.

Lemma 3.3.1.

_ R 1 . s o R
0 = ES\/—i det (hH 4+ 20v) = 1 + 562 <—iu00 + EQuU(sij> + &S (e,t, B, 1),

where . vanishes to second order in WM"Y,
Proof. The proof follows from a direct calculation. O

Using the above lemma, we obtain the related formulas

1 1 3. nid . . 3 5. 1 nid o N
i 1= —562 (_Auoo + E2u”51'j> + 2 S (e, t, B, 1) = ﬁguoo - §€2E2u”5@']’ + 2F (e, t, E, 1)
(3.3.6)
and
0—1 1 3. Y v . 3 . 1 5. o N
=5 <—Au00 + E2u”57;j> + 2.7 (e,t, E, 1M = _ﬁuoo + §E2u”5¢j + . (e, t, E, i),
€
(3.3.7)

where as above the remainder terms .¥ vanish to second order in u#¥.

Lemma 3.3.2. The metric variables u'*, v and u can be expressed in terms of the W via the
transformation formulas

1. . A o v .
ud* :2% <2u0055 + 1%y + 6E2u“52-j5(;> + S (e, t, E,Q/t, 1%P), (3.3.8)
2A 25179 3 o ~af3
u :e?E Ui + S (e, t, E,Q/t, ), (3.3.9)
i (i Lok cij 3 <
u? =e (1 S 00" | + e (e, t, E,Q/t,u*"), (3.3.10)

where all of the remainder terms & wvanish to second order in . Moreover, the 0-component of the
conformal fluid four-velocity v* can be written as

A y
7 = \f3+ 52§(e,t,E,Q/t,ﬁa 2j)
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where F vanishes to first order in (4%, 2j).

Proof. First, we observe that the first formula in the statement of the lemma follows directly from
(3.2.7) and Lemma 3.3.1. Next, using (3.3.1), it is not difficult to verify that

L o 1 R L o A
det (§") = 03(E~C + EE5;) + '/ = B + 5eQE—G (iuoo — E2u”5ij) + LS (e, t, B, Q/t, 4P),

from which, with the help of (3.1.51), we get
Lo(9 00 2] 4 e
a= 1+66 A — E*u6;5 )| + €S (e,t, E,Q/t, 47). (3.3.11)

Then by (3.1.46), (3.1.52) and (3.3.11), we obtain

u = 2tu’’ — lé

2N o . y
gl +(a—1)] = e?EQﬁdL‘j + .7 (e,t, B, Q/t, 1),
€

while we see that

1 o 1 . v
U = E ((aig)—lﬁ_ hi) = e (ﬁw — 3ﬁ’“l5kz5”> + L (e, t, B, Q/t, uP)

follows from (3.2.6), (3.3.1), (3.3.11) and (af) ™! =1 — 2L E?i5;; + 1.7 (e,t, B, Q/t, ("); this estab-
lishes the second and third formulas from the statement of the lemma. Finally, we observe that last
formula is a consequence of (3.2.7), (3.2.21) and the first three formulas. O

3.3.2 Reformulation of the constraint equations

We start the process of expressing the constraint equations (3.3.3)-(3.3.5) in terms of the variables
(3.3.1) by noting that

_ 2_ . 2
ngVugAg = _§VV0 and QAUVVQ)‘ = §VV0 (3312)

where (§x,) = (§*?)~!. Using this, we can express the vector fields X* and Y*, recall Z# = X* 4 Y*
by (3.1.38), in terms of the variables (3.3.1) by

1

Vlal

_ 1_ 1_ .
O]+ 800 = — 59" =~ 5T,

_ I o
Xt =—v,g" + 59“”%5%9‘16 = -V, 3" — g" 7

and

YH = —2VHAT + 2;;55‘ = —2(g" — ")V, ¥ = —2VHV + 29+ = % (gﬂ“ + 255‘) :

respectively, which in turn, allows us to express the gauge constraint equations (3.3.4) as

. 2 AO—1 = NV 2 (. AO—-1
Voutl = —Vm’“—i—; <u0“+ 3 a 55) = —8iu’“—7y,f&u)‘l—*?§)\u)‘“+¥ <u0“+ 3 a2 55). (3.3.13)

Using (3.3.7), it not difficult to verify that (3.3.13) is equivalent to the pair of equations
<00 Lo 1 00, Ao i 2 o S
O’ = — EaiL+ Z(l — 3Q)L+ QE (1 — Q)éingr € y(é,t, E,ﬁ), (3.3.14)

. 1. g 1 .
Aot = — —9,u" + (2 5Q)u%k, (3.3.15)
€

where .¥ vanishes to second order in u#.
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The importance of the equations (3.3.14)-(3.3.15) is that they allow us to determine the time
derivatives 9ptt*° from metric variables *” and their spatial derivatives on the initial hypersurface 3.
As an application, we see after taking the time derivative of (3.3.6) and then using (3.3.14) to replace
901 with the right hand side of (3.3.14) that

0—1 1 . o
@(e? ) % B, — %(1 30 + P(e,t, B, Q/t, @ i) + eB(e,t, B, Q/t, 1, D)

+EA et B,Q/t 0, i) + €S (e 8, B, @),

where .2 is linear in (T, ﬂo ) 5’ vanishes to second order in i/, and # and 2 both vanish to first

order in u*” and are linear in uO and Dii’%, respectively. Furthermore, differentiating (3.3.14)-(3.3.15)

with respect to ¢, we find, after using (3.3.14)-(3.3.15) to replace the time derivatives doi", that the
second time derivatives 83&7“0 can be, on the initial hypersurface, expressed as

11
T faa 4 —; (80— 3)oa” 0%+ (992 — 6Q — 3t + 1)1 + L (e, t, B, Q/t, i if!)

+eB(et, B, Q/t,ﬂ, D7) + €% (e, t, B, Q/t, " i) + .7 (e,t, B, i),
(3.3.16)

2570 Lo cig 11 1 2 ~0j
B = — o — (2~ 50) 0,1 172(25Q — 150 — 5t0,Q + 2)i% (3.3.17)

€ €t

where & , @, % and . are defined as above.

With the reformulation of the gauge constraints complete, we turn our attention to the gravitational
constraint equations (3.3.3). We begin the reformulation process by observing the Ricci scalar R is
given by

_ _ 3.1.32) 1
R =g, R" v (3132) B Juvg BVOCVLag“ + VX —l—gWR +gWP + G QM. (3.3.18)

Using (3.1.32), (3.3.12) and (3.3.18) in conjunction with the identities

_ 1_ 1
VAT =2V — =3 G097 (3.3.19)
0 20
and
_ _ 1AA—A;w “A_“/U/l“A_AMU
VAGap :QVAgaﬁ+§egaﬂguUVAg :_agaugﬁyV)\g +§99aﬁgu09>\g ) (3.3.20)

which follow from (3.3.12) and relation —Vxjas = Gaudpy VA", we see that the Einstein tensor is
given by

_ _ _ 1- . ~ 1. _
G =2 —= PV Vg + VXY — @ FUVAXN £ R — SRR A PR QM — S XMXY (3.3.21)
where
DUV l_w_ pof 1 AV s paf pUY 1 v paf
P :ih haﬁR - 59 JagR™ + PH — ig JapP™", (3.3.22)

~ 1 6. e = dowe - 1l (boe - = ve A 1,.,.,. = 1., =
Q" =290 5" 9105557V ad"’ = 1575 Valrs V0" + QM = 55" GasQ + S XX,
(3.3.23)
and P* and Q" are defined previously by (3.1.34) and (3.1.35), respectively.

To proceed, we use (3.3.19) and (3.3.20) to express ¥Vg*” and VGas in (3.3.23) in terms of Vg
followed by replacing g" with 4*¥ using (3.3.1). This allows us to write Q" as

QM = WM (e,1, B, Q/t, 1, Di*P i)
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where

W (e,t, B, Q/t, 0" DIP 1) =291 (e, t, B, Q/t,0%) + eB" (e,t, E,Q/t, i el , D 1)

+ DM (e, 1, B, Q/t, 0, Di®P) + e B (e, t, B, Q/t, 1% Di'%),
(3.3.24)

and in this expression, M vanishes to second order in ues Q‘“’ vanishes to second order in DM
" vanishes to first order in (etir, eu” D) and is linear in 1y, and %" vanishes to first order in
1% and is linear in DA

Remark 3.3.3. For the remainder of this section, we will use the following notation unless otherwise
stated: 3(6 t, B, Q/t, ik and 29 (e, t, E, Q/t, Akl) will denote remainder terms that are linear in "/,
while .% (e, t, E, Q/t,uaﬁ), Si(e,t, E, Q/t,uaﬁ), (e, t, B, Q/t,4°8) and Fag(e, t, B, Q/t,1%F) will
denote remainder terms that vanish to second order in 1®?.

Next, we express PH”, see (3.1.34), in terms of t*¥ by using the expansion
~ - ) - - 1 . - 1
g — A =gt A A (2 1) + (g =) (= -1
0 6
3 - - 1 3 . 1
— | 25X 27huAAOO h,m R T 2~00 Au)\_hu)\ Z 1
[eu +€2A u]—l—[ (9 2A€U>+(9 ) 9 ,
together with (3.3.6) to get
DUV 1 25 1A 2 3 TuAR00 | TaBp v 1 2~af 2 3 7aB+00 [ 7 uAp v
P :—5 e“u + € ﬁh u h R/\aﬁ —5 €eEu + € ﬂh u h R)\Oéﬁ
L acun FUAA00| TaBp L as 2 3 7aB00| 1 AR
— 5 |:€ uy +€ Ahy u haﬂR)\a/B# — 5 € uaﬁ + € ﬂhoﬁu hl/ R}\aﬁu
+ LM (e,t, B, Q/t, ik + LM (e,t, B, Q/t, 1P),

which, with the help of (3.1.26)-(3.1.27), we can write as

PO =2 L (e, t, E,Q/t,07) + 4.5 (e, 1, B, Q/t, W), (3.3.25)
_. A ) . ..
Pi0—_ 62@(9 — 202 — t0, M)W + 2L (e,t, E,Q/t, ik + 2.7 (e, t, E, Q/t, 1) (3.3.26)
and
_ 2 o "y R " R
P :eQE*2t3925lfu00 + L (e,t, B, Q/t, i) + 1.9 (e, t, B, Q/t, 1M). (3.3.27)

By Lemma D.1.2 in Appendix D.1, we see that
QQB — Baﬁ = —6271,1)\&)‘07105 + 64526,5(6, t, F, Q/t,ﬁ‘w/),
which together with (3.3.1) gives

1. 0. 1 R T
—§g“°ga5P oF = — 5(9 9" = W) (Gap — hag) P’ — 5(9“0 — 1) ho PP

1. 1.
_ 5h“o(gag — hag) PP — ihﬂohaﬁpaﬁ

1-.0- = . .
=— 5hﬂohagzﬂﬁ + .S (e, t, B, Q/t, i), (3.3.28)
Further, we observe that

_ _ o 6 . g Ny o R
hasP*? = hooP® + hi; P = 62;291[00 + 2L (e, t, E,Q/t, 047) + 2.7 (e, t, E,Q/t, 4)  (3.3.29)
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by (3.3.25), (3.3.27). Then recalling the definition (3.3.22) of PH | we can, with the help of (3.3.28),
write PV as

- 1 - . - A - A - —— - _ 1. 4. =
PHO = - iRaﬁ[(gMO - huo)htxﬁ + (gu() - huo)(gaﬂ - haﬂ) + h'uo(gaﬂ - haﬂ)] + P,uO - 5 Mogaﬁpaﬁ
1 . o _ 1= 0 = y .
= 572‘“5 [R5 — R Oho 1M Ry ) + PHO — 5h#ohaﬁpaﬁ + L0 (et E,Q/t, 1)

from which we see, by (3.3.25) and (3.3.29), that the ;1 = 0 and p = j components of P* can be
expressed as

po0 =e22%(39 — 302 — 1P + 2 L(e,t, B, Q/t,07) + .7 (e, t, E,Q/t, 1) (3.3.30)
and

PpI0 :3%(9 — 202 — 0, DW° + L (e,t, B, Q/t, 0" + 4.5 (e, 1, E, Q/t, 1P, (3.3.31)
respectively.

On the initial hypersurface X, we know from the above arguments that we can satisfy the constraint
equations Z* = 0 by choosing dpi’® according to (3.3.14) and (3.3.15). Doing so, we find using (3.3.21)
that we can write the conformal Einstein equations (3.1.17) as

1 _ - 1 - - _ -, - = ~ 1-
~af U vi(TaveD)! HHY A w _ v pv wo_ YRy
2929 VaV3g VWY") + 29g VoY +R 2h R+ P +Q 2Y Y

Y 1 N Vi AviZ v 7V L= v ~ v
= - geWAg“ +2(VIVIT - VIOVID) — S (200 + V2. (3.3.32)

We also note that conformal Einstein equations for the conformal FLRW metric (3.1.20) are given by
_ 1 - - _ o o _ _ -
R — SR = eHVTH — 2YARM + 2(VHTVT — TRUTYD) — (28T + [V U2 )R
A _ _ o _ _ _ _ _
=(1+ eZK),ugégéo”ew + EKphtv e — 2V AR + 2(VHGVT — THUTYTD) — (28T + [T 2R
(3.3.33)

In order to expand (3.3.32) further, we list some key calculations below. First, with the help of
(3.1.33), (3.1.40) and Proposition 3.2.2, we see from a direct calculation that

_ _ _ e 2 A | 2A
VAV =200 4 28W +2X74, 970 = (goo + 3> + 3 X0, (3.3.34)

where, using (3.3.12), we note X*,, can be expressed as

_ 1 T
XN =— i(ggo%g”’ + 9 V09 — 779200,V ") = 5&%%9” = 5 %ot

Using Proposition 3.2.2 again, we see that

_ — 3 4 A 2AQ - _ A 2AQ
2 _ -00 -00 2 _
20V + VY2 = 29 — 5 (g + 3) + e and 28V + |[VV[; = et (3.3.35)
which together can be used to show that
20200 + [TUR)GH + 262200 + [FU2)i = 2 (gm — ey 4 2 g g2y
= 200209 + [VU[3)g™ + 207280 + [V Y[R = —5- (9" — ) + -5 (1 - 07)

2 A 8A 4AQ) . 4AQ .
+t o (900 + 3> G = 31 =0)g" — —5=0(g" — ") — —5=6(1 = ). (3.3.36)
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Furthermore, by direct calculation, it is not difficult to verify that

P12 7 uv = ]'AV 7 pv 1 1 AUV
pg — ph” =(p — p) 59" + uh* (9—1>(1—9)+u0(1—6’)(9“ - h)

+ (" = BM) + (1 — ). (3.3.37)

Inserting (3.3.33)—(3.3.37) into (3.3.32) yields the following representation of conformal Einstein
equations:

S 2 A ) .
GV aVs(g" —h") + 09" 5 <9 + 3> + 20°PH 4 202 QM

27 b AN (o A , 472 y

— 0508V (9" — h) + 0@ <g” + 353) sHor) + 00 —1)— 577" Qo)
4A T N W 1 A

— 055 QORI 5, — §757'5)) +e3tgﬂg %555, +20°(1 + €K) [<p )T 4 (T — 36“6())}

1 1AV _l/1 1 N1 N ~ UV N T v
+29262Kt2<(ﬁ—u)99” PR )L 0) 4 (- 0§ — B+ (g )+u(1—9)h">

2A - 2A - 2 A 8A
_ 7 — PN A N & w4 2 (500 T apr 27T
2O 0@ - ) = S oi 5 (04 3) - 0 - o

— 4A—Qe( — hH) — M—Qeu — ). (3.3.38)

Next, with the help of (3.3.15)-(3.3.17), we observe that the (u,v) = (0,0) and (u,v) = (4,0) compo-
nents of the principal term g“ﬁva%(gw — h*) of (3.3.38) can be expressed as

505 ocﬁv Vﬂ( Ny huu) _62505 a,BV V,Buw/

A A
=E2A0% + 209 9;0;4% + *1°°9,0,17 — 2621°9;,0,0% — 5010) 0 4 €5, (3= Q)i 0
A y
+€ 3?(692 + 30 + 30,2 — DI + 2.2 (e, t, B, Q/t, t0,Q, i* 1k + 1.7 (e, ¢, B, Q/t, 10,0, 1)
+ ER (e, t, E, Q1 10,0, ei®® i) + € B (e, t, B, Q/t,19,Q, 1%, Di7) (3.3.39)

and
83,8097V aV 5 (g — W) = E61,605°P T o ¥ gt
—FE2A00 + eéaiag + k910 — Su0947 — 26207 9,0, 1F + 2 B 25k 42 Okl 1%
_ e (L9002 L 60— 010,90 + 2)i% + 2P (e, 1, B, 1, 10,0, i, 0 +e4yﬂ(e,t,E,Q/t,tatQ,aaﬁ)

3t 2
+ ER (e, t, E,Q/t, 10,0, ei®® 1k + S350 (e, t, E, Q/t,19,0,1°8, DiM). (3.3.40)

respectively, where £ and £7 are linear in (&*, ik) and (i, ;0% respectively, Y and .%J vanish
to second order in ", % and %’ vanish to first order in eu"ﬁ and are linear in uo , and % and %7
vanish to first order in 1*? and are linear in Dii*?. Furthermore, we observe, using (3.1.25), (3.3.1)
and (3.3.14)(3.3.15) that

—500) 3?50%( — hH) :ezjzaiam - 62;;(1 — 3000 + 2L (e, t, E,Q/t, 1) + 1.7 (e, t, B, Q/t, i)
(3.3.41)
and
20 _ 2A 2A
Y 0 N e~ VoV 2
070, 37 03 Vo (9" — W) meo 0" — 5 (2 = 40)0% (3.3.42)
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Since the gravitational constraint equations (3.3.3) only involve the (u,v) = (0,0) and (u,v) =
(7,0) components of the conformal Einstein equations, we separate these out from (3.3.38) to get

o v T 20 Lo AA A
0u00G™ V(9" — h) +20°P% + 26°Q = 0626855()%( — B 05 (g +3)
1 A ) )
+26%(1 + eQK)t—2 (p— )" + a(v°a° — §) —|—2962th2([) — )" + 2962Kt—2uh00(1 —0)?

1 . 1 - 1 o0 AA _
- 29521(?”(1 —0)(5" — A% + 292621(*”@00 — 1) + 202621(?”(1 —0)h% 4 (0 - 1)h%

4A% 4AQ 4AQ .
—1)—s — h00 1—6)n™ 3.4
+60(0-1) o2 2 ——0(5" — %) — w ——0(1—0)h (3.3.43)
and
7 S0 ~aff = wo_ puv 270 2Hj0 _ J D 2A = uv 2A ~0j
&), 629°P T % 5(d hHY) + 20*P7° + 262 Q 6M5V§50va( —h )+93—2(1—5Q)g
+20%(1 + EQK)—2 (p— w)v't° + pv’o° +262Kt—2u0(1 —0)(¢7° — 'Y
+ 2062K 5 (P — )70 + 20%¢ 2K w(g?® — hi0). (3.3.44)
To continue, we introduce the following notation for the initial data:
i (x) = 20 (1,%), @) = W(1,%), @%x) = i%(1,x), #0) =il (1,x)  (3.345)
€ 70 20
and
5p(x) = 0p(1,x),  #(x) = 21(1,%), (3.3.46)

where x = (2¢). We then find after a long, but straightforward calculation using (3.1.24), (3.3.1),
(3.3.24), (3.3.30)-(3.3.31), (3.3.39)-(3.3.42), Lemma 3.3.1 and the expansion (which is a consequence
of (3.2.19) and v° = g% + ;)

A 1. o . o . . o . 5 o Lis
0" = 3 62§u00 + 2.7 (e, ) + EF1 (2,1, 51,) + EF5(2, 0, %) + .2 (etl¥),

where the remainder terms .%; and %, vanish to first and second order in Zk, respectively, that
(3.3.43)-(3.3.44), when written in terms of Newtonian coordinates, take the following form on the
initial hypersurface X:

A = 2E2(1)%(7—6Q(1))ﬁ00—I—e%(Q(l) — 1) E*(1)0u"

+ eE*(1 )Aa o7 + ?EQ( 165 + €28%(e, 1, 1% ), (3.3.47)

A% =2A2E*(1)(1 + EK)(Q(1) — 2)9(1) — 2€0(1)67 9
—eE2(1 )Aa i)! +26E2(1)\/§p51 + 0 (e, 1%, 1%, ) (3.3.48)

where

296, 1%, 1% €) =e E2(1)1%09,0,4" + eE%(1)1Y9;0,;u” + E*(1)9;0; (u0u%) + (e, ufl, etk
+ A (6,17 + 2 (e, et et DU i) + 2, (e, i, DuP)
+ eB1 (e, 0, DuP) + 1 (e, 0%, 25 6p) + 29 (e, 4P, 6, 27, (3.3.49)

M (6,09 1% ) =2¢ E2(1)i" ;0,17 — e E2(1) M0, 0,0% + eE2 (110,48 + £ (e, ™, DitH!)
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+ 2.5 (6,0%P) + eZ) (e, et | eitfl, DU 1ikl) + ) (e, 4P| D)
+6e@%( 1B Duaﬁ)+62 f](e,ﬁaﬁ,ék,(sl))—i—eg]( i 5, vk)7 (3.3.50)

and 5
£= " uo,é dp) (3.3.51)

denotes collectively the free initial data. Here, the remainder terms £ and .i’] are linear in (!, eit*)

and (eti*!, Dit*) respectively, ., and 5”] vanlsh to second order in 1*?, %; and %’] vanish to first
order in (euaﬂ elik!, D1i*#) and are linear in 14!, %, and %’J vanish to first order in uaﬁ and are linear

in Dur, Ql and QJ vanish to second order in Duaﬁ J’l and ﬂj are linear in §p, and %1 and gj

vanish to first order in 5*.

As a final observation, we note that (1) < 0 is a consequence of the definition (3.1.23) of Q(¢)
from which it follows that 7 — 6Q(1) > 0, (£2(1) —2)Q(1) > 0, (1) —1 < 0 and —Q(1) > 0; this
observation will be important for the analysis carried out in §3.3.5.

3.3.3 Yukawa potentials

The Yukawa potential operator of order s, denoted (k% — A)_%, is one of the main technical tools we
employ for solving the constraints. It is defined for 0 < s < oo and k > 0, and it acts on function f
via the formula

(HQ_”A)ig(f)::(jgﬁjﬁv::)%ﬁ:kf
where

Vow(z) = ((K* + 47%|€]1)73) " (z).

In the special case n = 3 and s = 2, see [58, §3.2], we have the closed form convolution representation

e*”W*
(W2 — A) N (f)() = — / T .

A Jps \x—y\

Note also that the Yukawa potential operator coincides with the Riesz potential operator and Bessel
potential operator when x = 0 and k = 1, respectively; see Appendices B.0.1 and B.0.2.

Before moving forward, we recall the following well known fact concerning convolution operators

Lemma 3.3.4. [31, Ezercise 1.2.9] Let T(f) = f * K, where K is a positive L'(R") function and f
is in LP(R™), 1 < p < 0o. Then the operator norm of T : LP(R™) — LP(R™) is equal to || K| .

An important property of the Yukawa potential operator (k2 — A)fg is that it maps LP to itself
whenever x > 0. The following proposition gives a precise statement of this mapping property and it
should be viewed as a generalization of the mapping property for the Bessel potential operator from
Theorem B.0.4.(1).

s

Proposition 3.3.5. For 0 < s < oo, k > 0 and 1 < p < oo, the operator k°(—A + k)2 maps
LP(R™) to itself with norm 1, that is,

5 (=2 + &%) 73 fllze < [1f o

for all f € LP(R™) and
5 (5% = A) 2 [lop = [l5° Vsl 1 = 1.

Proof. Let? Sy(f)(x) = f(\x) denote the scaling operator. Then from the identity 5’1 (Gs) = 6°Vs s,
see Appendix B.0.2 for the definition of G,, we find that Sf(gs)f = Sf(gSS,{f) =K ymf. Taking

the inverse Fourier transform of this expression gives

KO(K? = D)3 f = KV % | = K"S(Gs) * f.

2In the following, we will use the well known identities Sx(f) = A™"S1 (f) and |[Sx(f)||lzr = A~ 7 |||l s

1
X
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The proof now follows from Lemma 3.3.4 since ||£°Ys x|l 1 = [|[K"Sk(Gs)| 1t = [|Gs||r = 1 by Theorem
B.0.4.(1). 0

For applications in this articles, we single out the inequalities from Proposition 3.3.5 on R? corre-
sponding to s = 1 and s = 2, which are given by

(=A + &%) 72 flloo < [|£]lze (3.3.52)
and
1852 (5% = A) " fllze < [ £llzws (3.3.53)

respectively.

Next, we obtain estimates for the operators 9;(k? — A)™1f and 9;0(k* — A)~1 f on R3 that are
uniform in k.

Proposition 3.3.6. Suppose s € Z>o, k € Z>1, K > 0 and 1 < p < q < 0o. Then there exists a
constant C > 0, independent of k, such that:

1.
10;(x* = A) " fllza <O flrn
for all f € LP(R™) provided that p and q also satisfy ]% — % =
18,0 (K> = A) ™! fllwsr <O fllwe

for all f € WSP(R™), and

10 (K% = D) fll e < ClLFll s

for all f € HS7L(R3).

Proof. First, for k = 0, we note that the above estimates are a direct consequence of Proposition
B.0.3. Therefore, we assume that x > 0. Then differentiating the identity

(K= A)f =(r* = A) N (K = A=) (=A) T f = (-A) ' f = w2 (2 = A) T (=A)
gives
0;(kK2 — A) U f = —R;(—A) 3 f + K2R, (—A) 2 (62 — A) LS, (3.3.54)

where R; is the Riesz transform, see Appendix B.0.1. Taking the L? norm of both sides, where ¢ and

p are related by ]% — % = %, we find that

10;(k2 = A) "' Fllza SIRG(—A) 72 fll e + w29 (~A) "2 (k2 — A) " fll 1
SIfllze + 18262 = A) 7 f o
Sl (3.3.55)

by Theorems B.0.1 and B.0.2, and (3.3.53). This proves the first inequality. To prove the second
inequality, we differentiate (3.3.54) again to get

0;0k(K* — A) T Hf = R f — KPR (k2 — A) T
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From this it then follows that

1050k (1% — &) fllwsr SIRReSfwew + KRRk (5 — A) 7 fllwsr
Sfllwse + (16267 = A) 7 fllwsn
S fllwsr (3.3.56)

by Propositions 3.3.5 and B.0.3, and the fact that [D?, (k> — A)~!] = 0. Finally, we observe that the
last inequality follows from (3.3.54) and the inequalities (3.3.55), with (n,q,p) = (3,6, 2), and (3.3.56):

10k (K% = A) T fllrs = [10k(6% = A) T fll o + 1 DO (K> = D)7 fllgrs-1 S N1 fll a1

3.3.4 Relation between the Riesz and Yukawa potential operators

In the following proposition, we establish an estimate, uniform in k, that quantifies the relation between
the Riesz and Yukawa potential operators, which is a variation on Lemma 2 from [80, §3.2].

Proposition 3.3.7. Suppose 0 < s < oo, k >0, and 1 < p < oo. Then there exists a constant C' > 0,
independent of Kk, such that

(=2 + K% 72 (=2)2(f)lle» < CIl Sz

for all f € LP(R™).

Proof. By Young’s inequality for convolutions, see Proposition C.2.9, we get

(=2 + K% 73 (=8)2 fllr = [ Vs % ((4n%1E1%)2) " % fllLo
< [P * ((A7°1€1)2) L llf e = 11 (Do - ((An1€1%)2)) Nt £ 1o

By Lemma 3.3.4, the proof would then follow from a bound on || ()A/S,H . ((47‘(‘2|£’2)%))V”L1. To see that
this bound holds, we first observe that

(4m2|€)?) % e 31V
(g -
I0% - (Grlel) > am?lef?) “wrae) |l
Since s > 0, we see from Yo, w = (K% + 4m?g)? )_ > and expanding (1 —y)2 in a power series that
<1 T2 +47r2]§\2> =1+ Z A sk (K7 4+ 4m%E7) 72 =1 + Z A 57" Yok
m=1 m=1

holds for [£| > 0. But since Y oo, | A s| < 0o by Raabe’s test?, see [6], and

Kﬂ_mm)] “ZAM Tl =6 Y AV

m=1

S

®To apply Raabe’s test, consider the series (1 —y)* =1+ >0, m

’ m+1

) (=1)™y™, where (;) = Wlm), and s > 0.

-1 :%—)1+s>lasm—>oo, thesumzzzl(s)(—l)m is

Since for m is large enough, m
s m

absolutely convergent.
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we deduce that

) 2 37V
(Vo - ((4n*1€1%)2)) |2 = H[( f~e2+ljm2|g\2> ]
<1+ Z [Am,
m=1

where in deriving the final equality we used ||£%"Yam. |71 = 1, which is a consequence of Proposition
3.3.5. O

Ll

y2m/1HL1 —1+Z ’Ams’ <OO

m=1

We proceed by using Proposition 3.3.7 to obtain estimates for the operators (—A + /<;2)7%8j and
k(—A + k?)719; that are uniform in .

Proposition 3.3.8. Suppose s € Z>o, kK > 0 and 1 < p < 0o. Then there exists a constant C > 0,
independent of k, such that

I(=A+ K2) 720 flwer + [K(=A + 5270, fllwer < Cllfllwes

for all f € WSP(R™).

Proof. The proof follows directly from the identities
K(=A + 62710 f = —k(—A + £2) "2 (—A + £%) 20, f
and
(~A+K2)730;f = —(—~A+ K273 (~A) IR, f,

and an application of Propositions 3.3.5 and 3.3.7, and Theorem B.0.2. O

We will also need the following generalization of Theorems B.0.1 and B.0.4.(2) for the operator
(k* — A)”2 with estimates that are uniform in &.

Proposition 3.3.9. Suppose 0 < s <n and 1 < p < q < oo satisfy % —L =35 4undk >0. Then there

q n’
exists a constant C > 0, independent of k, such that

(5% = 8)72 fllzs < CIf 2o

for all f € LP(R™).

s

Proof. Noting the identity (k2—A)"2f = (k2—A)72(=A)2(=A)"2 f, it is clear that the proof follows
directly from an application of Proposition 3.3.7 and Theorem B.0.1. O

For convenience, we list the following special cases of the estimate from Proposition 3.3.9 on R3,
which we will use frequently in subsequence sections:

(52 = D)2 flle S 11 fIles (3.3.57)
(K2 = A flle S 1 poss (3.3.58)

and

(2 = A) "2 fll 2 S 11 F 1l ovs- (3.3.59)
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3.3.5 Solving the constraint equations

Having established the necessary estimates for the Yukawa potential operator, we now turn to solving
the constraint equations (3.3.47)-(3.3.48). For this, we will use a fixed point method by first speci-
fying the free data (ﬁij,ﬁéj,éﬁ, #') and then rewriting the constraint equations (3.3.47)-(3.3.48) as a
contraction mapping whose fixed point yields a solution (4%,1%) to the constraint equations.

The contraction mapping

To streamline the set up of the contraction mapping, we set
¢=1u" and o =u%,

and we define the constants

a= /;EQ(I)U —692(1)) >0, b=—(Q1)—1)E*1) <0,

c=2AE*(1)(1+ EK)(Q1) —2)Q(1) >0 and d=—2Q(1) >0,

w| =

where Q(t) is as defined previously by (3.2.1). Further, we fix the free data according to

i e RPYUR®,S3), W e HY(R®,S3), # € LSS NK*(R3R%) and dpe L5/5 N KR R).

(3.3.60)

With the above definition, the constraint equations (3.3.47)-(3.3.48) become

A — 62& _6b8j (ZS _ f(E, ¢7 dﬂ) 5)
(et 272 (0)- (sl (3300
where
k & 2 A “1J 2A 2 < 2,0 kE &
Fle 6,04, &) =eB> (1) 5 0057 + 2 BX(1)55 + 4%, 6, 4%, ), (33.62)
4 y A A . y

gj (65 ¢’ q!)k’ 5) == €E2(1)§81ﬁtj)l + 2€E2(1)\/;(ﬁ’§]) + €2AJ (6’ d)v ¢k’ f) (3363)

Apart from the regularity requirements (3.3.60) on the free initial data , we also require the
following smallness condition on the initial density, see (3.1.6), of the background FRLW solution
given by

1
0<pu(1) < (194 5V/29)A, (3.3.64)
which, by (3.1.23), implies that
1
F(-1-V29) < Q) <0 and - % > 2. (3.3.65)

Remark 3.3.10. It is probable that the condition (3.3.64) is not necessary for establishing the exis-
tence of 1-parameter families of e-dependent initial data that satisfy the constraint equations. Indeed,
in the article [65], a similar method was used to establish the existence of 1-parameter families of
e-dependent initial data satisfying the constraint equations without a similar smallness condition on
the background FLRW solution. However, the gauge condition used in this article, which is suited to
the long time evolution problem, is different from the gauge used in [65], and the analysis of the con-
straint equations in [65] employed a more complicated conformal decomposition. Consequently, it is
not clear if the choice of gauge or the particular representation of the constraint equations used in this
article is responsible for the requirement (3.3.64). In any case, we stress that (3.3.64) is only needed
to establish the existence of suitable 1-parameter families of e-dependent initial data; this restriction
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is not needed for the evolution of the initial data where a smallness condition is only needed on the
perturbed part of the initial data, see Theorem 3.1.6 for details, and not on the background FLRW
solution.

Replacing 1/ with ¥/ defined by

W = — edd (A — 2c) g (3.3.66)
allows us to write (3.3.61) as
(5 2t () - Getwd) (337
where
fle, 0,9 &) =f(e, ¢, 9% + €dd* (A — €2c) 71, €) + e*bed(A — €2c) 1o (3.3.68)
and
7 (e, 0,9%,€) =g (€, 9" + €dd" (A — €2c) 714, £). (3.3.69)

The advantage of (3.3.67) over (3.3.61) is that the linear operator on the left hand side of (3.3.67) is
invertible with the inverse given by*

<A —€é*(a+bd)  ebd; )1 _ ((A —(a+ bd))_1 ebdj(A — e2c) M (A — ¥(a+ bd))_1>
0 A —éc N 0 (A —€%c)! '

Acting on both sides of (3.3.67) with the inverse operator yields the equations

¢\ ((A—e(a+bd) " ebd;(A—e2c) L (A—e(a+bd) " [ fle e, 0" E)
() = (475 et ) (b)) e

which, we stress, are completely equivalent to the constraint equations (3.3.47)-(3.3.48).

In order to solve the constraint equations (3.3.70) using a fixed point method, we let the right
hand side of (3.3.70) define a map G which takes elements / = (¢,9*) and maps them to i = G(7),
where I = (¢, %), according to

d=(A — (a+1bd)) " fle, §, 9%, &) + bd; (A — €2c) (A — (a+1bd)) ' F (e, 4, 9%, £),  (3.3.71)

O =(A = c) g (e, 6,7, 6). (3.3.72)
Before considering the map G further, we first establish the following technical lemma that will al-
lows us to estimate terms of the form ||(A—€e2X) "7 (e, , 9%, &) || gs+1 and || (A—€2X) "1 f (e, @, 97, &) || gas1,

where A > 0 is some constant. These estimates will be needed below in the proof of Proposition 3.3.12
where we show that G defines a contraction map.

Lemma 3.3.11. Suppose s € Z>3, 0 < € < €9, A € Ry, and F is defined by

F =c*H (e, f1, f2) + €0:0; f3 + f1 + EHs (e, f5,0:0 fo) + EHa(e, fr, 0 fs)
+ €2 Ho (€, fo, fs) + € fo + € f10 + €di fi1 + €f12

where fi, fa, f3, f5, o, frs fo € RETYUR3), fa, fio € L5 N K5(R), fo € R*(R3), fs, fio, fu1 € H(R?),
and the maps Hy(e,u,v), £ =0,1,5,7, are smooth, vanish to first order in u, and are linear in v. Then

“Note that a + bd > —bd > 0 by (3.3.65).
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(2X — A)7LF € R*T! and

12X = A) T F||gesr < Co || frll pesall foll gosr + el fall gova + 1 fall g

18ngs TS5l meal[ foll povs

+ el follpstr + e(ll frllrs+r + [l follro) I fsll s + €ll froll s + €ll frall s + €ll fr2ll g } (3.3.73)

L5NKs

where Co = Co(|lfoll g [l fill pesrs | fallmoss 1 f5llmesns | follmoss [Lf7llpos, | fsllare)

Furthermore, if fio = G(f)g, where f € K*(R3), g € H*(R3) and G(u) is smooth, then

[f10llzs < CUF o)l s,

and, in the case G(u) also vanishes to first order in u,

[ f10llzs < CU[f o) ILf 15 gl 22
Proof. Since
12X = A) T || goss = (X = A) T F |6 + [[(€2A = A) "' DF | s,

we proceed by estimating each term separately starting with ||(e2\ — A)"!'F||;6. Using (3.3.53),
(3.3.58), Proposition 3.3.8 and Theorem C.2.6, we find that

(X = A)"H(*Hile, f1, fo) + fa + EHs(e, f5,0,0; f6) + €*Hr (e, f7,0ifs) + €*Ho(e, fo, f3) + € fo)| Lo
< Co [GQHleLOOHfQHLG + 1 fall o + €l fsllLo=110:0; fell Lo + €ll f7ll o< 10i fsll Lo + €l foll ool fal s + GHfQHL‘*}

(3.3.74)
where here and for the rest of the proof, we take Cy to be a constant of the form
Co = Co(ll follrss N f1ll ssrs 12 ll s, [ f5ll meens | foll moens | il s s [ S5 ) -
Next, we have that
(X = A) ' 3id; f3l o < ell fall e (3.3.75)
by Proposition 3.3.6.(2), while
le(®X = A) "' fullzs S ell full e (3.3.76)
follows from Proposition 3.3.6.(1). Furthermore, we see that
(X = 8) ™ froll o < llele®X = &) fuollgs < el fiol .2 (3:3.77)

by (3.3.52) and (3.3.57), as well as
le(e2X = 8) ™ frzll s < ell faall o
by (3.3.58). Combining (3.3.74)-(3.3.77) yields the estimate
12X = A) T F||s <Co | €|l fullz<ll follzs + ell fallzs + 1fall ¢ + ell 5]l 10305 foll o + €ll frllow 105 fsl o

+ el folle< [ fsll s + €ll foll s + €ll frrllz2 + el froll 2 + €Hf12HL6/5] (3.3.78)

for the term ||(e2\ — A)~LF|| 6.

Next, we turn to estimating ||(e2A — A) "' DF||ys. First, using the Leibniz’s rule, we see, with the
help of Theorem C.2.7 and Proposition C.2.8, that the estimate

DG zs S NG wree [ Dgllzs + DG s [ gl
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S NG N rs+1llgllresr < CUSF R+ 2) 1f |Ro+2 19l Rot1 (3.3.79)

holds for smooth functions G(u) that vanish to first order in w. Then from this estimate and (3.3.53),
it follows that

1(2X = A) ' D(e'Hile, f1, f2))llus S E[IDHi(e, fis f)) s < Co |l fillgest | follposrs  (3.3.80)
and
(€A = A)7'D(E fo) = < €l Dfollms < ell foll ros- (3.3.81)
Continuing on, we note by Proposition 3.3.6 and Theorem C.2.2 that

ID(A = X7 fullas SIDA = N fallpe + 1D (A = X fullger S Ifall o (3.3.82)

LSOK5

and

ID(A = M) efizllms < el frzll g (3.3.83)

L5me

We further observe by (3.1.13), Proposition 3.3.6.(2), Proposition 3.3.8 and Theorems C.2.7 and C.2.8
that the inequality

ID(A = X)) e(6(f)Dg)llr= = ID(A = €X)"'eD(G(f)g) — D(A = €A) " e(DG(f)g)l| 1+
<6|!G(f)9HHs +1DG(f)gll m
SellG() e llgllers + el DG ms-1llgllzoe + [1DG() [ msllgllLoe + DG Lo 1Dl prs-1

SN R+ llgll s
<C([f g+ 1f | perllgl s

holds for smooth functions G(u) that vanish to first order in u. Making use of this inequality, we find
that

ID(A = EX) e (Bs (e, f5, 0,95 fo)) | s < Coe®| foll post | foll mosr (3.3.84)

and
ID(A = N e (Hr (e, fr,05f8)) s S E N fall goer || fsllars- (3.3.85)
By Proposition 3.3.6.(2), we deduce that
ID(A = X)"1edid; follus S el Dfsllgs and  ||[D(A = X)) ed furllus Sell fullws  (3.3.86)

while it is clear that
1€2(eX = A) "D fioll s S ell frollms (3.3.87)

is a direct consequence of Proposition 3.3.8.

With the help of Proposition 3.3.8, Theorem C.2.7 and C.2.8, we see that

12X = A) " D(e6(F)g) I m= S NI6(Hgllms S NGz llglms + IDF) s gl < CUFIre)1F [l rs gl e

holds for smooth functions G(u) that vanish to first order in u. Using this inequality, we obtain the
estimate

12X = A) " D(%Bo(e, fo, fo))llms < Coe®|l foll rs | fsl - (3.3.88)

Gathering the estimates (3.3.80)-(3.3.88), we arrive at the estimate

12X = A) T O Fllas < Co[ I fullgessll follmoss + el Dsllas + I fall g .+ €N fsllmerall foll mos

LSOKS
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+ €|l follrs+1 + € frllrs+r + L follre) | fsll s + €ll frallms + €ll frollms + €l fizll 6 (3.3.89)

LinKs]

The estimate (3.3.73) is then a direct consequence of (3.3.78), (3.3.89), the triangle inequality, and
the inequality || fs|lwie < || fsllrs < || fsllms, which follows from (3.1.13)-(3.1.14).

Finally, if G(u) is a smooth function, it follows directly from Theorems C.2.2, C.2.6 and C.2.7 that

L frollers = 116(N gl s S NG Lo llgllms + DG e llgllee < CUf o)l e

which can be improved to

[ f10llzs = [E(H)glls S NG zoelgllers + DG | rs-1llgllzee < CUF o) f rcs lgll s

if G(u) also vanishes to first order in w. O

Next, we use the above lemma to prove that G is a contraction mapping in the following proposi-
tion.

Proposition 3.3.12. Suppose s € Z>3, r >0, G is a map defined by (3.3.71)-(3.3.72), (1) satisfies
(3.3.64) and the free data £ = (u% uéj, #F 5p) is bounded by
I€lls := 187 || gesr + 1) |22 + 16511

+ 1] s (3.3.90)

<r.
LénKs Links =

Then for
2A 7 — 4Q(1) — 20%(1) .
AT ( ) ; ( )EQ(l)r,
37— 20(1) — 402(1)
there exists constants eg > 0 and k € (0,1) such that for every e € (0,e0), G maps the closed ball
By (Re+1(R3,RY)) to itself and satisfies

1G(i1) — G(i2)||gs+1 < Kl|i1 — f2]| gstn

for all i1, iy € Bi(R*+1(R3,R%)).

Proof. Suppose i = (¢,97) € B, (Rst1(R3,R%)) with the radius [ > 0 to be chosen later. Then by
definition, 2 = G({), where I = (¢, %) with ¢ and 9% given by (3.3.71) and (3.3.72), respectively.
Differentiating ¢ and ¥* yields

Om® =0 (A — €(a+1bd)) " Fle, b, 0%, &) + 00 05(A — 2c) (A — E(a+1bd)) ' § (e, b, 9", &),
(3.3.91)

O =0 (A — 2c) " (e, b, IF, €). (3.3.92)

Then taking L% norm of <Z> and ¥/ and the H® norm of 8mq3 and 9,07 , we obtain, with the help of
Proposition 3.3.8, the estimates

@]l gosr < +bd”¢”Rg+1 + (A 62(a+bd))_1f(€a &, 9% + edd¥(A — Ezc)_léf;,g)HRsH
+C|I(A = €)' 5 (e, 6,97, )| g, (3.3.93)
97| g SIA = €)' 5 (e, 6,97, &) | geer, (3.3.94)

where, by (3.3.65), —bd/(a+bd) < 1. By looking at the expressions (3.3.49)-(3.3.50), (3.3.62)-(3.3.63)
and (3.3.68)- (3.3.69), it is not difficult to see, by making the identifications

% "y )] "y sz i 2A
Hi(e, fi, f2) = (6 #) + A5 (e, 0),  fs = B ()87 + E* ()i, fu = Z=E*(1)0p,
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3
Ho(e, fo, fs) = 9?1(6,611’“’ euO ,Du“” v”) —h@](e eut”, euO ,Du“” u”)

Hs (e, f5, 0:0j fo) = E?(1)(1%°9;0;17 + 1 9;0,u% + 19, 0,u% 4 i 9, 0,u%)

A A . i .
fu=—EX0)SW), fiz= 232(1)\/ gﬂzﬂ, Hr(e, fr,0ifs) = E*(D)u%0;4,  fo = aii™,

and
fio = Bl + oD + D) + I + (B + B) + (F1 + EF]) + (9, + ¢4))

for appropriate constants «, 8 and o, that we can use Lemma 3.3.11 to estimate the terms || (A —
(a+ bd))flf(e, b, 0F + edd*(A — €2c) 714, f) | ge+1 and [|[(A — €2¢) Lg% (e, b, D9, €)|| gs+1 that appear
on the right hand side of (3.3.93) and (3.3.94). Doing so, we find, with the help of Theorems C.2.2.(3)
and C.2.7, that

bd , . y 2A 5
[Bllpeer < (o0 + O e) Bl + O, el s + 1) + 5 28] o
bd 2
<
(g + O e) i+ (LB + CLre)e)r

and
[0F || g1 <C (L, (|07 | gort + [|Bl| ot + I€]ls) < C (L7, €)el.

From this we see that

2A
[+ —EQ(l)L:Or,

NN N . —bd
16 Ny (ol + 1)y (o] 142
e=0

a-+bd

which, recalling that —bd/(a + bd) < 1 by (3.3.65), we can satisfy

(&, 9" | o] g < 1

by choosing [ so that

2AE%(1)(a + bd)
l>< 3(a + 2bd) )

_2A7-40(1) —292(1)E2( .
o 3 7-20(1) —402(1)

It then follows from the continuous dependence of the constants on e that there exists an ¢y =
eo(l,7) such that [|(¢,9%)||gs+1 < I for all € € (0,€p), or in other words, G maps the closed ball

By (Rs+1(R3,R%)) to itself for all € € (0, €).

Due to the linearity of Yukawa potential operator, derivatives and the Riesz transform, calculation
similar to those used to derive (3.3.93)-(3.3.94) show that

H(\bl _¢2HR5+1 <H( - 2(a+bd))71 [62(A0(€7¢617 ,jvg) ¢27w27 )]”RS+1
+bdu¢1 G2l port + [[(A — %)™ ”(M( b1,97,€) — M (e, 62,93, €)) | o1,
(3.3.95)
[0 — D3] g1 SIA — )~ (A (e, dr, 4, €) — M (€, 2, 0, €)) || o (3.3.96)

where —bd/(a + bd) < 1 by (3.3.65). Defining maps B (e, qgg,z/}g,qgl - qﬁg,w{ - %,5) by
BM(@ ¢527¢%a¢51 - é%l&{ - w,%ag) = EQ(AM(ﬁaélv ,{75) - AM(Ea é??ﬁ%ag)%

which we note are analytic in all variables and vanish to first order in (gbl — qf;g, @ZJ{ — U)%)’ we can use
Lemma 3.3.11 in a similar fashion as above, although this time with fy = fi1 = fi2 = fo = 0, to
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obtain from (3.3.95)-(3.3.96) the estimate
(&1 — 2,9 — &)l morr < k(b1 — o, & — ¥3)l[ o
for all (¢a, V) € Bi(R*t1(R3,RY)), a = 1,2, where k = max{C(l,r,e)e, —bd/(a + bd) + C(l, 7, €)e}.

Since 0 < —bd/(a+bd) < 1, it is clear that by shrinking €, if necessary, that we can arrange k € (0, 1)
for all € € (0, ¢€p). O

Existence

We now use the contraction map G to establish the existence of 1-parameter families of initial data
that solve the constraint equations.

Remark 3.3.13. All solutions in this article, whether they are solutions of the constraint equations or
the evolution equations, depend on the singular parameter € and the free data. Depending on context
and what we want to emphasize, we will either make the dependence on € explicit by including an €
subscript, e.g. uf”, or treat the e dependence as implicit, e.g. u*”. We will also use the Subscript
notation to make explicit the dependence of the solution on other initial data parameters, e.g. u6 v
Theorem 3.3.14. Suppose s € Z>3, v > 0, u(1l) satisfies (3.3.64), and the free initial data §v =
(1™, u“ 7k 6p) is bounded by

11l = 15| s + 18] 1= + 16711 s o + 121 s

<r
L8nKs LSnks =

Then, there exists an ey > 0 and a family of one parameter maps (i ,uo 1) € RSTHR3, RY) x RS (R3, RY),

0 < € < €g, such that
00 ~07 700 ﬁO]
uul’} Ue  Ue and 1 | e T 0e
D ﬁio entd T0elxT u(z)oe ﬁgj )

where the ﬁgfﬁ are determined by (3.3.14)-(3.3.15), solve the constraint equations (3.3.3)-(3.3.5) for

0 < € < €y. Moreover, {ii%, 1%} and {8,,1%,8,,1¥} can be expanded as

1% = 2;\E2( )(A — (a+bd)) 65+ Rie, i, 0l 55, 2, (3.3.97)
. 9A .
1% ?edEQ(l)ﬁj(A — o) A~ E(at bd)) g+ RI(e, ik 1l 5, 2 (3.3.98)
and
2A

O t?0 = 5 E?(1)0, A710p + €S (e, F 1k 65,2 and  9,,0Y = €SI, (e, M, 1k 65, 2, (3.3.99)
respectively, where the remainder terms are bounded by

IR (e, i, 1, 65, 2) || goss + 1R (e, 0, 1, 65, 2') || gosr + [|Sim (e, 6™, 65", 65, 21) | s

+1S7 (e, 8 1!, 65, 2| re S 1€, (3.3.100)
and {ﬁS ,uo "3} satisfy the uniform estimates
o -0 %
[ | gosr + [[tglell re S 1€ (3.3.101)

for e € (0,€p).

Proof. Given r > 0, choose [ > %%E%l)r > 0 and let ¢¢ > 0 and k € (0,1) be as

in Proposition 3.3.12. Since we know by Proposition 3.3.12 that G is a contraction mapping on
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By(Rs+1(R3,RY)), it follows from Banach’s fixed point theorem that G has a unique fixed point
[ = (¢,9%) = (129,19 — edd’ (A — 2c) 100 € By(Rs+1(R3,R%)), that is, G(i4) = {». Furthermore,

we know that the successive approximations i, = G™(y) starting from any seed iy € B;(RsT1(R3,R%))
converge to i, and satisfy

., 1 , ,
lio = tull o < 1= G (i) = doll g (3.3.102)

In the following, we consider the seed {y = (Pseed, ﬁsee q) defined by

¢seed - %EQ(l)(A - 62(3. + bd)) (5p and 19

3 dio.

see
Since dp € L N K, it follows from Proposition 3.3.6.(2), (3.3.58)-(3.3.59) and (3.3.65) that

(A = €(a+bd)) '0plls < (L] P

and

10mbsceall s S[10m (A — €(a+bd)) ™ 05| s
SID(A = E(a+1bd)) 65|12 + [|D*(A — E(a+bd)) 65| e

<Nl g + 157 < 6505,

from which we deduce that {y € B;(Rs+1(R3,R*)) provided [ is chosen large enough.

Next, we estimate |G (ig) — {o||gs+1. Before doing so, we let G({) = (G%(¢), G’({)) denote the
decomposition of G into components, where { = ((b, 93 ), and the components G%(¢) and G7(¢) are
given by the formulas (3.3.71) and (3.3.72), respectively. We then find via a direct calculation involving
(3.3.62) and (3.3.71)-(3.3.72) that difference G({y) — {o is given by

G0(¢seeda 79geed) - ¢seed :(A - Ez(a + bd))il [6E2(1>1;8i8jﬁij + 62A0(6, ¢seed7 wgeeda E)
+ e4bcd(A — 620)_1¢seed] + €b0; (A — e2c)_1 (A — 62(3. + bd))_lgj(e, ODseed s ﬂfeed)
and

(¢seed7 seed) 19geed (A - 62C)_1§k(67 ¢seed7 195,3“1)

where

= Ve + €d0 (A = €2¢) " hroea = e E*(1)a0 (A — o) H(A — *(a+ bd))'6p

0p.

seed
By similar arguments used to derive (3.3.93)-(3.3.94), we can estimate ||G({p) — {o|| gs+1 using Lemma
3.3.11, with f4 set to zero, to get
= li&lls,

1G(l0) — doll g+t S [t + 3] s + 1850 g 0+ 1201

L5 nKs L5ﬂK5

from which it follows that
lio = tull porr S 1€

by (3.3.102). Since £, = (1%, 1% — edd’ (A — €2c)~11%) and [|io|| gs+1 < [[€]ls, it is clear that (3.3.97)-

€

(3.3.98) follows from the above estimate.
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In order to bound 9,1 , we first note that the estimate

I(A =071 6p] re SIA = €X)7'6p] Lo + Z (A =N 00pll 2 + D 1A = €X) ' 010k o2
k,l

Sloall g + 11651 a2,

which holds for any constant A > 0, follows from (3.3.58), (3.3.59), and Propositions 3.3.6.(1) and
3.3.6.(2). From this, (3.3.66) and (3.3.91)(3.3.92), we then get from an application of Propositions
3.3.5, 3.3.6, 3.3.8 and B.0.3, and Theorem B.0.1 the estimates

Ham“oo A B2(1)9,,A7 155 RS:H8m¢—2;\E2(1)8mA
_ o 2A L
Slom (A — & <a+bd>) e o &) = B (1)0mA 65 e

+10m(A — €(a +ba) " e'bed(A — €c) 79| -

+ [[ebOndi (A — €20) ™1 (A — (a+1bd)) " g (e, 6,9, §)| -
S[om(a — e atva) ! (se. 0,0k ) - gAEQ(l)éﬁ)

+e(a+ bd)?EQ(l)am(A —*(a+bd))”

+elldllre + (A = €)1 (e, 8, 9%, &) || o
<Ja- 62(a+bd))_1(f(e, 6,046 - 2B (1)5p)

+11(A = )15 (e, 6, 9*, &) o

IA_

+ellopll ¢ + €llopll =2 + €l rs

‘Rs+1

and
10mit | gs = [0mt || s SN|Om® || Ro + |€d0md (A — %) @llrs S (A — €2¢) ' (€, 6, 9%, )| ges1 + €| 6| e

Finally, (3.3.99), (3.3.100) and (3.3.101) follow directly from Lemma 3.3.11 and (3.3.97)—(3.3.98). This
completes the proof of the theorem. O

3.3.6 Bounding initial evolution variables

For the evolution problem, we will need to translate the e-independent bound on the initial data from
Theorem 3.3.14 to an e-independent bound on the initial data Uly for the formulation (3.2.69) of the
reduced conformal Einstein-Euler equations. The following proposition serves this purpose.

Proposition 3.3.15. Suppose that the hypotheses of Theorem 5.3.1/ hold and that &, ||§]|s, and the
maps {ﬁoﬂ,ﬁgu} are as giwen in Theorem 3.3.14. Then on the initial hypersurface X3, the collection

u? Ou JZ
{ue ; '7]57 Z€7uoje7u€7u’7,€’2”j,675<-€}

of gravitational and matter fields can be written as

udt|s = eS*(e, it g, 05, £, (3.3.103)
2
Uely, = EZKEQ( V165 + S (e, M ukl op, 5, (3.3.104)
» 1 »
uls =€ (ﬁ” - 3ﬁk15klaw> + E8Y (e, i ukl 5p, 2, (3.3.105)
Ziele = E2(1)02" + eR;i(e, i, 1, 6, 21), (3.3.106)

v

1 op

u?f:|z= E*(1)8450:A716p + eSL' (e, i g, 0, ), (3.3.108)

5<e|2 —
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ugels = eSh (e, @M, i, 55, 2, (3.3.109)

Uy |5 = €Sy (e, 0 1k 55, 21 (3.3.110)
and

ul |s = eSY (e, iM uf!, 65, ) (3.3.111)

where the remainder terms satisfy bounds of the form

157 (e, u™, 65", 67, 2| gor + (1S (e, 6, 56", 5, 2) | ovr + || (e, 0, 1, 65, 21) || o
IRy (e, 6, 15", 65, 2') || goss + |IS] (e, 05", 55, 21) || g + IS (e, 0™, 1, 6, 21) | g

+1S, (e, WM, 1T, 65, 2 | o + (185 (e, 6, 155", 5, 2) | o S 1I€]s-
Moreover, the estimates

A lupelslre + luf sz S elélls (3:3.112)

[0t sl getr + luels | post + [[ud¥]s )| rs + ugh
and

+ llzzelsllre +16¢s Il s 0 S NS (3.3.113)

HU L?mKs ~/

hold uniformly for € € (0,¢€).

Proof. To start, we observe that (3.3.103)-(3.3.105) are a direct consequence of Lemma 3.3.2 and
the expansions (3.3.97)-(3.3.98), while (3.3.106) follows from (3.2.11), (3.2.20), (3.2.22) and (3.3.103)-
(3.3.105). Next, we deduce (3.3.107) directly from (3.1.49), (3.1.50) and (3.2.18), and we observe by
(3.2.8), (3.3.1), (3.3.12), (3.3.99) and Lemma 3.3.1 that

A
uels = 5 LSO + SO0 + T (e, 6, 6L, o, o) = S B NG0ATI0p + €S (e, 1, 1!, 0p, ),

where S!(e,0,0,0,0) = 0, which gives (3.3.108). Furthermore, similar calculations using (3.2.8),
(3.3.1), (3.3.8), Lemma 3.3.1 and Theorem 3.3.14 give (3.3.109). From (3.3.11), (3.3.103), (3.3.108),
(3.3.109) and Theorem 3.3.14, we find, with the help of (3.2.9), that

1A 1 -
= 3ul6) + uf — fgaaﬁa (3.3.114)

from which (3.3.110) follows via a straightforward calculation. We also find, with the help of (3.3.114),
Lemma 3.3.1 and Theorem 3.3.14, that

. 1_ A i . o o o
u"LyJ,E|E = EV’Y(a 10 19”) = GSflyJ(eauklaulodap()7 Vl)7
where S%(¢,0,0,0,0) = 0, follows from (3.1.45) and (3.1.51), which establishes (3.3.111). Finally, it

is not difficult to verify that the estimates (3.3.112) and (3.3.113) are a direct consequence of the
expansions (3.3.103)-(3.3.111) and Theorem 3.3.14. O

3.3.7 Matter fluctuations away from homogeneity

As discussed in the introduction, we are interested in initial data where the density and velocity
fluctuations away from homogeneity are of the form

N
dpey(x Z&pA (X - ) and Eg,y(x) = éﬁ\ <x — y,\)’ (3.3.115)

A=1
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where ¥ = (y1,---,yn) € R3V. This fixes part of the free initial data. We will assume that the

remainder of the free initial data {ﬁ?,ﬁg .} is bounded as € N\, 0 with the simplest choice being

i = ”J = 0. Noting that the bounds

N N
19951 s < SN, o0 1 g < 30080t (33.116)

follow immediately from the triangle inequality and the translation invariance of the norms LiNKS ,
it is clear that we can apply Theorem 3.3.14 and Proposition 3.3.15 to this class of free initial data to
obtain the following result.

Theorem 3.3.16. Suppose s € Z>3, 7 >0, ¢ >0, ¥ = (y1,--- ,yn) € R, i e R5T(R3,S3) and
ﬁgﬂe € RS(R?’ S3) N L2(R3, Sg) for € € (0,e1), 0px € L3 N K*(R3,R) and ¥ € L3 N K3(R3,R3) for
A=1,---,N, 6p.y and % oy are defined by (3.3.115) and p(1) satisfies (3.3.64). Then there exists a
constant €y € (0,€1) such that if the free initial data satisfies

IEclls = 15| e + Il ||HS+ZH<SPAHL?QKS+ZH Al g <1 0<e<a

then there exists a family (e,y)-dependent maps

0 0 -
ey‘E = {uey,u ,yau?jeyauzgyauoiy7u'y, ¥ %7, e,yv(SCe,y'HXh (6,}’) € (07 60) X R?)Na

such that U

and the components of U, g|s can be expressed as

cyle € X5(R3), IAJG,;,|E determines a solution of the constraint equations (3.3.3)-(3.3.5),

utls =eS* (e, i, ., 0peg, 2 5), (3.3.117)
Ueg s 262%E2( i 6y + €S (e, 0l ug, ey, 2 g), (3.3.118)
ulsls =€ <ﬁy _ ;afl(skl(sij) + ST (e, 1 il 55 g, 2 5), (3.3.119)
Zegls =B* ()0l y + eRj(e, il i, 0peg, 2 5), (3.3.120)
Ceyls =1+1€2K In (1 + ip(S) (3.3.121)
wlegls =§ E*(1)040:A ey + €S (e, U Ufle, 5z Zg), (3.3.122)
ug'e gls =eSp (e, i il 6peg, 2 y), (3.3.123)
Uy egls =eSy (e, Ul U, 0peg, 2 5), (3.3.124)
and
u? sle =89 (e, i il 0peg. 2 5), (3.3.125)

where the remainders are bounded by

HSM(Que 7u0 67(5p6 B2) ey)”RS+1 + ||S( ) I;lvﬁlglm(spe A ey)HRerl + HSU(Q uflauo 575p€ Ba) ey)||R5+1

+ Ry (e U6, Opegs 2 g) |l poer + 1S) (e, U gl 0pe 7 Ze gl movt + (1S5 (e, 8¢ 66 e, 5P g Ze g )| mon

+ HS (67 vflvﬁglwépay’ ey)HRSH + HSZ] 7v§l7ﬁlglea6pe,yv e,y)HRSJrl S Hf”s
for all (,¥) € (0,e0) x R3N. Moreover, the components of ﬁ67§|2 satisfy the uniform bounds

glllrs S €lléells

s sl mst + e glsllmsr + Nk glsllre + luge glsllre + llwpeglslre + llu;)

6,5
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and

g lsllre + 12 eglsllre + 16¢glsll s 0 S €l

LSQ

for all (¢,¥) € (0,¢p) x R3N,
3.4 Local existence and continuation

3.4.1 Reduced conformal Einstein-Euler equations

The formulation (3.2.69) of the reduced conformal Einstein-Euler equations is symmetric hyperbolic.
Consequently, we can apply standard results, e.g. [54, §2.3], to obtain the local-in-time existence and
uniqueness of solutions in uniformly local Sobolev spaces HSI(RS’), s € Z>3, along with a continuation
principle; see Proposition 3.4.1 below for the precise statement. However, in order to obtain the global
existence of solutions to the future that exist for all parameter values € € (0,¢p) and all ¢ € (0, 1], we
cannot use the formulation (3.2.69) of the conformal Einstein-Euler equations. Instead, we rely on a
non-local formulation, which is defined below by (3.5.23). Due to the non-locality, it is not enough
to have local existence and continuation in the uniformly local Sobolev spaces. Instead, we need to
establish the local-in-time existence of solutions and a continuation principle in the spaces R*(R3),
s € Z>3, which we do below in Corollary 3.4.2.

Proposition 3.4.1. Suppose s € Z>3 and

N 0 0 -
Ue,y"Z - uuﬂu 7y,7u?jey7uzl:y’uoliy7u% €y je,y75<e,y'}|2 S XS(RS)v (67}’) € (0760) X R3N7

is the initial data from Theorem 3.3.16. Then there exists a constant T > 0 and a unique classical
solution

Uy € C((T, 1], Hy, (R*, K)) () CH (T, 1), Hiy H(RP,K)) () L2((T, 1, Hy(R?,K)),
where K = Sy x R x Sg x (R®)? x R x R3 x R, to (3.2.69) on the spacetime region (T,1] x R3 that
agrees with the initial data from Theorem 3.3.16 on the initial hypersurface 3. Moreover, there exists
a constant o > 0, independent of the initial data, such that if U,y exists for t € (11, 1] with the same
reqularity as above and satisfies ”ﬁ€7y’”Loo((T171]7W1,oo) < o, then the solution fjey can be uniquely

continued as a classical solution with the same regularity to the larger spacetime region (T*,1] x R?
for some T* € (0,T1).

Proof. First, we observe by Theorem C.2.2, (3.2.6)-(3.2.7), (3.2.16), (3.2.19)—(3.2.23) and (3.3.5) that
there exists a constant o > 0 such that if U(t, ) satisfies |[U(t)||y1. < o, then the metric g,
conformal four-velocity v# and proper energy density p will remain non-degenerate, future directed,
and strictly positive, respectively. We also observe by Theorem 3.3.16 that there exists initial data
6y|g for the evolution equation (3.2.69) that satisfies® ||U6y]g\|w1 « < 0. It then follows from®
Theorem 2.1 from [54, §2.3] that there exists a T' € (0,1) and a unique classical solution
U,y € C((T, 1], By, (R*, K)) () C' (T, 1], Hiy H(R?K)) () L2((T, 1], Hy(R?,K))

to (3.2.69) that satisfies H-[AJ675,‘HLOO((T71]’W1,OO) < o and agrees with the initial data IAJ}S,\E at t = 1. This
proves the existence and uniqueness part of the statement. The continuation part of the statement” is a
direct consequence of Theorem 2.2 from [54, §2.3] since the bound ||ﬁ||Loo((T1’1]7W1,oo(R3)) < o together

with the equations of motion (3.2.69) imply a bound of the form ||[AI|]W1,00((T171]XR3)) < C(o). O

®We can always arrange this by shrinking e, if necessary, to guarantee via Sobolev’s inequality that the bound
U 5lsllwi < o is satisfied for any particular choice of o.

SHere, we are using the inclusion X*(R%) ¢ H3 (R3,K) which is a direct consequence of Sobolev’s inequality and the
definition of the space X*(R?).

"This is similar to the corresponding proof of Proposition 2.3.1. The second and the third alternatives of Majda’s
criterion can not occur as we mentioned in the Remark 2.3.2 of Proposition 2.3.1. We omit the details here.
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Corollary 3.4.2. Suppose s € Z>3,

A y 0 0 —
UG,}7|E = {ug,;’ Ue,y> u%yj,gy’v uz‘f;y’a uoiy’v Uy ,e,.55 %j,e,35 5C€,37}|E € X? (R3)7 (67 Y) € (07 60) X R3Na

1s the initial data from Theorem 8.3.16. Then there exists a constant T > 0 and a unique classical
solution

1
Uy € [ C((T,1), R A(R*, K))
£=0
to (3.2.69) on the spacetime region (T, 1] x R? that agrees with the initial data from Theorem 3.8.16 on

the initial hypersurface X2. Moreover, there exists a constant o > 0, independent of the initial data, such
that if U,y exists fort € (T1, 1] with the same regularity as above and satisfies [|U¢ g || oo (1, 1],r)) <

then the solution fJEy can be uniquely continued as a classical solution with the same reqularity to the
larger spacetime region (T*,1] x R3 for some T* € (0,T1).

Proof. While the solution U,y to (3.2.69) from Proposition 3.4.1 satisfies U, 5(1) € X*(R3?) C
R%(R3,K), we only know that IAJey(t) € H:(R3K) for t < 1. Thus, the first step involves show-
ing that ﬁe’y(t) remains in R*(R3,KK) for t < 1. To accomplish this, we use energy estimates. In fact,
it will be enough to show that solutions ﬂe,y(t) that stay in R*(R3, K) satisfy an energy estimate that
yield a bound on the norm ||Ij€§(t)|] Rrs. While this may seem circular, it is easy to justify using the
finite speed of propagation to first prove energy estimates on truncated spacetime cones, which are
well defined for solutions ﬁgyy(t) that lie in H?(R3,K), followed by letting the width of the cone go
to infinity to obtain estimates on the spacetime slab of the form (77, 1] x R3. For reasons of economy,
we omit these easily reproducible details.

In the following, we will suppress the subscripts and just write U for the solution. We then derive
energy estimates for DU by differentiating the evolution equations (3.2.69) to get

~ . ~ 1 . ~ 1 N . ~
B°D*9,U = — B'D*9;,U — =C'D*9;U + ;BODQ(BO)_lBPU + BY(B")"'B¢, D)9, U
€
1 o .
+-B%(B?) !, D*|C'9;U + B"D*((B’)'H) (3.4.1)
€
while differentiating B? with respect to ¢ yields

A 1 N 1 ~ ~
B’ =DB’ + DB - <—(BO)1B18iU — —(BY) 9,0 + E(BO)*BPU + (BO)1H) .
€
(3.4.2)
Multiplying (3.4.1) by the transpose of DU, |a| > 1, followed by integrating over R* and summing
over « for 1 < |a| < s+ 1, we obtain, with the help of (3.4.2), integration by parts and the calculus

inequalities from Appendix C, the following variation on the standard energy estimate for symmetric
hyperbolic systems:

—0|IDU |3 =~ ) (DU, (0:B°)D*T) -2 Y  (D*U,B"D*9,0)
1<]a|<s 1<]a|<s

<C([Ollwree, € HIIDU| o1 (| DUl o1 + Ol o),
which we note is equivalent to
— 3||DU|| o1 < C([Olwr.) (1D g1 + U] ). (3.4.3)

Assuming that Ty € (0, 1], we obtain from integrating (3.4.3) the estimate

To R . .
IDO@Olz:-+ < IPOTzs + | CUO@ =) PO geos + O e)dr — (3.44)
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for 0 < T1 <t <Tp < 1. On the other hand, multiplying the evolution equation (3.2.69) on the left
by (BY)~! followed by integrating in time, we find, after taking the L5 norm, that

- R To o 1 o
U@ s <[[U(To)ll s +/t (H(BO)_IBZ@'UHLG + ZH(BO)_lczaz‘UHLG

1 e .
+;H(B°) "BPU| s + [|(B°) 1H\|L6>dT

To R .
<[1O(To)|l s + t CUOMz=)IUT)[[wrsdr (3.4.5)

for 0 < T1 <t <Tp < 1. Adding the two inequalities (3.4.4) and (3.4.5), we get, with the help of
(3.1.13), that

U@z < IU(To) ]l s +/ CUUr)NUT)||redr, 0<Ty <t <Tp <1,
t

Then by the Gronwall’s inequality, there exists a Ty € [T1,Tp) such that
G lrs < CUIO(To)|rs)s 0<Tw <t <Tp <1

From this inequality and Proposition 3.4.1, we deduce that the space R*(R3 K) is preserved under
evolution, and hence there exists a 7" € (0, 1] such that

1
Uy € [ CU((T, 1], R*(R?, K)). (3.4.6)
£=0

Moreover, since H‘[’j’ayHLoo((Tl’l]’Wl,oo) < Hﬂe,y‘HLoo((Tl71]7Rs) by (3.1.13), it follows from the continuation
principle from Proposition 3.4.1 that there exists a constant ¢ > 0, independent of the initial data, such
that if fJE’g, exists for t € (11, 1] with the same regularity as (3.4.6) and satisfies ‘|fj67y‘HLoo((Tl71]7Rs) <o,
then the solution ﬂey can be uniquely continued as a classical solution with the same regularity to
the larger spacetime region (T, 1] x R? for some T* € (0,T). O

Remark 3.4.3. While it is clear from the energy estimates that the time of existence T from the
above corollary does not depend on the parameter ¥ since the norm of the initial data ||U,y|s| gs is
independent of ¥ due to the translational invariance of the norm || - || gs, the time of existence does
appear to depend on e due to the appearance of ¢! in the energy estimates. To show that the time
of existence does not, in fact, depend on € and that for small enough data the solution exists on the
whole time interval (0, 1] relies on the non-local version of the reduced conformal Einstein equations
defined by (3.5.23).

3.4.2 Conformal Poisson-Euler equations

In this section, we consider the local-in-time existence and uniqueness of solutions to the conformal
cosmological Poisson-Euler equations, and we establish a continuation principle based on bounding
the R® norm of (6¢, z7). For convenience, we define

R
w’! = t—gﬁ,%], (3.4.7)
and let o ) '
6¢=C—Cg and Z; = E?§;;2 (3.4.8)

where, see (3.1.9), (3.1.57) and (3.2.1),

Co = In(t30). (3.4.9)



CHAPTER 3. COSMOLOGICAL NEWTONIAN LIMITS ON LARGE SPACETIME SCALES 135

For each positive constant 8 > 0, we further define the quantity
A g 2o\—15¢

which will be used to simplify F later in §3.7.
Proposition 3.4.4. Suppose s € Z>3, ¢g > 0, € € (0,e0), ¥ € R*, 65y € LN K*(R3,R) and
¥ e Lsn K3(R3,R?) forA=1,--- N, 0pey and Zzy are defined by (3.3.115), and (1) > 0. Then

there ezists a T € (0,1] and a unique classical solution (Ciy,%éy, ‘fe’y) of the conformal cosmological
Poisson-FEuler equations, given by (3.1.65)-(3.1.67), such that

1
(6leg 25, @ ﬂ CH((T, 1], HY(R?)) ﬂ CH((T, 1), H*H(R?, RY)) x () CY((T, 1], R*(R?))
/=0 =0 /=0

on the spacetime region (T, 1] x R? that satisfies

. . 6Pe
(0Ce, 2 g)lx = (ln<1 -+ /;23), “§y> € L5 N K*(R® RY) ¢ H*(R® RY) (3.4.11)

on the initial hypersurface 3, and the estimates

1 : o . i
|ret + [1(=A) 2Ry sl porr + 106 e 5[l s <O (110Ce g1l oo (11,20 12 5l 112
(3.4.12)

Il + 9.y

”(peyHRS+1 + ”(I)z 57yHH9 <C’||6pe,yHL5mHé (H(sCe y||L°° ((¢,1],H®) / HZ ||H9d7' (3413)

1 o ;
16093, (~2) "3 llpe + 607 g e + 607 5l s

1
2 o] 2 o] o ok
< C16Ce gl ey 1oy, 12 gl o)) (18Ceglle + 12 gllae + 105e5] g . + / 2y (Pl=dr ).

(3.4.14)
ITeglias < Clgpegl s e+ CUICeg Loy, / 127 5 (7l msd, (3.4.15)

and
10: Y egllre < C(16Cegll oo o119 |12 gl s (3.4.16)

for all t € (T,1]. Furthermore, there exists a constant o > 0, independent of the initial data and
€ (0,1), such that if (5(6’9,2"'2}7, d. ) exists for t € (T1,1] with the same regularity as above and
satisfies ||(5é€,§722’§)|’Lw((T1,1],RS) < o, then the solution (5567}7,5';}7,&)679) can be uniquely continued

as a classical solution with the same reqularity to the larger spacetime region (T*,1] x R3 for some
S (O,Tl).

Proof. With the help of (3.2.3) and (3.4.8)-(3.4.9), we can write the first two equations from the
conformal cosmological Poisson-Euler system, see (3.1.65)-(3.1.66), as

9:6¢ + \/i(zjajcsé + ajéf) =0, (3.4.17)

\fatzﬂ + 20,57 + K ag \[zﬂ tE 35U, (3.4.18)
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where we have set
®; = 9; 0. (3.4.19)

Rather than considering the Poisson equation (3.1.61) (see also (3.1.67)) directly, we find it convenient
instead to consider the equation satisfied by ®;. To derive this equation, we write (3.1.61) as

. A
= @E?’A L5p. (3.4.20)

Applying 55 A E3A to (3.1.59) we derive, with the help of (3.1.63) and (3.4.20), the equation

. 3
O = — \/§f3 oA \[m (3.4.21)

In a similar fashion, we derive
. A g1
YT = —¢p gﬁj(A —€ef)  w’ (3.4.22)

by applying €/ 3123 E3(A—€e28)"! to (3.1.59). Applying the spatial partial derivative 0j to (3.4.21) then
yields the desired evolution equation

AE [A
9,d 30 XR R, pz] 9% R (3.4.23)

for (i)l

Together, the equations (3.4.17), (3.4.18) and (3.4.23) can be cast into a non-local symmetric
hyperbolic form in the unknowns {5( &, <I>l} by multiplying (3.4.18) by E2K1 % Moreover, we
observe that the initial data is bounded by

. A o C1ce _1c, o
1015 Wl = | FE WA 3peg ) SN2 30peg (Wl S 1075

6
1 L3NHs

and ||5€'€75;HH5 + ‘|§i§’|H5 < deey |LngS + |12 ||L50KS We can therefore conclude from standard
local-in-time existence and uniqueness results and continuation principles for symmetric hyperbolic
systems, e.g. Theorems 2.1 and 2.2 of [54, §2.1], which continue to apply for non-local systems, that

there exists, for some time T' € (0, 1), a unique local-in-time classical solution

1
(6leg 2 g, Biey) € ﬂ C'(T, 1], H*(R?)) ﬂ CH(T 1], H YRS, R)) x () CF(T, 1], H* T 7H(R3, R?))
(=0 =0 /=0
(3.4.24)

of (3.4.17), (3.4.18) and (3.4.23) that agrees with the initial data (3.4.11) on ¥. Moreover, if the
solution satisfies H(sCEyHLoo (T 1], whe0) T Hz llLoe (.1, w0y < o, then there exists a time 7 € (0,7
such that the solution (3.4.24) unlquely extends to the spacetime region (7%,1] x R? with the same
regularity. By (3.1.13), this is clearly implied by the stronger condition \](5{065, ézy)HL""((TﬂLRS) <o.

From the definition (3.4.7) of @/, it is clear that the bound
! 5(Olls < C(16C gl oo (e, 12 g )llms, T <t <1, (3.4.25)

follows from the calculus inequalities, see Appendix C. Next, integrating (3.4.21) in time and then
taking || - || s norm, we obtain, with the help of the calculus inequalities and the potential theory from
Appendix B, the estimate

1Pe5()llzs < Cll6peg (D s + CUIOCe gl oo (e.11.m9) / |28 5(Pll2dr, T <t<1,  (3.4.26)
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while the estimate
o _1,, . . . 0 .
10:@eg(t)ll s S I1(=A) "2 (Peg (2L (0)lzs S llpey )25 Ir2e < C(16Ce gl Loty ) 1285 ()l 22,

(3.4.27)
for T < t < 1, follows directly from applying the ||

- |lpe norm to (3.4.21).
obtain, after taking || - || zs-norm, the estimate

Integrating (3.4.23), we
o o 1 .
1&g (Ol <l ®seg (D)o + / o? Mo

1
<C||5Pe,yHL5mHs+C(H5Ce,yHLoo((t,1],Hs))/t 1255 (7) | odr

(3.4.28)
for T' < t < 1. From this estimate and (3.4.26), we then deduce that

1
@50l < Clssesl gy, + CU6eslima) [ 1Ekg(llmdr, T <1,

Applying the norm || - || gs-norm to (3.4.23) yields the estimate

10 ®; e gll e < 1|RiR ! ~||HS < C(16¢sl oy my) 12 ol T <t <1,
which when combined with (3.4.27) gives
10Dl peer < CI16Ceg oo (e mm) 1 glirs, T <t<1.

By adding the conformal cosmological Poisson-Euler equations (3.1.59)-(3.1.60) together, we obtain
the following equation for p27:

.. o 3
, 3 6 3 ;o 4-3Q2, .. 1/(3\2 1t ...e
2 o I3 050 .3 . (5557) = 55 L (3)? Lgiisg
O (p&) + A E28p—|— Aé? (pz'27) Pz < ) —Eé p)

t 2 \ A
With the help of (3.4.7), it is not difficult to verify that this equation is equivalent to

B [3 . B3 [3. ... . 1/3\?E?
10 + 5\ TKO900p+ [ 10 (62'8) = = — 5 () =5 (pby).

4.2
5\ 2 (3.4.29)

From this equation, (3.4.25) and (3.4.28) , we obtain, with the help of calculus inequalities, the estimate

[ty ol rs—1 <C(10Cegll oo (e, 25y 12 5l oo (t11,159)) (\Weylle +1E gl + 100esll g s
1
+ [ 1aks ) ar)

Next, applying the operator QR;(— A) to (3.4.29) gives

toR;(—A t2\/7K5”9%9%5p = \/79‘{9% pzzj

3 g2 1
— R, (—A) Ee —2<i) 55@9&( A (pdy). (3.4.30)

Using the potential theory estimates from Appendix B and (3.4.25), we observe that the bound

1 . 1 . . . ° o
1(=2) 2Ry || g1 SI(=A)2@7 s + D IR e S Nl [l < C(I6€H noo (1,11, 12 1125
=1
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holds for T' < ¢t < 1. It is then not difficult to verify that the estimate

_1 4 9 o] 2 Y v
1£0R; (—A) "2 gllre <C(10¢eglloe (e, m0): 12 gl L (e11,1)) (10Ce gl me + 12 gl + 10pegll 6

1
+ [ ety e (3.4.31)
follows from (3.4.28), (3.4.30), the potential theory estimates, and the calculus inequalities.

Differentiating (3.4.21) with respect to ¢ shows that 6?@65, = —@mj(—A)—%athy. Using this,
we obtain, with the help of (3.4.31), the estimate

o _l . o ° . )
[t07 @ gllre S 1985 (=A) 280w Sl rs <O(10Ce gl oo (11,00 12 5| oo (2,11, 19)) <H5Ce,y

1
ok
b [ [EEg(llrar)

|re + 112! 5l e

+ ||5ﬁe,§
for T <t <1.
Applying the || - [|gs norm to (3.4.22), it is clear that the estimate
10: Y NIre S 1wl S Nl llazs < CN0CH poo((t11, 1)) 127 lmzs, - ¢ € (T,1],

follows directly from (3.4.25) and the Yukawa operator estimate form Proposition 3.3.8. Finally, from
the bound

A - g _1lc, o
BB = E8) 05| S I8 ) 205,51 e S 1075cs]

Hs+1 ~

1T ey (Dl s+ =

6
L5NHs

which follows from the Yukawa operator estimates from Proposition 3.3.8 along with (3.3.52) and
(3.3.59), we see, after integrating (3.4.22) in time and applying the || - || s norm, that

ITes @l < 1 eg(Dllme+ / led;(A — 8) " ! e < Cll6pesl o+ / I 5 ()l asdr

1 .
< Ol67esl 5y, + CI10Cegll o) / 12 () aedlr

for T' < t < 1, which complete the proof. O

Remark 3.4.5. It follows from (3.3.116) and (3.4.11) that the size of the initial (55€7§|2,£’2)—;|2),
as measured with respect to the H® norm, is independent of the parameters (¢,y). An immediate
consequence is that the time of existence 7' from Proposition 3.4.4 is independent of (e, ¥).

3.5 A non-local formulation of the reduced conformal Einstein-Euler
system

3.5.1 Poisson potential estimates

In §3.2.5, we brought the reduced conformal Einstein-Euler equations into a form, see (3.2.69), that
is suitable for obtaining the global existence of solutions to the future at fixed € > 0 using the theory
developed in [66]. However, due to the singular dependence of the source term H in the evolution
equations (3.2.69) on the parameter €, these equations, in their current form, are not useful for
analyzing the global existence problem in the limit ¢ N\, 0. To remedy this situation, we perform a
non-local change of variables designed to eliminate the singular term from H. We note that a similar
transformation was used previously in the articles [51, 59, 60, 61, 62, 63, 64, 65].

The transformation is based on shifting the metric variable u?“ , see (3.5.16), by the following
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non-local term

p_ AE’, 281 (E-3. /a0 TR
O =5 000D = BT (BT /lglle — pivE) (3.5.1)
1
where o = p1+K and |g| := —det(glw). We note that this term is closely related to the spatial
derivative of the Newtonian potential. We also observe that two equations
A 1
al(I)M @5M(A B)_lakal(,/\g\@og— E3M1+€2K) (3.5.2)
and
A 1
6zka(I)M @5#( /’g’v o— E3M1+g2k)+6253?5M(A 25)71( /‘Q‘QUQ—EBNH'GZK) (353)

follow directly from differentiating (3.5.1).

For use below in simplifying the expression F from §3.7, we define

AE3 1
T=g5hA —&28) 71 (B [lglele — pv), (3.5.4)

where 8 > 0 is an arbitrary constant. We further note the expansions
1 1
(pTFPK — piFK) — (p— p) = €.7(e,1,6C) (3.5.5)
and
0 TR _ 43 5 2
’Q’TLQ - /’L1+62K =t eCH (6 ¢ — 1) + 6‘%(67 ta ul“” u, 5C) +e€ *%(67 t7 ul“j7 u, 5C7 Zj)’ (356)
where ., 77, and 95 vanish to first order in 6¢, (v, u), and (u*”, u, 8¢, z;), respectively.

Proposition 3.5.1. Suppose s € Z>3 and fJey € ﬂézo C*((T, 1], R*~Y(R3,K)) is the solution to
(3.2.69) from Corollary 3.4.2. Then ®) and Y satisfy the estimates

1
whﬂmé%m@m+lw@yﬂMHw%ﬂﬂwm07 (3.5.7)
108 llre <CollloCegllae + e + luegllne + 205 llre), (3.5.8)

y
102, e <Collu® e + 12 9lle) (3.5.9)

and
Ieslae <Co(Iell+ [ (Halrllns + e (7)lne)r) (35.10)

for T <t < 1 where C() = Co(H( Ey’ 5,9’7 5C€75;, Zj7e7y‘)”Loo((t’1LRs)).

Proof. To simplify notation, we drop the subscripts involving the parameters (e, ¥) from all quantities
for the remainder of this proof. Fixing a solution U € ﬂ%:o C*((T, 1], R*“(R3,K)) to the reduced
Einstein-Euler system (3.2.69) from Corollary 3.4.2, we let ¥, p and g,, denote the fluid variables
and spacetime metric in relativistic coordinates determined by this solution. Then, contracting the
conformal Euler equations (3.1.36) with v, yields the conformal continuity equation ﬁl‘vuﬁ + 1+
e K)pV ot = =3(1 + €2K)pv*V ¥, which in turn implies that V,(pt) = \/ggv“ = t@T)O,

1
where ¢ = pi+<*K . From this equation, we then find that

_1-0 , i3 [0
at(\/@LQH‘@( gle2*) = 24/ lglz"e. (3.5.11)
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Next, we see that the equations

A

Of == S (A~ B) 1 ok0L (84 1 /|glec2") (3.5.12)

and
A 2 \—1 1.1
8tT:—eB§(A—6 B) " ou(4/]gles2"). (3.5.13)
follow from acting on (3.5.11) with the operators %t%c?g(A — €28)710, and eﬁ%t%(A — €2p)7! along
with the help of (3.1.49) and (3.5.1). Applying the || - ||gs norm to (3.5.12), we obtain, with the help
of (3.2.22), Proposition 3.3.6.(2) and the calculus inequalities from Appendix C , the estimate
10:2% ()| s < Colllu® (B[l + l|2:(D)|Rs), T <t <1,
where, here and for the remainder of the proof, we let Cy denote a constant of the form
Co = Co([l(wly: ueg, 05 2je3) | Loo (11, R#) ) -

Integrating (3.5.12) and (3.5.13) in time, we obtain, after taking || - ||gs norm and using (3.2.22),
(3.3.57), (3.3.121), (3.5.1), (3.5.6), Propositions 3.3.5 and (3.3.8), and Corollary 3.4.2, the estimates

1 1 .
mmmmsmmmm+jH@—gm‘%WVEé”@LﬂT

SCH(EQB — A)*% (tBeCH(e‘SC — 1)+ eT(e, t,ul u,6C) + 62%(e,t,u“",u, 5C,zj))(1)HRs

1
e / ()l + () e )
t . |
sco<||u“”<1>uRs ) g+ 18CD e + 2 (Dl + / (1 () e + ||zl<f>uRs>dT>

and, similarly,
1 .
IT(#)]|rs < (HU“V(l)HRS + [lu(W)lrs + [16¢() |rs + [[25 (1| rs +/t ([ (7) || rs + HZI(T)HRs)dT>

for T < t < 1, where in the above derivations, we have used (3.3.52) to conclude that ||(e28 —
A)2e¢Ti|ps < ||l ge and ||(€28 — A)" 22 % g < €| F|lre. In addition, we deduce from (3.5.2)
and (3.5.6) the estimates

1L (0)zs <I(A — 28) " Dan(/Iglele — B ) ()| o
<Co(I6¢HIzo + I ()l + ()l o + 125 10) (3.5.14)
and

1
10,002 (6) ]| -1 SO5(A — 2B) ki (y/1g10%0 — B> 7K ) ()| o
<Co(ll0;6¢() | =1 + 105" ()| prs=1 + 0u(E) | pro=1 + 1952 (V) [ rs=1),  (3.5.15)

which hold for T' < t < 1. Together, (3.5.14) and (3.5.15) imply that
1B e < Coll6CEH e + [0 Olls + Nu®)llge + 125(E)lpe), T <t <1,

which completes the proof. O
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3.5.2 The non-local transformation

From the definition of source term H, see (3.2.69), it is clear, see (3.2.53)-(3.2.56) and (3.2.66), that

) an
the only e-singular terms appear in ) and are of the form % (vo — \/§> and %%% 25p5“ Noting

that % (z‘}o — ’;) is actually regular in € as can be seen directly from the expansion (3.2.21), the

only e-singular term left to deal with is —fgt—QEQépé“ Following the method introduced in [59] and

then adapted to the cosmological setting in [61], we can remove this singular term from (3.2.69) while
preserving its desirable structure via the introduction of the shifted variable
wt = wt —tE71 ok, (3.5.16)
where @} is as defined above by (3.5.1).
Under the change of variables (3.5.16), a short calculation using (3.5.3), where we note that

1A 1 1A
7@5“( 2 /1g12% — pireE) — —@6“@ =2 (e, t,u™ Ju, 5C) + e 2 (e, t,u™P u, 8¢, 2;)

with 27" and 27" vanishing to first order in (u®P,u) and (u®?, u, 8¢ , %), respectively, shows that
equation (3.2.47) transforms into

B0 ? +B@kﬂ$ + =CFop | w | = BPy [ w | +G1+ 51, (3.5.17)
O,u uO,u € uOu t UO,LL

where

] 2E—2%5kj5§%w20 _ 2(1—t62K) Spulr 4 for 4 g0n
G, = F* ol , (3.5.18)
gOOu

2E-905M 5B + OBl — 5 pst'\ /A + BT 4 e g0

& 2

Si=F (% + Q)Eflgkl@g _ gkltEAaO@Z +e g ,
T ejmy’

and we have set

A 11 [A [A 21 [A\?
Op _ g B 0 _ - 50
[H=27 +eZ, 5p50 2 5p5 < 3) 2 65,0(50 <v 3)

2 - A 21 A A 2 A
— 8Bt 70 _ ) - = B =0 _ ~0 _ —1 =0 —pu=0 ”w
2fzpézz (v 3> t26u50 <v 3> (v + 3> —tzek (5,01) v —i—,u(v v 350>>.

Observe now that the right har}d side of this equation is regular in e. For later use in §3.7, we
decompose the remainder term S, see (3.2.66), from the Euler equation (3.2.58) as

S=G+ 8,

where

0

G = <_j{—1[VﬁiC—ug—+(—3-%4Q)um)+_%(i)gﬁrﬂykwgq> (3.5.19)
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and

0

S = 2 +6y 67t7u7uaﬁ7u ,uOé,B’Z. . 3.5.20
P P ") (8520

3.5.3 The complete evolution system

We incorporate the shifted variable (3.5.16) into our set of gravitational variables by defining the
vector quantity

U, = (ug", wgﬂ, On ugj u,g, u ug, ug, u) T, (3.5.21)
and then combine this with the fluid variables by defining
U = (U, Uy, (3.5.22)

where Uy = (§¢, 2;)T is as previously defined by (3.2.68). Gathering (3.2.48), (3.2.49), (3.5.17) and
(3.2.58) together, we arrive at the following complete evolution equation for U:

: 1, 1
B%9,U + Bi9;,U + ~C9,U = ;BPU+H+F, (3.5.23)
€

where we recall that B?, B?, C’, B and P are defined by (3.2.70)-(3.2.71) and
H=(G1,G2,G3,G)T and F =(S51,85,,53,5)7. (3.5.24)

The importance of equation (3.5.23) is twofold. First, it is completely equivalent to the formulation
(3.2.69) of the reduced conformal Einstein-Euler equations. Second, it is of the required form so that
the a priori estimates established below in §3.6 apply to its solutions. These two properties will be
crucial for the proof of Theorem 3.1.6; see §3.7 for details.

Before completing this section, we state the following proposition, which is a direct consequence
of Corollary 3.4.2, Proposition 3.5.1 and the change of variables (3.5.16).

Proposition 3.5.2. Suppose s € Z>3, €0 > 0, € € (0,¢0), ¥ € R3N and

0 0
6}"2 {u€y7 ’y’ Zvjey’uzléy’ Ouey’U’Y@ﬂ}_"’ZJ',E,}_"’(SgE,S"}’Z e XS(RS)

1s the wnitial data from Theorem 3.3.16. Then

1. there exists a constant T > 0 and a unique classical solution
1
Uz € () C(T, 1], R*Y(R3,K))
=0

to (3.5.23) on the spacetime region (T,1] x R? that agrees, after applying the transformation
(3.5.16) to the wk g component of U with the initial data U67y|§; on the initial hypersurface

€y
X,
O
2. the w5 component of Ue g can be expanded as
Op _ vkl ~k
wk,e,§|2 - €Sk (6 U )y u() 6y 5[)6 ¥ %e y)

on the initial hypersurface, where SI! is defined in Theorem 3.3.16,

3. and there ezists a constant o > 0, independent of the initial data and Ty € (0,1], such that if
U,y exists fort € (T1,1] with the same regularity as above and satisfies |U¢ gl poo (1 1),r5)) < 0,
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then the solution U,y can be uniquely continued as a classical solution with the same reqularity
to the larger spacetime region (T*,1] x R3 for some T* € (0,Ty).

Remark 3.5.3. It is worthwhile noting that the time of existence T from the above proposition can
be chosen to be independent of €. This follows from the form of the evolution equations (3.5.23), which
would allow us to use the method from [12, 40, 41, 45] for deriving e-independent energy estimates.
We omit the details since we will establish this and more in the following section; see Theorem 3.6.10
for details.

3.6 Singular Symmetric Hyperbolic Systems

In this section, we establish uniform a priori estimates for solutions to a class of symmetric hyperbolic
systems that are jointly singular in € and ¢, and include both the formulation of the reduced conformal
Einstein-Euler equations given by (3.5.23) and the € N\, 0 limit of these equations. We also establish
error estimates, that is, a priori estimates for the difference between solutions of the e-dependent
singular symmetric hyperbolic systems and their corresponding € \, 0 limit equations.

The e-dependent singular terms that appear in the symmetric hyperbolic systems we consider are
of a type that have been well studied, see [12, 40, 41, 45], while the ¢-dependent singular terms are of
the type analyzed in [66]. Previously, we analyzed such systems on the torus T" [51]. Here, we will
generalize the results of [51] in three spatial dimensions from T3 to R3.

Remark 3.6.1. In this section, we switch to the standard time orientation, where the future is located
in the direction of increasing time, while keeping the singularity located at ¢ = 0. We do this in order
to make the derivation of the energy estimates in this section as similar as possible to those for non-
singular symmetric hyperbolic systems, which we expect will make it easier for readers familiar with
such estimates to follow the arguments below. To get back to the time orientation used to formulate
the conformal Einstein-Euler equations, we need only apply the trivial time transformation t — —t.

3.6.1 Uniform estimates
The class of singular hyperbolic systems that we will consider are of the following form:
- 1 . 1
A%9,U 4+ A9, U + —C'o,U = CUAPU +H in [Ty, T1) % R, (3.6.1)
€

where

U

(w,u)”

A(et:vw 0
Ao(etxw)

A et:z:w

Ab (e, t x w)>

o=t
(%
-3 &) -0
-
-

_ 21 (e, t x,w)
A= Q[Q(Qtaxaw))
g Hi(e, t,x,w) . Fi(e t,x)
- \Ha(e, t,z,w,u) + Ry Fy(e,t,z) )’
Ry = —My(e, t, z,w,u)PsU,

and the following assumptions hold for fixed constants ey, R > 0, Top < T1 < 0 and s € Z>3:

Assumptions 3.6.2.
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1. The C¥,i=1,...,n and a = 1,2, are constant, symmetric N, x N, matrices.

2. The Py, a = 1,2, are constant, symmetric N, x N, projection matrices, i.e. P2 = P,. We use
PL =1 — P, to denote the complementary projection matriz.

3. Py is a constant, symmetric Ny x Ny projection matriz that commutes with A}, %1, Py and C1i,
that 1is, ‘
[]P)4>AI1L] = [P4,Ql1] = []P)47]P)1] = []P)4,Cﬂ =0

and Mo (e, t, z,w,u) satisfy
x (2T0,0) x R? x Br(RM) x
E%((0,€0) x (2Tp,0) x R? x

4. The source terms Hgy(e,t,x,w), a = 1,2, Fy(e,t,x), a = 1,2,
Hy € E°((0,e0) x (27p,0) x R3 x B(RN),RM), Hy € E°((0,€)
Br(RM2),RM2), F, € C°((0,€e0) x [T, T1), H*(R3,RN=)), M, €
BR(RNl) X BR(RN2),MN2><N2), and

PyH, (e, t,x,Prw) =0, Hy(e,t,2,0)=0, Ha(e,t,2,0,0)=0 and My(e t,z,0,0)=0

for all (e, t,x) € (0,€0) x (2Tp,0) x R3.

5. The matriz valued maps AL (e, t,z,w), p = 0,...,3 and a = 1,2, satisfy AL € EO((O,G()) X
(21p,0) x R3 x Bp(RMe), Sy, ).

6. The matriz valued maps A%(e, t,x,w), a = 1,2, and Wy(e, t,x,w), a = 1,2, can be decomposed
as

Ad(e,t,,w) = AY(t) + eAd (e, t, 2, w), (3.6.2)
Wa(e,t,z,w) = Ao (t) + Aale, t, 2, w), (3.6.3)

where AY € E((2T0,0),Sw,), As € E'((2T0,0), My, xn,), A2 € EY((0,€0) x (2Tp,0) x R? x
BR(RNl),SNa), é[a € EO((O, 60) (2T0, ) X R3 X BR(RNl) MNaxNa); andS

DAy (e,t,2,0) = DA (e, t,2,0) =0 (3.6.4)
for all (e,t,x) € (0,¢) x (2Tp,0) x R3.
7. For a = 1,2, the matriz A, commutes with Py, i.e.
[Py, Ao (e, t, z,w)] =0 (3.6.5)
for all (e, t,z,w) € (0,€0) x (21p,0) x R3 x B(RM).
8. Ps is a symmetric (N; + Na) x (N1 + Na) projection matriz that satisfies

PP3 = P3P = IP3,
]P)gAz(E, t, LE, ’LU)]P)g{ e ]P)SCZ]P)é e ]P:)’Ql(e’ t’ ,CL', w)]P)i — O

and
[P3, A% (e, t, 2, w)] = 0 (3.6.8)

for all (e, t,z,w) € (0,¢e0)x(2Tp, 0) xR x Br(RM), where P4 = 1—P;3 defines the complementary
projection matrix.

9. There exists constants k, v1, v2 > 0, such that

1 1
—1 < A%e t,x,w) < —Ag(e, t, ,w) < 4ol (3.6.9)
il K

for all (e, t,z,w) € (0,€e) x (2Tp,0) x R3 x B(RM) and a = 1, 2.

80r in other words, the matrices 2, |w—0 and A2|,—o depend only on (e, t).
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10. For a = 1,2, the matriz AY satisfies
P A% (e, t, z, PLw)Py = Pu Al (e, t, z, Pfw)PE = 0 (3.6.10)
for all (e, t,z,w) € (0,€0) x (21p,0) x R3 x B(RM),

11. For a = 1,2, the matriz PL[D,AY - (AQ) 71 P1w]PL can be decomposed as

a

Pt [DwAg(e,t,x,w) : (A[l)(e,t,a;, w))_lﬂl(e,t,x,w)]P’lw]IP’i‘ =tS (e, t,x,w) + Tu(e, t, x,w, Piw)
(3.6.11)

for some 7, € E°((0,€0) x (21p,0) x R® x Br(R™),Mn,xn,), a = 1,2, and T, € E°((0,€) x
(2T0,0) x R? x Br(RM) x RNl,MNaxNa), a = 1,2, where the F,(€,t,x,w,&) vanish to second
order in &.

Before proceeding with the analysis, we take a moment to make a few observations about the
structure of the singular system (3.6.1). First, if A = 0, then the singular term %QlIP’U disappears
from (3.6.1) and it becomes a regular symmetric hyperbolic system. Uniform e-independent a priori
estimates that are valid for t € [T, 0) would then follow, under a suitable small initial data assumption,
as a direct consequence of the energy estimates from [12, 40, 41, 45]. When 2 # 0, the positivity
assumption (3.6.9) guarantees that the singular term %QUP’U acts like a friction term. This allows us to
generalize the energy estimates from [12, 40, 41, 45] in such a way as to obtain, under a suitable small
initial data assumption, uniform e-independent a priori estimates that are valid on the time interval
[T0,0); see (3.6.50), (3.6.51), (3.6.52) and (3.6.53) for the key differential inequalities used to derive
these a priori estimates.

Remark 3.6.3. The equation for w decouples from the system (3.6.1) and is given by
. 1 1
AY0w + ALd;w + “C10w = —WPyw + Hy + Fyin [T, T) % R3. (3.6.12)

Remark 3.6.4.

1. By Taylor expanding Ag(e,t,w,A}P’fw + Pyw) in the variable Pyw, it follows from (3.6.10) that
there exist matrix valued maps A9, A% € E1((0, eg) x (2Tp, 0) x R®x B (R™), My, xn, ), a = 1,2,
such that

PEAL (e, t, 2, w)Py = PL[AY (e, t, 2, w) - Prw]P, (3.6.13)
and
Po A% (e, t, 2, w)P+ = P,[AY (e, t, 2, w) - Prw]PL (3.6.14)
for all (e,t,x,w) € (0,¢) x (2Tp,0) x R3 x B(RM).
2. Tt is not difficult to see that the assumptions (3.6.9) and (3.6.10) imply that
P (A(e, t, 2, Plw)) " Py = Py (AQ(e, t, 2, Piw)) 'PE =0
for all (e, t, z,w) € (0, e0)x (2Tp, 0)xR3x B(RM). By Taylor expan(jingv(Ag(e, t, x, Pfw+Prw)) !
in the variable Pyw, it follows that there exist matrix valued maps BY, B € E*((0, €9) x (215, 0) X
R3 x Br(R™), My, xn,), @ = 1,2, such that
PL(A(e,t,,w)) B, = PE[BY(e,t, 2z, w) - Prw]P, (3.6.15)

and

P, (A%(e,t, 2, w)) " P = Py[BY(e, t, z, w) - Pyw]Pr (3.6.16)
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for all (e,t,z,w) € (0,¢) x (2Tp,0) x R? x B(RN1).

To facilitate the statement and proof of our a priori estimates for solutions of the system (3.6.1),
we introduce the following energy norms:

Definition 3.6.5. Suppose w € L>®([Tp,T1) x R3,RM), k € Z>q, and {P,, A%}, a = 1,2, are as
defined above. Then for maps f,, @ = 1,2, and U from R3 into RN and RN x R™2, respectively, the
energy norms of f, and U are defined by

fallf i = D (D*fa, AQ(est, - w(t, ) D* fa),

0<a|<k

2 2
I fallg, mx =I1D falllg, - + [l fallZs,

U = > (DU, A(e,t, -, wit,)) DU,
0<]a|<k

and
U7 =IDUN e + U7

In addition to the energy norms, we also define, for Ty < T' < 17, the spacetime norm of maps f,,
a=1,2, from [Ty, T) x R3 to R™a defined by

1
T 1 2
[ fallsege , (im0, myxr3) = Il fall oo (i 1), RE(R2)) + (‘/ tHPafa(t)‘?%k(Rs)dt)

To

Remark 3.6.6. For w € L>([Tp, T1) x R3, RM) satisfying |w|| oo (7,7 ) xR3) < R, we observe, by
(3.6.9), that the standard Sobolev norm ||-|[ z+ and the energy norms || - [[, zx, @ = 1,2, are equivalent
since they satisfy

1
ﬁ” Mk < g, e < VA2l - (3.6.17)

Furthermore, if k£ > 2, we have that

[ fallrr < Wl fallla,re S W falle  and  [Ullge S MU ze S MU - (3.6.18)

These norm equivalences will be used without comment throughout this section.

With the preliminaries out of the way, we are now ready to state and prove a priori estimates for
solutions of the system (3.6.1) that are uniform in e.

Theorem 3.6.7. Suppose R >0, s € Z>3, To <T1 <0, ¢ > 0, € € (0,€q), Assumption 3.6.2 holds,
the map

U = (w, ﬂcﬂ ([To, T1), R*~*(R3, RM)) ﬂcf ([To, T1), R*14(R?, RMN2)),
=0

defines a solution of the system (3.6.1), Pyw € (j_o C*([To, Th), H*~“(R?,RM)), and for t € [Ty, T1),
the source terms F,, a = 1,2, satisfy the estimates

IPaF1(€, )l L2 + 1 Fi(e )| re C ([0l Loo((0,0),R%)s Pawl oo ((1,,15) ) (Co(8) + C* + [[w(t) [ re + [Paw(?)[| =)
(3.6.19)

and

(e, )l ge1 <C(

[wll oo ((7,), 7Y P4 oo (110,0), 1) 10l oo (11,0, m5 1)) (Co (£) + C* 4 ([ (t) || rs
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+ [[Paw(@)[| s + [[ut)]lgs-1), (3.6.20)

where Cy(t) = f:ﬁO(Hw(T)HRs + |Paw(7) || s + ||[w(7)||gs—1)d7 and the constants C*,
Clwll Lo (110,09, R%) » IPawl| oo (0,8, 115)) @nd C([[wll oo (11y.0), ) » IPawl] oo (17,8, 115 1l oo (13,4, R5-1)) are
independent of € € (0,€9) and Ty € (Tp,0]. Then there exists a o > 0 independent of € € (0,¢y) and
Ty € (1y,0), such that if initially

[w(To)l|rs + [Paw(To)|| s + [[u(To)|gs-1 +C* < 0,

then

=

1wl zoo (o, 7y xms) < 5
and there exists a constant C > 0, independent of € € (0,¢ey) and Ty € (To,0), such that
t 1 5 2
IPawl| oo ((1y,6),22) + <—/T ;HPIPMU(T)HB dT) + HwHMH;’iS [To,t) xR3)
0

+ HUHM];;’S_I

t

1

([To,t)xR3) _/ 7||]P>3U(T)”Qs—1 dr < Co
To T

for Ty <t <1Ty.
Proof. According to the definition of R® and (3.1.13), there exists a constant C, such that

[w(To)| e < Cr(lw(To)||rs + Paw(To)| 12) < Cio.

We then choose o to satisfy

o< min{l, f}, (3.6.21)

where R = %, so that

=

(T le < 5

Next, we define
Ki(t) = [l oo ((mp,0),r5),  K2(t) = [[ullpoo(qmp,0),rs-1)  and  K3(t) = |Paw|| poo(173,0),75)

and we observe that Ki(Tp) + Ko(Ty) + K3(Tp) < R/2, and hence, by continuity, either K (t) +
Ky (t) + K3(t) < R for all t € [Ty, T1), or else there exists a first time T, € (Tp,T1) such that
Ky(Ty) + Ka(Ty) + K3(Ty) = R. Letting T\, = T} if the first case holds, we then have that

Ki(t)+ Ka(t) + Ks(t) <R, 0<t<T,, (3.6.22)

where T, = T} or else T, is the first time in (Tp, T1) for which K (T}) 4+ Ko(T,) + K3(T.) = R.

Before proceeding the proof, we first establish a number of estimates that will be needed in the
proof; we collect them together in the following lemma.

Lemma 3.6.8. There exists constants C(K1(t)) and C(Ki(t), Ka(t)), both independent of € € (0, €o)
and T, € (Tp, Th], such that the following estimates hold for Ty <t < T\, < 0:

2

_ 1
== 3 (Dow, AY(AY) M, DPyw) < = C(K)||w]|ps |Preo] 2 R (3.6.23)
1<]|a|<s
2 _ 1
ot > (D%, A3[(A9) 19lz,D“]qu>S—;O(Kﬁ(lluHQs—l+HwIIRs)(IHIP’zu||§,Rs-1+HI1P’2wIHiRs),
1<]a|<s—1

(3.6.24)
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— ) (D%, AYD?, (AY) T AL 0iw) <C (K1) |wl s, (3.6.25)
1<]al<s
— > (D"u, AY[D*, (A9) " AY]0iu) <C(K1)|ulfys s, (3.6.26)
1<|a|<s—1
- Z (D%w, [A}, D*)(AN) ™' Clomw) < C(K1)||w]%s, (3.6.27)
1<|al<s
— ) (D, [AY, D*)(AD) " Chou) < C(Ky)|Jul|ger, (3.6.28)
1<]a|<s—1
(6% « 1
> (Dw, (8, AY) D w) < C(K1)|lw|%s — ;C(Kl)lleRs|||P1w!||iRs, (3.6.29)
1<|a|<s
(6% (6% 1
> (D%, (8:A9) D) < C(K1)|ullgsr — ;C(Kl,Kz)(IIUIIQs—l + [wllrs ) (IP2ull3 gs-1 + P12l ze)
1<]a|<s—1
(3.6.30)
and
1
(DP3U, (8, A°)DP3U) < —ZC’(Kl)HIP’leRs|HIP’3UH|%S,1 + C(K)|[PsU[5sr. (3631
1<]a|<s—1

Proof. Using the properties ]P’% =P, P; + ]P’f- =1, PT = Py, and DP; = 0 of the projection matrix
P, repeatedly, we compute

2
-3 > (Dw, AY(AD) "2, DY|Pyw)
1<]|al<s
2 2
=7 2 (0P AY(A) T D) — TS (D Bw, PEAY((AD) ', D)
1<]a|<s 1<]a|<s
by(3.6.5) 2 _ o 2 a - a
YR S S (D Pyw, AS(AD) T, D) — S Y (D P, PEAS[(AD) TR, DR
1<|a|<s 1<]o<s
2 2
= =2 7 (DPuw, AN(AD) 2, DJPrw) = 5 D7 (D°Pfw, PEASPEPE (A9) P12, DUTPLw)
1<]a|<s 1<]a|<s
2
- > (DPlw, PrAYP [Py (AD) P12y, DYPyw).
1<]|a|<s

From this expression, we obtain, with the help of the Cauchy-Schwarz inequality, the calculus inequal-
ities (C.2.2) and Proposition C.2.8, the expansions (3.6.2)-(3.6.3), the relations (3.6.4), (3.6.13), and
(3.6.15), the inequality (3.6.22) and the equivalence of norms (3.6.18), the estimate

> (Dw, AY[(A}) ', D |Pyw)

1<]al<s

~+ | =

1 B _
< *;[HA?IILooH]P’llvHRsHD((A?) 19200 | rs-1nz2 + [|AY]| £oe [P w| ge | D (P1(AD) P12 ) || go-1nr2
+ [|Py APy | oo [Py w| s | D (P1(AD) ' P12 ) | gs—1z2] | P1w]| o1

1 1 )
< - C(Kl)gllwllellﬁ”lwllﬁs < = O [wlrs [IPrwllf g

for Ty < t < Ty, where the constant C(K;) is independent of € € (0,¢y) and T, € (Tp,71]. This
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establishes the first estimate (3.6.23). By a similar calculation, we find that

2 e} - o 2 « - «
—5 > (D AY[(AY) N, DUBou) = 1 D7 (DPau, AS[(A9) 12, D Pyu)

1<]|al<s—1 1<]a|<s—1

2
2N (DB B AR R (AY) B2, Do)
1<]a|<s—1

2
- > (DPyu, Py APy[Py(AS) ™' Poly, D¥|Pou)
1<]a|<s—1

1 1 1
< = O [wllpelIPoullges = S CED [ullger [Prwllrs [Poul g — 5 CE)[[ullgs=1[Prew]| ae [Poullgs-1
1 2 2
< = CE)(ullge=r + lwllre) (IP2ullly, -1 + P20y g2,

which establishes the second estimate (3.6.24).

Next, using the calculus inequalities (C.2.2) and Proposition C.2.8, we observe that

Z (D%u, —A3[D®, (A9) 1 A5)0iu) < (| A5l oo [l Gs—1 [ D((AD) " AS) [l ge-1r2 < C(K ) |ullfye1,
1<|a|<s—1

which establishes the fourth estimate (3.6.26). Since the estimates (3.6.25), (3.6.27) and (3.6.28) can
be obtained in a similar fashion, we omit the details.

Finally, we consider the estimates (3.6.29)-(3.6.30). We begin establishing these estimates by
writing (3.6.12) as

1 . .
ew = eg(A(l))_lQll]P’lw — (AN TTALO;w — (AN TICL0;w 4 €(AY) T H, + €(AD) TR

Using this and the expansion (3.6.2), we can express the time derivatives 9;4%, a = 1,2, as

8tA2 :DwAg . 8tw + DtAg
= — Dy AY - (A)) T AL — (DAY - (AY) 'Ol ow]
1
+ [DWAY - (AN H ] + DA% + (D, A - (AL F ) + E[DwAg (AN Pw]. (3.6.32)

Using (3.6.32) with a = 2, we see, with the help of the calculus inequalities from Appendix C, the
Cauchy-Schwarz inequality, the estimate (3.6.19), and the expansion (3.6.11) for a = 2, that

> (D, (0 A)D )y < Y [<D&u,P;(atAg)P§Dau> + (D%, Py (8; A9)P2 D%u)
1<]al<s—1 1<]a|<s—1
(D%, Py (8, AQ)PE D) + (D, PQ(OtAg)]P’gDO‘u)]
2 _
< C(K)||ullfys—1 — ;IluHstlH(A?) 1901 || oo | Du A3 | e [P o1 [Prw]| o
1 _ 1
- ;IIIP’lwIIRsll(AO) '2U|| oo || Dap AS| | oo P2l Fs—1 — ;Hullésfl(?(Kl)IIIP’lwIIésfl
1
< C(K)||ullgys-—1 — 7O (K1, Ka)([lull gs-1 + [w]l re) (IP2ul|Ge—r + [Prew][s)-

With the help of (3.6.18), this establishes the estimate (3.6.30). Since the estimate (3.6.29) can
be established using similar arguments, we omit the details. The last estimate (3.6.31) can also be
established using similar arguments with the help of the identity P3P = PP3 = P3. We again omit the
details. O
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Applying A°D¥(A%)~! to both sides of (3.6.1), we find that
. 1 . . - )
A9, DU + A'9;D°U + ~C'9;D°U = — A°[D?, (A°)~1 AYo,U — [A°, D*)(AY)~LCio,U
€
1 1
+ TADPU + ZAO[D‘”, (AY)T1AIPU + A°D*[(AY) L H],
(3.6.33)

where in deriving this we have used

1 ; i '
(362) [AO + AO Da](AO) lczaiU — [AO’DO‘](AO)_ICZaiU

%[AO,DC“](AO) iU
and
A’D*, (AN C'o,U = A'D*((A)~'C'o,U) — D*(C'o;U)
= A°D*((A°)~'C'o,U) — DAY (A°) "' C'o,U) = [A°, D*(A%) "I Cro, UL

Writing A, a = 1,2, as AY = (A49)2 (AO)%, which we can do since A? is a real symmetric and
positive-definite, we see from (3.6.9) that

(AD) 290, (A%) "2 > k1. (3.6.34)

Since, by (3.6.5),
2D WD B f) = (DB f, (A)F[(AD) 3 (A (AP D RLf), a =12

it follows immediately from (3.6.34) that

2 2K 2 2K 2
- > (D%u, Ao D*Pyu) < =~ || DPoul} pyo  and > (D%w, 2 D Prw) < || DPywlf procs.

1<|a|<s-1 1<a|<s

SN )

(3.6.35)

Letting f1 denote one of Pyw, w or Pyw, and fy denote one of Pou or u , we have, by Theorem C.2.2.(1)
and (3.6.17), that

1 falls < Cs|ID fallrz < Cs||D fallgs-a < Csyv/nllD falllg,prs—a (3.6.36)
for a = 1,2, which yields that
1 falll2, go-asr <(CEw + DD falllz proe (3.6.37)

and

K 2
2P fallg - I fallZe- (3.6.38)

—tC2

Adding %||]Dfa|||27H5,a on both sides of above (3.6.38), recall ¢ < 0, yields

[\]
‘*‘;v

2k 9 K
DSl a5

2 2
tcgv I fallZs + |||DfaH|a7H5*ﬂ < —IfallG,gs ot (3.6.39)

where we have set
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Using (3.6.39), it is clear that the inequalities (3.6.35) imply that

2 2k 9 2 2k 9
- > (D%, Ay D*Pou) < —=[[Pyull3 o and S > (D%w, A DPrw) < == [[Pruwl} g

1<|a|<s-1 1<|a|<s

Then differentiating (D%w, A9 D*w) with respect to ¢, we see, from the identities (D%w, C10; Dw) = 0
and 2(D%w, A{9; D*w) = —(D%w, (8; A}) D®w), the block decomposition of (3.6.33), which we can use
to determine D®0,w, the estimates (3.6.19) and (3.6.35) together with those from Lemma 3.6.8, the

relation (3.6.37), Young’s inequality (Proposition C.2.10) and the calculus inequalities from Appendix
C, that

Dl s = 37 (D, (9 ANDw) +2 3 (Dw, AJD* D)

1<]|al<s 1<|a<s

1 ,
<KDl — FCEDwl o llBrwllf g+ Y (D%w, (94 Dow)

1<]a|<s
=0
2 ) )
—= > (D*w,C{o;D*w) —2 Y (D*w, A)[D*, (AD) " Aj]osw)
1<]al<s 1<|a|<s
- ) 2
—-2 Y (D"w, [A?,Da](A(f)*lc{aiw)Jr; > (Dw, A DPyw)
1<]al<s 1<]al<s
2
+ > (D, AN(AD) T, DOPrw) +2 Y (Dw, AYD[(AY)TH(Hy + F)))
1<]al<s 1<]a|<s

<C(KD)(lwllf gs + IPawllZ2 + C*lwlly, gs + CullDwlly grs-1)
2 2
+ (& = CL(E) |w]| rs ] IP1w][[f gs

<CE)(IDwIIF o1 + [Pawl|72 + ol| Dwlly gro-s +C2)
2.,
+ 27 = G [wllge] L[l s (3.6.40)

for t € [Ty, Ty), where we note that the last inequality follows Theorem C.2.2.(1). By similar calcula-
tion, we obtain, from differentiating (D%u, AQD“u) with respect to t, the estimate

ODully s2 = > (D, (BAYD w) +2 > (D, AYDDpu)
1<]al<s—1 1<]al<s—1
1
<C(K) ||ullfye-1 — T O (K, Ka)([lullge-1 + [wllrs) (IPowll3 gs-r + P17 go)
=0
S (D%, (@A) D) — > Y (Du, CloiD )
1</al<s—1 € 1<jal<s-1
—2 S (Dow, YD, (AY T AYO) —2 S (D%, (A3, DRY(AY) T Ciru)
1<]a|<s—1 1<]a|<s—1

2
> (Du, Ay D°Pyu) — - > (D%u, AS[(AS) Ay, DY|Pou)
1<]al<s—1 1<]al<s—1

L2
t

1
+2 Z <Dau,A8Da[(Ag)1(H2+tM2IP>3U+F2)]>

1<|a|<s—1

2 2 2
<C(K1, Ko, Ks)(IDull} o2 + 1Dwl} o + [Pswll3 + ol Dully groz +C2)
1 2
= O Ka)([lullge—1 + llwl| r)lIPrwlly s

1
= CU) DUl s + DI o) PVl s
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2.
+ [~ = Co(Fr, o) ([ull st + llwlle)] [ o (3.6.41)

for t € [Ty, T).

Next, we estimate [|[Pywl|| ;2. Acting on both sides of (3.6.12) with P4, we deduce from Assumption
3.6.2.(3) that

4 1. 1
A%, Pyw + ALOPyw + gCi&'Mw = 22 P1Pyw + Py Hy + Py (3.6.42)

Then using (3.6.32), (3.6.37), (3.6.42) and similar energy estimate to derive (3.6.40) and (3.6.41),
we find, with the help of the estimate ||PyHi(e,t,z,w)| 2 < C(K1)||Psw| 2, which follows from
Py Hi(e,t,2,P{w) = 0 (see Assumption 3.6.2.(4)), that

Orl[Pswlf} 1> = 2(Pyw, A9, Pyw) + (Paw, (0, A9)Pyw)
< C(K1, K3)([[Pswll} 2 + I Dwll} o1 + o l|Pawllly 12 + CZ) — %C’zi(Kl?Ka)(HMwHL?
+ |wl ) IPrw]|F 5o + %(Fﬂ — Cu (K1, K3) ([|Paw]| 2 + HwHRs)) Py Paw|[} 2. (3.6.43)
Applying the operator A°DP3(A%)~! to (3.6.1), we conclude, with the help of (3.6.6)-(3.6.8), that
A0, D°P3U + P3A'P30; DP3U + %chipgaimpg(] = — A°[D?, (A°) "' A'P3]0;P3U

~ . 1 1
—[A°, DY (A%) TIP3 OR3P U + gpgwgmng + EAO (D (AY)TIP3AP3|PsU + A°D*[(A°) 1P H].
(3.6.44)

By similar arguments that were used to derive (3.6.40) and (3.6.41), we obtain from (3.6.44) the
estimate

OIDPsU |72 = > (D°PsU, (9, A°)D°PsU) +2 Y (DP3U,P3A°P3 D0, P3U)
1<]a]<s—1 1<]al<s—1

1
< — ~C(K)|Prw]| g [[PsU [ o-s + C (K1) [P5U[Bos

=0
9 ™
+ ) (DPsU, (9, AYDPsU) — = > (D°PsU, C'9;D°PsU)
1<]al<s—1 € 1<jal<s-1
—2 Y (D°P3U, A°[D*,(A%) ' A9,PsU + [A°, D*)(A°) I CTO,PsU)
1<|al<s—1
2 @ @ 2 «@ 0 0\—1 fos
+ > (DPsU,AD PsU) + > (DPsU, A°[(A°) 1, DYPSU)
1<]a]<s—1 1<]a|<s—1
+2 Y (D°PsU, A°D*[(A°)'PsH])
1<]a|<s—1

<C(K1)|[P3U||Hs-1 + C(K1)|[P3U|| s <|]H1||Q571 + [ Hallgs—1 + [[Fillgs—
1 Fallgent) + 7 (26 — €, Ka) (wllas + ullges) ) IBSUIZ
CEDIP3U e + O, K2) (lwllly, g + Nully,gems + 0+ Co+ [Pawlly p2) 1PVl s
+ %(2& — Oy Ko) (ol e+l gres) ) IBU 1 (3.6.45)
We also find, by a similar derivation used to establish (3.6.36), that

IPsUl[Ls < CsynlllDP3U || o2, (3.6.46)
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from which it follows that
IDPsU | gee < [IPsU s < (14 Cs /D) DPSU | goa (3.6.47)

by adding [|DP3U||| -2 to both sides of (3.6.46). Furthermore, using (3.6.45) and (3.6.47), we see
that 9 || DP3U]| .- is dominated by

0| DP5U [[77e-2 < C(K1, K2) (llwlly ge + ully, gar + 0+ Co 4 [[Paw]ly 2) I DPU || -
Lr,.
HO(KD)INPU | ges I DPU -2 + £ <2H — C(K1, Ka) (Jlwlrs + IIuHstl)> IP5U | s -1 1 DU -2
Using this in conjunction with (3.6.37) yields the estimate

O[DPsU |- < CK1)|[PU || gs-r + C (K1, Ko) (| Dw]

Vgt + IDully ez + 0+ Co + |[Paw]l, 12)

1/
+ (n — Cy(Ky, Ko) (||w]| s + ||u||QS_1)> IPSU | o1 (3.6.48)

To proceed, we choose o > 0 small enough so that the inequality

~|

(01(1%) +205(R, R) + 204(R, Jiz))a <
holds in addition to (3.6.21). Then

k- (01(K1(T0))|IW(T0)HRS+C2(K1(T0)7K2(To))(\|w(T0)HRS + [[u(To) | gs-1)

+ Ca(EK(To), K3(To)) (IPaw(To) |2 + ||w(T0)||RS)) > g
and we see by continuity that either
R — <Cl(K1(t))Hw(t)HRercz(Kﬂt%K2(t))(\|w(t)HRs + [[u(®)ll ge-1)
+ Ca(Ka (1), Ks(1) (IPaw(t) | 2 + ||w(t)HRs)) > g 0<t<T,
or else there exists a first time T* € (0,7%) such that
fo— (Cl(Kl(T*))HW(T*)HRS+02(K1(T*)7K2(T*))(Hw(T*)HRS + [[u(T) | ge-1)
+ Cy(Ko(T7), Ks(T7)) (| Paw(T) | 2 + !\W(T*)IIRs)) = g

Letting T™ = T if the first case holds, we then have that

A= (Cl(Kl(t))llw(t)HRs + Co (K1 (1), Ko () (lw(®)ll re + [u() || o)

, 0<t<T*<T. (3.6.49)

|

+ Ca(E (), K3 (1) (IPaw()] 2 + [w(®)lle) ) >

(@)

Taken together, the estimates (3.6.22), (3.6.40), (3.6.41), (3.6.43), (3.6.48) and (3.6.49), with the help

of (3.6.47) and Young’s inequality, imply that

2 D 2 2 R 2
NDwIR ge-s <CR) (DI proms + IPswllf 2+ 0% +€2) + 2Prw e (3.6.50)

2 > 2 2 2 R 2
ONDul -2 <CR) (DUl -2 + DI ros + 1Bswll} 2 + 02 +€2) = ZIPrw] .

R 2 1 A 2
+ 2 lIP2ullly ger = gca(R)(HIDUHIQ,Hs—z + || Dw|

2o ) IDPsU | o2, (3.6.51)
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A 2k K
2 2 2 2 2
AUIBswll} 2 SCR)(I1Bawlff 12 + 1D s + 02 +C2) + B Pawll} 2 = LIBrwll} 5
(3.6.52)

and
O DP3U | o2 <C(R) (H|DIP’3U|HH572 +IDwly s + [ Dully roe + o + Cu + |||P4w!||1,m)
I
+ §|HDP3UH|HS_2 (3.6.53)

for 0 <t <T* <T..

Next, we set

2 2 2
X = IDwlIy o1 + 1Dullz o2 + Pawlly £z,
2 2 2
Y = [[Prwlll} g + IP2ully gs-1 + [[P1Pawl[y 12, and  Z = [|DP3Ul| s

~ A~ ~

Since C3(R)X(1p)/o < C(R)o, we can choose o small enough so that C3(R)X(Tp)/o < /8. Then
by continuity, either C5(R)X (t)/o < i/8 for t € [Ty, T*), or else there exists a first time 7' € (Tp, T™)

such that C3(R)X(T')/o = k/8. Setting T' = T™ if the first case holds, we then have that

L X(t
Cg(R);) <k/8, Ty<t<T<T" <T.. (3.6.54)

Adding the inequalities (3.6.50), (3.6.51) and (3.6.52) and dividing the results by o, we obtain, with
the aid of (3.6.54), the inequality

X . (X +C2 3 R Y
a2 <om (2% 1o Lz B p<icr<T <, (3.6.55)
o o 8t 2t o
while the inequality
X X +C? R
&Z < C(R) (Z yo4 2t > + %Z, To<t<T*<T, (3.6.56)

follows from (3.6.53) and Young’s inequality. Adding (3.6.55) and (3.6.56) gives

N t 2 > t
&(X_,_Z_ﬁ/ 1(Y+Z> d7+0> S(?(R)(X—i_ak +Z—H/ 1<Y+Z> dT+U>. (3.6.57)
o 8 To T\ O o 8 7, T\ O

Noting that C.(t)? < f;o X (7)dr by the Holder and Sobolev inequalities, see Theorems C.2.1.(1) and
C.2.2.(1), we see, after adding X (t)/o to both sides of (3.6.57), that the inequality

X+ [, X(r)d Ao oy (X I X (0 [
at( Jz, X(7) T+Z_“/ 1(Y+Z> d7+0> SC(R)< I, X0 TJFZ_K/ 1<Y+Z) dTM)
o 8 T T\O 7 i BT
(3.6.58)

holds for Ty <t < T < T* < T,. Since X(Tp) < C(R)o? and Z(Tp) < o, it follows directly from
(3.6.58) and Gronwall’s inequality that

1 t ) t 1 Y ~ A~
- (X(t)+ X(T)d7)+2(t)—5 / < (T)+Z(T)) drto < COEDO(R)e, Ty<t<T <T*<T,

o T 8 Jr, T o

from which it follows that

D=

Py,s—1

b1
Baw@llzn + (= [ 2P Paolzdr) "+ ol o + il
0
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t

1 A

_/‘\mwmwlmScmm
To T

for Ty <t < T < T* < T, where we stress that the constant C(R) is independent of € and the
times T, T*, T\, and T;. Choosing ¢ small enough, it is then clear from the estimate (3.6.58) and the
definition of the times T, T*, and T} that T'=T* = T, = T1, which completes the proof. OJ

3.6.2 Error estimates

In this section, we consider solutions of the singular initial value problem:

) 1 . 1
A?(e,t, x,w)ow + Al (e, t,x,w)0w + —Clo;w = ;ﬁl(e,t,x,w)ﬂblw +H +F in [Ty, T7) X R3,
€

(3.6.59)
w(Ty, z) = w°(x) + es(e, x) in {7y} x R,
(3.6.60)
where the matrices AV, A%, i =1,...,n, and 2; and the source terms H; and F} satisfy the conditions

from Assumption 3.6.2. Our aim is to use the uniform a priori estimates from Theorem 3.6.7 to
establish uniform a priori estimates for solutions of (3.6.59)-(3.6.60) and the corresponding limit
equation defined by

o o 1o . o o
A?@tii’) + A’l&,dz = Egllpld} — C{@{U + Hi + F} in [To, Tl) X R3, (3.6.61)
Cioub =0 in [Ty, T1) x R®, (3.6.62)
w(Ty, ) = i (z) in {Tp} x R3, (3.6.63)

and to establish an error estimate between solutions of (3.6.59)-(3.6.60) and (3.6.61)-(3.6.63).

In the limit equation, A(f and 2 are defined by (3.6.2) and (3.6.3) with a = 1, respectively, while
A% and H; are defined by the limits

Al (t, x,10) = lim AL (e, t,z,%) and H(t,z,d) = lim Hy (e, t, z, ), (3.6.64)
e\ 0 e\

respectively. We further assume that the following conditions hold for fixed constants R > 0, Ty <
Ty <0and s € Zyp oq1:
Assumptions 3.6.9.

1. The source terms® Iy and v satisfy Fy € CO([TO,Tl),HS(R3,RN1)) and
v € Nyeo C([T0, T1), REHIHR3, RVY)), respectively.

2. The matrices Azl, i = 1,....n and the source term H satisfy'® tAZ1 € B! ((ZTO,O) x R3 x
Br(RM),Sy,), tiH € B'((2T0,0) x R? x Br(RN1),RM), and Dy (tH(t,z,0)) = 0.

We are now ready to state and establish uniform a priori estimates for solutions of the singular
initial value problem (3.6.59)-(3.6.60) and the associated limit equation defined by (3.6.61)-(3.6.63).
Theorem 3.6.10. Suppose R > 0, s € Z>3, To < Ty < 0, ¢¢ > 0, @w° € H¥(R3RM), 0 ¢
LOO((O,GO),RS(R?’,]RM)), Assumptions 3.6.2 and 3.6.9 hold, the maps

1 1
(w,4b) € () C([To, Tu), R*“(R%, RM)) x () C([To, Tv), H*~“ (R®, RM))
£=0 £=0

9The source term ) should be thought of as the € \, 0 limit of Fy. This is made precise by the hypothesis (3.6.67)
of Theorem 3.6.10.

9From the assumptions 3.6.2.(4)-(5) on A} and Hj, it follows directly from the (3.6.64) that Al € E° ((2To,0) x R® x
Br(R™),Sy,) and Hy € E°((2T0,0) x R® x Br(R™),RM).
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define solutions to the initial value problems (3.6.59)-(3.6.60) and (3.6.61)-(3.6.63), and, for t €
[To,T1), the following estimates hold:

1 . .
@ llrs+r = ZIP10@) | Rots + 00O [ Rs + [E1 (@) [ 715 + [0 L1 (8) ][ o1 + 1 F1 (e, 1) [ e

t
<Ol e il =i70,.00) (€7 + e + o=+ [ (i) + o) ).
0

(3.6.65)
HAZi(ﬁvt? 7w<t)) - ‘Ziil(tﬂ K uoj(t))HRS*1 < 6C(Huo](t)HL"O([To,t),RS))7 (3-6-66)
and
| Hy(et, -, (t) — Hy(t, -, (t) || ge—1 + [|Fi(e,t) — Fi(t)]| gor
<eC (llwll oo (7p,), 7%y 1@ Lo (0,8, 125)) (C* + lw@)lrs + 12l gs—1 + [W(E)|[ s
¢
[ ol + 1)l + 1) a=)ar), (3.6.67)
0
where
1 .
z=—(w—w-—ev),
€

and the constants C*, O(||w|| Lo (1zy.0),8%)) » C (101l oo ((10,),8¢)) and C([[w]] oo (175,12, 85) 10| Lo ((10,8), 2))
are independent of € € (0,€p) and Ty € (Tp,0).

Then there exists a small constant o > 0, independent of € € (0,¢9) and Ty € (Tv,0), such that if
1% 115 + [[8° | ps +C* < o, (3.6.68)
then

max{ [|wl| ;oo (1,,1)xR3) |0l oo (j7,11) xR3) } < 5 (3.6.69)

and there exists a constant C > 0, independent of € € (0,¢ey) and Ty € (Tp,0), such that

[0l oo (po..22) + [wllazge (1m0 <3y + N0l arge (70,0 xm3) + 180l nsge, _, (170,0)xR3)

1
t 1 b t t 1
(—/ —||P1ad||3, d7'> —|—/ \&ngHQsMT—/ — Py gs—1dr < Co, (3.6.70)
To T To To T

0

Hw - QEHLOO([TO,t),RS*l) < eCo (3.6.71)
and
b1
—/T 1Py (w — )| Ferdr < ECa? (3.6.72)
0

fOTT()St<T1.

Proof. First, we observe, by (3.6.2) and (3.6.10), that A satisfies
P AP, = P AVPY. (3.6.73)
Using this, we find, after applying Py to the limit equation (3.6.61), that

b =P (3.6.74)
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satisfies the equation
P AP, 0,b + P AYP0ib = %]P’lﬁlllP’lb + P H, + P B, (3.6.75)
where Fy = —IP’lfi’i]P’faizb + Plﬁ’l — IP’le(‘)iv. Clearly, Fy satisfies
1E2 ()|l gs—1 < C (10l Lo (2,8, 1) w0l oo (170,8), R#)) (C* + w(@)lrs + [[w(t)|
# [ Wl + ol leir)  (3676)

for 0 <t < T by (3.1.14), (3.6.65) and the calculus inequalities from Appendix C, while
16(To) || o1 < (1]l rs S 10°]] 1= < o, (3.6.77)
follows from the assumption (3.6.68) on the initial data, and we note that Py Hy (¢, z, ) satisfies
Py H, (t,2,0) =0 (3.6.78)

by Assumption 3.6.2.(3).

Next, we set
y = topw.
In order to derive an evolution equation for y, we apply td; to (3.6.61) and use the identity
touf =tDif + [Dyf - tod] = Dy(tf) — f+ [Daf - tO],  f= f(t,z,w(t x)),

to obtain ) )

where
Hy = Dy(tH)) — Hy + [DgHy - y] + (D21)b — (D, A%y
and
Fy = —[Dg A} - y)9b — Dy(tAL)dab + ALdiib + 9, Fy + tCL9;0pv.
Note that in deriving the above equation, we have used the identity
AP = P2y =P Py, (3.6.80)

which follows directly from (3.6.3) and (3.6.5). We further note by (3.6.65), Assumption 3.6.2.(4) and
Assumption 3.6.9.(2) that Fy and Hy = Ha(t,z,w, b, y) satisfy

1E2(t) | s < C ([l oo g 9,159 N0l oo (70,0, 7)) (C* Hly@llge—r + lw@®)llrs + ([0 ()] 1

+ [ e+ fu)l)dr) (368

To

for Ty <t < 1Tj and

Hy(t,2,0,0,0) = 0, (3.6.82)
respectively. Using (3.6.61) and (3.6.68), we deduce that

yls = [(AD 1Py — H(AD) T 300 — H(AD) T Clow + H(AD) TV + (AD) A ‘E,
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which in turn, implies, via (3.6.65), (3.6.68), and the calculus inequalities from Appendix C, that
[y(To)ll s < C(a)o.
Next, a short computation using (3.6.59), (3.6.61) and (3.6.62) shows that
, 1 . 1 . .

A%,z 4+ A0z + gC{aiz = 7Pz + Ry + B, (3.6.83)

where
- 1 1
€ €

0 o . o ) 1
By = E(H1 —H\)+ ~(F, — F}) (AL — AD) o — ALdw — A0 + gplmlpw

and

Ry = —lfl?y + lillb,
t t
and we recall that A} and 20, are defined by the expansions (3.6.2)-(3.6.3). To proceed, we estimate
Y H(e, - w(t) — F(t, (1) et
< LH (et w(t)) — et ()l ges + IF (et (1)) — F(t, () s
< Ol gy 148 7 1005) (€ (@) e+ 1Ol ges + (D)

t
+ [ e + 1) gems + i) i), (36.84)

for Ty <t < Ty, where in deriving the second inequality, we used (3.6.67), Taylor’s Theorem (in the
last variable), and the calculus inequalities. By similar arguments, we also see that the inequality

Loogi i .
EH(AI (67 tu B U)(t)) - Al(ta B ’ll)(t))”stl
<C([|wllpoe ((10,),r#)+ HuO]HLw([To,t),HS))(C* + [w®)[rs + [[2(0)]l@s—1 + [W(E)|| s

+ [ Qo)+ 1) g + [l +1), (3.655)
To

holds for Tp < ¢t < Ty. The estimates (3.6.65), (3.6.67), and (3.6.84)-(3.6.85) together with the calculus
inequalities then imply that

12(e, 8) [l gs—1 <C (1wl oo (.00, 85y 101 Loo (000,15 |2l oo (10,00 5 1)) <C* + [[w®)|rs + [|2(¢)[|gs—
t
+ [ (t)]] s +/T ([lw(r)[[rs + [[2(T)llgs—1 + HUJ(T)HHS)CZT> (3.6.86)
0

for Th <t < T. Furthermore, we see from (3.6.65) and (3.6.68) that we can estimate z at t = Ty by

12(To)|lgs—1 < C(o)o. (3.6.87)
We can combine the two equations (3.6.59) and (3.6.61) into the single system
AY 0 w AL 0 w 1/Ci 0 w
(o a)o )+ (0 ) ()« (5 )2
S 1(% 0\ (Pi 0 (w)  (H P
ot (0 9011) (0 Pl) (w> i <H1> i (131 - Ci@-v) ’ (36.88)
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and collect the three equations (3.6.75), (3.6.79) and (3.6.83) together to get

b b b b

. 1 1
Ao [y | +450; |y | + Ecéai y| = Eglzﬂ”z y | + Hy + Ry + P>, (3.6.89)
z z z z
where
PLAYPL 0 0 - (PLAIPL 00
AY = 0 AV 0], AL= 0 At o], (3.6.90)
0 0 AY 0 0 A}
00 0 P, 0 0 P12 0 0
Cé = 0 0 0 y ]P)Q = 0 1 0 s 9/[2 = —lelpl lelpl + A(l) 0 y (3691)
00 Ci 0 0 Py 0 0 A
Py H; 0 P, F
Hy:=| Hy |, Ro:=1[0 and Fy:=| F |. (3.6.92)
0 Ry Fy

We remark that due to the projection operator P; that appears in the definition (3.6.74) of b and in
the top row of (3.6.90), the vector (b,y,2)T takes values in the vector space PiRM x RNt x RM and
(3.6.90) defines a symmetric hyperbolic system, i.e. A and A% define symmetric linear operators on
P RN x RN x RN and A is non-degenerate.

Setting
00 0 00
00 0 0O 0 0
P3:=10 0 Py 0 O and Py = <O ]1>,
00 O 1T O
00 0 00

it is then not difficult to verify from the estimates (3.6.65), (3.6.76), (3.6.81) and (3.6.86), the initial
bounds (3.6.68), (3.6.77) and (3.6.87), the relations (3.6.73), (3.6.78), (3.6.80) and (3.6.82), and the
assumptions on the coefficients {Ay, Af, /i?, AZI, Ay, Ay, H, F} (see Assumptions 3.6.2 and 3.6.9)
that the system consisting of (3.6.88) and (3.6.89) and the solution U = (w,,b,y, )T satisfy the
hypotheses of Theorem 3.6.7, and thus, for ¢ > 0 chosen small enough, there exists a constant C' > 0,
independent of € € (0,¢y) and T3 € (Tp,0), such that

. R

(| (w, W) || oo (17,11 xR3) < 3 (3.6.93)
and
t 1 5 %
il (= [ 2Bl dr) 4 1) o

0 . 1
+ 10, y, )Ml arze (10,6 xR3) / —|PsU||gs-—1 dr < Co (3.6.94)

2,5 TO T

for Tp < t < T7. This completes the proof since the estimates (3.6.69)-(3.6.72) follow immediately
from (3.6.93) and (3.6.94). O
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3.7 Proof of the Main Theorem 3.1.6

3.7.1 Transforming the conformal Einstein-Euler equations

The first step of the proof is to observe that the non-local formulation of the conformal Einstein-Euler
equations given by (3.5.23) can be transformed into the form (3.6.59) analyzed in §3.6 by making the
simple change of time coordinate

tst = —t (3.7.1)
and the substitutions

w(t, z) = U(—t,x), A%, —t,w) = B¢, -1, U), Al(e,f,w) = —Bi(e, —1,U), Ai(e,t,w) = B(e, 1, U),
(3.7.2)

Ci=—-C' P, =P, Hi(e,t,w) = —H(e,—t,U) and F(e,t,2) = —F(e, —t,x, U, 0,®, 0,0, P, 9,0, D).
(3.7.3)

With these choices, we can use the same arguments as in [51, §7] to verify that all the structural
assumptions listed in §3.6 hold. We omit the details.

3.7.2 Limit equations
Setting o

U = (ag", by a, a4l 0¥ o, g, 6, 0, %) T, (3.7.4)
the limit equation, see §3.6.2, associated to (3.5.23) on the spacetime region (73,1] x R3, 0 < T < 1,
is given by

B%9,U + B'9,U + C'9;V = BPU+H+F in (Ty,1] x R3, (3.7.5)
C'o;,U =0 in (Ty,1] x R3, (3.7.6)
where
B*(t,U) := li\r‘% B"(e,t,U), B(t,U):= l{’% B(e,t,U), H(,U) = li\n‘% H(e,t,0), (3.7.7)
and

o o o L. o A o . o o 1 o\ o o o o
- (QE—lmkﬂag%bk -2/ StET el a0 BTT, (5 + Q) M by — S o0y,

3 T
1/3\2 - .
0,0,0,0,0,0,0,0,—K—l5 <A> E’_36”“t<1>k> . (3.7.8)

In F, ¢ is the Newtonian potential, see (3.1.67), and E, Q and @’ are defined previously by (3.1.62),
(3.1.64) and (3.4.7), respectively.

We then observe that under the change of time coordinate (3.7.1) and the substitutions

it a) = U(=t,z), AVE w) =B, 0), Ai(f,w) = B (—£,0), A1(f,w) = B(~E,U), ¢} = -C',
(3.7.9)
v(t,2) = V(~t,z), P1=P, Hi({,w)=-H(-i,U) and F(i,z)=-F(-iz), (3.7.10)

the limit equation (3.7.5)-(3.7.6) transforms into

AYOpi + ALop = ;mlplw —Ciow+H, + Fy in [-1,-T3) x R3,
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Cidpub =0 in [-1,—T5) x R3,

which is of the form analyzed in §3.6.2, see (3.6.61)-(3.6.62) and (3.6.64). It is also not difficult to
verify that the matrices Al and the source term Hi satisfy the Assumption 3.6.9.(1) from §3.6.2.

3.7.3 Local existence and continuation

For fixed € € (0,¢€p), we know from Proposition 3.4.1, Corollary 3.4.2 and Proposition 3.5.2 that for
Ty € (0,1) chosen close enough to 1 there exists a unique solution!!

1
U e () (T 1], B4R, K))
(=0

0 (3.5.23) satisfying the initial condition

Uls = (ug"]s, wi s, u®|s, ufl |5, uf |5, u¥ s, wols, ur|s, uls, 6|5, zils)

where the initial data is determined from Lemma 3.3.15 and Proposition 3.5.2.(2). Moreover, we know
that this solution can be continued beyond 77 provided that

sup [|[U(t)||gs < o0.
te(Th,1]

Next, by Proposition 3.4.4, there exists, for some T, € (0,1], a unique solution (é,é"i,@) which
verifies

1

(6, 3%, ®) ﬂcf (To, 1], H(R?)) ﬂcf (To, 1], HH(R®R?)) x (1) CX((To, 1], RFH2I(RY)),
=0

(3.7.11)

to the conformal cosmological conformal Poisson-Euler equations, given by (3.1.65)-(3.1.67), satisfying

the initial condition 53
S Ve — Pey\ f25. s
(6¢, 2|y = (ln( M(1)>,E 5Uze’y>.

Setting
Op Ope Op T
— (V5¥ ¥, v%,0,0,0,0,0,0,0,0) ",
where
1 o o o o o
v = — <2 + Q) SHETI® +tE1 0,00, (3.7.12)
VI = 2E71001 D + 26+ é751_57*1(—A)*%9% w’ (3.7.13)
k} - k} j 3 k ) ol
0 1 wr—1g
Vo= (S +Q)iET D, (3.7.14)

it follows from Proposition 3.4.4 and (3.7.11) that V is well-defined and lies in the space
1
Ve () CY((Te, 1], RFH (R K)).
£=0
It can be verified by a direct calculation that the pair (V, U), where

U = (0,0,0,0,0,0,0,0,0,4C, %), (3.7.15)

1 Recall that K is defined in Proposition 3.4.1.
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determines a solution of the limit equation (3.7.5)-(3.7.6). Moreover, by Proposition 3.4.4, it is clear
that this solution can be continued past Ty provided that

sup || U(t)||rs < oo.
te(Tz,1]

3.7.4 Global existence and error estimates

To complete the proof, we use the a priori estimates from Theorem 3.6.10 to show that the solutions U
and (V, U) to the reduced conformal Einstein-Euler equations and the corresponding limit equation,
respectively, can be continued all the way to ¢t = 0, i.e. T7 = T> = 0, with uniform bounds and an error
estimate. In order to apply Theorem 3.6.10, we need to verify that the estimates (3.6.65)-(3.6.67) hold
for the solutions U and (V, U) We begin by observing, via routine calculations, that the components
of O,V are given by

.1\ . . . . . 1 - 0O\ . .
OV = (1 — 20 — 2) E71550,0 + B0} — (&Q - (5 - Q)t> £k, (3.7.16)
0 . 1T o QN o |
oV = atQ—(i—i-Q)? GE @+ (5+Q)HE 00 (3.7.17)
and
o a2 [ oAy o3 (1 — )l + t0r?) + 2815 (L — 0,0 )b — 2510510,
V=2 gj(_)zs)at,g (1= + o) + AR — 1Oy,
(3.7.18)
We further compute
1 1 Ope 0 1 Op 1 Op 0 *
-PV = 7(‘/0 +V“)77V 77(‘/0 +VM)>O>O7O7O707(]’O’0 )
t 2t t 2t
where the components are given by
1, o 1 0 1 o
E(VO“JFVO“) = 5<5gE 180, (3.7.19)
1 . Q. . A .
Zv,f“ = 2B 51 + 20 B g(—A)_%iﬁkwj. (3.7.20)

Then by (3.7.12)-(3.7.14) and (3.7.16)-(3.7.20), it is clear that the estimate

IVl gstr + £ PV (@) gssr + 100V (2)]| s
<100 (1) e + RSB rs + | B(E) | s + [[(—A) 294 ()| oo + (|10~ A) ™ 2Ry (1) |

1
< C(1Cl =yt 1 =ciry) (16O e + 127 e+ W07+ [ 12 i)
1
< C(R®) (IOl + 1l + [ 1O ear). (3.7.21)

where
Ky(t) = U] poo (.17, m5%) + Ul oo (((1,11,R#))>
follows from the estimates (3.4.13)-(3.4.14). From similar reasoning and the embedding H® < R*, it

is also not difficult, using (3.4.15) and (3.4.16) to estimate T and 9, T, to verify that F, defined by
(3.7.8), satisfies the estimate

IR + 0B )| et <CUSE o173, 1 Doy rrey) (18O e + 120 e + 157 g
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+ /t 1 184 ()l - (3.7.22)

for Ty < t < 1. Furthermore, we see from the definition of F, see (3.5.24), the estimates (3.5.8)-(3.5.9),
and the calculus inequalities that F is bounded by

IF @)l re OO poo (11,55 1P e (10, 55)) IO )| s + DR ()| e + 195 (0| s + ([0, @ () o)

1
<C(10qa) (1l + Ol + [ (gDl + lanesln)dr)  (372)
t
for Ty < t < 1. Together, (3.7.21), (3.7.22) and (3.7.23) show that source terms {F, F1,v}, as defined
by (3.7.3) and (3.7.10), satisfy the estimates (3.6.65) from Theorem 3.6.10 for times —1 < { < —T3,

where
Tg = maX{Tl, TQ}.

Next, we verify that the Lipschitz estimates (3.6.66)-(3.6.67) from Theorem 3.6.10 are satisfied.
We start by noticing, with the help of (3.2.50), (3.2.64) and (3.7.15), that

Bi(e,t,U) =0,

i . 3 zoz E726im 9 i R
B'(e,t,U) = \/; (E—25il K—lE—25lmZoz‘> + €7 (6,1, U)

and

BY0,t,U) = 3 (

E°—25il K—lEo'—25lmz°i

i E—Qéim
A

From the above expressions, the expansion (3.2.5), and the calculus inequalities, we then obtain the
estimate

IBi(e,t,U) — Bi(t, U) || gs-1 < eC(|U|poo(rape))s T3 <t <1 (3.7.24)

Next, using (3.2.54), (3.2.55), (3.5.18), (3.5.19) and (3.7.15), we can express the components of
H(e, t,U), see (3.5.24), as follows:

Gile,t,0) = (e7#(6,4,10),0,0)",  Ga(e,t,U) = (€77 (e,t,0),0,0) ",
Gs(e,t,U) = (e7(6,4,0),0,0)", and G(e,t,U) = (0,0),

where .7#, .#% and .# all vanish for U = 0. It follows immediately from these expressions and the
definitions (3.5.24) and (3.7.7) that

H(t,U) = <0,0,0,0,0,0,0,0,0,0,0>T,
and, with the help of the calculus inequalities and (3.2.4)-(3.2.5), that
IH(e,t,U) = H(t, U)l|go—1 < cC([U )| po(1,5)) | Ullgot, T3 <t <L (3.7.25)
To proceed, we define
Z = %(U —~U—eV), (3.7.26)

and set
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In view of the definitions (3.5.24) and (3.7.8), it is not difficult to verify that the inequality

IF(e,t,) = F(t, )l rer < CIU oo (e1),)) (5HU(t>HRS*1 + €| @) ()| pe—1 + e[ DL (E) | e
+ €l o0k ()| ot + BT L) = BT ()| st + el Z(#) | o + € V(#)]| o
+[[@0(8) = ()l o1 + 100(PRE) = Pr(t))ll st + I/ (1) — pof’j'j(t)HRS*1>
1
<C(I0llze(1,84)) (EH&HS + 6/t (luls (M Rs + l2e5(T)lRs)dT + €| U )| s
1
+ellZ(t) || pe-r + ellU@) | s + G/t IO | m=dr + [|93(8) = @x(®)]|go-1 + [ T(E) = T(B)l| per
+1[80@Y(t) — Dby (t)]] o dr), (3.7.27)
follows from (3.2.4)-(3.2.5), the estimates (3.5.8)-(3.5.9) and (3.7.21), and the calculus inequalities,

and holds for T3 < t < 1. To complete the Lipschitz estimate for F, we require the estimates from the
following lemma, which are an extension of the estimates from Propositions 3.4.4 and 3.5.1.

Lemma 3.7.1. The estimates
1
|9} = Prllge—t + I T = T[gsr < GC(K4)<H56HS +/t (IZ(T)[[ps=1 + [[U(7)| s + HU(T)HHs)dT)
and
0 o “ o 1 o
10085 — @)l s < COD) (I + 12l s + [Tt + [0l gecs + [ O
t
hold for t € (T3,1].
Proof. Noting that
o 3 23 el 3 231 o0 sl 0ol 6 5¢—8¢ I v
\/1gletz" — KEe = KE [e (' =2")+etzle (e —1)]+6ﬂ(e,t,u”,u,5(,z]~),

where (e, t,0,0,6¢,0) = 0, we have by (3.4.22)-(3.4.23) and (3.5.12)-(3.5.13) that

. A _ _ 3 o5 & _
(@) = Op) =5 0OU(A — 5) 7! [A HA—ép) (\fAE%@“z’) -y |g|e<zl)]
= _ \/§E‘38k81(A —e2p)t [eg(zl — i+ efi 5% (664_55 — 1) + e e, t,ut  u, 0C, z])}

A 0g ¢
+ \/;25@ — E8) IR M B3 2! (3.7.28)

and

(T —171) :/;e,eal(A —e2p)! [(ﬁﬁ?’ele) —~ (\/@e%l)]

A o N o ° )
=— \/;E38k31(A — )t [eg(zl — 2 + el zledt (eég_(sg — 1) + e e, t,ut u, 6¢, 20|
(3.7.29)

We also observe that

1€28(A — 28) ™1 (e42)) || pem1 < ev/BI(A — 28)72 (5 || pems < €Cle* 2| o (3.7.30)

follows from the inequality (3.1.14) and an application of Proposition 3.3.5. Then applying the R*~!
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norm on both sides of (3.7.28), we find, with the help of Theorem B.0.2, Propositions 3.3.5 and 3.3.6,
and (3.3.57), (3.7.21) and (3.7.30), that the inequality

1
1000 = 1) s <eCOU) (el +1Zlres + [Tzecs + [Oles + [ [0 ).

holds for ¢ € (13, 1]. This concludes the proof of the second estimate in the statement of the lemma.

Turning to the first estimate, we start by estimating the initial values [|(®) — ®3)|s||gs—1 and
(Y = T)|s|[gs-1. From there, the desired estimates for @9 — &yl gs—1 and | T — Y| gs—1 follow from
integrating (3.7.28) and (3.7.29) in time and then applying the R*~! norm.

Using the expansion
\/@64@0 = E3e + €T (e, t,u"  u,0C) + € To(e, t, ul , u, 8¢, 2j), (3.7.31)
where 7] (€,t,0,0,5¢) = 0 and F5(e,t,0,0,0,0) = 0, along with the identity
A~V EBC — FBeS) = (A — 28)"H(EBeS — B35t — 2BAYA — 28) 7L (13¢5 — EBeln),

and (3.2.4), (3.2.5), (3.2.18) to expand dp, and (3.5.5), we derive the following expansion for 9 — By

30 — &y, :%ak [(A = 28)71(y/]gleS® — E3eSm) — AL (E3et — F3etm)]
zgak(A —e2p)t (ES(GC — b)) — E?’(eé — eéH)) + gak(A — 28 e T (e, t,u"  u, 6C)
- /;ak@ — E8)LE D (e, t, 0 u, 6C, ) + 2625@ — 2B) IR (—A) 2 (E3eC — el
AE? 2 py—1 o, A 2 py—1 v g
= @E)k(A —€“5) (5/) — 6p) + gak.(A —€“8) e[ TA (e, t,ut u,0C) + Ta(e,t,00) + €T4(e, t,6()]
A 2 n—1 2 v AE3 2 2\—1 -1 Co é
+ gak(A —€°B) € Tae, t,ut u, 8¢, z5) + —5 ¢ B(A —€“B) " R (—A)"2(e —e). (3.7.32)

By similar arguments, we also see that
Y A s 2 5\—1 o 2, A 2 9y—1 v :
T =¥ =B BY(A = 26) 7 (59— 60) + 55 (A — 26) 7} [File, 1,0, u,50) + Fi(et,60)
A
+ e, t, 5{)] + €3ﬂ§(A — E28) L T (e, t, u  u, 0C, 2;), (3.7.33)

where J3(e€,t,0) = J4(e,t,0) = 0. Since dp|x, = dp|x = Ip, we have, initially,

AE3
3t3

AR
3t3

O(A — 28)~1(6p — 67)] ‘Z =[S eB(A — 28)"1(5p — 6p)] ‘2 —0.

Substituting this into (3.7.32), we see that the estimate

1@ = @) sl rer SIFe,ts w1, 60) sl per + €ll Fale £, 6Q) sl o2 + leTale,t, w1, 6¢, 25) |l pos

+ €l ale, 1, 60) [nll pe—r + €lloClzll g s

Sl Isllgeer + sl ees + ellzjlsllpees + elliclsllpe + €l6lsl g
§€||§VE||8 (3.7.34)

follows from (3.3.53) and an application of Theorems 3.3.16, B.0.1 and B.0.2, and Propositions 3.3.5
and 3.3.6. Using similar arguments, it is also not difficult to verify the inequality

IE = D)5l S elléells- (3.7.35)
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Integrating (3.7.28) in time and applying the || - ||gs—1 to the result, we see, after recalling the
definitions (3.4.19), (3.4.20), (3.5.1) and (3.7.26), and using Proposition 3.3.5, (3.3.52) and (3.3.57) to
estimate terms involving the Yukawa potential operators, that inequality

1 . .
18— @l <NOF — Blslrs + [ (Jef(E! = ) llros + [€h21e5 (5~ 1)) s
t
+ Heyl(ev T, ul“’7 u, 5C7 Z]')HRS_l + HEQB(A - 626)71 (eéél) (T) ”RS_1>dT

9 1 o
<eCll&lls + EC(K4)/t WZM)rs—1 + IV (D)l ge=1 + O) | pe-1 + [U(T) ][ 1)

1
<eC(K) (J1€]s + / (IZ()l g1 + 10 e + O 1127

is a direct consequence of the expansion (3.7.31) and the estimates (3.7.21) and (3.7.34). Similar
arguments can also be used to verify the estimate

o v 1 o
I =Vl <eCOD (Il + [ (2Ol + U e+ [0 ).

Combining the above two estimates together yields the first estimate of the lemma and thus completes
the proof. 0

From the estimate (3.7.27) and Lemma 3.7.1, it is clear that
(e t,-) = F(t ) ges geC(K4)<H§€HS + U@ Ire + 1Z0) | gor + [0 1=
1
-l—/ (1Z(7) || gs—1 + [|U(7)|| gs—1 + HU(T)Hqu)dT), Tz <t<1. (3.7.36)
t

Together, (3.7.24), (3.7.25) and (3.7.36) show that the Lipschitz estimates (3.6.66)-(3.6.67) are satis-
fied.

The final condition that we need to verify in order to use Theorem 3.6.10 is the bound (3.6.68)
on the initial data. To see that this holds, we observe that the estimate |[(U — U)|s|lrs < €l|&lls
follows directly from (3.7.15), Theorem 3.3.16, Proposition 3.5.2.(2), and the expansion 6¢|s = 6C|s +
€27 (e, 6p), which follows by direct calculation.

Having verified that all of the hypotheses of Theorem 3.6.10 are satisfied, we conclude that there
exists a constant o > 0, independent of € € (0, €p), such that if the free initial data is chosen so that
l€e]ls < o, then the estimates

Ul oo ((zsam5) < Cov Ul oo((ryame) < Co and  [|U = Ul|poo((pyaymo-1) < €Co (3.7.37)

hold for some constant C' > 0, independent of T3 € (0,1) and ¢ € (0,¢p). Furthermore, from the
continuation criterion, it is clear that the bounds (3.7.37) imply that the solutions U and U exist
globally on M = (0,1] x R? and satisfy the estimates (3.7.37) with T3 = 0 uniformly for € € (0, ¢). In
particular, this implies, via the definition of U and U, see (3.5.22) and (3.7.4), that
16¢() = 6C(t) | ger < €Co,  l2(t) = 2(#) || pemr < €Coo,
|ut” ()| ps-1 < eCo,  [Jul” (t) — 5555@&)@)”}254 <eCo, ||u'(t)||gs— < eCo,
luo(t)||gs—1 < €Co, |ug(t)||gs—1 < eCo and |Ju(t)|gs—1 < eCo

for 0 < ¢t <1, while, from (3.2.21), we see that

<Ces, 0<t<1.
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This concludes the proof of Theorem 3.1.6.






Chapter 4
Discussion






Chapter 4

Discussion

It doesn’t matter how beautiful your theory
is, it doesn’t matter how smart you are. If
it doesn’t agree with experiment, it’s wrong.

Richard Feynman

This thesis contributed to the rigorous proof of the existence of cosmological Newtonian limits
and accurately gives the largest space-time region of existence of cosmological Newtonian limits under
certain initial data. We establish the existence of 1-parameter families of e-dependent solutions on a
specific manifold M to the Einstein-Euler equations with a positive cosmological constant A > 0 and
a linear equation of state p = €2Kp, 0 < K < 1/3, for the parameter values 0 < € < ¢y. The main
purpose of this thesis is to conclude that M can be extended to [0,00) x R3 in terms of the standard
coordinates for the FLRW metric. These solutions exist globally to the future!, converge as € \, 0 to
solutions of the cosmological Poison-Euler equations of Newtonian gravity on cosmological scales, and
are inhomogeneous non-linear perturbations of FLRW fluid solutions.

Now, let us firmly answer the question proposed in §1.2, under a small initial data and a posi-
tive cosmological constant condition, that is, Newtonian cosmological simulations can be trusted to
approximate relativistic cosmologies globally to the future on cosmological scales.

The key requirements of this thesis are the positive cosmological constant and the smallness con-
ditions of initial data. The main proofs for the long time issue are based on one type of the conformal
transform from the physical Einstein-Euler system to a conformal one which brings the Einstein-Euler
system to a singular symmetric hyperbolic equation (see (2.5.1) and (3.6.1)) in the Newtonian coor-
dinates. A key structure of the singular system which enables the analysis to be carried out is that
the time singular term has a correct sign due to the positive cosmological constant. The bulk of the
work is on the analysis of such singular equations based on various assumptions and function spaces.
The differences between these two model systems in Chapter 2 and Chapter 3 come from the distinct
initial data setting. The periodic data prescribed in Chapter 2 is a cosmological version of the isolated
system instead of the cosmological relevant data because of the period ~ €. We use this simplification
of isolated cosmological system in Chapter 2 because we only want to focus on the long time issue
by ignoring the real cosmological scales to develop a technique for the long time Newtonian limits

!This means these e-dependent solutions are future geodesically complete for every € > 0. This can be seen from
the asymptotic properties of the metric g" and the future geodesic completeness of the FLRW metric (this is easy via
analyzing the line element of this metric, when time approaches the future infinity, the affine parameter of the geodesics
goes to infinity). These asymptotic properties have been shown in Theorem 1.3 in [66] or, equivalently, in terms of the
physical metric and the original standard FLRW coordinates, the asymptotic results can be found in Theorem 12.1 of
[77]. These asymptotic properties imply that the line element of the perturbed metric is dominated by the one of the
background FLRW metric. Therefore, by using these asymptotic properties, it is not hard to conclude when time tends
to future infinity, the line element goes to infinity too, which, in turn, implies the future geodesic completeness of the
e-dependent solutions for every e > 0. We omit the detailed calculations and derivations of this. In the current thesis,
we do not intend to understand how the geodesics varies with respect to €. It might be an interesting question to pursue
in future and we do not think it will be too difficult.
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problem as this gives us enough simplification in Chapter 2 compared with Chapter 3. In Chapter
3, with the techniques of long time issues in hand, we generalized the results in Chapter 2 by taking
the cosmological scales into account to derive the complete results on the Newtonian limits on large
cosmological spacetime scales.

Another important part of this thesis is the initialization for the cosmological scales. We formulated
the constraints to the elliptic system by a variation of the method developed by Lottermoser. Then, in
order to analyze this system on R3, we have to choose the suitable function space with the purpose of
employing the Banach’s fixed point theory. It turns out that a decent tool to establish our contraction
mapping is Yukawa potential operators introduced in §3.3.3 which can be viewed as a generalization of
Riesz potential operators and Bessel potential operators. Yukawa potential operators are better than
Riesz potential operators since Yukawa potential has better mapping properties compared with the
Riesz one. With proper rescalings or composed with spatial derivatives, Yukawa potential operators
are mappings from LP to LP spaces, the construction of the contraction, thus, becomes easier to
achieve.

In this chapter, we review this thesis and remark on possible future directions.

4.1 Summary and conclusion

Chapter 2 provides the first long time result for the rigorous cosmological Newtonian limit problem on
the cosmological version of the isolated system. It establishes the long time existence of 1-parameter
families of e-dependent solutions to Einstein-Euler systems which are small, non-linear perturbations
of FLRW solutions that converge, in certain sense, as € \, 0 to solutions of the cosmological Poison-
Euler equations of Newtonian gravity. The basic idea is using the conformal singular equation to
transform the long time existence problem to a short one, but the cost is that the equations become
singular. Due to the “right sign” on the time singular term which is a direct consequence of the positive
cosmological constant, such singular equations behave well in the analysis, that is, the existing solution
could be extended as ¢t — 0. The constraint equations can be solved by applying the standard method
developed by Lottermoser.

Because the result of the long time Newtonian limits in Chapter 2 is built on a cosmological version
of the isolated system instead of the authentic cosmological scales, the main purpose of Chapter 3 is to
remedy this defect. To do this, we must select cosmologically relevant initial data to ensure the light
travel time between the different density spikes remains bounded away from zero in the limit € 0.
Given the free data which verify the requirements of the cosmologically relevant data, the constraint
equations are not simple to solve. As we point out, Yukawa potential operators are effective tools
to conquer such difficulties. Due to the variations on the type of initial data, our analysis on the
singular hyperbolic equations requires corresponding modifications to fit these data. We provide, in
this chapter, the answer to the basic question in the cosmological simulation that we have proposed in
§1.2, under a small initial data and the positive cosmological constant condition, that is, Newtonian
cosmological simulations can be trusted to approximate relativistic cosmologies globally to the future
on cosmological scales. We adopt the long time scheme of Chapter 2 in more suitable function spaces
to analyze the evolution part of this system and introduce a new tool, the Yukawa potential operator,
to analyze the constraint equations. We believe this result lays a firm foundation for large scale
cosmological simulations using Newtonian gravity in astrophysics.

4.2 Future directions

There are many potential directions continuing the work of the current thesis. We mention some of
these in this section.

4.2.1 Post-Newtonian expansion on large cosmological scales

The direct extension of this thesis is to continue to investigate the next order of the post-Newtonian
expansion on large scales. This problem is proposed because there are relativistic effects that are
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important for precision cosmology and are not captured by the Newtonian solutions. To understand
these relativistic effects, higher order post-Newtonian (PN) expansions are required starting with
the 1/2-PN expansion, which is, by definition, the € order correction to the Newtonian gravity. In
particular, it can be shown [67] that the l-parameter families of solutions must admit a 1/2-PN
expansion in order to view them on large scales as a linear perturbation of FLRW solutions. The
importance of this result is that it shows it is possible to have rigorous solutions that fit within the
standard cosmological paradigm of linear perturbations of FLRW metrics on large scales while, at the
same time, are fully non-linear on small scales of order e. Thus the natural next step is to extend
the current results to include the existence of 1-parameter families of e-dependent solutions to the
Einstein-Euler equations that admit 1/2-PN expansions globally to the future on cosmological scales.
This problem will directly continue this thesis with reasonable difficulties and this work is currently
in progress.

4.2.2 The relation between Fuchsian analysis and Oliynyk’s singular system

As we mentioned before, we use conformal transform and some specific wave gauge to rewrite the
Einstein-Euler system as a singular hyperbolic equation and consider the limiting case that time
t — 0 by giving initial data at ¢ = 1, which implies the long time behavior by reversing the conformal
transform. We also know there is the Fuchsian analysis which also involves singular hyperbolic equa-
tions but given asymptotic data initially at the singular time. We want to understand the relations of
solutions between these two systems. We do not think this is a very difficult problem but it is worth
checking this relationship in future.

4.2.3 Long time behavior of FLRW universe with large data or without cosmo-
logical constant

We have repeatedly emphasized that the results of this thesis are obtained under small initial data
and positive cosmological constant conditions. Therefore, a natural question arises, which is, if im-
posing certain large initial data or if there is no positive cosmological constant, what happens to the
cosmological Newtonian limits? In fact, before considering cosmological Newtonian limits, we have
to investigate the future behavior of the FLRW universe under certain large initial data or A = 0.
As we remarked previously, the positive cosmological constant is a crucial structure leading to the
long time picture. If this cosmological constant is zero, the whole method of the conformal singular
hyperbolic system is destroyed, one has to explore some new way to carry it out. In addition, small
initial data ensure the nonlinearities do not deviate too much from the linear systems. If initial data
are large, one must seek another way to control the nonlinearities. As all the current methods have
failed, this would be a very complicated new question to answer. We believe some new ideas and more
delicate conditions must be presented in order to answer it and the results might vary under different
assumptions.

4.2.4 About cosmological relevant data selection

In Chapter 3, from our proof in §3.3.5, there is an unpleasant condition (3.3.64) which is

1
0<pu(1) < (194 5v/29)A,

restricting the density of the background homogeneous fluid from being too large. We do not know if
this is necessary or not, but it is worth investigating. As we noted in Chapter 3, [65] established the
existence of 1-parameter families of e-dependent initial data satisfying the constraint equations without
a similar smallness condition on the background FLRW solution. However, the gauge condition used
in this article, which is suited to the long time evolution problem, is different from the gauge used
in [65], and the analysis of the constraint equations in [65] employed a more complicated conformal
decomposition. Consequently, it is not clear if the choice of gauge or the particular representation
of the constraint equations used in this article is responsible for the requirement (3.3.64). On the
other hand, [65] only concludes the local-in-time Newtonian limits on cosmological scales, there is no
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smallness condition required for the initial perturbations. Therefore, large perturbations are allowed,
which means that the density of the background homogeneous fluid does not play an important role
because large perturbations give the initial data enough freedom. In contrast, in order to control
the nonlinearity for the long time problem, we have to keep the initial smallness condition of the
perturbation data in this thesis. This endows the density of the background homogeneous fluid with
the role of the center of the perturbations, and only in the long time problem, the importance of the
density of the background homogeneous fluid makes a real impact. Thus, it is interesting to investigate
the same initialization problem as in Chapter 3 without this condition (3.3.64). We do not know how
difficult this would be, and currently, we do not know how to get rid of this condition.

4.2.5 The future behavior of the FLRW solutions and the equations of state

In this thesis, we adopt a linear type of equation of state for the perfect fluid

p=eKp, 0< K < %
In fact, the universe is not so simple due to the complex thermodynamic properties and other compli-
cated factors. One interesting question is to ask how the equation of state affects the future behavior
of FLRW fluid solutions in general and how the effects of an equation of state compete with those
of the cosmological constant. Some specific questions can be proposed, for example, for a general
equation of state

p=f(p)

where f : Ryog — Rsg is a function that f’(p) > 0 for all p > 0, can one find as simple as possible
conditions on f to ensure the future stability result of FLRW solutions with or without the positive
cosmological constant? After understanding the relationship between the future behavior of the FLRW
solutions and the equations of state, the corresponding existence problem of Newtonian limits and post-
Newtonian expansions could be investigated further. This is a direct and reasonable question for our
next step to continue this thesis because by delicately designing the property of f, it seems it is not
too difficult to use the equation of state to mimic the behavior of effects of the positive cosmological
constant.

In addition, another interesting and reasonable problem is to consider the linear equation of state
p = Kp with 1/3 < K < 1. To the best of our knowledge, there is no any result in the literature and

in this case, instabilities might occur?.

4.2.6 Applications of the technique of rigorous Newtonian limits and post-Newtonian
expansions

What can we do by using the technique of rigorous Newtonian limits and post-Newtonian expansions?
There are many potential powerful applications. Physicists have successfully used Newtonian limits
and post-Newtonian approximations to solve many difficult questions approximately or numerically.
Once we have proven the existence of rigorous Newtonian limits or post-Newtonian expansion, the
next natural and possible issue is to solve and prove those complicated problems in physics analytically
and accurately instead of using numerical methods.

One option is to work on the rigorous analysis of the two-body problem in general relativity
analytically rather than numerically. However, more foundational work needs to be established before
we can understand this problem.

The first step in approaching this problem is to understand the long time behavior of the isolated
compact elastic body in the general relativity with the positive cosmological constant A > 0. Because
we know A > 0 may lead to long time existence in view of our past and current work where A > 0
gives the equations some nice structure, and due to the work [2, 3, 4, 5, 7] in which some aspects of the

2This question is suggested by Professor Uwe Brauer and the author thanks him for this interesting problem.



CHAPTER 4. DISCUSSION 175

elastic body and the short time behavior of the elastic body has been researched in general relativity
and Newtonian gravity, it is reasonable to push this question into long time behavior and this long
time behavior of the one body problem is the first thing we should understand before the two-body
problem. We choose the elastic body first because this is simpler than the liquid body, which has
more complicated boundary conditions. Our final goal is to understand this question for the liquid
body, but in order to avoid the complicated boundary conditions, the elastic body is a good model to
explore fundamental ideas.

The difficulties of this project come from several aspects. The outstanding difficulty is because
we do not assume any symmetry on the elastic body and there is no suitable exact solution to the
Einstein equation as the background (If we know there is some long time exact solution, then we
could perturb it and see if this solution is stable; if it is stable, then there is a family of long time
solutions. However, this is not true in such case). Therefore, we can only observe the same question
in the Newtonian case and try to understand this Newtonian case first. We would then try to apply
our Newtonian limit technique to connect the Newtonian case and relativistic one by imposing certain
suitable assumptions.

If we could achieve this for the elastic body, we may then turn to the long time behavior of the
relativistic liquid body. Another choice is to investigate the two-body problem for elastic bodies.

The two-body problem in general relativity is very difficult to reach currently. But a lot of very
fundamental work with this goal is doable now. But even these fundamental work seems difficult too
because the corresponding problems in Newtonian gravity or without gravity are also not so easy.
However, a lot of progresses on Euler equations and Fuler-Poisson equations have been achieved in
the recent thirty years. Therefore, it is reasonable to ask these problems in general relativity now.

There are many interesting questions around rigorous Newtonian limits and post-Newtonian ex-
pansions, and we expect that these techniques will contribute new ways to rigorously explore general
relativity and cosmology.
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Appendix A

The dimensionless version of the
Einstein-Euler system

The original Einstein-Euler system with positive cosmological constant A > 0 is

- 1 .
G 4 Lagn = BT v
C C
VI =0

where

- 1 o B
T = (,0 + ch) o*oY + pgt”

(A.0.3)

is the energy-momentum tensor of perfect fluid which determined by the following linear type equation

of state:
p=Kp (K=0)
and we have the normalization on velocity:

s~ 2
VTV = —C

We give conventions on the following variables:
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Under above conventions, we can calculate
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Introduce dimensionless variables:
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87G L1
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where ¢ is the speed of light, pr is typical density and v is the typical velocity, and [k] = % Then
we can write the Einstein-Euler system as

GH 4 Aghv = THv (A.0.11)
vV, T" =0 (A.0.12)
TH = (p + p)ore” + pgh” (A.0.13)
oo, = -1 (A.0.14)
p=eKp (A.0.15)
(A.0.16)
Therefore, all the dynamical variables and coordinates are dimensionless, and if we choose
vpr=1, k=1 and pr=1, (A.0.17)

then, all the units are fixed.



Appendix B

Potential operators

In this section, we state the basic mapping properties of the Riesz and Bessel potentials that will be
used throughout this article. We omit the proofs, which can be found in [32].

B.0.1 Riesz potentials
In the following, we use -
A:(S”ﬁﬁj (i,jzl,-",n)
to denote the flat Laplacian on R™. For 0 < s < oo, the Riesz potential operator of order s, denoted
(=A)73, is defined by

~

(—A)2(f) = (Kof)Y = Ko * f,
where

Ka(z) = ((4n°[€*)7%) " (@),
or equivalently, by

_s —s _Er(nis) —n—+s gn
(=A8)2(f)(x) = 277> F(g) Rnf(rv—y)lyl ey,

The Riesz potential operator satisfies the estimates:
Theorem B.0.1. [32, Theorem 1.2.3] Suppose 0 < s < n and 1 < p < q < 0o satisfy % - é =2,
Then

1(=2)"2(Hllze S 11 Fllze
for all f € LP(R™).

From the point of view of applications considered in this article, the following specific cases of the
above estimate on R? will be of most interest:

I(=A) " Flls Sl and [(=A)"2f[zo < [ fllze-

Next, we recall that the Riesz transform R; is defined by

N

%, = ~0,(~A) %,
and satisfies the estimate:

Theorem B.0.2. [31, Corollary 5.2.8] Suppose 1 < p < oo and s € Z>o. Then

1R, (Nllwse S (1f[lwsr

for all f € WSP(R™).
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Combining Theorems B.0.1 and B.0.2 gives:

Proposition B.0.3.

1. [f1<p<q<oosatz'sfy% %:%, then

18,87 fll e =]19%5(=A) 72 fllza S 1(=A) 72 fllza S |1f ]l

for all f € LP(R™).

2. If 1 <p<ooands¢c Zs>g, then
10,0k A7 flwsw =[1RRpfllwer S [1.fllwen

for all f € WSP(R™).
For applications, the following case on R? will be of particular importance:

10; A7 fllzs < I fllge-

B.0.2 Bessel potentials
For 0 < s < oo, the Bessel potential operator of order s, denoted (1 — A)fg, is defined by:

A~ N

(1= A)"5(f) = (Gsf)" = Gs * f,

where
Go(x) = ((1+4n%|¢)72) " ().

It satisfies the following estimates:
Theorem B.0.4. [32, Corollary 1.2.6]

1. Suppose 0 < s < oo and 1 <r < oco. Then
(L= 2)"2(N)ler < 1o

for all f € L"(R™), and
(L= A)"2lop = [[GsllLr = 1.

2. Suppose 0 < s <n andl<p<q<oosatz’3fy%—%:%. Then

s

I =2)"2(H)llze S 1 Flze

for all f € LP(R™).
For applications, the following cases on R? will be of particular interest:

1L = 2)7 (A)lle < Ifllgs and (1= A) " (Hlles S IFIl s



Appendix C

Calculus Inequalities

In this appendix, we list important calculus inequalities that will be used throughout this thesis. Most
of the proofs can be found in the references [1, 42, 83]. Proofs will be given for statements that cannot
be found it those references.

C.1 Calculus inequalities for Chapter 2

Theorem C.1.1. [Sobolev’s inequality] If s € Z-,, /2, then

1fllzee S NNl e
for all f € H¥(T™).

Lemma C.1.2. Suppose s € Z>1, | € Z>o, fi € L>®(T") for 1 < i <1, f € H*(T"), and Df; €
H3=YT™) for 1 <i <1—1. Then there exists a constant C > 0, depending on s and l, such that

-1 -1
T C<||fl||Hs L5 + S 105 T |fj||Loo).
i=1 i=1 i#j

Lemma C.1.3. Suppose s € Z>1, f € L>®(T", V)N H*(T", V)N C*(T", V), W,U CV are open with
U bounded and U C W, f(z) € U for all x € T" and F € C*(W). Then there exists a constant C > 0,
depending on s, such that

N[

ID(F o f)llz2 < CIDF|lws-roeqn I 17 | D 1D fllz2
18l=s

for any multi-index a satisfying |a| = s.
Lemma C.1.4. If s € Z>; and |a| < s, then

1D*(fg) = FD%gllr2 S (IDfllms-1llgllzee + 1Dl oo gl o1

for all f, g satisfying Df, g € L>(T™) N HS~Y(T").

C.2 Calculus inequalities for Chapter 3

C.2.1 Sobolev-Gagliardo-Nirenberg inequalities

Theorem C.2.1. [Hélder’s inequality]
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1. If 0 < p,q,r < oo satisfy 1/p+1/q =1/r, then
[uv|[r < ullzel[v]lze
for all u € LP(R™) and v € LY(R™).
2. If0<p,q,r<o00,0<6<1 and%:g—l-%, then
0 —0
lull e < JlallZollull 72" S llull e + [lullzo
for all w € LP (N LY(R™).

Theorem C.2.2. [Gagliardo-Nirenberg-Sobolev inequalities]

1. If 1 < p < oo, then

n
lullzo < CsmllDulls, — p* = ==,
n—p
for all u € {v e LP*(R")N I/Vl(ljf(R") | | Dvl|rr < 00}.
2. If s€ Z>1,1 <p < oo and sp < n, then
np
ullze S llullwse,  p<g<

n— sp

for all v € WP(R™).

3. If s€ Z>1,1 <p < oo and sp > n, then
[ulloe < llullwsr
for all w € WHP(R™).
C.2.2 Product and commutator inequalities

Theorem C.2.3.

1. Suppose 1 < p1,p2,q1,q2 < 00, |a| = s € Z>p, and p% + q% = piz + q% = % Then
1D (wv)|[r SIID*ullo |vllLar + [[ull Loz [ D*0] a2
and
D%, wjv|l - SIDulle: [|D* ol + [ D%l pre 0] Loz
for all u,v € C§°(R™).
2. If s1,80 > 53 >0,1<p<o0, and s1 + s — s3 > n/p, then
[uvllwsse S llullwsre ||vllwss»
for all u € W3P(R™) and v € W52 P(R").
Proposition C.2.4. If s € Z>1, then

[D(uv)||rs S [|Dullrsllvllzes + [[ullLoe | Dv]| rs
for all u,v € C§°(R®). Furthermore, if s € Z>a, then

luvllrs S [lullrs [0l rs
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for all u,v € Cg°(R3).

Proof. By Theorem C.2.3.(1) and the definition of R® norm, we have

1D (uv) || re =I1D (uv)| zs + [|D? (uv)|| gro1
S(IDull s + 1D ull o1 ) 0]l oe + ull e (1D s + [1D*0] grs-1)
SlIDullgs [[vllzee + [lull o< | D]l rs

for s > 1, and similarly, with the help of (3.1.13),

lwvllrs =l[uv]|Ls + [ D(uv)| s
S(llullzs + [1Dullgre=1) [vllee + llullzoe ([0]lzs + 1DVl pr+-1)
Sllullgsllvllzee + [lull L [|v] rs

Sllullrs[v] s

for s > 2. O

Proposition C.2.5. If s >3,0<|a] <s and 0 < |B| < s—1, then

I[D?, u)v]| 2 SIDull ps—2az2llvllgs—1 S llullgs—1l|v]| gs-, (C.2.1)
(D% ulv|| 2 S Dullgs—1azzllvllgs—1 S llullrs vl gs—1s (C.2.2)
IID?, w]Doll 2 SIDulpesrzllolgms S lullge ol gams (C.2.3)
and
I[DP, ulwDvl| g2 S[[Dull gs—1nzzllwl|rs [vll gs—1 S [l gslwl s 0] ge—s (C.2.4)

for all u,v,w € C§°(R3).

Proof. We first consider the inequalities (C.2.1)-(C.2.2). Since they are trivial for |a| = |5] = 0, we
start by assuming that |a| = |f| = 1. Then

(3.1.13)
I[D,ulvllrz = [(Du)vl2 < vl |Dullz S [1Dull ps—2nrzllvl ge-1-

~

Next, assuming || =1 > 2, we see from Theorem C.2.1.(2) and Theorem C.2.3.(1) that
1D, ufoll 2 SID Wl 2 [v]| o + | Dul s || D' 0| s
SID |2 [[v]l oe + | Dull s (1D 0| 2 + || D'~ o]l o)

SIDullgr-rl[ollzee + | Dull s ([[vllwi-re + [ Dol gro-2)

(3.1.13)
S (IDullgps—2 + [[Dul|p2) vl ps—2 < llull gs=1 [0l s

while if |a| = s, then
11D, ulvll 2 SIDullee | D]l o2 + [|v]| oo [| Dul o
(3.1.13)
S (IPullgs—1 + [Dullp2)[|v]| ge=1 S llullps 0]l go-1-
Together the above three inequalities verify the validity of (C.2.1)-(C.2.2).
Using the identity [D”, u|Dv = [DD,u]v — D?((Du)v), it is then clear that

I[D?, ulDoll 2 <D D, uvl| 2 + |ID? ((Du)v) |2 S 1Dl go-snrz vl et S lullsllollpe-r.
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follows from Theorem C.2.3(1) and the inequality (C.2.2). This establishes the inequality (C.2.3).
For the final inequality, we find, using the identity [D?, uJwDv = [D?, u]D(wv) — [D?, u]((Dw)v), the
inequality(C.2.1) and (C.2.3), Proposition C.2.4 and the obvious inequality ||Dw| gs-1 < ||w]|rs, that

I[D%, wlwDo|| 2 <[|[DP,u] D(wo)|| = + D%, ul (Dw)v) | 12
SIDull g1z (vl gos + [(Dw)o] o)
SIDull g1z (wll s ol s + [ D]l ool o)
SIDull g1z ool e ol s,

which completes the proof. O

C.2.3 DMoser estimates

Theorem C.2.6. Suppose s € Z>1, 1 <p < oo, || = s, f € C°(R) with f(0) =0, and U is open
and bounded in R. Then

IDYf(w)llte < C(IDf | o1 ) el 7oe 1D o
and
1f(@)lle < CUIDfll o)l e

for all uw € C§°(R™) with u(x) € U for all x € R™.
Theorem C.2.7. If s € Z>1 and | € Z>2, then

Ve fillie < (||fl||HSHHfz|L°°+ZHszHHs1H||fa||L°°)

i#]
for all fi e CP(R™), 1 <i<I.
Proposition C.2.8. Suppose s € Z>a, f € C*(R), f(0) =0 and U is open and bounded in R. Then

IDf(w)llgs—1 < CUDfllgs1)) (1 + llullge) | Dullgs-
and
1F (@)llrs < CUIDfllgs—1@y) L+ ull7) ] rs

for all u € C§°(R3) with u(x) € U for all x € R3.

Proof. From a direct application of Theorem C.2.6 and the definition of R®* norm, we see that

IDf (g1 = IDf(W)llzs + 1D f(w)llrs—2 <C(IDfll gerry) (1 + Null7)([Dullzs + [1D%ul| prs-2)
<C(IDfll o1 (@r)) (1 + el ) [ Dl o1,

which establishes the first inequality. The second inequality follows from a similar argument. O

C.2.4 Young’s inequality

We cite the important inequality for convolution which is known as Young’s inequality. The proof of
this inequality can be found in various references, for instance, see [1, Corollary 2.25]

Proposition C.2.9. (Young’s inequality for convolution) If 1/p+1/q = 14+1/r with 1 < p,q,r < 400,
and if u € LP(R™) and v € LY(R™), then uxv € L"(R™), and

JuxoflLr < [lullze o]l La (C.2.5)
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where u x v denotes convolution.

The other Young’s inequality spreading around almost every PDE references is for conjugate Holder
exponents which is stated as

Proposition C.2.10. (Young’s inequality for conjugate Holder exponents) If a and b are nonnegative
real numbers and p, q are positive real numbers such that

1 1
Spo =1, (C.2.6)
P q
then
p q
< Y (C.2.7)
P q

The equality holds if and only if aP = b4.






Appendix D

Additional tools

In this Appendix, we introduce some necessary basic tools on matrix relations, analyticity and Raabe’s
test.

D.1 Matrix relations

Lemma D.1.1. Suppose

a b
= (i )

is an (n+ 1) x (n+ 1) symmetric matriz, where a is an 1 x 1 matriz, b is an 1 X n matriz and c is
an n X n symmetric matriz. Then

. (bqf i)l _ }L[Hb(cl— %bT_b _1bT} —;b(c—;bTb_)l_l
—(c - abTb) 1T (c - ngb)

Proof. Follows from direct computation. O

We also recall the well-known Neumann series expansion.

Lemma D.1.2. If A and B are n X n matrices with A invertible, then there exists an eg > 0 such
that the map
(—€0,€0) D € — (A4 €eB)™ € Myxr,

1s analytic and can be expanded as

(A+eB) ' =AT"+) (—1)""(AT'B)"AT!, ] < o
n=1

D.2 Analyticity

We list some well-known properties of analytic maps that will be used throughout this article. We
refer interested readers to [37] or [61] for the proofs.

Lemma D.2.1. Let X, Y and Z be Banach spaces with U C X andV CY open.

1. If L: X =Y is a continuous linear map, then L € C¥(X,Y);
2. If B: X XY — Z is a continuous bilinear map, then B € C*(X xY,Z);
3. If feCY(U)Y),geC¥V,Z) and ran(f) CV, then go f € C¥(U, Z).
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Lemma D.2.2. Suppose s € L, /2, F € C¥ (BR(RN),R), and that

F(y1,-- ,yn) = Fo + Z catyit YN
la[>1

is the powerseries expansion for F(y) about 0. Then there exists a constant Cs such that the map
S mn N S mn
(BR/CS(H (T )) > (w17¢27' te 71/}N) = F(¢17w27'” 7¢N) €H (T )
is in C*((Bpryo, (H*(T")", H*(T")), and

F(1,--- ,n) = Fy + Z Caw?lwgﬂ...w?\‘[N

|a|>1
for all (Y1,--- ,9¥N) € (BR/CS (HS(TH))N'

D.3 Raabe’s Test

We recall a simple Lemma first which can be found in many reference, for instance [6].

Lemma D.3.1 (Raabe’s Test). Suppose ap, >0, n=1,2,---. If there exists r > 1, such that n large
enough, the following inequality holds

n< In__ 1) >, (D.3.1)

Gn+41

Then series y - | ap is convergent.

D.4 Bootstrap arguments and continuation principles

Bootstrap arguments and continuation principles are the important tools for the long time issues of
the nonlinear hyperbolic equations. One can use them to extend the local existence to the long time
one by verifying certain requirements.

Bootstrap arguments is more like the principle of mathematical induction. The key idea is, in-
tuitively, to impose one hypothesis on the target problem, then try to improve the result we have
assumed, that is, to prove a better or stronger result than the one in the hypothesis. After this
improvement, one can conclude that the target argument is true. Therefore, bootstrap arguments
provide some new assumptions “for free” to help the proof just like the principle of mathematical
induction. We cite the abstract bootstrap argument as follows, for the details, we refer readers to [82]

Proposition D.4.1. Let I be a time interval and for each t € I suppose we have two statements, a
“hypothesis” H(t) and a “conclusion” C(t). Suppose we can verify the following four assertions:

1. (Hypothesis implies conclusion) If H(t) is true for some time t € I, then C(t) is also true for
that time t.

2. (Conclusion is stronger than hypothesis) If C(t) is true for some time t € I, than H(t') is true
for all t € I in a neighbourhood of t.

3. (Conclusion is closed) If t1,ta,--- is a sequence of times in I which converges to another time
t €1, and C(ty,) is true for all t,, then C(t) is true.

4. (Base case) H(t) is true for at least one time t € 1.

Then, C(t) is true for all t € I.



APPENDIX D. ADDITIONAL TOOLS 195

We usually choose above conditions 2—4 are relatively easy to satisfied, and try to prove condition
1, which implies to improve H(t) to a stronger statement C(t) (C(t) is stronger due to condition 2).
The proof of this argument is an easy application of the simple topology statement about the both
open and close sets, see [82] for the details.

Next, let us turn to the continuation principle which can be found in [54, p. 46] and [83, p. 420]
for the proofs and more details. Let us consider the following equation, for instance,

A9u + A'd;u =0
u(x,0) =up(x)

Theorem D.4.2. Assume that uy € H® for some s > n/2+1. Let T > 0 be some given time. Assume
that there are fized constants My, My and a fized open set G1 with G1 CC G (all independent of T*)
so that for any interval of classical existence [0,T*], T* < T for u(t) of Theorem 2.1 (local existence)
in [54, p. 35], the following a priori estimates are satisfied:

1. ‘auA'u’LOO SMl, OStST*,
2. |Dulpe < My,  0<t<T*;
3. ue G CCQ, (x,t) € R™ x [0, T7].

Then the classical solution u(t) exists on the interval [0, T] with u(t) € C°([0,T], H*)NC* ([0, T, H*™1).
Furthermore, u(t) satisfies the a priori estimate

”’LLHLOO([QT*LHS) < Cexp ((Ml + MQ)CT*)HUOHHS (D.4.1)

for T* with 0 < T* < T and the two constants C in (D.4.1) depend only on s and G1, i. e., C(s; Gy).

and

Corollary D.4.3. Assume that ug € H® for some s > n/2+ 1. Let [0,T*) is a mazimal interval of
H? existence. Then the following alternatives can occur

1. either T" = oo;
2. orT* < oo and fOT*(HatuHLoo + || Du| g )dt = o0;

3. orT* < oo and for t — T*, u leaves every compact subset K CC G.






Appendix E

Index of notation

E.1 Index of notation of Chapter 2

X5 (T%)
S(e,t,€), ...
S(e, t,§), ...

1%
gp“
oM

physical spacetime metric; §2.1

physical fluid four-velocity; §2.1

fluid proper energy density; §2.1

fluid pressure; §2.1

Newtonian limit parameter; §2.1

relativistic spacetime manifold; §2.1

Newtonian spacetime manifold; §2.1

FLRW scale factor; §2.1, eqns. (2.1.4) and (2.1.7)

FLRW fluid four-velocity; §2.1, eqn. (2.1.5)

FLRW proper energy density; §2.1, eqn. (2.1.6) (see also (2.2.3) and (2.2.39))
relativistic coordinates; §2.1

Newtonian coordinates; §2.1, eqn. (2.1.8)

Newtonian limit of a(t); §2.1, eqn. (2.1.10)

Newtonian limit of pg(t); §2.1, eqn. (2.1.10)

evaluation in Newtonian coordinates; §2.1.1, eqn. (2.1.11)
free initial data function space; §2.1.1

remainder terms that are elements of E°, §2.1.1

remainder terms that are elements of E', §2.1.1

conformal metric; §2.1.2, eqn. (2.1.12)

conformal four-velocity; §2.1.2, eqn. (2.1.13)

conformal factor; §2.1.3, eqn. (2.1.18)

conformal FLRW metric; §2.1.3, eqn. (2.1.19)

modified scale factor; §2.1.3, eqn. (2.1.20) (see also (2.2.4))
modified density; §2.1.3, eqn. (2.1.22) (see also (2.2.2))
non-vanishing Christoffel symbols of h; §2.1.3, eqn. (2.1.23)
contracted Christoffel symbols of h; §2.1.3, eqn. (2.1.24)
wave gauge vector field; §2.1.4, eqn. (2.1.26)

contracted Christoffel symbols; §2.1.4, eqn. (2.1.27)

gauge source vector field; §2.1.4, eqn. (2.1.28)

modified conformal metric variables; §2.1.5, eqns. (2.1.29), (2.1.32) and (2.1.34)

first order metric field variables; §2.1.5, equns. (2.1.30), (2.1.31), (2.1.33) and (2.1.35)

modified lower conformal fluid 3-velocity; §2.1.5, eqn. (2.1.36)
modified density; §2.1.5, eqn. (2.1.37)

difference between ¢ and (g; §2.1.5, eqn. (2.1.38)

densitized conformal 3-metric; §2.1.5, eqn. (2.1.39)

cube root of conformal 3-metric determinant; §2.1.5, eqn. (2.1.39)
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&¢

-,z 1M g

1 lazge (0,7 xTm)

2(8), Z(E), - -

inverse of the conformal 3-metric §¥/; §2.1.5, eqn. (2.1.39)

modified conformal 3-metric determinant; §2.1.5, eqn. (2.1.40)
background Minkowski metric; §2.1.5, eqn. (2.1.41)

FLRW modified density; §2.1.5, eqns. (2.1.42) and (2.1.43)

FLRW constant; §2.1.5, eqn. (2.1.44)

Newtonian limit of (7 (t), §2.1.5, eqns. (2.1.46) and (2.1.47) (see also (2.4.8))
modified upper conformal fluid 3-velocity; §2.1.5, eqn. (2.1.48)
Newtonian fluid density; §2.1.6

Newtonian fluid 3-velocity; §2.1.6

Newtonian potential; §2.1.6

projection operator; §2.1.6, eqn. (2.1.52)

Newtonian limit of E(t); §2.1.6, eqn. (2.1.53)

Newtonian limit of Q(t); §2.1.6, eqn. (2.1.54)

modified Newtonian fluid density; §2.1.6

fluid proper energy density in Newtonian coordinates; §2.2.3, eqn. (2.2.38)
difference between p and pgr; §2.2.3, eqn. (2.2.40)

shifted first order gravitational variable; §2.2.4, eqn. (2.2.61)
gravitational potential; §2.2.4, eqn. 2.2.62

renormalized spatially average density; §2.2.4, eqn. 2.2.64
gravitational field vector; §2.2.6, eqn. (2.2.100)

combined gravitational and matter field vector; §2.2.6, eqn. (2.2.101)
matter field vector; §2.2.6, eqn. (2.2.102)

difference between C and 5H; §2.4, eqn. (2.4.7)

energy norms; §2.5.1, Definition 2.5.5

the spacetime norm; §2.5.1, Definition 2.5.5

analytic remainder terms; §2.6

E.2 Index of notation of Chapter 3

(e, t,8), ...
S (e,1,6), ...

g
oM

s
h
E(t)

physical spacetime metric; §3.1

physical fluid four-velocity; §3.1

fluid proper energy density; §3.1

fluid pressure; §3.1

Newtonian limit parameter; §3.1

spacetime manifold; §3.1

FLRW scale factor; §3.1, eqns. (3.1.4) and (3.1.7)

FLRW fluid four-velocity; §3.1, eqn. (3.1.5)

FLRW proper energy density; §3.1, eqn. (3.1.6) (see also (3.2.1) and (3.2.17))
relativistic coordinates; §3.1

Newtonian coordinates; §3.1, eqn. (3.1.10)

Newtonian limit of a(t); §3.1, eqn. (3.1.9)

Newtonian limit of u(t); §3.1, eqn. (3.1.9)

evaluation in Newtonian coordinates; §3.1.1, eqn. (3.1.11)
energy norms; §3.1.1, eqn. (3.1.12)

free initial data function space; §3.1.1

remainder terms that are elements of E°, §3.1.1
remainder terms that are elements of E', §3.1.1
conformal metric; §3.1.2, eqn. (3.1.15)

conformal four-velocity; §3.1.2, eqn. (3.1.16)

conformal factor; §3.1.2, eqn. (3.1.19)

conformal FLRW metric; §3.1.2, eqn. (3.1.20)

modified scale factor; §3.1.2, eqn. (3.1.21) (see also (3.2.2))
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Q(t) modified density; §3.1.2, eqn. (3.1.23) (see also (3.2.1))

'_y?j, _;-0 non-vanishing Christoffel symbols of h; §3.1.2, eqn. (3.1.25)

~7 contracted Christoffel symbols of h; §3.1.2, eqn. (3.1.25)

ﬁuw)‘ contracted Riemannian tensor; §3.1.2, eqn. (3.1.26)-(3.1.27)

R, R, R (inverse of) Ricci tensors and Ricci scalar of h; §3.1.2, eqn. (3.1.28)-(3.1.30)
Vo, Vi covariant derivative with respect to metrics h and g, respectively; §3.1.2

B, O d’Alembertian operator with respect to metrics h and g, respectively; §3.1.2
ZH wave gauge vector field; §3.1.2, eqn. (3.1.38)

XH contracted Christoffel symbols; §3.1.2, eqn. (3.1.39)

y# gauge source vector field; §3.1.2, eqn. (3.1.40)

ut modified conformal metric variables; §3.1.2, eqns. (3.1.41), (3.1.44) and (3.1.46)
ub’ first order metric field variables; §3.1.2, eqns. (3.1.42), (3.1.43), (3.1.45) and (3.1.47)
% modified lower conformal fluid 3-velocity; §3.1.2, eqn. (3.1.48)

¢ modified density; §3.1.2, eqn. (3.1.49)

oC difference between ¢ and (g; §3.1.2, eqn. (3.1.50)

gt densitized conformal 3-metric; §3.1.2, eqn. (3.1.51)

« cube root of conformal 3-metric determinant; §3.1.2, eqn. (3.1.51)

Gij inverse of the conformal 3-metric §¥/; §3.1.2, eqn. (3.1.51)

q modified conformal 3-metric determinant; §3.1.2, eqn. (3.1.52)

Cr(t) FLRW modified density; §3.1.2, eqns. (3.1.53) and (3.1.54)

Co FLRW constant; §3.1.2, eqn. (3.1.55)

Cr(t) Newtonian limit of (g (t), §3.1.2, eqns. (3.1.56) and (3.1.57) (see also (3.4.9))
2 modified upper conformal fluid 3-velocity; §3.1.2, eqn. (3.1.58)

P Newtonian fluid density; §3.1.3

2 Newtonian fluid 3-velocity; §3.1.3

d Newtonian potential; §3.1.3

E(t) Newtonian limit of E(t); §3.1.3, eqn. (3.1.62)

Q(t) Newtonian limit of Q(t); §3.1.3, eqn. (3.1.64)

5 modified Newtonian fluid density; §3.1.3

P fluid proper energy density in Newtonian coordinates; §3.2.2, eqn. (3.2.16)
op difference between p and pg; §3.2.2, eqn. (3.2.18)

U combined gravitational and matter field vector; §3.2.5, eqn. (3.2.67)

U, gravitational field vector; §3.2.5, eqn. (3.2.68)

U, matter field vector; §3.2.5, eqn. (3.2.68)

g rescaled conformal metric by 6; §3.3, eqn. (3.3.1)

uH modified gravitational variables of g"”; §3.3, eqn. (3.3.1)

uh” first order derivative of modified gravitational variables of g""; §3.3, eqn. (3.3.1)
o ratio of 1/[g| and \/|h[; §3.3, eqn. (3.3.2)

Tt initial data of gravitational variables; §3.3, eqn. (3.3.45)

op, # initial data of matter field variables; §3.3, eqn. (3.3.46)

9:(5), analytic remainder terms; §3.3

£ the set of free data; §3.3, eqn. (3.3.51)

1€ s certain norm of free data; §3.3, eqn. (3.3.90)

o’ quantity related to p27; §3.4.2, eqn. (3.4.7)

55 difference between C and 51{; §3.4.2, eqn. (3.4.8)

Zj modified lower Newtonian fluid 3-velocity; §3.4.2, eqn. (3.4.8)

T modified Newtonian potential in terms of Yukawa potential; §3.4.2, eqn. (3.4.10)
P, first derivative of Newtonian potential; §3.4.2, eqn. (3.4.19)

Pl first derivative of modified gravitational potential; §3.5, eqn. (3.5.1)

T modified gravitational potential in terms of Yukawa potential; §3.5, eqn. (3.5.4)
wgu shifted first order gravitational variable; §3.5.2, eqn. (3.5.16)

U, gravitational field vector including wgu; §3.5.3, eqn. (3.5.21)

U combined gravitational and matter field vector; §3.5.3, eqn. (3.5.22)
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Mg zres Mg, energy norms; §3.6.1, Definition 3.6.5
Mg s - g energy norms; §3.6.1, Definition 3.6.5
- HMD;?O . ([T0,T) xR3) the spacetime norm; §3.6.1, Definition 3.6.5
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